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JMorenoP@ii.unam.mx

Abstract

Usually, singularly perturbed models are used to justify the decomposition of the interconnected systems
into the Main Dynamics (MD) and the Parasitic Dynamics (PD). In this paper, the effect of a homogeneous
PD on the stability of a homogeneous MD, when Homogeneity Degrees (HD) are possibly different, is stud-
ied via ISS approach in the framework of singular perturbations. Thus, the possibilities to reduce the order of
the interconnected system considering only Reduced-Order Dynamics (ROD) and neglecting PD are examined.
Proposed analysis discovers three kinds of stability in the behavior of such an interconnection by assuming that
both, ROD and unforced PD, are Globally Asymptotically Stable (GAS). In the first case, when the HD of both
systems coincide and the Singular Perturbation Parameter (SPP) is small enough, GAS of the interconnection
can be concluded. In the second case, when the HD of ROD is greater, only local stability of interconnection can
be ensured. Moreover, proposed approach allows to estimate the domain of attraction for the trajectories of the
interconnection as a function of the SPP. In the third case, when the HD of ROD is smaller than the HD of PD,
only practical stability can be concluded, and a kind of chattering phenomenon can arise when the HD of ROD
is negative. Furthermore, the asymptotic bound of the system’s trajectories is also estimated in terms of the SPP.

Keywords— Homogeneity; Interconnected Systems; Singular Perturbations; Chattering Analysis.

1 Introduction

Homogeneous systems [1, 2, 3] constitute a subclass of nonlinear dynamics admitting special properties, e.g.,
scalability of solutions or different rates of convergence: rational (or nearly fixed-time), exponential and finite-
time. Particularly, homogeneous controllers of negative degree are not Lipschitz continuous, possessing an infinite
gain near to the origin and providing finite-time convergence [4, 5, 6, 7]. However, it is a well-known fact that
the interconnection of a finite-time convergent dynamics and a linear Parasitic Dynamics (PD) produces the so-
called chattering: a high-frequency oscillatory behavior of a system in steady-state. Consequently, the problems of
chattering reduction and its analysis attract a lot of attention (see for example [8, 9, 10, 11, 12, 13, 14, 15]).

Commonly, singularly perturbed models are used to justify the decomposition of interconnected systems into
the Main Dynamics (MD) and the PD (see the list of reference in [16]). For smooth singularly perturbed systems,
methods of stability analysis are based on Klimushchev-Krasvoskii Theorem [17], where asymptotic stability of
the interconnection is concluded from uniform exponential stability of the linearized systems. Relaxing the last as-
sumption, [18] has addressed asymptotic and exponential stability by means of quadratic-type Lyapunov Functions
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(LF’s) and estimated the domain of attraction in terms of the upper bound of the Singular Perturbation Parameter
(SPP).

In the framework of Input-to-State Stability (ISS), [19] has studied the properties of smooth singularly perturbed
systems providing a kind of ”total stability” under standard assumptions. The concept of ISS was introduced to
analyze the stability of systems affected by external inputs, e.g., exogenous disturbances or measurement noises (see
the list of references in [20]). The connection between Lyapunov stability and ISS has permitted the development
of many stability concepts, which have been found to be very useful for the analysis and design of nonlinear control
systems [21, 22]. For instance, the so-called Small-Gain Theorem provides a sufficient condition to guarantee the
stability of interconnected systems [21, 23, 24, 25].

Nevertheless, despite the amount of publications on singular perturbations theory, those results do not cover
the general case of homogeneous systems. The reasons for this include: the homogeneous systems can be non-
smooth, the velocity of convergence of homogeneous systems is parametrized by their Homogeneity Degree (HD),
the homogeneous systems of negative degree usually exhibit chattering in the presence of linear PD, and around
the origin, the homogeneous systems of positive degree are slower than any exponentially converging dynamics but
they are faster in the large.

In order to fill this gap, in [26] we have presented a study of the stability of the interconnection of a homoge-
neous MD and a linear-like homogeneous PD by means of concepts of singular perturbations, Lyapunov methods,
ISS properties and Small-Gain Theorem. That analysis requires just continuity of the MD but continuous differen-
tiability of the PD.

Now, in the present paper we provide a study of the stability of an interconnection where both the MD and the
PD are nonlinear, continuous and homogeneous. The latter is an extension of our previous results to a more general
class of systems by following the same methodology. The obtained results allow to conclude three kinds of stability
for the interconnection according to the HD: Global asymptotic stability when the HD’s coincide and the SPP is
sufficiently small. Global asymptotic practical stability when the HD of the PD is greater than the HD of the MD
(which also describes ROD), where the asymptotic bound of the trajectories is a monotonically increasing function
of the SPP. Local asymptotic stability when the HD of the PD is smaller than the HD of the MD/ROD, where the
size of the domain of attraction is a monotonically decreasing function of the SPP.

Moreover, this work provides a more complete, detailed and accurate proof of the main theorem than the
previous version. In addition, some examples are presented with the aim to illustrate the different cases of the main
theorem.

The rest of the paper has the following structure. In Section 2 some useful definitions and preparatory results
are presented. Section 3 contains the problem statement and results about the stability of the interconnection of
homogeneous systems affected by singular perturbations. In Section 4, some examples are provided in order to
illustrate all above mentioned cases. Finally, the conclusions are presented in Section 5.

Notation

• N and R are the sets of natural and real numbers, respectively. Moreover, R+ represents the set of non-
negative real numbers, i.e., R+ = {x ∈ R : x ≥ 0}.

