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Electronic companion to “An Approximate Dynamic Programming
Approach to Repeated Games with Vector Losses.”

EC.1. Proof of all results.

Proof of Lemma 1. Consider the minimization problem:

min
x2S

f(x) =
KX

k=1

xk.

Since f(x) is a continuous function defined on a compact set, it achieves this minimum value at

some point x⇤ 2 S. Hence there cannot be any point x0 2 S such that x0 � x⇤, which means that x⇤

is on the Pareto frontier of S. ⇤

Proof of Proposition 1. In order to prove the result, we need the following set of results about

the Hausdorff distance:

Lemma EC.1. a) h is a metric on the space of closed subsets of RK
.

b) Assume that (An)n2N is a sequence of closed subsets of [0,1]K. Then there is a subsequence

(Ank
)k2N that converges to some closet subset A of [0,1]K.

c) If the sets (An)n2N in b) are convex, then A is convex.

d) h(up(A), up(B))  h(A,B).

Proof. a)-b) This is the well-known property of the Hausdorff distance, and the compactness

property of the space of closed subsets of a compact set under the Hausdorff metric; see [27, 37].

d) Say that x,y 2 A. Then x = limn xn and y = limn yn for xn 2 An and yn 2 An. By convexity

of each An, zn := �xn +(1��)yn 2An. But then, zn ! z := �x+(1��)y. It follows that z2A, so

that A is convex.

e) Let ✏ := h(A,B). Pick x 2 up(A). Then x = y + v for some y 2 A and v ⌫ 0. There is some

y0 2B with ky�y0k1  ✏. Then x0 = min{y0 +v,1} 2 up(B), where 1 is the vector of ones in RK ,
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i.e., (1;k = 1, · · · ,K), and the minimization is component-wise. We claim that kx0 � xk1  ✏. If

y0 +v 2 [0,1]K , this is clear. Assume y
0
k + vk > 1. Then,

x
0
k = 1 < y

0
k + vk and xk = yk + vk  1.

Thus,

0  x
0
k � xk < y

0
k + vk � yk � vk = y

0
k � yk.

Hence, |x0
k � xk|  |y0

k � yk| for any k. Thus, one has kx0 �xk1  ky0 �yk1  ✏.

⇤

Now we can prove the proposition. First, to show that d is a metric on F, we just need to show

that if h(up(V), up(U)) = 0 then V = U. The other properties (e.g., triangle inequality etc.) follow

from the corresponding properties for the Hausdorff metric. Note that if h(up(V), up(U)) = 0, then

up(V) = up(U). Suppose that there is some u 2 U such that u /2 V. But since u 2 up(V), we have

u = v+ y for some v 2 V and some y ⌫ 0. But since h(up(V), up(U)) = 0, by the definition of the

Hausdorff distance, for each ✏ > 0, there is a point u✏ in up(U) such that u✏ � v + ✏1. Consider a

sequence (✏n)n2N such that ✏n ! 0, and consider the corresponding sequence (u✏n)n2N. Now since

up(U) is compact, (u✏n)n2N has a convergent subsequence that converges to some u⇤ 2 up(U) such

that u⇤ � v � v+y = u, which contradicts the fact that u2U. Thus U=V.

Next, we prove statement (b). From statement (b) and (c) of Lemma EC.1, the subsequence

(up(Vnk
))k2N converges to some convex set A. But since h(up(Vnk

), up(A))  h(up(Vnk
),A), we have

up(A) = A. And thus the subsequence (Vnk
)k2N converges to the Pareto frontier of A, which is in

F.

Observe that it becomes clear from the above arguments that d induces these properties not just

on F, but also on the more general space of Pareto frontiers in [0,1]K whose upset is closed. ⇤
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Proof of Proposition 2. Suppose that max(e(U,V), e(V,U))  ✏. Consider a point x 2 up(U)

such that x = y + v where y 2 U and v ⌫ 0. Suppose that there is no x0 2 up(V) such that

kx � x0k1  ✏, i.e., for any x0 2 up(V), kx � x0k1 > ✏. This means that up(V) is a subset of the

region {x0 : x
0
k > xk + ✏ for some k} (this is the region S shown in the Figure EC.1). But since

y = x� v, we have y � x (y is in region S0 shown in the Figure EC.1). But then for any w 2 S0,

ky � wk1 > ✏. This contradicts the fact that for y there is some y0 2 V, such that y + ✏1 ⌫ y0.

Thus d(U,V)  ✏. Now suppose that d(U,V)  ✏. Then for any x 2 U, there is a x0 2 up(V) such

!
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Figure EC.1 Construction in [0,1]2 for the proof of Proposition 2.

that kx�x0k1  ✏ where x0 = y+v for y 2 V and v ⌫ 0. Thus x+ ✏1⌫ x0 = y+v. The roles of U

and V can be reversed. Thus max(e(U,V), e(V,U))  ✏. Observe that this proof uses the fact that

the sup and inf in the definitions of h and e can be replaced by max and min respectively, which is

valid for the space F as discussed in footnotes 6 and 7. ⇤

Proof of Lemma 2: In order to prove this lemma, we need a few intermediate results. We define

the following notion of convexity of Pareto frontiers.

Definition EC.1. A Pareto frontier V is p-convex if for any v, u2V and for each � 2 [0,1], there

exists a point r2V such that r� �v+ (1� �)u.

We then show the following equivalence.
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Lemma EC.2. For a Pareto frontier V⇢ [0,1]K, the following statements are equivalent:

1. V is in F.

2. V✓ [0,1]K is p-convex and up(V) is closed.

Proof. To show that 1 implies 2, we just need to show that V is p-convex. To see this, suppose

that u and v are two points in V. Since they also belong to up(V), which is convex, for each � 2 [0,1],

�u+(1��)v 2 up(V) and thus there is some r2V such that r� �u+(1��)v. Thus V is p-convex.

To show that 2 implies 1, we just need to show that up(V) is convex if V is p-convex. To see this,

suppose that u+x and v+y are two points in (V) where u, v 2V and x, y ⌫ 0. By p-convexity of V,

for each � 2 [0,1], there is a r2V such that r� �u+(1��)v and thus r� �(u+x)+(1��)(v+y).

Thus up(V) is convex.

⇤

We can now prove Lemma 2. Recall that,

 (V) =

⇢✓
max
b2B

⇢X

a2A

↵a

⇥
rk(a, b) + �Rk(a, b)

⇤�
;k = 1, · · · ,K

◆

:↵2�(A), R(a, b) 2V8a 2 A, b 2 B

�
.

First, note that ⇤( (V)) =⇤( (up(V))). Now one can see that (up(V)) is the image of a continuous

function from the product space up(V)m⇥n ⇥�(A) to a point in RK , which is a Hausdorff space.

Since up(V) is closed and bounded, it is compact. Also the simplex �(A) is compact. Thus the

product space up(V)m⇥n ⇥�(A) is compact. Hence by the closed map lemma, f is a closed map

and hence  (up(V)) is closed. Hence up(⇤( (V))) is closed.

