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On cover times of Markov chains

Bruno Sericola *

November 2, 2022

Abstract

We consider the cover time of a discrete-time homogenous Markov chain, that is the time needed by
the Markov chain to visit all its states. We analyze both the distribution and the moments of the cover
time and we are interested in exact results instead of asymptotic values of the mean cover time which
are generally considered in the literature. We first obtain several general results on the hitting time and
the cover time of a subset of the state space both in terms of distribution and moments. These results
are then applied to particular graphs namely the generalized cycle graph, the complete graph and the
generalized path graph. They lead to recurrence or analytic relations for the distribution and the mean
value of their cover times.

Keywords : Markov chain; Hitting time; Cover time; Cycle graph; Complete graph; Path graph.

1 Introduction

The cover time of a Markov chain is the time needed by the Markov chain to visit all its states. This
random variable as well as the more classical hitting times or return times are quite important in many
areas of distributed systems and networks. For instance, visiting all the nodes of such systems allows the
user to collect information about the performance or the reliabilty of the system. These visits can be made
using random walks which are a particular case of Markov chains since the transition probabilities from a
given node are uniformly distributed among the number of its neighbours but they can also be made using
general transition probability matrices. Obviously the visiting time of all the nodes is a critical performance
measure. For instance, in the context of graph theory for social networks, a notion of centrality has been
used to assess the relative importance of nodes in a given network topology and a novel form of centrality
based on the second order moments of return times in random walks was proposed in [6].

Several papers have already been written on both the hitting time and cover time and most of these
papers deal with the particular case of random walks and consider moreover only asymptotic values of the
means of these random variables. Very interesting surveys on random walks on graphs are proposed in [7]
and [I], while [8] additionally contains many applications in both computer science and networks. It is shown
in [4] and [3] that the expected cover time in a random walk with n states is at least (1 — o(1))nln(n) and
at most (4/27 +o(1))n3. In the case of a regular graph, it is at most 2n?, see [4]. In [2] the authors consider
an extension of the cover time called the marking time defined as follows. When the random walk reaches
state 7, a coin is flipped and with probability p; the state ¢ is marked. The marking time is then the time
needed by the walk to mark all its states. They give general formulas for the expected marking time of a
random walk and provide asymptotics when the p;’s are small. In [5], the authors first prove that for any
transition probability matrix, both the expected hitting time and the expected cover time of the path graph
is 2(n?). They also prove that for some particular Markov chains called degree-biased random walks, the
expected hitting time is O(n?) and the expected cover time is O(n?In(n)).

In this paper, we consider both the distribution and the moments of the cover time of a discrete-time
homogeneous Markov chain and we are interested in exact results instead of asymptotic values of the mean
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cover time which are generally considered in the literature. In section [2] we analyze the hitting time and the
cover time of a subset of the state space both in terms of distribution and moments. We then apply these
results to several particular graphs. In section [3] we consider the generalized cycle graph and we provide an
analytic expression of the mean hitting time. When the transition probabilities are identical from each state,
we provide simple algorithms based on recursive expressions to compute the mean cover time as well as its
distribution. Section[d]is devoted to the analysis of the cover time of the random walk on the complete graph,
with and without self-loops. In both cases, we give analytic expressions for the cover time distribution and
for its mean value. In section [5) we deal with the case of the path graph with general transition probability
matrix. We provide an explicit expression of the mean cover time while its distribution is obtained using a
simple recurrence relation. Section [6] concludes the paper.

2 Basic results

Consider a homogeneous discrete-time Markov chain X = {X,,, n € N} over a finite state space S. We
denote by P the transition probability matrix of X. We suppose that X is irreducible and, for every j € S,
we define the hitting time T};y of state j as the first instant at which state j is reached by the Markov chain
X, ie.

T{J} = mf{n Z 0 | Xn = j}
The irreducibility of X implies that, for every j € S, Ty;y is finite almost surely. Let A be a non empty
subset of states of S. We denote by C4 the cover time of subset A, defined by the time needed to reach all

the states of A, i.e.
Ca=inf{n >0 AC{Xo,...,Xn}}

The cover time of the Markov chain X, which is the time needed to reach all the states of S, is simply
denoted by C' and is given by C' = Cs. We introduce the random variable T’y representing the hitting time
of subset A, i.e.

Ty=inf{n >0] X, € A}.

The complementary subset of A in S, S\ 4, is denoted simply by A°. The partition {4, A°} of S induces a
decomposition of P into four submatrices as

PA PAA(;
P= ’
< PAC,A PAC )’

where matrix P4 (resp. Pa-) contains the transition probabilities between states of A (resp. A°) and matrix
P4 ac (resp. Pae 4) contains the transition probabilities from states of A (resp. A€) to states of A° (resp.
A). We also denote by 1 the column vector with all its entries equal to 1, its dimension being specified by
the context. With these notations, we have, for all i € A¢, j € A and ¢ > 1, see for instance [10],

P{Ts=(,X7, =j| Xo=1i} = (P{- Pac a)i; (1)
Summing over all j € A, we obtain
P{Ta="0|Xo=1i} = (P{-' Pac al),. (2)

Summing over all ¢ > 1, we obtain

o0

P{Xr, =j| Xo=i}=> (P Pac.a)i; = ((I- Pac) "' Pac,a), - (3)
(=1

Since (I — PAC)_lpAc7A]]_ = ]]., we have, from ,

E(Ta | Xo =1i) = L(P4: ' Pac al)i = (I — Pac)~'1),, (4)
=1



E(T% | Xo=1i) =Y (*(Pi:"Pac al); = (I + Pa)(I — Pac)*1), (5)
=1

and from ,

(oo}
E(Talix,, - | Xo=1) = > (P4 Pac a)ij = ((I = Pac) >Pac a) (6)
=1

0j

Using these results, the following theorem gives a recursive expression of the distribution of C'4. For
any event u and for any random variable U, we introduce the notation P;{u} = P{u | Xo = i} and
E;(U) = E(U | Xo = ). Note that, for every j € S, we have C{;; = T{;}. Moreover, for every k£ > 0 and for
every i € A, with |A] > 2, we have, by definition of Cj,

Pi{Ca =k} =P{Ca\qiy = k}.

We thus only need to consider the case where the initial state belongs to the subset A¢. If a denotes the
initial distribution of X, we get

P{Cs=k} = aiP{Ca=k} = aiP{Cu\sy =k} + Y Pi{Ca=k}.

ieS i€A i€ A°

The cover time C of the Markov chain is then given by

P{C=k}=> aP{C=k}=) aPi{Cs iy =k}

i€S i€s
Theorem 1 For every A C S such that |A| > 2, i € A and k > 0, we have
04 0<Ek<|A]

Pi{Ca =k} ={ k-|A]+1 (7)

> D (PhPac )i Pi{Cavy =k —h} if k> |A]
h=1 jeA

Proof. Since i € A°, the time needed to reach all the states of A from state ¢ is at least equal to |A|, so we
have P;{C4 =k} =0 for k < |A|. For every i € A° and k > |A|, we have, conditioning on the values of T4
and Xr,,

k
P{Ca=k} = DY Pi{Ca=k|Ta=h Xr, = j}Pi{Ta = h, Xz, = j}
h=1j€A

k
= Z ZIPi{CA =k|Ta=hXp, =j}(Pi7 Pac 4);; using
h=1j€A
k
= Z Z IPJ'{OA\{J'} =k- h}(Pﬁc_lpAc,A)i,j
h=1j€A
k—| A]+1
Z Z Pi{Ca\yy =k — W} (Ph Pac a)i,

h=1 j€cA

where the third equality uses the Markov and the homogeneity properties of X. ||



For every £ > 1, the {-th order moment of the cover time of subset A starting from state ¢ is given by

the following corollary.

Corollary 2 For every A C S such that |A] > 2, ¢ > 1 and i € A°, we have

E: (C4) = Ei(Th) +ZZ( ) (CR ) E(TA ™ =)

JjEAMm=1

Proof. From Theorem [I] we get for £ > 1 and ¢ € A°

Ei(Ch) = Y KPi{Ca=k}
k=|A|
oo k—]Al+1

Z K Z ZIPJ'{CA\{J'} =k —h}(Py: " Pac.a)i;

k=|A| h=1 jeA

Exchanging the order of summations leads to

D> D KPH{Cayy =k —hHPAT Pac a)i

JEAh=1k=h+|A|—-1

DD > (k+h)PiH{Cary = kHPE Pac a)iy.

JEAh=1k=|A|-1

E;(CY)

Developing the term (k + h)¢ gives

ZZ Z Z( )’fmhZ "Pi{Ca\yjy = k}(Ph Pac a)i

JEA hR=1k=|A|—1 m=0

oo l
= ZZZ< ) (CR ) D™ (PR Pac,a)ig
1m=0

JEA h=

E;(C4)

4

- 53 () S

JEAM=0
‘

= Z < ) (Ch\ ) E (T4 "L xp, =})s
jEAM=0

where this last equality follows from relations and @ Extracting the term m = 0 leads to

Ei(Ch) = Ei(T4) +ZZ< ) (CRGYE(TE ™ L xr, =3,

jEAM=1

which completes the proof.

