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Abstract

In many areas of applied statistics and machine learning, generating an arbitrary number
of independent and identically distributed (i.i.d.) samples from a given distribution is a key
task. When the distribution is known only through evaluations of the density, current methods
either scale badly with the dimension or require involved implementations. Instead, we take a
two-step approach by first modeling the probability distribution and then sampling from that
model. We use the recently introduced class of positive semi-definite (PSD) models, which
have been shown to be efficient for approximating probability densities. We show that these
models can approximate a large class of densities concisely using few evaluations, and present
a simple algorithm to effectively sample from these models. We also present preliminary
empirical results to illustrate our assertions.

1 Introduction

In many fields such as biochemistry, statistical mechanics and machine learning, effectively sampling
arbitrary numbers of independent and identically distributed (i.i.d.) samples from probability
distributions is a key task [4, 6, 5].

Basic sampling methods include rejection sampling and gridding, and rely on simple properties
of the density. However, they are suitable only in small dimensions, except for very structured
cases. Moreover, they are hard to adapt to probabilities which are known up to their renormalization
constant, which is often the case when dealing with exponential models that are common in
applications [12].

More involved methods have been developed to address these dimensionality and renormalization
issues, in the class of so-called Markov chain Monte Carlo (MCMC) methods. However, they
are complex to set up: in particular, independence between samples is not directly guaranteed,
convergence can be slow and hard to measure non-asymptotically [5, 12].

In this work, we address the problem in a different way, by incorporating a modeling step. Instead of
sampling directly from the target density, we first model this density using a positive semi-definite
(PSD) model [9, 15], and then sample from this PSD model.

PSD models have been introduced by Marteau-Ferey et al. [9] and their relevance for modeling
probability distributions has been further established by Rudi and Ciliberto [15], showing that i) they
are stable under key operations for probabilistic inference, such as marginalization, integration (also
called “sum-rule”), and product, which can be done efficiently in practice, and ii) they concisely
approximate a large class of probability distributions. We present these models in Sec. 2. Building



on this work, we show that these models are also relevant in the context of sampling, making the
following main contributions.

(1) In Sec. 3, we derive an algorithm that is easy to implement and which can generate an arbitrary
number of i.i.d. samples from a given PSD model, with any given precision. This answers one of
the open questions outlined by Rudi and Ciliberto [15] and shows that one can indeed efficiently
sample from a PSD model.

(2) In Sec. 4 we show that we can sample an arbitrary number of i.i.d. samples from a target
probability distribution that is regular enough, with any given precision. The algorithm consists
in (a) approximating the un-normalized density p via a PSD model, using evaluations of p, and
(b) extracting i.i.d. samples from the PSD model. We show that for sufficiently regular densities
the resulting PSD model is concise and avoids the curse of dimensionality: to achieve error €, the
PSD model requires a number of parameters and a number of evaluations of p that are in the order
£=274/8 where d is the dimension of the space and 3 is the order of differentiability of the density.
For regular probabilities, i.e., when 8 > d, the rate does not depend exponentially on d and is
bounded by O(c~3) (the constant term instead may depend exponentially on d).

In Sec. 5, we also present numerical simulations which demonstrate the quality of both our sampling
technique and approximation results.

2 Backround on Positive Semi-Definite (PSD) models

Denote by Ri . the vectors of R? with positive components and S’ the set of positive semi-definite
m by m matrices. Following Marteau-Ferey et al. [9], Rudi and Ciliberto [15], a Gaussian PSD
model is parametrized by a triplet (4, X,n) € ST x R™*4 x R4, and is defined for any z € R?

as
m

fla; A, Xom) = Agghy(, )by (2, 7)), (1)
ij=1

where, with diag(n) being the diagonal matrix with diagonal 1, k,(z, ') = e~ (z=a")T diag(n)(@—a)
is the Gaussian kernel of parameter 7 , X € R™*¢ is the matrix whose rows corresponds to the
centers x1, . . . , T, of the Gaussian PSD model, and A is a matrix of coefficients which is positive
semi-definite, to guarantee the non-negativity of f.

Note that when A = aa', a € R™, is a rank-1 operator, a Gaussian PSD model is simply the
square of a linear model f(x; A, X,n) = g(x; a, X, n)? of the form,

g(x; a, X,n) = aiky(z, ), )
=1

for any = € R, This particular case of PSD model will appear when approximating an arbitrary
probability density p in Sec. 4.2.

2.1 Main properties of PSD models

As explained in the introduction, PSD models show properties that make them particularly well
suited to model non-negative functions and probability distributions. Such properties are analyzed
by Marteau-Ferey et al. [9] and Rudi and Ciliberto [15], here we recall the ones that are important
for our purpose.



Non-negativity. Since A is positive semidefinite, then the PSD model f(z; A, X, n) satisfies
f(z; A, X,n) > 0forall z € R,

Preservation of convex functionals. Using the PSD model to represent non-negative functions in
a problem of the form mins>q L(f), where L is a convex functional, leads to a convex problem
min s, rmy L(f(; A, X, n)). Indeed, the constraint A € S, (R™) is convex, the PSD model
f(-; A, X, n) is linear in the parameter matrix A and a composition of a convex function L with a
linear function is convex. This allows, e.g., to perform empirical risk minimization for the square
and logarithmic losses.

Conciseness of the representation. under mild conditions, recalled in Assumption 1, a PSD
model can approximate a probability density that is S-times differentiable with error ¢, using a
number of centers m = O(a_d/ B) (which is minimax optimal). Rudi and Ciliberto [15] provide
also an algorithm to learn the PSD model given i.i.d. samples from the probability. However, we
cannot use this result in our context since we do not assume to have samples from our density.

Integration over hyper-rectangles in closed form. As integration of PSD models will play a
key role in the algorithm developed for sampling in Sec. 3, both for theoretical an computational
reasons, we develop this integration aspect in greater detail.

A hyper-rectangle Q C R? can be parametrized with its corners a,b € R%, a < b, by writing
Q= szl [ak, bi[; a corresponds to the “bottom left” corner and b to the “top right” one.

For X € R™*¢andn € Ri > wedenote with Ky ,, € R™*" the kernel matrix such that [Kx ,];; =
ky(x;,2;). The integral of a PSD model in Eq. (1) over a hyper-rectangle can be expressed with
simple matrices, leveraging the fact that for any pair (z;,2;), it holds k,(x,z;)k,(z,2;) =
ky2(i, v5)kan(z, (xi + 25)/2). Then we have

I(Q:A, X,n) = /Qf(fv;A,X,n) dx

= > Ayky (i, ;) /Q ooy (, "5 da

ij=1

= Ay[Ex 20 (Gx 2n.0liss )
ij—1

where [Gx , Qlij = fQ (2,0) dz, and Q;; = Q — (z;+x;) /2. These integrals can be computed
by 2d calls to the erf functlon as, forany i,j € {1,...,m}:

d
[Gxn.qlij H lerf (/miBijk) — erf(v/meAiji )], 4)

where ¢, = (1/4)%? det diag(n) /2, A, B € R>™*™_ A s the tensor of bottom left corners and
B is the tensor of top right corners, defined formally from the means tensor X ; ik = 3 (sz + Xji)
as

Aijie = ap — Xijk,  Bijk = bi — Xijk- )

This shows that, for any hyper-rectangle ), we can compute Gx ,, ¢ with exactly 2dm? calls to the
erf function and dm? arithmetic operations (so there is no dependence on the dimension of the
hyper-rectangle).



3 A sampling algorithm for PSD models

In this section, we fix a Gaussian PSD model on R? parametrized by (A, X, ) € ST x R™xd % Ri I

for a given m € N. To simplify notations, we will omit the parameters of the PSD model using
f(z) as a shorthand for f(x; A, X,n) and I(Q) as a shorthand of I(Q) = I(Q; A, X, n).

Given a bounded hyper-rectangle () (see Sec. 3.1), denote by pg the function

po(r) = f(2)1g(z)/1(Q), (6)

where 19 (z) = 1 when 2 €  and 0 otherwise. In Sec. 3.2, we explain that even in the case of an
infinite hyper-rectangle (e.g., @ = R%), we can easily find a finite hyper-rectangle Q on which the
whole mass of f is essentially concentrated, and thus approximately sample in this case as well. We
end this section with a discussion on the main elements needed to sample, and which could allow to
generalize this approach to PSD models with different kernels.

3.1 A sampling algorithm on a finite hyper-rectangle

Given the function f, the algorithm will take three inputs (Q, NV, p): the hyper-rectangle @ (with
sides parallel to the axes) from which we would like to sample, the number of i.i.d. samples N
which we would like to obtain, and a parameter p which defines the quality of the approximation of
pg from which the algorithm generates samples. The effect of p on the precision of the algorithm is
formally established in Theorem 2.

We start with the case N = 1. Starting from (), we cut ) in half in its longest direction forming
two sub-rectangles (1, Q2. If X were a random variable following the law of pg, then Xg € Q;
with probability p; = 1(Q;)/I1(Q), and Xg|{Xg € Q;} follows the law of p¢,. Therefore, when
looking for a sample from pg, we randomly choose with probability p; one of the two smaller
sub-rectangles (; in which to look for the sample and then call the algorithm recursively to get a
sample from pg,. Of course, we need a stopping criterion: when the maximal side of () has length
smaller than p then we stop and we return a point sampled uniformly at random in (). The complete
algorithm is presented in algorithm 1 and is explained below.

Details for algorithm 1. In algorithm 1, we define the recursive function SAMPLEREC which
will generate samples recursively. The main algorithm SAMPLE in algorithm 1 simply calls the
function SamMPLEREC and randomly reshuffles the samples in order to guarantee independence
(see RanpoMPERM algorithm 1). In algorithm 1, the function MaxLEN applied to @) returns the
maximum of the lengths of the sides of (); the condition can therefore be translated as “if all sides of
@ are smaller than p”. If it is the case, in algorithm 1, we return N i.i.d. samples from the uniform
distribution on () using SaMpLEUNIFORM. If it is not, in line algorithm 1 we cut the hyper-rectangle
@ in half along its largest side with minimal index (i.e., along side ¥ = min argmax (b; — a;)),
yielding two sub hyper-rectangles (01, Q2. This is the purpose of the function SPLITLARGESTSIDE.
In algorithm 1, we compute the probability ¢ that a given sample from pg belongs to 1 using the
fact that we can integrate the PSD model exactly. Since we have to generate N samples, we will
select k of them from 1 and N — k from Q5 where k is a sample from a binomial law of paramter
q: this is the purpose of the function SAMPLEBINOMIAL and algorithm 1. We then call the algorithm
recursively to generate the k samples from 1 using pg, and the N — £k samples from Q)2 from pg,
(algorithm 1).

Guarantees of the algorithm. Given (Q, N, p), algorithm 1 does not sample N i.i.d. samples
from the exact distribution pg but rather from an approximation pg , of pg, controlled by the



Algorithm 1 Approximately sampling from pg

1: function SaMPLEREC(Q, N, p)
2: if N = 0 then

3: return EmpTyLIST

4: else if MaxLEN(Q) < p then

5: return SAMPLEUNIFORM((Q), V)
6: else

7: Q1, Q2 = SPLITLARGESTSIDE(Q)
5 ¢=1(Q)/1(Q)

9: k = SampLEBINOMIAL(N, q)

10: L, = SampLEREC(Q1, k, p)

11: Lo = SAMPLEREC(Q2, N — k, p)
12: return CoNCATENATE(L1, L2)
13: end if

14: end function

15: function SAMPLE(Q, N, p)
16: L = SampLEREC(Q, 1, p)
17: return RANDOMPERM(L)
18: end function

parameter p. More formally, let D, , be the set of dyadic sub-rectangles of () with largest possible
size smaller than p (see Appendix D for a formal definition). Our algorithm will effectively sample
from a piece-wise constant approximation of p on the elements of Dg , :

_ 1 1(Qp)
Per=15 D, oo les M
Qo€DQ,p

where 1, is the indicator function of (),. The guarantees of the algorithm are established in the
following theorem, proved formally in Appendix D.2.

Theorem 1. Given (Q, N, p) where Q is a bounded hyper-rectangle of R%, p > 0 and N € N,
the function SAMPLE in algorithm I returns N i.i.d. samples from the distribution pg , defined in

Eq. (7). Moreover, the number of integral computations of the form I1(Q) performed during the
algorithm is bounded by N log,(|Q|) + Ndlog, % + 1, and the number of erf computations is

O(N m? d (logy(2|Q|) + dlogy(2/p))), where m is the dimension of the PSD model.

Note that the theorem gives us that the complexity is essentially O(Nm?2d®log(1/p)). This
quadratic dependence in the dimension d is verified in practice and the slicing procedure does not
yield any time or computational difficulties. Note however that in our two step procedure detailed
in the next section, the number m will a priori depend on the dimension, but this is confined
to the learning phase; once the m centers are set, the complexity is quadratic. Moreover, note
that we verify the claim that computing integrals is the computational bottleneck in practice in
Appendix D .4.

Approximation error of the algorithm. Since by Theorem 1, the algorithm does not generate
samples exactly from pg but rather from the piecewise constant approximation pg , defined in
Eq. (7), it is necessary to quantify the distance between p¢ and its approximation pg ,. We do so in
Theorem 2 for three different distances.

The weakest distance will be the Wasserstein-1 distance (also called earth mover’s distance) [17].
It quantifies the discrepancies in the allocation of mass between two distributions, and is defined



as

Wi(p1,p2)= sup )(p1(x) — pa2(z))dz|, ®)

Lip(f

where Lip(f) is the Lipschitz constant of f for the Euclidean norm. It is structurally the most
adapted to the approximation pg , since on each hyper-rectangle of Dy ,, pg,, has the same mass
as pg but distributes it uniformly. Hence, the discrepancy in mass allocation will be confined to
small hyper-rectangles whose sides are of size at most p.

We will also use two stronger distances: the total variation (TV) distance drv (p1,p2) = [|p1 —
P2/l 1 (x> and the Hellinger distance H (p1, p2) = ||\/p1 — /P2l 12(x), Which is particularly relevant
for exponential models [7], and, in our paper, when using rank-1 PSD models (see Sec. 4.2). These
distances will naturally appear in Sec. 4 to quantify the discrepancy between a given probability
density and its approximation as a Gaussian PSD model. For more details on these distances,
see Appendix A.2. Theorem 2 provides bounds on these distances between the target density
pQ = flg/I(Q) and pq,, as a function of p, and some Lipschitz constant (where Lip  (g) denotes
the Lipschitz constant of g for the norm ||z||oo = sup |z;|). A more general theorem is proved in
Appendix D.3 as Theorem 7.

Theorem 2 (Variation bounds). Let Q) be a hyper-rectangle, p > 0, pg = flg/I(Q) and pq,,

defined in Eq. (7). It holds:
H(pq,pq,p) \/ Llpoo ®

drv (PQ: PQ.p) < I'TQ') Llpoo(f)p (10)
W1 (pg,pg.,) < Vdp. (11)

Combining the result of Theorems 1 and 2, we have that, given a PSD model on m centers,
an hyper-rectangle of interest () and an error p, algorithm 1 provides N i.i.d.samples whose
distribution is distant v/dp in terms of W, from the density represented by the PSD model over
the hyper-rectangle. In particular, algorithm 1 computes the N i.i.d. samples with a cost of

O(N m? d (logy(2|Q]) + dlogy(2/p)))-

Selection of p. In Fig. 1, we observe the effect of p on the quality of sampling, when sampling
from a PSD model whose distribution is illustrated by the heat map defined on the top left figure.
We highlight the fact that decreasing p corresponds to refining the dyadic decomposition of the
hyper-rectangle and hence sampling more precisely. In practice, one can therefore choose p manually
(for instance p = 10™*,1075) and have an upper bound on the distance between PQ,p and pg from
Theorem 2. If one wishes to select p in a more principled way to bound the total variation or
Hellinger distance, this can also be done using only accessible quantities. If f is a PSD model with
parameters (A, X, n) for n = 714, and K is a shorthand for Ky ,,, the Lipschitz constants can be
bounded using only 7, K and A (or a s.t. A = aa' in the case of a rank one PSD model). More
precisely, it holds

Lipoo (f) < V87d||KY2AKY?|| =: Lip(A) (12)
Lipe, (v/f) < V2rd||K'/2a| =: Lip(a), (13)

where for Eq. (13), A = aa' is assumed to be a rank-1 operator!. These quantities only depend on
a, A, K and can be computed explicitly. Combining these bounds with Egs. (9) and (10), p can be
selected in an adaptive way in algorithm 1.

