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Abstract

Let G and H be respectively a graph and a hypergraph defined on a same set of vertices, and let F' be
a graph. We say that G F'-overlays a hyperedge S of H if the subgraph of G induced by S contains F' as
a spanning subgraph, and that G F-overlays H if it F-overlays every hyperedge of H. For a fixed graph
F and a fixed integer k, the problem (A < k)-F-OVERLAY consists in deciding whether there exists a
graph with maximum degree at most k that F-overlays a given hypergraph H. In this paper, we prove
that for any graph F which is neither complete nor anticomplete, there exists an integer np(F') such that
(A < k)-F-OvERLAY is NP-complete for all k > np(F).

1 Introduction

In order to obtain the low resolution structure of molecule-macro assemblies the following problem arises :
given a list of complexes, determine the plausible contacts between subunits of an assembly. A convenient
way of modelling this uses graphs and hypergraphs: we are given a hypergraph H whose vertices represent
the subunits and whose hyperedges represents complexes; the aim is then to find a graph G on the same
vertex set whose edges represent contacts between subunits and satisfying some properties.

One of the properties is that the subgraph of G induced by each hyperedge must belong to a family F
of admissible graphs. Precisely, a graph G F-overlays a hyperedge S if there exists F' € F such that F
is a spanning subgraph of G[S], and G F-overlays H if G F-overlays every hyperedge of H. In a typical
example, the family F is the set of trees (or equivalently connected graphs) and the goal is to minimize the
number of edges in G. This was studied by Agarwal et al. [1] in the aforementioned context of structural
biology, but also by several authors for various applications like the design of vacuum systems [6, 7], scalable
overlay networks [4, 13|, and reconfigurable interconnection networks [8, 9]. Some variants have also been
considered in the contexts of inferring a most likely social network [2], determining winners of combinatorial
auctions [5], as well as drawing hypergraphs [3, 12].

Motivated by the fact that a subunit (e.g. a protein) cannot be connected to many other subunits, Havet
et al. [10] studied the problem in which the sought graph G must have bounded maximum degree. Therefore
they introduced the following problem where F is a fixed family of graphs, k a fixed integer and A(G)
denotes the maximum degree of G.

(A < k)-F-OVERLAY
Input: A hypergraph H.
Question: Does there exist a graph G F-overlaying H such that A(G) <k ?

They studied the complexity of this problem and the associated maximization problem (A < k)-F-
OVERLAY and MaX (A < k)-F-OVERLAY which, given a hypergraph H and an integer p, consists in
deciding whether or not there exists a graph G of maximum degree at most k¥ and F-overlays at least p
hyperedges of H. Special attention was paid to the particular case when the family F contains a unique



graph F and H is then an |F|-uniform hypergraph (i.e. every hyperedge has |F| vertices). In this case,
we abbreviate {F'}-overlay into F-overlay, and (A < k)-{F}-OVERLAY into (A < k)-F-OVERLAY. For
convenience, a graph F-overlaying H and with maximum degree at most k is called an (F, H, k)-graph.
Examples of (F, H, k)-graphs are given in Figure 1 when F' is O3z or Ps, the graphs with three vertices and
respectively one edge and two edges.
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Figure 1: A hypergraph H (left), an (O3, H,1)-graph (middle) and a (Ps, H, 3)-graph(right).

Observe that if F' is a graph with maximum degree greater than k, then solving (A < k)-F-OVERLAY
or Max (A < k)-F-OVERLAY is trivial as the answer is always ‘No’. Havet et al. [10] proved a complete
polynomial /NP-complete dichotomy for MAX (A < k)-F-OVERLAY depending on the pairs (F, k). They
proved that, except in a few exceptions, MAaX (A < k)-F-OVERLAY is NP-complete if and ounly if A(F) < k.
The exceptions are when F' is either an anticomplete graph fp or the complete graph on two vertices K in
which case MAX (A < k)-F-OVERLAY is always polynomial-time solvable, or when F' is the graph O3 with
three vertices and one edge and k = 1 with MaX (A < 1)-O3-OVERLAY being polynomial-time solvable.

Regarding (A < k)-F-OVERLAY, establishing such a dichotomy seems more complicated. Indeed, Havet
et al. [10] showed several pairs (F, k) (with A(F) < k) such that (A < k)-F-OVERLAY is polynomial-time
and some such that (A < k)-F-OVERLAY is NP-complete, and posed the following problem.

Problem 1 (Havet et al. [10]). Characterize the pairs (F, k) for which (A < k)-F-OVERLAY is polynomial-
time solvable and those for which it is NP-complete.

In order to attack this problem, they propose the following conjecture.

Conjecture 2 (Havet et al. [10]). If (A < k)-F-OVERLAY is N'P-complete, then (A < k + 1)-F-OVERLAY
is also N'P-complete.

In this paper, we give some partial answers to Problem 1 and some evidences for Conjecture 2. We prove
that except when F' is complete or anticomplete, if k is large enough (with respect to F), then (A < k)-
F-OvVERLAY is NP-complete. Recall that a graph is complete (resp. anticomplete) if its vertices are
pairwise adjacent (resp. non-adjacent). The complete (resp. anticomplete) graph on p vertices is denoted
by K, (resp. K,).

We define np(F') as the minimum integer ko such that (A < k)-F-OVERLAY is NP-complete for all k > ko
or +oo if no such kg exists. The aim of this article is to prove the following theorem.

Theorem 3. np(F') = 400 if and only if F' is complete or anticomplete.

Let H be a p-uniform hypergraph. The anticomplete graph on V (H) vertices K p-overlays H. Thus, for
any non-negative integer k, the answer to (A < k)-K,-OVERLAY is always affirmative, and so this problem
can be trivially solved in polynomial time. Thus np(K,) = +oo for all positive integer p.

If K, is complete, then let G be the graph with vertex V(H) in which two vertices are adjacent if and
only if they belong to a same hyperedge of H. Obviously, a graph K,-overlays H if and only if it contains G
as a subgraph. Hence, to solve (A < k)-K,-OVERLAY it suffices to build G and to check whether A(G) < k,
which can be done in polynomial time. Thus np(K,) = +oo for all positive integer p.

Therefore to prove Theorem 3, it only remains to prove its sufficiency part, which is the following theorem.

Theorem 4. If F is neither a complete graph nor an anticomplete graph, then np(F) < +oo.



A possibility to prove this theorem would be to prove Conjecture 2 and that, for every graph F' which is
not complete, there exists k such that (A < k)-F-OVERLAY is NP-complete. Unfortunately, we do not prove
Conjecture 2. However, first show in Corollary 10 that it is sufficient to prove Theorem 4 for F' with no
isolated vertices. We then establish a weaker statement than Conjecture 2 for such graphs: in Lemma 12 we
show that, for a graph F' with no isolated vertices, as soon as there exists k such that (A < k)-F-OVERLAY
is NP-complete, then np(F) < +4o0o. This lemma, together with the following theorem, directly implies
Theorem 4.

Theorem 5. Let F' be a graph with no isolated verter and which is not complete. There exists k such that
(A < k)-F-OVERLAY is NP-complete.

In Section 4, we first prove Theorem 5 when F' belongs to some particular classes of graphs : F' is
regular (Theorem 13), and F is a complete graph minus an edge, denoted by K~ (Theorem 14) and
F is a disjoint union of the complete bipartite graph K, ,+1 (Theorem 15). Then, in Section 5,
we prove Theorem 5 in full. Its proof requires the previously established particular cases and uses the
techniques introduced in proving them. Finally, in Section 6, we give some final remarks and present some
open questions for further research.

Remark 6. In all the paper, our aim is to prove that (A < k)-F-OVERLAY is NP-complete under some
assumptions on k and F. Observe that, given an graph G, we can easily check whether G F-overlays H or
not in polynomial-time solvable, thus the problem is clearly in NP. Therefore, we only need to prove that
the problem is NP-hard.

All our NP-hardness proofs are reductions from either (3,4)-SAT or 3-COLORABILITY of 4-regular graphs.

In (3,4)-SAT, an instance is a set of clauses, each of which being a conjuction of three literals on variables,
such that every variable appears in at most 4 clauses; the problem consists in deciding whether there is a
truth assignment to the variables such that every clause is satisified. (3,4)-SAT has been proved NP-complete
by Tovey [14].

3-COLORABILITY consists in deciding whether a given graph admits a proper 3-coloring. It has been
proved NP-complete for 4-regular graphs by Holyer [11].

2 Notations and definitions

For a positive integer p, let [p] = {1,...,p}.

2.1 Graphs

Let G be graph. We denote by V(G) and E(G) its sets of vertices and edges, respectively. The neighbor-
hood of a vertex v, denoted by Ng(v), or simply N(v) when G is clear from the context, is the set of vertices
adjacent to v and its degree, denoted by dg(v) or simply d(v), is the cardinality of Ng(v). A vertex is
isolated in G if it has degree 0. The minimum and maximum degree of G are respectively denoted by §(G)
and A(G). Hence a graph F' has no isolated vertices if and only if §(#) > 1. We denote by V; (resp. V<,
V>;) the set of vertices of G that has degree exactly (resp. at most, at least) 7 in G.

For S C V(G), the subgraph induced by S, denoted by G[S], is the graph with vertex set S and edge
set {uv |u € S,v € S and wv € E(G)}.

The degree sequence of a graph F is the non-decreasing sequence d = {di,ds, ..., d,} such that there
exists an ordering (vi,...,vp) of the vertices of F' such that d(v;) = d; for all ¢ € [p]. We denote by
A1 < Ay < -+ < A the different values of d (that are the integers A in which there exists j such that dj = A).
We also denote by «; the multiplicity or number of occurrences of \; ind : «; = |{j | d; = A\;}|. Observe
that dy = A = §(F) and d, = A\, = A(F).

We denote by P, the path on t vertices.

We denote by G1 + G2 the disjoint union of the two graphs G; and Gs.



2.2 Hypergraphs

Let H be a hypergraph. We denote by V(H) and E(H) its sets of vertices and hyperedges (a hyperedge is
a subset of vertices of V(H)), respectively.
A hypergraph is p-uniform for some p € N, if all its hyperedge have exactly p vertices. Observe that
(A < k)-F-OvVERLAY only makes sense for |V (F)|-uniform hypergraphs. Therefore in the paper, we only
work with hypergraphs that are uniform, often without specifying it.

In a hypergraph H, a hyperedge S is pendant at a vertex z, if S is the unique hyperedge containing v
for all v € S\ {z}.

Let F be a graph, H a hypergraph, and G a graph F-overlaying H. For each hyperedge S € E(H), one
can choose a copy Fs of F which is a subgraph of G[S]. We then say that v is a A-vertex in S if v has
degree A in Fg. If H' is a sub-hypergraph of H (typically a gadget in an NP-hardness proof), we denote by
abbreviate G[V (H')] into G[H']. We also say that G has degree d in H' if it has degree d in G[H'].

3 Reduction to Theorem 5

3.1 Graphs with isolated vertices

Lemma 7. Let F be a graph. If (A < k)-F-OVERLAY is NP-complete, then (A < k)-(F + K1)-OVERLAY is
also NP-complete.

Proof. We shall give a reduction from (A < k)-F-OVERLAY to (A < k)-(F + K1)-OVERLAY.
Let d be the (non-decreasing) degree sequence of F, and let A* be the first non-zero value in this sequence.
(AT = Ay if F has no isolated vertex, and At = Ay otherwise.)
Let H be an |F|-uniform hypergraph. We construct an (|F| + 1)-uniform hypergraph H' as follows.

- Let Hy,...,H; be t = % ||E(H)| + 1 disjoint copies of H. We add V(H;) to V(H') for all i € [¢].

- For any S € E(H), we add a new vertex vg to V(H'). For all ¢ € [t], denoting by S; the copy of S in

H;, we add the hyperedge S/ = S; U {vs} to H'.

We shall prove that there is an (F, H, k)-graph G if and only if there exists an (F + K1, H', k)-graph G'.

Assume first that there is an (F, H, k)-graph. We build a graph G’ by taking G'[H;] = G for any i € [t].
Observe that G'[S!] is (F + K1)-overlaid since G[S;] is F-overlaid and vg is an isolated vertex. Furthermore
G’ has at most degree k. Thus, G’ is an (F + K1, H', k)-graph.

Conversely, assume that there exists an (F + K1, H', k)-graph G’. We will prove that there exists a copy
H; of H such that G'[H;] is an (F, H, k)-graph. Observe that, for any S € FE(H), the vertex vg is either
isolated or has degree at least AT in each G'[S!] for i € [t]. Thus, vg is not a O-vertex in at most [ ]
hyperedges. Since there are |E(H)| such vertices, there exists a copy H; of H such that for any S € E(H),
vg is a O-vertex in all hyperedges G'[S}]. Thus G'[H;] is an (F, H, k)-graph. O

Applying the lemma several times, we get the following.

Corollary 8. Let I be a graph and q a positive integer. If (A < k)-F-OVERLAY is NP-complete, then
(A < k)-(F + K,;)-OVERLAY is also NP-complete. Hence np(F + K4) < np(F).

The family of graphs with isolated vertices to which this result does not apply is K, + Fq because
(A < k)-K,-OVERLAY is in P. We then need the following.

Theorem 9. np(K, + K1) <2p—2 for allp > 2.

Proof. Let p > 2 and k > 2p — 2. Let ¢ and r be the integers such that k = (p—1)g+r with0 <r <p—1.
Note that ¢ > 2 since k > 2(p — 1).

We shall prove that (A < k)-(K,+K1)-OVERLAY is NP-complete with a reduction from 3-COLORABILITY
on 4-regular graphs.

We need the following gadget. Let u be a vertex. A (p — 1)-gagdget at w is the hypergraph H,
constructed as follows. The vertex set of H, is the disjoint union of {u,v} and ¢+ 1 sets Un,...,Ust1 of
p — 1 vertices, and its hyperedges are {u,v} UU; for i € [¢ + 1].



Claim 9.1. Let H, be a (p — 1)-gadget at u.

(i) u has degree at least p— 1 in every (K, + K1, Hy, k)-graph.

(ii) There is a (K, + K1, Hy, k)-graph in which u has degree p — 1.
Proof of Claim. (i) Let Gy, be a (K, + K1, H,, k)-graph. Assume for a contradiction that u has degree less
than p — 1 in G,,. Then u must be a 0-vertex in each S;, ¢ € [¢ + 1]. Hence v must be adjacent to the p — 1
vertices of U; in each S;. Thus v as degree at least (p — 1)(¢ + 1) > k in G, a contradiction.

