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Abstract

The aim of this paper is to study a mathematical model describing the dynamics of
malaria transmission. The model tracks that humans gain a temporary immunity but they
can still transmit the disease to susceptible mosquitoes with a probability less than that of
infected humans. Furthermore, we take in consideration both return from the semi-immune
class as a probability of loss of immunity and the return from the infected directly to the
susceptible class. We investigate the existence of both trivial and non trivial equilibria and
their stability. We show how to estimate the size of different human populations using the
host incidence which is, in general, the only available information. To this end, we construct
some observers or "software sensors” that allow to dynamically estimate the non-measured
state variables. We also provide some strategies to control the disease using Lyapunov
control functions.

Mathematics Subject Classification: 92D25, 92D30, 93B52, 93B53, 34H15.

Keywords: Epidemic models; Transmission dynamics; Stability analysis; Observer; State esti-
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1 Introduction:

Malaria is a vector-borne disease transmitted to humans primarily through the bite of infected
female Anopheles. It is considered one of the most dangerous diseases in the world. The World
Health Organization (WHO) estimates that there were about 219 million cases and 435000 related
deaths in 2017 [27]. Malaria is one of the biggest risks that travelers can face while abroad, they
could be at risk of this infection in 87 countries around the world, mainly in Africa, Asia and the
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Americas [28]. Unfortunately, people at the highest risk of malaria infection include much more
of infants, children under 5 years of age, pregnant women and people living with HIV/AIDS, as
we know, this categories of people has low immunity. Many researches were done in the case of
vector borne disease and specially Malaria models, let us recall some previously known results
related to the present study. Since the first model proposed by Ross in 1911 [24], several models
were elaborated by including different factors. MacDonald in 1957 [20] was the first one that
introduced the latent compartment for the mosquitoes population, where Anderson and May in
1991 [1] had introduced this phase for the human population.

Environment, migration, immunity function, socio-economic factors and many other factors where
introduced to better represent the reality of the malaria transmission process [24, 4, 29, 20].
Experimental evidence show that (60-90%) of humans in endemic area are asymptomatic carriers
of the parasites (this is well explained in Ducrot et al. 2009 [10]; see also Chitnis et al. 2006 [7];
Chiyaka et al. 2007 [8]).

The model we consider in this paper is originated from the work [3], where the authors, consider
the class of semi-immune as asymptomatic humans carriers who are less infectious to mosquitoes
than symptomatic carriers. In the considered model, the human population is divided into three
classes: susceptible individuals S;, that represent people free of malaria capable of being infected,
infectious I, bringing the parasite in the form gametocyte and semi-immune individuals Ry, which
also carries the parasite in the form gametocyte but with one difference they have no symptoms
and are less infectious to mosquitoes than symptomatic carriers I;,. The mosquito population
is divided into two classes: susceptible S, and infected [, that carry the parasite in its form
sporozoite. We denote by H(t) = Si(t) + I5(t) + Rx(t) the total size of the human population.
The total mosquito population will be dented V' (t) = S, (t) + I,(¢).

Parameters | Description

Ay Recruitment into the human susceptible class

Bon Transmission probability from infectious mosquitoes to susceptible human.
Bhw Transmission probability from infectious human to susceptible mosquitoes.
3}“; Transmission probability from semi-immune human to susceptible mosquitoes.
Yh Rate of progression from the infectious to the semi-immune class.

ap, Rate of recovery from being infectious.

O Disease induced death rate.

[bh Natural human death rate.

A, Recruitment into the vector susceptible class.

Ly Natural mosquitoes death rate.

%4 The total mosquitoes population.

H The total human population.

Table 1: The model parameters.

We take into account the return to the susceptible class S, from I}, class as well as from the R,
class. The model is then given as follows (using standard notations):



Figure 1: Compartmental diagram of the malaria disease model.
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With initial conditions Sy (0), S,(0) > 0; 1,(0), I,(0), R,(0) > 0.

To simplify the writing we denote by: €, = op+an+ur+7v, and 6, = pp+pp. All the parameters
of the model are positive expect 9, > 0.

The mathematical analysis of the model proposed in [3] has addressed the local stability of
the disease free equilibrium but not the global behavior of the system because of the potential
occurrence of a backward bifurcation. In their analysis, they did not consider the behavior of the
system when the basic reproduction number is greater than one.

Recently many results concerning the behavior of models similar to (I) were published, see for
instance [22, 5, 16, 23, 2, 11]. In most of these references, it has been pointed that a backward
bifurcation may occur when there is a disease-induced death rate (i.e., d, > 0). In [2], a sufficient
condition for the global asymptotic stability of the disease free equilibrium (DFE) has been given.
The authors of [11] gave sufficient conditions for the global stability of the DFE as well as for
the endemic equilibrium for a similar model but with 85, = 0. In [22] the authors proposed
a new malaria transmission model with vector-bias effect is developed, they divided the human
population into four classes SEIR and the mosquitoes population into three classes SEI. The
crucial difference with Model (I) is that they didn’t consider the possibility of passing from the
infections class to the susceptible class nor the possibility of transmission of the disease from the
"semi-recovered” Rj, to the susceptible mosquitoes .S,.

In this paper, besides the behavior of the model, we are interested in how to estimate the state
variables and how to control the evolution of the disease in order to achieve some goals. A study
of the estimation of the size of the populations S}, I, and Rj is made in order to be able to
measure the complete state at any given time, using the only measure available in reality which
is the number of newly infected humans per day, our goal is to take advantage of this information
to give dynamic estimates of Sj,(t), I5(t) and Ry(t) by employing an observer or a state estimator
developed in the theory of automatic control. We also propose two control strategies, the first one
consists in the use of a rate of over-mortality due to pesticides, which leads to a disappearance
of the disease. The second one by applying a treatment to the infected individuals, knowing that



the treatment rate will be considered as a control u, we will show how to compute the treatment
rate u as a function of the state so as to make the malaria-free equilibrium globally asymptotically
stable, we provide a formula for the stabilizing feedback using a control Lyapunov function that
we compute explicitly.

The rest of this article is organized as follows. Section 2 is dedicated to the study of the dynamical
properties of Model (I): an analytic formula is derived for the basic reproduction number Ry, the
disease free equilibrium (DFE) is shown to be globally asymptotically stable when Rg is smaller
then some constant which is smaller than one when there is a disease induced mortality and which
is equal to one when there is no disease induced mortality, it is also shown that the system is
uniformly persistent when Ry > 1 and that the model has a unique endemic equilibrium whose
local and global stability are studied. Section 3 is devoted to the state estimation problem. Some
control strategies to fight against the disease are given in Section 4. A brief discussion is given in
Section 5.

2 The dynamical model behavior

dH
The evolution of the total human population is governed by o Ay — punH — 6,1, When
Ay, ~ Ay, Ay, Ay,
H = , we have H = A, — — Oply, > Aj, — -0
fth =+ O, e, T T s T M+ o

A . )
H = =" then I < 0. On the other hand the total vector population V satisfies V = A, — u, V.

> 0, and if

I
Thus we have the following.

A A A,

P <H<TM0<S, +, <
fin + O Hh o
invariant and attractive compact set for system ().