Taking ¢ = 1 in Corollary [2 we get, using (3)) and ([4)), the mean cover time of subset A4, i.e.

Ei(Ca) = ((I = Pac)™'1), + > ((I = Pac) " Pac,a), By (Caygjy)-

JEA



Taking ¢ = 2 in Corollary we get, using 7 and @, the second moment of the cover time of subset
A, ie.

E;(C3) = ((I + Pae)(I — PAC)—Zjl)i +2 ZEj(CA\{j}) ((I _ PAC)_2PAC,A>i’j
JEA
+ > By (Chyy) (T = Pac) ™ Pac,a), - )
JEA

It is easily checked that, in practice, the direct use of Theorem [I]and Corollary [2]leads to algorithms having
an exponential complexity O(2") for a general n-states Markov chain, i.e. when |S| = n. That is why in the
following sections, we show how to apply these results to particular graphs of Markov chains.

3 The generalized n-cycle graph

We consider in this section a Markov chain on the state space S = {0,1,...,n — 1}, n > 2, with transition
probability matrix P. Its non zero transition probabilities are given by

Po10=pn-1, Piiy1 = pi for i=0,....n—2
Pon-1=qo, Piisn = ¢ for i=1,...,n—1
P = r; for i=0,...,n—1,

where p;, q; € [0,1], r; € [0,1) with p;+¢;+7; =1, fori = 0,...,n—1. We call the graph of this Markov chain
the generalized n-cycle graph because for p; = ¢; = 1/2 and r; = 0, we obtain the well-known random walk
called the n-cycle graph without loops and for p; = ¢; = r; = 1/3, we obtain the well-known random walk
called the n-cycle graph with loops. In order to simplify the writing, we introduce the notation 6; = ¢;/p;
when p; # 0.

3.1 Mean cover time of the generalized n-cycle graph

We consider in this subsection the mean hitting time and mean cover time of the subset of states {i +
1,...,n — 1} of the generalized n-cycle graph when the initial state is state i, for all ¢ = 0,...,n — 2.
Theorem 3 For everyi=0,...,n—2,if ps #0 for £ =0,...,i, we have

i

i i i ¢ Hem
Ei(T(it1,.n-1}) = kzp—k l_k[ O — (;; l_k[ 9m> —m= ] (10)
=0 m=k+1 =k m=k+1 1+ZH9m
£=0 m=0

Proof. From relation , we have, for every i =0,...,n — 2,
Ei(Tjis1,..n-13) = ((I — P{o,.i.,z‘})flﬂ)i .

The column vector v = (vp,...,v;) defined by v = (I — P{O,m’i})’lll is the unique solution to the linear

system
(I — P{O,...,i})v =1

and we are looking for an expression of v; = E;(T§;41,....n—1}). This linear system can be written as

(1 —70)vo — pov1 =1
—qeve—1+ (L —ro)ve —peveyr = 1, forb=1,...;i—1 (11)
—q;Vi—1 + (1 - Ti)Ui = 1.



We suppose that py # 0, for £ = 0,...,i. Defining v_; = v;41 = 0 and z; = vy — vpy1 and observing that
1—ry=ps+ qe, we get, for £ =0,...,1,

1
zp = — + %2571,
be  De
which leads, since z_; = —vg and 0y = q¢/pe, to
‘o ’ ‘
2= 3 1 b [ o 12
k=0 Pk m=k+1 m=0

m=k+1

7 L
=0 1+ I o

£=0 m=0

Replacing vg by its value in relation in which we set ¢ = i, we get

1 i E
Uzzzzzzpik I1 em—< Zpik I1 6w m=o
k=0 "% m—k+41 (=0 k=077 m=kt1 L+ Z H Om
£=0 m=0

I1 o
)

i i i ‘
1 m=0
X e (X I ) |2 ]
k=0 m=k+1 b=k m=k+1 1+ Z H em
£=0 m=0
which completes the proof. [ |
This relation leads to the following particular results for all : = 0,...,n — 2.

e If g; = 0, which means that 6; = 0, we get as expected
Ei(T(ig1,...n-13) = 1/ps.

o If p, =0, for all £ =0,...,i then we we have 1 — r; = ¢y and the linear system writes vg = 1/qo
and vy — vy_1 = 1/qe, which leads as expected to

%

Ei(Tg,.n-13) = Z 1/qe.
=0

o If go/pe = 0 with py # 0, for all £ =0, ...,4, then we have 8, =6, for all £ =0, ...,7 and we obtain

i

1 <07,k o 9i+1>
Z — | — if 60#£1
_ pit+2
=0 Pk 1 9
Ei(T{ile,u.,nfl}) = '

1 —Fk+1
- if 60=1.
142 kz:o Pk



e Ifpp=p#0and g =g, forall ¢ =0,...,4, then we have §, = 0 = ¢/p, for all £ = 0,...,7 and we
obtain

1/ 1 (i +2)0+!

- — : if 0#1

p (1 -0 1—9it2 ! 7

Ei(T{it1,....n-1}) =
L+ 1
L if =1
2p
All the other particular cases can be easily obtained from the linear system .
In order to obtain the mean cover time of subset {i + 1,...,n — 1} when the initial state is state i, we

need the following lemma. For every i =0,...,n — 2, we introduce the matrix W@ defined by

W = (1~ P{O,...,i})71P{O,...,i},{i+1,...,n—1}~

The rows of matrix W) are numbered form 0 to i and its columns are numbered from i + 1 to n — 1. For
£=0,...,iand j=14+1,...,n — 1, we denote by I/Ve(lj)7 the entry (£, ) of W),

Lemma 4 Foreveryi=0,....n—2,{=0,...,iand j=1i+2,...,n—2, we haveWé?zO and, if pg # 0
for£=0,...,1,

7 h ; N

. Z H m . | Z H 0,,
Wg(,li)+1 =1- % and We(;)kl -1— WZ(,Zz‘)+1 _ h:éimzoh .
1+ H Om, 1+ Z H 0,,

h=0m=0 h=0m=0

Proof. We introduce the notation H) = Pro,... i} {i+1,....n—1} With the same numbering of rows and columns

.....

as matrix W®. The non zero entries of matrix H*) are Hi(fi)ﬂ = p; and H(gf7)171 = qo. It follows that the

non zero entries of matrix W are in its first and last columns. These entries are We(? 41 and Wz(?lfp for

¢ =0,...,i. Moreover since matrix W is a (non square) stochastic matrix, we have We(’?ﬂ + We(,i)zq =1
So it sufficies to evaluate the entries Wé(ii)—&-l’ for £ = 0,...,i. Consider the column vector v defined by
v = (vg,...,v;) with vy = Wz(?H' It is the unique solution to the system

(I - P{O,...,i})v = h,

where h is the first column of matrix H®, i.e. h = (0,...,0,p;). This system can then be written as
(1 —=ro)vo — pov1 = 0
—qeve—1+ (1 —re)ve —peven = Oforl=1,...,i—1 (13)
—qivi—1 + (1= 1) = Dpi
We suppose that py # 0 for £ = 0,...,¢ and we recall that 6, = ¢;/ps. Defining vy = v;11 = 0 and
z¢ = vy — vg4+1 and observing that 1 —r, = py+qe, we get zp = 0pzp_1, for £ =0,...;i—1 and z; = 6;z;1 + 1.
Since v_; = 0 which gives z_; = —vyg, this leads to
¢
zp = —’U()H O, for £=0,...,i—1
m=0
Z; = 1-— Vo H Hm.
m=0



Summing these relations from 0 to ¢, we obtain, since v;41 = 0,

Zzh—vo—;
h=0 1+ I o

h=0m=0
In the same way, we have, for £ =0,... 1,
7 h

Om
0

Zzh_w_l_hem—h
14> ] m

h=0m=0

which completes the proof. |

Observe that if p; = 0 then the linear system simply gives vg = -+ = v; = 0 which means that
W[(z)_H:Oand W(z) =1 forall¢=0,...,i.
Dealing Wlth cover times when the pZ and the ql are as general as possible is very tricky due to the

,,,,,

In the following theorem we conelder the case Where pe=pand q =¢q,forall{ =0,...,n—1. We then
have 6, =0 = ¢q/p, for all £ =0,...,n — 1. As we saw in the fourth previous item, we have in this case

1/ 1 (i +2)0+t
Ei(TGg,. n-1}) = (1 —0 T 1 _pie

In order to simplify the notation, we define for every ¢ = 0,...,n — 2, the functions
1 (i +2)0+!
fl(e) = 1-6 - 1— 9’i+2 = plEi(T{iJrl,...,nfl})' (14)
In the same way, using Lemma [4| with £ = ¢ and 6,,, = 6, we obtain
1— 9i+1 )
W= i+l and WO =1-W (15)
i+ 2
0 ifp=0
We are now able to evaluate the mean cover time of subset {i + 1,...,n — 1} when the initial state is
state i.
Theorem 5 For every i =0,...,n— 2, when pp=p and qp = q, for all £ =0,...,n— 1, we have
hi(0
©) if 0#£1
p
n+i)(n—i—1 .
Ei(Cliv1,...n-1}) = ( I ) if 0=1
4p
-1
n if p=0.
q
where the functions h; are given recursively for i =0,...,n — 2, by hy—1 = 0 which is the null function and
11—t -0

hi(0) = fi(0) + mhiﬂ(e) + 92 OHQ hi+1(1/0).