(i) For i € [q], let F; be a copy of K, + K in which u is isolated, and let F, ;1 be a copy of K, + K; in

which v is isolated, and let Gy = ;¢ (117 F3- Clearly, Gy (K + K1)-overlays H,, v has degree ¢(p — 1) < k

in G,, and u has degree p — 1 in G,,. So G, is the desired (K, + K1, Hy, k)-graph. %

Given a 4-regular graph G, we build a p-uniform hypergraph H as follows.
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v

Figure 2: Constructing the hypergraph H. Left : the vertex gadget VG,. At each ¢!, of this gadget, we
add a binary tree (center). Each pair of edges joining a vertex x to its two children in this tree is replaced
by an z-edge-gadget. For example, the two red edges ¢! a! and c!a! are replaced by the ¢! -edge-gadget to
the right.

e For each vertex v € V(G), we create a vertexr gadget VG, with three hyperedges S? = {c,, ¢!} U X! for
i € [3] where |X!| =p—2. We add ¢ — 2 (p — 1)-gadgets at c,. We say that S! is the parent hyperedge
of ¢! for each i € [3].

e For each vertex v and each i € [3], we construct a color gadget CG? for i € [3] as follows.

— We create a binary tree T with vertex set {c,al, bl ¢51 062 053 (54} and edge set
{ctal,cibl, al bt al 052 bL 03 bi i} rooted at ¢f. In this tree, a! and bY are the children of ¢!,
051 and ¢52 are the children of af, and ¢4 and ¢/* are the children of b .

— For any vertex z € {c!,a’,bl}, let y1,y2 be its children in T, and let e; = zy;,ea = xys. We
construct an z-edge-gadget as follows: we add a set Y, of p — 2 new vertices, the hyperedges
S(e1) = {z,y1}UY, and S(ez) = {z,y2} UY,. For convenience, we say that S(zy;) (resp. S(zyz))
is the parent hyperedge of y1 (resp. y2). Moreover, for any leaf 27, we denote by S%7 the hyperedge
containing the vertex ¢%7. We then add ¢ — 1 (p — 1)-gadgets at z.

e For every vertex v € V(G), let el e? e3 e be an ordering of the edges incident to v. For each edge

wv € E(Q), let j, and j, be the indices such that uv = elu = eJv. Then, for all i € [3], we identify the
vertices £57« and ¢49v and we add ¢ — 1 (p — 1)-gadgets at this vertex.

Let us now prove that there is a proper 3-coloring of G if and only if there is a (K, + K1, H,k)-graph G*.
Assume first that there is a (K, + K1, H, k)-graph G*.

Let v € V(G). By Claim 9.1 (i), the vertex ¢, has degree at least p — 1 in each of its (p — 1)-gadgets. So

it has at most 2(p — 1) + r neighbours in S} U S? U S2. But those hyperedges pairwise intersect in {c,}.

Thus there is i € [3] such that ¢, is a O-vertex in S¢. Since there is only one 0-vertex in S?, ¢! must be a

(p — 1)-vertex in S?. Therefore, we can define a 3-coloring ¢ by ¢(v) = i where i is an index such that ¢! is

a (p — 1)-vertex in S’. Let us now prove that ¢ is proper. We need the following claim.

Claim 9.2. Let v € V(G) and i € [3]. If ¢! is a (p — 1)-vertez in S!, then so is the leaf 57 in S%7 for all
j € 4]

Proof of Claim. Tt suffices to prove that for any z € {c!,bi,a%}, if x is a (p — 1)-vertex in its parent
hyperedge, then so are both i,y in their parent hyperedges.



Assume that x is a (p — 1)-vertex in its parent hyperedge. Since z has degree at least p — 1 in each of
its (p — 1)-gadgets by Claim 9.1 (i), it has at most r neighbors in S(zy;) U S(zy2). It implies that x is a
O-vertex in both S(zy1), S(xy2). Hence, the vertex y; (resp. yo) must be a (p — 1)-vertex in S(zy;) (resp.
S(zy2)). O

Consider an edge uv € E(G), i € [3]. By Claim 9.1 (i), the vertex £ = ¢iJ« = (Jv has degree at least
p—11in each of its ¢ — 1 (p — 1)-gadgets. Thus it has at most (p — 1) +r neighbors in S%J« U SiJv. As £ is the
unique common vertex of S/« and S%7v, it is a (p — 1)-vertex in at most one of those. Hence, by Claim 9.2,
at most one of ¢!, ¢! is a (p — 1)-vertex in its parent hyperedge. Thus at most one of u, v is colored i by ¢.
Therefore, ¢ is a proper 3-coloring of G.

Conversely, let ¢ be a proper 3-coloring of G. We construct a graph G* as follows.

e For any vertex gadget VG,, i € [3], let G*[S!] be a copy of K, + K in which every vertex in X! is a
(p — 1)-vertex, and ¢, is a O-vertex (resp. (p — 1)-vertex) and ¢! is a (p — 1)-vertex (resp. 0-vertex) in
S if ¢(v) =i (resp. ¢(v) #1i).

e In every color gadget CG?, for = € {c¢,bi,al} with children y; and ya, let G*[S(zy1)] and G*[S(xy2)]
be two similar copies of K, + K; such that:

— if i # ¢(v), then z has degree p — 1 in G*[S(zy1)] and G*[S(xy2)]; y1 and y, are O-vertices in
S(zy1) and S(zyz) respectively (so x has degree p — 1 in G*[S(xy1) U S(zy2)]).

— if 4 = ¢(v), then x has degree 0 in G*[S(xy1)] and G*[S(zy2)]; y1 and y2 are (p — 1)-vertices in
S(zy1) and S(zyz) respectively (so x has degree at most p — 1 in G*[S(zy1) U S(zy2)]).

— every vertex in Y, is a p — 1 vertex in both S(xy;) and S(zy>) and so has degree at most p in
G*[S(ay1) U S(ays); -

e For any (p — 1)-gadget H, at vertex some z, we let G*[H,] be a (K, + K1, H;, k)-graph in which v
has degree p — 1. Such a copy exists by Claim 9.1 (ii).

By construction, G* (K, + K1)-overlays H. Let us check that A(G*) < k. Let u be a vertex of G*.

- If w is in at most two hyperedges (in particular, if u is in X! or u is in Y,, for # internal vertex in some
T or u is only in a (p — 1)-gadget), then u has degree at most 2(p — 1), and so at most k.

- Assume now that u € {c!,al,bi} for i € [3] with u parent of y;,92. Then u has degree p — 1 in
each of its ¢ — 2 (p — 1)-gadgets. Moreover if i = ¢(v) (resp. @ # ¢(v)), then u has degree p — 1
(resp. 0) in its parent hyperedge and p — 1 (resp. 0) in G*[S},, U S, ]. Hence u has degree at most
(—-Dp-D+pE-1)=qp-1) <k .

- Assume that u is the identification of ¢47» and ¢4 for an edge vw € E(G). First, u has degree p — 1
in each of its ¢ — 1 (p — 1)-gadgets. Moreover, since either ¢(v) # i or ¢(w) # 4, then u has degree p—1
in at most one of S%J», S%Jw and 0 in the other. Therefore, u has degree at most ¢(p — 1) < k in G*.

Consequently, G* is a (K, + K1, H, k)-graph. O

Corollary 8 and Theorem 9 directly imply the following.
Corollary 10. Theorem 4 holds if and only if it holds for graphs with no isolated vertices.

3.2 Reduction to Theorem 5

By Corollary 10, one can restrict our study to graphs F' with §(F) > 1. We shall now prove that for such
an F', we have np(F') < 400 as soon as there is some k for which (A < k)-F-OVERLAY is NP-complete. To
prove this, we introduce the notion of degree-gadget that will be useful in almost all the following proofs.
Let F be graph with 6(F) > 1. For any integer d > A1, a d-degree-gadget (with respect to F') at vertex
v, is the subgraph D(d,v) defined as follows. Let a = |d/\1] and 8 =d — aX;. If B =0, then D(d,v) is the
union of « pendant hyperedges at v. If 8 > 1, then D(d,v) is the union of @ — 1 pendant hyperedges at v
and two hyperedges which intersect in I U {v} where I is a set of Ay — (3 vertices. (See Figure 3).
Degree-gadgets are useful because of the following proposition whose easy proof is left to the reader.

Proposition 11. Let F' be graph with §(F) > 1. Then for any d > A1, we have the following.
(i) In any graph G that F-overlays D(d,v), vertex v has degree at least d.
(ii) There is a graph G, that F-overlays D(d,v) in which v has degree exactly d, and every other vertex
has degree at most A(F) if 6(F) divides d (i.e. §=0) and at most 2A(F) — 1 otherwise.



Figure 3: A d-degree-gadget D at vertex v. The set I # () is the intersection of the two blue hyperedges.
B # 0 when I is different from these two hyperedges; and § = 0 when I and the two blue hyperedges are
equal.

Lemma 12. Let F be a graph with 6(F) > 1. Assume that (A < ko)-F-OVERLAY is NP-complete.
(i) If 6(F) =1, then np(F) < ko.
(ii) np(F) < max{ko + §(F),2A(F) — 1}.

Proof. Observe that ko > A(F), because (A < k)-F-OVERLAY is trivially polynomial-time solvable for every
k< A(F).

(i) Let k > ko. We shall prove that (A < k)-F-OVERLAY is NP-complete. We give a reduction from
(A < ko)-F-OVERLAY. Let Hy be an |F|-uniform hypergraph. Let H be the hypergraph obtained from H
by adding a (k — ko)-degree-gadget DG, on every vertex v. Such a degree-gadget exists because k — ko >
1 =§(F). Let us prove that there is an (F, Hy, ko)-graph Gy if and only if there exists an (F, H, k)-graph G.

Assume there is an (F, Hy, ko)-graph Go. By Proposition 11-(ii), for every v € V(Hp), there is a graph
G, that F-overlays DG,, in which v has degree k — kg, and every other vertex as degree at most A(F) < kq.
Consider G = Gg U UUGV(HO) G,. Clearly, G is an (F, H, k)-graph.

Conversely, assume that there is an (F, H, k)-graph G. By Proposition 11-(i), every vertex v of V(Hy)
has degree at least kK — kg in DG,. Thus it has degree at most kg in G[Hy]. Therefore, G[Hy| is an
(F, Hy, ko)-graph.

(ii) The proof is identical to (i). Taking k& > max{ko + §(F),2A(F) — 1} and using the same reduction
as above we get that (A < k)-F-OVERLAY is NP-complete. Note that (k — kg)-degree-gadgets exist because
k—ko>46(F). O

By this lemma, in order to prove that np(F) is bounded, it suffices to prove that there exists kg such
that (A < kg)-F-OVERLAY is NP-complete.

4 Particular cases

In this section, we prove the NP-completeness of (A < k)-F-OVERLAY for pairs (F, k) where F is either a
regular graph, or a complete graph minus an edge K, (i.e. it is obtained by removing an edge from
K,) or a disjoint union of the complete bipartite graph K, ,11, and k is an integer (depending on F).

4.1 Regular graphs

Theorem 13. Let A\ be a positive integer, and let F' be a A-regular graph which is not complete.
Then (A < 6X — 1)-F-OVERLAY is NP-complete.

Proof. Set p = |F|. Since F is not complete, we have p > A+ 1.
We give a reduction from (3,4)-SAT to (A < 6 — 1)-F-OVERLAY.
Given a formula ® of (3,4)-SAT with n variables z;,t € [n], and m clauses C},j € [m], we construct a
p-uniform hypergraph H as follows.
e For each variable x;, we construct a wvariable gadget H; as follows. We first create a center vertex
wy, a set of 4p — 4 vertices U; = {u%,...,u?p_4}, and 4p — 4 hyperedges Stj = {wt,u{, .. ,u{+”_2}
(superscripts are modulo 4) for j € [4p — 4]. We then add a (2A — 1)-degree-gadget at w; and a 4\-

degree-gadget on each ul*~ " for any i € [4] and j € [\ — 1]. For r € [4] let a7 = u[ "~V 7P™2 and



T = u:(p71)7p+3. Set Xy = {a},2? 2}, 2}} and X, = {z},727,73,7}}. The vertices of X; (resp. X;)
are called the non-negated (resp. negated) literal vertices of Hy. See Figure 4.

Figure 4: The variable gadget H;. The center vertex w; is in a (2A — 1)-degree-gadget. There are four
sets of A — 1 vertices (in black), each of which is adjacent to the center vertex w; and in a 4\-degree-gadget.
Blue and red vertices are respectively non-negated and negated literal vertices.

e For each clause C; = ({1 V {3V £3) we identify y1, yo, y3 into a clause vertex c;, where y; = ] if ¢; = a4
and ¢; is the r-th occurrence of x;, and y; = ] if ¢; = Z; and is the r-th occurrence of z;.

We will prove that there exists an assignment ¢ satisfying @ if and only if there is an (F, H,6\ — 1)-graph
G. The general idea is that a variable x; = true (resp. false) if and only if the vertices of X; (resp. X)
have degree 2A — 1 in G[H,] and so they are adjacent to the center vertex while the ones of the other set are
not.

Assume that there exists a truth assignment ¢ satisfying ®. Let G be the graph obtained as follows.

For each t € [n], let (vo, v1,...,vp—1) be an ordering of V/(F) such that Np(vo) = {vp—ay1,-..,vp—1}U{v1}
if ¢(2;) = true and Np(vo) = {vp_ri1,-..,vp_1 }U{va} if ¢(a;) = false. For every j € [4p—4], we let G[SY]
be the copy of F in which w; corresponds to vg and i for i € {j,...,5 +p — 1} corresponds to the vertex
vy such that i =" mod (p — 1). Observe that each ui corresponds to the same vertex of F in all the p — 1
copies of F induced by the S/ to which it belongs. Therefore either u! is not adjacent to w; and it has 2\
neighbors in G[H;] or u! is adjacent to w; and it has 2\ — 1 neighbors in G[H,]. In particular, if ¢(z;) = true
(resp. ¢(x¢) = false), then all vertices of X; (resp. X;) have degree 2\ — 1 in G[H;] In addition, for every
d-degree-gadget D at some vertex v, we let G[D] be an (F, D,6\ — 1)-graph in which v has degree d.

