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1 Introduction

Some averaging — or homogenization — properties for some elliptic or parabolic
partial differential equations (PDE) in a stationary, ergodic random media
are studied with probabilistic techniques.

This consists in finding constant coefficients which approximate in some
suitable sense highly oscillating coefficients that represent the random media.
In other words, we study the limit of the solutions of some PDEs when a
coefficient — which represents the scale of the heterogeneities — decreases
to 0.

Using the probabilistic representation of the solutions of parabolic and
elliptic PDE, this leads to establishing a Central Limit Theorem for the
stochastic process generated by a second-order partial differential operator.

More precisely, we are interested in PDEs with second-order partial dif-
ferential operators of the form

Aε,ω = Lε,ω + bi(x/ε, ω)
∂

∂xi

+ c(x/ε, ω) +
d(x/ε, ω)

ε
, (1)

where Lε,ω =
e2V (x/ε,ω)

2

∂

∂xi

(
ai,j(x/ε, ω)e−2V (x/ε,ω) ∂

∂xj

)
(2)

under the assumption that the coefficients are bounded stationary random
fields and that the matrix a is symmetric. The operator Aε,ω contains in
fact a lower-differential term of the form ∂xi

(ei(x/ε, ω)·) = ei(x/ε, ω)∂xi
+

ε−1(∂xi
ei)(x/ε, ω), assuming that e is differentiable.

The solution of the parabolic equation

∂uε(t, x)

∂t
= Aε,ωuε(t, x) (3)

with the initial condition uε(0, ·) = f is given by the Feynman-Kac formula

uε(t, x) = Ẽε
x,ω

[
exp

(
1

ε

∫ t

0
d(Xs/ε, ω) ds +

∫ t

0
c(Xs/ε, ω) ds

)
f(Xt)

]
,

where Ẽε
x,ω is the distribution of the stochastic process generated by the

operator L̃ε,ω = Lε,ω + bi(x/ε, ω)∂xi
.

Studying of the convergence of the process X̃ε,ω associated to L̃ε,ω as ε
decreases to 0 is equivalent to studying the convergence of (ε · εX̃ω

t/ε2)t>0,
where εXω is the process whose infinitesimal generator is

e−2V (·,ω)

2

∂

∂xi

(
ai,j(·, ω)e2V (·,ω) ∂

∂xj

)
+ εbi(x, ω)

∂

∂xi

.

2



A. Lejay / Homogenization of divergence-form operators in random media

As it will be shown in Section 4, the Girsanov theorem allows to reduce this
problem, where the first-order coefficient of the operator is of order ε, to the
study of the Central Limit Theorem for the process X1,ω whose generator
is the self-adjoint divergence-form operator L1,ω. A rather similar use of
the Girsanov transform in a different context to prove some homogenization
results may be found in [23].

A Central Limit Theorem for the process
∫ ·
0 d(Xω

s ) ds has to be proved to
deal with our initial problem (i.e., with a highly-oscillating zero-order term).

The homogenization property for the divergence-form operator ∂xi
(ai,j(·/ε, ω)∂xj

)
with random coefficients has been studied with analytical tools first by S. Ko-
zlov [17, 18] and G. Papanicolaou and S.R.S. Varadhan [34] (see also [35]).

The probabilistic method consists in finding functions which are solutions
of auxiliary problems, so that our process is transformed as the sum of a
local martingale and a process that converges to 0. Then, the Central Limit
Theorem for the local martingale is applied with the help of the Ergodic
Theorem. See e.g., [10, 3, 16] for various applications of this procedure.

The difficulty for homogenization in random media lies in the resolution
of the auxiliary problem, that has to be done on a suitable space.

For a general random media — in contradistinction to what happens in
the case of periodic media where the Poincaré inequality holds (see e.g., [24]
for results under weaker hypotheses in periodic media) —, the resolution
of the auxiliary problem cannot be considered in a direct way, because the
needed function is not a stationary random fields. Three strategies may be
used: 1) The solution is approximated by a sequence of stationary random
fields, and one studies the convergence of their gradients. This method is
especially well-suited to the case of an initial environment whose law is the
invariant distribution. (see e.g., [6, 29, 13, 31]). 2) The solution is directly
constructed using the spectral theory for the shift operators of the random
media (see e.g., [34, 9]). 3) The gradient of the solution is given directly in
an appropriate space with the help of the Lax-Milgram Theorem (see [15] for
an analytical use of this method).

