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Développement asymptotique de la solution des
équations de Maxwell dans des domaines polygonaux

Résumé : Cet article étudie la structure des singularités de la solution des équations
de Maxwell harmoniques dans des polygones plans. Le comportement asymptotique
de la solution au voisinage des coins est étudié¢ a ’aide de séries de Fourier. Une
analyse détaillée du probléme aux limites montre que la solution n’est pas localement H?
lorsque la frontiére du domaine présente des angles obtus ou rentrants, On présente
des formules explicites pour les fonctions singuliéres et les coefficients de singularité.

Mots-clés : Equations de Maxwell, singularités, méthode de Fourier.
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1 Introduction

In this paper, we consider the electric field E = (Ej, E3) of time-harmonic Maxwell’s
equations in a bounded and simply connected polygonal subset 2 of R? with bound-
ary I' := 0, representing an isotropic and homogeneous medium and with perfect
condutor boundary condition, i.e.

curl cwrlE — o?E =f in
divE =0 in Q (1.1)
EAn=Fny—FEm =0 on I

where a? # 0 is some given complex number, n = (n1,n2) denotes the unit outward
normal on I', and the given datum f = (fi, f2) satisfies the condition

divf=0 in Q (1.2)

We have used the notations curl and curl to distinguish between the scalar and
vectorial meanings of the curl operator defined as follows:

0By, 0B

curlE = 021 Oy
Ow Ow

curlw = (8—332 y — 8—xl>

We observe that the operator E — curl curl E — o?E is not elliptic and the usual
H'-conforming nodal finite element method (cf. [6, [7]) is not appropriate for the
approximation of the weak solution of (Il). In this case non standard finite element
methods have to be employed (cf. [, 14, 30]).

However, since —AE = curl curl E — grad div E, the solution of (1) can be
found by solving the following equivalent system of elliptic boundary value problem
(the so-called reqularized Mazwell’s equations) (cf. [Bl 19, 23]).

—AE—-a?’E=f in Q
EAn=0 on I (1.3)
divE =0 on T

We will consider subsequently problem (C3) rather than (TTJ).

RR n°® 0123456789



4 B. Nkemzi

For the associated weak formulation of problem ([L3)) we introduce the Hilbert
spaces

Hy(curl, Q) := {V € Ly(R)?: curlv € Ly(Q) and v An =0 on F}
Ho(curl, div, Q) = {v e Ho(curl, Q) : divv € LQ(Q)} (1.4)
Hy(Q) = {vEHl(Q)Q:v/\n:OonF}

equipped with the norms

1/
Wlieutoy = (Ve + 1 carl v, o)
2 2 . 2 1/2
Vipeurtdivy = (V13,0 + I curlvid, o) + ldivvi,q) ©  (15)
Wllay@ = IVl

The weak solution of ([C3)) is obtained by solving the variational problem: Find
u € Hy(curl, div, Q) such that

a(u,v) := (curlu, curl v)+(div u, divv)—a?(u, v) = (f,v) =: h(v),¥v € Hy(curl, div, Q)
(1.6)

where (-, -) denotes the usual scalar product in La(Q2). If a? # 0 is not an eigenvalue

of the Dirichlet-Laplace operator in €2, then the variational problem (L)) has for any

datum f € Ly(Q)? a unique solution u € Hy(curl, div, Q) (cf. [, IO, [T, 23]).

It is a well known fact (cf. [I3, 06, 22]), that the spaces Hp(curl,div,2) and
Hp () coincide if the domain € is convex. In this case, the solution u of ([LCH) can
be sought in Hy () (cf. []) and approximated by means of the usual nodal H'-
conforming finite element method. However, if the domain {2 is non-convex, then
the space Hn(2) is a proper subspace of the space Hy(curl,div,), and the solu-
tion u of (LA in this case can not be approximated by means of the usual nodal
H'-conforming finite element method, even with local mesh refinements. This fact
has motivated the analysis of the regularity and the singularities of the solution of
Maxwell’s equations in non-convex domains and the construction of special adaptive
nodal H!-conforming finite elements for its approximation (cf. [1, B, B, B, M9, 23, 27).
In all these papers, it is shown by means of some abstract arguments on the decom-
position of the space Hy(curl,div,2), that the solution u of (([CH) can be split in the
form u = u™ +u® with u™® € H'(Q)? and where the singular part u* is the gradient
of the singular function of the Dirichlet problem for the Laplace operator. Relying on

INRIA



Mazwell’s equations in polygonal plane domains )

this H!-regularity results, Assous et al. [, 2], Bonnet-Ben Dhia et al. [, Hazard &
Lohrengel [19] proposed for the approximation of the solution u of (L8l the so-called
Singular field method which introduces into the finite element subspaces the well
known singular functions. However, since the rate of convergence of this adaptive
method depends on the smoothness of the regular part u”¢ of the splitting, the rate
of convergence in this case is only of the order O(h®) (0 < s < 1) (cf. [19, 23]).
This shows that the splitting of the solution u and the accompany adaptive solution
method are not optimal from the point of view of numerical analysis.