Let us check that every vertex has degree at most 6A — 1 in G.
e Each center vertex w; has degree 2\ — 1 in its (2A — 1)-degree-gadget and it is adjacent to 4\ vertices
in Hy, so 6\ — 1 in total.
e Every vertex in {ugp_l)i_j | i € [4] and j € [A — 1]} has 2X — 1 neighbors in H; and 4\ other in its
4\-degree-gadget. Hence its total degree is 6\ — 1.
e Every vertex in U, \ {uﬁp —li | i € [4] and j € [A — 1]} which is not identified in a clause vertex has
only neighbors in H; and thus degree at most 2\ < 6\ — 1.
e Each clause vertex is the identification of three literal vertices which have degree 2\ or 2\ — 1 in their
variable gadgets. Moreover, at least one of the literals is true, so at least one of those vertices has only
2)\ — 1 neighbors in its variable gadget. Hence its degree in G is at most 6\ — 1.
Hence, G is an (F, H,6\ — 1)-graph.
Conversely, assume that G is an (F, H,6\ — 1)-graph.
Consider a variable gadget H;. The center vertex w; has degree at least 2\ — 1 in its (2X — 1)-degree-gadget,
so it has at most 4\ neighbors in V(H;). But w; has degree at least A in each of the S7, and the hyperedges
S7, §ItPmlqitEe=2 QIS Lairwise intersect only in wy. So this vertex has exactly A neighbors in each
of these sets, and so exactly A neighbors in each SJ. Furthermore, if u] is adjacent to wy, then w; has A — 1



neighbors in {u{“7 .. ,u{+p72} and soﬁug#pf1 is adjacent to w; because Sg“ contains A neighbors of wy.
In particular, the vertices of X; (resp. X) are either all adjacent to w; or all non-adjacent to w.
Now each of the A—1 vertices in {u? " ... u?"'} is in a 4\-gadget in which it has degree 4)\. Therefore,

it has degree 2\ — 1 in G[H;] and must be adjacent to w;. Hence at most one vertex in {z},z!} is adjacent
to wy. Thus the vertices of X; and those of X; cannot be simultaneoulsy adjacent to w;.

Let ¢ be the truth assignment defined by ¢(z;) = true if w; is adjacent to X, and ¢(x;) = false
otherwise. In any clause vertex c;, we identified three literal vertices corresponding to the three literals. But
c; has degree at most 6\ — 1, so there is at least one literal vertex having degree 2\ —1 in its variable gadget.
This implies that this literal is true. Therefore, ¢ satisfies ®. [

4.2 Complete graph minus an edge
Theorem 14. (A < 3p —1)-K,-OVERLAY is NP-complete for all p > 3.

Proof. Reduction from (3,4)-SAT. Given a formula ® of (3,4)-SAT with variables x;,t € [n] and clauses
Cj,j € [m], we build a hypergraph H as follows.
e For each variable x;, we add a variable gadget H; containing a center set Cy of size p — 2, a set Uy of
8 vertices U; = {u},...,u$}, and 8 hyperedges S! = C; U {u,ui™} (superscripts are modulo 8) for
i€ [8]. Set X; = {u?"'|ic[4}and X; = {u? | i€ [4]}. The vertices of X; (resp. X;) are called
the non-negated literal vertices (resp. negated literal vertices).
e For each clause C; = ({1 V Uy V {3), we add a clause vertex c¢; in which, for each literal ¢; which is the
r-th occurrence of the variable z;, we identify u?" ' (vesp. u?") if £; = z; (vesp. £; = %;).
e In any center set C, if p = 3, in which case |C;| = 1, we add a (2p — 2)-degree-gadget at the vertex of
Cy; if p > 4, we add a (2p—4)-degree-gadget at max{0,6—p} vertices of C; and a (2p—5)-degree-gadget
at min{4, 2p — 8} vertices among the other ones.

We will show that there is an assignment ¢ satisfying ® if and only there is a (K, H,3p — 1)-graph G.

Assume that ¢ satisfies ®, then we construct G as follows.

In a variable gadget Hy, for every i € [8], we let G[S}] be a copy of K, such that

- every vertex in C; which is not in any degree-gadget is a (p— 1)-vertex, and so is adjacent to all vertices
of Hy;

- if ¢(x) = true (resp. ¢(w;) = false), then each vertex in X; (resp. X;) is a (p — 2)-vertex in
every hyperedge containing it and each vertex in X; (resp. X;) is a (p — 1)-vertex in every hyperedge
containing it.

- any vertex in Cy which is in a d-degree-gadget is adjacent to all vertices in H; except p+5— (3p—1—d)
literal vertices in exactly one of the two sets X, X¢.

For any d-degree-gadget D at a vertex v, let G[D] be a (K, , D, 3p — 1)-graph in which v has degree d.
Let us check that A(G) < 3p — 1.

- Each vertex in C; which is not in any degree-gadget is adjacent to all vertices of H;. So it has degree
at most p+5<3p—1inG.

- Each vertex in C; which is in a d-degree-gadget has d neighbors in its degree-gadget and is adjacent
to 3p — 1 — d vertices of H;. So it has degree 3p — 1 in G.

- Any literal vertex which is not identified in any clause vertex has either p — 1 or p neighbors in its
variable gadget. Thus it has degree less than 3p — 1.

- Each clause vertex is the identification of three literal vertices. Each of those has degree either p — 1 or
p in its variable gadget. Moreover at least one of the literals is true so its corresponding literal vertex
has degree p — 1 in its variable gadget. Therefore the clause vertex has degree at most 3p — 1.

- Any vertex which is in a degree-gadget but in no variable gadget belongs to at most two hyper-
edges.Thus it has degree at most 2(p — 1) < 3p — 1.

Hence, G is a (K, , H,3p — 1)-graph.

Conversely, assume that G is a (K, , H, 3p — 1)-graph. For every hyperedge S of H, let Fs be a subgraph
of G[S] isomorphic to K, .

Claim 14.1. For every t € [n], we have the following:
(i) G[C}] is complete.



(i) There are exactly four non-edges between X @t and Cy. Moreover, either each vertex of Xy is incident
to one of those non-edges, or each vertex of X; is incident to one of those non-edges.

Proof of Claim. Assume that G[C}] is not complete, then there is an edge uv ¢ G[Cy] for u,v € V(C}). Since
all hyperedges of H; are K, -overlaid the edge uv is the only one missing in each subgraph G [Si], i € [8].
Thus u! has degree p in G[H;]. Therefore every vertex of C; is adjacent to all vertices of X;UX;. A vertex z
of C is in a d-degree-gadget with d > 2p — 5 so it has at least 2p — 5 neighbors in this gadget. It is adjacent
to at least p — 3 vertices in C; and the eight of X; U X;. So it has degree at least 3p, a contradiction.This
proves (i)

(ii) Consider a vertex of Cy that is in a (2p — 6 4 )-degree-gadget. It has degree at least (2p —6+1¢) in it
its gadget and p — 1 in C; by (i). Hence it has at most 8 — i neighbors in X; U X; and thus is non-adjacent
to i vertices in X; U X¢; Hence if p = 3 then the vertex of C; is non-adjacent to four vertices in X, U X;
if p = 4, then two vertices of C; are non-adjacent to two vertices in X, U X; each; if p = 5, then the one
vertex of C; non-adjacent to two vertices in X; UX,, and two other vertices are non-adjacent to one vertex in
X;UX, each; if p > 6, then four vertices of C; are non-adjacent to one vertex in X; U X; each. In all cases,
there four non-edges between X; U X; and C;. Now since every G[S!] has at most one non-edge, there are
exactly four non-edges between X; U X, and C;, and each vertex of X, is incident to one of those non-edges,
or each vertex of X is incident to one of those non-edges. This proves (ii). O

By Claim 14.1, we define a truth assignment ¢ by ¢(z;) = true (resp. ¢(z;) = false) if th four non-edges
between X; U X, and C,; are. incident to vertices of X, (resp. Yt). Observe that a literal vertex has degree
p — 1 (resp. p) in Hy if its corresponding literal is true (resp. false).

A clause vertex c; is the identification of three literal vertices. Since it has degree at most 3p — 1, then at
least one of those literal vertices has degree at most p—1 in its variable gadget. Thus this vertex corresponds
to a true literal in the clause C;. Therefore, ¢ satisfies ®. O

4.3 Disjoint union of the complete bipartite graph K, .

In this section, we study on the family of disjoint union of the graph K, ,41. We aim to prove the following.
Theorem 15. Let rK, 41 be the disjoint union of r copies of Kqqy1. Then np(rKg q11) < 3a + 5.

In order prove this theorem, we first prove Theorem 16 which show that np(K, q+1) < 3a + 5, and then
deduce it using Lemma 17.

Theorem 16. (A < 3a + 5)-K, q+1-OVERLAY is NP-complete.

Proof. Reduction from (3,4)-SAT. Given a formula ® of (3,4)-SAT with variables x;,¢ € [n] and clauses
C;,j € [m], we build a hypergraph H as follows.

e For each variable z;, we add a variable gadget H, containing a set C} of size a, a set C? of size a—1 and
aset U, of eight vertices U; = {u},...,ud}, and eight hyperedges S! = CLUC?U{ul, ut!} (superscripts
are modulo 8) for i € [8]. Set X; = {u},u},u?, ul} and X; = {u?,u},uf,u}. The vertices of X; (resp.
X) are called the non-negated literal vertices (resp. negated literal vertices).

e For each clause C;j = ({1 V {5 V {3), we add a clause vertex ¢; in which, for each literal ¢; which is the
rth occurrence of the variable x;, we identify ufr_l (resp. ui") if £; = zy (vesp. l; = Zy).

e We add degree-gadgets on some vertices:

— we add a (2a + 2)-degree-gadget at each of vertices in C}.
— we add a (2a + 1)-degree-gadget at each of vertices in C?.
We will show that there is an assignment ¢ satisfying @ if and only there is a (K 441, H, 3a + 5)-graph
G.

Assume that ¢ satisfies ®, then we construct G as follows.
In a variable gadget Hy, for every i € [8], we let G[S}] be a copy of K, 441 such that
- every vertex in C} is an a-vertex and each vertex in C? is an (a + 1)-vertex (so G[Cy] is K, 4—1 with
partition (C},C?));
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- if ¢(x;) = true (vesp. é(x;) = false, then each vertex in X; (resp. X;) is an a-vertex in every
hyperedge containing it and each vertex in X; (resp. X; ) is an (a + 1)-vertex in every hyperedge
containing it.

For any d-degree-gadget D at a vertex v, let G[D] be a (K, q+1, D, 3a + 5)-graph in which v has degree

Let us check that A(G) < 3a + 5.

- Each vertex in C} has degree 2a + 2 in its (2a + 2)-degree-gadget. It is also adjacent the a — 1 vertices
in C?, and to the four vertices of exactly one of the two sets X;, X;. Thus, this vertex has degree
3a+5in G.

- Each vertex in C? has degree 2a + 1 in its (2a + 1)-degree-gadget. It is also adjacent the a vertices in
C} and to the four vertices in exactly one of sets X;, X;. Hence, it has degree 3a + 5.

- Any literal vertex which is not identified in any clause vertex has degree at most a + 2 in its variable
gadget. So, it has degree a +2 < 3a+5 in G.

- Each clause vertex is the identification of three literal vertices. Each of those has degree either a + 1
or a + 2 in its variable gadget. Moreover at least one of the literals is true so its corresponding
literal vertex has degree a + 1 in its variable gadget. Therefore the clause vertex has degree at most
2(a+2)+a+1=3a+5.

- Any vertex which is in a degree-gadget but in no variable gadget has degree at most 2(a+1) < 3a+ 5
since it belongs to at most two hyperedges.

Hence, G is a (K4,0+1, H, 3a + 5)-graph.

Conversely, assume that G is a (K, q+1,H,3a + 5)-graph. For every hyperedge S of H, let Fs be a
subgraph of G[S] isomorphic to K, q+1. Free to remove some edges, we may assume that G is the union of
the Fg over all hyperedges S of H. We have the following.

Claim 16.1. For every t € [n], the following hold.
(i) In a hyperedge of Hy, the two literal vertices cannot be both a-vertices or both (a + 1)-vertices.
(ii) In every hyperedge of Hy, the vertices in C} are a-vertices and the vertices in C? are (a + 1)-vertices.
(iii) The vertices of one of the two sets Xy, X; are a-vertices in all hyperedges of H; to which they belong,
and the vertices of the other of those sets are (a + 1)-vertices in all hyperedges of Hy.

Proof of Claim. Observe that any vertex in C} is in a (2a + 2)-degree-gadget, so it has degree at most a + 3
in G[H;]. Similarly, any vertex in C? is in a (2a + 1)-degree-gadget, so it has degree at most a + 4 in G[H,].

(i) Assume for a contradiction that there is i € [8] such that ul,ui™" are both a-vertices in Si. There are
a — 1 other a-vertices in Si. Thus, at least one vertex v in C} is an (a + 1)-vertex in S}, and thus adjacent
to ul,ui™ and the a — 1 other a-vertices in S} which are in C} U C?.

Assume for a contradiction that v is adjacent to exactly a — 1 vertices in C} U CZ. Then because v has
degree at least a in every hyperedge, it must be adjacent to at least one literal vertex in each Sti/ for all
i’ € [8]. In particular v is adjacent to at least one literal vertex in S; ™2, Si** and S;°. Hence v has degree
a+ 4 in G[Hy], a contradiction to the above observation.

Consequently, v is adjacent to at least a and at most a + 1 vertices in C} U C?.

e If v is adjacent to exactly a vertices in C} U C?, then there is a vertex u in C} \ {v} which is adjacent
to v since there are only a — 1 vertices in C?. Vertex u has degree at least a in S¢. Since v has degree
a+42in S/ UCHUC?, it is adjacent to at most one vertex, among the six literal vertices ui' 7/,
j € [6]. Hence there are two hyperedges S, S’ in {S{ 12, 5i™*, S0} such that v is adjacent to no literal
vertex of S and S’. Now in each of those two hyperedges, v has degree exactly a. Hence it must be
an a-vertex, and each of its neighbors, including u, is an (a + 1)-vertex and thus is adjacent to the two
literal vertices. Hence u is adjacent to at least a + 4 vertices in G[H,] (at least a in S} plus the four
literal vertices of S and S”). This is a contradiction.

e If v is adjacent to a + 1 vertices in C} U C7, then there are two vertices u,u’ in C} \ {v} which are
adjacent to v and each of them has degree at least a in S}. Since v has degree a + 2 in S} U C} U CZ,
it is not adjacent to any of the six other literal vertices than u!, uiH. Consider the three hyperedges
SZ+27 SZ+4’ Sz+6;

— if v is an (a+ 1)-vertex in one of these hyperedges, then u, v’ must be a-vertices and thus adjacent
to the two literal vertices in this hyperedge.
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— if v is an a-vertex in one of those hyperedges, then at least one of u, v’ is an (a + 1)-vertex in this
hyperedge and is adjacent to its two literal vertex.
Thus at least one of u,u’ is adjacent to at least four literal vertices in Si ™2 U Si™ U i and so has
degree at least a + 4, a contradiction.
This proves that the two literal vertices of a hyperedge of H; are not both a-vertices.