• | · | denotes the absolute value in R, ‖·‖ denotes the Euclidean norm in Rn.

• Expressions of the form | • |γsign(•), γ ∈ R are written as d•cγ .

• A function α : R+ → R+ belongs to the class K if it is continuous, strictly increasing and α(0) = 0. The
function α : R+ → R+ belongs to the class K∞ if α ∈ K and it is unbounded. A continuous function
β : R+ × R+ → R+ belongs to the class KL if, for each fixed t ∈ R+, β(·, t) ∈ K and, for each fixed
s ∈ R+, β(s, ·) is non-increasing and it tends to zero for t→∞.
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• The space Lm∞ is defined as the set of measurable essentially bounded functions u : [0,∞)→ Rm, such that,

‖u‖L∞ = ess sup
t≥0
|u(t)| <∞.

• s(A) represents the eigenvalues of a symmetric matrix A ∈ Rn×n. Also, smin(A) and smax(A) depict the
minimum and the maximum eigenvalue of A, respectively.

2 Preliminaries

2.1 Weighted homogeneity

The presentation of this subsection follows [1, 27, 3]. For real numbers ri > 0 (i = 1, . . . , n) called weights and
λ > 0, one can define

• the vector of weights r = (r1, . . . , rn)T , rmax = max1≤j≤n rj and rmin = min1≤j≤n rj ;

• the dilation matrix function Λr(λ) = diag(λri)ni=1, such that, for all x ∈ Rn and for all λ > 0, Λr(λ)x =
(λr1x1, . . . , λ

rixi, . . . , λ
rnxn)T (through the paper the dilation matrix is represented by Λr wherever λ can

be omitted);

• the r-homogeneous norm of x ∈ Rn is given by ||x||r =
(∑n

i=1 |xi|
ρ
ri

) 1
ρ for ρ ≥ rmax (it is not a norm in

the usual sense, since it does not satisfy the triangle inequality);

• for s > 0, the sphere and the ball in the homogeneous norm are defined as Sr(s) = {x ∈ Rn : ||x||r = s}
and Br(s) = {x ∈ Rn : ||x||r ≤ s}, respectively.

Definition 1 A function φ : Rn → R is r-homogeneous with a degree µ ∈ R if for all λ > 0 and all x ∈ Rn:

φ(Λr(λ)x) = λµφ(x). (1)

A vector field Φ : Rn → Rn is r-homogeneous with a degree ν ≥ −rmin if for all x ∈ Rn and all λ > 0,

Φ(Λr(λ)x) = λνΛr(λ)Φ(x). (2)

The system ẋ = Φ(x) is r-homogeneous of degree ν if the vector field Φ satisfies the property (2).

By its definition, || · ||r is a r-homogeneous function of degree 1. Moreover, there exists
¯
σ, σ̄ ∈ K∞, such that,

¯
σ(||x||r) ≤ ||x|| ≤ σ̄(||x||r) ∀x ∈ Rn, (3)

i.e., there is an equivalence between the norms || · || and || · ||r. Moreover, for rmax = 1, || · ||r is locally Lipschitz
continuous (see [2, 1] for more details about homogeneous norms).

2.2 Input-to-state stability

Consider a system
ẋ = f(x, u), (4)

where x ∈ Rn is the state vector and u ∈ Rm is an input. In addition, f : Rn+m → Rn ensures forward existence
and uniqueness of the system solutions at least locally in time, and f(0, 0) = 0. The next definitions and theorems
were introduced by [27, 21, 24].
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Definition 2 The system (4) is said to be input-to-state practically stable (ISpS), if there exist a class KL function
β, a class K function γ and a constant c ≥ 0, such that, for any u ∈ Lm∞ and any x0 ∈ Rn, the solution x(t) with
initial condition x(0) = x0 satisfies

‖x(t)‖ ≤ max{β(‖x0‖, t), γ(‖u‖L∞), c} (5)

for all t ≥ 0. The function γ is called nonlinear asymptotic gain. The system (4) is called ISS if c = 0.

If u(t) = 0 for all t ≥ 0, then an ISpS system (4) is called practically GAS (and an ISS system (4) is called GAS);
if the estimate (5) is satisfied just for a bounded set of initial conditions x0, then such a system is called locally
ISpS (locally ISS, respectively) [1].

Definition 3 A smooth function V : Rn → R is called the ISpS-LF for the system (4) if there exist some c ≥ 0,
α1, α2, α3 ∈ K∞ and χ ∈ K, such that, for all x ∈ Rn and u ∈ Rm

α1(‖x‖) ≤ V (x) ≤ α2(‖x‖), (6)

and
‖x‖ ≥ χ(max{‖u‖, c}) =⇒ ∂V

∂x f(x, u) ≤ −α3(‖x‖) (7)

hold. Moreover, if c = 0 then V is called an ISS-LF for the system (4).

Remark 1 The function γ(·) in (5) can be computed from the functions α1(·), α2(·) and χ(·). It is given by

γ(s) = α−1
1 ◦ α2 ◦ χ(s). (8)

Theorem 1 The system (4) is ISS (ISpS) if it admits an ISS (ISpS) LF.

2.3 Input-to-state stability of interconnected systems

Consider a system

ẋ = f(x, y), ẏ = g(x, y, u), (9)

where x ∈ Rn, y ∈ Rm, u ∈ Rp and the origin x = y = u = 0 is an equilibrium point. Assume that both systems
are ISpS w.r.t. their corresponding inputs. Therefore, from condition (5) for all t ≥ 0:

‖x(t)‖ ≤ max{β1(‖x0‖, t), γ1(‖y‖L∞), c1},
‖y(t)‖ ≤ max{β2(‖y0‖, t), γ2(‖x‖L∞), γ3(‖u‖L∞), c2},

where x0 ∈ Rn, and y0 ∈ Rm are the initial conditions for each variable, u ∈ Lp∞, β1, β2 ∈ KL and γ1, γ2, γ3 ∈ K
are some functions from the indicated classes.