1See Lemma 5 in Appendix C.1 for a proof of a the bound on Lip_ (f) when f is a PSD model and Lemma 2 in
Appendix B.1 for a proof of of a bound on Lip__ (v/f) in the case where f is a rank one PSD model.
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Figure 1: Samples obtained from algorithm 1 using different values for p

Remark 1 (Adaptive selection of p). Let e > 0. Let f be a PSD model with matrix of coefficients
A. Define

TV _ _1(Q)e H_ _VIQe 14

P ey e T e’ (9

where p is defined if A = aa' is a rank one matrix. If p = oV (resp. p = pH), then

algorithm 1 applied to (Q, N, p) returns N i.i.d. samples from a distribution pq . which satisfies

drv(pQ, Q) < € (resp. H(pg,pq..) < €).

3.2 Discussion

Sampling from the distribution on R?%. It is possible to approximately sample from an infinite
hyper-rectangle. To do so, one has to find a large enough hyper-rectangle () such that almost all the
mass is contained on () and then apply the previous algorithm to this hyper-rectangle. One can, for
instance, use algorithm 2.

Algorithm 2 Finding an approximate support ()

function FinpApproxiMATESuPPORT(f (-5 A, X, 1), 0)
Q = [T1 <k Imini<i<n Xk, maxi<i<n Xik]
I = I(RY)
while 1(Q)/I <1—edo
@ = DouBLESIZE(Q)
end while
end function

Note that one can also concentrate f a priori using only its parameters (X, A, n), using Eq. (56)
of Lemma 4 in Appendix C.1. One can use this bound to bound the number of steps in



algorithm 2.

Generality of the algorithm. algorithm 1 only relies on the fact that one can compute integrals
on hyper-cubes of the model f. If we were to replace the Gaussian kernel k;, by a kernel k, and
therefore have a PSD model of the form }_,; A;jk(x, z;)k(z, z;) with another positive definite
kernel and A € S, then one would be able to run the algorithm as soon as computations of the
form | o k(x, @i)k(x, x;)dx were tractable. This would extend this framework to more general PSD
models, described by Marteau-Ferey et al. [9].

4 Sampling from arbitrary distributions using PSD models

The previous section provides an algorithm to approximately sample from a distribution in the
form of a PSD model. In this section, we show how to leverage that fact to be able to generate [NV
approximate i.i.d. samples from a very general class of probability distributions on a hyper-rectangle
X C R?. The strategy is simple : a) approximate the target distribution p with a PSD model p, and
b) approximately sample from the PSD model p using the algorithm presented in Sec. 3. The main
challenge is to quantify the distance between the target distribution p and its approximation p as a
PSD model.

Approaching a distribution by a PSD model by accessing the distribution through samples has been
done in Sec. 3. of Rudi and Ciliberto [15]. Instead, in this work, we access the distribution through
function evaluations, as our goal is to be able to generate samples. However, a similar algorithm
can be implemented to learn a PSD model from function evaluations. Moreover, it can be analysed
under the same conditions (see Assumption 1 and Sec. 4.1). This algorithm is based on the solving
of a semi-definite program to find the matrix A to form a good approximation f(z; A, X,,,n) of
the density p. In Sec. 4.2, we instead learn a rank-one PSD model, solving a least-squares problem
(and not a semi-definite program) using tools from Rudi et al. [13, 14], Meanti et al. [10]. This
algorithm, faster than the one based on the solving of a semi-definite program, requires a stronger
assumption to be analysed, and is naturally adapted to densities of the form p(x) e V@),

Main hyper-parameters. The two methods presented in this section (see Sec. 4.1 and Sec. 4.2)
will have hyper-parameters n, m, 7, A, p.

The parameters n and m are integer; moreover, we will take two sequences of i.i.d. samples uniformly
from X : x4, ..., x, represented by X € R"™*4 and Z1, ..., Ty represented by X, € R™*d We
will use an isotropic 7 = 714 in the Gaussian linear and PSD models for a strictly positive 7. To
simplify no'te'ltion, take Ky = K Tt and Ky, := X, Ko The parameter A will always be a
strictly positive real number.

The parameters m and 7 will define the PSD model: m will control the number of points, also
called Nystrom centers, which we use to represent our PSD model (as n and m increase, the quality
of the approximation increases); and 7 will control the width of the Gaussian kernel. The parameter
n and A\ control the learning phase of the algorithm, i.e., the approximation of p by a PSD model. n
is the number of points at which we evaluate our probability density to estimate it; A will control the
strength of the regularization. Finally, p will control the scale at which we apply algorithm 1.

4.1 A general method

In this section, we present a method to approximately sample from the density by a) approximating
it by a PSD model solving a semi-definite program (SDP) and b) use algorithm 1 to sample from



that PSD model. More precisely, we assume that p is known up to a constant, i.e., that we have a
function f, which is proportional to p which we can evaluate.

Step a): approximation of p. To fit a PSD model to p, we use an method similar to the
one presented in Section 3 of Rudi and Ciliberto [15], and construct a Gaussian PSD model
f f(e; A , Xm, 1), where Ae S™" is the solution to the empirical semi-definite problem

—argmm/ f(z; A)?

Aesm

=2 folmi) f(mis A) + MEY2ARK 2| 7, (15)

where f(z; A):= f(z; A, Xm,n). This problem is a quadratic problem in A and can be solved in
polynomial time in m using semi-definite programming. We then define Z = [, f(z) dx which

can be computed in closed form as the integral over a hyper-cube of a PSD model, and p = f/ Z,
which is our approximation of p.

Problem Eq. (15) can be seen as a variation of empirical risk minimization for the square loss,
with an additional regularization term )\HK,ITZ/%AK%% || # which is the equivalent of the classical
kernel regularization term in the setting of PSD models. Indeed, the function of A being
minimized is a proxy of ||/ A) = f,()l[22(a = I7(: Ay + o So(@)f (23 @) do +C.
In Eq. (15), [ fp(®)f(x; a) dx is approximated by its empirical version, using uniform samples
X = (z1,..., ) (plus the regularization term). The first term || f(-; A) ||%2( ) 18 kept as such as
it is a quadratic function of A which can be explicitly computed, using the same techniques as
those to compute integrals of PSD models, and described by Rudi and Ciliberto [15]. Note that
here, X, )?m, T, A are hyper-parameters; n and m will be taken as large as possible with a given
computational budget, and A and 7 can be selected by validation on a newly generated test data set
(since we assume we can generate samples from X).

Step b): sampling from the approximation p. We apply algorithm 1 to p with a parameter p and
on the hyper-rectangle X'. We denote with psamp1e the density Dy, p given by Eq. (7), from which
algorithm 1 effectively samples NN i.i.d. samples by Theorem 1. This two step strategy is detailed in
algorithm 3. SoLveSDP simply solves Eq. (15).

Algorithm 3 Approximately sampling from p using a SDP
Input p, X, N
Hyper-parameters (approximation) n, m, 7, A

Hyper-parameters (sampling) p

Output N approximate samples from p|
1: function APPROXIMATESAMPLES(p, X', N, n, m, T, \, p)
2 X,, = UNIFORMSAMPLES(N, X))

3 X, =UNIFORMSAMPLES(m, X)

4: A = SowveSDP(p, X, X, 7, A)

5: () = f(-|A Xm,T)

6: Xy = SampLE(X, N, p) from p

7: return X

8: end function




Theoretical analysis. Recall that p is the target density, proportional to f, and that p is the
approximation of p obtained by solving Eq. (15) and psamp1e is the distribution from which we
effectively sample when applying algorithm 1 to p. In proposition 1 and Theorem 3, we show that
under certain regularity assumptions on p, given € > (0, we can find hyper-parameters n, m, 7, A
and p such that dry (p, psampre) < Cé, i.e. that algorithm 3 generates N i.i.d. samples from a
distribution C'e close to p.

For simplicity, we will assume X = (—1,1)%, as is done by Rudi and Ciliberto [15]. In principle,
we could approximate p on any bounded domain X’ from which we can sample uniformly, and still
obtain analogous results. In that case, we would apply algorithm 1 on a hyper-rectangle containing
the domain, and reject a sample outside of it. Our main assumption on p will be that p can be written
as a sum of squares of functions belonging to the space W5 (X)) = WQB (X) N L*°(X) which is the
space of bounded functions whose derivatives of order less or equal to 3 are square integrable, and
which can be equipped with the norm || - ”Wﬂ(X) = HW2[3(X) + I [| oo () (see Appendix A.1 for
more precise definitions). The key quantities here are the dimension d and the regularity of the
density 5. This summarized in the following assumption.

Assumption 1 (Sum of squares distribution). There exists J € N and functions qi, ..., q; belonging
toW? (X) such that p = ijl q]2~. Moreover, we have access to p only through function evaluations

of the form fy,(x) where f, > 0 is given, is proportional to p, and where the proportionality constant
2

here the infimum i n over al h
Wﬁ(X)W ere the infimum is taken over all suc

. ) J
is unknown. We define ||p|| sos v 5 = inf > 7 [lg;]

decompositions of p.

The approximation properties of p w.r.t. p are bounded in total variation distance in the following
proposition, proved as proposition 10 in Appendix E.

Proposition 1 (Performance of p). There exist constants £y > 0 depending only on d, 3, and
[Pl 505,20 5 and C1, C1, C3, Cy depending only on d, 3 such that the following holds. Let 6 € (0,1]
and € < €9, and assume n and m satisfy

m > C{E*d/ﬁ log? (%) log (%”) , (16)
n>e 278 log? (%) log (%) . a7)

Let \ = e2T24/8 qnd 7 = ¢=2/5. With probability at least 1 — 20, it holds

drv(p,p) < C1 Hp”sos,X,B €. (18)

The key takeaway from this proposition is that the number of samples n, m needed to perform the
first step of the algorithm (approximation) is polynomial in the quantities O(s~1), O(e=%#), thus
leveraging the regularity 5 of p. When this is the case, we can find A, 7 such that the distance
d(p, D) is of order . We provide a choice for p for the second step of the algorithm (sampling),
in order to guarantee a bound for the total variation distance between the sampling distribution
and the original distribution in the following theorem. It is proved as Theorem 8 in Appendix E.
In particular, it bounds the total complexity of the algorithm in terms of erf computations, as a
function of /V and the desired error €.

Theorem 3 (Performance of psamp1e). Under the assumptions and notations of proposition 1, there
exists a constant Co depending only on d, 8, such that the following holds. If p is set either as
et @+0/8 or adaptively as pgv, then with probability at least 1 — 20,

dTV(pypsample) <Oy Hp”so&/ng . (19)
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Moreover, the adaptive pl'V is lower bounded by £'+(4+D/8 /(Cy [Pl sos,2 5)- In both cases,
this guarantees that the complexity in terms of erf computations is of order O(Nm?log(1/p)),
which in terms of € yields O (N g 2d/B |pg2d+1 (%) log? (é) ) where the O notations is taken with

sos,X,3*

4.2 Efficient method with a rank one model

In this section, we present a method to approximately sample from the density p by approximating
it by a PSD model solving a linear system (as opposed to a SDP). This simpler and faster method
comes at the expense of the stronger Assumption 2 needed to provide guarantees. As for algorithm 3,
we first approximate the density with a PSD model and then sample from it using algorithm 1. The
difference lies in the approximation step. We assume that we can evaluate a function g, such that
g% o p (usually, this function will be proportional to the square root of p). We then approximate
gp with a Gaussian linear model Eq. (2) by solving a regularized empirical least squares problem,
which is much faster than the solving of a SDP. Taking the square of that linear model, we obtain a
PSD approximation of p from which we can sample using algorithm 1.

Step a): approximation of p. To fit a PSD model to p, we start by approximating g, by a
linear model g = g(e; @, X,,,n) (see Eq. (2)), where @ € R™ is the solution to the empirical
problem

min o Z lg9(zi; @) — gp(xi)]* + Aa Kpma, (20)

where g(z; a) := g(2; a, Xm,n) and g, = (9p(xi))1<i<n- @ is the solution to the system :

(KJmKnm 4 ()\n)Kmm) a=K gn, Q1)

which can be solved either directly in time O(nm? +m?) [13] or using a pre -conditioned conjugate
gradient method in time O(m + nm) [14, 1() 8]. We then define f = g2 which is a rank-1 PSD
model with coefficients A = aa ', Z = [y f(@)dz = 9|13 72(x) Which is computable in closed

form as the integral of a PSD model (see Eq. (3)), and our approximation p = f/ Z of D.

Solving Eq. (20) can be seen as solving a regularized empirical risk minimization problem for
the Hellinger distance (see Eq. (32) in Sec. 3.1); the regularization term \a' K,,,a being a
regularization in the norm of the RKHS associated to the Gaussian kernel (see Appendix B). The
Hellinger distance is particularly adapted to exponential models of the form exp(—V (z)) for a
real-valued potential V, as the square root is simply exp(—V (z)/2).

Step b): sampling from the approximation p. We apply algorithm 1 to p with a parameter p and
on the hyper-rectangle X'. We denote with psamp1e the density Dy, p given by Eq. (7), from which
algorithm 1 effectively samples NNV i.i.d. samples by Theorem 1. This two step strategy is detailed in
algorithm 4. SoLvEHELLINGER simply solves Eq. (20).

Theoretical Analysis We use the same notation as introduced in Sec. 4.1. Once again, we assume
that X = (—1,1)? for simplicity. In order to obtain good learning rates for algorithm 4, we make
the following assumption, which is stronger than Assumption 1: it assumes that p can be written as
a single square g2, where ¢ belongs to W#(X).
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Algorithm 4 Sampling from p using a rank-1 model
Inputp, ¥ ' N
Hyper-parameters (approximation) n, m, 7, A

Hyper-parameters (sampling) p

Output N approximate samples from p|
1: function ApPROXIMATESAMPLES(p, X, N, n, m, T, A, p)
2 X,, = UNIFORMSAMPLES(N, X))

3 X, =UNIFORMSAMPLES(m, X))

4: A = SoLvEHELLINGER(D, X}, X;p, T, )

5 ﬁ() :f(|AaXm>7—)

6: Xy = SampLE(X, N, p) from p

7 return X y

8: end function

Assumption 2 (Square distribution). There exists a function q belonging to WB(X ) such that
p = ¢°. Moreover, we have access to p only through function evaluations of the form gp(x), where
gp < q and where the proportionality constant is unknown.

Note that this assumption is satisfied if p oc e~V () for a potential V which is /3 times continuously
differentiable which we can evaluate.

In proposition 2 and Theorem 4, we show that under certain regularity assumptions on p, given
e > 0, we can find hyper-parameters n, m, 7, A and p such that H(p, psampre) < Ce, i.e., that
algorithm 4 generates NV i.i.d. samples from a distribution Ce close to p.

Proposition 2 (Performance of p). Let v > min(1,d/(20)). There exists a constant £q depending
only on HQHWB(Xy B,d, constants Cy,Co,Cs,Cy depending only on (,d and a constant C
depending only on 3, d, U such that the following holds.