Lemma 1. The compact set ) = { = V*} s a positively

2.1 The Disease-free equilibrium (DFFE) and the basic reproduction
number (Ry)

A A,
7h7 Oa 07 I 0)
Mh Moy
Using the method described in [9] and denoting x = (I, Ry, I,) and y = (S, S,), we can rewrite
our main system in the following form

{ = Fi(r,y) = Vi(z,y)  1<i<3, n
Y = g;(,y) 1<j<2

System (I) has a unique-disease free equilibrium (DFE) that will be denoted Ey = (

F(z,y) contains all the new infection terms:

Sy I - Ry )T
- ) 7]1)7 ; V7T v 7y )PV ;
F o= (B 10, (B + B S
and V contains all other transition terms:

—epdy,
V = |y —0Ry



Let F = DF|g, and V = DV)|g, the Jacobian matrices of the maps F and V), evaluated at the
DFFE,

A
511&@ BhAluh 0o 70’1 Oh —p 2
’ My Ah ! Moy Ah !
The basic reproduction number R is the spectral radius of the next generation matrix
1
0 0 6vh7
b
_FVl = 0 0 0
A, o Ao
pn 1 (5hv n Th 5hv) Bho Ao pin 0
o Ap €n On o A

Hence, we obtain

Bon Ay pn ( Yh A ) Bon Ay ( o4 >
Ro = vt 7O |, = v v |- 3
’ fLo€n fy A & On & 110 (pn + e + pin + On) o An B+ Ph + fn & 3)

2.1.1 Global stability of the DFE

The total vector population V satisfies V = A, — 1,V that admits a unique equilibrium point
Ay
V* = — which is globally asymptotically stable (GAS). Therefore it is possible to use [26,

o
Theorem 3.1] and so the stability properties of System (I) are the same as those of the following
system:

dH
— =Ny — upH — 6,1
i h — Hn hih,
d]

—h_ ﬁvh (H I, — Rh) - €hIha

(4)

dRh
—— =y, — 0

g = nln w R,

d] « A,
(5hv ﬁhv};;) (V* = 1,) — ppl,, with V* = E

A

Using the coordinates (H, I, Ry, I,,)), the DFE is given by Ey = (—h, 0,0,0). The Jacobian at the
Hh

DFE is given by:

—pn - —0p 0 0

0 —€p 0 /th
J 0 9, 0 ith e = A0y Z A
= I s W1 = ) = —.
ﬂr}/h 5 V}'l* 273 Moy
0 hlg* };}I* _/"L”U
Ji



The eigenvalues of J are —puy, and the eigenvalues of J; which is a Metzler matrix so it is stable
if and only if it is invertible and J; ' < 0. We have

—€n Op by By H* + V7 By, (Bhv'Yh + 5hv9h)

det(Jl) = -
= (pn + an + 31 + 0n) (1n + pn) tooBho (R(Q) — 1)

toBro (Hn + pn) Bonlr V2 (ttn + pn) Bon

_ 1 @ 1) o H* — By Bon V*
Jl = Bho (tptan+ynt+ h)ll: ho Buh ’
1 det () A VhbiwBh i BonVh
Vv v v Lo 3 *
(5h 7h§§5h+ﬂh)ﬁh ) (p+ h—&-'?}j-ﬁh)ﬁhvv (,uh + ay, +7h + 5h) (Nh + Ph)

If R2 < 1 then J; is invertible and J; ' < 0. If R2 > 1 then J;' > 0 and so J; is not Hurwitz.
Hence we have proved the following:

Proposition 1. The disease free equilibrium DF'E Ey is locally asymptotically stable if Ry < 1
and unstable if Ry > 1.

To explore the global stability properties of the DFE, thanks to Proposition 1 it is sufficient to
study its global attraction. Considering the infected individuals I(t) = (I,(t), Rn(t), L,(t))", we
look for a condition under which

1(t) = 0 ¥ (5i(0), 1n(0), Rn(0),5,(0), 1,(0)) € 2.

t—00

Lh

Proposition 2. If Ry < ;
h

then the DFE is globally asymptotically stable.

Proof. Rewriting the equations of Iy, Ry, Iy (with €, = pn + o + v, + 0 and 6, = pp + pn),

and using the fact that S, < H, S, < V* and < H, we have
i+ O,
d[
—h @;h =Sy, — enly < Bondy — €ndy
dRy,
— =1, — 0, R
dt Yrdn ritp
d] A .
(ﬁhv + Bhv ) Sv - Mv]v S (ﬁhv + Bhv > V - ,U/v[v
with m = 5 . Let A be the following matrix.
h
—€p 0 @;h
A — Th ' —9h 0 ’
ﬁhv Bhv — My
dI(t)

then we have the following relation: < AI(t). The matrix A is a Metzler matrix. To show

dt
that A is Hurwitz it is necessary and sufficient to show that A is invertible and that —A~! > 0.



We have det(A) = Vv ’Yﬁhvﬂvh + V01, BhoBon — € MmOy, Mv) and

m

eh Moy thBhvV* eh ﬁvhm
v o €n Mpby — V7 BhoBon Y Bonm
Vv (7311@ + Qhﬁhv) €n BroV* en, mo,

-1_ m
Bon V(Y B + 0 Bro) — €n mBh,

Therefore, A~! exists and —A~! > 0 if and only if

BunV* (7 Brw + On Bio) — €5 mBp oy < 0 and e, mpty, — V* B Bon > 0.

v v A Av .
Using the expressions R2 = Bon fal) (6;“, + %ﬁhv) V¥*=—,and m = , we obtain
Ho€n oy Ah 9 eh o Hh + (5h
R; 1
B V* (v 5hv+9h Bhv) — € MOy, f1y = Ay, ( > <0ifRE < Hh_ On the other hand,
Pn pn+On fp, =+ Op
Ay Ay enpop BroBonNopin pn + 0
€n Mty — V7 BroBoh = €n o = Profon—=—""F|1—
h ML BhwBon e 5hﬁhv L+ 0 en 12 o
VMU A"U v A
We have PrwBunAottn: _ R2 — ﬂ—&ﬁﬁhv, SO we can write
A€h p2An 5 Ho€h Hy Aél O A 5
1 _ BroBonlotin pin + On :1_R%Mh+ b Bon Ao pn 5, Hnton S0t RE<
en f2Ay, s L, Ho€h o A O L, fin + Op,
Hence, A™! exists and —A~! > 0 if and only if R2 < Br__ O
i+ On
When R} = Fh__ the above method does not allow to conclude since in this case the matrix

h+0n

A is not invertible. So we propose an alternative proof using a Lyapunov function.

A Lyapunov proof. We consider the candidate Lyapunov function for system (4) on the compact
set ) A A
_ (p+pm) 1y RR2 I+ Ry + & (p+ pn) o

1n o Bon B Brol\o (i + 6) ’
The derivative of W along the solutions of system (4) is

. 2A,R2 5 AnBho
W:<_(p+uh)u pRE (@7t +0) (ot on) h6h>[
,uhAvﬁvhﬁhv ﬁhv (:uh + 5) H

-~ (p + A+ WWA") Ry + ((/’ + ) 12AGRE (o ) 2 ) I
(pn +0) H n A B By (n 4 0))
B C

((p + ) 1o ANRE | (p A+ ) MvAhﬁhv> I+ <(p + ) 1o ANRE | (p A+ ) NvAh> rol
pinho B H Brol\y (pn + 0) H (in Ny B H Ay (i +6) H
D E

We have

AyR2 J AnBho
4= ) ARG (ot + g+ )+7+(P+Mh) hn

hAvﬁvhﬁlw ﬁhv (Hh + 5) H

_ (ot ) B (n +0) H = Ap) o

Bho (pn +0)H - p, + On

< H.