Sufficient conditions for ISpS stability of the interconnected system (9) can be found in [23] as follows.

Theorem 2 Let each subsystem in (9) be ISpS. If there exists some c0 ≥ 0, such that,

γ1 ◦ γ2(s) < s, for all s > c0, (10)

then the interconnected system (9) is ISpS. Furthermore, if c0 = c1 = c2 = 0 then the system is ISS.

The inequality (10) is commonly refered as the small-gain condition. Roughly speaking, the Small-Gain Theorem
establishes that the interconnected system (9) is ISS, if the composite function γ1 ◦ γ2(·) is a simple contraction.

The counterpart of Theorem 2 for locally ISS systems was presented by [28]. In this case, the small-gain
condition (10) is replaced by

γ1 ◦ γ2(s) < s, (11)

for all 0 < s ≤ c3, and some c3 > 0. In this case, local ISS of the interconnected system (9) is concluded.
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3 Stability analysis of interconnected homogeneous systems affected by singular
perturbations

Consider an interconnected system

ẋ = f(x, y), (12)

εẏ = g(x, y), (13)

where x ∈ Rn and y ∈ Rm are the state variables, ε > 0 is a small parameter (also called the SPP), f : Rn+m → Rn
and g : Rn+m → Rm are continuous vector fields ensuring forward existence and uniqueness of system trajectories.
Moreover, for some vectors of weights r and r̃ the vector fields f and g are (r, r̃)-homogeneous of degrees ν and
µ, respectively, i.e.,

f(x, y) = λ−νΛ−1
r (λ)f(Λr(λ)x,Λr̃(λ)y) (14)

g(x, y) = λ−µΛ−1
r̃ (λ)g(Λr(λ)x,Λr̃(λ)y). (15)

Hence, note that f(0, 0) = 0 and g(0, 0) = 0. Through this paper, the system (12) is called the MD and the system
(13) is called the PD.

In the following, three different problems will be addressed: analysis of the stability of the interconnected
systems (12)-(13) based on their HD’s, estimation of the ultimate bound for the system trajectories, and evaluation
of the domain of attraction for the system trajectories.

The most of existing results require sufficient smoothness of the vector fields involved in the analysis (see
[16] and references therein). However, in the general case of homogeneous systems such a condition is quite
conservative. Thus, in this study just continuity of the vector fields f, g is assumed. Moreover, let us introduce the
hypotheses for this research.

Assumption 1 Consider the system (12)-(13):

1. The equation g(x̄, ȳ) = 0 has an isolated and continuously differentiable solution ȳ = h(x̄).

2. The ROD

˙̄x =f(x̄, h(x̄)), (16)

is GAS at the origin.

3. Defining z = y − h(x̄), the Boundary-Layer (BL) dynamics

dz
dτ = g(x̄, z + h(x̄)); τ = t

ε , (17)

is GAS at the origin, uniformly w.r.t. x̄. Moreover, there exists a continuous differentiable (r̃, r)-homogeneous
LF W : Rn+m → R+ satisfying

W (Λr̃(λ)z,Λr(λ)x̄) = λιW (z, x̄), (18)

az‖z‖ιr̃ ≤W (z, x̄) ≤ āz‖z‖ιr̃, (19)
∂W (z,x̄)

∂z g(x̄, z + h(x̄)) ≤ −bz‖z‖µ+ι
r̃ , (20)

for all z ∈ Rm, x̄ ∈ Rn and for some az, az, bz > 0, where ι > max{0,−µ} is the HD of W .
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As a consequence of (15), the function h admits certain symmetry, i.e., h(Λr(λ)x) = Λr̃(λ)h(x), and consequently,
h(0) = 0. This implies that the ROD (16) is r-homogeneous of a degree ν, i.e., the ROD inherits the homogeneity
properties of the MD.

Moreover, by Assumption 1, the ROD (16) is GAS at the origin and r- homogeneous of degree ν, hence there
exists a continuously differentiable LF V : Rn → R+ which satisfies [29]

V (x) = λ−κV (Λr(λ)x), (21)

ax‖x‖κr ≤ V (x) ≤ āx‖x‖κr , (22)
∂V (x)
∂x f(x, h(x)) ≤ −bx‖x‖ν+κ

r , (23)

sup
x∈Br(1)

‖∂V (x)
∂x ‖ ≤ cx, (24)

for all x ∈ Rn and for some ax, ax, bx, cx > 0, where κ > max{0,−ν} is the HD of V . On the other hand, W is
continuous differentiable, hence, the inequalities

sup
ζ∈Br(1)
ξ∈Br(1)

∥∥∥∂W (ζ,ξ)
∂ζ

∥∥∥ ≤ cz, and sup
ζ∈Br(1)
ξ∈Br(1)

∥∥∥∂W (ζ,ξ)
∂ξ

∥∥∥ ≤ dz, (25)

hold, for some cz, dz > 0.
Furthermore, by the continuity of f(x, y), for any bx, cx and 0 < θ < 1, there exists δ > 0, such that, if