In accordance with several papers, see for example [12, [I7, I8, 21), 24, 25, 26, 28],
it is natural to suppose that for f € Ly(£2)2, the solution u € Hy(curl, div, Q) of the
second order elliptic boundary value problem ([CH) is H2-regular if the physical do-
main (2 is sufficiently smooth. Moreover, if the solution entails singularities due to
boundary irregularities, then one can split the solution u in the form u = u"® + u®
with u™ € H%(Q)? and with a well defined singular part u®.

Further regularity results for Maxwell’s equations can be found in [8, [0]. In [§],
H'/?-yegularity is proved for general Lipschitz domains and in [I0], optimal regularity
results are derived by means of the classical Mellin transformation (cf. [21]), namely,
H*5t_regularity and the corresponding singularity functions for a right hand side
from the space H*"!. The method of the Mellin transformation does not yield
explicit formulas for the coefficients of the singularity functions.

The principal objectives of this paper are the following: Firstly, to present a
constructive and direct method that will lead to obtaining all singularities of the
solution of Maxwell’s equations in bounded plane domains with corners and their
corresponding coeflicients. Secondly, give precise conditions on the domain ) that
will guarantee H2-regularity of the solution u € Hy(curl,div,2) of problem (LH).

The main results of this paper presented in Theorem 2.2 can be summarised as
follows: Let the domain €2 be a polygonal domain with IV vertices K; of angle w;.
Let (rj,0;) and n(r;) be, respectively, the local polar coordinates and a truncation

function associated with the jth—vertex (j =1,2,--- ,N). Then, for each f € Ly(Q)?
the unique solution u € Hy(curl, div, Q) of the variational problem ([CH) is provided
with the following additional properties:

If 0 < w; <2mfor j € {1,2,---,N}, then there exist unique real numbers 7, ;,
(¢ = 1,2, 3) such that for \;; := % (1 =1,2,3), u can be split in the form u = w+s,

RR n°® 0123456789



where

Ul(fEl,fEQ) = ’lUl(CCl,,CCQ)-f—Sr(T,G), u2(xlax2) :U/2($1,$2)+89(T,9)

N 3
Aji—1 .
ST(T, (9) = E Z E 1 (Tj)’}/jﬂ"l“j]’ s )‘j,iej
Jj=111=1 0<)\j,i<2
3

N
sg(r,0) = ZZ Z n;(75) ’yjzr/\ 71008)\%@‘0]‘

j=1i=10<\; ;<2

N 3
we H(@and > > Y |yl + Wl < Cllfll a0

j=1i=1 0<); ;<2

2 Singularity functions for Maxwell’s equations

2.1 Maxwell’s equations in a sector

It is well known that the leading singularities of the solution of boundary value
problems is generated by the principal parts of the differential operator. Hence, for
the regularity analysis of the solution u € Hy(curl,div,2) of the boundary value
problem ([CH), it suffices to consider the Maxwell equation:

Find u € Hy(curl, div, Q) such that

a(u,v) := (curlu, curl v) + (divu,divv) = (f,v) =: h(v), Vv € Hy(curl,div, Q)
(2.1)
The sesquilinear form af(-,-) from () is coercive on Hy(curl, div, ), that is, there
is a constant C' > 0 such that

a(v,v) > C(HVH%Q(Q)2 + || CUI"IVH%Q(Q) + || div uH%Q(Q)),Vu € Hy( curl,div,Q) (2.2)

see e.g. [I0]. Hence, there is a unique solution u € Hy(curl, div, ) of the variational
problem (1]) and we proceed to analyse its regularity.

Since the regularity of solutions of elliptic boundary value problems is a local
property, we consider some corner point K € I', with interior angle w € (0,27) with
w # 7, and assume for convenience that K coincides with the origin of the Cartesian
coordinate system (z1,z2). In the (x1,x2)-plane we introduce local polar coordinates
(r,0) with respect to the corner at K = (0,0) viz.

xy = —rcos(0 +61), x2=—rsin(d+6;) (2.3)
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and define some circular sector G, in Q with radius Ry and angle w by (cf. Fig. 1)
GO = {(1‘1,1‘2) : OSTSRQ, OSHSW}, GO = GO\aGO (2.4)

so that G, contains only one corner point of €.
)

—

Ry

Go

Fig. 1

For regularity analysis of the solution u of (I) near the corner point K = (0,0),
we introduce a smooth truncation function n € C*°[0, co) which depends only on the
distance r to the corner K by

1 for 0<r<Ry/3
n(r) == 0<n<1 (2.5)
0 for r>2Ry/3

with 7 and Ry from ZZ)). Obviously, the function u,, := nu describes the solution u
of T in the neighborhood Gy of the corner at K = (0,0). In fact, it can be shown
(cf. @, 08, 20, B1]) that u, is the unique solution of a boundary value problem of
the form:

Find wu, € Hy(curl,div,G,) such that

a(uy,v) := (curlu,, curlv)+(divu,,divv) = (f,,v) =: hn(v),Vv € Hy(curl,div, G,)
(2.6)



where the new right hand side f,, now depends on the functions 7, f, u and the first
partial derivatives of u, and satisfies

19l Lo(c0)2 < Clifll Ly (2.7)

Remark 2.1. The global regularity of the solution u of the variational problem
Z0) is determined by the regularity of the solution u, of (Z@) and by the regu-
larity of the part (1 — n)u of u away from the corner K. But it is well known (cf.
[72, 15, [T, [18, [Z1]), that for elliptic boundary value problems, £ € La(Q)? implies
u e H*2(QNN)? for any compact subset N of Q that does not contain corner points
of Q. Thus, it is sufficient to analyse only the reqularity of the solution u, of (Z4).