Let us now prove that the two literal vertices of a hyperedge of H; cannot be both (a + 1)-vertices.
Assume for a contradiction that there is i € [8] such that u?, ui™ are both (a + 1)-vertices. Any a-vertex x
in S} is adjacent to u},u;™" and at least a — 2 vertices in C} U C?. If z is adjacent to exactly a — 2 (resp.
a — 1) vertices in C} U C?, then, since it has degree at least a in any hyperedge, it is adjacent to all six
(resp. at least three) literal vertices in Si™2 U Sit* U SiT6. Thus = has degree a + 6 (resp. a + 4) in G[H;],
a contradiction. Hence every a-vertex in S} has at least a neighbors in C} U C?.

There are a + 1 a-vertices in S}, so there must be one, say v, in C}. It has degree at most a + 3 in G[H]
and at least a 4 2 in S}. Thus it is adjacent to at most one literal vertex in St U St U Si*6. Hence v is
not adjacent to the literal vertices of two hyperedges S, S’ in Sf“ U SZ+4 U Sf+6. Thus the literal vertices
of the hyperedge S (resp. S’) are both in a same part of Fg (resp. Fs), and so they are (a + 1)-vertices.

Now in each hyperedege of Hy, there are more a-vertices than (a4 1)-vertices. Thus there is a vertex z which
is an a-vertex in at least three hyperedges S1, So, 53 in S U SZ“ U S’ZH U Sf+6. In any of these hyperedges
at least one of the literal vertices is an (a + 1)-vertex, and in at least two of them the two literal vertices
are (a + 1)-vertices. Hence z is adjacent to at least five literal vertices. Moreover, as above, we can show
that 2 has at least a neighours in C} U CZ. Thus z has degree at least a + 5 in G[H;], a contradiction. This

completes the proof of (i).

(ii) Assume for a contradiction that a vertex w € C} is an (a + 1)-vertex in S{. By (i), w is adjacent
to a literal vertex in S¢, and so it is adjacent to a other vertices in C} U CZ. Furthermore, by (i), in each
hyperedge of H, w is adjacent to a literal vertex (either to an a-vertex or an (a + 1)-vertex). Thus w is
adjacent to four literal vertices in Hy, and so has degree at least a + 4 in G[H;], a contradiction. Therefore
the a vertices of C} are a-vertices. Moreover, by (i), one of the literal vertex of each S} is an a-vertex.
Therefore all vertices of C? must be (a + 1)-vertices.

(iii) Let v be a vertex in C}. Tt is an a-vertex in each S?, so by (4) it is adjacent to one vertex in {uf, uit'}
for all i € [8] and it is adjacent to the a — 1 vertices of CZ. But v has degree at most a + 3 in G[H,], so v is
either adjacent to all vertices of X; and non-adjacent to all vertices of X, or non-adjacent to all vertices of

X, and adjacent to all vertices of X. O

By Claim 16.1, we define a truth assignment ¢ by ¢(x;) = true (resp. ¢(xy) = false) if all vertices in X
are a-vertices (resp. (a + 1)-vertices) in the hyperedges of H; to which they belong.

Observe that, by Claim 16.1, if a literal vertex u} is an (a + 1)-vertex in the hyperedges of H; to which
it belongs then it has degree at least a + 2 in G[H;] because it is adjacent to the a vertices of C} and the
two literal vertices ui ', ui™.

A clause vertex c; is the identification of three literal vertices. Since it has degree at most 3a + 5, then at
least one of those literal vertices has degree at most a 4+ 1 in its variable gadget. By the above observation,
this vertex is an a-vertex in the hyperedges of H; to which it belongs. Thus this vertex corresponds to a

true literal in the clause C;. Therefore, ¢ satisfies ®. O

Lemma 17. Let r be a positive integer. If (A < k)-Kg4q+1-OVERLAY is NP-complete, then (A < k)-
7Kg 4+1-OVERLAY is NP-complete.

Proof. K, 1 has a + 1 vertices of degree a and a vertices of degree a + 1. Hence, in 7K, 41, there are
r(a 4 1) vertices of degree a and ra vertices of degree a + 1.
We shall give a reduction from (A < k)-K, +1-OVERLAY to (A < k)-rK, 44+1-OVERLAY.

Let H be a (2a + 1)-uniform hypergraph. We construct an r(2a + 1)-uniform hypergraph H' from H as
follows. We create a set A of (r — 1)(a + 1) vertices, a set B of (r — 1)a vertices, and a set C' of 2a + 1
vertices. We add the hyperedge S¢ = AU BUC to E(H'), and for every hyperedge S of H, we add the
hyperedge S’ = SU AU B to E(H’). Finally, we add a (k — a)-degree-gadget at every vertex in A and a
(k — a — 1)-degree-gadget at every vertex in B.
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Let us prove that there is a (K, q+1, H, k)-graph G if and only if there is an (rK, q+1, H', k)-graph G'.

Assume that G is a (K q+1, H, k)-graph. We construct G’ from G as follows. Let G'[H| = G[H], so
G'[S] = G[S] for each S € E(H); let G'[C] be a copy of K, 4+1; let G'[AU B] be a copy of (r — 1)Kg o1
in which every vertex in A has degree a and every vertex in B has degree a + 1; for each d-degree-gadget D
at a vertex v, let G'[D] be an (rK, 441, D, k)-graph in which v has degree d. Clearly, for any S’ € E(H'),
G'[9’] contains rK, 4+1 and so does G'[S¢]. Moreover, one easily checks that every vertex of G’ has degree
at most k. Therefore, G’ is an (rKg q+1, H', k)-graph.

Assume now that there is an (rK, q4+1, H', k)-graph G’. Every vertex v € A is in a (k — a)-degree-gadget,
so it has degree at most a in G'[V(H)U AU B U (). Thus it must be an a-vertex in every hyperedge S for
all S € E(H).

Let v be a vertex in A. It is adjacent to a — i vertices in B. Then v must be adjacent to at least ¢ vertices
in C and 7 vertices in V(H). Thus the degree of v is at least a+4 in G'[V(H)U AU BUC]. Therefore i = 0,
so v is adjacent to a vertices in B and no vertex in V(H)UC.

This implies that there are (d — 1)a(a + 1) edges between A and B. But every vertex u € B is in a
(k — a — 1)-degree-gadget, and so has degree at most a + 1 in G'[V(H) U AU B U C]. Thus, each vertex in
B has a + 1 neighbors in A, and is adjacent to vertex in V(H) U C.

Consider now a hyperedge S’ = SU AU B. The graph G'[S’] contains 7K, 4+1. Since there is no edge
between AU B and V(H), necessarily G'[S] contains K, q+1. So S is K, q+1-overlaid by G’. Consequently,
G=CGV(H)|is a (Kq,q+1,H, k)-graph. O

5 Proof of Theorem 5

The aim of this section is to prove Theorem 5. The proof divides into four cases, Theorem 13, Theorem 18,
Theorem 19 and Theorem 20 as follows.

Proof of Theorem 5 (assuming Theorems 18, 19 and 20). Let F be a graph with degree values 1 < §(F) =
A <o <N =A(F).

If t =1, (i.e. F is regular), then we have the result by Theorem 13. Henceforth, we may assume that
t>2.

If there exists ¢ € [t — 1] such that A;y1 > A\; + 1, then Theorem 18 yields the result. Henceforth, we may
assume that \;;; = \; + 1 forall i € [t —1].

If ¢ > 3, then \; + A1 > 2A5 and Theorem 19 yields the result. Henceforth, we may assume that ¢t = 2
which we then have the result by Theorem 20. O

It thus remains to prove Theorems 18, 19 and 20.

The proofs of the first two are reductions from 3-COLORABILITY on 4-regular graphs which are similar
to the one used to prove Theorem 9. Given a 4-regular graph G, we build a hypergraph H which includes,
for each vertex v € V(G), a vertexr gadget with three hyperedges which makes three choices of degrees on
vertices ci, 2, ¢2 (as three colors labeled 1, 2, 3 of vertex v) and a color gadget represented as a binary tree
with 4 leaves which copies each choice to four (leaves) vertices in other hyperedges (with respect to four
neighbors of v € V(G)). For any edge uv, we simply identifies the two leaves of u,v. The idea is that for a
proper coloring ¢ of G, ¢(v) corresponds to a vertex ¢! having a certain degree d; then c(v) = i if and only if
¢t as degree d in its vertex gadget (see Figure 5). However, the set of hyperedges which are in a color gadget
of the two theorems are different, see Figure 6 in Theorem 18 and Figure 7 in Theorem 19.

Theorem 18. Let F' be a graph on p wvertices with degree values 1 < Ay < --- < X¢. If there exists
1" €{2,...,t} such that \j+ > X\i«_1 + 2, then there is k such that (A < k)-F-OVERLAY is NP-complete.

Proof. Set k = max{2X;, 2 ;- + \i»_1+ A1 }. We give a reduction from 3-COLORABILITY on 4-regular graphs.
Given a 4-regular graph G, we build a hypergraph H as follows.

e For each vertex v € V(G), we create a vertex gadget H, with three hyperedges St = {c,,ci} U X UY}
for i € [3] where |X}| = Z;:ll aj — 1, |V =p—|Xi| —2. Weadd a (k — A\« + 1)-degree-gadget at
each vertex = € X! for i € [3], a (k — 2)\;» — A\;=_1)-degree-gadget at c,. We say that S¢ is the parent
hyperedge of ¢ for each i € [3].
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i,1 0,2 4,3 1,4
lv lv lw lv

Figure 5: The construction of the reduction. The vertex gadget for vertex v (left) and the binary tree
representing the color gagdet (right). In the construction, each edge of this tree is replaced by hyperedges
such that the degree of the root ¢! is transmitted to all its descendants.

e For each vertex v and each i € [3], we construct a color gadget H! for i € [3] as follows.
— We create a binary tree T with vertex set {c,al, bl ¢51 (62 (53 (54} and edge set
{ctal, cibi allbt al 0i2 bi 053 bl 0i*}) rooted at cf. In this tree, al and b are the children of ¢!,
051 and (52 are the children of af, and ¢33 and ¢4* are the children of b .
— For any vertex z € {c!,al,bl}, let y1, y2 be its children in T?, and let e; = zy1, €2 = xys. We first
add a (k — 2X;+ + 1)-degree-gadget at . Then we construct an z-edge-gadget as follows: we add
a set A, of Zl-l_ll a; — 1 new vertices and a set B, of p — |A;| — 2 new vertices, the hyperedges
S(e1) = {z,y1} UA, UB, and S(e2) = {z,y2} U A, U B,, and a (k — A\j= + 1)-degree-gadget at
every vertex a € A,. For convenience, we say that S(zy1) (resp. S(xyz2)) is the parent hyperedge
of y1 (resp. y2). Moreover, for any leaf £, we denote by S%7 the hyperedge containing the vertex
¢4, See Figure 6.
e For every vertex v € V(G), let el e2 e3 et be an ordering of the edges incident to v. For each edge
w € E(Q), let j, and j, be the indices such that uv = elu = eJv. Then, for all i € [3], we identify the
vertices €47« and £49v and we add a (k — A\« — Ap)-degree-vertex at this vertex.

Note that each of the d-degree-gadgets exists because we have d > A1 by our choice of k.

Figure 6: The z-edge-gadget with degree-gadgets at x and every vertex in A,.

Let us now prove that there is a proper 3-coloring of G if and only if there is an (F, H, k)-graph G*.

Assume first that there is an (F, H, k)-graph G*.

Let v € V(G). The vertex ¢, has degree at least (k—2X\;» — A\j«_1) in its (k— 2X\;+ — X\« _1)-degree-gadget.
Hence ¢, has degree at most 2)\;« + \;»_1 in Si U Sg U Sfj. But those hyperedges pairwise intersect in {c, }.
Thus there is i € [3] such that ¢, has degree less than \;» in S!. Moreover, since any vertex z € X! has
degree at least k — A\ + 1 in its (k — A\;« + 1)-degree-gadget, so it has degree less than \;« in S?. Thus ¢,
must have degree at least \;« in S¢. Therefore, we can define a 3-coloring ¢ by ¢(v) = i where i is an index
such that ¢! has degree at least \;« in S?.

Let us now prove that ¢ is proper. We need the following claim.
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Claim 18.1. Let v € V(G) and i € [3]. If ¢!, has degree at least \i« in S, then so does the leaf €57 in S&J
for all j € [4].

Proof of Claim. 1t suffices to prove that for any = € {c!,b%,a’}, if x has degree at least \;« in its parent
hyperedge, then both y1,y, have degree at least \;« in their parent hyperedges.

Assume that x has degree at least A\;+ in its parent hyperedge. Since x has degree at least k — 2\« + 1 in
its (k — 2\« + 1)-degree-gadget, it has degree at most A\;» — 1 in S(ay;) U S(zys). Moreover, any a € A, has
degree at least k — \j« +1 in its (k — A\;« + 1)-degree-gadget and so has degree less than A;« in S(zy;) US(2y2)
and so in each of S(zy1), S(zy2). Since A, is of size Z;z_ll ay — 1, the vertex y; (resp. y2) must have degree
at least A\« in S(xyy) (resp. S(zys2)). O

Consider an edge uv € E(G), i € [3]. The vertex £ = £%Ju = (v has degree at least k — \;» — A1 in its
(k — X\i» — A\1)-degree-gadget and is the unique common vertex of the hyperedges S%7/« and S!7v. Therefore
it has degree \;« in at most one of S%J« S¥J». Hence, by the Claim 18.1, at most one of ¢!, ¢! has degree
A= in its parent hyperedge. Thus at most one of u, v is colored i by ¢. Therefore, ¢ is a proper 3-coloring

of G.

Assume now that ¢ is a proper 3-coloring of G. We construct a graph G* as follows.

e For any vertex gadget H,, i € [3], let G*[S!] be a copy of F in which every vertex in X/ has degree at
most \;«_1, every vertex in Yj has degree at least A;+, and ¢, has degree A\;+_1 (resp. A;+) and cf) has
degree \; (resp. \i) in S¢ if p(v) =i (resp. ¢(v) # 7).

e In every color gadget H!, for z € {c!, b}, al} with children y; and ya, let G*[S(zy1)] and G*[S(zy2)])
be two similar copies of F' such that:

— if i # ¢(v), then x has degree \j« in G*[S(zy1)] and G*[S(zy2)] (and so at most A\« + 1 in
G*[S(xy1) U S(zy2)]) and y1 and yo have degree A1 in G*[S(zy1)] and G*[S(zy2)] respectively.