‖Λr̃(‖x‖−1
r )z‖r̃ ≤ δ, or just ‖z‖r̃ ≤ δ‖x‖r, then

‖f(ξ, h(ξ) + Λr̃(‖x‖−1
r )z)− f(ξ, h(ξ))‖ ≤ θbx

cx
, (26)

for all ξ ∈ Sr(1), also denote

η =
1

bz
sup

ξ∈Br(1)
ζ∈Br̃(1)

{(
dz + cz

∥∥∥∂h(ξ)
∂ξ

∥∥∥) ‖f(ξ, ζ + h(ξ))‖
}
. (27)

Under Assumption 1, the next theorem presents the main result of this paper:

Theorem 3 Let the system (12)-(13) satisfy Assumption 1. There exist 1 > θ̃1, θ̃2 > 0, such that, the interconnected
system (12)-(13) is

• Globally asymptotically stable for µ = ν and

ε < min

 θ̃1

η
,
θ̃2

(
δ
axaz
āxāz

)µ+ι

η

 . (28)

• Locally asymptotically stable for µ < ν and all initial condition

‖x0‖r <

 θ̃2

(
δ
axaz
āxāz

)µ+ι

εη


1

ν−µ

(29)

and

‖y0 − h(x0)‖r̃ < min


(
θ̃1

εη

) 1
ν−µ

,

 θ̃2

(
az
āz

)µ+ι

εη
(
δ−1 āx

ax

)ν+ι


1

ν−µ
 . (30)

6



• Globally asymptotically practically stable for µ > ν, with asymptotic bounds

‖x(t)‖r <

 εη

θ̃2

(
δ
axaz
āxāz

)µ+ι


1

µ−ν

(31)

and

‖y(t)− h(x(t))‖r̃ ≤ max


(
εη

θ̃1

) 1
µ−ν

,

εη
(
δ−1 āx

ax

)ν+ι

θ̃2

(
az
āz

)µ+ι


1

µ−ν
 . (32)

for all t > T , with some T > 0, and all x0 ∈ Rn and y0 ∈ Rm.

For ν = µ, there exists a critical value ε∗, such that, the stability of the system (12)-(13) is ensured for ε < ε∗.
In this case, the value of ε determines the amount of deviations for the trajectories of the system (12)-(13) from the
trajectories of the ROD (16). Moreover, this case illustrates the concept of motion separation predicted by classical
results on smooth (at least Lipschitz continuous) singularly perturbed systems [16], and it allows to ensure GAS.

For µ 6= ν, the system (12)-(13) always possesses some kind of stability (local or practical), and by decreasing
the value of ε it is possible to enlarge the domain of attraction for µ < ν, or to decrease the size of the asymptotic
bounds for µ > ν. Systems with a smaller HD are faster around the origin and slower in the large, and vice
versa. Therefore, the motion separation follows the relations of HD’s (contrarily the standard theory of singular
perturbations or the case ν = µ, where it is regulated by SPP) and it only appears near to the origin for ν > µ and
outside of a neighborhood of the origin for ν < µ.

3.1 Proof of Theorem 3

Under a hypothesis like Assumption 1, the conventional singular perturbation theory aims to show that the behavior
of the system (12)-(13) is pretty similar to the behavior of the ROD (16), such that, the presence of the PD can be
neglected (see [16]). Thus, the stability of the system (12)-(13) is guaranteed by proving that the trajectories y of
the PD converge to the equilibrium manifold h(x). However, since the initial condition y0 differs from the initial
value h(x0), there exists a transitory response of the system (13) before it can reach the desired behavior. Let us
represent such a transitory by the variable z, such that, y = z + h(x) and the system (12) is rewritten as

ẋ = f(x, z + h(x)). (33)

It can be readily seen that if z = 0, the system (33) collapse to the ROD. Therefore, (global, local or practical)
asymptotic stability of the origin of the system (33) can be concluded from ISS stability of the system (33) w.r.t. z,
plus (global, local or practical) vanishing of z to zero.

Let us take V , described in (21)-(24), as an ISS-LF candidate for the system (33). The derivative of V along
the trajectories of the system (33) is given by

V̇ =∂V (x)
∂x f(x, z + h(x))

=∂V (x)
∂x f(x, h(x)) + ∂V (x)

∂x (f(x, z + h(x))− f(x, h(x))) .

From (14) and (21), by means of the dilations Λr(λ) and Λr̃(λ) where λ = ‖x‖−1
r , it is obtained

V̇ =∂V (x)
∂x f(x, h(x)) + ‖x‖ν+κ

r
∂V (ξ)
∂ξ

(
f(ξ,Λr̃(‖x‖−1

r )z + h(ξ))− f(ξ, h(ξ)
)

≤∂V (x)
∂x f(x, h(x)) + ‖x‖ν+κ

r

∥∥∥∂V (ξ)
∂ξ

∥∥∥∥∥f(ξ,Λr̃(‖x‖−1
r )z + h(ξ))− f(ξ, h(ξ)

∥∥ , (34)
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where ξ = Λr(‖x‖−1
r )x and ξ ∈ Sr(1). Therefore, substituting (23), (24) and (26) in (34), it can be concluded that

V̇ ≤− bx‖x‖ν+κ
r + θbx‖x‖ν+κ

r

≤− (1− θ)bx‖x‖ν+κ
r , if ‖x‖r ≥ δ−1‖z‖r̃, (35)

where 0 < θ < 1. According to Definition 3, V is an ISS-LF for the system (33) hence it is ISS w.r.t. input z.
Moreover, from Definition 2, the solution x of the system (33) satisfies

‖x(t)‖r ≤ max{β1(‖x0‖r, t), γ1( sup
τ∈[0,t)

‖z(τ)‖r̃)}, (36)

for all t ≥ 0, where β1 is a KL function and, from Definition 3, Remark 1 and inequalities (22) and (35), γ1 is a K
function given by

γ1(s) = δ−1 āx
ax
s. (37)

Now, let’s investigate the scenarios where vanishing of the transitory z to zero can be guarantied, such that, the
convergence of the trajectories y to the desired behavior h(x) can be concluded. The dynamics of the variable z is
given by.