Next, recall that any point u in ⇤( (V)) is of the form:

u=

✓
max
b2B

⇢X

a2A

↵a

⇥
rk(a, b) + �Rk(a, b)

⇤�
;k = 1, · · · ,K

◆

for some ↵ 2�(A) and R(a, b) 2 V. But since V is p-convex from Lemma EC.2, for each b 2 B,

there exists some Q(b) 2V such that Q(b) �
Pm

a=1 ↵aR(a, b). Hence statement 2 follows.
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Now let

u=

✓
max
b2B

⇢X

a2A

↵ark(a, b) + �Qk(b)

�
;k = 1, · · · ,K

◆

and

v =

✓
max
b2B

⇢X

a2A

⌘ark(a, b) + �Rk(b)

�
;k = 1, · · · ,K

◆

be two points in ⇤( (V)), where ↵, ⌘ 2�(A) and Q(b), R(b) 2V for all b 2 B. For a fixed � 2 [0,1],

let z=↵�+⌘(1� �). Then

�u+ (1� �)v

=

✓
�max

b2B

⇢X

a2A

↵ark(a, b) + �Qk(b)

�
+ (1� �)max

b2B

⇢X

a2A

⌘ark(a, b) + �Rk(b)

�
;k = 1, · · · ,K

◆

⌫
✓

max
b2B

⇢X

a2A

zark(a, b) + �[�Qk(b) + (1� �)Rk(b)]

�
;k = 1, · · · ,K

◆

⌫
✓

max
b2B

⇢X

a2A

zark(a, b) + �Lk(b)

�
;k = 1, · · · ,K

◆
.

The first inequality holds since max is a convex function and the second follows since V is p-convex,

and hence L(b) 2V that satisfy the given relation exist. Thus ⇤( (V)) is p-convex. Combined with

the fact that up(⇤( (V))) is closed, this implies that ⇤( (V)) 2F using Lemma EC.2. ⇤

Proof of Lemma 3. Suppose e(U,V) = ✏. Let

✓
max
b2B

⇢X

a2A

↵ark(a, b) + �Rk(b)

�
;k = 1, · · · ,K

◆

be some point in �(V), where ↵ 2 �(A). Then for each b, we can choose Q(b) 2 U such that

Q(b) �R(b) + ✏1. We then have

max
b2B

⇢X

a2A

↵ark(a, b) + �Qk(b)

�
= max

b2B

⇢X

a2A

↵ark(a, b) + �Rk(b) + �(Qk(b) � Rk(b))

�

 max
b2B

⇢X

a2A

↵ark(a, b) + �Rk(b) + �✏

�

= max
b2B

⇢X

a2A

↵ark(a, b) + �Rk(b)

�
+ �✏.
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Thus
✓

max
b2B

⇢X

a2A

↵ark(a, b) + �Qk(b)

�
;k = 1, · · · ,K

◆

�
✓

max
b2B

⇢X

a2A

↵ark(a, b) + �Rk(b)

�
;k = 1, · · · ,K

◆
+ �✏1.

But since
✓

max
b2B

⇢X

a2A

↵ark(a, b) + �Qk(b)

�
;k = 1, · · · ,K

◆
2 (U),

and since �(U) =⇤( (U)), there exists some L2�(U) such that

L�
✓

max
b2B

⇢X

a2A

↵ark(a, b) + �Qk(b)

�
;k = 1, · · · ,K

◆
.

Thus

L�
✓

max
b2B

⇢X

a2A

↵ark(a, b) + �Rk(b)

�
;k = 1, · · · ,K

◆
+ �✏1.

Thus

e(�(U),�(V))  �✏ = �e(U,V). (EC.1)

⇤

Proof of Theorem 2. In G1, fix T � 1 and consider a truncated game where Alice can guarantee

the cumulative losses in �
T+1V⇤ after time T + 1. Then the minimal losses that she can guarantee

after time T is the set:

⇤

✓⇢�
max
b2B

�
T
X

a2A

↵ark(a, b) + �
T+1

Qk(b);k = 1, · · · ,K
�
|↵2�(A), Q(b) 2V⇤ 8 b 2 B

�◆
.

This set is �
TV⇤. By induction, this implies that the set of minimal losses that she can guarantee

after time 0 is V⇤.

The losses of the truncated game and of the original game differ only after time T +1. Since the

losses at each step are bounded by (1 � �), the cumulative losses after time T + 1 are bounded by

�T+1(1��)
1��

= �
T+1. Consequently, the minimal losses of the original game must be in the set

⇢
u2 [0,1]K : uk 2 [xk � �

T+1
, xk + �

T+1] for all k, x 2V⇤
�

.
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Since T � 1 is arbitrary, the minimal losses that Alice can guarantee in the original game must be

in V⇤. ⇤

Proof of Theorem 3. Assume that Alice can guarantee every pair �
T+1u of cumulative losses

with u 2 V⇤ after time T + 1 by choosing some continuation strategy in ⇧A. Let x = F(p,V⇤). We

claim that after time T , Alice can guarantee a loss of no more than �
Tx on each component by

first choosing aT = a with probability ↵a(p) and then if Bob chooses b 2 B, choosing a continuation

strategy that guarantees her F(p0
,V⇤), where p

0 = q(b,p). Indeed by following this strategy, her

expected loss on component k after time T is then

{�T
X

a

↵a(p)rk(a, b) + �
T+1

Fk(q(b,p),V⇤)}  �
T
Fk(p,V⇤) = �

T
xk.

Thus, this strategy for Alice guarantees that her loss after time T is no more than �
TV⇤. Hence

by induction, following the indicated strategy (in the statement of the theorem) for the first T

steps and then using the continuation strategy from time T + 1 onwards, guarantees that her

loss is not more than F(p1,V
⇤) after time 0. Now, even if Alice plays arbitrarily after time T + 1

after following the indicated strategy for the first T steps, she still guarantees that her loss is

(componentwise) no more than F(p1,V
⇤)+�

T+1(1;k = 1, · · · ,K)T . Since this is true for arbitrarily

large values of T , playing the given strategy indefinitely guarantees that her loss is no more than

F(p1,V
⇤). ⇤

Proof of Proposition 3. Any point e in �N(V) is of the form
PM

k=1 �kvk where vk 2 up(V) and
PM

k=1 �k = 1, and M  K. But then by the definition of an upset, we have v0
k 2 V for each k such

that v0
k � vk and hence

PM
k=1 �kv0

k �
PM

k=1 �kvk. By the p-convexity of V, there is some r2V, such

that r�
PM

k=1 �kv0
k, and hence r� e. Thus e(�N(V),V) = 0.

Next, we will show that for any u 2 V, there exists e 2 �N(V) such that e � u + (1/N)1. For

the rest of the proof, all the distances refer to distances in the L1 norm. Consider a line x =

t1 + p, and suppose that the shortest distance between u and any point on this line is a > 0,
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i.e., min
�
||u � x||1 : x = t1 + p

 
= a. Let x⇤ = t

⇤1 + p be the point on the line that is closest

to u. If a
+ , max{(x⇤

k � uk)+ : k = 1, · · · ,K} and a
� , max{�(x⇤

k � uk)� : k = 1, · · · ,K}, then

a = max{a+
, a

�}. Consider any point v that is the smallest point of intersection of x= t1+p and

the set up(V). Then this point must lie in the set {t1 + p : t 2 [t⇤ � a
+
, t

⇤ + a
�]}, because a) if

v = t
01 + p for some t

0
< t

⇤ � a
+, then it means that u dominates v which contradicts the fact

that v 2 up(V), and b) if v = t
01+p for some t

0
> t

⇤ + a
� then v will strictly dominate u on each

dimension, but then the point v0 = (t⇤ +a
�)1+p is strictly smaller than v and lies in up(V) and on

the line v = t
01+p, which contradicts the definition of v. Thus ||u�v||1  a

+ +a
�  2a. Thus we

have shown that if the shortest distance between u and some line x= t1+p is a, then the distance

between u and the smallest point of intersection of x = t1+p and the set up(V) is no more than

2a.

Now we will show that the for any u2V, there is always a line x= t1+p such that the shortest

distance between u and the line is no more than 1/(2N). Let umin = mink{uk}. Then u = umin1+

(u�umin1). Now the vector (u�umin1) has value 0 on one dimension, and on every other dimension

it has value in [0,1] (since u2 [0,1]K), and so it can be approximated by some pk 2 {0,1/N, · · · , (N �

1)/N,1} where the approximation error on any dimension is at most 1/(2N). Thus there is a point

e0 = umin1+p where p 2 PN such that ku� e0k  1/(2N). Thus there us always a line x = t1+p

such that the shortest distance between u and the line is no more than 1/2N .