For simplicity we omit in the sequel the subscript 7. It will be clear from the
context if we are referring to the solution of (1) or (28I).

It is easy to see that the variational problems (1) is the generalized formulation
of the boundary value problem:

—Au=f in G,
uAn=0 on JG, (2.8)
divu=0 on 090G,

2.2 The solution of Maxwell’s equations in a sector

In this subsection we determine the exact expression for the solution u of the bound-
ary value problem ().
The one-to-one mapping ([23) transforms the circular sector G, into the rectangle

Go:={(r,0):0<r <Ry, 0<0<uw}

in the (r,6)-coordinate system. Consequently, for each function u(z1,z2), (21,72) €
G, some function u(r,0) on G, is uniquely defined by

u(r,0) = u(—rcosf, —rsin0) (2.9)

and for each vector field u = (u1~(x1, x2),u2(r1,22)), (x1,22) € G,, some vector field
a = (uy(r,0),ug(r,0)), (r,0) € G, is defined uniquely by

Up = —UpcosO —ugsin®, wuy = uqsinf — ug cos (2.10)
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Accordingly, the boundary value problem (8) can be written in terms of the local
polar coordinates r, 6 in the form:

0%u, 10u, 1 0%u, 2 au@ 1

o2 T vor 2oz Tr2ae
2 ~
Oup 10wy 10w 20ur 1, _ finé, (2.11)
T T

U = fr in éo

and with boundary conditions

ou, 1 1 au@ B B B
8T+’I“T+ 20 0, u,=0 if =0
ou, 1 1 au@

= r= if 0= 2.12
or + ru + - -0 =0 wu,=0 1 w ( )
[ur (7,0)|r=0 < 00, |ug(r,0)]r=0 < 00
|ur(r"9)|r=Ro = |u9(r)‘9)|’r'=Ro =0

In (ZTT), &I2) the derivatives are to be interpreted in the sense of distribution.
The boundary value problem (ZTIII), (ZI2) can be solved using the Fourier method
of separation of variables. We assume the solution @ = (u,,ug) and the function
f= (fr, fo) of the right hand side have the series form

up(r,0) = ZuTk(r)sin)\kG, ue(r,ﬂ):Zuek(r)cos)\kH
fr(r,0) = me )sin Al,  fo(r,0) Zfek Jeos A0 (2.13)

where )\, = %’r (w # 7, ie. Ay # 1,Vk € N) and where the Fourier coefficients
{(urk,ugr)} are to be determined.

We assume temporarily that the series in (ZI3]) converge uniformly and substitute
&13) into ZTII), ZI2). Differentiating term by term and comparing coefficients,
we get with respect to 0 < r < Ry and for each k € N:= {1,2,3,--- } the two-point
boundary value problem

1 1+ A7 2k
—Up — U i+ 2 Ky, — 2 Uok = Iri
1, 1 + A7 2\

—ugy — okt E g — 3 Urk = Jox (2.14)
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with boundary conditions
[urk(7)r=0 < 00,  |ugr(r)lr=0 < 00, upk(Ro) = ugr(Ro) =0 (2.15)

We observe that (ZI4)) is a system of linear ordinary differential equations with
variable coefficients. However, the substitution r = e¢ transforms the system (214))
into a system with constant coefficients with respect to £ and which can readily be
solved. In fact, one can verify by a straightforward computation that the solution
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uy = (upg, ugg) of the boundary value problem ZI4)), IH) (k € N) is given by

=1

Ro
up(r) = — 40\ 1)R2/\k2/0 (frk(7)+f0k(7))7>‘kd7
k— Yo
Apt1 Ro
4()\ j‘l)RQ/\k+2 /0 <_f7’k'(7—) =+ f@k(7)>7')\k+2d7—
k 0
r—(e+1) r
* o, (o o)
1-Xg T
" m/o (f’"k )+ for(T ) 7k dr

A2 gr

A1

Ry
LPTE V) / (fm(f) +f0k;(7'))7'2 Medr
PAEt1

Ro
“Tern ) () o))
= ’ykr/\kil + (SkT)‘kJrl + Fk(r) + Gk(T) + Hk(T) — Ik(T) (2.16)

Ap—1 Ry
upr(r) = — m r 1)R2’\’“ 2/0 (frk(7)+f9k(7))7/\kd7
L —
/\k+1 Ro
A+ 1)sz,€+2/0 <_fr’f(7) +f6k(7)>TA’“+2dT
k 0
r—(Akt+1)
B m/o (F(7) = for(m)) T2
rl=2k r N
T m/o (frk; +f¢9k ) dr

+ ﬁ / " () + fuslr)) v

Pt

+ 0w+ D) /TRO <_frk(T) + fek;(T))T_)\de

=: 'ykr’\k_l S . Fy(r) + Gi(r) + Hi(r) + Ir(r) (2.17)

>From the above analysis, we conclude that the solution @ = (u,(r,0), ug(r,0))
of the Maxwell equations (Z11]), (ZI2) has, for suitable real numbers A, the repre-
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sentation

Zvrk )sin Agf, ug Zvrk ) cos A0 (2.18)
k=1 k=1

where the Fourier coefficients u,; and ugy (k € N) are given by (EZIH]).