ż = 1
ε g(x, z + h(x))− ∂h(x)

∂x f(x, z + h(x)), (38)

where x can be seen as an input.
The stability of the system (38) can be investigated by using W , described in (18)-(20), and (25), as an ISS-LF

candidate. So, the derivative of W along the trajectories of the system (38) is given by

Ẇ =∂W (z,x)
∂z

(
1
ε g(x, z + h(x))− ∂h(x)

∂x f(x, z + h(x))
)

+ ∂W (z,x)
∂x f(x, z + h(x))

=1
ε
∂W (z,x)

∂z g(x, z + h(x)) +
(
∂W (z,x)

∂x − ∂W (z,x)
∂z

∂h(x)
∂x

)
f(x, z + h(x)). (39)

By homogeneity of each component in (39), applying the dilations Λr(λ
−1) and Λr̃(λ

−1),where λ = max{‖z‖r̃, ‖x‖r},
we obtain:

Ẇ =1
ε
∂W (z,x)

∂z g(x, z + h(x)) + λν+ι
(
∂W (ζ,ξ)

∂ξ − ∂W (ζ,ξ)
∂ζ

∂h(ξ)
∂ξ

)
f(ξ, ζ + h(ξ))

≤1
ε
∂W (z,x)

∂z g(x, z + h(x)) + λν+ι
(∥∥∥∂W (ζ,ξ)

∂ξ

∥∥∥+
∥∥∥∂W (ζ,ξ)

∂ζ

∥∥∥∥∥∥∂h(ξ)
∂ξ

∥∥∥) ‖f(ξ, ζ + h(ξ))‖ , (40)

where ξ = Λ−1
r (λ)x and ζ = Λ−1

r̃ (λ)z (i.e., ξ ∈ Br(1) and ζ ∈ Br̃(1)). Now, substituting (20), and (25) in (40),

Ẇ ≤ − bz
ε ‖z‖

µ+ι
r̃ + bzηλ

ν+ι,

where η is given in (27). Then, for any 0 < θ̃ < 1, it is obtained that

Ẇ ≤− (1− θ̃) bzε ‖z‖
µ+ι
r̃ − θ̃ bzε ‖z‖

µ+ι
r̃ + bzηmax{‖z‖ν+ι

r̃ , ‖x‖ν+ι
r }.

Since max{a, b} ≤ a+ b for any a, b ∈ R+, the last expression can be rewritten as

Ẇ ≤− (1− θ̃) bzε ‖z‖
µ+ι
r̃ − (θ̃1+θ̃2)bz

ε ‖z‖µ+ι
r̃ + bzη‖z‖ν+ι

r̃ + bzη‖x‖ν+ι
r ,

where θ̃1, θ̃2 > 0 are such that θ̃1 + θ̃2 = θ̃. Hence, if

‖z‖µ+ι
r̃ ≥ ηε

θ̃2
‖x‖ν+ι

r , (41)

then

Ẇ ≤− (1− θ̃) bzε ‖z‖
µ+ι
r̃ − θ̃1bz

ε ‖z‖
µ+ι
r̃ + bzη‖z‖ν+ι

r̃ ,

and therefore the system (38) is
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• ISS w.r.t. x, if µ = ν and
ε ≤ θ̃1

η . (42)

• locally ISS w.r.t. x, if µ < ν and

‖z‖r̃ ≤
(
θ̃1
εη

) 1
ν−µ

. (43)

• ISpS w.r.t. x, if µ > ν and

‖z‖r̃ ≥
(
εη

θ̃1

) 1
µ−ν

. (44)

Accordingly, from Definition 2, the trajectories of the system (38) are bounded by

‖z(t)‖r̃ ≤ max{β2(‖z0‖r̃, t), γ2( sup
τ∈[0,t)

‖x(τ)‖r), ρ},

for all t ≥ 0, where β2 is a KL function, ρ is a constant given by ρ = 0 for µ ≤ ν, and ρ = āz
az

(
εη

θ̃1

) 1
µ−ν for µ > ν,

also considering Definition 3, Remark 1 and inequalities (19) and (41), γ2 is a class K function given by

γ2(s) = āz
az

(
ηε

θ̃2
sν+ι

) 1
µ+ι

. (45)

Now, let’s analyze the internal stability of the interconnected system (33)-(38) by using Theorem 2 (considering (11)
for local behaviors). Note that despite all ISS estimates are obtained with the use of homogeneous norms (which
admits (3) but do not verify the triangle inequality), the small-gain arguments stay valid, and it is a straightforward
exercise to check this claim. The functions (37) and (45) are the nonlinear asymptotic gains for the systems (33)
and (38), respectively. According to the small-gain condition (10) or (11), the stability of the interconnection is
insured if the composition

γ1(γ2(s)) = δ−1 āxāz
axaz

(
ηε

θ̃2
sν+ι

) 1
µ+ι

,

is a contraction, i.e., γ1(γ2(s)) < s, that is,

εη

θ̃2

(
δ
axaz
āxāz

)µ+ι < sµ−ν . (46)

Finally, according to the HD’s of the systems (12) and (13), there are three different cases of stability. For the
cases where ν ≥ µ, vanishing of the transitory z can be concluded (at east locally), which guarantees GAS (or
local asymptotic stability) of the interconnected system (12)-(13) at the origin. However, for the case ν < µ only
practical stability can be proven, but since the system (33) is ISS w.r.t. z then the same property can be concluded
for the MD (12) in presence of the PD (13).