Let § € (0,1] and € < €, and assume m and n satisfy

m > Cre= B log? (%) log % (22)
n = 01672; log %. (23)

Let 7 = ¢ 2/P and \ = e2t9/B. With probability at least 1 — 30, it holds

H(p,p) < C4H‘]||Wﬁ(;() €. (24)

Once again, the key takeaway from this proposition is that the number of samples n, m needed to per-
form the first step of the algorithm (approximation) is polynomial in the quantities O (1), O(e=%/#),
thus leveraging the regularity 8 of ¢ s.t. ¢> = p. When this is the case, we can find \, 7 such
that the distance H (p,p) is of order . We provide a choice for p for the second step of the
algorithm (sampling), in order to guarantee a bound for the Hellinger distance between the sampling
distribution and the original distribution in the following theorem. It is proved as Theorem 10
in Appendix F. In particular, it bounds the total complexity of the algorithm in terms of erf
computations, as a function of N and the desired error €.

Theorem 4 (Performance of psampie). Under the assumptions and notations of proposition 2, there
exists a constant Cs depending only on d, 3, such that the following holds. If on the one hand p is
set either as e 42/ 28) or adaptively as pl (see Remark 1), then with probability at least 1 — 39,

H(papsample) < C5HqHWB()() €. (25)

12



Moreover, the adaptive p! is lower bounded by £+ (4+2)/5 /(Cs HqHWﬂ(X))' In both cases, this
guarantees that the complexity in terms of erf computations is bounded by O(Nm? log %) which, in

terms of €, yields O (N g 2d/B |pg2d+1 (%) log? (6%)) where the O notation incorporates constants
depending on d, 3,

QHWB(X)-

4.3 Discussion

The two methods presented in Sec. 4.1 and Sec. 4.2 share many interesting properties, both from a
practical and theoretical viewpoint.

On the theoretical side, even though we only have access to the distribution up to a re-normalizing
constant, this does not influence the theoretical results, i.e., the bounds we get only depend on the
density p through its norm ||p||. Moreover, the number of samples n, m needed (and hence the
complexity of the sampling and of the approximation algorithm) is polynomial in the quantities
O(e71), 0(e~%P), showing that as soon as 3 > d, the dimension plays no role in the exponents of
these error terms and thus breaking the curse of dimensionality in the rates. However, the constants
in the O(+) term can be exponential in d, and without more hypotheses, they are unimprovable
[11]. We therefore keep a form of “curse of dimensionality” in the constants, but not in the rate.
Concretely this means that we need a number of points in the order of the constants before having a
reasonable error (i.e., € = 1). However, as soon as this number is reached, one can rapidly gain in
precision, if the function is regular. Moreover, in practice, we do not always pay this exponential
constant, owing to some additional regularity of the function. Interestingly, this phenomenon is
shared with approximation, learning and optimization problems over a wide family of functions
(see [11] for more details).

On the practical side, note that both algorithm 3 and algorithm 4 can be run for any hyper-parameter
(even though this might not have statistical sense), making it easy to use. More importantly, we can
evaluate the learnt model a posteriori using empirical metrics (like the empirical total variation
distance or the empirical Hellinger distance for instance) on a new data set generated uniformly
from X. We could also evaluate it using certain empirical divergences since we are able to sample
from psamp1e. This can help in both selecting 7 and A by validation, as well as in simply evaluating
the performance of the learnt model, with error bars if needed. In Fig. 2 for example, we evaluate
the performance of learnt PSD models for the empirical Hellinger distance. We perform 5 different
tests and plot the associated error bars: this methods seems very robust for evaluation.

Hellinger distance, d = 10 , Hellinger distance, d = 2
—= m=50 3 /\/\—I— m =50

m =100 m =100

10724 —F= m =200 —+= m =200
—I— m =500 —I— m =500
—F= m =1000 = m =1000

107 4

o] T~ \/\/\
— . " ~—_

T T T T
10* 10° 10* 10°
n n

Figure 2: Evolution of the empirical Hellinger distance on a test set, between learnt distribution p
and target distribution p when increasing the number of evaluation points, for fixed values of m.
We learn p as a rank one PSD model through Eq. (20). (left) Learning py with d = 10 defined in
Sec. 5. (right) Learning p; defined in Sec. 5.
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S EXPERIMENTS

The experiments in this work were executed on a MacBook Pro equipped with a 2.8 GHz Quad-Core
Intel Core i7 processor and 16Gb of RAM?2.

Influence of m and n. In Fig. 2, we show how m and n interact in order to set the precision
of our approximation in the learning phase (step a)). For m = 50,100, 200, m is so small that
increasing n beyond 1000 does not yield better performance (the variations are due to the fact that
points are always resampled accross experiments). However, when m = 500, 1000, we see that
increasing n yields better performance, before arriving at a plateau. This plateau corresponds to the
transition from the phase where n is the limiting statistical factor to the phase where m is.

Qualitative performance of our algorithm. In Fig. 3, we show an example of the way our
algorithm approximates a certain target density p; known up to a renormalization constant:
pi(x) < 0.08kg 7(z, —(1,1)) — 0.4ko 6(z, (1,1)) + 0.4ko 7(z, (1,1)). In the top left figure, a heat
map of p; is plotted. Note that p; is not a Gaussian PSD model, as the widths of the Gaussian
kernels are not the same. We then use algorithm 4 to approximate p; by a rank one PSD model
1 (whose heat-map is plotted on the top right figure) and then sample N = 1000 samples from
this approximation (plotted in the bottom left figure). Note that in order to approximate p; by p1,
n = 105, m = 300 were fixed and 7 = 2, A = 10~? were selected on a test set. In Appendix G, we
perform and comment another experiment when trying to learn a density which is not smooth (and
therefore out of the scope of Theorems 3 and 4).

Quantitative performance of our algorithm. To further demonstrate the promising nature of our
sampling algorithm, we tried learning the density py () o< (k1 /5(x, (1, ..., 1)) —ky 5 (2, —(1, ..., 1)))?
on Q = [—1,1]%, for d = 5. Contrary to p1, this is a PSD model, we can sample from it with very
high precision (here, we chose p = 107%). Our goal here is to be able to compare methods through
the generated samples.

We compared the performance of our model to the naive gridding algorithm which, if allowed n
function evaluations, computes a grid G of side n!/%, which we identify to the set of centers of the
tiles of the grid, and evaluates p at each point in the grid. To sample a point, one chooses a point
g € G with probability p(g)/ >, p(h), and then draws a sample uniformly in that tile. It is the
algorithm called "grid’ in the bottom right figure of Fig. 3.

We compare our algorithm with the gridding algorithm by fixing the number n of function
evaluations of p each method is allowed, and computing the distance between each method
and the ground truth. The distance we use between distributions is the empirical version of
the Maxmium Mean Discrepancy distance (MMD) [20, 19], which is defined, for the Gaussian
kernel k, of parameter 7, as d,(p,p) = ||[Ex~pld,(X)] — IEXNI;[qbn(X)]||H77 where ¢,, is the
embedding associated to the Gaussian kernel k;, (for more details, see Appendix A). This distance
can be approximated using N samples (z;)1<i<ny from p and N samples (Z;)1<j<n from p as
c?n(p,ﬁ) = H% PR On(T) — & Z;Vzl on(Z5) ’H . This quantity can be computed explicitly
using kernel matrices [20]. However, Tolstikhin ez al. [22] show that the minimax rate cannot
exceed 1/ VN, i.e., that En approximates d,, only with precision of order 1/ V/'N.

In our experiments, we take N = 10*. We compute the empirical distances d, five times using
newly generated samples from each distribution, and compute an empirical mean and standard

2The code is available at https://github.com/umarteau/sampling_psd_models
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Ground truth Approximation

MMD distance for d = 5

=f—= PSD model
e grid

= uniform
—F— noise level

10-1 4 \\1

10°

Py
+ .- - —1

10% 10* 10°
n

Figure 3: (top left) Plot of the distribution p1, (fop right) heat map of an approximation p; of
p1. (bottom left) samples generated from py, (bottom right) performance of our method in MMD
distance.

deviation, reported as error bars on the plot. When approximating p, by a PSD model using
algorithm 4, we take m = 50, as there is no need to increase m to reach better precision than the
target distribution for d,,. We take p = 1072 and select 7, A by using half of the evaluation points as
a test set.

The results reported on the bottom-right plot of Fig. 3 show that in dimension 5, the ’grid’ method
is not competitive anymore, and is close to the uniform distribution in performance for n = 2. Note
that the choice of 7 in a wide range from 0.1 to 10 does not change these results. They also show
that when taking only N = 10* to approximate the MMD distance, our method is below the noise
level.

6 Extensions, future work

In this paper, we have introduced a method for sampling any distribution from function values by
first approximating it with a so-called PSD model and then sampling from this PSD model using
the algorithm introduced in Sec. 3.

Natural extensions of this work include the fact that while we cast a least squares problem in Sec. 4.1,
we can actually minimize more general convex losses adapted to distributions, such as maximum
log-likelihood estimation. Moreover, as mentioned in Sec. 3, the proposed algorithm only relies on
integral computations, and could therefore be extended to other kernels, provided they can easily be
integrated on hyper-rectangles.

Future work will start with trying to scale the sampling method up in terms of generation of samples,
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by both theoretical means (to make computation saving approximations) and computational means
(use of GPUs, parallelization).
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Organization of the Supplementary
Material

A. Definitions and notations

We set the main notations and tools of the appendix (Fourier transform, vector and matrix
notations, notations concerning hyper-rectangles, RKHS and specifically the Gaussian kernel).

A.1. Sobolev spaces
In this section, we focus more on notations and basic results concerning Sobolev spaces,
as they will be our main tool to measure the regularity of a function.

A.2. Measuring distances between probability densities
In this section, we define and compare the basic distances we will be using to compare
probability distributions in the paper, since we are always "approximating” a certain
distribution with another. In particular, we define the total variation, Hellinger and
Wasserstein distances.

A.3. General PSD models
We define PSD models in general [9, 15]. They will be our main tool for approximation
and sampling, and relates to the more restrictive definition in Sec. 2.

B. Properties of the Gaussian RKHS

Throughout the paper the Gaussian kernel k;, and the associated Gaussian RKHS will be
central objects. We introduce different properties and results.

B.1. Properties of the Gaussian kernel %,
We introduce certain properties of the Gaussian kernel involving products, as well as a
bound on the derivative of the associated embedding in Lemma 2.

B.2. Useful Matrices and Linear Operators on the Gaussian RKHS
We introduce the most important theoretical objects of the paper. We introduce kernel
matrices, matrices which will appear in the integration of Gaussian PSD models,
operators which relate L? to the RKHS ‘H,,, operators which allow to discretize using
samples and "compression" operators which allow concise representations.

B.3. Approximation properties of the Gaussian kernel
We prove two important results concerning the approximation properties of the Gaussian
RKHS in proposition 7 and the concise representation of models in Lemma 3.

C. Properties of Gaussian PSD models

We present the results specific to Gaussian PSD models. These results are often reformulations
of theorems presented by Rudi and Ciliberto [15].

C.1. Bounds on the support and the derivatives
We present result to understand how the mass of a Gaussian PSD model is concentrated
(Lemma 4) and how the derivative of a Gaussian PSD model can be bounded using
only its parameters (Lemma 5).

C.2. Compression as a Gaussian PSD model
We restate Theorem C.4 of Rudi and Ciliberto [15] as Theorem 5 on the effect of a
compression operator on a PSD model.
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C.3. Approximation properties of Gaussian PSD model
We refine Theorem D.4 of Rudi and Ciliberto [15] in Theorem 6 in order to approximate
a sum of squares using a PSD model on the Gaussian RKHS H,,.

D. The sampling algorithm

We prove that the sampling algorithm indeed returns NV i.i.d. samples from the right
distribution, and characterize the distance between the sampling distribution and the original
PSD distribution.

D.1. Dyadic decompositions and convergence of algorithm 1
We formally prove that algorithm 1 finishes and returns /N samples from a distribution
characterized by a structural induction formula (see Lemma 6).

D.2. Proof of Theorem 1
We prove Theorem 1 by structural induction, showing that when the samples are
randomly shuffled, we end up with IV i.i.d. samples from the distribution defined in
Eq. (7). This is done by matching the distribution with the one from the previous section
using a structural induction.

D.3. Evaluating the error of the sampling algorithm : proof of Theorem 2
We prove Theorem 2 in Theorem 7, bounding the distance between the distribution
of the PSD model and the actual distribution from which algorithm 1 samples (see
Eq. (7)). This is done in different distances, all related to the problem in different way
(Wasserstein is the most adapted in spirit, but we also need stronger distances such as
total variation and Hellinger, which can be bounded using Lipschitz constants of the
PSD models).

D.4. Time complexity
We illustrate that the time complexity of the algorithm is indeed taken up by the integral
computations.

E. A general method of approximation and sampling

We prove that we can approximate any probability distribution satisfying Assumption 1 using
non necessarily normalized function values, by solving Eq. (15) with the right parameters
in proposition 10 which is labeled in the main text as proposition 1. We then show that
applying algorithm 1 with the right value of p yields a good sampling algorithm from a good
approximation of the distribution. This proves Theorem 3 and is proved here as Theorem 8.

F. Approximation and sampling using a rank one PSD model

We prove that we can approximate any probability distribution satisfying Assumption 2 using
non necessarily normalized function values, by solving Eq. (20) with the right parameters
in proposition 11 which is labeled in the main text as proposition 2. This has an advantage
compared to the previous method which is that the approximation phase is much faster (it
solves a linear system instead of an SDP). We then show that applying algorithm 1 with
the right value of p yields a good sampling algorithm from a good approximation of the
distribution. This proves Theorem 4 and is proved here as Theorem 10.

G. Additional experimental details
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A Definitions and notations

In this section we recall results from Rudi and Ciliberto [15] which will be useful in the different
statements and proofs.

Basic vector and matrix notations. Let n,d € N. We denote by Ri . the space vectors in
R? with positive entries, R”*¢ the space of n x d matrices, St = S, (R™) the space of positive
semidefinite 7 x n matrices. Given a vector € R%, we denote diag(n) € R?*? the diagonal
matrix associated to 77. We denote by A o B the entry-wise product between two matrices A and B.
We denote by || A, | A||, det(A), vec(A) and AT respectively the Frobenius norm, the operator
norm (i.e. maximum singular value), the determinant, the (column-wise) vectorization of a matrix
and the (conjugate) transpose of A. With some abuse of notation, where clear from context we write
element-wise products and division of vectors u, v € R? as uv, u/v. The term 1,, € R" denotes
the vector with all entries equal to 1.

Hyper-rectangles Define a hyper-rectangle () as a product of the form szl [ag, br[, where
a < b. Given a hyper-rectangle Q we denote its extremities with a(Q) < b(Q) € R? (i.e.

Q= szl [ax(Q), br(Q)]), and its side-lengths p(Q) = b(Q) — a(Q). We sometimes omit )
when it is implied by the context.

We will also use the so-called error function, which is defined as follows :

erf(x) = \37?/ et dt,
0

This function is implemented as an elementary function in most libraries.

Multi-index notation Let o € N% 2 € R? and f be an infinitely differentiable function on R,
we introduce the following notation

d d d
_ olel
a Q lo"
|OZ|ZZO% a!:Haj!, x :Ha;jj, af:—axo‘1~~8xad'
j=1 j=1 j=1 ! !

We introduce also the notation D® that corresponds to the multivariate distributional derivative of
order « and such that

DO = 9°f

for functions that are differentiable at least |« times [1].