+ A A ) A
Bz—(p—l—uh%—(pl%)h):—(p—{—uh)(l—(h)SOsmce <@

(pun +0) H wp + 0)H fh+ 0 T
AL RE 2A 2A
_ ()i ARG (ot )i _ (o + n)p h(R(g)_ uh6 <0ifR, < [t B,
:U“hAvﬂhv /Bthv (Mh + 5) ,uhAvﬁhv Hn + Hn +
D >0and £ > 0.
Hence, W < 0 if Ry < K ,and W =0 if and only if ([, = R=1, = 0) or (Ry = all
fon + 0 pn + 0

and [, = R = 0). In the latter case, it is easy to show that the largest invariant set contained in
{z € Q: W(x) =0} is reduced to the DFE. Thus, by LaSalle Invariance Principle, we conclude
that the DFE is GAS. O

Remark 1. Proposition 2 could be proved using Theorem 4.3 in [15].

Indeed, with the notations of [15], we have

jh —€p 0 Buh% I,
fo=| By |=| M O 0 Ry |, (5)
: S, ~ S
[U vl vl - Mo IU
B H B H 2
Az(zx)
and
—€n 0 ﬁvh
A, — Th —0 0
A2 VAT Ve
5hv ﬁhv — My
m m

Remark 2. The sufficient condition for global stability of the DFE given by Proposition 2 is
exactly the same as the one given by Theorem 6 in [2].

When there is no disease induced mortality, Proposition 2 implies the following result.

Corollary 1. Suppose 6, = 0, then the DFE is globally asymptotically stable if and only if Ry < 1.

2.2 The uniform persistence

Theorem 1. If Ry > 1, then System (1) is uniformly persistent.

Proof. Let X be the w-limit set of €). Since () is positively invariant, we have that X C (.
The largest invariant compact set M in 0 (the boundary of Q) is reduced to the DFE, that is
M = {Ep} and so it is isolated in X. On the other hand, when Ry > 1, Ej is unstable and the
stable manifold of Fj is contained in 0f2. Therefore, conditions (1) and (2) of Theorem 4.1 in [14]
are satisfied and so uniform persistence holds. O

It follows that, when Ry > 1, there exists » > 0 such that for all initial conditions in () the interior
of €1, one has

h%l_l}(i)glf Sp(t) >, lig(i)glf In(t) > r, lim inf Ry(t) > r, lim inf Sy(t) > r, and lim inf I(t) > r.



2.3 Existence and uniqueness of the endemic equilibrium when Ry > 1

A state (F[ 1, Ry, fv) is an equilibrium for System (4) if and only if the following relations are

satisfied: _ _
Ay — ppH — o1y = 0,

@;h%(ﬁ — I — Ry) — (o + v + i + 6p) 1 = 0,

Yol — (pn + pn) Ry = 0,

(ﬁhvg + Bhvf_}) (A

1) = I, = 0.

v

Ay
fin + Op

A _
Using the first equation of (6) and the fact that < HL —h, we have that [ satisfies
Hh

Ap

0<1I, < .
h_Mh+5h

(7)

Yh

Substituting Rj, =
Ph =+ U

we obtain

v

Therefore, (I, I,,) is a fixed

Iy, and H =
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Ah — 5hI_h
Hh
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e | A - .
76]1 (7 - Iv) + 5h,uv[v
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(Ah — 5h]_h)<05h —+ Yh -+ Hh + 5h)]_h

Ar — 0,1 -
uhﬁvh<"“—(1+ T )h)

)

Kh ﬁhv +

Hn Ph + U

Ahuvy

flz,y) =

Ju
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point of the function
’YhBhv A’U
) ( - y) + 5h/~Lvy

h | Bho + —
( Pht pn |y

(Ah — (Shl') (ah + Yh -+ 1255 + (Sh)il? fg(l‘)
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Hh Ph t Hn

A )
1 th< h h Yh )x)
Hh

(A —dnx)(an +yn + pn +0)x On(Ap — 0n) (i + Vi + pn + On)

We can write fo(z)

un

For z € [0, &], fa(z) >0 if
Hh
7(0,0) = (0,0)T.

The Jacobian of f is Jf(z,y) = (

fily) =

Ap — (pn + 00 + 72?”) Bon (A = (pn + 00) )00 — Ynpnw)
Ay A,
d only if z < . F e [0, —], > 0.
and only it x P - pzlhﬁfh ory €[ Mv] fly)
0 fily)) .
(@) 0 with

On Ap i Ny i, (Bhwh + 0y 6/111)
<— (Bhﬂh + 0y, ﬁhv) (toy — Ay) pn + Op Oy i y)27

in the second and in the forth relations above,



9h (Oéh—i-’)/h—F/Lh—F(Sh) (((Sh ((5h+,uh)$2 —25hAhx+A%)9h+5hvh,uhx2)
Buon (((On + 1) © = An) O + Y pon ) '

f1 and f} are positive on the sets where they are defined. So f; is increasing and tends to 400

(@) =

A A
h . h v

when z — , hence there exists z; < such that fs(z1) = — and
A pn 5h T PZLhJFM:h Fon =+ 5h + szhf;h Ho

fa(x) < lTv forall z € [0, x;]. Therefore, fiofs is well defined on [0, 1] and is increasing. Moreover

’ Ae. A 1

fio f2(0) =0 and fi o fo(z1) = fi(—) = 5—h > z1. We also have that (f; o f2)'(0) = 7 < 1.

228 h 0

Hence f; o fy has at least a fixed point z € (0, z1).

We shall prove the uniqueness of the fixed point in (0,z;) by proving that f; o f; is convex on
[07 xl]‘

(fro f2)'(x) = fi(f2(2)).fa(z) > 0.

(fio f2)"(z) = fi'(f2(2))-f3(2)? + fi(fo(2)).f5 (2)

9 5 AQ A
5 (1) = (pn + ) (cn + Yn + pn + 05) huh(%+ph+éﬁh) © 0 for z < h _
Ay, o0+ o
: 5 Yh th —
oo+ ) v o+

B 200 Ap Ny pin i (%Bhv + 0, 6hv> (5h9hﬂv — (VB + O ﬁhv)uh)

"

1Y)

A
of fixed sign for y < —.