The estimations (28), (29) and (31) are derived from inequality (46), where (42) is also considered. Further-
more, since z = y−h(x) and h(0) = 0, the estimations (30) and (32) can be readily obtained from the composition
γ2(γ1(s)), where (43) and (44) are considered, too. Thus, Theorem 3 is proven. �

4 Illustrative Examples

The following examples have the purpose to illustrate the different kinds of stability predicted by Theorem 3. To
this end, some simplifications are introduced in order to exhibit that results nicely.
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4.1 Case ν < µ

Consider the system

ẋ =− dy1c
2
3 (47)

εẏ1 = y2, εẏ2 = −y1 − 2y2 + α
3
2x, (48)

where x is the state of the MD (47), y1, y2 are the states of the PD (48), and ε is a small parameter. For ε = 0, the
solution h(x) is given by y1 = α

3
2x and y2 = 0, such that, the ROD

ẋ = −αdxc
2
3 (49)

is continuous and r-homogeneous of degree ν = −1
2 for the weight r = 3

2 . Also, for any α > 0, it is finite-time
stable at the origin. On the other hand, for ε ≈ 0 define z1 = y1 − α

3
2x, z2 = y2 and τ = ε−1t, such that, the BL

dz1
dτ = z2,

dz2
dτ = −z1 − 2z2, (50)

is continuous, r̃-homogeneous of degree µ = 0 for the weights r̃ = [1, 1], and exponentially stable for any ε > 0.
Then, ν < µ and according to Theorem 3 the system (47)-(48) is globally asymptotically practically stable as it is
depicted in Figure 1.

0 1 2 3 4
−10

0

10

20

30

40

50

Time [s]

S
ta

te

 

 
x
y1
y2

3 3.5 4
−0.05

0

0.05

 

 

Figure 1: Behavior of the interconnected system (47)-(48) where α = 5 and ε = 0.05.

Note that the states of the system (47)-(48) exhibit oscillations in the steady state. To the intuition of the authors,
this behavior is due to the PD is not fast enough to reach the quasi-stationary state h(x) = [α

3
2x, 0]>. According

to Theorem 3, the amplitude of the oscillations depends on the parameter ε, and it is illustrated by Figure 2.
Moreover, from Theorem 3 the chattering level for the trajectories x(t) is computed as follows. The stability

of the ROD (49) can be proven by the LF V (x) = 1
2x

2, which fulfills the inequalities (21)-(24) with the constants
κ = 2, ax = āx = 0.5, bx = α and cx = 1. On the other hand, a LF for the BL (50) is given by W (z) = 1

2z
>Pz,

where P = P> > 0 is a solution of the equation Ā>P + PĀ = −Q with Q > 0. Selecting

P =

[
3 0.5

0.5 3

]
, and Q =

[
1 1
1 11

]
,
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Figure 2: Chattering in the output of the closed-loop system (47)-(48) with α = 5.

the function W (z) satisfies (18)-(20), and (25) with ι = 2, az = smin(P ) = 2.5, āz = cz = smax(P ) = 3.5,
bz = smin(Q) ≈ 0.9. Furthermore, for the system (47)-(48), δ = 0.875α

3
2 , η = 5.13α

3
2 (α

3
2 + 1)

2
3 , θ = 0.75

and θ̃2 = 0.75 satisfy (26) and (27). Finally, substituting all the parameters in equation (31), limt→∞ ‖x(t)‖r ≤
39.53ε2. The following table provides the estimation of chattering level for different values of ε. Note that the

ε |x|
0.05 0.0988
0.01 0.00395
0.005 0.000988

Table 1: Estimation of ultimate bounds for different values of ε.

results presented by Figure 2 satisfy the estimations provided by Table 1.

4.2 Case ν = µ

Now, let us consider the following interconnection

ẋ = −αdy1c
2
3 (51)

εẏ1 = y2, εẏ2 = −dy1 − xc
1
3 − 2dy2c

1
2 , (52)

where x is the state of the system (51), y1, y2 are the states of the PD (52), and ε is a parameter. For ε = 0, y1 = x
and y2 = 0 give the expression of h(x), hence, the reduced order system (49) is recovered, which is continuous
and r-homogeneous of degree ν = −1

2 for the weight r = 3
2 , and for any α > 0, finite-time stable at the origin. On

the other hand, for ε ≈ 0 define z1 = y1 − x, z2 = y2 and τ = ε−1t, such that, the BL

dz1
dτ = z2,

dz2
dτ = −dz1c

1
3 − 2dz2c

1
2 , (53)

is continuous, r̃-homogeneous of degree µ = −1
2 for the weights r̃ = [3

2 , 1], and finite-time stable at the origin, for
any ε > 0. In this case, ν = µ, hence by Theorem 3, the system (51)-(52) is expected to be globally finite-time
stable as it is illustrated in Figure 3.
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Figure 3: Behavior of the closed-loop system (51)-(52) where α = 1.2 and ε = 0.01.