— if i = ¢(v), then = has degree \;«_1 in G*[S(ay1)] and G*[S(zy2)] (and so at most Aj«_1 4+ 1 in
G*[S(zy1) U S(xy2)]) and y; and yo have degree A;« in G*[S(xy;1)] and G*[S(zy2)] respectively.

— every vertex in A, has degree at most A\;«_1 in both G*[S(zy1)] and G*[S(zy2)] and so at most
i« + 1in GLS(zy1) U S(zye));

— every vertex in B, is degree at least A\« in both G*[S(zy;)] and G*[S(zy2)] and so at most A; + 1
in G*[S(zy1) U S(zy2)l;

e For any d-degree-gadget D at vertex v, we let G*[D] be an (F, D, k)-graph in which v has degree d.

By counstruction, G* F-overlays H. Let us check that A(G*) < k. Let u be a vertex of G*.

- If u is in at most two hyperedges (in particular, if = v is in Y;! or u is in B, for z internal vertex in
some T or v is only in a d-degree-gadget), then u has degree at most 2\; < k.

- If u € X! for v € V(G), then u has degree k — A\ + 1 in its (k — A+ + 1)-degree-gadget and at most
Xi<—1 in S!], thus u has degree at most k — \j« + A\j«_1 + 1 < k.

- If u € A, for v € V(G) and z internal vertex in some tree T, then u has degree k — \;« + 1 in its
(k — A= + 1)-degree-gadget and at most Aj«_1 + 1 in G*[S(xy1) U S(xyy)], thus u has degree at most
k—Xi= + X1 +2<Z k.

- Foru € {ci,a’,b} fori € [3] with u parent of y1, 92, it has degree k—2\;« +1 in its (k—2\;- +1)-degree-
gadget. And if i = ¢(v) (resp. i # ¢(v)), then u has degree \;« (resp. A1) in its parent hyperedge and
Ai=—1+1 (resp. A+ +1) in G*[S,,, U S,,,]. Hence u has degree at most k — Aj« + A= -1 +2 < k.

- Assume that u is the identification of ¢i7v and (iiw for an edge vw € E(G). First, u has degree
E— X~ — A1 in its (K — A\« — Ap)-degree-gadget. Moreover, since either ¢(v) # i or ¢(w) # 4, then u
has degree A\in one of S%J», S%J» and at most A\;+ in the other. Therefore, u has degree at most k in
G*.

Consequently, G* is an (F, H, k)-graph. O

Theorem 19. Let a graph F on p vertices with degree sequence d = (d1,...,dp) such that Ay + A1 > 2.
Then there exists k such that (A < k)-F-OVERLAY is NP-complete.

Proof. Observe that the condition A\; + A1 > 2Xo implies ¢ > 3. Set k =2\, + \;_1.
We give a reduction from 3-COLORABILITY on 4-regular graphs.

Given a 4-regular graph GG, we build a p-uniform hypergraph H as follows.
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e For each vertex v € V(G), we create a vertex gadget H, with three hyperedges S¢ = {c,,ci} U X UY}
for i € [3] where |X| = Zf;i a;—1, |V} =p—a;—1. Fori€ [3], we add a (k — \;_1)-degree-gadget
at each vertex x € X!

We say that S¢ is the parent hyperedge of each ¢, i € [3].
e For each vertex v € V(G) and each i € [3], we construct a color gadget H! for i € [3] as follows.
— We create a binary tree T with vertex set {ci,al bt (i1 (52 (23 (44} and edge set

v v vy YTy Yy Y Y
{cial, cibi allbt al 02 bi0h3 bi(i4} ) rooted at ci. In this tree, a! and b! are the children of ¢!,
¢4t and £5? are the children of a, and ¢ and ¢4* are the children of b .

— For each edge e = zy of T with z the parent of y in T, we construct an edge-gadget containing
x,y, a new vertex z., and four disjoint sets Ul W2 U2, W2 of new vertices, U} of size oy — 1,
W2 of size p — |UL| — 1, U2 of size p — ay — 1, W2 of size oy — 1. We add the hyperedges
Sl ={z, 2.} UUUW! and S? = {2, y} UU2UW2. See Figure 7. We finally add a (k — A, —2A1)-
degree-gadget at z, a (k — \;)-degree-gadget at each vertex of Ul, a (k — A + 1)-degree-gadget at
each of U2, and a (k — Ay — A + 1)-degree-gadget pendant at z.

e For every vertex v € V(G), let el,e2,e3, et be an ordering of the edges incident to v. For each edge

v U Yo Yo

w € E(Q), let j, and j, be the indices such that uv = el» = eJv. Then, for all i € [3], we identify the
vertices ¢%7« and ¢57v and we add a (k — 2); + 1)-degree-gadget at this vertex.

Figure 7: The edge-gadget for an edge e = xy with degree-gadgets at z, z. and every vertex in U}, UZ2.

Let us now prove that there is a proper 3-coloring of G if and only if there is an (F, H, k)-graph G*.

Assume first that there is an (F, H, k)-graph G*.

Let v € V(G). The vertex c, has degree at most 2\; + \;—1 in S} U S2 U S3. But those hyperedges
pairwise intersect in {c,}. Thus there is i € [3] such that ¢, has degree less than ), in S¢.

Moreover, each vertex x € X! has degree at least k — \;_ in its (k — \;_1)-degree-gadget, and so at most
A¢_1 in Sf,. Together with ¢, there are Zf;i a vertices of degree at most \;_1 in Sf,. Thus cf, have degree
A¢ in its parent hyperedge S!. Therefore, we can define a 3-coloring ¢ by ¢(v) = ¢ where ¢ is an index such
that ¢! has degree \; in S¢.

Let us now prove that ¢ is proper. We need the following claim.

Claim 19.1. Let v € V(G) and i € [3]. If ¢! has degree ¢ in S., then so does any leaf (47 in SbJ for
Jj €4

Proof of Claim. Tt suffices to prove that for any = € {ci, b, al}, if x has degree \; in its parent hyperedge,
then both y1,ys have degree \; in their parent hyperedges.
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Assume that z is a A\;-vertex in its parent hyperedge. Since x has degree at least k — \; — 2)\; in
its (kK — A+ — 2)\1)-degree-gadget, and degree \; in its parent hyperedge, it has has degree at most 2\; in
Sy, USs,,, and so Ap in each of S, ,S;,.. Let e = 2y be one of the two edges xy;,zys. Any vertex in
Ul has degree at least k — A1 in its (k — A\;)-degree-gadget, and thus A\; in S!. It implies that z. has degree
at least Ay in S!. Since it is also in a (k — Ay — Ay + 1)-degree-gadget, z. has degree less than )\; in S2.
Moreover, any vertex in U2 is in a (k — \; + 1)-degree-gadget, then none of them has degree \; in S? except
those in W2 which is of size a; — 1. Thus, y must have degree )\; in S2. O

Consider an edge uv € E(G), i € [3]. The vertex £ = ¢,J« = {%J» has degree at least k — 2)\; + 1 in its
(k — 2\ + 1)-degree-gadget and is the unique common vertex of the hyperedges S%7« and S%Jv. Therefore it
has degree \; in at most one of S%7« and G*S%7». Hence, by Claim 19.1, at most one of ¢!, ¢! has degree \;
in its parent hyperedge. Thus at most one of u, v is colored ¢ by ¢. Therefore, ¢ is a proper 3-coloring of G.

Assume now that ¢ is a proper 3-coloring of G. We construct a graph G* as follows.

e For any vertex gadget H,, i € [3], let G*[S!] be a copy of F in which every vertex in X! has degree at
most \;_1, every vertex in Yj has degree \;, and ¢, has degree \;_1 (resp. A\;) and cf, has degree \;
(resp. A1) if ¢p(v) =i (resp. &(v) # 19).

e In every color gadget H!, for each edge e = xy of T with x parent of y, let G*[S], G*[S?] be copies
of F' such that:

— every vertex in U} has degree \i;

— every vertex in U2 has degree at most \;_1;

— every vertex in W2 has degree \;

— if i = ¢(v), then = has degree \; in S}
)\t in Se’

— if i # ¢(v), then = has degree \g in S}, 2, has degree \; in S! and )\, in S2, and y has degree \;
in S2.

e For any d-degree-gadget D at vertex v, we let G*[D] be an (F, D, k)-graph in which v has degree d.

2 has degree Ay in S} and \;_; in S?, and y has degree

e’

By construction, G* F-overlays H. Let us check that A(G*) < k. Let u be a vertex of G*.

- If w is in at most two hyperedges, (in particular if u is in Y;?, in W2 U W2 in an edge-gadget or only in
a degree-gadget), then u has degree at most 2\, < k in G*.

- If u = ¢,, then it has degree \;_; in S? for the index i = ¢(v), and A, in S? for the two indices i # ¢(v).
Hence ¢, has degree 2\ + \;—1 = k.

- If u € X! for v € V(G), then u has degree k — A\, in its (k — \;_1)-degree-gadget and at most A\;_;
in S¢, thus u has degree at most k in G*.

- If u € U} for some edge e of T?, then u has degree k — \; in its degree-gadget and \; in S}, thus v has
degree k in G*.

- If w € U2, then u has degree k — \; + 1 in its degree-gadget and at most \;_1 in S?, thus u has degree
at most k in G*.

- Ifue {c,al, b} for i € [3] with children yi,y2, then u has degree k — Ay — 2); in its (K — Ay — 2\1)-
degree-gadget. Moreover, if i = ¢(v) (resp. @ # ¢(v)), then u has degree A\; (resp. A1) in its parent

hyperedge and Ay (resp. Ag) in both S}, , S, . Hence u has degree at most k— X, —2X; + A +2X\; = k
(resp. k — At — 2A1 + A1 + 2X2 < k by the assumption A; + A1 > 2)A2) in G*.

- If u = 2, for some edge e of T, then u has degree k — Ay — Ay + 1 in its (k — Ay — \; + 1)-degree-gadget.
Moreover, if i = ¢(v) (resp. i # ¢(v)), then u has degree Ay (resp. A1) in S} and A\;_; (resp. \;) in
S2. Hence, u has degree at most k — Aoy — Ay + 1+ X+ N1 <k (vesp. k—da— N+ 1+ A+ N\ < k)
in G*.

- Assume that u is the identification of ¢/ and (%% for an edge vw € E(G). First, u has degree
k—2X\ 4+ 1in its (k — 2\ + 1)-degree-gadget. Moreover, since either ¢(v) # ¢ or ¢(w) # i, then u has
degree less than \; in one of SiJ», Sijw. Therefore, u has degree at most k in G*.

Consequently, G* is an (F, H, k)-graph. O

Theorem 20. Let F be a graph with o vertices of positive degree A1 and as = p — oy wvertices of degree
A2 = A1 + 1. Then (A < k)-F-OVERLAY is NP-complete for some k.
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There are several cases in the proof, depending on the structure of graph F. In each case, we give a
reduction from (3,4)-SAT problem, which follows the same general idea as the proof of Theorem 13 : we
construct variable gadgets H; containing some negated and non-negated literal vertices and identify some
of them in such a way that for an assignment ¢ satisfying ®, ¢(x;) = true (resp. false) if and only if
non-negated (resp. negated) literal vertices in the variable gadget are adjacent to w; in an (F, H, k)-graph.

Lemma 21. Let F be a graph on p vertices with oy vertices of degree A1 and s = p — a1 vertices of degree
A2 > A1 such that F[Vy,] is p-regular but neither complete nor anticomplete. Then there exists k such that
(A < k)-F-OVERLAY is NP-complete.

Proof. Set v = A2 — pand k = max{4y(as — 1) + 4+ A, 3y(aa — 1) + 6p — 1 + A1 }.

We give a reduction from (3,4)-SAT. Given a formula ® of (3,4)-SAT with variables z;,t € [n] and
clauses Cj, j € [m], we construct a hypergraph H as follows.

1. For each variable x;, we construct a variable gadget H; in the following way.

We first create a center vertez wy, a set of 4(as — 1) vertices Uy = {ul, ..., uf®>" Y} and for each
i € [4(ay — 1)], create a set of a; new vertices W7, and a hyperedge S? = W} U {wy, ul, ..., ui" 272}

(superscripts are modulo 4(as — 1)).
For r € [4], let o} = u?‘”‘”‘”“ and 7} = u:(o‘Z_l)_a"’Jr?’. Set X; = {a},2?, 23, 2}} and X; =
{z}, 22,23, 7}}. The vertices of X; (resp. X;) are called the non-negated (resp. negated) literal vertices
of H;.
2. For each clause C; = ({1 V€3V {3), we identify y1, yo,ys into a clause vertex ¢, where y; = xf if {; =
and /¢; is the r-th occurrence of x;, and y; = 7} if ¢; = Z; and is the r-th occurrence of x;.
3. Finally, we add degree-gadgets on some vertices.
- We add a (k — 4y(aa — 1) — 4p)-degree gadget on vertex wy.
- We add a (k — \1)-degree gadget at every vertex in W} for all i € [4(ag — 1)].
- Fori € [p—1], we add a (k — y(aa — 1) — 21 + 1)-degree-gadget on each uﬁarl)r*j for r € [4].

Observe that every vertex in W}, for i € [4(ag—1)], has degree at least k—\; in its (k—\;)-degree-gadget,
and so degree at most \; in Si. Thus, each of those vertices must have degree \; in S¢. It implies that all
the other vertices must have degree at least Ao in any hyperedge of H;. In particular, w; has degree Ay in
any hyperedge of H;. Since wy is in a (k — 4y(ay — 1) — 4u)-degree-gadget and is adjacent to v vertices in
every W} for i € [4(ag — 1)], it has degree at most 4y in Ufgrl) Si\ W

Moreover, each vertex ul € Uy is a A\p-vertex in every hyperedge SZ/ of H; containing it, and so adjacent
to y vertices in Wt"/. Since u! belongs to ap — 1 hyperedges of Hy, thus u! is adjacent to vy(ag — 1) vertices
in Uf,(gffl) Wi Forie [p—1], u®=Visin a (k —v(a — 1) — 21 + 1)-degree-gadget, then it has degree
at most y(az —1) +2u — 1 in Hy, and so at most 2 — 1 in Uf,‘jf‘” Si'. Moreover, F[Vy,] is p-regular (but
not complete or anticomplete). The following is then similar to the proof of Theorem 13 for F[V),]. So we
just sketch it.