((Bhﬂh + 0 5hv) (Ay — oY) pin + 6, O 12 y)3 e
() = 66, AhAvllhAﬂﬁ (%Bhv + 0 ﬁhu> <5h9hﬂv — (VB + th,w)uh)Q 0tory < &
(<5hv7h + 0 Bhv) (Ay — o y) pin + 6, 0 12 y) o

o If 0,0np, > (%Bhu + 04 Bro) ftn, then f{ > 0 and so (fy o f2)” > 0. Therefore (f1 o f5) is convex
which ensures the uniqueness of the fixed point in (0, z1).

o If 6,0n1, < (wﬁhv + 03, Bpo) i, then f” < 0 and so f] is decreasing. Using the facts that f} is
positive and increasing, f, is positive and increasing, f; is decreasing, f} is increasing, and f} is
increasing, we have that for all x € [0, z]:

(Fro £2)'(@) = IO RO2 + Aale) F0) = F(F(0) 0 + f] (2) 7(0) = A

v

Some computations allow to obtain for A, using the notations ¢, = «ap, + v, + pn + 05 and
On = pn + fin,

A:

A 3
2 /1392Ah€}215h ,uh4 (th Bhv + eh Bhv) (’7h + 6)h) thAv
~ 2 4 3

AZpp? (’Yh Bho + O, ﬂhv) B2 H 00" Anenn

111 (Vh Bro + Brob)

-1
6h /~Lv9

+

Since 0,051, < (’yhﬁhv + 01, Bro) ptn, we have A > 0 and so (fy o f2)"(z) > 0 for all z € [0, x4].
In both cases, (fi o f2) is convex on [0, z1] which ensures the uniqueness of the fixed point in
(0, ZEl).
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Ap A, Ay, Ay

,we h € d > .

o pvhhﬁfh we have fo(7) [Mv 00), and fio fo(z) > 5 5
Ay,

5 Yh lh
+ + PhTHn

Forxz; <z <

fio fa(z) cannot have a fixed point in [xl, ) since a fixed point must satisfy relation

(7).
A

So the function f has a unique fixed point (z, fo(z)) that belongs to (0, z1) X (O, v). We have
[ho

then proved the following:

Theorem 2. If Ry > 1 then System (4) has a unique endemic equilibrium EFE.

2.4 Stability of the EE
Proposition 3. Suppose Ry > 1. The endemic equilibrium EFE is asymptotically stable if

5 Bhv + Bhé/yh
“h < % (8)

Hh Hoy
Proof. The Jacobian at the EE (with e, = oy, + v, + pn + 65 and 0, = pp, + pn):

[ —Uh -0 0 0
Bonlv (Hflh ) Bonlv Bol, Bon Lo th(H I, Rh)
T — N 2 + g ¢ H i
EE —
0 Yh —0h 0
(- ) (8- (o) B (h-T) - o

The application of the Routh-Hurwitz criterion proves to be difficult and does not allow to give
conditions that can easily be written in function of the system parameters. We will therefore
proceed differently. A complex number w €(C is an eigenvalue of Jgg if and only if there exists a
vector (Z1, Zs, Z3, Z4)T # (0,0,0,0) such that the following equations are satisfied:

le =9 ZQ - Zl Hh (9&)
thl_v gh Bfuh]_v ﬁvhl_v ﬁvhj_v Z3 ﬂvhgh Z4
Zy =7y | -2 - — €| Zy - = = 9b
WLy = 41 ( H2 + i + J7i € 2 J7i + i ( )
wZs = Zo+ (—p — pn) Z3 (9c)
Bhvjh Bthh 5th2 BhUZ?) A’U T ﬁhvjh Bhvéh
Zy= |7y | Pk D : ol B Ee b Il g T2
W2y 1 ( 2 2 + i + i " I + I + 1 4
(9d)

Combining the first three equations we obtain

5h (ﬁvhjv gh . 5vhlv> . ﬁvhjv e thj Th ﬁvhsh

H

_ i - Zy
w + H? H H H w+0),

Bl [ 0n S th b,
Wl = [H (w-f—,uh (1 H>+1+ ) ]

11
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i),

This can be written as follows
B'uhf'u
(14 Ga(w))Zs _ B Zy = lamm@(> H(“A ) ol (10)
€h H v €n
Using equilibrium relations, it is possible to write
I,
=t 1+ w1h0h>

ﬁ17 ]TU 6
w2 (o () 7

€h

G2 (w) =
On the other hand, using (9c) together with the expressions of Z; and Z; and the equilibrium

Iy BiR
(ﬁh h+5h h—i—,uv) Z

g, — |2 -
7] i

relations, we have the following successive equalities
BhvZa N Bro Z,

On Biwln  BroRn
2y = Zy | =+ = | + 5
it P 2(}12 2 ' Huw+o,
on, ﬂhvfh Bthh ﬁAhv’Yh 71} hv @th
Z - = + = + v —— - + v Z
e (w—l—,uh( i i ey | T2 H fo | 24
~ T\ In Brvh _v fh
Z — ( v + v ) + v — ( v + U = + (i Z
W4y (+Mh B 5hhH Bhw + +9h) (h 5h H M 4
~ N\ In ( A %) Bhv% S,
w + v T v | =+ Uy Ly = ) v + v — 7
< <5h B 9h) 7 M) 4 (w—l-,uh By + B Bho + wt6, ' 2
A I
w + <ﬁh'u +ﬁhv7h> —h +,u'u 51
0,/ H g Py
o I B+ H?
5 Th h )
U + v = + vV
w+uh<ﬁh g h) B + w + 0,
Therefore we obtain the following relation
. I I.H
(U) + (6hv + 5]“)%) Eh + v> S, ]— 7
o h] %h Zi=7, % (1)
5 Th h hvVh h
v + v e + v +
wwh(ﬁh B h)H o +
f(w)
Bhﬂh

We have -
I,
- + v
) Pro 20+ 0,

5 Th
(ﬂhv + ﬁhv
h

w‘i‘ﬂh
5 ~ Yh Ih A 1
(Bhv—i_ﬂhv h) I—{—i_ﬂhv_'—ﬁhvﬁ)/h’ +0h|
1

|w+ h|

o AV
Sw(ﬁhv+ﬁhv h) +5hv+5hv7h Re(w) +
if Re(w) >0

on A I
< ; <ﬁhv + ﬁhv h> H + Bhv + ﬁh’ur)/h Qh
onl N
= <hh + 1) (Bhv + @wgh)
h

pnH
12



So, if Re(w) >0

5 Th ]_h
|f(w)| - ((5hv+5hv9fl)ﬂ+uv> I—UH
N 5hh 5 Y Suln
< H )(ﬁhv—i_ﬁhv )

Hh On
Biw + 5hﬂh i
O
_ [ho H I,H
_ Bhﬂh Soln
<5h[h ) B + 0,
=+ 1
pnH Foo
Bhﬂh
A v + -
_ /Bhv’}/h _ 6h Hh ]h 1
L Pt e i
We have — = h 2. So, |f(w)] > !
Sy fo H Snln 4
pnH
Therefore, we have that
B
ﬁhv + he’}/h 5h
If ———"— > = then Re(w) > 0= |f(w)] > 1.
oy Hh
We can write the relations (10-11) in a matrix form as follows
diag(1 + Go(w), f(w)) Z =M Z (12)
The matrix M is given by -
0 X
| _ I
M = I
- 0
I,

It should be noted that the matrix H has non-negative entries and that the equilibrium z = (I, I,,)

satisfies Mz = z.
Suppose that Re(w) > 0. We shall use a Krasnoselskii trick ([17], Proof of Theorem 6.1, see also
[13]) to reach a contradiction. From (12), we get using modulus and denoting |Z| = (| Zs|, | Z4])T:

min(1 + ReGy(w), | f(w)]) |Z] < M|Z|. (13)
Since the vector T is positive, there exists a minimal positive real number r satisfying
|Z| < rz. (14)

Let n(w) = min(1 + ReGy(w), | f(w)]). We have proved that Re(w) > 0 implies that | f(w)| > 1
and ReGz(w) > 0 and hence, n(w) > 1. Combining the relations (13) and (14), we obtain

n(w)|Z| < M|Z| < Mrz = rz.
The later contradict the minimality of r. O

Remark 3. Numerical simulations show that the sufficient condition (8) is not a necessary one.
We think that Ry > 1 (without any supplementary condition) should be sufficient for the local
stability of the endemic equilibrium but we could not prove it.