A critical value ε∗ is computed as follows. The stability of the ROD (49) can be proven by the LF V (x) = 1
2x

2,
which fulfills the inequalities (21)-(24) with the constants κ = 2, ax = āx = 0.5, bx = α and cx = 1. On the
other hand, a LF for the BL (50) is given by W (z, x) = 10.5|z1|

5
3 + 8.5|z2|

5
2 + 3.5z1z2, which satisfies (18)-(20)

and (25) with ι = 5
2 , az = 6.462, āz = 10.809, bz = 2.654 and cz = 22.11. Furthermore, solving (26) and

(27) for the system (54)-(55), δ = 0.875 and η = 13.22α, where θ = 0.75, θ̃1 = 0.25 and θ̃2 = 0.75 were
used. Then, substituting all the parameter in (28) a critical value ε∗ = 0.0129 is obtained, hence, the stability of
the interconnection (51)-(52) is guaranteed for any ε < 0.0129. In this case the value of ε determines how the
trajectories of (51)-(52) deviate from the trajectories of the reduced order dynamics (49) as it is shown in Figure 4.
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Figure 4: Comparison of the behavior of the closed-loop system (51)-(52) for different values of ε.
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4.3 Case ν > µ

Finally, consider an interconnection given by

ẋ = −y1, (54)

εẏ1 = y2, εẏ2 = −dy1 − αxc
1
3 − 2dy2c

1
2 , (55)

where x is the state of the system (54), y1, y2 are the states of the PD (55), and ε is a parameter. For ε = 0, y1 = αx
and y2 = 0, and the reduced order dynamics is given by

ẋ = −αx, (56)

which is r-homogeneous of degree ν = 0 for the weight r = 1, and also, asymptotically stable at the origin for
any α > 0. On the other hand, for ε ≈ 0 define z1 = y1 − αx, z2 = y2 and τ = ε−1t, such that, the BL (53) is
obtained and it is continuous, r̃-homogeneous of degree µ = −1

2 for the weights r̃ = [3
2 , 1], and finite-time stable

at the origin for any ε > 0. In this case, ν > µ, hence, the interconnected system (54)-(55) is locally asymptotically
stable at the origin as it is predicted by Theorem 3 and confirmed in Figure 5, where for an initial condition x0 = 3
and y0 = [0, 0] the states converge to zero but for an initial condition x0 = 5 and y0 = [0, 0] the stability cannot be
ensured.
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Figure 5: Behavior of the closed-loop systems (54)-(55) where α = 60, ε = 0.01, x0 = 2 and y0 = [0, 0] (top), or
x0 = 5 and y0 = [0, 0] (bottom).

The domain of attraction for the trajectories of the system (54)-(55) can be evaluated from Theorem 3 as
follows. The stability of the ROD (56) can be proven by the LF V (x) = 1

2x
2, which fulfills the inequalities (21)-

(24) with the constants κ = 2, ax = āx = 0.5, bx = α and cx = 1. On the other hand, a LF for the BL (53) is
proposed asW (z, x) = 10.5|z1|

5
3 +8.5|z2|

5
2 +3.5z1z2, which satisfies (18)-(20), and (25) with ι = 5

2 , az = 6.462,
āz = 10.809, bz = 2.654 and cz = 22.11. Furthermore, by solving (26) and (27) for the system (54)-(55), we
obtain δ = 0.75α and η = 8.33α(α+ 1), where θ = 0.75 and θ̃2 = 0.75 were used.

So, substituting all the parameters in equation (29), ‖x0‖r ≤ 0.000317ε−2. Therefore, for ε = 0.01, it is
obtained ‖x0‖r ≤ 3.17 supporting the simulation results shown in Figure 5. Now, if the value of the parameter
ε decreases then the domain of attraction for trajectories x(t) increases, such that, for ε = 0.005 it turns out that
‖x0‖r ≤ 12.68. Accordingly, the stability of the interconnected system (54)-(55) is ensured for x0 = 5 and
y0 = [0, 0] as Figure 6 shows.
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Figure 6: Behavior of the closed-loop systems (54)-(55) where α = 60, ε = 0.005, x0 = 5 and y0 = [0, 0].

5 Conclusions

This paper presented a study of the effect of a stable homogeneous PD on the stability of a homogeneous MD, which
based on classical concepts: ISS and Small-Gain Theorem by assuming only continuity of the considered vector
fields. Three types of stability for such an interconnection were discovered depending on the relation between HDs
of PD and MD:

• Global asymptotic stability when both dynamics have the same HD and the SPP is sufficiently small.

• Global asymptotic practical stability, when the PD has a greater HD than the MD. The estimation of the
asymptotic bound of the trajectories is provided and its size grows with the SPP. In this case, the chattering
may appear if a finite-time convergent MD is considered.

• Local asymptotic stability with an estimation of the domain of attraction, when the PD has a smaller HD than
the MD. The size of the domain of attraction decreases if the SPP is increased.

The first case can be interpreted as a validation of the concept of motion separation, predicted by classical results
on smooth (at least Lipschitz continuous) singularly perturbed systems, for a wider class of homogeneous systems.
On the other hand, such a concept of motion separation is only valid outside of a neighborhood of the origin for
the second case, and near to the origin for the third one, hence, just local and practical stability can be concluded,
respectively.

Acknowledgment

This work was supported in part by Homogeneity Tools for Sliding Mode Control and Estimation (HoTSMoCE) IN-
RIA associate team program; by CONACyT (Consejo Nacional de Ciencia y Tecnologı́a) project 241171, 282013
and CVU 711867; by PAPIIT-UNAM (Programa de Apoyo a Proyectos de Investigación e Innovación Tecnológica)
IN 115419 and IN 113617.