Proof. We first suppose that 6 # 1. Using equation and relations and , we have, for i =
0,...,n—2and by taking A={i+1,...,n— 1},

Ei(Civ1,..n-1y) = Bi(T{iq1,.. n—1y) + Z W )]E (Clit1,...n—11\{5})
Jj=i1+1
=Ei(T(1,... n— 1})+W1(Z)+1 Eir1(Clite,.. n—l})+W1n 1En—1(Cita,... n—2})

fi 0 1— 01+1 _ 92+1
1(7 ) + 1_gite 2+1(C{'L+2 n— 1}) 1- 1_gi+2 ]Enfl(C{i—&-l,.“,n—Q})'

For i =0,...,n — 2, we define g;(p, q) = E;(Cyit1,....n—1}). By symmetry, it is easily checked that we have
n—2}) = gi(q,p). It follows that

fi®)  1-6"! 11—t
T 1 — gi+2 gir1(pa) + (1~ 1_pit2 9i+1(4,p)-

.....

gi(p,q) =

Defining hi(p, ¢) = pgi(p, q), we obtain pg;+1(q,p) = hit1(q,p)/0 and thus

1— 6+t 0'(1—0
hi(p, @) = fi0) + gz hiva(p, @) + 1(_79i+2)hz’+1(qyp)~

Since hn—2(p; q) = pgn—2(p,q) = PEn—2(Cln-1}) = pEn—2(T{n-13) = fa—2(0), we define hy,—1(p,q) = 0, for
all p,q. This initial value of the recursion implies that the function h;(p,q) only depends on the fraction
0 = q/p. We thus redefine functions h; as h;(0) = h;(p,q) and we have h;(1/0) = h;(q,p). It follows that,
fort=0,...,n—2,
1— @it 0 (1 —6)
hi(0) = fi(6) + mhiﬂ(@ + mhwl(l/@)v
with h,_; = 0, the null function.
In the case where § = 1, i.e. when p = ¢, we have E;(T}i41,....n—1}) = (¢ + 1)/2p and thus

141
Ei(Cliv1,...n-1}) = % +W1(l)+1]El+l(C{z+2 ..... n—1}) + (1 Wl(l)ﬂ) n-1(Cit1,...n—2})-

Since p = ¢, we have by symmetry, E;11(Ciy2,....n-1}) = En—1(Cfit1,... .n—2}), which leads to

1+1
Ei(Clig1,..n-1}) = + Eip1(Clita,...n—-1});
that is - - . ( N 1)
7+ 1+ n — n+11)(n—1—
E(C,s ) = — .
i(Clit1,...n—13) % 2% +ee 2% 1p
If p =0 we easily get IE;(Cyit1,....n—1y) = Ei(Ti11) = (n — 1)/q, which completes the proof. [ ]

Corollary 6 For every n > 2, we have

f1o(6) if 0#1

p
E(C) =Eo(Cp,....n—1}) = n(n4; Y if 0=1
n—1 i p=0

q




Proof. Again, by symmetry, we have for every i = 0,...,n — 1, E(C) = E;(Cgs\(;3). Taking i = 0 in
Theorem |5} we get the result. u
Note that when § = 1 with p = ¢ = 1/2 (resp. with p = ¢
of the classical n-cycle graph without self-loops that is E(C) = n(n —
E(C) =3n(n—1)/4).
For 6 # 1, the algorithm to compute the mean cover time E(C') is described in Table 1.

= 1/3) we get the well-known result
1)/2 (resp. with self-loops that is

input : n>2,p,g€ (0,1) withp4+¢<1
output : E(C)

0=q/p X
1 nf"= 0 nf
In2(0) =775~y g M0 = TG T
for i =n — 3 downto 0 do
1 (i42)0"" 0 (i+2)0
fz(a) T1-9 - 1 ;vg_ilJrQ ) fb(l/oe)(_ _19)_9 + 1 — gi+2
16 (1 -
hi(0) = fi(0) + mhiﬂ(@) + Whiﬂ(l/@
O(1 — 6t 6(1—6)

endfor
E(C) = ho(0)/p
Table 1: Algorithm computing the mean cover time of the generalized n-cycle graph.

3.2 Cover time distribution of the generalized n-cycle graph

We consider first in this subsection the cover time distribution of the subset of states {i + 1,...,n — 1} of
the generalized n-cycle graph for which py =p and ¢y = ¢, forall £ =10,...,n—1, i.e. §, =6 = q/p, when
the initial state is state ¢. Then by taking i = 0 we deduce, by symmetry, the cover time distribution for
every initial distribution.
To simplify the writing, we introduce the matrix (i + 1) x (n — i — 1) matrix H® (h) defined for every
1=0,....,n—2and h >0, by
H(l)(h) = PELO,...,i}P{O,...,i},{i-&-l,...,n—l}~

When i = 0,...,n — 3, the only non zero entries of matrix H*(0) = Pro,...iy {i+1,...n—1) are Hff%)+1(0) =p

and H(()?L—1(0) = ¢. When i = n — 2, the matrix H"~2)(0) = P,
zero entries are Hé’nn_fl) (0) = ¢ and HT(LTL_Q’) (0) =p.

n—1

n—2},{n—1} has a single column. Its non

,,,,,

It follows that matrix H()(h) has only 2 non-zero columns which are column i + 1 and column n — 1
and obviously a single one when ¢ = n — 2. For every h > 0 and ¢ = 0,...,n — 2, we denote column i + 1 of

HO(h) by v (h) = (v(()i)(h), e ,vii)(h)) and column n — 1 of H®(h) by w® (h) = (w(()i)(h), e ,w?(h)).

Their initial values are v (0) = (0,...,0,p) and w?(0) = (¢,0,...,0).
Using these remarks and notations, we have from Theorem [} by taking A = {i+1,...,n — 1}, for every

10



i=0,....n—3and k>n—i—1,

k—n+i+2 n—1
IPi{C{H»l ..... n—1} = k/’} = Z Z Hl(?(h - 1)1Pj{c{z'+1 ..... n—11\{j} = k— h}

h=1  jeitl
k—n+i+2
= (Hi(,zi)+1(h —DPi11{Cfis2, ..n—1y =k —h} + Hi(,lr)Lq(h —DPn1{Clit1,. . n-2y =k — h}>
h=1
k—n+i+2
- (Uil)(h ~ DPi1{Clisano1y = k = b} + 0 (h = )Py 1{Clig1 n2y =k — h})
h=1
k—n+i+1
- (Uzm(h)Pi+1{C{i+2,...,n—1} =k—h-1}+ wz@(h)]Pn—l{C{z‘+1,...,7z—2} =k—h- 1}) '
h=0

Let us now introduce the notation f;(p,q, k) = P;{Cy;i11,... n—1y = k}. Note that using the symmetry of the
Markov chain, the cover time distribution of subset {i + 1,...,n — 2} starting from state n — 1 is equal to
the cover time distribution of subset {i 4+ 2,...,n — 1} starting from state 7 + 1 and interchanging the roles
of p and ¢, that is

Pp1{Clis1,.n—2y =k —h =1} = fiy1(g,p,k — h —1).
We thus have, for every i =0,...,n—3 and k >n —1i— 1,

k—n+i+1

fimak = Y (Wi gk —h=1) + 0l (W) firr(apk—h=1)). (16)
h=0

3.2.1 Computation of vectors vgi)(h) and wgi)(h)

When i = 0,...,n — 3, the column vector v(?)(h) (resp. w(¥(h)) being the first (resp. the last) column of
matrix H® (h), we have

U(i)(h) = P{ho,...,i}“(i) (0) and w® (h) = P{ho,..i,i}w(i)(o)v
where we recall that v(?)(0) = (0,...,0,p) and w®(0) = (¢,0,...,0). We thus have

v (h) = Py, ;v (h — 1) and w?(h) = Py iyw® (h —1).

..........