2.3 Regularities and singularities of solution of Maxwell’s equations

Of course, the boundedness of the integrals in ZI8) and I7) and the regularity
of the solution @ of problem (ZIT), (ZT2) depend on the value of the parameter Ay
(k € N). In this subsection, we investigate the influence of the parameter Ay on the
regularity of the solution @ of problem (ZTITl), (ZI2) and deduce from it the global
regularity of the solution of time-harmonic Maxwell’s equations (CH).

The transformations (Z8) and ([I0) define mappings H'(G,) — :cll/2(éo) (1=
0,1,2), H(G,)? — V(G,) and H%(G,)? — W (G,) with (cf. [20, 29, B1])

X?/2(C~}O) = {17 = o(r,0) / |9?rdrdf < oo}
. =, 00 100 ~
1 _ ~
Xijp(Go) = {U 1/2 (Go) “or T o0 X1/2(G )}
~ 5. 020 1 0% 100 10% 1817 ~
2 _ i _tlov 10w 1lov
XipalGo) = { 1/2 (Go) “or2 v o0or 1200’ 2 002 * r 87“ UQ(G )}
- ~ Ov, 0v
. 2. Pr Y9
V(Go) = {¥= ()" € X])(Go): T S

10v, 1 181}9 1 X0 (&
36 T rag v € Xip(Go)

~ ~ 0%v, 1 0% 1 Ov 10v 1
Wy = lg= T cv(a): r 29% 9% 9%, -
(Go) {V (vr, v9)" € V(Go) : o2’ rorod 1200  ror 2l

1 0%, 10v, 2 Oug 1 vy 1 0%vg 1 0vg 10w,

2o Tror e 2 e rore8 208 ror 2

10%v 10vy 20v, 1 0
_ g  Z% 29U e X
r2 062 + r Or + 200 2% < 1/2(G0)}
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The norms in these spaces are derived from the corresponding norms of Sobolev
spaces in Cartesian plane coordinates. We have

1/2
o 12 - A2 1/2
H'UHXO/Q(GO) = {/ || rdrd@} ) HUH)(ll/2(GO) = {HUHX? + !v X1 15(Go) }

o

(L (50 gl Jraras) ™ 2

101x1,,G0)

oz 6 = U+ B a1
9% |2 10% 1002 |19*% 100 1/2
— i z - - drdf
|v|X2/2(G") {/@O< or? r000r r200 r2 002 * Tar‘ )T " }
v Ovg |2 10w 1 2
Sl - .— 2 2 r ] “2r 2
HVHV(GO) = {/G <|Ur| + |vg| +‘ or ‘T 20 TU&‘
1 Ovg 1/2
+ ‘;W + U )Tdrd@} (2.21)

s = {/ (‘822},"2 ‘182vr _i%_lavg+i ‘2 0%vp |2
Viw(Go) = 5 \| Or? rorod r200 r Or ve or?
10%, 10v, 20vy 1 |2 ‘1 Pvg  10vg 10v, 1 |2

TlEee Trar 2ae 2 Tieee e Trar 2
1 0%y 10vy 20v, 1 |2 1/2
Ham t e T o] Jrarde)

The systems of trigonometric functions {sin()\kﬁ)}keN and {cos()\k.é?)}keN with
A > 0 (real) and 0 < 0 < w, are both orthogonal and complete in Lo(0,w). Thus,
functions o = o(r,6) € X) /2(é0) can be represented by converging Fourier series
with respect to the above systems and with Fourier coefficients v (r), 0 < r < Ry.

Lemma 2.1. For v,,vg € X?/Q(GO) and A\ > 0, there are Fourier coefficients
vrk(r), vor (1) (k € N) defined by

2 (¢ 2 (¢
v (r) = —/ vp(r,0) sin \0dl,  vgr(r) := ;/ vg(r, 0) cos A\p0d0, (2.22)
0 0

w
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that satisfy for almost any 0 < r < Ry the relations (use the abbreviation & =r,0)

vp(r,0) = Uk (1) Sin @,  vp(r,0) = vor (1) cos Agf,  (2.23)
k=1 k=1
2 _ W = 2
Il 00 = 5 2 Il oy < o (2:24)

where Ly 5(0, Ry) := {w = w(r) : fORO |w|?rdr < oo}
For v,.,vg € X%/Q(éo), relation (Z.24) holds and

ov Vek ||2
2 _ YUk 2| Y€k }
L= = E —= <
|U€|X11/2(Go) {‘ Or 1Ly /5(0,Ro) kI Ly/2(0,Ro) >
2 _ 5 2 .
HUSHXI L(Go) T H’Uﬁng/Q(GO) + ”Uﬁ‘xllm(go) (2.25)