The two last approaches may be used to prove that the family of processes
converges for almost every realization. We have chosen here to use the third
method. Our approach is close to that used by S. Kozlov in [19] for random
walks.

Furthermore, this approach does not really relies on the idea of mean
forward velocity as in [30, 6, 13, 31]. Our proof of the Central Limit Theorem
for the process associated to L1,ω is then rather different to that of [31], which
itself adapts to Dirichlet forms the ideas developed in [16, 6, 29, 13].

Solving the auxiliary problem or finding the invariant measure shows the
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difficulty to study the limit behaviour of the processes associated to

1

2

∂

∂xi

(
ai,j(x/ε, ω)

∂

∂xj

)
+

1

ε
bi(x/ε, ω)

∂

∂xi

for a general b, which so far remains an open problem. In fact, there exists
some counterexamples to the homogenization property for some stationary,
divergence-free random fields [1, 14]. We have also assumed that d is the
derivative of a bounded function.

Although some results may be given for general non-symmetric Dirichlet
forms [32] provided the mean forward velocity exists, two classes of problems
are generally considered: The first concerns the case where b is the derivative
of the skew-symmetric matrix which is a stationary random field [28, 9, 22,
34]. The second concerns the case where b is a gradient of a stationary
random field. In this case, the second-order differential operator is reduced
to a self-adjoint operator.

The term V is a potential. If a and V are regular enough, then the
operator Lε,ω can be written

Lε,ω =
1

2
ai,j(·/ε, ω)

∂2

∂xi∂xj

+
1

2ε

(
∂ai,j

∂xj

− 2ai,j
∂V

∂xj

)
(·/ε, ω)

∂

∂xi

and a stochastic process may be associated to Lε,ω via the theory of stochastic
differential equations.

However, any regularity assumption on a and V may be dropped if one
use the theory of Dirichlet forms as developed e.g., in [11] instead of Itô
stochastic calculus. Hence, our results generalize those of [6, Section 6] and
[29, Chapter 2]. In fact, our proofs use some considerations on the semi-group
associated to a divergence-form operator, but hardly require the theory of
Dirichlet forms.

Afterwards, we prove that the solution to the parabolic PDE (3) converges
to the solution to the parabolic PDE

∂u(t, x)

∂t
= Au(t, x),

where the coefficients of the PDE operator A are constant and are averages
of the coefficients of A1,ω with respect to the law of the media. We use the
method introduced by É. Pardoux in [33] to deal with the highly-oscillating
zero-order term, which also uses the Girsanov theorem.

In Section 5.2, we consider the case of the elliptic equations of the form
(α−Aε,ω)uε = f . We prove that α−Aε,ω is invertible for α greater to some
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value α0 that does not depend on ε nor ω. Provided that α > α0, the solution
uε converges to the solution of (α− A)u = f , with A as above.

The method to deal with first-order and highly oscillatory zero-order
terms may be easily used to solve some other homogenization problems (e.g.,
the operators of the forms 4+ 1

ε
b(·/ε, ω), where b is divergence-free).

In Section 2, we recall some generalities about random media and the
construction of the environment viewed from the particle. Section 3 contains
our proof of the homogenization property both for the operator Lε,ω and the
additive functional

∫ ·
0 d(Xs) ds. These results are extended to operators with a

first-order differential term in Section 4. The connection of the probabilistic
proof of the convergence and the parabolic or elliptic PDEs is studied in
Section 5. We conclude with some immediate generalizations of our results.