When i = n — 2, since matrix H(™~2)(h) is a column vector, we have H(™=2)(0) = v(»~2)(0) 4 w(™~2)(0) and
thus H=2(h) = v(»=2(h) + w(™=2)(h). The algorithm to compute either vz@(h) or wgz)(h) is the same. It
is quite simple and shown in Table 2, where vector z(p, g, ) can be either vector UZ@(Z) or wgz)(ﬁ).
input : n>3,p,q€ (0,1) withp+¢<1,i=1,....,n—2, h, (p,q,0) = (xo(p,q,0),...,2:(p,q,0))
output : z(p,q,€) = (zo(p, ¢, 1), ..., xi(p,q, ) for £=1,....h
r=1-(p+q)
for /=1 to h do

zo(p, q,0) = rxo(p, ¢, £ — 1) + pr1(p,q, £ — 1)

form=1toi—1do

TP, 4 0) = qEm-1(p, ¢, £ = 1) + 12 (p, ¢, £ = 1) + prmia(p, g, £ — 1)

endfor

l'z(g) = qxifl(pa q,f - 1) + Txi(p7 q7€ - 1)
endfor

11



Table 2: Algorithm computing the values vl@(h) and wl(l)(h) When ¢ =1,...,n — 3, by taking z(p,q,0) =
v (0) (resp. z(p,q,0) = w?(0)), the algorithm provides v((h) (resp. w?(h)), for £ = 1,... h. When
i = n—2, by taking z(p, ¢, 0) = v»~2)(0)+w(™=2)(0), the algorithm provides z(p, ¢, £) = v*~2) (£)+w =2 (¢),
for{=1,..., h.

Note that the case where ¢ = 0, is not taken into account by the algorithm described in Table 2 because
in this case we simply have (P{o})h = 7", that is v(()o)(h) = pr® and w(()o)(h) = grh.

3.2.2 Computation of the cover time distribution of the generalized n-cycle graph

The computation of the cover time distribution is based on relation . Indeed, for every k& > 0 it is given
by

Observe that in relation , the values vl@(h) and w( )(h) obviously depend on p and ¢ and since we need
both f;(p,q, k) and f;(g,p, k), we must specify this dependence. Relation becomes

fi(p,q, k)

+ .
Z ( f )(pa(L )fi+1(p7q7k —h— 1) + wqgl)(p7Q7 h)fi+1(Qap7k —h— 1))7
h=
(17)

fila,p, k)

+
Z ( z( )(qapv )fi+1(Q7p7k —h— 1) +w£l)(Q7pa h)fi+1(paQ7k —h— 1))
h=

In order to get fo(p, ¢, k), the starting point of relation is the computation of f,,_2(p, q,£) and f,_2(q,p,£).
The value of f,,_2(p, q,¥) is given, using relation , by

fn72(p7 q,f) = ]Pn72{c{n—l} = g} = IPn72{T{n—1} = é} = (P{Zo’l n— Q}P{ ,n—2},{n—1}>n72 )

S0 fn_2(p,q,¢) is provided by the algorithm of Table 2, by taking i = n — 2 and z(p, ¢,0) = v»~2)(p, ¢, 0) +
w2 (p,q,0) = (¢,0,...,0,p). In the same way, the value of f,, _2(q,p,¥) is provided by the algorithm of
Table 2, by taking ¢ = n — 2 and z(q,p,0) = (p,0,...,0,q).

The following algorithm provides P{C = k} = fo(p,q,k) for k =n —1,..., K. Observe that we have
P{C=k}=0,for k=0,...,n—2.

input : n >3, K>n—1,p,qe (0,1) withp+¢<1

output : fo(p,q, k) fork=n—-1,...,K

r=1-(p+q

fork=1to K —n+2do
Compute f,,—2(p,q, k) = £p—2(p, g, k) from algorithm of Table 2
with ¢ =n — 2 and z(p,¢,0) = (¢,0,...,0,p)
Compute fr—2(q,p, k) = xn—_2(q, p, k) from algorithm of Table 2,
with ¢ = n — 2 and z(q,p,0) = (p,0,...,0,q)

endfor

for i =n — 3 downto 0 do
for h=0to K —n do

1@(;0, q,h) = z;(p,q, h) from algorithm of Table 2, with z(p,q,0) = (0,...,0,p)
Compute w@(p7 q,h) = z;(p,q, h) from algorithm of Table 2, with z(p,¢,0) = (¢,0,...,0)
@ )(q p, k) = z;(q,p, k) from algorithm of Table 2, with x(q,p,0) = (0,...,0,q)

Compute U%( )(q p, h) = x;(q, p, h) from algorithm of Table 2, with x(g,p,0) = (p,0,...,0)
endfor
fork=n—i—1to K —ido

Compute v

Compute v;

12



k—n+i+1
fl(p7qak) = Z (UfEZ)(paq7h)fi+1(paQ7k_h_ 1)+w1(l)(p7qah)fl+l(qap7k_h_1))

N |
S k)= 3 (0 @p W (@ p k= h=1) + 0@, ) fisa(pa k= h = 1))
h=0
endfor
endfor

Table 3: Algorithm computing the distribution P{C =k} = fy(p, ¢, k), for k=n—1,..., K.

4 The complete graph

4.1 The complete graph with self-loops

A random walk on the complete graph with self-loops is a Markov chain on the state space S = {0,1,...,n—
1}, n > 2, with transition probability matrix P given, for every u,v € S, by P, = 1/n.
4.1.1 Mean cover time of the complete graph with self-loops
By symmetry, we have for any initial distribution,
E(C) = Ei(Cs\{iy) = Eo(Cr1,....n—1})-
For every n > 1, we denote by h,, the harmonic sum, i.e.
1
hy, = —.
> %
k=1
Theorem 7 For every i =0,...,n — 2, we have
n
Ei(Tgiv1,..n-1y) = T GTD and i (Crig1,... .n—13) = Mhn_(it1)-
Proof. The matrix P having all its entries equal to 1/n, we have for every ¢ = 0,...,n — 2 and u,v €
{07 ]‘""77:}’
1
- - i
B n—Gx1 @ ouwAv
(1- P{O,l,...,i})u’v = .
T Y u=w
n—(i+1)
We thus get from relation ,
Ei(T{it1,..n-1}) = ((I ~Po1,) 1) -y (I= P, i), = ——, (18)
B N B Wi o= (i+1)
and, for every j € {i+1,...,n—1},
1 1
I-P i P i n— ) =
(( 00}) PO i it 10n=1} )= (+1)
Putting this result into equation , we obtain
n 1 n—1
( {i+1,..., 1}) TL*(Z+1) n7(1+1) j;l J( {i+1,..., 1}\{]})



By symmetry all the terms in the sum have the same value, so we get
n

B (Crive mo1h)
n—(i+1)+ +1(Cfita,...n—-13)

Ei(Clig1,...n-1}) =
From relation with ¢ = n — 2, we have

En—Q(C{n—l}) = ]ETL—Q(T{R—l}) =n

We then obtain recursively,

n—1
n
Ei(Clit1,..n-13) =7 Z nGEl) Nl (iy1),
l=i+1
which completes the proof. |

Again, by symmetry, taking ¢ = 0 in Theorem [7} we get
]E(C) = ’I’Lhnfl.

4.1.2 Cover time distribution of the complete graph with self-loops
By symmetry, we also have for any initial distribution and for every i € S,

P{C =k} =Pi{Cs\(iy = k} = Po{C1,...n-1y = k}.
Lemma 8 For everyi=20,...,n— 3, we have

0if0<k<n—(i+1)

Pl =R = ey G (i

DV

h=n—(i+2)

k—h—1
) Piy1{Cfita,..n—1y = h} if bk >n— (i +1).

Proof. Applying relation to subset A = {i +1,...,n — 1}, we have P;{Cp;;4
0<k<n—(i+1)andfork>n—(i+1)

n-1y = k} = 0 for

.....

k—n+i+2 n—1

Pi{Clis1,.n-1y =k} = Z > ( to,iy P ,i},{i+1,...,n_1})ijle{C{m,,__,n_l}\{j} =k—h}.
h=1 J=i+1 §

Tt is easily checked that for every u € {0,...,i},ve{i+1,...,n—1} and h > 1, we have

(i+1)h 1

h-1 _
(P{07,,,,i}P{o ..... iy it n71})w—T~ (19)

Moreover, by symmetry, P;{C;y1,..n-1}\{;} = k — h} has the same value for every j € {i +1,...,n — 1}.
We thus get, for k >n — (i + 1),

k—n+i+2 n—1

Pi{Cli+1,...n-1y =k} = Z Z h i+1{C{i+2,...,n—1} =k—h}

h=1 J=i+1
. k—n+i+2 , . h-1
_ on—(i+1) irl =
- Z (Tl) z+1{c{2+2 ----- n—1} = k— h}
h=1
‘ k—1 : k=h=1
_ on—(i+1) i+l -
e () et oh
h=n—(i+2)
which completes the proof. -
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The following theorem gives an explicit formula for the distribution of the cover time of subset {i +
1,...,n — 1} when starting in state i. In order to prove this theorem, we first need the following lemma.