Fourier Transform Given two functions f, g : R — R on some set R%, we denote by f - ¢ the
function corresponding to pointwise product of f, g, i.e.,

(f-9)(@) = f(z)g(x), Yz eR%
Let f,g € L'(RY) we denote the convolution by f x g
(Fr9)@) = [ fw)gte— ).
R4

We now recall some basic properties, that will be used in the rest of the appendix.

Proposition 3 (Basic properties of the Fourier transform [24], Chapter 5.2.).
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(a) There exists a linear isometry F : L*(R%) — L*(R?) satisfying
Flf] = / e 2wl p(ayde Vf € LNRY) N LA(RY),
R4

where i = \/—1. The isometry is uniquely determined by the property in the equation above.
(b) Let f € L*(R?), then | F[fl| 2wy = | fll L2(ray-
(c) Let f € L*(RY),r > 0 and define f,(x) = f(£),Va € R% then F|f,)(w) = r?F[f](rw).
() Let f,g € L'(R?), then F[f - g] = F[f]» Flg].
() Leta € N%, f, D*f € L*(R%), then F[Df](w) = (27i)*lw* F[f](w), Vw € R%
() Let f € L'(RY) N L*(R?), then | F[f]| oo may < [1f]l L1 (ra)-
(@) Let f € L>*(RY) N L2(RY), then || f|| poo(ray < IF ]l L1 (ra)-

Reproducing kernel Hilbert spaces for translation invariant kernels. We now list some
important facts about reproducing kernel Hilbert spaces in the case of translation invariant kernels
on R?. For this paragraph, we refer to Steinwart and Christmann [21], Wendland [24]. For
the general treatment of positive kernels and Reproducing kernel Hilbert spaces, see Aronszajn
[2], Steinwart and Christmann [21]. Let v : R — R such that its Fourier transform F[v] € L(R%)
and satisfies F[v](w) > 0 for all w € RY. Then, the following hold.

(a) The function k& : R? x RY — R defined as k(z,2') = v(z — 2’) for any 2,2’ € R%is a
positive kernel and is called translation invariant kernel.

(b) The reproducing kernel Hilbert space (RKHS) H and its norm || - || are characterized by

Ff)(w)?

Folw) %9

W= € @Yl < ooh 1B~ [

(c) H is a separable Hilbert space, whose inner product (-, -),, is characterized by

_ [ AT
o= [ i

In the rest of the paper, when clear from the context we will simplify the notation of the inner
product, by using f " g for f, g € H, instead of the more cumbersome (f, )y

(d) The feature map ¢ : R? — H is defined as ¢(z) = k(x — -) € H for any x € R,

(e) The functions in H have the reproducing property, i.e.,

f@)=(f,¢(x))y. VfeHuzeR",
in particular k(2/, 2) = (¢(2'), (x))4, for any 2/, z € R%

We now introduce the main tool of our analysis, the Gaussian RKHS, which will be further explored
in Appendix C.

Example 1 (Gaussian Reproducing Kernel Hilbert Space). Let n € R‘i 4 and ky(z,2') =
e~(@=a)7 diag(n)(z—a"), for z, ' € R be the Gaussian kernel with precision 1. The function ky, is
a translation invariant kernel, since ky(z,z") = v(z — ) with v(z) = e=ID'2” p = diag(n)
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and Fv|(w) = cne*”2||D71/2w”2, ey = 72 det(D)7V2, for w € R%is in L'(R?) and satisfies
Fv)(w) > 0 for all w € R The associated reproducing kernel Hilbert space H,, is defined
according to Eq. (26), with norm

1712, = — [ |FA@)E eI v e 1R, @7

077 Rd

The inner product and the feature map ¢, are defined as in the discussion above.

A.1 Sobolev spaces

Let 3 € N,p € [1, 00] and let Q C R? be an open set. The set LP(2) denotes the set of p-integrable
functions on §2 for p € [1,00) and that of the essentially bounded on €2 when p = oco. The set
Wpﬁ (€2) denotes the Sobolev space, i.e., the set of measurable functions with their distributional
derivatives up to 3-th order belonging to LP((2),

WHQ) = {f € L) | | fllyp 0 < o ||f||’;vg(m=|ZBHD°‘f||’£p<Q)a (28)
al<

where D® denotes the distributional derivative. In the case of p = oo,

HfHWfo(Q) = \%}IZ}E HDafHLOO(Q)

We now recall some basic results about Sobolev spaces that are useful for the proofs in this paper.
First we start by recalling the restriction properties of Sobolev spaces. Let Q C Q' C R¢ be two
open sets. Let 5 € Nand p € [1, oo]. By definition of the Sobolev norm above we have

lglallws) < lglws@):

and so glo € W () for any g € W;(Q'). Now we recall the extension properties of Sobolev
spaces, which will allow us to consider the case

The formal definition of a set with Lipschitz boundary is provided by Adams and Fournier [1].
Note that if X = (—1,1)%, as will be the case later on for simplicity, then X is bounded and has
Lipschitz boundary.

The following result shows that being in an intersection space allows to extend the function to the
whole of R?. This will be useful in order to use the properties of translation invariant kernels in
order to approximate functions which are a priori defined only on X’ but which we extend using this
result.

Proposition 4 (Corollary A.3 of Rudi and Ciliberto [15]). Let X C R? be a non-empty open set
with Lipschitz boundary. Let 3 € N,p € [1,00|. Then for any function | € Wf(/\,’) N L>(X)
there exists an extension f on R%, i.e. a function f € Wf (R4 N L (RY) such that

f = f‘X a.e. on Xv H.]FHLOO(Rd) < CHfHLOQ(X)u Hf”wf([@d) < Cl”f”wf()()

The constant C depends only on X, d, and the constant C' only on X, 3,d, p
The following proposition gives an idea of what these intersection spaces contain.

Proposition 5 (Proposition A.4 of Rudi and Ciliberto [15].). Let X be an open bounded set with

Lipschitz boundary. Let f be a function that is m times differentiable on the closure of X. Then
there exists a function f € W'(X) N L>(X) for any p € [1,00], such that f = f on X.
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The following proposition provides a useful characterization of the space Wf (RY) in terms of

Fourier transform; this will be particularly useful when approximating functions in Wgﬂ (]Rd) by
functions in a Gaussian RKHS #,, using the characterization of the norm in terms of Fourier
transform for those kernels in Eq. (26).

Proposition 6 (Characterization of the Sobolev space W5 (R?), Wendland [24], Proposition A.5 of
Rudi and Ciliberto [15]). Let k € N. The norm of the Sobolev space || - ||y« gay is equivalent to
the following norm

115y = /Rd IFLA@)? A+ [l dw,  Vfe LART)
and satisfies
(273)21@ ||f||124/21€(Rd) < Hf”?/]/Qk(]Rd) < 22k”f“?/[/2k(Rd)a vf € LQ(Rd) (29)

Moreover, when k > d/2, then W (RY) is a reproducing kernel Hilbert space.

A.2 Measuring distances between probability densities

In this work, since our aim is to approximate a probability distribution, we will often compare
probability distributions, with different distances.

To simplify definitions, we will only consider distances between probability densities p1, p defined
on a Borel subset X of R with respect to the Lebesgue measure. Note that while the total variation
distance, the Hellinger distance and the Wasserstein distance do not actually depend on the choice
of such a base measure and can be defined intrinsically, the L? distance cannot; that is why it is less
appropriate from a statistical point of view. We consider it here because it is the natural distance in
which we are able to solve Eq. (15).

The total variation (TV) or L' distance

drv(p1,p2) = lp1 — pall iy = /X [p1(z) — pa(e)|de. (30)

This distance can also be expressed using a dual formulation (see Chapter 3.2 of Lucien Le Cam
[7D).

drv(p1,p2) = sup 3D

IFl<1

/ £ (@) (p1() — pa(a)) da

The Hellinger distance : (this distance is particularly suitable in the case of exponential models;
see Lucien Le Cam [7] and in particular Chapter 3).

1/2
H(p1,ps) = |/F7 — VBl g ( [ W) - Vit >|2dx> (32)

The Wasserstein distance In the case where X is bounded (for simplicity), the p Wasserstein
distance for p > 1 (see chapter 5 of Santambrogio [17]):

We(prp2) = inf / & — gl dy(a.y), (33)
~vell(p1,p2) Jx=xx
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where I1(py1, p2) is the set of all probability measures on X x X with marginals p; and p,. Note
that one has the following easier dual formulation when p = 1 (see the chapter on Kantorovich
duality by Santambrogio [17]):

Wi(p1,p2) = sup / f(x)(p1(z) — pa(x))de, (34)

f€Lipy (X

where Lip; (X)) is the set of 1-Lipschitz functions on X'. Wasserstein distances capture the moving
of mass; they are quite weak but are well-adapted to capture the behavior of our sampling algorithm
which approximates probability densities on each hyper-rectangle.

The L? distance
1/2
Ior = peliacey = [ 100 = o)) ar (35)

Relating these difference distances . The following well known bounds exist between dis-
tances.

H?(p1,p2) < dry(p1,p2) < V2H (p1, p2). (36)

Moreover, if X is bounded, we have for any p > 1, using the Holder inequality:

W, (p1, p2) < diam(X)P=D/PW, (py, po) /P, 37)
Wi (p1,p2) < diam(X)dry (p1,p2), (38)
drv (pr,p2) < |X[V2p1 — pollr2 ), (39)

where diam(X’) denotes the diameter of the set X'

A.3 General PSD models

In this section, we recall the definition of a PSD model more generally as introduced by Rudi and
Ciliberto [15].

Following Marteau-Ferey et al. [9], Rudi and Ciliberto [15], we consider the family of positive semi-
definite (PSD) models, namely non-negative functions parametrized by a feature map ¢ : X — H
from an input space X’ to a suitable feature space H (a separable Hilbert space e.g. R?) and a linear
operator M € S (#H), of the form

Fz; M, ¢) = ¢(z) "M ¢(2). (40)

PSD models offer a general way to parametrize non-negative functions (since M is positive
semidefinite, f(z; M, ¢) > 0 for any x € X) and enjoy several additional appealing properties
discussed in the following. In this work. we focus on a special family of models i.e. Gaussian PSD
models defined in Sec. 2 and Eq. (1). These models parametrize probability densities over X C R<.
It is a special case of Eq. (40) where i) ¢ = ¢, : R — H,, is a feature map associated to the
Gaussian kernel defined in Example 1, or by Scholkopf and Smola [18] and, i) the operator M lives
in the span of ¢(z1),. .., ¢(zy,) for a given set of points (z;)]" ;, namely there exists A € S; (R")

such that M = Zij Az‘j¢n(xz‘)¢n(wj>T-
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Thus, given the triplet (A, X, n) characterizing the Gaussian PSD model in Eq. (1), we have

Z Aijky(x, xi)ky(z,25) = f(x; A, X, 1) = f(x; M, ¢p)

1<i,g<n

M = Z Aijdn(Ti) @ oy(z5),

1<i,j<n

where (u ® v)w = uv'w = (v, w) u.

B Properties of the Gaussian RKHS

In this section, we introduce notations and results associated to the Gaussian RKHS (see Example 1)
H,, for a given 7 € Ri 4 (n will sometimes be taken in the form 71,). Recall that the Gaussian
embedding is written ¢, : R? — ‘H,, and that the Gaussian kernel is denoted with k.

B.1 Properties of the Gaussian kernel £,
The following lemma has an immediate proof.

Lemma 1 (product of Gaussian kernels). Let K € N, let nq,...,nx € Ri+ and let 1, ..., yx € RY
The following equality holds:

K
Ve € RY, Hknkacyk ) = kn( :Uyanyk,
k=1 k=1

— K — —
wheren =3 1 m and § = 3 ) nkYr/M
Let us now state an useful corollary.

Corollary 1. Letn € ]Rﬂlr L YLY2 € R, Then

Vo € RY, k@, y1)kn(w,y2) = kan(z, (Y1 + y2)/2) Ky 2 (y1, v2)- (41)

Lemma 2 (Gaussian embedding derivative). Let n € Ri LT E R? and o € N, The derivative
Oatn(x) is well defined in Hy, and |Oady(x)|3, = 2101/2na/2 - Moreover, if g € H,, then

SUp,cpa | (9ag) ()| < 219120272 || g5y, .

Proof. Let o € N and let v,,(2) = ky(2,0) = exp(—z " diag(n)z). If the function %kn(ac, Y)
belongs to H,,, then 0 ¢y, () is in H,, and is equal to that function by the reproducing property.

First, note that
Vr,y € RY 2ok, (z,y) = (—1)0a7.[v,)(y),

where 7, : f — f(- — x), commutes with the differential operator d,, and satisfies the following
relation wrt to the Fourier transform : F[r,g](&) = e 2™ F[f](¢). Hence, using (e) of
proposition 3, we get the following fourier transform wrt y:

Fyl gk (2, 9)](€) = (=2mi)l g e 2 Flu,)(€).

Hence, we have using Eq. (26):
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Ik My, = [ el Flu)(6) de
1)l [ (2imele Flu)(¢) de
Rd

= (_1)|a‘ ‘7:[82111}77](5) d§ = (_1)|a|82avv7(0)>

Rd

where the last equality comes from the inverse Fourier transform. A simple recursion then shows that
(-1) ‘“'82avn(0) = 20l hence the result. The last point of the lemma is simply a consequence

of the fact that 0,9(z) = (g, 3a¢n (l“»yn-
]

B.2 Useful Matrices and Linear Operators on the Gaussian RKHS

Recall that we denote with ¢,, the embedding associated to the RKHS #,, of the Gaussian kernel &,
defined in Example 1. In this section, we define operators which will be useful throughout the rest
of this section and which we will use in Appendixes E and F. In order to make the dependence
in 7 appear (indeed, n will be a parameter to choose in the the next sections), we will keep it
as an index for all of these operators. Recall that for any two vectors u, v in a Hilbert space H,
we can define their tensor product © @ v which is a linear rank one operator on ‘H defined by
(u® v)w = (v,w),, u. For the sake of simplicity, we will often write u ® v as uv ", so that the
formula (u ® v)w = uv " w is formally true.

Kernel matrices. We start off by setting the notations for kernel matrices as done by Rudi
and Ciliberto [15]. Let X 6 R™*? and X’ € R"*? be two matrices corresponding to points
T1y ., Ty € RYand 2], ..., 2, € R% We denote with K x x, the matrix in R™*"" such that

V1 < 7 < n, V1 < j < n’, [KX,X’,n]ij = kn(x,,xz) (42)

If X = X', then we just write K x , and it is positive semi-definite, i.e. Kx, € Sy (R").

Integration matrices. In this work, we also define, for a given hyper-rectangle () = HZ:1 [ag, by,
the following integration matrix G X,X'm,Q € RXn .

Vi<i<n, V1<j< n', [GX,X’,n,Q]z‘j :/ kzn(x — (a:z —l—l’j)/Q)dx
Q

d
Hf (exf (/b + (i + 53 /2)) = erf (Vi (g + (an +5)/2)). @43)

where the erf function is defined in the notations section. Similarly, if X = X', we simply write
Gx .0

This matrix is defined in order to satisfy the following property, which is a direct application of
Eq. (41): forany X € R"*¢ any A € ST andn) € RY _, the following holds.
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/ flz; A, X n) dx = Z [Ao Kx /20 Gx,2n,0lij = vec(A o Kx /20 GX72,7,Q)T1n2
Q 1<i,j<n

(44)

Co-variance operator. Let X' C R? be a measurable set of R? with finite Lebesgue measure |X|.
Define the associated co-variance operator:

CreSi(Hy),  Cp= b /X 6o(@) ® by(x) dz,  Cyn=Cy+ AL (45)

Note that C), is a trace class operator with and that Tr (C),) = 1 by linearity of the trace and since
Tr (¢ (7) @ ¢y(2)) = ||Py(2)||*> = ky(x,2) = 1. Moreover, since C, x = AI, C,, ) is inverible
for any A > 0.