Together, we finally have that for any u 2 V there is some point e00, which is the smallest point

of intersection of some line x= t1+p and the set up(V), such that ku�e00k1  2⇥ (1/2N) = 1/N ,

and thus e00 � u + (1/N)1. Since there is always some point e 2 �N(V) such that e � e00 (recall

the definition (13) of �N(V) as the Pareto frontier of the set ch
��

F(p,V) : p 2 PN

 �
), we have

e� u+ (1/N)1. Thus e(V,�N(V))  1/N . ⇤

Proof of Proposition 4. We have Gn = �N ��(Gn�1)). Consider another sequence of Pareto fron-

tiers
✓
An =�n(G0)

◆

n2N
. (EC.2)



ec9

Then we have

d(An,Gn) = d(�(An�1),�N(�(Gn�1)))

(a)

 d(�(An�1),�(Gn�1)) + d(�(Gn�1),�N(�(Gn�1)))

(b)

 �d(An�1,Gn�1) +
1

N
, (EC.3)

where inequality (a) is the triangle inequality and (b) follows from (EC.1) and Lemma 3. Coupled

with the fact that d(A0,G0) = 0, we have that

d(An,Gn)  1

N

✓
1+ � + �

2 + · · ·�n�1

◆

=
1

N

✓
1� �

n

1� �

◆
. (EC.4)

Since � is a contraction, the sequence {An} converges to some Pareto frontier V⇤. Suppose that

we stop the generation of the sequences {An} and {Gn} at some n. Now since A0 = G0 = {0}, and

since the stage losses rk(a, b) 2 [0,1 � �], we have that d(A1,A0)  1 � �. From the contraction

property, this implies that d(An+1,An)  �
n(1 � �). Thus d(V⇤

,An)  �n(1��)
1��

= �
n, and thus by

triangle inequality we have

d(V⇤
,Gn)  1

N

✓
1� �

n

1� �

◆
+ �

n
. (EC.5)

Finally, to show that e(Gn,V⇤)  �
n, observe that

e(Gn,An) = e(�N(�(Gn�1)),�(An�1))

(a)

 e(�N(�(Gn�1)),�(Gn�1)) + e(�(Gn�1),�(An�1))

(b)

 0+ �e(Gn�1,An�1). (EC.6)

Since A0 = G0 = {0}, this implies that e(Gn,An) = 0 for all n. Here, (a) holds since if for three

frontiers U, V and L, U ✏1-dominates V and V ✏2-dominates Z, then U (✏1 + ✏2)-dominates Z. (b)

follows from the contraction property of � under e. Further, e(An,V⇤)  d(An,V⇤)  �
n from above.

Thus we have e(Gn,V⇤)  e(Gn,An) + e(An,V⇤)  �
n.

⇤
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Proof of Proposition 5. In order to prove this result, we need a few intermediate definitions and

results. First, we need to characterize the losses guaranteed by any H(K,N)�mode stationary

strategy. Such a strategy ⇡ defines the following operator on any function F : PN ! RK (PN is

defined in (11)):

�⇡
N(F)(p) =

✓
max
b2B

�X

a2A

↵a(p)rk(a, b) +
KX

k0=1

zk0(b,p)�Fk(qk0(b,p))
 
;k = 1, · · · ,K

◆
, (EC.7)

where qk0(b,p) 2PN for all k
0. Now for a function F :PN !RK , define the following norm:

kFk = max
p2PN

kF(p)k1.

It is easy to show that �⇡
N is a contraction in the norm. We omit the proof for the sake of brevity.

Lemma EC.3.

k�⇡
N(F) ��⇡

N(G)k  �kF�Gk. (EC.8)

We can then show the following result.

Lemma EC.4. Consider a H(K,N)-mode strategy ⇡. Then there is a unique function

F⇡ :PN !RK

such that �⇡
N(F⇡) = F⇡

. Further, The strategy ⇡ initiated at mode p where p 2 PN guarantees the

vector of losses F⇡(p).

The first part of the result follows from the fact that the operator is a contraction and the complete-

ness of the space of vector-valued functions with a finite domain for the given norm. The second

part follows from arguments similar to those in the proof of Theorem 3. The arguments are not

repeated here for the sake of brevity. Now let

V⇡n ,⇤
✓

ch({F⇡n(p) : p2PN)

◆
,

where F⇡n is the fixed point of the operator �⇡n
N .
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Define a sequence of functions Fn : PN !RK where Fn(p) =F(p,�(Gn�1)) =F(p,Gn). We then

have that

d(V⇡n ,V⇤)  d(V⇡n ,Gn) + d(Gn,V⇤)

 d(V⇡n ,Gn) +
1

N

✓
1� �

n

1� �

◆
+ �

n
. (EC.9)

From the definition of d, it is clear that d(V⇡n ,Gn)  kF⇡n �Fnk. Next we have

kF⇡n �Fnk  kF⇡n ��⇡n
N (Fn)k+ k�⇡n

N (Fn) �Fnk

(a)
= k�⇡n

N (F⇡n) ��⇡n
N (Fn)k+ kFn+1 �Fnk

(b)

 �kF⇡n �Fnk+ kFn+1 �Fnk. (EC.10)

Here (a) holds because �⇡n
N (Fn) =Fn+1 by the definition of the strategy ⇡n, and because F⇡n is a

fixed point of the operator �⇡n
N . (b) holds because �⇡n

N is a contraction. Thus we have

d(V⇡n ,Gn)  kF⇡n �Fnk  kFn+1 �Fnk
1� �

. (EC.11)

And finally we have:

d(V⇡n ,V⇤)  1

N

✓
1� �

n

1� �

◆
+ �

n +
kFn+1 �Fnk

1� �
. (EC.12)

To finish up, we need the following result:

Lemma EC.5.

kFn+1 �Fnk  d(Gn+1,Gn).

Proof. Let u = Fn+1(p) and v = Fn(p) for some p. Now u is the point of intersection of Gn+1

and the line x = t1+ p. v is the point of intersection of the frontier Gn and the line x = t1+ p,.

Now suppose that ku � vk1 > d(Gn+1,Gn). Then either for u, there is no r 2 Gn such that r �

u + 1d(Gn+1,Gn) or for v, there is no r 2 Gn+1 such that r � v + 1d(Gn+1,Gn). Either of the two

cases contradict the definition of d(Gn+1,Gn). Thus ku�vk1  d(Gn+1,Gn). ⇤
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Finally, by the triangle inequality we have

d(Gn+1,Gn)  d(An+1,An) + d(Gn+1,An+1) + d(Gn,An)

 (1� �)�n +
1

N

✓
1� �

n+1

1� �

◆
+

1

N

✓
1� �

n

1� �

◆
. (EC.13)

Combining with (EC.12) we have the result. ⇤

EC.2. Some remarks on Pareto frontiers of closed and convex sets.

The Pareto frontier of a closed set is not necessarily closed. Figure 1 is one example – the upset

is closed, but its Pareto frontier is open. But we can show that the Pareto frontier of a closed and

convex set in R2 is closed.9

!

!"

#
$

$%
&

$

Figure EC.2 Construction in the proof of Proposition EC.1.

Proposition EC.1. Let V be the lower Pareto frontier of a closed and convex set S in R2
. Then

V is closed.

Proof. Suppose that {vn} is a sequence of points in V that converge to some point v. Then since

S is closed, v 2 S. We will show that v 2V. Suppose not. Then there is some u2V such that u� v.