14



References

[1] A. Bacciotti and L. Rosier, Lyapunov functions and stability in control theory, 2nd ed., ser. Communications
and Control Engineering. Berlin, Germany: Springer-Verlag, 2005.

[2] A. Polyakov, Generalized Homogeneity in Systems and Control. Springer, 2020.

[3] V. I. Zubov, Methods of A.M. Lyapunov and their application. Groningen, Netherlands: Popko Noordhoff,
1964.

[4] S. P. Bhat and D. S. Bernstein, “Finite-time stability of homogeneous systems,” ser. Proceedings of the Amer-
ican Control Conference, 1997., vol. 4. IEEE, 1997, pp. 2513–2514.

[5] E. Cruz-Zavala and J. A. Moreno, “Homogeneous high order sliding mode design: a Lyapunov approach,”
Automatica, vol. 80, pp. 232–238, 2017.

[6] A. Levant, “Homogeneity approach to high-order sliding mode design,” Automatica, vol. 41, no. 5, pp. 823–
830, 2005.

[7] I. Boiko, “On phase deficit of homogeneous sliding mode control,” International Journal of Robust and
Nonlinear Control, p. https://doi.org/10.1002/rnc.5247, 2020.

[8] A. T. Banza, Y. Tan, and I. M. Y. Mareels, “Integral sliding mode control design for systems with fast sensor
dynamics,” Automatica, vol. 119, p. 109093, 2020.

[9] I. M. Boiko, “On relative degree, chattering and fractal nature of parasitic dynamics in sliding mode control,”
Journal of the Franklin Institute, vol. 351, no. 4, pp. 1939–1952, 2014.

[10] L. Fridman, “The problem of chattering: an averaging approach,” in Variable structure systems, sliding mode
and nonlinear control, K. D. Young and U. Ozguner, Eds. London, UK: Springer-Verlag, 1999, pp. 363–386.

[11] L. M. Fridman, “Singularly perturbed analysis of chattering in relay control systems,” IEEE Transactions on
Automatic Control, vol. 47, no. 12, pp. 2079–2084, 2002.

[12] H. Haimovich and H. De Battista, “Disturbance-tailored super-twisting algorithms: Properties and design
framework,” Automatica, vol. 101, pp. 318–329, 2019.

[13] A. Levant, “Chattering analysis,” IEEE Transactions on Automatic Control, vol. 55, no. 6, pp. 1380–1389,
2010.

[14] A. Rosales, Y. Shtessel, and L. Fridman, “Analysis and design of systems driven by finite-time convergent
controllers: practical stability approach,” International Journal of Control, vol. 91, no. 11, pp. 2563–2572,
2018.

[15] R. Seeber and M. Horn, “Stability proof for a well-established super-twisting parameter setting,” Automatica,
vol. 84, pp. 241–243, 2017.

[16] P. Kokotovic, H. K. Khalil, and J. O’Reilly, Singular perturbation methods in control: analysis and design.
Society for Industrial and Applied Mathematics, 1999, vol. 25.

[17] A. I. Klimushchev and N. N. Krasovskii, “Uniform asymptotic stability of systems of differential equations
with a small parameter in the derivative terms,” Journal of Applied Mathematics and Mechanics, vol. 25,
no. 4, pp. 1011–1025, 1961.

15



[18] A. Saberi and H. Khalil, “Quadratic-type Lyapunov functions for singularly perturbed systems,” IEEE Trans-
actions on Automatic Control, vol. 29, no. 6, pp. 542–550, 1984.

[19] P. D. Christofides and A. R. Teel, “Singular perturbations and input-to-state stability,” IEEE Transactions on
Automatic Control, vol. 41, no. 11, pp. 1645–1650, 1996.

[20] E. Sontag, “Input to state stability: Basic concepts and results,” in Nonlinear and optimal control theory,
P. Nistri and G. Stefani, Eds. Berlin, Germany: Springer, 2008, pp. 163–220.

[21] S. N. Dashkovskiy and M. Kosmykov, “Input-to-state stability of interconnected hybrid systems,” Automatica,
vol. 49, no. 4, pp. 1068–1074, 2013.

[22] H. Haimovich and J. L. Mancilla-Aguilar, “ISS implies iISS even for switched and time-varying systems (if
you are careful enough),” Automatica, vol. 104, pp. 154–164, 2019.

[23] S. N. Dashkovskiy, M. Kosmykov, and F. R. Wirth, “A small-gain condition for interconnections of ISS
systems with mixed ISS characterizations,” IEEE Transactions on Automatic Control, vol. 56, no. 6, pp.
1247–1258, 2010.

[24] Z.-P. Jiang, I. M. Y. Mareels, and Y. Wang, “A Lyapunov formulation of the nonlinear small-gain theorem for
interconnected ISS systems,” Automatica, vol. 32, no. 8, pp. 1211–1215, 1996.

[25] Z.-P. Jiang, A. R. Teel, and L. Praly, “Small-gain theorem for ISS systems and applications,” Mathematics of
Control, Signals and Systems, vol. 7, no. 2, pp. 95–120, 1994.

[26] J. Mendoza-Avila, D. Efimov, J. A. Moreno, and L. Fridman, “Analysis of singular perturbations for a class
of interconnected homogeneous systems: Input-to-state stability approach,” ser. Proceedings of the 21st IFAC
World Congress. IFAC, 2020.

[27] E. Bernuau, A. Polyakov, D. Efimov, and W. Perruquetti, “Verification of ISS, iISS and IOSS properties
applying weighted homogeneity,” Systems & Control Letters, vol. 62, no. 12, pp. 1159–1167, 2013.
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