2 The environment viewed from the particle

2.1 Random media

A random media is a probability space (Ω,G, µ) on which is defined a group
(τx)x∈Rn of transformations acting on Ω such that

(MP) µ(τxA) = µ(A) for any A in G and any x ∈ Rn;

(ERG) if τxA = A for any x ∈ Rn, then µ(A) = 0 or 1;

(MEAS) for any measurable function f on (Ω,G, µ), the function (x, ω) 7→
f(τxω) is measurable on (Rn ⊗ Ω, Bor(Rn)⊗ G);

(SC) for any f in the space of square integrable functions L2(µ) on
(Ω,G, µ),

µ { |f(τhω)− f(ω)| > δ } −−−→
|h|→0

0

for any δ > 0. The group (τx)x∈Rn is said to be stochastically
continuous.

To any function f on (Ω,G, µ) is associated a stationary random field f ,
which is a measurable function on (Rn×G, Bor(Rn)⊗G) defined by f(x, ω) =
f(τxω). We use bold letters to denote functions on Ω, while their italic
counterparts denote stationary random fields.

If f belongs to Lp(µ) (p > 1), which is the space of random variables on Ω
such that

∫
Ω |f |p dµ is finite, then almost every realization of f belongs the

space Lp
loc(Rn) of functions whose pth-power is locally integrable.

5
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The group (Tx)x∈Rn of unitary operators on L2(µ) defined by by Txf(ω) =
f(τxω) is strongly continuous, because of the stochastic continuity condition
(SC) of (τx)x∈Rn . Its n infinitesimal generators D1, . . . , Dn are defined by

Dif = lim
h→0

Thei
f − f

h
when this limit exists in L2(µ),

where (e1, . . . , en) is the canonical basis of Rn. These operators are closed
and densely defined.

For any f in L2(µ) and any smooth function ϕ with compact support, the
operation

f ? ϕ(ω) =
∫

Rn
f(τxω)ϕ(x) dx

defines a function in L2(µ). This operation ? has to be seen as a convolution.
Let C be the set

C =
{
f ? ϕ f ∈ L2(µ), ϕ ∈ C∞c (Rn;R)

}
.

This space is dense in L2(µ) (see e.g., [22]). Let us denote by 〈·, ·〉µ the usual

scalar product on L2(µ). Let H1(µ) be the closure of C with respect to the
norm associated to the scalar product

〈f ,g〉H1(µ) = 〈f ,g〉µ + 〈Dif , Dig〉µ .

This space C plays the role of smooth functions for the set of functions on
(Ω,G, µ). Using the condition of invariance of (τx)x∈Rn with respect to µ,

〈g, f ? ϕ〉µ =
∫

Ω
f(ω)

∫

Rn
g(x, ω)ϕ(−x) dx dµ. (4)

This relation is particularly useful, because it allows to switch between for-
mulation given for random variables, and formulations given for stationary
random fields for almost every realization.

2.2 Divergence-form operator

We assume in first time that the first-order differential term b is equal to 0.
The following hypothesis are assumed on the coefficients of Lε,ω defined
by (2).

Hypothesis 1. The matrix-valued function a = (ai,j)
n
i,j=1 is measurable on

(Ω,G, µ) and a(·) is a symmetric matrix. Furthermore, we assume that there
exist two positive constants λ and Λ such that

∀ξ ∈ Rn, λ|ξ|2 6 〈a(ω)ξ, ξ〉 6 Λ|ξ|2, µ-a.s..
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The measurable function V is bounded by Λ on (Ω,G, µ) and we may assume
without loss of generality that

∫

Ω
e−2V(ω) dµ(ω) = 1.

Using our notations, the stationary random fields corresponding to a
and V are denoted by a = (ai,j)

n
i,j=1 and V .

Let us consider the family of Dirichlet forms on L2(Rn, e−2V (x,ω) dx) de-
fined by

Eε,ω(u, v) =
1

2

∫

Rn
ai,j(x/ε, ω)

∂u(x)

∂xi

∂v(x)

∂xj

e−2V (x/ε,ω) dx

with domain H1(Rn). For each ω ∈ Ω and each ε > 0, there exists a unique
self-adjoint operator (Lε,ω, Dom(Lε,ω)) such that

Eε,ω(u, v) = −〈Lε,ωu, v〉L2(Rn),∀(u, v) ∈ Dom(Lε,ω)× H1(Rn).