Note that we do not make the set X" appear in the notation of the co-variance operator (which can
actually be defined with respect to any probability distribution on R? and not just 1@?“). This
is because the set X will usually explicit in the next sections, and in particular equal to the unit
hyper-cube X = (—1,1)%.

Sampling operators. Letn € N (z1,..,2,) € (R?)" be points of R? which should be seen as
samples from a certain distribution. We define the following sampling operators.

Cy €S4(Hy),  Cy=5> dy(@) @ ylwi),  Cyn=Cy+ Al (46)
=1
Sy My =R 8(g) = 2=(g(i)1<i<n 47)
SpiR" =My, Sia) = o > aiy(x:) (48)
=1

where §:; and §77 are adjoint operators. We will usually use the ® notation to denote sampling
operators, and imply the underlying (1, ..., z,,). These operators will be used in later sections in
order to quantify the difference between objects resulting from the sampling of distributions and the
"ideal" objects (typically the difference between an empirical risk minimizer and the true expected
risk minimizer). For instance, it is clear the @, is an empirical version of (), if the x; are i.i.d.
samples from the uniform distribution on X'.

Compression operators. Following the notations of Rudi and Rosasco [16], Rudi et al. [13], Rudi
and Ciliberto [15], a compression operator of size m is an operator th : Hy — R™. We call
it a compression operator since we use it to project every element of H,, onto the range of the
adjoint operator Z;;m : R™ — H,,. This range, which we denote with ﬁn,m C H,, is a subset of
dimension at most m. We also denote with ﬁmm : H, — H, the orthogonal projection onto ﬁn,m,
which can also be written ﬁn,m = Z;ﬁm(én,mé;;,m)%,m, where 1 denotes the Moore-Penrose
pseudo-inverse.

In this work, we will always use the notation e, to denote a compression operator, and the index m
to make the size of the compression explicit.
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In this work, we take a specific form of compression operator as in appendix C of Rudi and Ciliberto
[15]. Indeed, let X,,, € R™*% be a data point matrix representing vectors 21, ..., Ty, € R?. The
compression operator associated to X, is the following :

Zn,m :Hy — R™, Zn,m(g) = (9(&5))1<j<m = (g In(E5))1<j<m- (49)

Note that anz‘;m =K fa and hence the projection operator can be written ﬁn’m =

Z,’;mK}( anm and that it is simply the projection onto span{ ¢, (Z;) }1<i<m. This compression

is also chosen to satisfy the two following properties :
« if h € H,, then an,mh represents a function of the form g(e; a,)?m,n) where a =

K}mmZ],mh (see Eq. (2) for the definition of the Gaussian linear model g(z; a, Xm, n));

* if M € S, (H,), then for any = € R, it holds

f(@; PymM Py, 6g) = f(23 A, Xyn), A=Ky Z,nMZy, KL (50)

meaning that compressed linear (resp. PSD) models can be compressed as a sum of m (resp.
m?) Gaussian kernel functions. We quantify the effect of this compression in Lemma 3 and
Theorem 5.

B.3 Approximation properties of the Gaussian kernel

This section aims in quantifying the approximation power of the Gaussian RKHS. We start in
proposition 7 by quantifying the approximation power of the Gaussian RKHS by finding an ¢
approximation of a regular function with controlled norm. We then quantify the "size" of a
compression for the Gaussian RKHS in Lemma 3, which essentially bounds the possible variations
of a function in H,, if it is equal to zero on the compression points )Z'm

Approximation of a Sobolev function. This paragraph remolds results in the proof of Theorem
D.4 of Rudi and Ciliberto [15] whose goal is to approximate any function g € W2’5 (R%) N L>(RY)
by a function in H,,.

Proposition 7 (Approximation of WZB (R?) N L>®(R?) in H,). Let g be a function in Wf (R4 N
L>®(R%) and n € R . Denote with |n| the product |n| := 1%, mi and ng = miny<icqn;. For
any € € (0, 1], there exists 0 € H, such that

16 = g2y < ellgllyg
{| 2 00, < Callgllyp gy In (1 +2exp (557)) 5 6D

10— gl L ey < Cre gl

where ||glle = |9l Lo ey if B < d/2 and ||glle = l|gllyypray i B > d/2, v = min(L, d/(25))
and C1, Cy are constants which depend only on d, (.

Proof. Recalling the notations from the proof of Theorem D.4. of Rudi and Ciliberto [15], let
gt := t~%g1(x/t) where g is defined as g in equation (D.2) of Rudi and Ciliberto [15]. The
following result hold.

* By step 1 of the proof of Theorem D.4, [|g — g * g¢[| 2Ry < (2t)7 HgHWQﬁ(Rd).
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* By step 2 and the beginning of step 3 of the proof of Theorem D.4,

—d/4 1/4(1

lg * gullag, < 22V + (2/3) exp (29l 8 -

* As in step 5 of the proof of Theorem D.4 and in particular the Young convolution inequality
combined with the fact that |[g1| ;1 (ra) is finite, ||g * gl Loo(ray < 911 1 (a) 19| oo (et
which in turn implies [|g — g * g:l| < (1 + l91ll 11 (ra)) 19/ Loo (Ra)-

Replacing ¢ by e!/# /2, we get all the bounds except the bound for the L> norm in the case where
B > d/2. In that case, we proceed in the following way. Recycling results and notations from the
proof of Theorem D.4 of Rudi and Ciliberto [15], denoting with F the Fourier transform defined in
proposition 3, it holds
If = f % gillpoemay < [IF(f = gt)ll £1(ma) proposition 3
= [|F()A = F(ge)ll 1 (e
<A+ Nl 2F ) 2y 10+ )77 FO = g)l| 2 ey

1/2
<2 (/ (14 [|w]®)~? dw) 1/ Yy o) G- (29)
loll>1/¢ 2

1/2
=26 Sd/ rd=t (14 dr HfHWB(Rd) (spherical coord.)
>1/t 2

1/2
< 5ﬂ/25;/2 </ pd—1-28 dr) ||f||Wg(Rd) (t<1/2)
r>1/t 2

1/2,8—
= 572 SR )

d 1/2 d
— 5P/294/2-0g! / 227 £1-d/(28) HfH
where Sy is the surface area of the d — 1 dimensional hyper-sphere. O

A bound on the performance of compression when using uniform samples from X = (—1, 1)d.
In this paragraph, we study the effect of performing compression with a compression operator of
the form Zn,m (see Eq. (49)) where the associated )me are i.i.d. samples from the uniform measure
on the unit hyper-cube X = (—1,1)%.

Lemma3. Letm € N, 6 € (0,1], 7 > Lland p € (0,1]. Letn =715 € RY . Let X, € R™*4 pe
a data matrix correspondmg to vectors I 1, ..., Tm Which are sampled independently and uniformly
from X = (—1 ) and let P, ;,, be the associated projection operator in H,,. With probability at

least 1 — 6, ifm > C17%2(log CQ) (log + log 7 + log log €2 ) then it holds :

sup [|(I — Bym) by (@)]| < p, (52)

reX

where C, Co, C3 are constants which depend only on the dimension d and not on T, m, J, p.

Proof. Let h denote the fill distance with respect to )N(m, i.e.

h = — 53
panax o e =&l (53)
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Using Lemma 12 p.19 of Vacher et al. [23], we there exists two constants C', Co depending only on
d such that h < (Clmfl(log(Cgm/é))l/d.

Applying Theorem C.3 from Rudi and Ciliberto [15] in the case where X = (—1,1), 5 = 714,
there exists constants C3, Cy, Cs depending only on the dimension d such that when h < 77/ 20y L
the following holds :

~ CS C5
sup ||(1 — By )y (@)|| < Cae” 720 8 71725 (54)
reX

Now note that taking Cs = max(Cj !, eCs) and C7 = max(e, Cy),assoonash < Cg7 /2 /log %,
it holds a) b < 71/2C5 %, b) Tﬁgh > e and thus log Tlc/gh > 1, and hence c) sup,cy ||({ —

Ign,m)gbn(m) | < p using Eq. (54). Using the bound on h, this is satisfied as soon as

d
m > Cgr/? (log %) log(Cam/9),

where Cg = max(C1/C¥, ). Using the fact that Cy, Cg > e, and using the reasoning in the proof
of Theorem C.5 of Rudi and Ciliberto [15], in equation (C.44), a sufficient condition is the following

d
m > 2CsT? (1Og %) <log(20208 /8) + log 7 + dloglog %) : (55)

The result in the theorem is obtained by taking Cy < 2Csd, Cy < Cv, Cg <+ 2C5C%. O

C Properties of Gaussian PSD models

In this section, we detail some of the properties specific to Gaussian PSD models.

C.1 Bounds on the support and the derivatives

In this section, we present results which can be used to bound the tail and derivatives of a Gaussian
PSD model. These bounds can be used both for theoretical purposes (see Appendixes E and F) and
to perform adaptive bounds in an algorithm (see Sec. 3)

Lemma 4 (tail bound). Let § = (6;) € R, n € RY, X € R and A € S.(R"). Let
f(z; A, X, n) be the associated PSD model. Define T, x :

V1< k<d, 7 = max X, £ = min X;.
X X a4, Tk 1<ien iky Lk 1<i<n ik

Let Q5 = Q(x — 0,T + 0). Then the following bound holds:
d 2
/ | (3 4, X, )| dae < (%d/? det (diag(27)) /% > e—2"k5k> > Ao Kx i (56)
RN\Qs k=1 i,j

Proof. Start by recalling the following simple Chernoft bound:

+oo 2 2
Vo > 0, / e U dt < \/me™" (57)
xX
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Indeed, take \ > 0. Since e~ 22 ¢2M < 14>, it holds

+o0 2 2 +0o0 2 2
xT —0o0

Hence, taking A = z, we get the bound. Then we perform the following bound.

1
/ ky(x,0)dx = il /
d /2 d
RAQ(~6,9) ¢, n? JrnQ-symaym)

(d— 1)/22/"o ot dt)
<o wmz( -

k=1

k1(z,0)dx

< 272 det(diag(n —1/2 Z 51%77’“

where we go from the first to the second line by noting that
RI\ Q(—6,6) C US_ R x ... x R\ [<0, 0] X ... x R,

and the last inequality comes from a Eq. (57).

The result immediately follows from Eq. (41) as well as the fact that ()5 contains (x; + x;)/2 +
Q(—6,0) forall1 <i,j < n.

O]

Lemma 5 (derivative bound for general PSD model). Letn € RY ,, M € S (H,) X € R and
A € S, The following bounds hold :

sup [9af(z; M, ¢y)| < 231°1/2 /2 || M| (58)
rcRd
sup |0a f (x5 A, X, n)| < 28002 2/ | 2 AR (59)
reR4

Proof. By derivation of a bi-linear form, we get

00 (a5 M.0) = 3 () @an(2) MO0, @)y,

B<a

Hence, using Lemma 2, we get, for any = € RY,

00 f(: M, 6)| < |M| S ( )2B'/znﬂ/%'a-ﬁ'/%w-m/z — o320 ag]l. (60)

B<La

In particular, since f(z; A, X,n) = f(x; Ma,¢y,) with My = Z*AZ for Z : h € H, —
h(x;)1<i<n, and since ZZ* = Kx p, it holds

IMal| = (|2 AZ|| = |AY2 22 42| = | AV K x , A2 = | K2 AK Y2,

and hence the second equation of the lemma. O
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C.2 Compression as a Gaussian PSD model

In this section, we restate Theorem C.4 of Rudi and Ciliberto [15] on the compression of a PSD
model of the form f(x; M, ¢,) into a Gaussian PSD model.

Letn € R, , M € Sy (H,). Given a matrix X, € R™*4 representing vectors i1, ..., iy € RY,
and the associated projection operator P77 m (for more details, see Appendix B.2), one can compress
the PSD model f(e; M, ¢,) into f(e; Py, M P77 m) which is also a Gaussian PSD model of the
form f(e; A, )A(/m, 1) (A is defined in Eq. (50)). The quality of the compression is given by the
following theorem.

Theorem S (Theorem C.4 of Rudi and Ciliberto [15]). Using the previous notations, the compressed

model associated to P77 mM P,7 m of M onto X has a distance to the original PSD model associated
to M bounded, for any x € X, by

|f(w; M, y) — f(5 Py M Py, b))l < o/ f(@; M, ¢y) || M|/ sup (1 Byn) oy (@)

+ M| sup (T = Py o))" ©1)
xeX

We therefore see that the quality of the compression depends mainly on the quantity
sup [|(1 = P)oy(2)],
TEX

which can be bounded using Eq. (52) in Lemma 3.

C.3 Approximation properties of Gaussian PSD model

Define, for any measurable Q2 C RY, and any f : Q — R, the following function (set to +oc if the
set is empty).

Q Q
1/ llsos,06 = 10f § > max((lfill (@), [ fillys () 1 £ =D F7, Q € [0,400] o (62)
=1

j=1
Here, we recall Theorem D.4 of Rudi and Ciliberto [15], refined in a small way to have more control
over the dependence in the f;.

Theorem 6 (Theorem D.4 of Rudi and Ciliberto [15]). Let 7 > 1 and € € (0, 1] and f such that
[ fllsosra g < 00. Letn =714 There exists My € Sy(Hy) such that fr.c == f(e; Mrc, by) is
¢ close to p in L? norm and has controlled trace norm:

HfT,E — fHL?(]R‘i) <Oy Hf“sos,Rd,,B &
Tr (Mr.e) < s [|fllsosas 7/2(1 + €% exp(Cy e72/7 /7)), ©2

where the constants C1,Co, Cs depend only on S, d.

Proof. Let 6 > 0 and take Q)5 € [0, +00] as well as f5 ; such that f = Z 0 f2 '; point-wise and

Q

> sl

i=1

W (Re) maX(HftS,jHLOO(Rd)7 Hf&j’ WQB(Rd)) < Hf”sos,,@'
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Now using exactly the same reasoning than in the proof of Theorem D.4 of Rudi and Ciliberto [15]
but setting simply ¢ = £/, it holds the existence of M - - and C1, C3, C3 depending only on 3, d
such that

Hfé,T,&‘ - fHL2(Rd) < Cl (Hf”sosJRd”B + 5) g,
Tr (Msr2) < Ca (|| fllsos g+ 0) 77 (1 + &% exp(Cy e/ /7).
Note that in the proof, M; - . is well defined since its trace norm is bounded (normal convergence).

Now if || f||sos ra g = O, then f = 0 and there is nothing to prove. If not, then taking § = || f|| 505 ra g»
the theorem holds. ]

D The sampling algorithm

In this section, we formally prove that algorithm 1 converges, as in Theorem 1, as well as the
different results of Sec. 3. We start by introducing some notations around dyadic decomposition
of hyper-rectangles. We then introduce a well founded order relation, which we will then use to
both construct the random variables we study, justify the convergence of the algorithm and prove its
correctness.

Recall we are given a density (up to a scaling factor) f(x) and that we denote with () the quantity
J. o f(x)dz on any hyper-rectangle Q.
D.1 Dyadic decompositions and convergence of algorithm 1

Dyadic sub-rectangles Let(Q = HZ:1 [ak, by[ be a hyper-rectangle where a < bandletd = b—a.
Let ¢ € N%. We define D, to be the set of dyadic sub-rectangles of ) whose k-th size is cut in
half ¢ times, i.e.

d d
Dqq = {H [a, + Opor, ak + Okt s € H [0, 2% — 1]]}
k=1 k=1

We denote with D, the set of dyadic sub-rectangles of @, i.e. the union | qend Pog-

Moreover, if ¢ = max(0, [log, %}), we also define D . := Dg g to be the set of dyadic
sub-rectangles whose size is just below p.