Lemma 9 For every m > 0 and x € R, we have

i /(" @i = 1)

Proof. We use the following result which is proved in [9]. For every m >0 and = € R,

i < ) (z — )™ = ml. (20)

j=0

Using this relation and the fact that (m;‘l)

Sy ("M e = e (Te-ar e e ()

I
<3
_|_
DE
3
(0)<]
&

Jj=0 j=0 j=1

m—1 m

= m!— ) (x—j—-1)™
> (5)e=i-n
7=0
i (m

= = () 1= ) me )
— J
7=0

= (m+1-2)",

where the second and the fourth equalities are due to relation . |

Theorem 10 For every i =0,...,n—2, we have Pi{Ciy1,  n_1y =k} =0 for0 <k <n—(i+1) and for
k>n—(i+1),

Pi{Clis1,.m1y =k} = no+n” §2) (n - 2>> ("UHL))H . (21)

Jj= ] "

Proof. Clearly we have Pi{C{; 11, n-1} =k} =0for 0 <k <n—(i+1). For k> n — (i +1), the proof is
made by recurrence. For i = n — 2, we have for k > 0,

P, 2{Cpn_1y = k} = Pro{Tn_1y = k}.

We have P, _2{T{,—1} =0} =0 and for k£ > 1, we obtain from and

which is exactly relation fori=n—2.
Suppose relation is true for index ¢ + 1 < n — 2, i.e. suppose that

Prr{Ciirz.. 1}:k}— —(i+2) nfg) (n—(2+3)> (”_(j"'l))k_ll

Jj= J "

15



From Lemma we get for k >n — (i + 1),

. k—1 , - ‘
n—(+1 i+1 e (i 42
IPi{C{i+1 ,,,,, n—1} :k} = (n ) Z < > ( )

n
h=n—(i+2)
n—(i+3) . . h—1
, n—(z+3)> (n—(]+1)>
X —1)/ . _
> (e !

n— (i n— (i DL R N A
_ (= G+ D) nlg +2))(i+1) (_1)]( (j+3>>

y k—1 (n—(]+1))h_1
h=n—(i+2) i+1

n—( n—( I N R G
_ =+ D))= (+2)+1) (_1)3( (.+3)>

nk j

Jj=

" w n—(i+3) L 1 N n— (] + 1) k—n+i+2
i+l n—{(i+2)—j i+1 :

T TS G

<

Observing that

we obtain
(= G+ D)+ D2 "R (n— 42 (= G+ 1))
Pi{c{i+1 ..... n—l}:k} = nk _(_1)]< j ) (Z’+1)7L—(i+4)
j=0
n—(i+3) _
(= (i+2)\ (n =+ 1)
S (e
n—(G+1) |"&EY it N
= v ra)) (—1) : (n—(+1))
nk [ JZ:;) < J ) /
n—(i+3) .
— iy v&V(“‘f§+2§<n—<j+1»”<“®].
j=0
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Using Lemma@ in the second sum for m =n — (i +3) and . = n — 1, we get

. [n—(i+3) ,
n— (7 + ]. fn— (1 + 2
Pi{Clsn, oy =k} = 2UTD > (—1)J< (j )

n
Jj=0

)G

_ (Z + 1)k—n+z’+2 (—i _ 1)n—(i+3)}

. n—(i+3) .
_ nol+l) }j(—m(”@*2§<n—u+nf*

k
n = J
+ (=) F2D (G 4 1)
(i+2) .
n—(G+1)" n—(i+2) k1
- b (T -G
Jj=0 J
which completes the proof. |
Corollary 11 For everyi=20,...,n — 2, we have

1if0<k<n—(i+1)

Pi{Clit1,..n1y > k} = n_fg)(—l)j <n —(i+ 1)> (n - (+1

k
i+l > ifk>n— (i+1).

n
Jj=0

Proof. The result is trivial for k <n — (i+1). For k >n — (i + 1), we have

Pi{Clit1,..n-1y >k} = Z]Pi{c{i-i-l,.“,n—l} =h+1}

h=k

n—(i+1) e n—( +2 (n—(+1) h
- (TR
_on=(@+1) " (H_Q) (n ) n (n—(j—i—l))k

n = j+1 n
B "f” (n 2—|—2>n (i+1) ( (j+1))k
= j+1 n

" (HQ) n—(i+1) n—(+1)

e ( j+1 )( ) ’
which completes the proof. |

Note that the second expression of Corollary [11]is still valid for & = n — (i + 2). Indeed, the variable
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change j := j — 1 followed by the use of Lemma@ with m =n — (i + 2) and = n, leads to

n_g)(l)j GIEE 1))”‘“’”) _ Yy (n= 60 (nt) ™

, J
Jj=1
n—(i+2) . .\ n—(i+2) . n—(i+2)
i=o J n n
) n—(i+2) , n—(i+2)
= (1) (+2) (Hl> +1— (1) (Hl> -1
n n

Taking ¢ = 0 in Theorem we obtain the cover time probability mass function given by

0if0<k<n-—1

nnlg(l)j(nj2> <n(;7l+1))k1 ifh>n—1

Taking ¢ = 0 in Corollary the complementary cumulative distribution function is given by

P{C =k} =

1if0<k<n—1

P{C >k} = Tf(_l)j(n—l) (n—(a+1)>k ifk>n—1.

= 7j+1 n

4.2 The complete graph without self-loops

Random walk on the complete graph without self-loops is a Markov chain on the state space S = {0,1,...,n—
1}, n > 2, with transition probability matrix P given, for every u # v, by P, =1/(n—1) and P, , = 0.

4.2.1 Mean cover time of the complete graph without self-loops

By symmetry, we have for any initial distribution and for every i € S,
E(C) = Ei(Cs\{iy) = Eo(Cr1,...n—1})-

Lemma 12 For every u,v € {0,...,i} and k > 0, we have

i*F—(-1F
ERCED
i) if u=w.

i+ 1)(n— 1)

Proof. The proof is made by recurrence. For k& = 0 we clearly have (P?0 i})um = 1{y—y}. Suppose that
the result is true for index k£ — 1, i.e. suppose that

Z'kfl _ (71)1@71
(t+1)(n—1)k-1

if wu#w

pk—1 _
0,...,2

( { }>va ,L'kfl +Z’(71)k71

(t+1)(n—1)k-1

18



We then have

(P{ko,...,z‘})u . (Pfo_,}.,i}>u w (P{Ov'“ai})w,'u
? w=0 ’
_ 1 : k—1
- oo > ().,
w=0,w#v

1 k—1 : k-1 .
ot | (Bila),, 2 (Fla),, | o e

w=0,w#u,v

nil Z (P{koi,}.,i})uw if wu=w

w=0,w#u ’
Zk . (71)](5
f
GxDm_1F L urv
o -k i(—1 k
i) if u=vw

which completes the proof.

Theorem 13 For every i =0,...,n — 2, we have

Ei(Cyiga,..n—1y) = (n = Dhp_(iy1)-
Proof. For every u,v € {0,...,i}, we have from Lemma

n—1
—_  if
I o) B
((I*P{07.._,i}) )uv - Z (P{O""’i})uv - :
o k=0 7 (r-1)n—i) if u=w
nin—(i+1))
We thus get, for every u € {0,...,i},
-1 ! -1
(T=Poa)™'1) = Y (C=Pos) ™)
v=0 ’
(n—1)(n — i) : n—1
= 2 —_—
M=) T, 2 WG D)
_ n—1
 on—(i+1)
For every u € {0,...,i} and v € {i+1,...,n — 1}, we have
1 1 —1 1
((I — Po,...i}) P{O,...,i},{i-{-l,“.,n—l})uv =7 ((I — Po,...i}) l)u =G+ D EL
Putting this result into relation (g), we obtain
n—1 1 i,
E; Cz n— = - ; E; Cl n— iv).
(Clis,n1}) n7(2+1)+n7(1+1)j§1 J(Critt.m11\(5))
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By symmetry, we have E;(Cyit1,.. n—10\{5}) = Eit1(Cfit2,....n—1}), which leads to

n—1

)= = B (Crivs 1)
..... n 1}) TL*(Z+1) + +1( {i+2,..., 1})

Since .
En2(Cino1}) = Eno(Tn-13) = ((I Pae 2) ]l) =n—1,
n—2

we obtain, recursively,
Ei(c{i+1 ..... n71}) =(n— 1)hn7(i+1)a
which completes the proof. |
By symmetry, taking ¢ = 0 in Theorem [I3] we get

BE(C) = (n— 1)hy_,.