For v,,vg € X1/2(G ), relations (ZZ4) and (ZZJ) hold and additionally (use the
abbreviation X := L;,5(0, Ro))

ey = ST, -t 2% Bl <
$IXT)5(Go) or? lix r or roor r2 vek
2 pr— ~ ~
va”Xf/Q(G'o) - ||U§HX11/2(GO)+|U§|Xf/2(GO) (2.26)
For ¥ = (vp,v9)T € V(G,), the identity
oo
~ 112 L w OV |12 by 1 2 1 Ak 2
1913 6y = 5 S {1+ | G2+ | 22 ok o]+ ok o[} < o0
) (2.27)
holds; additionally, for v = (v.,v9)T € W(G,),
|~|2 Z{Ha ka )\k Ovpr Mg 1 Jvgy 1 H2
VIay = = — S — ——— + v
Wi(Go) or? lix2 r or R R T = Rl | P
Hl@vm A7 +2)\k 1 ‘2
- - — Vg — — U
r Or 2 Urk T T Ok T g k|
)\k; Ovgr, 10v, 1 2
it
+ Yok T Ty * ror 2Rl
10 A2 2X L2
H Vok k Von + T_Zkvrk — ﬁv(’ka} < (2.28)
) = 191 + 19 |2
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Proof. The proof of this lemma is similar to the proof of Lemma 3.2 in [20] and
so we omit it.m

The following relationship between the spaces X%/Q(GO) and V(G,), and Xl/Q(G )
and W (G,), respectively, will be useful subsequently.

Lemma 2.2. Let the vector-valued function v = (v,,vg)” 1/2(6’ )2 be defined as

in (ZZ3).

(1) Ifvr,vg € Xll/z(é’g) and A\, > 1 then there exists a constant C' > 0 independent
of A\, such that

V= (v, 09)T € V(G,) and H{’HV(GO) < CH{;HXf/Q(G’o)Q (2.29)
(ii) If v,,vp € X%/Q(@O) and A\, > 2 then there exists a constant C' > 0 independent
of \i such that
V= (vr,09)" € W(Go) and |Vllyq,) < C||x7||X§/2(éo)2 (2.30)
Proof. (i) From relations (Z21), (Z23), and the fact that Ay > 1 follows immedi-
ately the estimate

ovy, ‘

uvuv(mwz{uvuuwu R} =219 e 23D

(ii) First we note that for Ay > 2 the inequality

16 1\2
N<— (- — 2.32
P9 ( g A,) (2:32)
holds. Using the relation
1 veg 18v§k 1 1 18U§k )\% _
(- r,)— (r 5~ avek) - A—k(;w - hvg) for &=r0

one deduces the estimates

k - )\2 r Or P2 ok )\2 r Or r2 Okl
1\2)| v |2 10v, 1 2 1 vy, A2
A——) L’ 2Pk ‘ rk_ 2k ’ 2.33
( k Ak rZ |l x r Or TQUrk r Or r2 2 Urk ( )
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The application of triangle inequality and relations ([232)) and Z33) gives

1Ovy A} 2\ 1 2 10vg, A} 2\ 1 2
|75 = v Tt = Gy + 550 = Tt St = v
< o]0 - B+ |12 - S, w2 -]
so<»zu%‘0‘;f Sl + 222 - o
215 ol ¢ |15 - 2 o3

Again, we use the triangle inequality to get the estimate

AL Ovp Mg 1 av% 1 2 Ak )\k; Ovgr, 10v 1 2
r Or 72k T e + 72 k|| + 2 Uk or + r Or 72 k||
10v 1 2 10v 1 2
2 Ok 2 rk
= C<2)\kH; or ﬁvekHX + 2)\kH; or ﬁvrk ‘X) (2.35)

Finally, assertion (Z30) follows from the definition of the norms [|¥|[y 4 ) and

HVHXQ 7,2 (cf. @28) and ZZ6)), and relations (Z31)-[235). m

We are now in a position to prove precise regularity assumptions for the solution of
Maxwell’s equations in a sector.

Lemma 2.3. Suppose £ = (f1(x1,22), fa(w1,22)) € La(Gy)?, and N\ := %’r > 1,
(k€ N) andw # 7 from (ZZ). Then, the weak solution u = (uy(x1,x2), uz(x1,x2)) €
Hy(curl, div,G,) of the Mazwell equations (Z4) has the property

we Hy(Go) and [y, < ClflLac, (2:36)

Proof. The solution u of problem () in local polar coordinates (r, ) is given by
relation (EZIX)). We show that for A\; > 1, the estimate HﬁHXll/Q(C?‘o)Q < CHf“Xf/Q(éO)?
holds and use Lemma to conclude.

Subsequently, C' > 0 will simply denote a generic constant, which has different values
at different points. Using the expression ([ZIF)) for u, and applying, respectively,
Beppo Levi’s and Fubini’s theorems, we get the estimate

Ouyp,
”UTH§(11/2(GO < CZ/ ‘Urk‘Q + ‘ r

‘ Uk

}rdr (2.37)
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>From (ZI0), u,; has the representation
Upk (1) = Y 4 G 4 Fy(r) + Gr(r) + Hi(r) — I(r) (2.38)

The terms on the right hand side of (Z38]) can be bounded as follows.