It is well known that there exists a weak solution, — called the funda-
mental solution, — to the equation





∂pε(ω, t, x, y)

∂t
= Lε,ωpε(ω, t, x, y),

pε(ω, 0, x, y) = δx−y,∀y ∈ Rn,

where δx−y is the Dirac mass at the point x − y. This solution pε(ω, t, x, y)
corresponds to the density of the semi-group (P ε,ω

t )t>0 (see e.g., [2, 21]).
One remarkable results about the density is that it satisfies the Aronson

Estimate:

1

Mtn/2
exp

(−M |x− y|2
t

)
6 pε(ω, t, x, y) 6 M

tn/2
exp

(−|x− y|2
Mt

)
(5)

for any (t, x, y) in R∗+ ×Rn ×Rn, where the constant M depends only on λ,
Λ and n. It is also known that there exist two constants C and α depending
only on λ, Λ and n such that for every δ > 0,

|pε(ω, t′, x′, y′)− pε(ω, t, x, y)| 6 C

δn




√
|t′ − t| ∨ |x′ − x| ∨ |y′ − y|

δ




α

(6)

for all (t′, x′, y′), (t, x, y) ∈ [δ2, +∞)×Rn×Rn with |y′− y| ∨ |x′− x| 6 δ. A
proof of these estimates may be found in [38].

7
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Setting Ptf(x) =
∫
Rn p(t, x, y)f(y) dy, it may be proved with (5) and (6)

that Pt maps L2(Rn) into the space of continuous functions that vanish at
infinity.

Hence, the semi-group (P ε,ω
t )t>0 is a Feller semi-group, and there exists

a continuous conservative Hunt process (X,Pε
x,ω)x∈Rn whose generator is Lε,ω

with domain Dom(Lε,ω)). Such a result is stated e.g., in Theorem 1.9.4 in [4]
or in [7, Theorem 2.7, p. 169].

The key tool for studying such a process is the Theory of Dirichlet forms:
see [11, 27] for example.

From now, we denote by X is the canonical process on the space of con-
tinuous functions, i.e., Xt(ω) = ωt for any ω in C([0, +∞);Rn).

2.3 The environment viewed from the particle

The aim of this paragraph is to construct the process




Yω
t = τX1,ω

t
ω, for t > 0,

Yω
0 = ω,

(7)

where X1,ω is the process with generator (L1,ω, Dom(L1,ω)) and such that
X1,ω = 0. We denote by Pω the distribution of Yω. We also prove that Yω is
ergodic for the distribution

∫
Ω e−2V(ω)Pω [ · ] dµ.

Let (Gω
α)α>0 be the resolvent of the Dirichlet form E1,ω. For any α > 0,

the operator Gω
α may be written Gω

αf(x) =
∫
Rn gα(ω, x, y)f(y) dy for any f

in L2(Rn), with gα(ω, x, y) =
∫ +∞
0 e−αtpε(ω, t, x, y) dt.

If f is a stationary random field in Lp
loc(Rn) with p = 1, 2, Gω

αf(x, ω) is
also a stationary random field in Lp

loc(Rn). As a result, we set

Gαf(ω) =
∫

Rn
gα(ω, 0, y)f(τyω) dy.

Let L2(π) be the Hilbert space equipped with the scalar product

〈u,v〉π =
∫

Ω
uv e−2V dµ.

The closed bilinear form and densely defined on L2(π) corresponding to
the Dirichlet form E1,ω on (Ω,G, µ) is

Eπ(u,v) =
∫

Ω
ai,jDiuDjve−2V dµ ∀u,v ∈ H1(µ).

Lemma 1. The family (Gα)α>0 is the resolvent of the process (Yω
t , t >

0;Pω)ω∈Ω.