4.2.2 Cover time distribution of the complete graph without self-loops
Again, by symmetry, we have for any initial distribution and for every i € S,

P{C =k} =Pi{Cs\sy =k} =Po{C1,.. n1) = k}.
Lemma 14 For everyi=0,...,n — 3, we have

0if0<k<n—(i+1)

Pi{Clit1, . n1y =k} = a1 Rl e h1
h=n—(i+2)

Proof. Applying relation to subset A = {i +1,...,n — 1}, we have P;{Ciij1,.. n—1y = k} = 0 for
0<k<n—(i+1)and

k—n+i+2 n—1

h=1 J=i+1

fork>n—(i+1).
It is easily checked from Lemma that for every u € {0,...,i}, ve {i+1,....n—1} and h > 1, we

have
i1

(P{O l}P{ 0,. ,i},{i-‘,—l,...,n—l})u ) = m (22)

Moreover, by symmetry, P;{C{;41,....n—1}\; = k& — h} has the same value for every j € {i+1,...,n—1}. We
thus get, for k >n — (i + 1),

k—n+i+2 n—1

Z Z . 1+1{C{2+2, n—1} =k —h}

Pi{Cfit1,..n—1y = k}

= Jj= 1+1
. k—n-+i+2 . h—1
n—(i+1) i
= T 1 P, ; =k —h
n-1 }; (n_ 1> +1{Cfit2,...n—1y }
; k-1 . k—h—1
n— (l + 1) )
- T a1 Z (n — 1) Piy1{Cfit2,...n—1y = h},
h=n—(i42)
which completes the proof. n
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The following theorem gives an explicit formula for the distribution of the cover time of subset {i +
1,...,n—1}.

Theorem 15 For every i =0,...,n—2, we have Pi{C11,. n-1y =k} =0 for 0 <k <n—(i+1) and for
kE>n—(i+1),

n—(i+2)

P{Cisr gy =k} = LD Z (" -G+ 2>> (”(‘7”))“ . (23)

-1 -1
n = J n

Proof. Clearly we have Pi{C{;11,.. n-1} =k} =0for 0 <k <n—(i+1). For k> n — (i +1), the proof is
made by recurrence. For i = n — 2, we have for k > 0,

]Pn72{c{n—1} = k} = IPn72{T{n—1} = k}

We have P, _2{T{,—1} =0} =0 and for k£ > 1, we obtain from and

k—1 (n—2)*!
Ppo{Tn_1y =k} = (P{O’ n—2yP0,. ,n—2},{n—1}1>n72 R
which is exactly relation (21f) for i = n — 2.
Suppose relation (23 is true for index ¢ + 1 < n — 2, i.e. suppose that
n—(i+3) . . k—1
n—(i+2) n—(i+3)\ (n—(j+2)
P, i 1t =k} = ) _— .
+1{C{ +2,...,n—1} b= a1 jz: ( ] ) ( n—1

From Lemma [14] we get for k > n — (i + 1),

. k—1 k—h—1 .
n—(+1 n—(i+2
P{Cuisr..mny =k} = "D Dy ( ) n—(i+2)
)

n—1 / n—1 n—1
h=n—(i+2

n—(i+3) . . h—1
(@3N (n=(+2)

: ; ( 1)< j )( n—1 )
=G+ )= (i +2)F 2" EY i (i4-3)
- (n—1)F Z%<1)< )

k—1 . h—1
n—(j+2)
X _
h=n—z(i+2)< ! )
=)= (+2)i2 &Y= (i+3)
- (=1 Z%<1)< )

x<n—g+m)"man_@im_j<1+(n—g+m>k“”3.

)=

Observing that

21



we obtain

Pi{Cfit1,.n-1y =k} =

n— (i k=2 | i — (i n— (i n—(i+3)
(=41 [ () e

(n—1) = j jn—(i+4)
n—(i+3) .
n—=(i+2)\(n=-(+2)
+ (=1)/ : =
5 (e

e k-1
| 2 w2

(i4+1) | (HB) (n—(z—I—Q)
J

n—(i+3) .
_ jhentit2 Z (1) (n - (% + 2)) (n—(+ 2))n—(i+3)] _

i=0 J

Using Lemma@ in the second sum for m =n — (i +3) and z = n — 1, we get

Gy ["E '
P{Cfiy1,.mn1y =k} = W Z (_1)J< (j " 2)) (n—(j+2)*
=0
_ jhentit2 (_i)n—(i+3)}
B 71f(i+1)_”*““)_ -G,

T (_1)n7(i+2)ik71}

n— G+ )" E Y i+ 2) e
= —— (=1)? : (m—0G+2)"
(n—1F 2 < > ’

which completes the proof.

Corollary 16 For everyi=20,...,n — 2, we have

1if0<k<n—(i+1)

Pi{Clit1,..n1y > k} = n_ﬁfg)(—l)j (n —(i+ 1)> (n - (1 +2)

k
i+l > ifk>n—(i+1).

n—1
=0
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Proof. The result is trivial for k <n — (i +1). For k > n — (i + 1), we have

Pi{Clis1,..n—1y >k} = Z]Pi{C{H»l,..‘,nfl} =h+1}
h=k
. n—(i+2) . 00 . h
n—(i+1) (n—(i+2) n—(j+2)
- SR () (R
7=0 h=k

B n—(i+1)”(”2) ( —Z+2>n—1(n—(j+2))k
n—1 _]0 J+1 n—1
z+2 n—(i+1) <n(]+2)>k

> Jj+1 n—1
n— ]+2
n—1 ’

which completes the proof. [ |

z+2) n—

n—(i+1)
Jj+1

n— (z+2) <

Note that the second expression of Corollary [16]is still valid for kK = n — (i 4+ 2). Indeed, as we did in the
section on the complete graph with self-loops, the use of Lemma@ withm =n—(i+2) and z = n—1, gives

BN (v (e 2))”“”2) "y (nOe) (el 1))"‘“*”
ot Jj+1 n—1 = j n—1
n—(i+2) s o n—(i42) _ . n—(i+2)

- _ Z (—1) <n (? + 1)> <”(]+1)) $1 - (—1)n+D <Z>

- J n—1 n—1

7=0
_ _(_l)n*(i+2) _t e +1-— (_1)n7(i+1) i e =1

n—1 n—1 '

Taking ¢ = 0 in Theorem we obtain the cover time probability mass function given by
0if0<k<n-1

P{C=k}=Q n-2 . k—1
. -2 — 2
§ (_1)J<n ' )(n(]—l—)) ifk>n—1.
- 7 n—1
Jj=0
Taking ¢ = 0 in Corollary [T1] the complementary cumulative distribution function is given by

1if0<k<n—1

P{C >k} =( n-2 i — n— (i ke
2(—1)1(‘ 1) <M> if k>n—1.

iz j+1 n—1

5 The generalized n-path graph

We consider in this section a Markov chain on the state space S = {1,...,n}, n > 2, with transition
probability matrix P. Its non zero transition probabilities are given by

Piy1 = p for i=1,...,n-1
Pi,ifl = (q; for L= 27 P
P, = r for i=1,...,n,
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where p;,q; € (0,1], r; € [0,1) with py +r =1, pi+q¢+r;, =1fori=2,....n—1and r, + ¢, = 1.
We call this Markov chain the generalized n-path graph because when p; = ¢; = 1/2, fori =2,...,n — 1
and p; = g, = 1 which means that r; = 0, we obtain the well-known random walk called the n-path graph
without loops and when p; = ¢; =r; =1/3,for i =2,...,n— 1 and p; =r; = g, = r, = 1/2 we obtain the
well-known random walk called the n-path graph with loops.

5.1 Mean cover time of the generalized n-path graph

We consider in this subsection the mean cover time of the generalized n-path graph starting in state i, for

every i = 1,...,n. We first consider the mean cover time of subset {i + 1,...,n} starting in state i.
Lemma 17 For everyi=1,...,n—1, we have
i i p 1
k=1 \m=k+1Pm ) Pk

the product being equal to 1 when k = i.
Proof. From relation , we have, for every i =1,...,n— 1,
Ei(Tis1,.my) = (T = Paiy) 1),

The column vector V' = (vy,...,v;) defined by V = (I — P{l’_“,i})’lll is the unique solution to the linear
system
(I - P{l,,l})v - ]].

and we are looking for an expression of v; = IE;(Tfi41,... n—13). This linear system can be written as

(1 —ry)vr — prv2 =1
—QqeVe—1 + (1 - T'Z)U[ — PeVey1 = ]-7 for £ = 23 s 7i -1 (24)
—qivi—1 + (1 = ri)v; = 1

Defining v;41 = 0, 2 = vy — vgyq for £ = 1,...,4i and observing that 1 —r; = p; and 1 — r, = py + qy, for

{=2,...,i, we obtain

1 1
71 =— anng:——&—%Zg,l, for ¢ =2,...,1.
b1 Pe  De

This leads, for £ =1,...,1, to

¢ ¢ ¢ 1
()

k=1 \m=k+41 Pm ) Pk
the product being equal to 1 when k = £. Since v;41 = 0, we have v; = z;, that is