Well founded order relation on hyper-rectangles For all p > 0, we define the following strict
order relation. We say that Q <, Q' if the following conditions hold :

1. Q € DQ/;
2. There exists k € [1, d] such that 6, > p and & < ..

This relation is obviously transitive. Moreover, if s(Q) := Zizl 9k (Q), it is easy to show that
Q <, Q implies 5(Q) < s(Q') — p/2. Since s > 0, this in turn shows that any strictly decreasing
sequence for <, is finite, and that Q <, Q" and Q' <, @ are incompatible.

We are now ready to define the random variable Y, g ,, by structural induction on () for any n € N.
Recall that for Q C R%, we denote with U, the uniform law on €.
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Definition of the random variable Y , i , and relation to the algorithm We now define a
random variable from whose distribution we sample when SAMPLERREC in 1 is applied.

* If 6(Q) < p,thenforanyn € N, Y, o , ~ L[S”

* Else, letn € Nand kg = min argmax; ;4 6x(Q) be the smallest index amongst the largest
sides of (). Define (1 and ()5 to be the two hyper-rectangles obtained by cutting () in half
along the direction kq. Since dx, > p and Q1, Q2 are dyadic sub-rectangles of (), we have

Q1,Q2 <, Q.

By structural induction, we give ourselves a probability space on which we take we take the
following random variables to be independent : Y1, ~ Y , 0, m, Yo,m ~ Y, 0, m for
0<m<nand M ~ B(n,1(Q1)/I(Q)) and define

n
Yp,Q,n = (Yp,Ql,Ma Yp,QQ,n—M) = Z ]—M:m(Yl,m7 Y2,n—m)- (64)

m=0

Lemma 6 (Termination of the algorithm and first result). For any inputs p > 0, hyper-rectangle ()
and n € N, SAMPLERREC in algorithm I terminates and returns a sample (y1, ..., yn) from'Y , g n.

Proof. This is a simple application of structural induction on the well-founded order <, for the
termination and then again for the fact that a sample (y1, ..., y,) from Y, g »,, using the definition
of Y above. O

D.2 Proof of Theorem 1

In this section, we prove Theorem 1. To do so, we define a random variable X, g, compute its
density with respect to the Lebesgue measure on the hyper-rectangle () (and show it is our target
density), and show that Y = X up to some random shuffling.

Definition of the variable X, o Recall the definition of Dy , from Appendix D.1. We define
a random variable R, g on Dg , whose law is defined P(R, o = r) = I(r)/I(Q). Recall that
for any 7 C R?, we denote with I/, the uniform law on 7. We give ourselves a measure space on
which there exists a family of random variables U, ~ U, forr € Dg , and R ~ R, o which are all
independent and define

Xpo=Ur= Y 1pU. (65)
TG'DQ”,,

Lemma 7 (density of X, ). The density of X, ¢ with respect to the Lebesgue measure is given by
Eq. (7), i.e.

Vo € Q, px,o(@) = D TR (66)
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Proof. For any measurable function f, it holds

Elf(X,Q) = > E[lp—rf(U,)]

T‘EDQ,,,

= ) P(R=rE[fU,)]
TE'DQ,p

o I(r) 1, (z

= > 1(Q>/Rdf(°’”> P e
TG’DQ’p

= I(T) 17"(33)

= /Rd @) | X g | de

O]

Action of a permutation and decomposition Let n € N. For any permutation 7 € &,, and
vector v € R™, denote with 7 x v the permuted vector (v.—1(;))1<i<n-

We now define a decomposition of a permutation of n variables as i) a permutation of the first m
variables and a permutation of the last n — m variables ii) followed by a rearrangement of these
variables.

Given [ C [1,n] of size m, define 77 as the unique permutation satisfying I = {77(1), ..., 77(m)},
I¢ = {ry(m +1),...,77(n)} and 77(1) < ... < 77(m) and 77(m + 1) < ... < 77(n). For
any m € [0,n], if P, (n) denotes the set of subsets of {1,...,n} of size m, the map from
Pm(n) X Sy X &y to S, defined as

(1, O O <z - {T’(”’”(i)) s m > 67)

T7(m + 0p—m(i —m)) otherwise
is a bijection.

Lemma 8. Let p > 0. Let n € N, Q be a hyper-rectangle of R%. Let o be a random permutation

independent of Y , 9 n. Then (Y;(l),n)lgign ~ Xg?g.

Proof. Once again, we prove this by structural induction. Fix p > 0. We will prove the following

property by structural induction on the set of hyper-rectangles () equipped with the strict order
relation <, :

For any n € N, if ¢ is a random permutation (i.e. distributed uniformly amongst all permutations in
Sn), Yo ~ Y, n and both random variables are independent, then (Y?Q(Q)léién ~ XS e

1) If6(Q) <p.

On the one hand, by definition of Y, g, it holds that for any n € N, Y, 5, ~ S’” and
hence Y, ~ L{S". By invariance of the product measure by permutation, it also holds that

(YD 1<ian ~ UG™

On the other hand, since 6(Q) < p, it is easy to see that ¢” = 0 and hence Dg , = {Q}. Hence, by
definition of X, ¢ in Eq. (65), R is deterministic and hence X, o = Ug ~ Ug.

Putting things together, this yields (YUQSQ)I@‘@ ~ ng.
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2) Assume §(Q) > p and take n € N. By definition of Y, ¢ ,, in Eq. (64), and since our property
only concerns a convergence in law, we can assume that Y g j, is of the form

n
YQ,n = Z 1M:m(YQ1,m7 YQz,n—m)7

m=0

where Y ¢, m, Y Q,,m and M are independent and independent of o, Y, m ~ Y, 0, m;
Ygom ~ YpQomfor0 <m < nand M ~ B(n,I(Q1)/1(Q)), and Q1, Q2 are defined
just before Eq. (64). It is easy to see that since (1 L ()2 = Q and Q1,(Q2 <, @, it holds
Dq,, = Dg,,, UDg,,, where LI symbolises a disjoint union.

Fix a measurable function f. Using the independence of M from the other variables and the fact
that it is discrete, it holds

El[f(0xYqu)] =Y P(M=mE[f(0*(Yqim Y Qun-m))
m=0

Now note that using our bijection Eq. (67), it holds

EazYQ1,7YL7YQ2,m [f(a * (YQ17m7 YQQynfm))]

1
- ! Z EYQl,myYQQ,m [f(T * (YQLm?YQQ,n—m))]
’ TEGn

1
-l Z Z Z EYQl,vaQQ,m [f (715 (01 x Y Qrms 02 % Y Qo n—m)))]

" IC[1,n] 01€Gm 02€G_m,
[[=m

1
= m Z EUL@,YQLWYQQM [f(TI * (01 * Ythv 02 % YQz,n—m)))}
m.

IC[1,n]
[|=m

Now note that by induction, o1 * Y g, m ~ ngl and o2 * Y 9, n—m ~ X?jg;_m).

Let X{, .., X7 ~ X, 0, and X],..., X" ~ X, g, be 2n i.i.d. random variables; the previous
statement shows that , 77 x (01 * Y @, m, 02 * Y 9y n—m) ~ (Xliliej +(1- 11-6[)X§)1<Z<n (here,
I is fixed). Moreover, note that P(M = m) = (")q™(1 — ¢)"~™ where ¢ = I(Q1)/I(Q). Hence

m

E[f(oxYon)l= D d"(1 =" MExi x;(Xilier + (1 = Licr) X3)1<in
IC[1,n]

Now let By, ..., B, be n i.i.d. Bernoulli variables of parameter ¢ independent of the X, X5. Note
that from the previous equation,

E[f(o* Y n)] = E[f(X{Bi + X5(1 — By))1<i<n)]

It is easy to see that (XiB; + X4(1 — B;))1<i<n are i.i.d. and distributed as X »,Q> Which concludes
the proof.

O]
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Proof of Theorem 1. Theorem 1 is now a simple consequence of Lemmas 6 to 8. The bound on
the number of integral computations can be easily obtained by noting that for any sample, at most
sum%zlqz hyper-rectangles are visited (we do not count the first since this computation is done
once and for all in any case). Since ¢} = [logy(0x/p)] < logy(28x/p), this yields a bound of
log,(291Q|/p?) = log,(|Q]) + dlogs(2/p) per sample, hence the result. O

D.3 Evaluating the error of the sampling algorithm : proof of Theorem 2

Theorem 2 is a specific case of the following theorem. For a given function g defined on a
hyper-rectangle (), define its Lipschitz constant with respect to the infinity norm :

. xr) —
Ve €, It = sup feil,  Lipw(g) = sup S —9WI (68)
1<k<d x,y#EQ ||93*3/||oo
a7y

Theorem 7 (Variation bounds). Let () be a hyper-rectangle, p > 0, pg = f/1(Q) and pg., defined
in Eq. (7). Recall the definition of Lip.(f), Lipo, (\/f) from Eq. (68). The following bounds hold.

drv (g, Po,p) < 735 Lipae(f) (69)
H(pq,pa,) < \/ 13y Livss (V) p (70)
Wy (pg,pg,p) < Vdp,  p=1. (1)

Proof. Recall that pg = f1¢/1(Q) and hence

Vo e Q, po(z Z f(x)1g,(»

QPGDQ P

Combining the previous equation with Eq. (7), it holds :

Vz € Q, po(x) —pop(@) = 1 D (f(2) = 110, () (72)

Qr€DQ,p

1. Distance between f and its mean on a small cube. Let ), € Dg , and z € @, it holds

|f(x) — 152 < Lipyo (f) p- (73)

Indeed, expanding the mean, we get f(z) — II(QQ:I) = ﬁ pr (f(x) — f(y)) dy. Moreover,

|f(x) — f(y)| < Lipoo(f) || — y|loo- Plugging that back in the previous equation and using the
fact that ||z — y||oc < pon @, we get Eq. (73)

2. Bounds on the total variation and L? distances. Using Eqs. (72) and (73), we immediately
get

/Q |pQ(ZC) _pQ,p( |d$ = A% Z / I|(QQ;\) ‘d%‘

QPEDQ
|Q| Lipo (f) p
STI0
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3. Bound on the Wasserstein norm W,,. Consider the following density on () x Q:

V@) =g Y f@)le, (@) g le, W) (74)

QRp€Dq,p

A simple computation shows that v € II(pg, po, p) (see Santambrogio [17] and Eq. (33)), i.e. that
its marginals are pg and pg ,. Hence, by definition Eq. (33), we have

W2 (pQ.p00) < iy D / @ — yP 5 dady.
Qp€DQ,p QoxQp

Now using the fact that if 2,y € Q,, we have ||z — y|| < V/dp as Q,, is a hyper-rectangle with all
sides of length less than or equal to p, we finally get : W, (pg,pg.») < Vdp

4. Hellinger distance bound. Note that we could get a looser bound using Eq. (36) which only
relies on the Lipschitz constant of f and not on that of 1/f. Here, we concentrate on that case.

Let @, € Dg, . By the intermediate value theorem, there exists z € @, such that f(z) =
and hence for any = € @), it holds

VF@) - 5| = |VE@) - VG| < LtV o = 2l < Libe (V)

Bounding the distance between pg , and pg by decomposing on dyadic hyper-rectangles using the
previous expression, it holds

2
1(Qp)
H(pg,pg.,)’ = Z / I(Q IQpI,(JQ)‘ dx
Qp€DQ,p
_ 1 1(Qp)
- I(Q) Z |Qpp‘
QrEDQ,p
2
D Yl RYE (AT I R
QpeDq,p

D.4 Time complexity

In the Theorem 1, we measure the cost of the algorithm in terms of evaluation of integrals of the
PSD model and in particular in the number of calls to the erf function (or subtractions) in the
computation of such integrals. The fact that this is the true bottleneck of the algorithm can be seen
in Appendix D.4, as integrals take 95% of the CPU time.

E A general method of approximation and sampling
In this section, we prove proposition 1 and Theorem 3 using mainly results from Rudi and Ciliberto

[15]. We introduce those results sequentially, showing the how each one is a building block towards
the final result.

38



Table 1: Main computing times (% of the CPU time)

| PART | MAIN OPERATION | TIME |
] Integration \ Egs. (3) to (5) \ ‘
Computing K'x /9 1%
Computing X 6%
Computing G x 2, | Computing A, B 8%
Calls to erf 6%
Other 8%
Other 1%
] Sampling \ algorithm 1 \ ‘
Computing 1(Q) Calls to erf 34%
Computing A, B 26%
Mulitplications /7 11%
Other 24%
Other 5%

For this section, fix a probability distribution p on the set X = (—1,1)? (this is for the sake
of simplicity; any hyper-rectangle could do), and assume that Assumption 1 holds for a certain
g eN, g>0,ie. there exists J € Nand ¢, ...,q5 € WéB(X) N L>(X) such thatp = 3, qJQ-.
In this section, this probability distribution p is only known through a function f,, proportional
to its density. Denote with Z, > 0 this proportionality constant, i.e. f,/Z, = p, and with f; the
renormalized ¢; : q;/+/Zp = fj s:t. f, = 3, f7. Our goal is to be able to generate i.i.d. samples
from a distribution as close as possible to p.

To do so, we first approximate f,, by a Gaussian PSD model ﬁm A= f(; Eﬂm, X )?m, n) where
n=r1lgand 7 >0, X, € R™*4 is obtained as (&1, ..., Z,,) | from m i.i.d. uniform samples from
X, and A, ., » is obtained by solving the problem Eq. (15) which we rewrite here for a given A > 0

2 1/2 4 7r1/2
AGISIBII}RW / flz A, X, n) dw—Z;fp ) f(zi; A, X, n) + M| KV 2AKY?|| g, (15)

where K = K ot and the (x;)1<;<n represented by X € R™*4 are n i.i.d. samples from the
uniform dlstrlbutlon on X.

The parameters 7, m, n, A are selected in order to have an e approximation of the probability
D.

Using the fact that we can easily compute integrals of Gaussian PSD models, we can easﬂy have
access 10 Promr = frmn/Zrmp Whete Zp oy = | frmallzi vy = [y frmn(@

We then apply algorithm 1 to p; ,, », the hyper-rectangle X, the desired number of samples N
and a certain p controlling the size of the dyadic decomposition of X" in order to sample from a
distribution whose total variation distance to p is less than a constant times .

Existence of a compressed c-close Gaussian PSD model. We start by invoking Theorem 6
in order to obtain an e-approximation of f, in the form of a general PSD f, . with associated
operator M, . € S;(H,). This PSD model can then be compressed using a compression operator
as described in Appendix C.2. This is the object of the following proposition.
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Proposition 8 (Compression of M, (). Let ¢ € (0,1], 7 > e=2/% and define n = 714 € R%. Let
M ¢ be given by Theorem 6 applied to f, and satisfying Eq. (63) and f; . the corresponding PSD
model.

Letm € N, )A(; € R"™*? be a data matrix corresponding to vectors Iy, ..., Ty, Which are sampled
lndependently and umformly from X, and P, ,,, be the associated orthogonal prOJectzon in H,. Let

MT mye ' P77 mM- 6P77 m be the operator associated to the compressed PSD model f.r m,e Of fr.e
onto X (see Eq. (49) and Eq. (50) for the definitions).

Let § € (0,1]. If one of the two following are true
m = C’{Td/2 (log %é + g log 7'> <log + 4 5 log T + loglog =2 ) (75)
! d ! !/
m > C{’es*d/ﬁ (log %) (log % + log %) , r=g%P (76)
then with probability at least 1 — 6, it holds

| fre — < 2¢ [ fre = frmell oo () < 2C ”prsos,Rd,gg

Tr (Mme) Tr (Mre) < C | foll sospe s /2 (77)

The constants C, C1{, CY, C%, C{ depends only on d, B, and not on 7,2, m, 4.