13



2.5 No disease induced death é;, = 0

When there is no disease induced death: ¢, = 0, System (I) is written as follows

dsS
dth = Ay + pp Ry + aply — @;h Sh — UnSh,
d] . .

—h th Sy — €ply, with €, = up + o + Yp,
dR
Tth = Ypdp — On Ry, (15)
ds, I ~ R
dt == Av - <5hvh + ﬁhvh) SU - /LvSva
d[ «

(Bhv Bhv > ILL’UIU

Since d, = 0, the equations of the total population of mosquitoes and that of human are given as
follows:
dH

M N —H
dt h Hntl,
dv

. Av_ ne
dt s

An A,
This last system admits a unique equilibrium point (H*, V*) = (—h, —) which is GAS, in this
L

case we can use the [26, Theorem 3.1], we can reduce the dimension of System (15) to a system
of dimension 3 as follows:

d] -
—n ﬁvh —(H* — Iy, — Rp,) — énlp,
dRh
— =1, — 0, R 16
di Yrin hATh, ( )
dl, s~ Ry
— 1) — .
d (ﬂhv Bhv H*) (V v) Moy

2.5.1 The endemic equilibrium
The endemic equilibrium (EE) of the System (16) is solution of the following equations:
Ly o .
thﬁ(H —In— Ry) —é&lp = 0
Yl — Oy = 0
<Bhv + Bhv ) (V* - Iv) - Mv[v =0

Then the EE is given by:
= Enpo H*(RE — 1)

[h = * )
5 Th V 0 -
(ﬁhv + @wgh) ( T (1 + 7’;) + €h>
Ry = ]
h Qh hs
- (5hv + B ) LV*
I, =

o H* + <5hv+@hv h) h

14



The Jacobian matrix at the endemic equilibrium is given by:

1, . I, 1 .- _
_5vhﬁ — € _51)}1@ thﬁ(H - Ih - Rh)
Jo(In, R, I,) = T ~0n 0
1 * T A 1 * T jh 5 Rh
ﬁhv H (V Iv) Bhvﬁa/ Iv> <ﬁhv H + ﬁhv H*) Ly

Using the equilibrium equations we can write the Jacobian as follow:

[v ~ fv ~ jh
_@’hﬁ —€p _/thﬁ EhITU
Jo = Th -0, 0

Bhvl_}*(‘/* - jv) Bhv[_}*(‘/* - jv) - <6hv I Bhv ) V:*

The second additive matrix at the endemic equilibrium is given as follow:

—Bon e — & — 0, 0 _gh%

DI T T ) )

Jo =] (v -1 — (Brogts + Buogpt) ~Bon s
i}l: (V* - ]_v) Th <6hv I{Ih* + Bhvi) T, eh

(17)

Proposition 4. The endemic equilibrium exists and is locally asymptotically stable if and only if
Ro > 1.

Proof.
det(Jo) = _eh‘{ (ﬁvh > (6}1@]{;* +Bhv1§z> thﬁ)/hv (ﬁhv Bhvﬁ)
+€h§—Z I}YhBhU(V* —1,)+ %ﬁhvl;*(v* — [U)]
= —(On+m) [@m <5hv + Bhy e fin ) + h[hf_;:]
det(J(gz}) = (@m + e+ 9h>

(v (e A ) () )

_ _ b )
(@m + e+ 9h> th Yh — hiﬁh (V* = L)y

I, H*
_ 1 B s~ R\ V*
—Ghjzf_? (V* -1, (@m + € + <5hu + Bho h) Iv>

15




det(Jo), tr(Jp) and det((](?]) are all negative then using [21] (Lemma 3) we have that the endemic
equilibrium is locally asymptotically stable. O

2.5.2 The global stability of the EE

For the global stability of the EE we have the following result.

Proposition 5. If p, — a;, < % then the EE is globally asymptotically stable if Ry > 1.

Proof. To prove the global stability of the endemic equilibrium we shall use the geometric ap-

proach introduced by Li and Muldowney [18]. The second additive matrix at a point (I, Ry, I,)
is given as follows:

J =
[v ~ v *
_thﬁ_eh_eh 0 —i[i(H — I, — Ry)
3 v v Iv
%* <V* - L,) f—[h( + [h) ﬂhv — My _thi
%:( - Iv) Yh (ﬁhv + Bhv > - eh — My

Consider the following matrix P which is nonsingular in the interior of 2:

1 0 0
I,

_lo 22 o

" f”]

h h

077

I, I,

With the same notations as in [18], let Py = (DP)(f), where f is the vector field of (16), we have

0 0 0 0 0 0
I, — I, I, I,
Py = 0 2 0 , and PP~ ! = 0 I, I, 0
LI, —I,1, I.,I,— I, I, I,
0 0 0 — - —
I3 12 L, I,
I,
Let B = PyP~' + PJRPt = @; gz> where, By = —5vhH* On,
Bhv * [h
. 5'0/1 [ ﬁvh ’U o H* (V B IU)T
BlQ - Shi 7. PhT ,Bgl = ~ v
Iy, H* "I, Bhv_BhU(V*_[)Ih
H* T,
Iy 5 Ry I,
B Th —Tv 5}w Bhvﬁ €n — My thﬁ
22 I, I I, 5 R
-« *h—* 5h ﬁhfh—ﬁhfh—ﬂ — On
Ph h Ih v v vH* UH* v



The vector norm |[.| is chosen as
|(u, v, w)| = sup {Jul, [v] + [w]}
The Lozinskii measure p(B) with respect to |.| can be estimated as follows [18]

n(B) < sup{gi, g2}

Where,
g1 = Bi+ B
g2 = |Bai| + p1(Ba2)
X o [v ~ 61)/1
We have: By, = _B”hﬁ — €, — Oy, and |Bys| = Sh— Thus,
I, . »
g1 = B+ |Bia| = _5vhﬁ — €& — O + 4 hSh
I,
Using the fact that ﬁ Bon Sh— — €5, we obtain,
I, H* "I ’
I, Iy h
— B, O+ —<-—-90
9 B h g h+ 5, =1, "
To estimate g9, we have
V-1, V-1, 1 A
|B21‘ = (]‘I) (‘ﬁhvl + ‘ﬁhv 6hv|) = ﬁhv([’.l*)]: since Bhv < Bhv
dI, A .
7 <5hv + Bho—— ) (V* —1,) — pu,I,, we can write,
’B21‘ - T 6hv ( * [v) + Ho
I, 1 3 I
p(Bag) = maX{Th—*—ﬁhv ﬁhv — & — o+ pn— ], Th—*—ﬁhv Bhu fho— 01}
Since €, = ap + Vi + pn, and 0, = pp + pp, we have
I, 1 s R
p1(Bag) < TZ -7 = @w — Bho HZ — pp + max{—ay — v + [pn — anl, —pn}