Suppose first that u1 < v1 and u2 < v2. Then let ✏ = (min(v1 � u1, v2 � u2)/2 and consider the L2

ball of radius ✏ around v, i.e.

Bv(✏) = {y 2R2 : ky�vk2  ✏}.

9 Of course, the Pareto frontier of a closed set may be empty, e.g., {(x, y) 2 R2 : x= y}, in which case it is trivially

closed.
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Then for any point y in Bv(✏), we have that u� y. But since {vn} converges to v, there exists some

point in the sequence that is in Bv(✏), and u is dominated by this point, which is a contradiction.

Hence either u1 = v1 or u2 = v2. Suppose w.l.o.g. that u1 < v1 and u2 = v2. See Figure EC.2. Let

� = (v1 � u1)/2 and consider the ball of radius � centered at v, i.e. Bv(�). Let vn be a point in the

sequence such that vn 2 Bv(�). Now vn,1 > u1 and hence it must be that vn,2 < u2. Now for some

� 2 (0,1), consider a point r = �u+ (1 � �)vn such that r1 = u1 + �. It is possible to pick such a

point since a) v1 = u1 + 2� and b) |vn,1 � v1|  �, which together imply that vn,1 � u1 + � (please

see the figure). Now r2 S since S is convex. Next r1 = v1 � � < v1, and also r2 < u2 = v2 since � > 0

and vn,2 < u2. Let �
0 = v2 � r2. Then consider the ball Bv(�0) centered at v. Clearly r � y for any

y 2 Bv(�0). But since {vn} converges to v, there exists some point in the sequence that is in Bv(�0),

and r is dominated by this point, which is again a contradiction. Thus v 2V. ⇤

Interestingly, this result doesn’t hold for closed and convex sets in RK for K > 2. A counterexample

can be found in Kruskal [31]. A variant of this counterexample is depicted in Figure EC.3 for

completeness. The closed and convex set S is a solid 3-dimensional cone with apex (0,0,1) and base

being the semicircular disc defined by the set {(x, y, z) 2 R3 : x = 5, (y � 1)2 + (z � 1)2  1, z  1}.

The sequence (vn)n2N lies on the Pareto frontier of this set as shown in the figure, but it converges

to the point (5,0,1), which dominates the point (0,0,1).
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Figure EC.3 An example of a compact and convex set in R3 whose Pareto frontier is not closed. The sequence

(vn) on the Pareto frontier converges to the point (5,0,1), which dominates (0,0,1).

EC.3. Solving Linear Program (14).

When V is the lower Pareto frontier of a convex polytope, (14) is a linear program. In this program,

x is a dependent vector and can be eliminated. The only question remains is that of addressing

the constraint Q(b) 2 V. The vertices of V are a subset of {F(p,�(V)) : p 2 PN}. Thus Q(b) can

be chosen as a convex combination of points in {F(p,�(V)) : p 2 PN}. This introduces H(K,N)

variables for each b 2 B along with the constraint that these variables sum to 1, thus contributing

mH(K,N) variables and m constraints. Along with the variables ↵ and t, this makes mH(K,N)+

l + 1 variables in total. And along with the K domination constraints for each b 2 B and the

constraint that
P

a ↵a = 1, this makes Km + m + 1 constraints in total (ignoring non-negativity

constraints on all variables except t).

Of the H(K,N) variables associated with each b 2 B that determine the point Q(b), we know

that at most K will be non-zero. This sparsity constraint can potentially be utilized to speed up

the computation, although we didn’t attempt to do so in our computations.
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EC.4. Evaluation of finite-mode stationary policies

In this section, we show how the upper bounds on the losses guaranteed by a finite-mode stationary

policy can be efficiently computed as the solution to a linear program. Consider an M -mode sta-

tionary policy ⇡, with a set of modes M= {1, · · · ,M}, where each mode i 2M is associated with a

probability distribution ↵i 2�(A) over immediate actions and a transition rule (zi(b) 2�(M); b 2

B). Let vi be the vector of smallest upper bounds on the total discounted losses guaranteed by this

policy starting from mode i. Then {vi; i 2 M} can be computed as the solution of the following

linear optimization problem.

min
(vi)i2M

X

i2M

1Tvi (EC.14a)

s.t. vi ⌫
X

a2A

↵i,ar(a, b) + �

X

j2M

zi,j(b)vj, for all b 2 B and i 2M. (EC.14b)

It is clear that if vi is the vector of smallest upper bounds on the losses corresponding to mode i,

then the set (vi) satisfies (EC.14b), which captures the Bellman one-step optimality conditions. In

other words, (vi) is feasible in the above program. On the other hand, due to the same inequalities

in (EC.14b), any feasible set (vi) can be approximately guaranteed by the given stationary policy in

a long but finite discounted repeated game, where the approximation error goes to 0 as the length

of the game approaches infinity. Hence, the upper bounds (vi) can be guaranteed in the infinitely

repeated game (this argument is analogous to the one used in the proof of Theorem 2). We thus

conclude that the solution to the linear program above yields the smallest lower bounds on the

losses corresponding to the different modes. Note that in the objective function, the weights for

the different components of vi for the different modes i can be chosen to be any positive numbers.

Finally, note that this linear program decouples across dimensions and hence, can be solved for each

dimension k to obtain {vk,i; i 2M}.
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EC.5. Benchmark algorithms

EC.5.1. Hedge

In this algorithm, if Lt(i) is the cumulative loss of expert i till time t, then the probability of

choosing expert i at time t+ 1 is

pi(t+ 1) / exp(�⌘Lt(i)),

where ⌘ is a parameter. In the undiscounted problem, choosing ⌘ =
p

8 logK/T when the time

horizon T is known attains an upper bound of
p

T logK/2 on the expected cumulative regret (Thm.

2.2, [18]). In a certain sense, this is shown to be asymptotically optimal in K and T for general loss

function taking values in [0,1] (Thm. 3.7, [18]). In our implementation, we use discounted cumulative

losses in this algorithm, and choose ⌘ =
p

8 logK(1� �2). This resulting algorithm achieves an

upper bound of
p

logK/2(1� �2) =
p

logK/(2(1� �)(1+ �)) on the expected discounted regret in

the infinitely repeated game (see proof of Thm. 2.2, and Thm. 2.8 in [18]).

EC.5.2. GPS

The GPS algorithm for K = 2 experts is defined as follows [24]. Let ⇠ = (1 �
p

1� �2)/�.Let d

be the difference in the cumulative (undiscounted) losses of the leading expert (the one with the

lower cumulative loss) and the lagging expert (the one with the higher loss). Then at every stage,

the algorithm chooses the leading expert with probability 1 � (1/2)⇠d and the lagging expert with

probability (1/2)⇠d.

EC.6. Comparison to the model of expert selection considered in GPS [24].

In the expert selection game considered in [24] (GPS), at each stage, the game ends with a probability

1 � � and continues with probability �, amounting to a geometric distribution on the decision

horizon with parameter �. This is essentially a reinterpretation of our model of discounted losses,

where the discount factor is interpreted as the probability of continuation at each stage. But the

difference between their formulation and our formulation is in the definition of regret.
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Assuming this interpretation of a game with a random decision horizon, in defining our regret,

the loss of the decision-maker is compared to the lowest expected loss across the experts, where the

expectation is over the time horizon. Formally, let S denote the random time horizon. Then our

regret minimization objective is the following.