Proof. Using Eq. (63) in Theorem 6 applied to f,, we see thatife < land 7 > £ 2/8  there exists
constants C', C5 depending only on d ,3, and not on 7, & such that || f(+; Mz, ¢) — fpllr2(x) <
Cu | fpllsos ma g €and Tr (Mre) < Cs || fpllsos mag T 742 (we set C5 = Co(1+e%3) where Cy, C3
are introduced in Theorem 6). Now setting p = 3 rd sa a7z Which is less than 1 since ¢ < 1 and
T > e 2/8 > 1, we can apply Lemma 3 and hence, with probability at least 1 — §, if

m > Cle/2(log Co ;d/ )e (log + log 7 + loglog C2 7¢/2 ) , (78)

with 1 < (7 from Lemma 3, Cy < max(e, C52%) where Oy is given by Lemma 3 and C3 < C3
from Lemma 3, it holds sup,.c y ||(I — P,m)¢y(x)|| < p (hence Cy, Co, C3 depend only on d).

1. Let us now show that Eq. (78) is implied by Eq. (75). Let us bound :

log log 02 rd = log <log % (1 + dl/mgg;))
O

15
= log log + log < + thg)
log =
< loglog % + %log T,

where the last inequality is obtained since log(1 + ¢) < ¢ and Cy/e > > e by definition of
Cs and since ¢ < 1. Setting C] = 3C1, C) = Cy and C§ = Cs, it is therefore clear that Eq. (75)
implies Eq. (78).

2. Moreover, Eq. (75) is in turn implied by Eq. (76). Indeed, in the case where 7 = 28 we
have the bound

loglogf dlogr log glogr = log%é + %log% < (1+4d/p) log%é

since C > e > 1. Thus, taking C} = C}(1 + d/B)***, Eq. (76) implies Eq. (75).
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3. IfEq. (78) holds, then Eq. (77) holds with probability at least 1 — ¢. Indeed, for the first part,
since Eq. (78) holds, with probability at least 1 — 8, sup,e x [|(L — Pym)éy(2)|| < p = 55575

Moreover, using Eq. (61) combined with the fact that for any = € X, |f(x; M, ¢y)| =
| (@), Mrcy(2)) | < [l 6n(@)I5,, |Mrell = [|Mr, (2)[|* = ky(z,2) = 1, it holds

Hf( 7'67¢7]) f(‘;MT,m,ea(bn)HL‘”(X) < ”M g

We conclude using the fact that for any operator M/, and any orthogonal projection P, || M || < Tr (M)
and Tr (PM P) < Tr (M). We then conclude the proof by using the definition of p and the fact
that [, 1 dz = 2¢, and setting C' + Cs.

(0 +p) < 2|0,

O]

Combining Eq. (63) and Eq. (77), we see that if m is large enough, one can find a Gaussian PSD
model of the form fr . = f( - Arm.e, Xm, 71q) (Where A ,, . is defined through Eq. (50) from
M ) which is C'|| f, |l os.Rd,6 € close to f, and whose trace is controlled. It now remains to
compare the performance of f ,,, . with the Gaussian PSD model learned from evaluations of f,,
fr.m,x» Which is the solution of Eq. (15) which we can compute.

Controlling the L? distance between ﬁm »and f,. This theorem is a rewriting of Theorem 7
of Rudi and Ciliberto [15], but with the point of view of ¢ instead of n.

Proposition 9 (Performance of ]/”\Tm A Letn € Nand let (1, ...,x,) be ni.i.d. samples from p.
Let6 € (0,1] and ¢ < % Assume n satisfies

n > e~ (@+28)/8 1ggd (L) log (3), (79)

Let m € N and assume m satisfies Eq. (76) and let X, € R™4 be g data matrix corresponding
10 vectors I1, ..., Tm which are sampled independently and uniformly from X. Let A = 2(B+d)/B,
r=¢"2P and me \ be the Gaussian PSD model associated to the solution ATm x of Eq. (15)
with Xm, A, 7. With probability at least 1 — 26, the following holds

~ _ 1/2
(W = Follaay + MMemalF) " < C 1 follsos,nep (80)
where C'is a constant depending only on d, 3, and not on ,6, \, m, T, fp.

Proof. We start by applying the same reasoning as in the proof of Theorem 7 by Rudi and Ciliberto
[15].

Note that since 7 = £72/P and Eq. (76) is satisfied, with probability at least 1 — 8, it holds
| frome — from, ) < 201 [|fpllsosrag € (Where Cy < C from Eq. (77)) and hence

| fp — < (Co +2C1) [[fpllsosra s € (Where Cy <= Ci from Theorem 6). Co, Cy
are both constants dependlng only on d, (. Moreover since the Frobenius norm is bounded by the
trace norm, by definition of 7, we also have HMT,m,)\HF < Tr (MTm A <O [ follsosrag T2

Cl pr”sosJRd’ﬂ g_d/ﬁ

We can modify Theorem E.2 from Rudi and Ciliberto [15] by taking © = 2 37 | £, ()¢, (2;)
andv = [ + fp(2)y(z) dz; all the formulas then remain true and adapt to our problem Eq. (15).

Applying Theorem E.2 from Rudi and Ciliberto [15] to KT,m,E and using Lemma E.3 of Rudi

and Ciliberto [15] to simplify notation, as well as the bound on the term ||Q, Y 2(1) — )|l
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combining Lemma E.4 (with { = Q_I/ 2 fp(x)¢y(x)) using s = d and Lemma E.5 (again, for more
details, see part 2 of the proof of Theorem 7 by Rudi and Ciliberto [15]) and using the fact that
Va+b < y/a+ b, a,b> 0, with probability at least 1 — &, it holds :

- _ 1/2 _
(HfT,m,)\ — follfaga) + /\HMT,m,AH%) < [ frme = foll2 ()

—~ log§
+\f/\HMr,m,eHF+CQ prHsostng AL/
/4 log d/2 log 2 1/2
+Cg, ||fp||sos,Rd,ﬂ ( )\)1/2( 6) } (81)

where Cs and Cj3 are constants which depend only on d.

Note that in the proof of Lemma E.4 of Rudi and Ciliberto [15], ||{|| is bounded in essential
supremum and standard deviation by || f, ||z (x)X a quantity independent of f,, which is then
bounded, hence the previous concentration bound since || fp || Lo (x) < [|.fpllgos ge, -

263+2d
Now combining both events in a union bound, and plugging in the fact that \ = ¢ # and
7 = e %/P we see that with probability at least 1 — 24, the left hand term is bounded by the
following quantity:

€ ||fp||sos7Rd7ﬁ (OO + 301 + T)? (82)
3B+d _ d/2 1/2
o e 2 log2 . g~ (d+26)/25 (—25;2”[ log %) (log 3) /
I A— +C3 12

Now the goal is to bound the term 7. Note that as soon as ¢ < e ' and § < 2, if Y =

—(d+28)/8 ] loe (2
: Oi ( ) Og( ) , then it holds T < VY. Now note that Y < 1iif n >
e~ (@+26)/8 1pg4 (%) log (3). The theorem therefore holds with C' + 1 + 3C + Cy/log?2 + Cs.

Finally, the fact that all bounds involving || f, || . ga 5 can be replaced, up to constants depending
only on /3, d, by the norm [ f, ;o5 x5 is simply a consequence of proposition 4. O

We now come to the final part of our section detailing the proof of proposition 10 and Theorem 8,
which consists in approximately sampling from the learnt model f; ,,, x using algorithm 1 with well
chosen parameters.

Performance of the re-normalized probability measure p. ,,, . We start off with a technical
lemma.

Lemma 9 (Technical lemma). Let || - || be a norm on a vector space E, and let x,y € E \ {0}.
Then it holds:
a b

(83)

Moreover, if ||a — b|| < |la||/2, it holds

i <2 (84)

Proof. Introduce the quantity ﬁ in order to get

[er =l < lloer - o

L_LH [dl
o] all
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One concludes by writing

g L‘ _ [l = lafll _ |Ib -]

fell =101 lall fioll = flall o]

where the last inequality is simply the triangle inequality. This concludes the proof of Eq. (83). The
proof of Eq. (84) is simply the result of applying the bound ol ” m < 2 O

Tall”

Proposition 10 (Performance of D, ,,, \). Let p be a probability density w.r.t. the Lebesgue measure
on X = (—1,1)4 satisfying Assumption I for a certain B. There exists g > 0 depending only on
d, B, and ||p|sos x 5 and C1, C2, C1, Cy, Cy depending only on d, 3 such that the following holds.

Let n € N and let (x1,...,x,) be n i.i.d. samples selected uniformly at random from X. Let
6 € (0,1 ande < o, A = 2B+D/B and 7 = e=2/8. Assume n satisfies Eq. (79), i.e.

n > e[ @29/8 1004 (1) 10g (2). (79)
Let m € N and assume m satisfies Eq. (76), i.e.
! d ! !
m > Cle= 8 (log %) <log % + log %) , (76)
and let )?m € R"™*? be a data matrix corresponding to vectors %1, ..., £, which are sampled

independently and uniformly from X.

Let ﬁ’m’,\ be the Gaussian PSD model associated to the solution A\ﬂm’,\ of Eq. (15) with )~(m, AT
and let Dy, x be the associated probability density on X (i.e. the re-normalization of fr , ). Let
R . be PSD operator on H,, associated to Dy, . With probability at least 1 — 26, it holds

drv (Brano?) < C1 IPlsosres & IRrmallr < C [pllsosvs €7 (89)

Proof. Since the assumptions of proposition 9 are satisfied, we have by Eq. (80) the existence of a
constant C' depending only on d, 3, and not on €, d, A, m, 7, f;,, such that

1 Frma = follizey < C Mollsosvs & 1 Memalle < C lfpllsoss 77, (86)
where we have used the fact that A\ = £2+24/8,
Now using the fact that || e [|;1(x) < 24/ 2|| ® ||z2(x) (by Cauchy-Schwarz inequality), Eq. (86)
shows in particular that HfT,m,)\ fp||L1 < 2‘1/20 [ fpllsos,xv 5 € Now applying Eq. (83) of
Lemma 9, using the fact that p; ,,, \ = fﬂm)\/Hme Alzixy and p = fp /|l foll L1 (1), it holds
drv (Brans D) = [[Bromy — Plloiay < 20 Frm — Foll oo/ I foll 1 (87)
<2C Y fll o Ml €

Since p = fy/ | fyll 1 () We have [ fyllgos x5 /1 fpll () = s, This shows

dTV(ﬁT,m,)up) < 2d/2+1C HpHsos,X,ﬁ €.

Now set g9 = min(e~!,2-%2-10~1 Hp”sos)(5) If e < &g, we have 2%2C || f, .o xp€ <
prHL1(X)/2 and hence Hff,m,)\ prLl(X) | foll L2 X)/Q By Eq (84) of Lemma 9, we therefore

have ”f;vHLl(X)/”J?T,m,A”Ll(X) = p/Z‘rm A < 2. Now since Rﬂm,A = M‘rm ,\/me A» Using
Eq. (86), itholds || Rrmall < C2 [[pllsos x5 € —d/8 where Cy = 2C, which depends only on 3, d.

O]

43



Theorem 8 (Performance of psamp1e). Under the assumptions and notations of the previous theorem
(proposition 1), there exists a constant C3 depending only on d, 3, such that the following holds.

Let Dy m x be given by the previous proposition. Let Dsamp1e be the dyadic approximation of Dy m »
on@ =X = (-1, 1)d and of width p (see Eq. (7)). Recall from Theorem I that algorithm I applied
t0Q = (—1,1)4 N, p returns N i.i.d. samples from psampie.

If on the one hand p is set to e @d+D/B | then with probability at least 1 — 29,

dTV(Z/)\T,m,)\apsample) < Cs HpHsos,Xﬂ g, dTV(pa psample) < (Cl +C3) HpHsosJ(ﬁ €. (88)

If on the other p is set adaptively to guarantee dy (Psample, Prom,)) < € as in Remark 1 then with
probability at least 1 — 26, p > e+ (d+D/8 /(Cy 1Pl 505,20 5)> and hence

dTV(ﬁT,m,)npsample) <eg, dTV(papsample) <O HpHsos,X,B E+te. (89)

In any case, this guarantees that the complexity in terms of erf computations is bounded by

O(Nm?log %) =0 (N g~ 24/ |pg2d+1 (1) (log (1) +log (%))) ) (90)

where the O notations is taken with constants depending on d, 3, ||p|| sps + 5

Proof. Let us bound Lip (Pr,m ). Note that

d
Lipoo (ﬁ‘r,m,A) < sup Z akﬁr,m,)\(x)'
reX k=1

Using Lemma 5, we get Lip o (Pr.m.x) < d2%/2/7]| ]%T,m)\ |. Using the fact that 7 = =2/ and that
by Eq (85), ||R7',m,>\
25/2dCs ||pl|

| < ||§T,m,)\||F < 02 ||pHsos,X,ﬁ 8_d/ﬁ’ we therefore have Lipoo(ﬁT,m,)\) <

50,3 e~(4+1)/8_ Hence, applying Theorem 7 to py. . x, We get

dTV(psampleyl/)\T,m,A) < 23/2 2dd02 ”pHsos,Xﬁ 57(d+1)/6 p- (91)

(d+1)
On the one hand, if we use algorithm 1 with p = B , by the previous equation, we get

dry (Psanple, Brom,2) < 2%2d 29Cy |Ipllgos 2,5 -

If on the other hand we find p adaptively by computing a bound
Lip(4) = 2%2712d| K2 AK 2| = 29727 2d)| Ry |

from p, ,, » as in Remark 1, and finding p such that 2dI/EI/)(A) p= %ﬂﬁ(fl) p = ¢, since the

\
T
adaptive bound will have computed

Lip(4) < 2%2dCs ||pllsos v 5 € “TV/7,

. 14+(d+1)/8 ~ o
we will get p > 2d+3/25d 2,2 ”;/”SOS oy and hence d7y (pPsample, Prm,x) < €. The last point is just a
consequence of Theorem 1 and the bound on m in Eq. (76). O
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F Approximation and sampling using a rank one PSD model

In this section, we prove the results in Sec. 4.2, i.e. proposition 2 and Theorem 4.

For this section, fix a probability which has density p with respect to the Lebesgue measure dx on
X = (—1,1)<, (this is for the sake of simplicity; any hyper-rectangle could do), and assume that
Assumption 2 holds for a certain § € N, 8 > 0, i.e. there exists ¢ € WQB (X) N L*°(X) such that
p = ¢%. This is the case, for instance, when p o< e~V (®) where V is /3 times differentiable.

One of the main advantages of our method will be to deal with probability measures which are
known up to a constant; therefore, in this section, we take f, such that p = f,/Z(f,) where
Z(fp) = [ fo(x)dz. Assuming Assumption 2 holds, we take g, € WQB(X) N L (X) such that
gg = fp as and assume that p is only known through function evaluations of g,, i.e. we can evaluate
the function g,(x) forany x € X.

Once again, our goal is to be able to generate N i.i.d. samples from a distribution which is e-close
to p, in a sense which we will define. To do so, we first approximate g, by a Gaussian linear

model G; m x = g(®; Uz A, )?m, n) (see Eq. (2) for a definition) where n = 714 for some 7 > 0,
X, € R™*4 s obtained as (%1, ..., #,,,) | from m ii.d. uniform samples from X, and Qr o\ 1S
obtained by solving the problem Eq. (20) which we rewrite here for a given A > 0 and for n i.i.d.

samples (z1, .., ) sampled uniformly from X":

n
Qrm\ = argﬂr{?in 1 Z (9(x5 @, Ty T14) — gp(2i))® + /\aTKXm e (20)
a€R™ i—1 B

This yields a Gaussian linear model gr ., » € H, of g. Since g% | = ﬁ-m A is a PSD model

] —~ o ~ S A i ~
(indeed fr oy = f(® Armr, Xom,T1g) with A, \ = Urm Ay, ), WE Can see frmox as a
Gaussian PSD model of f),, and hence its renormalized version Dy ., » as a PSD model of p.