Let M be the number defined by M = max{—ay, — v + |prn — an|, —pr}. Then we have

I
= |Bao1| + p1(Bag) < TZ — o + M

1 If pp, < oy, then |pp, — an| = —pp + ap, and so M = max{—% — phy —pr} = —pn. Then,

and therefore,

I I I
(B) < sup{gi, g} <sup{ — 0y, 2 — 6} =" — 6,
I, I I,

17



2 If pp, > ayp, then |pp—ay| = pp—ay, and M = max{p,—2as,—74, —pn}. Since, by assumption,
pp— ap < % we get M < —pp,, and hence

I I
<t =0
g2 = 7 Kh — Ph I, h
Finally: ‘ .
1 1,
u(B) < sup{gi, g2} < Sup{* — O, ]: On} = TZ — O

So both cases lead to the following inequality,

w(B) < = = Op.

h

System (16) is uniformly persistence. So 3 r > 0 such that I;(t) > r, Ry(t) > r and I,(t) > r.
This also ensures the existence of a compact set K which is absorbing in the interior of €.

The uniform persistence constant r can be adjusted so that there exists ¢ > 0 independent of the
initial condition in €2, such that

I,(t) > r, Ry(t) > r and I,(t) > r for ¢t > . This lead us to

1t 1t 1
7/ u(B)ds = 7/ wu(B) ds—i—f/
tJo tJo

<1 /t (B)ds + /
-t ou ° t On
1 In(4(1)) i
2 [ By / B)d V) g1t 18
s < 4 [ um)as+ et <0 - (18)
1 t
Define ¢ = limsup  sup —/ p(B)ds. We have
t—oo (5(0).1(0)ek T /o
1/t 1 /7 11n(1,(2)) t)
su - B)ds < su f/ B)ds + ————=% —0,(1 — -
sontopex t Jo u(B) (S(O)J(E))GK(t 0 #(B) t In(I5(1)) n1=3)
1t 1 In(H*) t
< su f/ B)ds + —————=~ — 0,(1 — -).
soyex T Jo #(B) t In(I5(1)) n1=3)
This implies
G2 < —0y,.

Theorem 3.5 in [18] allows then to conclude that the endemic equilibrium E'F is globally asymp-
totically stable in €. m

3 State Estimation

We are interested here in estimating the size of the populations S, I, and Rj,. Assuming that
(I) (or, equivalently, System (4)) is a “quite good” model of the system under consideration. If
it is possible to have the value of the state (H, I, Ry, I,) at some time t, then it is possible to
compute (H(t), In(t), Rn(t), I,(t)) for all t > ¢y by integrating the differential system (4) with the

18



initial condition (H(ty), In(to), Rin(to), I,(to)). Unfortunately, it is often not possible to measure
the whole state at a given time and therefore it is not possible to integrate the differential equation
because one does not know an initial condition. In practice, the only measurement available is
the host incidence, that is the number of new infected humans per unit time. This information
is usually accessible to the Public Health Services. This available measurement will be denoted

L(t

y(t). In the considered model, it corresponds to the term S, ( )Sh(t). Our goal is to use the
I(t I,(t

information (that we assume to be continuously available) y(t) = SB,p I§_>Sh(t) = Bon HEt; (H(t)—

In(t) — Rp(t)) together with the model (I) (or, equivalently, System (4)) in order to obtain
dynamical estimates H(t), I,(t) and Ry(t) of H(t), I(t) and Ry, (t). A solution to this estimation
problem can be provided by a tool developed in automatic control theory: the use of so-called
state observers or state estimators. An observer is an auxiliary dynamical system ) designed
to provide dynamical estimates of the complete state of another system ¥ —in this case the
epidemiological model of interest—using the available information given by partial measurements
y(t) of the state of ¥.. The solutions of this auxiliary dynamical system must converge (as fast
as possible) towards the solutions of the original system. More precisely, an exponential observer
(or state estimator) for (4)) is a dynamical system

dz

T = P, y(1),

2(t) = G(2(1),y(1)),

whose solutions Z(t) converge exponentially to the solutions z(t) of system (4), i.e., there exists
A > 0 such that, for all t > 0 and for all initial conditions z(0), 2(0), the corresponding solutions
of (4)- (19) satisty

(19)

[2() = (B[] < exp(=At)[|2(0) — z(0)[].

It must be pointed out that the initial state xo of (4) is unknown while the initial state zo of the
observer (19) can be chosen arbitrarily. The problem to address is to construct the good vector
field £ and the map G in such a way that the above condition is satisfied. Hereafter, we shall
give two possible constructions.

3.1 A simple observer

We focus on the "human” part of model (I) and we write it introducing y(¢) and using the variable
H instead of S:

dH

- = Ay — pnH — opdp,

dl I,

dith = @;hﬁ(H — I, — Ry) — (ap + v + pin + 6p) I,

s (20)
dt = Yuln — (pn + ) R,

Yy = /ﬁvhlﬁv(H —Ip — Rh)

19



A simple observer for system (20) is given by:

dH A
ey N
i h = Hh hlh;
di A
cTth =y — (an +yn + i + 6p) 1, (21)
dR A .
Th = Yndn = (pn + pn) B
t
The estimation error e(t) = #(t) — x(t) satisfies differential equation ¢ = Ae with
—fth —0p 0
A= 0 —(Oéh+’7h+ﬁbh+5h) 0
0 Vh —(pn + ptn)

The matrix A is Hurwitz which implies that the estimation error e(t) converges exponentially fast
to zero.

It should be noticed that the observer (21) provides estimates H(t), I,(t) and Ry (t) of the state
without using the values of the various 3 that are in general not well known. If 3, is known then
we also have an estimate of I,(¢) given by

= — A0
Bon(H(t) — In(t) — Rp(t))

The weakness of the state estimator (21) is that its convergence speed cannot be adjusted. Fig-
ures 2- 3 show the convergence of the estimates delivered by the estimator (21) towards the
unmeasured states solutions of (4). It must be noticed that the estimator is good for estimating
the size of infected humans 1,,(¢) and Ry, (t) but it is not that good for estimating the total human
population H (t): convergence of H(t) towards H(t) is rather slow due to the fact that the natural
mortality rate py, is very small.

y(t).

4000

30004

20004

1000+

0 50 100 150 200
time (days)

state estimate |
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Figure 2: The evolution of I,,(t) (green curve), solution of (4), and its estimate I,,(¢) (red curve)
delivered by the observer (21).

2500-

2000

1500-
Rfl

1000-

500

0 100 200 300 400
time (days)

state cstimate |

Figure 3: The evolution of Ry, (t) (green curve), solution of (4), and its estimate Ry, (t) (red curve)
delivered by the observer (21).