()

k=1 \m=kt+1 Pm pr’
which completes the proof. |
Lemma 18 For everyi=1,...,n— 1, we have
n—1 j J
B(Cum ) =33 ( 1 qm) 1
=i k=1 \m—kt1 m ) Pk

the product being equal to 1 when k = j.
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Proof. From relation we have, for everyi=1,...,n—1,

n

1
Ei(Clitt,omy) = Bi(T(is1,my) + D ((I —Pp,ay) P{l,...,i},{iJrl,‘..,n})ijEj(c{i+1,...,n}\{j})'
j=it+1 ’

Observing that the only non zero entry of matrix P14} {i41,...,n} 18 (P{1,-<~7i},{’i+17~-,”})i 41 = Pi, we deduce

that matrix (I — P{Lm,i})_l Py1,.. i}, {i+1,...n} has only one non zero column which is column ¢ + 1. This
matrix being a (non square) stochastic matrix, we have

((I - P{l,...,i})il P{l,.“,i},{i+1,4..,n})Z_yj = lgjmit1y-
The previous equation thus becomes
Ei(Cliv1,...n}) = Bi(Tiit,...ny) T Eix1(Clive,...n})
which leads, since E,,_1(C{ny) = En—1(Tiny), to

n—1

Ei(c{i-‘rl,.“,n}) = Z ]E] (T{J-‘rl,,n})

g=i

Using Lemma[I7, we conclude that

[ g 1
EConrm) zz( 1 ‘f) 1

=i k=1 \m—k+1 Pm | Pk
which completes the proof. |
In the same way, we consider the mean cover time of subset {1,...,7 — 1} starting in state .
Lemma 19 For everyi = 2,...,n, we have
n  [k—1 oo\ 1
(Tq,.ie1y) ; (mi qm> o

the product being equal to 1 when k = 1.

Proof. From relation , we have, for every i = 2,...,n,

Ei(Th,. i-1y) = (I - P{i,.“,n})_l]l)i .

The column vector V' = (v;,...,v,) defined by V = (I — P{ip__,n})_l]l is the unique solution to the linear
system
(I—Pu..n)V=1

and we are looking for an expression of v; = Ei(T{l,.“,i—l})- This linear system can be written as

(1 - 7"1) Vi — PiVi+1 = 1
—qeve—1+ (1 —ro)ve —pever1 = 1, ford=i+1,...,n—1 (25)
—QnUp—1+ (1 - Tn)’Un = 1.
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Defining v;_1 =0, zy = vp —vp_1, for £ =14,...,n and observing that 1 —r, = ¢, and 1 — ry = pp + qy, for
{=1i,...,n—1, we obtain

1
zn:—and2g:—+&2g+1, for{=14,...,n—1.
dn qe qe

n k—1 1
Zp = (H p7"’b> )
k=t \im—¢ qm dk

the product being equal to 1 when k = ¢. Since v;_1 = 0, we have v; = z;, that is

n k—lp 1
”1‘2<qu> =

k=i \m=1

This leads to, for £ =14,...,n, to

which completes the proof. ||

Lemma 20 For every i =2,...,n, we have

Pm | 1
Ei(Cp,...im1y) = — | —,
j=2 k=j \m=j dm qk
the product being equal to 1 when k = j.
Proof. From relation we have, for every i =2,...,n,
i—1 )
Ei(Cq,....i-1y) = Ei(Tq,..i-1y) + Z ((I —Pg..n}) P{i,...,n},{l,...,i—l})i ; E;(Cpa,..ic1p\{5})-
i=1 ’
The same remark we did for the proof of Lemma [I7] gives
1
((I = Pu..my)  Pu oy 1'71})1, = 1gj=i-1}-
The previous equation thus becomes
Ei(Cq,....ie1y) = BT, im1y) + Eic1(Cha,..im2y)-
which leads, since Ey(Cy1}) = E2(T(13), to
Ei(Cq,...i-13) = ZEj(T{l,A..,j—l})'
j=2
Using Lemma we coclude that
% n k—1 » 1
Ei(Cq,...im13) = Z = | =
j=2 k=j \m=j dm dk
which completes the proof. |
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Observe that the linear structure of the state space of the path graph implies that for every a,i,b € 5,

when starting in state ¢ with @ < ¢ < b, the distribution of the cover time of subset {1,...,a,b,...,n} is the
same as that of the cover time of the global state space. More precisely, we have
Pi{C1,...ap,...ny = k} = Pi{Cs\piy = k} = Pi{C = k}. (26)

It follows in particular that the expectations (and all the moments) are equal, i.e.
Ei(Ch,...ap,...n}) = Ei(Cs\(s3) = Ei(C), for every a,i,b with a <i < b. (27)

In the same way, we have for every a, P1{C{,, .. ny = k} = P1{Cgq\ (1} = k} = P1{C = k} and in the same
way Pn{Cp1,. o} = k} = Pp{Cs\(ny = k} = P,{C = k}. This observation is used to prove the following
results. We use in the following the convention that a sum of terms ZZ() is set to 0 when a > b,

Theorem 21 For everyi=1,...,n, we have

Proof. Using again relation we have, for every i =2,...,n— 1,
1 —1
Ei(Covi) = (1= Pa)™'1),+ Y. (1= Pw) ' Papsva), SEi(Cs\(ag)-
jes\{i} ’

Matrix Py;y is in fact a scalar which value is 7; = 1 — p; — ¢; and matrix P s\ (4} is a row vector which non
zero entries are (Ppiy s\fiy),_, = ¢ and (P{i}’s\{i})i+1 = p;. We thus have

-1 qi -1 bi
- Py) " Py i) = and(I—Pi Py, ) = :
(=Pw) ™" Parsia it en (I=Pw)  Pasvir), = 5
the other entries being equal to 0. This leads to
Ei(Cs\fiy) = ! SR L Ei 1(Cs\{i-1,i}) + b Eir1(Cs\fi,iv1})-
pi+aq pitq ' Di + i '

Using relation and the particular cases ¢ = 1 and ¢ = n, we obtain for every i =2,...,n — 1,

1 Qi Di
(©) pPit+aq pita 1(©) pi+q; +1(C)

Introducing the notation z; = E;(C) — E;+1(C), we get for every i =2,...,n— 1,

1 .
i=—+ &Zzeh
Di Di
which leads, for every i =2,...,n— 1, to
i i ;
s (I ) (1)
k=2 \m=k+1 Pm

the first product being equal to 1 when k = . From Lemma[I§ and [20, we have

n

E,(C) = '7 Z( I1 qm>1and]En(C)ZZ Hp’" 1

J=2k=j \m=j
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It follows that

— -1 J J n—1 j
()
j=1 =1 k=2 \m=kt1Pm ) Pk 5 \22
"_1232 ( ﬁ QTn) 1 Ti:l < ! Qm> 1
=1 k=1 \mekt1 Pm ) P 5 \ 2o Pm ) P1
= Z(qu>+z<nqm>zl
j=1 \m me j —2 Pm

Using the expression of E,, (C), we get the following expression of 27 i.e.

1 E,(C) 1 j=2k=j \m=; Im
21 = — — - =— - .
—1 -1
]:1 m=2 pm, 7:1 m=2 pm

Writing now

E\(C) - Ei(C sz Zi( 11 pm>1+izl<7.

J J q 1 i—1 J J g 1 i—1 J q
m m m
-5 (I &) L-ss (11 &) L5 (1
=1 k=1 \meky1 Pm ) Pk 505 \nZip P ) Pe 55 \imZe P
n-1 j i, = . =Y
SR e)se(1n ) (T
=1 k=1 \m=kt12m /) Pk 5000 \mZkr tm ) PE 550 \im=2
n—1 7 7 i—1 g
1 1
Jj=t k=1 \m=k+1 Pm Dk p1 j=1 \m=2 Pm
= A
n—1 j j <H P ) n n k—1
q 1 j=1 \m=21"T p. 1
=D\ I 2 )+ > I
=i k=1 \m=k+1Pm J Pk < q i Z;4m | dk

which completes the proof.

We then apply this theorem in the following particular cases.
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e If pp =p+#0 and ¢, = g # 0 then, introducing the notation 8 = ¢/p, we have, when 6 # 1,

ZW 1

1 J
)=y ()
j=1 k=1 QZW 1 j=2k=j
911
_1”*11—91 1_9 1— (1/0) =i+
_52 -6 " enlz 1—(1/6)
! T 1-6

1 e A 1—01 11— (1/0)" 7+
‘p<1—e><”‘“9 1—0> q1—0"1) = 1-(1/0)

1 1o 11—t -
e — — =0 n]+1
p(1—0) <” =T >+ a1 —1/6)(1 — o1 JZ (1/6)"")

=i () i (s ()

e Ifpy=q,€(0,1/2] for all £ =2,...,n — 1 then we have

IEDI)IEREESD ) pr

j=t k= 1 j=2k=j5
i—1 n—1 .
1 n—k i—1 k—1
) SESD LTS
el e n—1le q
S ok i1 k-1 i1
=(n-—1 — 4+
( );Pk ; Dk n—lkzﬂ Dk n

e Ifpp=q=pe(0,1/2] forall £ =2,...,n— 1, we get

Ev(c)—pz_:] p(ini—l)znijJrl
(n—=1+49)n—-14) n(GE-1)
= % + o

5.2 Cover time distribution of the generalized n-path graph

We first consider the cover time distribution of subset {i 4+ 1,...,n} when the initial state is state ¢. This
distribution is obtained recursively by the following lemma.