Our problem: min
⇡A2⇧A

max
b2B1

E⇡A,S

 SX

t=1

L(at, bt)

�
� min

a2A
ES

"
SX

t=1

L(a, bt)

#

| {z }
Our regret benchmark

(EC.15)

= min
⇡A2⇧A

max
b2B1

E⇡A

 1X

t=1

�
t�1

L(at, bt)

�
� min

a2A

1X

t=1

�
t�1

L(a, bt). (EC.16)

The interpretation is that the decision-maker measures regret relative to the best, fixed action she

could have chosen if she had known the adversary’s sequence of actions, but not the horizon. In

contrast, in the formulation of GPS, the loss of the decision-maker is compared to the expectation

of the lowest total loss across the experts over the time horizon.

GPS problem: min
⇡A2⇧A

max
b2B1

E⇡A,S

 SX

t=1

L(at, bt)

�
� ES

"
min
a2A

SX

t=1

L(a, bt)

#

| {z }
Regret benchmark of GPS

(EC.17)

= min
⇡A2⇧A

max
b2B1

E⇡A

 1X

t=1

�
t�1

L(at, bt)

�
� (1� �)

1X

s=1

�
s�1 min

a2A

sX

t=1

L(a, bt). (EC.18)

The interpretation is that the decision-maker measures regret relative to the best, fixed action she

could have chosen if she had known the adversary’s sequence of actions and also the decision horizon.

Notice that the interchange of the minimum and the expectation operators compared to our regret

benchmark results in a lower, or in other words, a more ambitious regret benchmark under the GPS

formulation. Consequently, the optimal regret in the GPS formulation is at least as large as the

optimal regret in our formulation. For example, for K = 2 and � = 0.9, the optimal expected total

regret in their formulation is ⇡ 1.147,10 while in our formulation, the optimal regret in this case is

at most ⇡ 0.9338 (see Figure 9).

10 The optimal regret for [24]’s formulation is 1

2
p

1��2
(or an average discounted regret of 1��

2
p

1��2
= (1/2) ⇥

p
(1��)/(1+�)). The expression in [24] is off by a factor of � compared to this expression since they discount the

first period by � (i.e., the game could end before the first stage begins), whereas we discount it by 1.



ec18

Moreover, if a policy ⇡A for the decision-maker guarantees some maximal value of a in the GPS

problem, then it will also guarantee a in our problem. This is because, for such a policy ⇡A, we have,

max
b2B1

E⇡A,S

 SX

t=1

L(at, bt)

�
� min

a2A
ES

"
SX

t=1

L(a, bt)

#

 max
b2B1

E⇡A,S

 SX

t=1

L(at, bt)

�
� ES

"
min
a2A

SX

t=1

L(a, bt)

#

 a.

Thus, the optimal algorithm for GPS formulation yields the same guarantee for our definition of

regret as the optimal regret in their definition, i.e., for instance, for � = 0.9, the optimal GPS

algorithm will guarantee an expected regret of at most ⇡ 1.147 according to our definition. This,

however, leaves the question open of whether the optimal algorithm of GPS may achieve the optimal

regret under our formulation. We show that this is not the case in general: in Section EC.7 in the

Online Appendix, in the 2 Experts setting and � = 0.8, we design an adversary that induces the

optimal algorithm for the GPS formulation to exceed the upper bound on the achievable regret

under our formulation, thereby demonstrating its sub-optimality for our problem.

We emphasize that for decision-making over a long time horizon with discounted losses, where

the discount factor captures the time value of money (e.g., in a portfolio optimization context)

rather than representing a distributional parameter for a random decision horizon, our notion of

regret is the more natural one to consider; indeed, in this scenario, it is difficult to attribute any

meaning to the regret benchmark of GPS.

The dynamic programming technique of GPS cannot be efficiently adapted to our for-

mulation. The distinction between the two objectives has crucial implications on the computational

approaches to solving these problems. The GPS formulation is amenable to a dynamic programming

approach where one keeps track of only the undiscounted total losses for each expert in the state

information. This is feasible since, if the game ends at time S, then the total losses of the experts
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until S are sufficient to determine the regret benchmark under the GPS formulation. Formally,

observe that the GPS problem can be decomposed as:

min
⇡A2⇧A

max
b2B1

E⇡A,S

"
SX

t=1

L(at, bt) � min
a2A

SX

t=1

L(a, bt)

#
(EC.19)

= min
⇡A2⇧A

max
b2B1

P (S = 1)E⇡A


L(a1, b1) � min

a2A
L(a, b1)

�

+ P (S > 1)E⇡A,S

"
L(a1, b1) +

SX

t=2

L(at, bt) � min
a2A

 
L(a, b1) +

SX

t=2

L(a, bt)

!
| S > 1

#
(EC.20)

(a)
= min

p2�(A),⇡0
A2⇧A

max
b12B

(1� �)Ep


L(a1, b1) � min

a2A
L(a, b1)

�
+ �Ep[L(a1, b1)]

+ max
(b2,b3,··· )2B1

�E⇡0
A,S

"
SX

t=2

L(at, bt) � min
a2A

 
L(a, b1) +

SX

t=2

L(a, bt)

!
| S > 1

#
(EC.21)

(b)
= min

p2�(A)
max
b12B

Ep[L(a1, b1)] � (1� �)min
a2A

L(a, b1)

+ � min
⇡0
A2⇧A

max
(b2,b3,··· )2B1

E⇡0
A,S

"
SX

t=2

L(at, bt) � min
a2A

 
L(a, b1) +

SX

t=2

L(a, bt)

!
| S > 1

#

| {z }
Continuation term

. (EC.22)

Here, ⇡
0
A is the continuation strategy of the decision-maker if the game doesn’t end at time t = 1.

(a) results from the fact that P (S = 1) = 1��, and (b) results from the fact that the continuation

strategy ⇡
0
A of the decision-maker is allowed to depend on b1. Notice that in the continuation term,

the distribution of the residual horizon conditioned on S > 1 is once again geometric with parameter

�. Hence, this term is the same as the original objective, except that the starting cumulative losses

of different experts are (L(a, b1);a 2 A). Suppose we denote the starting cumulative losses for the

different experts as c= (ca; a 2 A). Then we can denote the value of the decision maker’s objective

as a function of these starting quantities as:

Val(c) = min
⇡A2⇧A

max
b2B1

E⇡A,S

"
SX

t=1

L(at, bt) � min
a2A

 
ca +

SX

t=1

L(a, bt)

!#
. (EC.23)

Then, similar to (EC.22), we can write the dynamic programming equations for this value function

as:

Val(c) = min
p2�(A)

max
b12B

Ep[L(a1, b1)] � (1� �)min
a2A

(ca + L(a, b1)) + �Val ((ca + L(a, b1); a 2 A)) .

(EC.24)
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When the losses are in {0,1}, as in the Experts setting considered in [24], we have that c 2 K .

While the resulting state-space is infinite, we can truncate the time horizon at some T with negligible

loss. In particular, truncating at T would lead to a loss of �
T on the discounted average regret

((1 � �) times the regret). So to obtain an ✏-optimal policy, one can truncate the horizon at T =

log ✏/ log(�) ⇡ log ✏/(� � 1), resulting in a state space of size ⇥(T K) = ⇥(( log(1/✏)
(1��)

)K). This size,

though exponential in K, is significantly smaller than the worst-case state-space of a naïve dynamic

programming approach, which can grow exponentially in the truncated time-horizon T .

However, notice that the decomposition that led to this gain is not feasible for our objective

in (EC.16) since the optimal regret benchmark is determined after the expectation is taken over

the random time horizon. Consequently, the information of the total losses
PS

t=1 L(a, bt) for each

expert a 2 A until the end of the horizon S is not sufficient to determine the expected losses

ES[
PS

t=1 L(a, bt)] for the experts. E.g., if we know that the total losses across two experts at the

end of the horizon are (5,2) then that information is not sufficient to deduce the best expert for

our regret benchmark. For the GPS formulation, on the other hand, this information is sufficient to

deduce that the best expert is Expert 2 and the regret benchmark is 2.