3.2 A faster estimator

If, in addition to the host incidence, the total population H(t) can be measured then it is possible

to construct another estimator to dynamically estimate I (¢). The convergence of this estimator

is faster than the one of the estimator given by (21). Now System (20) has two outputs: y(t) =
I,(t PO

ﬁv}LHEt; (H(t) — I(t) — Ry(t)) and y;(t) = H(t). An estimate & = (H, Iy, Ry)T of the state

x = (H,I,Ry)T can be computed thanks to the following exponential estimator given by the

following Kalman deterministic observer ([6], page 16):

£=F(i,y) - 2)CT(C2 — ),
¥ = Q¢ + DA + AY — 2CT 0y,
1 0 0
Qe=¢|01/¢ 0 |,c=(100), (22)
0 0 1/¢
—fh —0p, 0 Ay,
A= 0  —(an+vn+pn+0n) 0 Py =Ai+| v |,
0 Th —(pn + 1n) 0

The positive real number & can be chosen to adjust the speed of the convergence of the estimate
I;,(t) towards I (t) but the convergence speed of Ry(t) towards Ry(t) cannot be adjusted, it is

given by —(pn + n)-

21



Figure 4 show the convergence of the estimate I,(t) delivered by the estimator (22) towards the
unmeasured state I (t) solution of (4). It can be noticed that the convergence is much faster than
the one corresponding to the estimator (21).

14004
1200
10004
h 800+
600+

4004

0 20 40 60 80 100
time (days)
|

state estimatel

Figure 4: The evolution of I,,(t) (green curve), solution of (4), and its estimate I,,(¢) (red curve)
delivered by the observer (22).

3.3 A high-gain estimator

If we suppose that all the parameters of model (I) are known then it is possible to built an observer
whose convergence speed can be adjusted by the user in order to have a very fast convergence.
This will be done using a "high-gain observer” whose construction has been developed in [12].

We consider the complete model (4). In the beginning of the epidemic, it is reasonable to assume

H—-1I, —
that S(t) = H(t) — In(t) — Rp(t) is close to H(t), that is Aol B ~ 1. Therefore, System (4)

can be approximated by the following system:

dH
Y N, = i H = 6,1
i h — Kh hdh,
dl
cTth = Bondy — (an +yn + pn + 6p) 1,
IR (23)
Th = Ydn — (pn + pn) R,

t
dI, Iy, 4 Rh> A,

= vTr i - _Iv - v[v-

i <5hH+5h 7 (Mv ) — 1

The measurable output can be approximated by y(t) = B,p1,(t). Since S, is supposed to be
known, we can suppose that the available measurable output is y(¢) = I,(t). We denote x =

22



(H, I, Ry, I,)T We perform a coordinates change z = ®(x) as follows

dy d?y d3y
=Y, P = 23 = 2y = ——.
1 Y, 22 dt7 3 dt?u 4 dt3
I~ Rp\ Ay . .
Hence, we have z; = I,,, 20 = (B;WH + Bth) (— — 1) — po1,. The explicit expressions of z3
and z4 are too long but are easily computable.

With the new coordinates, System (23) is given by the following simpler form:

=

dt 22,

dZQ -

E 35

dz _ 2
dt 4,

dz d*

d7t4 = (21, 22, 23, 24) = dftf(‘b*l(z))-

The function v is smooth on the compact set ®(€2). So it is globally Lipschitz on ®(€2). We
consider ¢ a Lipschitz extension of ¢ to the whole R*, i.e., 1 is a globally Lipschitz function
defined on IR* and satisfies ¢(2) = ¢(z) for all z € ®(). Using the construction of [12], an
exponential observer for System (24) is given by:
dt
dzy . .
ditQ = Z3 — 652(21 — 21),

(25)

= 22 — 45(21 — Zl),

dz . .

ditB = Z4 — 453(21 — 21),

dz - R

d7t4 = 7/1(2172272’/37 24) - 54(Z1 - Zl)'

If the positive real number ¢ is chosen sufficiently large than the solutions of (25) converge
exponentially to the solutions of System (24). More precisely, the solutions 2(¢) of (25) and the
solutions z(t) of (24) satisfy for all initial conditions (£(0), z(0)):

12(2) — 2(0)|| < exp(=£t/3)[|2(0) — 2(0)]].

This shows that the user can adjust the convergence speed by choosing £&. The dynamical estimates
of H(t), In(t), Rn(t) and I,(t) are given by:

(F (), In(t), Bu(t), 1(8)) = O (25(8), 2a(1), 25(1), 24 (1)),

where @ is a Lipschitz extension of ®. Figure 5 illustrate the performance of the high-gain
estimator (25). One can remark that the convergence is much more faster than the convergence
of the "simple” estimator (21).

4 Disease control tentative

4.1 Using constant pesticide induced death rate

This section is devoted to the study of the effect of pesticide for the control of malaria transmission,
we introduce an other death rate for mosquitoes in order to eliminate malaria in the considered
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Figure 5: The evolution of I,,(t) (green curve), solution of (4), and its estimate I,,(t) (red curve)
delivered by the observer (25).

region. We denote the pesticide-induced death rate for mosquitoes by v,, in this case our model
is written as follow:

ds,
d—th = Ap + puR + anly — Bon2Sh — pnSh,

dl
J = Bon2 Sy, — anly, — yuln — pndy — Splh,

dR
Tth = Y dy — pp By — pn Ry, (26)

dSv A
dt (Bhv + 6hv ) S’v - ,UUSU - VvSva

dl,
= v v v]v - v[v-
I <5h + By ) — [

Let us denote by R the basic reproduction number of System (26). Using the same method
described in [9], we get:

LL + vy \/ﬂvh ﬁhv 75 v) . (27)

because we have proved that the DFE is GAS in the general

0

i

We aim to keep Ry < i
h

case when ¢, # 0 if the latest condition is satisfied. Therefore the pesticide induce death rate v,

has to be as follow:
On Hn )
Vy > ot |1+ — [ Ro — 28
a \ fn, ( ° o+ O (28)
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4.2 Treatment of infected individuals expressed as a feedback

Now we investigate the role of the treatment in controlling the disease. The treatment rate will
be considered as a control u. We suppose that the recovered individuals due to the treatment
control go back to the susceptible class at a rate u. The goal is to compute u as a function of the
state that makes the DFE globally asymptotically stable. Taking into account the treatment, the
model becomes

ds

d—th = Ap + puRp + (o + u) I — Bon2Sn — p11Sh,
dl

dith = BonSh — (an + yn + pun + 0n) In — u T

dR (29)
P Yl — pn By — pn Ry,

dt
d[v [h A Rh Av
= — — )| — =1, — ply.
dt <Bth + 6hv H> < , U) Moy dy
Using the variables H = Sy, + I, + Ry, I, Ry, and I,, System (29) can be written:

= X(z)+ uY(z), (30)
where x = (H, I,, Ry, I,)T, u € R", and
—pnH — 51 + Ay

X 0
' Bunly (H — I — R)
vhiv — 4ip —
X, . i — (an + Y+ pin + 6) In —1Iy
X - = 7Y =
Xs VI —(p+pn) R 0
Xy ( I\ 5 Rh) A, Il — I 0
ﬂth + 6h'u H Ly v Holy
A A A,
The set Q = { h <HKL —h, 0<I, < } is a positively invariant and attractive set.
fn + Op [, Ho

Hence it is sufficient to consider system (29) on the set €. The problem under consideration
is to construct a feedback law u(x) in such a way that the DFE is a globally asymptotically
stable equilibrium for the closed-loop system & = X (z) + u(x)Y (x). To achieve this goal we shall
construct a "Control Lyapunov Function” (CLF) for System (29) or System (30).