Assume that there exists a truth assignment ¢ satisfying ®. Let G be the graph obtained as follows.
We let (v, v1,...,0,—1) be an ordering of V), such that Np(vy) = {Vag—pt1s-+)Vas—1} U {v1} if
¢(x¢) = true and such that Np(vo) = {Vay—pt1,- -+ Vag—1U{va} if ¢(x;) = false). For every i € [4ay — 4],
we let G[Si] be the copy of F' in which every vertex in W} is a Aj-vertex, w; corresponds to vy and uf for
i’ € {i,...,i+ ag — 1} corresponds to the vertex v;» such that i = ¢ mod ay — 1. In addition, for every
d-degree-gadget D at some vertex v, we let G[D] be an (F, D, k)-graph in which v has degree d.
The graph G F-overlays H and one can check that A(F) < k.
Conversely, assume that G is an (F, H, k)-graph. One can prove the following claim.
Claim 21.1. For every t € [n] the following hold.
(a) Every vertex in W} fori € [dag — 4] is a A\y-vertez in S}.
(b) wy is a Ag-vertex in every hyperedges of Hy. Furthermore, it is adjacent to ~y vertices in each Wi and

(ag—1)r—i

the vertices u; forre[4],ie[p—1].

_ Therefore the truth assignment ¢ defined by ¢(x;) = true (resp. false) if w; is adjacent to X; (resp.
Xy), satisfies ®. O
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Proof of Theorem 20. Let V4 be the set of vertices of degree d in F and d = (di,...,d,) be the non-
decreasing degree sequence of F'. Let N, be the set of vertices of V), having exactly s neighbors in V},, and
let N>y = Us’Zs Ny

For technical reasons, we distinguish several cases as follows.
If F[Vy,] is not anticomplete, then see Case A. Otherwise, F[V),] is anticomplete.

Assume first that F[V),] is regular. If F[V,,] is neither complete nor anticomplete, then we have the
result by Lemma 21. If F[V),] is anticomplete, then F' is a disjoint union of K, x,+1 and we have the result
by Theorem 15.

Hence we may assume that F[V),] is complete. Observe as > A; because a vertex of V), has all its
neighbors in V), and as < A1 + 1 because every vertex of V,, is adjacent to all other vertices of V), and at
least one in V. If ap = A1 +1, then every vertex of V), has exactly one neighbor in Vy,, and so g = A\ X y.
Hence ay =2 = o and A\ = 1. Thus F = K5 and we have the result by Theorem 14. If oy = A;, then
every vertex of V), is adjacent to all vertices of Vy,. Thus F'is K ., and we have the result by Theorem
14.

Assume now that F[V),] is not regular, that is F[V),] has at least two degree values. In particular,
(&%) > 2.

If N>o is empty, then Vi, = Ny U N7 and both Ny, N7 are non-empty. See Case B-(i).

If there is a vertex in N>o which is not adjacent to a vertex in V), see Case C-(i).

Otherwise, every vertex in N>, is adjacent to all vertices in Vy, (so here N>o = N,, with oy > 2). If
N7 = 0, then see Case C-(ii). Otherwise, N # () and any vertex in V), is not adjacent to all vertices in Ny,
see Case B.

Case A: We set k depending on the subgraph F[V),] of F.
(1) If F[Vy,] is not complete, then k = 6A; — 1.
(2) If F[Vy,] is complete, then every vertex of Vy, is not adjacent to some vertex in Vy,. We set k = 6A;+3.

We give a reduction from (3,4)-SAT .

Given a formula ® of (3,4)-SAT with variables z,t € [n] and clauses Cj,j € [m], we build a hypergraph
H as follows.

1. For each variable x;, we construct a variable gadget H; in the following way.

We first create a center verter wy, a set of 4p — 4 vertices Uy = {u}, ... ,u?p%}, and 4p — 4 hyperedges
St = {wy,ul, ..., ul P72} (superscripts are modulo 4(p — 1)) for i € [4p — 4].
For r € [4], let o} = uz(p_l)_pﬁ and 7] = u:(p_l)_p+3. Set X; = {x}, 22,2}, 2}} and X; =

{z},22,23,7}}. The vertices of X; (resp. X;) are called the non-negated (resp. negated) literal
vertices of Hy.

2. For each variable z;, we add a set of p— Ay vertices W;, and a hyperedge S = W, U{u? ™", ... uP~ ™11}
and we add a (k — 4A\; — 1)-degree-gadget at wy.

3. For each clause C; = ({1 V £y V l3), we identify y1,y2,ys into a clause vertex c;, where for all i € [3],
y; = xy if ¢; = x4 and ¢; is the r-th occurrence of x4, and y; = 7} if ¢; = Z; and is the r-th occurrence
of Tt-

Let z be a vertex in V), which is adjacent to the minimum number a > 0 of vertices in this set. Let
(2,21,...,2p—1) be an ordering of F' such that :

- z; has degree A\; and is adjacent to z for all j € [a],

- z; has degree A; and is not adjacent to z foralla +1 < j < ag —1,

- z;j has degree Ay and is adjacent to z for all oy < j < a3+ X —a—1.

- z; has degree A and is not adjacent to z forall a1 + Ay —a < j <p—1.

We will show that there is an assignment ¢ satisfying ® if and only there is an (F, H, k)-graph G.
Assume that ¢ satisfies @, then we construct G as follows. For all i € [4p — 4], let G[S]] be copies of F
such that w; corresponds to the vertex z and the following hold.
In Case A-(1),
- if ¢(xy) = true (vesp. ¢(z;) = false), then each vertex in X; (resp. X;) corresponds to 21, and each
of X; (resp. X;) corresponds to zq, 1.
- forall 7 € [4] and 2 < i < ag — 2, uP~ D™= corresponds to z;.
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-forallref4 and oy <i<p-1, uP=7+2=7 corresponds to z;.

In Case A-(2),

- if ¢(z4) = true (resp. ¢(z;) = false), then each vertex in X; (resp. X;) corresponds to 21, and each
of X; (resp. X;) corresponds to z,_1.

- for all r € [4] and 2 < i < p — 2], uP~D"1=% corresponds to z;.

For any d-degree-gadget D at a vertex v, let G[D] be an (F, D, k)-graph in which v has degree d.

Let us check that A(G) < k.
wy is adjacent to 4\, vertices in H; and one more in W; C V(5}), and it has degree k — 4X\; — 1 in its
degree gadget. Thus w; has degree k in total.

- Any literal vertex which is not identified to any clause vertex and is not in S; has degree has degree at
most 2o in its variable gadget. So, it has degree less than k.

- Any literal vertex which is in S} has degree has degree at most 2\; in its variable gadget and it is
adjacent to at most \; vertices in W;. So, it has degree less than k.

- Each clause vertex ¢; is in three literal variable gadgets. In Case A-(1) (resp. Case A-(2)), ¢; has
degree at most 2A; (resp. 2\2) in each variable gadget. Moreover at least one of the literals is true
so its corresponding literal vertex has degree 2X\; — 1 (resp. 2Ay — 1) Therefore ¢; has degree at most
6A1 — 1 (resp. 6A2 — 1) in its variable gadget. Now it has degree k — 61 + 1 (resp. k — 6Ag + 1) in its
degree-gadget, and so at most k in total.

- Any vertex which is in a degree-gadget but in no variable gadget has degree at most 2\; < k since it
belongs to at most two hyperedges.

- Any vertex in W; has degree at most Ay < k.

Hence, G is an (F, H, k)-graph.

Conversely, let G be an (F, H, k)-graph.

Claim 21.2. For every t € [n] the following hold.
a) wy has degree 4\, wn Hy and wy has degree exactly A\ in every ypere ge containing it.
has d 4\ in H, d has d ly M\ 1 h d, ) )
ere is I € |p— 1| of size A\ such that for all i € I and r € (4], 18 adjacent to we; an
b) Th I 1] of size Ay such that for alli € I and wPTITH s adj d
[)\1 — 1} c .

Proof of Claim. Observe that w; is in a (k — 4X\; — 1)-degree-gadget, so it has degree at most 4\; + 1 in
H;US,. Since wy is in S which intersects S} in A\; — 1 vertices and it is at least A1 in S}, then w; is adjacent
to at least one vertex in Wy C V(S]). Thus, w; has degree at most 4\; in H;. Now for every ¢ € [p — 1],
w; belongs to the four hyperedges St(p _1)r_i, r € [4], which pairwise intersect in {w;}. Hence w; has degree
exactly A; in each St(pfl)rﬂ. and then 4\; in H,. This proves (a).

=1 hecause w; has degree exactly A\; in both S} and

SiT1. Therefore there is I € [p—1] of size A; such that w; is adjacent to u(p Dr=itl gorall i € T and r € [4].
Since w; has degree 4\; in Hy, then w, is adjacent to exactly one vertex in W, and so must be adjacent to
A1 — 1 vertices in S} \ W, which are u?~",... uP~**1 Tt implies that [A; — 1] C I. This proves (b). O

Now, if a vertex w} is adjacent to wy, then so is u;

Claim 21.2 implies that the vertices of X; (resp. X;) are either all adjacent to w; or all non-adjacent to
wy. Moreover, w; is adjacent to A\; — 1 vertices not in X; U X;. Hence if the vertices of X; are adjacent to
wy, the vertices of X; are not (and vice-versa).

Let ¢ be the truth assignment defined by ¢(z;) = true if w; is adjacent to Hy, and ¢(x;) = false
otherwise. In any clause vertex c;, we identified three literal vertices corresponding to the three literals.

- In Case A-(1), ¢; has degree at most k = 61 — 1, so it has degree less than 2); in one of its three
variable gadgets H;. Since any vertex u! for i € [4p — 4] belongs to two hyperedges S; and Sf_p +2
which intersect in {u},w;} and has degree at least \; in each, then it has degree 2\; — 1 in H; only if
it is adjacent to w;. Hence, c; is adjacent to wy.

- In Case A-(2), ¢; has degree at most k = 6A1 + 3 < 62, so it has degree less than 2\, in one of its
three variable gadgets H;.

Moreover, F[Vy,] is complete, then w; is adjacent to all Aj-vertices in every hyperedges of H; (because
it is a Aj-vertex in every hyperedge of H;). If ¢; is not adjacent to no center vertex of the three variable
gadgets it belongs to, then it must be a As-vertex in each hyperedge of those gadgets. Thus it has
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degree at least 2\, in each variable gadget and so at least 6\ in total, a contradiction. Thus ¢; is
adjacent to the center of at least one variable gadget w;.
Hence, the corresponding literal to the literal vertex adjacent to w; for variable x; is true and clause C; is
satisfied.
Consequently, ¢ satisfies ®.

Case B: Recall that in that case Ny # 0. Let v = max{|N(v)NVy,| | v € Vi, }. We have V, = J!_, Ns.
Let k as follows.
(i) If Ng # 0, then set k = max{6Xs — 1+ A1, yas +2(X2 — ) + A1 .
(ii) If Ng =0, N>2 # 0 and every vertex of N>o is adjacent to all vertices of Vy,, then set k = max{6A; +
3ag — 14 Aj,yas +2(A2 — ) + A1 }. Note that in that case every vertex in V), is adjacent to a vertex
in N7 but not all.

We give a reduction from (3,4)-SAT.

Given a formula ® of (3,4)-SAT with variables z;,t € [n] and clauses C}, j € [m], we build a hypergraph

as follows.

1. For each variable x;, we construct a variable gadget H; in the following way.

We first create a center vertex wy, 4ag sets of a; — 1 vertices Al for i € [4as], a set of 4ag vertices
Ui = {u},...,uf*?}, and 4ay hyperedges S = A! U {wy,ul,...,ui"*27'} (superscripts are modulo
da) for i € [4as].
Forr € [4], let 27 = u*" V™ and 27 = w2 Set X, = {a}, 22,23, 24} and X, = {z}, 22, 73, 4}
The vertices of X; (resp. X;) are called the non-negated (resp. negated) literal vertices of Hy.
2. For each variable x;,

- we create a set of p — \; vertices B, and a hyperedge S} = B, U {wy, uf?, ... uf2 12},

- add a (k — 4\ — 1)-degree-gadget on wy.

- add a (k — A\;)-degree-gadget on every vertex in A} for i € [4aa).

3. For each clause C; = (¢1 V ly V {3), we identify yi1, Y2, y3 into a clause vertex c;, where y;, = «f if £; = 2y
and /¢; is the r-th occurrence of z;, and y; = z} if ¢; = Z; and is the r-th occurrence of z;. We also
add a (k — 6Xy — 1)-degree vertex at ¢; in Case B-(i), and a (k — 6A; — 3as + 1)-degree vertex at c;
in Case B-(ii).

We will show that there is an assignment ¢ satisfying ® if and only there is an (F, H, k)-graph G.

Let z be a vertex in V), adjacent to a vertex yin N and let § be a vertex in Ny in in Case B-(i) or a
vertex in N7 not adjacent to z in Case B-(ii). Note that § and z are not adjacent. Let (y1,...,Ya,—2) be
an ordering of Vi, \ {y, ¢} such that y1,...,yx,—1 are adjacent to z and y,, ..., Ya,—2 are not adjacent to z.

Assume that there is ¢ satisfying ®, we construct a graph G as follows. Let G[S}] be a copy of F' such
that w; has degree A\ and is adjacent to the Ay — 1 vertices u;?, ... ,uf‘2_’\1+2.

In a variable gadget Hy, for every i € [4as], we let G[S!] be a copy of F such that w; corresponds to the
vertex z, and

- A! corresponds to Vy, \ {z}.

- if ¢(xy) = true (resp. ¢(x;) = false), then each vertex in X; (resp. X;) corresponds to y, and each

vertex in X; (resp. X;) to ¢.

- for i € [ag — 2], ul? V"7 corresponds to ;.
For any d-degree-gadget D at a vertex v, let G[D] be an (F, D, k)-graph in which v has degree d.

Let us check that A(G) < k.

- wy is adjacent to 4\ vertices in H; and one more in W; C V/(Sj), and it has degree k —4A; — 1 in its
degree-gadget, then w; has degree k in total.

- Any literal vertex which is not identified to any clause vertex and not in S} has degree at most
yag + 2(Ay — 7) in its variable gadget (it is adjacent to at most « vertices in each A! in a hyperedge
to which it belongs and there are as such hyperedges; and f(z) = xas + 2(Ag — ) is increasing). So,
it has degree less than k.