/ {‘,Ykr)\k 1‘2+‘5(’Yk7“’\’“ D) ‘ "Ykr)\k !
or

since A\, > 1. The constant (7;)? can be bounded with the help of Cauchy-Schwarz
inequality and the inequality (a + b)? < 2(a? + b?) as follows.

‘ }rd’r < C(w)? (2.39)

(w)? < C(/ORO(fm(T)+fek<7))”’“d7)2
< C/ORO‘frk(T)+fok(T)|QTdT/ORO|r/\k_1/2|2d7 < Clflf= (240)
[l PO A P < c? a

For the constant (d3)? we get by applying Cauchy-Schwartz inequality the bound

(G < C(/ORO(_frk(T)+f9k(T))TAk+2dT)2

Ro Ro ~
< O [ mtutr) + dutr) i [T < Ol (242
0 0

Application of Cauchy-Schwarz inequality and integration by parts formula yield the
estimates

Ro r
/ \Fk(r)\Qrdr < C/ —(Aet1) / (frk(’l')—fgk(T))T/\k+2dT‘27“d?"
0 0
& [ 1O [ o) — ()
0
Ro
C/ ’\’CH)‘ / ‘fk — for(T TdT/ |T>\k+3/2| drrdr
0

¢ /OROr?’ k) = st rarar

C{r4/0r‘frk( — for(7)| Tdr‘f°+/ORo rﬂfrk(?“)—fek(r)‘zrdr}

IN

IN

IN

IN

IN

Ro ~
c /0 (fok () + o () ) < CJF o (2.43)
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/RO
0

6Fk(r) 2

o ‘rdr < C/ ‘7“_()"“+2| |/ for(T) = for (7)) 7 /\k+2d7‘2+7“2|frk(7”)_

for(r) ‘Z}rdr

(2.44)

= C{/ /\Hz‘ / |ka — for(T TdT/ ‘TAk 3/2| dr rdr
b [ - )

= C{/ORO T/ormk(ﬂ - f%(T)‘ZTdTJV /ORO‘frk(r) - fek(r)|2r3dr}

<

R
/ 0 ijr)rrdr < C/ ‘7“_()"“+2| |/ frk fek )) ’\k+2d7|2rdr
0
< C/ ‘Tﬁ(AkH)‘ /|f1"k‘(7)—fek-(T)‘szT/T‘T)‘HB/Q‘QdT'rdr
0 0 0
Ro r 5
< C/ T/‘frk—f9k| Tdrdr
0 0
<

Proceeding as above one easily verifies the estimates

/oRO{\G \2+(8Gk 2+‘Gkr(T) }Tdr C/ORO{!frk(r)!“r!fek(T)P}Td""
[ e + |2

. ‘Hk(T)
/RO{|Ik )2+ ‘alk ‘2 + ‘Ik(r) Q}Tdr
0

[\

IN

N

IN

Ro
¢ [T + o)y
0

IN

" }rdr
Ro
r C/ {|frk;(7")|2 + |f9k(T)|2}TdT
0

(2.46)

Assertion (Z230) follows by combining (237) — (£46]) and taking into account com-
pleteness relations of the type (Z24]) and Lemma 222 (i). m

Lemma 2.4. Suppose £ = (fi1(x1,22), fa(x1,22)) € La(Gy)?, and N := %ﬁ > 2,
(k€ N) and w # © from ([ZZ). Then, the solution u € Hy(curl, div,G,) of equation
ZD) has the property

we HAGo)? and ulliea,z < Clflliy, (2.47)

T 0 Ro _
2 [ 1) = foro)Prar] 4 [ 1a) = fantr) o} < ORI

(2.45)

T o Ro _
2 [ o) = fon(o)Prar| 4 [0 1) = facto P} < CIE



MAXWELL’S EQUATIONS IN POLYGONAL PLANE DOMAINS 19

Proof. Owing to relation (226)) and Lemma 23 we need only prove the estimate
’u\xfm(éoy < CHfHX?/Q(GO)Q

We use for the component w, expression (I8) and apply, respectively, Beppo Levi’s
and Fubini’s theorems, to get the estimate

0o Ro 82’&
2 . < ‘_T’k
e =% ), {13

For the sake of brevity, we prove only the estimate

/RO
0

since the other terms can be estimated by analogy. We have

10ur,  upp |2

r Or r2

1 Ouyg, )\z
- — L
r Or r2 -k

2
+ 207

0%u, |2
2

Ro
rdr < C /0 ()P + | for(r) |2y rdr

62’U,T.k . . )\k + 2 T)\k_B
o2 - 4R3)\k72
Ak
ARZMT2

+ M +2 2= Owt3) / (frk(T) - fak;(T))TA'“HdT
4 0

/ORO (frk(T) + fek(T))TAde

+ rAket /ORO (-frk(T) + fek(ﬂ)TAkHdT

)\ T
+ S5m0 [ (o) + fon(r)) v

T / () + farlr)) 72 e
— %r’\’c_l /TRO <_frk(7') + fek(T))T_)\de — fri

= AT 4 ™ T F(r) + Gr(r) + Hy (1) + I(r) — for (2.49)