Lemma 22 For everyi=1,...,n—2, we have Pi{Cy1, . ny =k} =0 for 0 <k <n—iand fork >n—i,
k—n-+i+1
P{Clii.my =kb=p > (P 1,@}) Py 1{Clita,.ny =k — h} (28)
h=1
with

h—
Prn1{Cny =k} =pna (P{l,.,l.,nfl}>n71 o
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For every i =3,...,n, we have Pi{Cyy, ;13 =k} =0 for0 <k <i—1and fork>i—1,

k—i+2

PA{Cu,. i—1y =k} =a Z (P{hl ! n}) i-11Cq,....i—2y =k — h} (29)
h=1

with
Po{Cp1y = k} = @2 (P{hz ..1.,n}>

Proof. From Theorem we have Pi{C;q1,. .y =k} =0for 0 <k <n—iandfor k>n—i,

k—n-+i+1 n
IPi{C{i—i-l,...,n} = ]{)} = Z Z ( ,2} ’i}’{i+1""’n}>ij IPJ{C{l-‘rL,n}\{j} =k — h}
h=1 Jj=i+1 ’

Observing that the only non zero entry of matrix Pgy,.. ;3 {i+1,...,n} 18 entry (i,7+ 1) which is equal to p;, we
have

h—1
(i Py it n}) =i (Piy)y; L=y
It follows that for every i =1,...,n — 2,

k—n+i+1

Pi{Cfit1,..ny =k} = Z (P{hl ! 1}) Pi1{Crit2,..ny =k — h}.
h=1

The initial value of this recurrence relation is obtained by taking ¢ = n — 1. When 7 = n — 1 we obtain for
k > 1 using relation (2,

h h—
Poi{Cpmy = k} = (P{) o0y P ,n—l},{n}ﬂ)i = Pn-1 (P{l,..l‘,nfl})nilnil‘

In the same way, from Theorem [1} we have P;{C{y, . ;—1; =k} =0for 0 <k <i—1andfor k>i—1,

k—i+2i—1

h—1
Pi{Cq,.i-1y =k} = Z Z (P{i,..qTL}P{L'“’iil}’{lvuvifl}),L. ; Pi{Clis1,..on\g5y =k — h}.

h=1 j=1

The only non zero entry of matrix Pgy ;1) 41,...i—1} is entry (i,4 — 1) which is equal to ¢;. We thus have

h—1 h—1
(P{Z‘,”"n}P{l ..... i—1},{1,..., i—l})ij =4q; (P{i,.,.,n})i7i 1{]':1‘—1}-

It follows that for every i =3,...,n,

k—it2
P{Cp,. . i-1y =k} =a Z (P{hz lm}) P; 1{C1,...ic2y =k — h}.

h=1
The initial value of this recurrence relation is obtained by taking i = 2. When i = 2 we obtain for k£ > 1
using relation ,
h—1 h—1
Py{Cpy =k} = (P{Q},“’n}P{Z...,n},{l}]l)2 =q (P{z,...,n})2 )

which completes the proof. |

By taking ¢ = 1 in relation , we are able to compute recursively P1{C = k} starting from the
value P,,_1{Cy,; = k}. In the same way, by taking i = n in relation 7 we are able to compute

recursively P, {C' = k} starting from the value Po{C{y = k}. The computation of the values (Pf1 ! 1})ixi
and (Pf‘ . })” can be easily done in the same way as previously in subsection

,,,,,

The following theorem allows the computation of all the P;{C = k}.
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Theorem 23 For everyi=2,...,n—1, we have P,{C =k} =0 for0<k<n-—1and fork>n-1,

k—n+2 k—n+2
P{C=k}=q » (1-pi—q)" "PiafC=k—h}+p; Y (1—pi—q)" '"Pip{C=k—h} (30)
h=1 h=1

Proof. Again, from Theorem we have P;{C =k} = Pi{Cp,  i—1,41,..ny =k} =0for 0 <k <n—1
and for k >n—1,

k—n+2 n

Pi{Cq,. ic1,i41,..n} = k} = Z Z (P{hi;lp{i},u ..... i1, n})”IPj{C{l ,,,,, i—1it1,..n\{j} = k—h}.
h=1 j=1,j%i '

Observing that

(P{hi;lP{i},{1,...,i71,i+17...,n}>ij =(L—p;i —@)" " (qilgjmiory + il =isny) »

we get

k—n-+2

P{C,..im1,i41,..ny = k} = i Z (1—p;— Qi)hilPi—l{C{l,...,i—2,i+1,...,n} =Fk—h}
h=1
k—n+2

+ Dpi Z (1—-p;i— Q¢)h711Pi+1{0{1,...,i—1,i+2,...,n} =k — h},
h=1

where the term P; _1{Cy1, . i—2,it1,...n} =k —h} is equal to P1{C3 .. 3} =k —h} when i = 2 and the term
Pi1{C,.i—1,it2,..ny = k — h} is equal to P,,{C{1,_,,—2y = k — h} when i = n — 1. Using relation (26]),
we conclude that, for every k > n — 1,

k—n+2 k—n-+2

Pi{C =k} =gq Z (1=p; —q;)" 'P;1{C =k — h} +p Z (1-pi—q)" '"Pi1{C =k —h},
h=1 h=1
which completes the proof. |

It follows, using both Lemma [22| and Theorem that we are able to compute easily the distribution of
the cover time starting from any state i.

Observe that if we consider the path graph without self-loops, i.e. if r; = 1 —p; — ¢q; = 0 for every
i1=2,...,n — 1, we obtain simply, for

PH{C =k} =qP; 1{C=k—1} +pP;1{C=Fk -1},

the initial and final values P1{C = k} and P,,{C = k} being given by Lemma

6 Conclusion

We considered in this paper both the distribution and the moments of the cover time of a Markov chain and
we obtained recurrence relations for the cover time distribution of a subset of states and for its mean value.
These results have been applied to particular graphs namely the generalized cycle graph, the complete graph
and the generalized path graph leading to recurrence or analytic relations for the distribution and the mean
value of their cover times. Further research will be to analyze other particular graphs such as the Lollipop
graph, the Barbell graph or the Tadpole graph. Another issue could be the analysis of the generalized cycle
graph when the p; and the ¢; are not constant.

31



References

[1]

2]

D. Aldous and J. A. Fill. Reversible Markov Chains and Random Walks on Graphs. Unfinished mono-
graph. https://www.stat.berkeley.edu/ aldous/RWG /book.pdf, 2002.

C. Banderier and R. P. Dobrow. A generalized cover time for random walk on graphs. In 12th Interna-
tional Conference on Formal Power Series and Algebraic Combinatorics (FPSAC), 2000.

U. Feige. A tight lower bound on the cover time for random walks on graphs. Random Structures and
Algorithms, 6, 1995.

U. Feige. A tight upper bound on the cover time for random walks on graphs. Random Structures and
Algorithms, 6, 1995.

S. Ikeda, I. Kubob, and M. Yamashita. The hitting and cover times of random walks on finite graphs
using local degree information. Theoretical Computer Science, 410, 2009.

A-M. Kermarrec, E. Le Merrer, B. Sericola, and G. Trédan. Second order centrality: distributed
assessment of nodes importance in complex networks. Computer Communications, 34(5), 2011. Special
issue on Complex Networks.

L. Lovasz. Random Walks on Graphs: A Survey. Combinatorics, Paul Erdos is Eighty, volume 2.
Keszthely (Hungary), 1996.

R. Motowani and P. Raghavan. Randomized Algorithms. Cambridge University Press, New York, 1995.

S. M. Ruiz. An algebraic identity leading to Wilson’s theorem. The Mathematical Gazette, 80(489),
1996.

B. Sericola. Markov Chains. Theory, Algorithms and Applications. Applied stochastic methods series.
WILEY, 2013.

32



	Introduction
	Basic results
	The generalized n-cycle graph
	Mean cover time of the generalized n-cycle graph
	Cover time distribution of the generalized n-cycle graph
	Computation of vectors vi(i)(h) and wi(i)(h)
	Computation of the cover time distribution of the generalized n-cycle graph


	The complete graph
	The complete graph with self-loops
	Mean cover time of the complete graph with self-loops
	Cover time distribution of the complete graph with self-loops

	The complete graph without self-loops
	Mean cover time of the complete graph without self-loops
	Cover time distribution of the complete graph without self-loops


	The generalized n-path graph
	Mean cover time of the generalized n-path graph
	Cover time distribution of the generalized n-path graph

	Conclusion