- Any literal vertex which is not identified to any clause vertex and in .S} has degree at most yas+2(A2—7)
in its variable gadget and is adjacent to at most \; vertices in B;. So it has degree at most k.
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- Each clause vertex ¢; is in three variable gadget. In Case B-(i), ¢; (resp. Case B-(ii)), in each of
these gadgets, ¢; has degree either 2\o — 1 if it is adjacent to w; or 2A2 (resp. o +2(A2 — 1) otherwise.
Moreover at least one of the literals is true, its corresponding literal vertex has degree 2A; — 1 in its
variable gadget. Therefore ¢; at most 62 — 1 neighbors (resp. 2as +6(A2 —1) +1) in variable gadgets.
It also has k — 6Aa + 1 (resp. k — 6A1 — 3o + 1) neighbors in its degree-gadget. Hence, in G, it has
degree at most k.

- Any vertex which is in a degree-gadget but in no variable gadget has degree at most 2\; < k since it
belongs to at most two hyperedges.

- Any vertex in B; has degree at most Ay < k.

Hence, G is an (F, H, k)-graph.

Conversely, let G be an (F, H, k)-graph.

Observe that any vertex in Al for i € [4as] is in a (k — \;)-degree-gadget, then it has degree at most \; in
Si. Since any vertex has degree at least A; in a hyperedge, then every vertex in J;*2 A% is a Aj-vertex in
any hyperedge to which it belongs.

Claim 21.3. For every t € [n] the following hold.
(a) w; has degree 4\; in Hy and wy is a Aj-vertex in every hyperedge of Hy.
(b) There is I € [aa)] of size Ay such that for alli € I and r € [4], uf® " is adjacent to wy; and
[/\1 — 1} clI.

This claim can be proved in exactly the same way as Claim 21.2.

We have that every vertex in Uy is a Ag-vertex in any hyperedge to which it belongs (since w; and o — 1
vertices of A% for i € [4ap] are \j-vertices).
Claim 21.3 implies that the vertices of X; (resp. X;) are either all adjacent to w; or all non-adjacent to w.
Moreover, w; is adjacent to A\; — 1 vertices in U, but not in X; U X,;. Hence if the vertices of X, are adjacent
to wy, the vertices of X; are not (and vice-versa).

Let ¢ be the truth assignment defined by ¢(z;) = true if w; is adjacent to all vertices of X; in Hy, and
o¢(xy) = false otherwise.
A clause vertex c; has degree at most k. Because of its degree-gadget, in Case B-(i) (resp. Case B-(ii)),
it has degree at most 6\ — 1 (resp. 6A; + 3y — 1) in Hy. Now, since it is the identification of three literal
vertices, ¢; has degree less than 2\y (resp. 2A; + a2) in one variable gadget H;.

Claim 21.4. Let i € [das]. If ul is not adjacent to wy, then the following holds.
(i) ui has degree at least 2\o in G[Hy);
(ii) If No =0, then u! has degree at least 2)\1 + ag in G[Hy;

Proof of Claim. wul has at least Ay neighbors in each of S! and S; ' *'. But the intersection of those
hyperedges is {w;, u:}. As it is not adjacent to wy, u} has at least 2\, neighbors in S} US;~***!. This proves
(i).

If No =0, then for all i — az + 1 < i’ <. uj must be adjacent to at least one A;-vertex of Si" which is
in A} . Hence uf has at least ag — 2 in |J;_,, 1 ; A which is disjoint from S} U Sim1t! Hence ul has
degree at least 2Xy + ag — 2 = 2\ + o in G[H,]. This proves (ii). O

This claim implies that there is at least one variable gadget H; in which ¢; is adjacent to w;. It implies
that the corresponding literal of this vertex in Cj is true, and so Cj is satisfied.
Consequently, ¢ satisfies ®.

Case C: In this case, F[V),] is anticomplete, F[V),] is not regular, and V), satisfies one of the following.

(i) there is a vertex of N>5 that is not adjacent to all vertices in V), in F.

(ii) Vi, = N>2UNj and every vertex of N>o is adjacent to all vertices of Vy,. Since F[V},] is not complete,
then there is a vertex in N> which is not adjacent to a vertex in either Ny Case C-(ii)-a or N>o
Case C-(ii)-b.

We set a = max ’N(v) N N(u)

u€Vx,
vEN (u)

,and let k =4(p —2)(2A1 —a) + 4 + 1.
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For conveniences, we denote some vertices of graph F' as follows. Let zp be a vertex in N>g such that
there is z; € V), adjacent to zp with a = |N(z9) N N(z1)|- Let z € N>, which is adjacent to the minimum
number of vertices in Ny, and y,y’ € V), be vertices adjacent to z and

in Case C-(i), let § € Vi, be a vertex not adjacent to z.
in Case C-(ii), let § be a vertex not adjacent to z such that g € Ny if z is not adjacent to all vertices
in Ny and § € N>5 otherwise.

We give a reduction from (3,4)-SAT.
Given a formula ® of (3,4)-SAT with variables z,t € [n] and clauses C}, j € [m], we build a hypergraph
as follows.

1.

For each variable x;, we construct a variable gadget H; in the following way.
We first create a center vertex wy, a set of 4(p — 2) vertices D; = {d}, ... ,df(pfz)}, a set of 4(p — 2)

vertices U; = {ug, ... ,uf(p%)}, and 4(p — 2) hyperedges Si = {wy, di,ul, ..., ui ™"} (superscripts are
modulo 4(p — 2)) for ¢ € [4(p — 2)].
For r € [4], let a7 = u[® 27" and 27 = o]"" 7P Set X, = {2}, 22,23 24} and X, =

{z},22,23,74}. The vertices of X; (resp. X;) are called the non-negated (resp. negated) literal
vertices of Hy.
For each variable xy,
- We create a set V; of p— A; vertices and a hyperedge S} = Y; U {w,} U {u? 2, ... ul™ ™},
- For any i € [4(p — 2)], we add two sets of p — A\; — 1 vertices A%, Bf and a set of A\; — 1 vertices
C¢, and two hyperedges Al U C! U {d},w;} and B UC{ U {d:, w;}. We call this a fickle-gadget F}.
- We add a (k — 2A; + 1)-degree-gadget on every vertex in D;.
For each clause C; = ({1 V{3V {3), we identify y1,y2, y3 into a clause vertex c;, where y; = af if £; = x;
and ¢; is the r-th occurrence of x¢, and y; = 7} if ¢; = Z; and is the r-th occurrence of x;. We also add
at ¢; a (k—6A1 + 1)-degree-gadget in Case C-(i), a (k — 6A; — 3)-degree-gadget in Case C-(ii)-a, and
a (k — 6A; — 3p + 6)-degree-gadget in Case C-(ii)-b.

We will show that there is an assignment ¢ satisfying & if and only if there is an (F, H, k)-graph G.

Assume that there is ¢ satisfying @, we construct a graph G as follows.

Let (y1,...,Yp—a) be an ordering of V(F) \ {z,y,y’,y} such that y1,...,yr,—2 are adjacent to z and
Yri—1,---,Yp—a are not adjacent to z.

In both hyperedges of any fickle-gadget F{, w; corresponds to zg and di corresponds z;. di is adjacent
to w; and all vertices in C, while w; is adjacent to a vertices in C} and Ay — a other ones in each of A%, Bi.

Let G[S!] be a copy of F such that w; has degree \; and is adjacent to the A\; — 1 vertices u? ™2, ... u

p—A1

For each variable gadget Hy, for every i € 4[as], let G[Si] be a copy of F such that w; corresponds to z,

and

if ¢(x;) = true (resp. false), then each vertex of X; (resp. X;) corresponds to y and each vertex of
X (resp. X;) corresponds to g.
in any S¢, d: corresponds to y'.

for i € [p— 4] and r € [4], ul? """ corresponds to ;.

For any d-degree-gadget D at a vertex v, let G[D] be an (F, D, k)-graph in which v has degree d.

Let us check that G has degree at most k.

Any vertex di € D; has degree (k — 2)\; + 1) in its degree-gadget and )\; in the fickle-gadget F} and
A1 — 1 other vertices in V(S¢ \ {w;}), thus it has degree k.

Any vertex in Y; C V(S}) has degree at most Az.

wy has (21 — a) neighbor in each of the 4(p — 2) fickle-gadgets and is adjacent to 4A; vertices in U,
and one more in Y;. Thus it has degree k in G.

Any vertex in a degree-gadget which is not in H; has degree at most 2As.

Any vertex in Uy but not in X; U X, U S] has degree at most 2\, if it is not adjacent to any vertex in
Dy or at most 2Xe + p — 2 if adjacent to a vertex in D, for each hyperedge to which it belongs.

Any vertex in Uy N S} has degree at most 2A; + p — 2 in H; and it is adjacent to at most A; vertices in
Y}, so it has degree less than k.

Any clause vertex c; has degree d in its d-degree-gadget. Moreover, in each of its variable gadget, c;
has degree either 2A; — 1 if it adajcent to the center vertex or 2A; in Case C-(i), 2)2 in Case C-(ii)-a,
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and 2)\; + p — 2 in Case C-(ii)-b otherwise. Since there at least one of three literals of the clause C;
is true, ¢; has 2A; — 1 in one of its variable gadget, and thus degree at most % in total.
Hence, G is an (F, H, k)-graph.

Conversely, let G be an (F, H, k)-graph.

Claim 21.5. For every t € [n] the following hold.
(a) For alli € [4(p —2)], di is adjacent to w; and has degree A1 in any hyperedge of Fi U S;.
(b) w; is a Ag-vertex in every hyperedge of Hy. Furthermore, there is I € [p — 2] of size A1 such that for
alli € I and r € [4], uP=2"="1 s adjacent to wy and [\, — 1] C 1.
(¢) wy has degree k in G.

Proof of Claim. Observe that any vertex di € X; is in a (k — 2)\; + 1)-degree-gadget, then it has degree at
most 2\; — 1 in G[F} U S}]. Since S} and F} intersect only in {d},w;} and di has degree at least \; in each,
then di has degree at least 2\; — 1 in G[F} U S}]. The equality holds when d¢ is adjacent to w; and A\; — 1
vertices in C}. Thus, di has degree )1 in all hyperedges of F} U S} and is adjacent to w;. This proves (a).

In any fickle-gadget F}, from (a), every vertex in {w;} U C? is adjacent to di and must be a Ag-vertex in
the two hyperedges of F}. Thus, w; is adjacent to at most a vertices in C}, and so has degree at least 2X2 —a

in G[F}]. Since w; is in 4(p — 2) fickle-gadgets, then it has degree at least 4(p —2)(2\2 —a) in G[U?Lpfz) .
Moreover, from (a), for i € [4(p — 2)], w; is adjacent to di which has degree \; in S}. Thus w; must be a
Ao-vertex in S} because F' is anticomplete.

Since wy is in S} which intersects Hy in A\; — 1 vertices and w; must have degree at least A\; in G[S}], then it is
adjacent to at least one vertex in Y; C V(Sy]). Therefore, w; is adjacent to at most k—4(p—2)(2A2 —a)—1 =
4\, vertices in H;.

Now for every i € [p — 2], w; belongs to four hyperedges St(p —2)r=i

, 7 € [4], which pairwise intersect in {w;}.
Hence w; has degree exactly A; in each SP=2)r—i\ {dﬁp*”’“*i} and then is adjacent to 4)\; vertices in Uj.
If a vertex u! is adjacent to wy, then so is ui™~? because w; has degree exactly A; in both S?\ {di} and
ST\ {dit'}. Therefore there is I € [p — 2] of size A; such that w, is adjacent to u{""2" "™ for all i € I
and r € [4].
Since w; has degree 4\; in Hy, then w; is adjacent to exactly one vertex in Y; and so must be adjacent to
A1 — 1 vertices in S} \ Y; which are u?~2, ..., 4P~ It implies that [\; — 1] C I. This completes the proof
of (b).
From (a), (b) we have that w; has degree 4(p —2)(2)\3 —a) in G[U?g?m F}], it is adjacent to 4\; vertices
in Uy and one in Y;. Thus, w; has degree k in total. This proves (c). O

Claim 21.5(b) implies that the vertices of X; (resp. X;) are either all adjacent to w; or all non-adjacent
to wy. Moreover, w; is adjacent to 4(A; — 1) vertices in Uy \ (X, Uyt). Hence if the vertices of X; are adjacent
to wy, the vertices of X; are not (and vice-versa).

Let ¢ be the truth assignment defined by ¢(z;) = true if w; is adjacent to all vertices of X; in Hy, and
¢(xt) = false otherwise. Observe the following.

e In Case C-(i), any clause vertex ¢; is in a (k — 6A1 +1)-degree-gadget, so it has degree at most 6, —1

in the union of its three variable gadgets. Thus it has degree less than 21 in one of its variable gadgets
H;. Since any vertex in U; has degree at least 2A\; — 1 in G[H], with equality only if it is adjacent to
wy, the vertex c; is adjacent to w;. Hence, the corresponding literal to this literal vertex is true and so
C; is satisfied.

e In Case C-(ii), any clause vertex ¢; is in a k — d-degree-gadget, then has degree at most d in the union
of its three variable gadgets. Hence c; has degree at most |d/3] neighbors in one of those variable
gagdget, say H;. Let ¢ be the index such that ¢; = ul.

Suppose for a contradiction that c; is not adjacent to w;. Then it is a Ag-vertex in every hyperedge of
Ht-

Vertex c; has at least Ao neighours in each of S} and Sffp ~% which intersect in {¢j,w:}. Hence ¢;
has at least 2\2 neighours in S{ U S""P=3. In Case C-(ii)-a, [d/3] = 2A\1 + 1 < 2)q, so we get a
contradiction.
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In Case C-(ii)-b, since w; is adjacent to all d{ by Claim 21.5 (b), ¢; corresponds to a vertex in N> in
every hyperedge of H; to which it belongs. Therefore it is adjacent to all A\;-vertices in these hyperedges
and thus in particular to all dé/ for all i —p + 3 < ¢/ < i. Hence ¢; has degree at least 2\ +p — 4 in
V(H;). But |d/3] =2M\ +p—3 =2+ p— 5, a contradiction.

In both subcases, the vertex c; is adjacent to w;. Hence, the corresponding literal to this literal vertex
is true and so C} is satisfied.
Consequently, ¢ satisfies . O

6 Further research

Problem 1 asks for a characterization of the pairs (F, k) for which (A < k)-F-OVERLAY is polynomial-time
solvable and those for which it is NP-complete. As a partial answer, we proved that np(F) < +oco if and
only if F' is standard, that is neither a complete graph nor an anticomplete graph. We believe that the
following holds.