We can now estimate the terms on the right hand side of relation (ZZ9). By means of
Cauchy-Schwarz inequality, integration by parts formula and some simple estimates
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we get

Ro N 2
/ "%T B3
0

Ho\ Ae—1]?
/ ‘51#“ k™~ ‘ rdr
0

Ry _
/ \Fk(r)]2rd7“
0

rdr

IN

fo 2 flo A\—1/2|2 7112
C [ + ) Prar [ |2 P < O
0 0

IN

Ro Ro -
C/O |—frk(7)+f9k(7)|27d7/0 A2 2dr < O 2

IN

C/OROV_(AH:s)‘z/OT‘frk(T) - f@k(7)|2dT /OT|T)\k+2|2dT7“dT

Ro pr 9
C/o /0 |frk(7') — for(T)| Tdrdr

IN

< C{T/OT|frk(T) - fek(7)|2d7‘:0 * /ORO rlfou(r) - f%(r)‘QdT}

Ro _
< ¢ /O (k) + | for(r)?)rdr < C|[f] %2 (2.50)

Similar considerations lead to the inequality

Ro _ _ _ _
/0 Gk + [H( + )P + ) P hrdr < CIFIR, .p0y2 (251)
Assertion (A7) is finally proved by taking into consideration relations of the type
Z2]) — 21 and Lemma (ii). m

Remark 2.2. The results of Lemmas (Z3) and (22) show that if w € (0,2m) is
a nontrivial angle (i.e. w # ) of the circular sector G, (cf. ([B4)) and Ny == *T

(k € N), then the following statements are true for the solution w € Hy(curl, div, Gy)
of the variational problem (Z10).

(i) For vy <1 (keN), ie. w<m, ue H(G,)?, i.e. i€ V(G,).

(ii) For \, <2 (k€N), ice. w< I, ue H*G,)? ie. 1 € W(G,).

(iii) We see from the relation (cf. (ZZ9))

/RO
0

that if A, = 2 (this will be the case if w = 7/2), then u ¢ H*(Gy)?, since the
integral in (Z2A) converges only if 2\, — 5 > —1, i.e. A\ > 2.

2 Ro
’Nykr)"“_‘g‘ rdr < ]&]2/ P25y (2.52)
0
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Theorem 2.1. Letf = (f1(x1,22), fo(21,22)) € La(Go)?, ie. £ = (f(r,0), fo(r,0)T €
X?/2(GO)2, Further, let w € (0,27m) be a nontrivial angle of the circular sector G,

from and Ay, := "2 (k € N). Then, the solution u = (u1(z1,22),us(21,22)) €
Hy(curl, div,G,) of the variational problem (Z4) has the following additional prop-
erties.

(i) For0 <w <m,

ue Hy(Go)?,  |ullmyc,y < ClifllLyc.) (2.53)

(ii) For m < w < 2w, there exists a unique real number 1 such that u can be split
in the form u = w + s, where

ui(x1, ) = wi(z1, x2) + sp(1,0),  sp(r,0) := ’ylr’\l_l sin \10
ug (1, x2) = wa(x1,x2) + s¢(r,0), sp(r,0) := 717“)‘1_1 cos \160(2.54)
w e H'(Go)® and ||+ |[wllgic,)2 < Clflr,c,)2

(iii) For0 <w < 3,

ue HYG,)*, |lulluzc,yz < ClfllLyc.)2 (2.55)

(iv) For § <w < m, there exists a unique real number 1 such that u can be split in
the form u = w + s, where

ui(x1, ) = wi(z1, x2) + sp.(1,0),  sp(r,0) := ’ylr’\l_l sin \10
ug(x1, ) = wo(xy,x2) + s9(r,0), sp(r,0) := 717“)‘1_1 cos A\16(2.56)
w € H*(Go)* and ||+ |[wllg2@c,)2 < Clflr,c,)2

(v) Form<w< 37”, there exist unique real numbers v, and vy such that u can be
split in the form u = w + s, where

uy (21, w2) = wi(21,22) + 5,:(r,0),  $,(r,0) := 7™ " sin A0 + yor** " sin A0
ug(x1,m2) = wo(xy,x2) + s9(r,0), sp(r,0) = 1ML cos A0 + 9271 cos Aol
w e H*(Go)* and ||+ el + [Wllg2g,)2 < Cllfllyc,)2 (2.57)
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(vi) For 37” < w < 2w, there exist unique real numbers v1, v and 3 such that u
can be split in the form v = w + s, where

uy (21, 22) = wi(wy, 22) + 5-(r,0), uz(x1,22) = wa(w1,22) + 59(1,0)
sp(r,0) = 1M sin A0 + 4272 7L sin Ao + 372 L sin Az

s9(7,0) == 17 ! cos A1 + 72127 cos Aaf) + 437! cos A3 (2.58)
we G, and )+l + bl + Wl < Ol