Even if we consider a truncated horizon T such that P (S > T ) is negligible, a naïve dynamic

programming approach to solve our problem would, at the very least, necessitate storing information

about the total discounted losses incurred by any of the experts until time 1  s  T (i.e., values

of
Ps

t=1 �
t�1

L(a, bt) for each a 2 A) to approximate the regret benchmark at time T . The resulting

state-space is equivalent to storing the entire history of losses across the K experts (since the losses

are weighted by different discount factors across time), leading to a state-space of size ⇥(2KT ),

which is exponentially larger than the ⇥(T K) state-space that suffices for the GPS formulation

under the same truncation of the horizon. To obtain an ✏-optimal algorithm, we need to truncate

the horizon at a time T such that �
T = ✏, which requires that T = log(✏)/ log(�) ⇡ log(1/✏)/(1��).
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The time taken to compute the optimal policy in each state is expected to be ⌦(2K),11 resulting in

⌦(2K(1/✏)
K

1�� ) computations overall.

In contrast, using our approximation approach from Section 5, to obtain an ✏-optimal policy

in the Experts setting where m = 2K , we need to solve nH(K,N) linear programs, each of size

⇥(2K
H(K,N)), where n ⇡ log(1/✏)

1��
and N ⇡ 1

(1��)2✏
. Since H(K,N) = ⇥(NK), this results in a

computation time of O
✓

log(1/✏)
1��

⇣
2

(1��)2✏

⌘4K
◆

since linear programs can be solved in time at most

cubic in the input size [48]. This is an exponential improvement in the dependence on the expected

time horizon 1/(1��) compared to the naïve dynamic programming approach. This gain essentially

results from leveraging the fact that the space of possible discounted losses across experts, although

infinite, is a subset of a compact space. This space is amenable to an efficient approximation as we

demonstrate in Section 5.

EC.7. Hedge and GPS are suboptimal for the expert selection problem with K = 2
and � = 0.8.

Consider the experts problem with K = 2 experts and a discount factor � = 0.8. Consider the

following strategy for the adversary.

Adversary A: In this strategy, the probability that expert 1 incurs a loss (and expert 2 doesn’t)

at time t is 0.91/t if t is odd, and 0.9t if t is even. This adversary never gives equal losses to both

experts.

We compare the performance of Hedge and GPS against this adversary to that of two approxi-

mately optimal policies that we design. The first policy is a 203�mode (H(2,101)) stationary policy

and the second is a 21�mode (H(2,10)) stationary policy (n = 28 in both cases). Table EC.1 shows

the theoretical upper bounds on the regret guaranteed by these algorithms.

Figure EC.4 compares the expected average discounted regret incurred by the four algorithms.

The expected regret is estimated in each case by averaging over 10000 runs, where each run is a

11 Given the continuation value functions, the objective in (EC.24) amounts to solving a zero-sum game in K actions

for the decision-maker and 2K actions for the adversary. This can be solved as a linear program with ⇥(K) variables

and ⇥(2K) constraints, which takes time ⇥(2↵K) for some ↵> 1 [48].



ec22

Table EC.1 Upper bounds on the average

discounted regret under different policies for � = 0.8

Policy Regret upper bound

Hedge 0.1962

GPS 0.1666

203-mode 0.1357

21-mode 0.1374

Figure EC.4 Estimates of the expected aver-

age discounted regret of different

algorithms for K = 2 and � = 0.8

against Adversary A, along with

associated error bars.

game with time horizon T = 100. The associated error bars are shown in the graph. Note that our

strategies significantly outperform Hedge and GPS. Importantly, the regrets of Hedge and GPS

significantly exceed the upper bounds on the regret guaranteed by our algorithms. This eliminates

the possibility of these algorithms being optimal for our problem with high probability.

EC.8. Exact characterization of V⇤ in the expert selection problem with K = 2 and
� = 0.5.

In some simple examples, we can exactly determine the set V⇤ by “solving” the fixed point relation

given by the dynamic programming operator. We demonstrate this by determining the optimal

Pareto frontier in the game of combining expert advice (Figure 7) from 2 experts for � = 0.5. Note

that the points (0,1/(1 � �)) = (0,2) and (1/(1 � �),0) = (2,0) lie on V⇤ (achieved by choosing

Expert 1 always or Expert 2 always, respectively). We can thus represent V⇤ by a convex and decreas-

ing function f(x) defined on x 2 [0,2] such that f(0) = 2 and f(2) = 0, so that V⇤ = {(x, f(x)) : x 2

[0,2]}. �V⇤ for � = 0.5 is thus the set {(�x,�f(x)) : x 2 [0,2]} = {(x,0.5f(x/0.5) : x 2 [0,1]}, which

thus can be represented by the convex, decreasing function f̄(x) = f(2x)/2 defined on x 2 [0,1],

where f̄(0) = 1 and f̄(1) = 0.
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Figure EC.5 Construction of up(U(x)).
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Figure EC.6 Construction of up(U(0.5)).

Now for a fixed randomization over Alice’s actions, (1 � x,x), by choosing different points in V⇤

from the next stage onwards, one obtains the set of guarantees

U(x) =

⇢�
max(�x+ 0.5Q1(1), x + 0.5Q1(2)),

max(1� x+ 0.5Q2(1), x � 1+ 0.5Q2(2))
�
:Q(1), Q(2) 2V⇤

�
. (EC.25)

If we denote the set (�x,1 � x) + 0.5V⇤ (which is obtained by mapping each element u of V⇤ to

(�x,1 � x) + 0.5u)), by U1(x), and the set (x,x � 1) + 0.5V⇤ by U2(x), it is straightforward to see

that

up(U(x)) = up(U1(x)) \ up(U2(x)),

where up(.) is the upset of the set in [0,2]2. This is depicted in Figure EC.5. The fixed point relation

says that

V⇤ =⇤

✓
[x2[0,1] up(U(x))

◆
.

From the figure, one can see that V⇤ is the curve traced by the lower left corner point of up(U(x)) as

x varies between 0 and 1. Since we already know that the two extreme points on V⇤ are (0,2) and

(2,0), for x = 0.5, we know that the lower left corner point of up(U(0.5)) is (0.5,0.5), and hence is

contained in V⇤, as shown in Figure EC.6. Since we know that V⇤ is symmetric around the line x = y,
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we know that f(x) = f
�1(x), and thus it is sufficient to determine f(x) in the range x 2 [0,0.5]. In

this range, f satisfies the following fixed point relation (again, see Figure EC.5):

f(x) = f̄(2x) + 1� x

= f(4x)/2+ 1� x. (EC.26)

Taking the derivative twice on both sides, we obtain:

f
00(x) = 8f

00(4x).

This gives us f
00(x) = ax

� 3
2 for any a 2R. Integrating, we obtain f(x) = a

p
x+x+2. Since we want

f(0.5) = 0.5, we obtain a = �2
p

2. Thus we have f(x) = �2
p

2x+x+2. Note that f(2) = 0, and it

turns out that f(x) restricted to the domain x 2 [0,2] is such that f(x) = f
�1(x). Thus f(x) is the

function we are looking for and V⇤ = {(x,�2
p

2x+ x+ 2) : x 2 [0,2]}.

We can compare this exact characterization with the approximate frontier that we computed

using our approximation procedure for � = 0.5 (approximation error less than 0.06). Both these

frontiers are plotted in Figure EC.7. As we can observe, the two frontiers are close to identical.

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0 Exact 0.5 V⇤(0.5)

Approx. 0.5 V⇤(0.5)

Figure EC.7 Comparison of the approximation of 0.5V⇤(0.5) and the exact characterization 0.5V⇤(0.5) =

{(x,�2
p
x+x+1) : x2 [0,1]}.