Theorem 3. The fallowing function W is a CLF for system (30):

Apln (H ’ B (5, 40 o1 A A
W(a) = g — ) s o Q(Mh D) (i + 1) Ry + et g, B (1—111 ("))
Hh Bun o A Ho Hh Hh
A stabilizing feedback control is then given by ([19]) :
0 if I, =0
u(®) =13 a(H, Iy, R 1)+ \/(a(H, I, R, 1))* + (b(H, I, Ry, 1) 20 (31)
— Y in
b(H, In, Bu, 1) (14 \/1+ b(H, I, Ry, 1,)?)
where,
Ah 28 Bthv (Nh + 6h) My + 1
a(H, Iy, Ry, I,) = [1— X1+ Xo + o+ 1) X3+ X
( " " ) ( ll’hH> ! th ? :u'LQ; ,uhAh (/’L ) ’ Moy !
b(H, I, Ry, 1) = L1,
th
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This feedback control makes the DFE a globally asymptotically stable equilibrium for the closed-
loop system (30-31), i.e., all the trajectories will converge to the DFE.

Proof. The function W is well defined, differentiable on €. For all z € Q, W(z) > 0et W(z) =0
A

if and only if x = (h, 0,0, O) = DFFE. Thus W is definite positive on ).
22

As in [25], we use the notations: a(x) = (VW (z), X(x)) and b(z) = (VW (), Y (2)).

Hence, .
W =a(z) + ub(z).

To show that W is a CLF for system (30), we have to show that (cf [25]):

Vo e Q:b(r) =0= a(x) <0. (32)
We have on one hand, b(H, I, Ry, I,) = (VW(x),Y (z)) = _;v I
vh

On the other hand:

a(H I, By I,) = (VW(z),X(z))

Ap
= <1 — uhﬂ,) (—,U/hH - Ihéh +Ah)

+

My 6vh]v (H - ]h - Rh) I
6@/1 H —Chlh

_I_Bthv(,Uh + 6p)
o A

ot 1 oIn BB\ (A
L Broln | P Bl AN D
[y H H o

Since b(x) = 0 = I, = 0, we have to show that a (H,0, Ry, I,) < 0 for all (H, Ry, I,).

(to + 1) (Vo I, — 0. Rp)

I, (H— Ry)

A
&(H70>Rhajv) = (1 - ,uh;{> (_MhH“‘Ah) +ﬂ'v H

BN (i, + 0 o+ 1 ( BrRn [ Ay
Bl 8 gy I (m h<_lv>_uv[u)

113 kA Lo H
= _M T
pnH !
Ho Ho + 1 Bhv Bthv(/JJh + 5h) Ho + 1 Bhv Av
=+ | I, — .+ 1)0 — | R
+< (H+ Lo H) 11 th A (b +1)01 + pe  Hopy )"
: Ay, :
Since < H < —, we can write,
fn + O Hh
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po+1 5

A ﬁhv v
BN (it + 0n) Lo
_ I R N <
7 P L TS Bn <
+14
A vAv (,uh + (5h)
Bho o (i + 0n) 1 Fn
_ 1 v
ILL% ILLhAh (:u’U + ) (ph + ,Uh) + /II/vAh Rh
B (pn + 6
- uQ(;L:Ah h)(“” + 1) (= (pn + p) + 1in) B
We then obtain
v+ 13
Bholo (i + 0n) W ol Brolo (i + 0n)
- 1 —r < — 1 )
12 A (1o + )0 + i Ry < 2 (o + 1) pn Ry
Thus,
(pnH — Ah)2 Bthv(,uh + 0p) v+ 14 Ry 1,
H I,) < — — 1 —-I,— )
CL( ) 07 th v) = NhH M?; ljthh (Mv+ ) Ph Rh v ,uv 1Ly 5}111 H <0

This proves that the function W is a CLF for System (30).

As in [19], we construct the stabilizing control as follows (v = (H, I, Ry, I,)):
0 for Ih =0

w@) =1 a@) +/(a@)) + (b(z))* for 11 20 (33)
b(x) (14 /14 b(x)?)

4.2.1 Simulations

We shall illustrate the effect of the treatment used as a feedback control and computed according
to formula (31). We use the following parameters a;, = 0.0005, 6, = 5 x 1072, 73, = 0.00035, p, =
0.00083,Ap, = 1,A, = 400,, 1, = 5 x 107°, 1, = 0.028p, = 0.027, By = 0.029, By = 1072
With these values, the basic reproduction number is equal to Ry = 1.91. Figures 6-7 display the
dynamics of infected populations (I, and I,), given by Model (29) with no treatment (u = 0).
These figures show that malaria remains persistent in the two populations. Figures 8-9 display
the evolution of infected populations when a treatment is applied and its rate is given by the
feedback control (31). It can be observed that the application of the feedback (31) make the
disease dies out in both populations.

Figure 10 compare the evolution of human infected population (1) when no treatment is applied
and when it is applied with a rate given by (31).
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Figure 6: Ij,(t) without control Figure 7: 1,(t) without control
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Figure 8: I,,(t) with feedback control Figure 9: I,(t) with feedback control
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Figure 10: Evolution of I(t) solution of (29) with no control (red curve) and when feedback
control (31) is applied (green curve)

5 Conclusion

In this paper, we investigated the behavior and the control of a mathematical model for malaria
transmission, based on the model proposed by Arino et al. [3].
When Ry < 1, we proved the global stability of the disease free equilibrium (DFE) when there is
no disease induced mortality. When the disease induced death rate d;, is positive global asymptotic
stability of the DFE cannot be, in general, expected with the only condition Ry < 1 since it has
been proved in the literature that the system may have endemic equilibria even if Ry < 1. In this
Hn
o+ On
When Ry > 1, we showed that the disease is uniformly persistent and proved the existence of a
unique endemic equilibrium point whose local and global asymptotic stability are investigated.
We also investigated the state estimation problem for this model. We gave some tools that allow
to estimate the various state variables using the only available data, namely the host incidence,
i.e. the number of new infected humans per unit time, provided by Public Health Services. Our
method consists of using elements of system theory in designing an auxiliary dynamical system,
called observer, whose solutions converge exponentially to those of the original model.
Current strategies to control mosquito-transmitted infections use pesticides, we discussed in this
work a possible way to control the impact of the disease using a pesticide death rate. We showed
that the pesticide death rate have to be larger than a specific constant that depend basically on
the basic reproduction number of the system R in order to control the situation and to eradicate
the disease. We also addressed the problem of controlling the disease evolution using treatment
of infected individuals. We gave a formula to compute the treatment rate as a feedback control.
This feedback is based on the construction of a Control Lyapunov Function.

case we proved that global asymptotic stability of the DFE occurs if Ry <
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