Proof. Assertions (Z53]) and (Z353) are immediate consequences of Lemmas
and 241
By @I]), u =10 = (u,(r,0),ug(r,0)) can be written in the form

up(r,0) = upi(r)sin A0 + upa(r) sin Aof + u,3(r) sin Az + Z Uy (1) Sin A0
k=4
= Up1(r)sin A\10 + upo(r) sin Aof + up3(r) sin Ag6 + U, (r, 0) (2.59)
ug(r,0) = wpr(r)cos M0 + uga(r) cos Aof + ugs(r) cos Az + Z ugk(r) cos A0
k=4

= ug(r) cos A0 + uga(r) cos Aol + ug3(r) cos 36 + Wy(r, 0)

Since A\, = %’r > 2 for k > 4 and for all 0 < w < 27, Lemma 4] implies that the
terms ¥, and ¥y in @5J) belong to X? /2(60) and satisfy the inequality

19z, iy + ol 2 ) < CUElLxy oy

Assertions (Z24), ([(Zh0), 5D), and [ZLY) follow in a straight forward way from
relations (21F), (ZT16), Lemmas 223 and 221 m

>From the above analysis, we can now state the regularity and singularity prop-
erties of the solution u € Hy(curl,div, ) of the time-harmonic Maxwell equations
).
Let Q be a bounded and simply connected polygonal open subset of R? with
boundary I'. We denote by K; the vertices of I' and by w; the measure of the
interior angle at K, where the index j ranges from 1 to some integer N > 0 and
w; € (0,2m), wj # m for j = 1,2,--- , N. Further, we denote by (r;,6;) (0 < r; <
R;j, 0 <0; <wj)local polar coordinates with respect to the vertex K (cf. (3)),
and for every j we introduce a truncation function n; according to (3) in such a
way that the supports of the 1;’s do not intersect each other.
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Theorem 2.2. For each f € Ly(2)? the unique solution u € Ho(curl, div, Q) of the
variational problem ([LA) is provided with the following additional properties.

(i) fO<w; <7 forje{l,--- N}, then

ue Hy(Q)?,  |[ullmy@p < Clfl, o

(ii) If 0 < w; < 2w for j € {1,---, N}, then there exist unique real numbers ;1
such that for Aj1:= -, u can be split in the form u =w + s, where
J

Aji—1 .
uy (1, x2) = wi(xy,x2) + 8¢ (r,0), sp(r,0) := Z Z nj(rj)'ijlrjj’l 'sin Aj10;

J 0<Aj 1<l
Aiq—
ug(x1,x2) = wa(z1, x2) + s9(1,0), sp(r,0) := Z Z nj(rj)fyjylrj]’l ' cos Aj10;
J 0 1<l
weHY Q) and D Y |yl +Iwlm@e < Clifln,@pe

J 0<)\j,1<1
(iii) If0<w; < 5 forje{l,--- ,N}, then

ue Q)% |ulliz@p2 < Cllfll,y @)

(iv) If 0 < wj < 7w for j € {1,--- ,N}, then there exist unique real numbers ;1
such that for X\jq := wlj, u can be split in the form u = w + s, where

Aja—1 .
uy (1, x2) = wi(xy,x2) + Sp(r,0),  s-(r,0) ::Z Z nj(rj)'ijlrjj’l 1sm)\j719j

J 0<>\j’1 <2

Aji—1
ug(x1,x2) = wa(z1, x2) + 59(1,0), sp(r,0) := Z Z nj(rj)fyjylrj]’l cos \j.10;
J o 0<A;1<2

w e H*(Q)? and Z Z Vil + Wl )2 < CllfllLy0)2

J 0<)\j,1 <2

(v) If 0 <wj; < 37” for j € {1,2,--- N}, then there exist unique real numbers ;1
and ;2 such that for \j1 := - and for X\j2 := 2% u can be split in the form
J

L)
wj
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u=w+s, where

ui(w1,02) = w1(901,$2) +5:(r,0),  wua(xy,12) = wa(wy, x2) + S6(7,0)
ZZ Z i (1j)V5ar; P sm)\”H
P = 10<,\,1<2

Z Z Z nj (’I“j)’)/jvi’l“j-\j’i_l CcOS )‘j,i‘gj

7 =1 0<>\j i<2

w € H2 2 and Z Z Z 1V5,i] + HWHH2(Q 2 < C”fHLz(Q

=1 O</\] 1<2

(vi) If 0 <wj <27 for j e {1,2,--- ,N}, then there exist unique real numbers vy;;,
(¢ = 1,2,3) such that for \j; = % (1 = 1,2,3), u can be split in the form
u=w+s, where

ur(zi,z2) = wi(zr,z2) +5:(r,0),  uz(z1,2) = walw1,2) + 8p(7,0)
N 3
Nji—1 .
sp(r,0) = ZZ Z ni(ri)vary”" sinA;0;
J=1i=1 0<); ;<2
N 3 N
—1
sp(r,0) = ZZ Z (1) cos Ajib;
J=114=1 0<); ;<2

3
Yo D> il lIwlaz@e < CliflLywp

1i=10<);,<2

Mz

w € H*(Q)? and

J
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