Optimal Policy: To attain the point (x, f(x)) for x 2 [0,0.5], the optimal strategy of Alice

chooses a randomization (1�x,x); then if the adversary chooses action 1, the next point she chooses
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to attain is (4x, f(4x)), whereas if he chooses action 2 then the next point she chooses to attain

is (0, f(0)). To attain the point (f(x), x) for x 2 [0,0.5], the optimal strategy of Alice chooses a

randomization (x,1�x); then if the adversary chooses action 2, the next point she chooses to attain

is (f(4x),4x), whereas if he chooses action 1, then the next point she chooses to attain is (f(0),0).

EC.9. Zero-sum repeated games with scalar losses: a review of results

The scalar counterpart of the vector-valued repeated game we study in the paper is a relatively

much simpler object of study. Preserving the notation in the paper, suppose that in the single stage

game G, a pair of actions a 2 A for Alice and b 2 B for Bob leads Alice to incur a scalar loss r(a, b).

The value of game G is then defined to be,

v
⇤ = min

↵2�(A)
max
b2B

X

a2A

↵ar(a, b)
(a)
= max

⌫2�(B)
min
a2A

X

b2B

⌫br(a, b), (EC.27)

where the equality (a) follows from the Von Neumann minmax theorem [38]. It is well-known that

both the above optimization problems can be solved as linear programs. For example, the minmax

optimization problem for Alice can be solved as the following linear program.

minv (EC.28a)

v �
X

a2A

↵ar(a, b), for all b 2 B, (EC.28b)

↵2�(A). (EC.28c)

Let ↵⇤ be an arbitrary minmax optimal strategy for Alice and ⌫⇤ be an arbitrary maxmin optimal

strategy for Bob in G (since optimal strategies may not be unique).

Now consider a repeated game GT , in which G is repeated T times, with the cumulative loss of

GT defined to be
PT

t=1 �
t�1

r(at, bt)PT
t=1 �t�1

,

which is the average discounted loss with a discount factor � 2 [0,1] (we obtain the simple average

loss for � = 1). It is straightforward to argue that the smallest upper bound on the expected loss that
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Alice can guarantee in GT is simply v
⇤, i.e., the value of the game G. Or in other words, the value of

the game GT is v
⇤ for any T and � 2 [0,1]. To see this, note that by playing ↵⇤ in every repetition,

Alice can guarantee that the expected stage loss in every repetition is at most v
⇤. Similarly, by

playing ⌫⇤ all the time, Bob can guarantee that the expected stage loss in every repetition is at least

v
⇤. Thus irrespective of how one averages the daily losses, the optimal guarantee on the average loss

that Alice can guarantee is v
⇤. And the strategy that achieves this guarantee is the one where Alice

plays any equilibrium strategy of G in each repetition. Now consider the game G1, in which G is

repeated infinitely often, with the cumulative loss defined to be

(1� �)
TX

t=1

�
t�1

r(at, bt)

for � 2 [0,1). The previous argument extends to this game as well and we can conclude that the

optimal guarantee on the average loss that Alice can guarantee is again v
⇤.

EC.9.1. Simultaneous vector guarantees vs. guarantees on the combined scalar loss

In the present paper, we concerned ourselves with characterizing the best simultaneous guarantees

that Alice can guarantee across the vector components of the losses. A natural question is whether

the frontier of such simultaneous guarantees can be characterized by solving a set of scalar repeated

games, where each game is obtained from a different weighted combination of the vector losses. The

example below shows that this is not the case. The key point is that optimal strategies that achieve

simultaneous guarantees across the different dimensions must adapt to the evolution of the profile

of losses across the different dimensions over time. If one dimension suffers excessive losses, these

strategies must shift to focusing on minimizing losses on that dimension. This profile information

is lost when one combines the losses into a single scalar. In other words, when we combine the

dimensions, the optimal strategy in the resulting scalar repeated game only guarantees an upper

bound on the combined loss, as opposed to simultaneously guaranteeing upper bounds on losses

across the different dimensions. Hence, one must directly address the multi-dimensional nature of

the game as we do in the paper as opposed to attempting a reduction from the scalar case.
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Example. Consider the game with vector losses shown in Figure EC.8. This is the game that

corresponds to the single-stage vector regrets in the expert selection problem with K = 2 experts.

If the losses are combined across the two dimensions with weights (↵,1 � ↵), then the resulting

game is shown in Figure EC.9. In this game, the unique minmax optimal strategy for Alice is to

play action 1 with probability ↵ and action 2 with probability 1 � ↵. Now suppose that this scalar

game is repeated infinitely often, with losses in the n
th repetition discounted by (1 � �)�n�1. In

this repeated game, as we argued above, the unique minmax optimal strategy for Alice is to play

(↵,1�↵) in every repetition. Against this strategy, the total discounted vector losses corresponding

to the two actions (also repeated forever) of the adversary are depicted in Figure EC.10. Considering

worst-case choices of the adversary, we can deduce that Alice guarantees a maximum loss of 1�↵ on

dimension 1 and ↵ on dimension 2, i.e., this strategy achieves the vector guarantee (1�↵,↵). Let V⇤
s

denote the set of vector guarantees achievable using this scalar reduction by varying ↵. V⇤
s is shown

in Figure EC.11: it is simply the line segment joining (0,1) and (1,0), irrespective of the value of �.

However, note that we have shown in Section EC.8 above that we can achieve significantly better

guarantees for � = 0.5; see Figure EC.7. This demonstrates that the optimal guarantees cannot be

achieved via a scalar reduction of the vector-valued game.

EC.10. An application to zero-sum repeated games with lack of information on one
side

One of the most celebrated and well-studied models of dynamic games is the model of zero-sum

repeated games with incomplete information on one side, which was introduced to study nuclear

disarmament in the cold-war era by Aumann and Maschler. While the analysis was classified at the

time, it was later declassified and published [8]. The high-level goal of this model is to understand

how a player (such as the leadership of a country) can learn about her opponent’s (some other

country’s) unknown preferences in a dynamic game (modeling a political scenario such as mutual

disarmament) by observing her actions (e.g., proposals it agrees to), and then leverage that infor-

mation to play better, while the other player rationally responds to this possibility in choosing her

actions. The formal model is described as follows.
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Figure EC.8 A game with vector losses.
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Figure EC.9 A scalar game corresponding to

weights (↵,1�↵).
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Figure EC.10 Vector losses as a function of

Bob’s actions given Alice’s sta-

tionary strategy (↵,1�↵).
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(0, 1)

(1, 0)

V⇤
s

Figure EC.11 The set of vector guarantees on

losses achievable by varying ↵.

There are K two-person zero-sum games G1, · · · ,GK , each with m actions, A = {1, · · · ,m} for

player 1, who is the minimizer (Alice), and n actions B = {1, · · · , n} for player 2, who is the

maximizer (Bob). Let the loss to Alice corresponding to actions a and b of Alice and Bob respectively

be denoted by rk(a, b) in game Gk.

We define the game G
1 as follows. One of the K games Gk is chosen by nature with probability

pk, such that
P

k pk = 1. This distribution is known to both the players but the actual choice of the

game is informed to Bob and not to Alice. Let the chosen (random) game be denoted by G. Then

this game G is played infinitely often in stages t = 1, · · · ,1. At each stage t, Alice and Bob play

their actions simultaneously. The payoff that is incurred by the players is not observed by Alice at

any stage (if she did, the game could potentially be identified immediately), but she observes Bob’s

actions. An adaptive randomized strategy (also called a behavioral strategy) ⇡A for Alice specifies

for each time t, a mapping from her set of observations till time t, i.e. H
A
t = (a1, b1, · · · , at�1, bt�1), to

�(A) (the simplex of probability distributions over A). Similarly, an adaptive randomized strategy
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⇡B for Bob specifies for each time t a mapping from his set of observations till time t and the chosen

game G, i.e., H
B
t = (G,a1, b1, · · · , at�1, bt�1), to �(B). We will express the strategy ⇡B of Bob as

⇡B = (⇡k
B;k = 1, · · · ,K), where ⇡

k
B is his strategy conditioned on the event {G = Gk}.