The parameters 7, m, A, n are selected in order to have an € approximation of the probability
D.

Furthermore, note that the first term in the optimized quantity in Eq. (20) is an empirical version of
the quantity

;('/X‘\/m—@(x)

This quantity is related to Hellinger distance H (p, pr ) defined in Eq. (32).

2
42 <y [ [Grna(@) ~ gu(o)f? do.

This will therefore be the natural measure in which to express the quality of the approximation
Dr,m,x of p in this section.

The bound obtained on the performance of p; ,,, » can be decomposed into two steps.
* We start by bounding the distance between any g € H,, and g-,,, » in Theorem 9.

* We then select a g, . which is e-close to g,,, and use it as a reference point in order to bound
the distance between g, and g, ,,, ». To do so, we need to apply different concentration

inequalities to obtain a final bound in terms of performance for both f ,,, » with respect to f,
and p- ,, » With respect to p in Hellinger distance in proposition 2.
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Bound on the performance of g, ,,, , compared to an arbitrary function g. Here, we adapt
Theorem 2. from Rudi et al. [13].

Theorem 9 (Bounding the error [13]). Letn € R‘i Land g € Hy,

HC;,/E(Q — Grm))|l < 03202 1[5, — Sygllrn o)
+1l9ll%, (1 + 6105 + 67) (sug”([——f%ﬂn)¢n(x”|+_ALQ>’
xe

where 0; = ||C' 1/201/2

N1/2 ~—1/2 -~
02 = |C)3C, V) and G, = (gp(w1)/V/m)r<icn € R™.

Proof. Let g € H,. We can apply a modification of Theorem 2 by Rudi et al. [13]. Indeed, consider
in the notations of Rudi et al. [13] the loss £(f) = HC'%/Z(f — 9)ll%,» and note that the assumptions

are satisfied with v = 0 and R = ||g[|3,, since g minimizes £ and ||C~%g||3, = [|g|», . Moreover,
note that in the proof of that theorem, one can replace C,, by C,, » without changing the result
(indeed, in the proof, one always bounds HC%/Q* | < ||C%/2 _1/2H HC;;//\z * || < HCi//\Q* ). Thus,

in that setting, without combining the "constant" terms in the bounds and looking into the proof of
Theorem 2 of Rudi et al. [13], it holds

1CYE Grma—9)l < 0311C; 3 285G~ Sng) I+ RO+0102) | (T~ Py ) O |+ ROINY2, (93)
where 0, = ||C;\2C)/% | and 05 = | C) 2 Cr V).

—1/2 G/~ ~1/25 —~ 5 ~ -~ .
Note /that IICn,A/ 5;7“(/9p - n7)|| < ||C777/)\/ Syl Hgf; = Spgllrn < 02 |9y — Spgllmn since
~1/25 —1/24 ~—1/2 —1/2.4 —1/2
1C, X “SHllP = 11C, X "CoCy VPl < IC, N “CunCy 3\l = 65
Moreover, using the definition of C), it holds

~ ) N _ .
(I = Byn) CYR2N2 = (I = Pyn) (I — Pyn) + AT = By

77,)\
]/J’meu>®%wu By do

<sup ||(1 - Pn,m) n(x)HQ + A

<X + AN = Pyl

Combining these results and using the fact that va + b < v/a + Vb for any a,b > 0, we get the
bound. O

Performance of p;,,, \. We can now state the main results of this section, i.e. the bound on the
performance of p; , x.

Proposition 11 (Performance of p; ., ). Let p be a probability density on X = (—1, 1)4, and
assume p = q* and ¢ € L>®(X) N WQB(X) for some 5 > 0. Let v > min(1,d/(23)). There
exists a constant € depending only on ||q|| L (x), HqHWf(X)’ B, d, constants Cy,Ca,C3,Cy, Cs
depending only on (3, d and a constant C depending only on 3, d, U such that the following holds.

Let § € (0,1] and € < e, and assume (x1, ..., zy) and (Z1, ..., Tm) are respectively n and m
uniform i.i.d. samples on X, satisfying

m > Cre P logd % log % 94)
> Cle* log § 95)
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Let 7 = e 2/8, n=r71lgand A = g2td/B [ er Grm ) € R" be the vector obtained by solving
Eq. (20) and Gr.m » € Hy the associated Gaussian linear model (see Eq. (2)). Let fmn’ A= :q\ﬂg_’m, N
be the associated Gaussian PSD model, Zﬂm, N = f Py ]?Tm A(x) dx be the normalizing constant,
and prom \ = f;m A/ 277m7 \ be the renormalized PSD model, which is a probability density. Let
ﬁitm’ A be PSD operator in S (H,)) associated 1o Dy, .

With probability at least 1 — 36, it holds

2

§T,m,/\

\ ZT,m,/\

where || i ||L°°(X)QW§(X) = max(H i HWQB(X)’ H i ||L°°(X))'

Tr (Rypm ) = ‘

< Csll0l ey (96)
Hn

Proof. Let T > 0, and define = 714. By proposition 4, we can extend g, to the whole of R? and
there exists an constant C' such that ng”w,f(Rd) < lgp |W2;3(X) and |[|gp| oo ey < Cllgpllzoo(x)-
We still denote with g, such an extension. Let g. . be given by proposition 7 when approximating
Jp-

28+d
Setting 7 = e 2/Pand\=¢ B ,since we assume ¢ < 1, Eq. (51) gives us two constants C'p, Co

depending only on 3, d such that

d/

t= C HgPHWQB(Rd)g_%'

Hgﬂ's - ngL2(Rd) < EHQPHWH d
’ R9)
{ < 2 ”gT7E||Hn < 02 ||ngW2ﬁ(Rd) T

197 = gpllLoe(ray < C1' ™ |l gplle

~

1. Bounding ||g, — S,g-c|[r» Apply Theorem 3 of Boucheron et al. [3], reformulated in
Proposition 10 from Rudi et al. [13]. Consider the random variable { = (g — gp)(X)? —
ﬁHgﬁE — ng%Q(X) where X follows the uniform law on X'. Then || < ||g-c — gp||%oo(x) almost
surely, and E[¢?] < |lgre — ng%w ( X)ﬁ” Gre — ng%z (X Applying the concentration bound
yields that with probability at least 1 — 4, it holds

1
~ 5 2 2 2(|gr,c—9pI3 log 5
19p — Sngr.elljn — |;1(\ lgre — ngL2(;\e) < p;ﬁloo()o .

1 1
\/ 207, 9 2y 27197209 25 08 &

n b
and thus
2

1
Y -~ 2 1 2log =
llgp — SWQT@H]R" < ﬁ”gﬂf - ngLQ(X) + [lgre — ngLW(A’) P 2

Hence, by Eq. (51), and because |X'| = 2%, there exists two constants C3 and C,; depending only on
d and 3 such that with probability at least 1 — J, it holds

= 19p]le log 5

19p — Sngrellrn < Cze ngHWQB(Rd) + C4£w- 0
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2. Guaranteeing sup,cy ||({ — lgn,m)gbn(:r) | < A2 = 14d/(26)  Using Lemma 3 and proceed-
ing in the same way as in point 2 of the proof of proposition 8, we see that there exists constants
Cs, Cg, C7 depending only on d and § such that as soon as
- d
m > Cse~P (log %) log &, (98)
it holds sup,c v || (I — Py.m)¢n(z)|| < A/2 with probability at least 1 — 4.

3. Finding a lower bound for ||C,|| This will be necessary in the next bound. Let v(z) =
ky(0,2) = e 7I=I” . Then lv]|3, = 1 and

IC 2ol = gy [ lo(@)P da

1 ) d
= ﬁ </ e 2 dt)
-1
1 ) d
L (/ e 2t dt) 42 = Cy Tﬁd/Q,
-1

where the last inequality comes from the fact that 7 > 1 since ¢ < 1. Hence, CnH > CST*d/ 2
where Cy is a constant depending only on d. Hence, as soon as A < Cg7~%?2 which rewrites
e < +/Cg, itholds A < ||,

WV
[\

4. Bounding 61, 0,. Using the same reasoning as that of Proposition 2. of Rudi et al. [13], if
b= ||C’7]_/1\/2(C’77 - C’n)C’n_i/ZH, then 61 < 1/(1 —b) and 62 < 1 + b. Bounding b can be done
using Proposition 8 of Rudi et al. [13]: if A < |||, and & € (0, 1] it holds, with probability at
least1 — 9 :

(14 Nx(N)) log £ N 2N (A) log &

3n n

_ ~ _ 2
e, V(G — Cpe Pl < 99)

where we have used the fact that Tr (C);) < 1.

Note that N (X)) = sup, ¢ \\C;i/ngn(a:)HQ < Cyr(s=Dd/(25) \=d/(25) for any 5 > d /2 where Cy

depends only on s, d by a proof completely analogous as that of Step 2 of Lemma E.4 by Rudi and
2d(B+s)—d>

Ciliberto [15]. Replacing the values of 7, X yields : Noo(N) < Cge 258

Note that the function ~y : s €]d/2, +00[— W is a homography and therefore reaches all

the values v strictly between 2 and d/ /3.

Therefore, for any v > v, there exists a constant C10 depending only on d and v such that
(1 + .N’OO(A)) log % < 0106_2V.

Hence, there exists a constant depending only on d, 3, 7 such that if n > Cj1e% log %, and if
e < min(1/2,/Cs) then b < 1/3 (here we have bounded log 2 by a constant times log 3 log
provided € < 1/2 and hence A\ < 1/4. Moreover, note that C; can be taken large enough, by
Eq. (97), to guarantee the following, also with probability 1 — ¢ :

~

qu\p - Sngf,s

e < O3 [y gy + Cacllgpll. (100)
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5. Applying Theorem 9 to g... Combining all the previous equations, we get that if n >
Crie= % log %, e < min(1/2,1/Cs) and m > Cre9/8 (log %)dlog %, it holds Eq. (100) and
b < 1/3 as well as sup,cy || (I — Pyom)@n(x)|| < A/2 and hence, using the bound on g, ., there
exists a constant C'1 depending only on d, 3 such that

1/2 ~
1€ re — Grm )]l < Cromax(lp 2 gy lgplle)e:

Thus, using the bound on ||gr.c — gpl|2(ray, and the fact that gC; g = ﬁ HgH%Q(X) we get

190 = Grmallz2(x) < Crzmax(ligpllyyp gay: [19plle)e,

15 m < Cra max(gpllyg gyl lle) €2 (101)

6. Bounding the performance of 1, ,, . Note that ¢ = — 22— and \/Dr .\ = ATrmal
i ||9pHL2(X> i ng,m,A”L2(x>

Thus, using Eq. (83), it holds

9p |Grm, Al

||9pHL2(X) ||§7—,m,>\HL2(X)

H(Z/)\T,m,)\ap) = ‘ )
L2(x)

1Grmx — 9p”L2(X)

<2
19pll 22 (x)

Hence, since ¢ = gp/||gp|| 12(x)» we have by Eq. (101) :
H(p Bron) < 2Cumax((lalys gy Il )

||g‘r,5 HL2(X)

Moreover, by Eq. (84), if 2Ci3 max(HqHWg(Rd),HqH.)s < 1, then < 2 and
2

||/g\7',m,/\HL2(X)
hence again by Eq. (101), ||prmall#, < 2C1 max(|\q||W25(Rd)’ lglle) e~%28. Setting eg =

min(1/2,1/Cs, (2C13 maX(HqHWf(Rdy lglle)) 1), we therefore have all the desired properties.

7. Replacing norms on R? with norm on X. To do so, we just use proposition 4, which does not
change anything up to multiplicative constants depending only on d, 5.

O
Theorem 10 (Performance of psamp1e). Under the assumptions and notations of the previous
theorem (proposition 11), there exists a constant Cg depending only on d, 3, such that the following
holds. Let p. , x be given by the previous proposition. Let psamp1e be the dyadic approximation of

Prmaon Q=X = (-1, 1)4 and of width p (see Eq. (7)). Recall from Theorem I that algorithm 1
applied to Q = (—1,1)4, N, p returns N i.i.d. samples from psampie.

If on the one hand p is set to €' T4F2/(2B) then with probability at least 1 — 34,

H(ﬁ‘r,m,)\:psample) < CGHqHLOO(X)ﬁWQB(X) &

H(papsample) < (04 + CG)Hq”L(’O(X)r‘]Wf(X) . (102)
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If on the other p is set adaptively to guarantee H (Dsample, Pr.m ) < € as in Remark 1, then with
probability at least 1 — 30,

p 2 €1+(d+2)/ﬁ/(06 Hq”LOO(X)ﬂWéB(X))’
H(ﬁf,m,)\apsample) g &, H(papsample) < (CI + 1)5- (103)
In any case, this guarantees that the complexity in terms of erf computations is bounded by
O(Nm?log 1) = O (N &2 108241 (1) (10g (1) +1og (3))) (104)

where the O notations is taken with constants depending on d, 3,

Gl o 0y ()

Proof. Let us bound Lip_ (1/Pr,m,x). Note that since for any x,y € X, it holds

Prma@) = \Brma®)| = [Grma@)] = [Grmr @I/ Zrms

< ’@\T,m)\(x) - :q\’r,m,)\(y)v Zﬂm,)ﬂ

we have Lip . (1/Pr.m. ) < LiPoo (Grm,2)/ Z7m.n. Now

d
Lipoo (/g\‘r,m,)\) < sup Z 8k/g\7,m,/\(x>-
reX k=1

Using Lemma 2, we get Lip,,(¢rmx) < dV2T[|grmall%,. Using the fact that 7 = e2/P
and that by Eq. (96), ||grm |7,/ 2’7‘,7%,)\ < \/05||Q||Lw(x)mW2ﬂ(X)6_d/(26)’ we therefore have

Lipoo (\/Prm\) < dv/2C5 ||qHLw(X)mwf(X)s_(d“)/(w). Hence, applying Theorem 7 to Dy, »,
we get

H(psampleaﬁfr,m)\) < 2d/2d\/ 205H(JHLoo(;\g)mwg(x)f_(d—i_m/mﬂ) p- (105)

(d+2)
28, by the previous equation, we get

On the one hand, if we use algorithm 1 with p = et

H(psampleaﬁq-,m,)\) < 2d/2dm E.
If on the other hand we find p adaptively by computing an upper bound i\iﬁ(a) defined in
s.t. fig(a) = \/ﬂdHKlﬂaH = V27d||grmll/ Zﬂm’A > Lipy (\/Prm,») from D, » and

el+(d+2)/(28)
a2
2 d ‘/2C5Hq”LO<>(X)mW25(X)

H (psample, Pr,m,2) < €. The last point is just a consequence of Theorem 1 and the bound on m in
Eq. (94).

finding p such that 24/ ing(a) p =€, we will get p > and hence

O

G Additional experimental details

As mentioned in Sec. 5, we report in Fig. 4 an experiment in which we learn the density of the
indicator function of [—1, 1] using algorithm 4.

Note that this is out of the setting of Theorem 4, as these bounds rely on the regularity of the target
density which is not at all the case here.

However, in order to sample approximately from p as a rough approximation, algorithm 4 could be
relevant : it shows that we must develop tools which analyse these algorithms beyond notions of
regularity, with rougher objectives.
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Figure 4: Trying to learn a non-continuous function using a rank one PSD model. (/eft) Plot of the
target and learnt distributions using algorithm 4. (right) 1000 samples generated from the learnt
distribution psamp1e.
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