Conjecture 22. For every graph F, (A < k)-F-OVERLAY is polynomial-time solvable when k < np(F)
(and NP-complete otherwise).

Thus answering Problem 1 is equivalent to determining np(F’). However, it would already be interesting
to prove that for any pair (F,k), (A < k)-F-OVERLAY is either polynomial-time solvable or NP-complete.
A first step to prove this is to prove Conjecture 2.

Furthermore, we made no attempt to minimize the upper bound on np(F'), our goal was just to prove
such a bound exists. In fact, our proof in Section 5 shows the general upper bound np(F') < 8|F|§(F) for
every standard graph F. However, there are many graphs for which the proof shows np(F) < 6A(F). Tt
motivates the following questions.

Problem 23. Does there exist a constant ¢ such that np(F) < ¢- A(F) for every standard graph F ?

Moreover, better upper bounds can certainly be obtained for certain classes of graph F'. For example,
for every path P, with p > 4, Theorem 20 Case B (i) yields np(P,) < p+ 1, and if F is a disjoint union
of paths, then Theorem 20 yields np(F') < 8|F| — 11 (the worst case is given by Case C (i) when F has a
component which is a P3). In Appendix A, we show np(P,) < 4. We also obtain a better upper bound for
disjoint union of paths: we prove that np(F) < 5 for such a graph F.

Getting lower bounds would also be interesting. The trivial lower bound is np(#) > A(F'). There are
graphs for which this lower bound is attained (the graphs with one edge of order at least 4 for example),
and other for which it is not t(he paths for example, see Havet et al. [10]). It would be nice to characterize
the graphs such that np(F) = A(F). It would also be nice to find graphs F' such that np(F) — A(F) is
large. The largest known difference is 2 for Cy, the cycle on four vertices. Indeed Havet et al. [10] proved
np(C4) Z 4= A(C4) + 2.

There are very few standard graphs F for which np(F') is known. The only ones are the graphs with one
edge. Havet et al. [10] proved np(Os) = 2 and np(O,) = 1 for all p > 4. It would be nice to determine np(F)
for other graphs. A first problem is to do it for paths. Havet et al. [10] proved that np(P,) > 2 for all p. In
Appendix A of this paper, we prove np(P,) < 4 for p > 3. Hence it is open to answer whether np(P,) = 3.
Note that paths have minimum degree 1, so by Lemma 12, Conjecture 2 holds for such graphs. A second
natural step is to determine np(F') when F is a cycle. Indeed, Conjecture 2 is not yet proved for such graphs
and there are non-trivial polynomial-time algorithms when F' is a cycle, as shown by the example of Cj.

In this paper, we only considered the case when the family F of admissible graphs has size 1. It is natural
and interesting to study the more general case when F can have an arbitrary size, finite or infinite.

Problem 24. Characterize the pairs (F, k) for which (A < k)-F-OVERLAY is polynomial-time solvable and
those for which it is NP-complete.

We believe that Conjectures 25 and 2 extends to any family F.

Conjecture 25. For every family of graphs F, there exists an integer kg such that (A < k)-F-OVERLAY is
polynomial-time solvable when k < kg and NP-complete otherwise.
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Conjecture 26. If (A < k)-F-OVERLAY is NP-complete, then (A < k+1)-F-OVERLAY is also NP-complete.

We also strongly believe that Theorem 3 can be extended to any family F. Defining np(F) as the
minimum integer ko such that (A < k)-F-OVERLAY is NP-complete for all k& > kg or +oco if no such kg
exists, we conjecture the following.

Conjecture 27. np(F) = 4oc if and only if all elements of F are complete or anticomplete.
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A Disjoint union of paths

In this appendix, we study on the family of disjoint union of paths and aim to prove the following theorem.

Theorem 28. Let F be a disjoint union of paths with §(F) > 1. If F # K, then np(F) < 5.
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A disjoint union of paths contains several paths with their lengths. The following result allows us to
consider only a longest path in a disjoint of paths which is simpler.

)

Lemma 29. Let F be a disjoint union of paths among which P is a shortest one. If (A < k
— P)

-(F — P)-
OVERLAY is NP-complete, then (A < k)-F-OVERLAY is NP-complete. Hence np(F) < np(F .

Proof. Set |F| =p, |P|=¢q,and ' =F — P. So |[F'|=p—q.

We give a reduction from (A < k)-F’-OVERLAY to (A < k)-F-OVERLAY.

Let H' be a (p — q)-uniform hypergraph. Let us build a p-uniform hypergraph H from H’. For every
hyperedge S of H’', we do the following: we create a set Us = {u},...,u%} of ¢ vertices, and a set Wg of
p — q vertices; we add the hyperedges S U Ug and Us U Wg to E(H); we add k — 1 pendant hyperedges at
ug and u%, and k — 2 pendant hyperedges at each ul for 2 <i<gq-—1.

We shall prove that there is an (F, H, k)-graph G if and only if there is an (F', H', k)-graph G'.

Assume first that there is an (F, H, k)-graph G. Note that every vertex in a hyperedge S of H has degree
at least 1 in G[S]. For each hyperedge S of H', the vertex u} is in k—1 pendant hyperedges, in each of which
it has degree 1. Therefore u} has degree at most 1 in G[S U Us U Wg]. Now u} has degree 1 in G[S U Ug]
and G[Us U Wg], so necessarily u} has a unique neighbor in Ug and no neighbor in S U Wg. Similarly, u%
has a unique neighbor in Ug and no neighbor in S U Wg. If ¢ = 2, then G[Ug] = P and there is no edge
between Ug an S in G. If ¢ > 2, then the neighbor of u} in Ug cannot be uf for otherwise G[{u},u%}]
would be a connected component of G[S U Ug] on two vertices, a contradiction to the fact that P is the
smallest component of F. Hence, without loss of generality, we may assume that the unique neighbor of
uy in Us is u%. But now since ¢ > 2, the vertex u% has at least two neighbors in both G[S U Us] and
G|Us U Ws]. Moreover, u% is in k — 2 pendant hyperedges. Therefore u% has exactly two neighbors in Ug
and no neighbor in S U Wg. If ¢ = 3, then G[Ug] = P and there is no edge between Ug an S in G. If
q > 3, then the neighbor of u% distinct from u} in Us cannot be uf for otherwise G[{u}, u%,u%}] would be
a connected component of G[SUUg of order 3, a contradiction to the fact that P is the smallest component
of F. Hence, without loss of generality, we may assume that the neighbor of u% distinct from u} in Uy is
u?. And so on, by induction on i < g — 1, one can show that the neighbors of v in G[SUUgUWjs] are ufg_l
and uf. Therefore, G[Ug] = P and there is no edge between Ug and S in G, and so G[S] = F — P = F'.
Consequently, G’ = G[H'] F'-overlays H' and so is an (F’, H', k)-graph G'.

Assume now that there is an (F’, H', k)-graph G’. Let G be the graph built from G’ as follows. For
each hyperedge S, we let G[Us U Wgs] be a copy of F such that G[Ug] = P, and the subgraph of G induced
by every pendant hyperedge at some vertex x is any copy of F' in which z as degree 1. Observe that
G[SUU,] = G'[S]U P. Thus G[S U U] contains F because G'[S] contains F’. Therefore G F-overlays H.
One easily checks that A(G) < k, so G is an (F, H, k)-graph. O

By Lemma 29, it is sufficient to prove Theorem 28 for paths, and 2K, — the 1-regular graph on four
vertices. By Theorem 13, we have np(2K3) < 5, so it suffices to prove the result for paths.

Theorem 30. np(P,) <4 forallp >4 .

Proof. By Lemma 12, it suffices to prove that (A < 4)-P,-OVERLAY is NP-complete for p > 4 . We give a
reduction from (3,4)-SAT.
Given a formula ® of (3,4)-SAT with n variables z;,t € [n], and m clauses Cj,j € [m], we construct a
hypergraph H as follows.
e For each variable x;, we add a wariable gadget H(x;) containing a center vertex c¢;, four pairs of
literal vertices x},Z},...,x#, z¢, and eight sets of p — 3 vertices U},..., U} and T},..., T} . Set
X, ={xi|i€[4}and X; = {z! | i € [4]}. We add the four hyperedges {c;,z%,z'} U U} for i € [4],
and the four hyperedges {c;, Zi, 2iT'} UT}? for i € [4] (superscripts are modulo 4).
e For cach clause C; = ({1 V U3V {3), we add a clause gadget H(C;) containing two clause vertices y;, z;,
one set of p — 2 vertices Vj, three sets of p — 3 vertices W}, W2, W?, and we distinguish a vertex
w; € WJZ for each 7 € [3]. We add one hyperedge S; = {y;,z;} UVj, and for each literal ¢, which is the
r;-th occurrence of this variable, r; € [4], we add one hyperedge Sfi = {y;,2, L'} U W; Finally, for
i € [3] we add three pendant hyperedges at each w? (with new vertices).

27



We will prove that there exists a truth assignment ¢ satisfying ® if and only if there is a (P,, H, 4)-graph
G. The general idea is that a variable z; = true (resp. false) if and only if the center vertex c; is adjacent
to all vertices of X; (resp. X) (so each z} has degree 2 (resp. 3) in G[H (z;)] for all i € [4]).

Assume that there exists a truth assignment ¢ satisfying ®. Let G be the graph obtained as follows.

e We first consider each variable zy, t € [n]. If ¢(x;) = true (resp. false), then any subgraph induced
by a hyperedge S of H(z;) is a copy of P, whose two endpoints are ¢, and the vertex of SN X, (resp.
SN X;), and in which ¢; is adjacent to the vertex of S N X; (resp. SN X;). Then G[H(z;)] is called
a true variable subgraph (resp. false variable subgraph) on zy, if in this subgraph the literal vertices in
X; have degree 2 (resp. 3) and the literal vertices in X; have degree 3 (respectively 2).

e We then consider each clause C; = (€1 V ly V £3), j € [m]. The induced subgraph G[S;] is a copy of
P, where y; is an endpoint and y; is adjacent to z; (therefore y; has degree 1 and z; has degree 2 in
G[S;]. Let i € [3]. If ¢(¢;) = true, then let G[Sfi] be a true literal subgraph, that is it is a copy of
P, starting with (z;,y;,%;") and ending at w;'»; it increases the degree of y; by 1 in G and does not
increase the degree of z; in G. If ¢(¢;) = false, then let G[Sf] be a false literal subgraph, that is a
copy of P, starting with (w}, z;,y;) and ending at £;; it increases the degree of both y; and z; by 1
in G.

Finally for any hyperedge pendant at w

i

%, the subgraph induced by this hyperedge is a copy of P, in

which w; as degree 1.
Observe that all the vertices of G have degree at most 4. In particular, for each clause C}, the vertex z; has
degree 4 because there is a literal such that ¢(¢;) = true. Hence, G is a (P,, H, 4)-graph.

Conversely, assume that G is a (P,, H, 4)-graph.

Observe that the subgraph induced by the hyperedges of each variable gadget is either a true or a false
variable subgraph. Indeed, ¢; has degree at most 4, and degree 1 in each of the eight hyperedges of the
variable gadget. In order to have all hyperedges P,-overlaid it must contain either the four edges cyxl, i € [4)
(true vertex subgraph), or the four edges ¢;z¢ for i € [4] (false vertex subgraph). Thus, we define a truth
assignment ¢ by setting ¢(z:) = true (resp. false) if H(x;) is a true (resp. false) variable subgraph. We
shall prove that ¢ satisfies ®. We need the following claim.

Claim 30.1. For any clause gadget H(C;), y;z; € E(G) and at least one of three literal vertices in H(C})
has at least two neighbors in V(H(C})).

Proof of Claim. Observe that in each G [Sé.l], the vertex w; must have degree 1, because it has three neighbors
in its three pendant hyperedges.

Assume for contradiction that y;z; € E(G), then both y; and z; have a neighbor in V;. Moreover, in
each G [Sj—l] at least one of y;, z; has degree at least 2 because w; has degree 1. Consequently, at least one
of y;, z; has degree more than 4 in G, a contradiction. Therefore, y;z; € E(G).

Assume for a contradiction that the three literal vertices have only one neighbor in V(H(C;)). Then
both y; and z; have at least two neighours in each Sfi. Moreover, one of them, say z;, has two neighbors in

S;. Thus z; is adjacent to y; and at least one vertex in each of the four disjoints sets Sfi \{y;, 2}, i € 3]
and V;. Hence z; has degree 5 in G, a contradiction. O

From this claim, in any G[H(C})], at least one of the three literal vertices in H(C)), say ¢;, has at least
two neighbors in V(H(C})). But then £ must have degree 2 in its variable gadget. Therefore, by definition
of ¢, we have ¢(¢;) = true. We conclude that ¢ satisfies ®. O

Theorem 31. np(P;) < 4.

Proof. By Lemma 12, it suffices to prove that (A < 4)-P;-OVERLAY is NP-complete. We give a reduction
from (3,4)-SAT problem. The proof is very similar to that of Theorem 30, the differences lying in the
construction of the clause gadgets. Therefore, we just give a sketch of the proof and leave the details to the
reader.

Given a formula ® of (3,4)-SAT with n variables z;,t € [n], and m clauses Cj,j € [m], we construct a
3-uniform hypergraph H as follows.
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e For each variable z;, we add a variable gadget H(z;) containing c;, four couples (2%, 2%) and the
hyperedges are of the form {c;, %, Z:} and {c;, Z, zi7} for i € [4] (superscript are modulo 4).
1.2 3

e For each clause Cj = (£1V {3V {3), we add a clause gadget H(C}) six new vertices y;,y7,y}, wj, w3, w?.

We add the hyperedge S; = {yjl, yjz, yg’} For each literal ¢; for ¢ € [3] which is the r;-th occurrence of
its variable, we add Sfi = {y},@ff‘, w;} For each i € [3], we add three pendant hyperedges at wg and
a pendant hyperedge at y;.

One that then can easily prove the following analogue of Claim 30.1.

Claim 31.1. For any clause gadget H(C;), in any (Ps, H,4)-graph, at least one of three literal vertices in
H(Cj) has at least two neighbors in V(H(C;)).

This allows to show that there exists a truth assignment ¢ satisfying ® if and only if there is a (Ps, H, 4)-
graph G. O

Lemma 29 and Theorems 30, 31, and 13 directly imply Theorem 28.
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