We now specify the objectives of the two players in G
1. For a discount factor � 2 (0,1) and for

a choice of strategies ⇡A and ⇡B of the two players, the ex-ante expected loss is given by

R(⇡A,⇡B) = E⇡A,⇡B ,G

 1X

t=1

�
t�1

rG(at, bt)

�
=

KX

k=1

pkE⇡A,⇡k
B

 1X

t=1

�
t�1

rk(at, bt)

�
. (EC.29)

Alice’s objective is to minimize this payoff while Bob’s objective is to maximize it. The minmax or

the upper value of the game is given by

V = min
⇡A

KX

k=1

pk max
⇡k
B

E⇡A,⇡k
B

 1X

t=1

�
t�1

rk(at, bt)

�
. (EC.30)

The minimizing strategy in the outer minimization problem is the minmax optimal strategy for

Alice; we will simply call it her optimal strategy. Similarly, the maxmin or the lower value of the

game is given by

V = max
(⇡k

B ;k=1,··· ,K)
min
⇡A

✓ KX

k=1

pkE⇡A,⇡k
B

 1X

t=1

�
t�1

rk(at, bt)

�◆
. (EC.31)

The optimal strategy for Bob is similarly defined as his maxmin strategy, i.e. the maximizing strategy

in the outer maximization problem. In general, we have that V �V, but in this case one can show

that a minmax theorem holds and V =V [7, 45, 51].

Characterizing the maxmin optimal policy for Bob: To characterize and compute the

maxmin policy for Bob, one can use a dynamic programming approach that exploits the structural

relationship between the original game and the game after one stage has elapsed [45, 51]. Suppose

V (p) is a function that assigns to every prior probability distribution p over the game G, the

maxmin value of the associated infinitely repeated game. Then it is easy to show [45, 51] that the

maxmin value as a function of the prior p is the fixed point of the following contractive dynamic
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programming operator defined on the function V :�K !R (here �K is the K �1 dimensional unit

simplex) :

T(V )(p) = max
(qk

B2�(B);k=1,··· ,K)
min

qA2�(A)

KX

k=1

pkEqk
B ,qA

[rk(a, b)]

+
X

b2B

�(
KX

k=1

pkq
k
B(b))V

✓� pkq
k
B(b)

PK
k=1 pkq

k
B(b)

;k = 1, · · · ,K
�◆

.

This operator can be understood as follows. Notice that in the first stage, the probability distri-

butions over Bob’s actions chosen by him for each of the K games as a part of his strategy ⇡B

makes his realized action a (potentially) informative signal of the true game chosen by nature. Since

Alice can be assumed to know this strategy in the computation of the maxmin, she can perform

a Bayesian update of her belief about the chosen game after having observed Bob’s action. Thus

once the randomization of Bob in the first stage is fixed, there is a one-stage expected loss that is

minimized by Alice, and then every realized action of Bob results in a new game with an associated

maxmin value, that is identical in structure to the original game, except that the original prior is

replaced with the posterior distribution conditional on that action (note that the state transitions

in the space of posteriors are independent of Alice’s actions). Bob thus chooses a randomization

over his actions for each of the K games that maximize the sum of these two values. Consistency

then requires that the function V (p) has to be the fixed point of this resulting operator. It also

follows that the optimal policy for Bob is a stationary policy that depends only on the posterior pt

at stage t.

Characterizing the minmax optimal policy for Alice: Now it turns out that a similar

approach cannot be used to compute and characterize the minmax optimal policy for Alice, the

uninformed player. The problem is that in order to perform the Bayesian update as a part of her

policy ⇡A, Alice needs to know Bob’s policy ⇡B, which means that ⇡A presupposes the knowledge of

⇡B, which contradicts the fact that the maxmin policy is ‘universal’: it guarantees that her loss is no

more than V irrespective of the strategy chosen by Bob. Even if Bob’s optimal strategy is unique,

the best response strategy of Alice that computes the posterior updates at each stage and plays
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optimally accordingly is vulnerable to bluffing by Bob. Thus the optimal strategy of Alice cannot

rely on the computation of these posterior distributions and must instead depend in some form on

Bob’s actions and the corresponding losses incurred in the different possible choices of games.

In the case of the limiting average objective with undiscounted losses, Alice’s optimal policy is

derived using Blackwell approachability theory [8, 14]. However, to the best of our knowledge, the

exact computation or even approximation of Alice’s optimal policy has been an open problem in the

case of discounted losses, essentially because the counterpart of Blackwell approachability theory for

the case of discounted losses has been missing in the literature. Structurally, all that is known (see

Corollary 3.25 in [45]) about the optimal policy is that Alice’s decision at stage t doesn’t depend on

her own past actions, but can depend on potentially all of Bob’s actions till time t. This suggests

the possibility that any dynamic programming-based procedure to compute this policy may suffer

from the curse of dimensionality, i.e., the state may include the entire history of actions.

We propose the following key step that resolves this problem. Instead of computing the upper

value V corresponding to the prior distribution p, suppose that one computes the following set:

W=

⇢✓
max

⇡k
B

E

 1X

t=1

�
t�1

rk(at, bt)

�
;k = 1, · · · ,K

◆
: ⇡A 2⇧A

�
. (EC.32)

This is the set of upper bounds on losses that Alice can simultaneously achieve on the K components

of the vector of the long term discounted losses, by playing all the possible strategies in ⇡A. In fact,

one need not compute the entire set W, but just its lower Pareto frontier ⇤(W). If we determine

this set, then one can simply choose a point r(p) 2⇤(W) such that

r(p) = argmin
r2⇤(W)

KX

k=1

pkrk. (EC.33)

The corresponding strategy of Alice that results in the simultaneous guarantee r is then the optimal

policy in the original game. Thus we are interested in characterizing the set V⇤ =⇤(W). But this is

exactly the set we characterized using the set-valued dynamic programming approach.

Using our approach, first, we immediately deduce the known fact that the optimal strategy of

Alice doesn’t depend on her own past actions (Theorem 3). Second, we also obtain a previously
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unknown insight into its structure: Alice’s optimal strategy is stationary relative to a compact

state space as described in Theorem 3. This state space can be compared to the compact state

space of Bob’s optimal policy, which is the space of probability distributions on the K games. It

is interesting to note that the state transitions for Bob’s policy are exogenously determined by the

Bayesian updating of the posterior, whereas the state transitions for Alice’s policy are endogenously

determined by the dynamic programming operator (as we had remarked earlier in Section 4.3).

Third, the compactness of the state space opens up the possibility to approximate Alice’s optimal

strategy, as we have demonstrated in Section 5. To the best of our knowledge, this is the first known

approximation procedure for this problem.

Note that we solve a harder problem than the one we set out to solve since instead of computing the

minmax value corresponding to one prior p, we are trying to simultaneously compute the minmax

values corresponding to all the possible priors. But it turns out that this harder objective makes

this problem become amenable to a dynamic programming-based approach. This should not be too

surprising, since as we have seen for the case of the informed player, in order to solve for the lower

value corresponding to a prior p and to compute the optimal strategy, one needs to simultaneously

solve for games starting from all possible priors p2�K .
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