8
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Proof. For any u in L2(µ),

∫

Ω
E1,ω(Gω

αf(·, ω), ϕ)u(ω) dµ(ω)

+ α
∫

Ω×Rn
Gω

αf(x, ω)ϕ(x)u(ω)e−2V (x,ω) dx dµ(ω)

=
∫

Ω×Rn
f(x, ω)ϕ(x)u(ω)e−2V (x,ω) dx dµ(ω).

If ϕ̌(x) = ϕ(−x) and Gαf(τxω) = Gω
αf(x, ω), the former equation is equiva-

lent to
Eπ(Gαf ,u ? ϕ̌) + α 〈Gαf ,u ? ϕ̌〉π = 〈f ,u ? ϕ̌〉π .

The last equation is true for any smooth function ϕ with compact support
and any u in L2(µ). By density of C in L2(µ), (Gα)α>0 is the resolvent of
(Eπ,H1(µ)).

We also deduce that

Gω
αf(0, ω) =

∫ +∞

0
e−αtE1

0,ω [ f(Xt, ω) ] dt =
∫ +∞

0
e−αtEω [ f(Yω

t ) ] dt = Gαf(ω).

Hence, (Gα) is also the resolvent of the process Yω.

Lemma 2. The process Yω is ergodic with respect to the measure e−2Vµ.

Proof. We know that Yω is ergodic when the only functions in L2(µ) such
that αGαf = f are the constants [20, Theorem 1.3.7, p. 22]. But if αGαf = f ,
then clearly Eπ(f , f) = 0. This implies that Dif = 0, µ-a.s. for i = 1, . . . , n.
The operator ? allows to proves rigorously that f is constant. For any smooth
function ϕ with compact support and for i = 1, . . . , n,

0 = −Dif ? ϕ = f ?
∂ϕ

∂xi

=
∫

Rn
f(x, ω)

∂ϕ(x)

∂xi

dx, µ-a.s.,

which proves that for almost every realization, the function f(·, ω) is just a
function of ω. But, with the hypothesis of ergodicity (ERG), f is constant.

Clearly,

α 〈Gαu, 1〉π + Eπ(Gαu, 1) = α
〈
Gαu, e−2V

〉
µ

=
〈
u, e−2V

〉
µ
, ∀u ∈ L2(µ).

Hence, e−2V dµ is the invariant, ergodic measure for Yω.

Remark 1. We choose here to use a bilinear form and the resolvent, but
we also may have construct a “differential” operator and the corresponding
semi-group as in [29].

9
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3 Homogenization of the divergence-form op-

erator

We still assume that the first-differential order term b is equal to 0. Let d
and c be some bounded measurable functions on (Ω,G, µ). These terms give
the zero-order terms of the partial differential operator Aε,ω defined by (1)
and an additional condition is required on d.

Hypothesis 2. There exists some some bounded functions d̂1, . . . , d̂n in
H1(µ) such that

e−2Vd = D1d̂1 + · · ·+ Dnd̂n. (8)

This hypothesis implies that
∫
Ω d(ω)e−2V(ω) dµ(ω) = 0.

We set

V ε,ω
t (Xε,ω) =

∫ t

0

(
1

ε
d(Xε,ω

s /ε, ω) + c(Xε,ω
s /ε, ω)

)
ds. (9)

We prove now the joint convergence of Xε,ω and V ε,ω(Xε,ω).

Proposition 1. Under Hypotheses 1 and 2, there exist some symmetric ma-
trix a = (ai,j)i,j=1n together with some reals c =

∫
Ω ce−2V dµ and D depending

respectively on the coefficients of Lε,ω and Aε,ω (see formula (16)) such that
for almost every environment ω ∈ Ω,

L(X1, . . . , Xn, V ε,ω(X) | Pε
0,ω) −−→

ε→0
L(M

1

t , . . . , M
n

t , M
n+1

t + ct, t > 0 | P),

where (M,P) is a (n + 1)-dimensional non-standard Brownian motion M
characterized by





〈Mi
, M

j〉t = ai,jt, if 1 6 i, j 6 n,

〈Mn+1
, M

i〉t = 0, if 1 6 i 6 n,

〈Mn+1〉 = Dt.

Let us defined the auxiliary problems. For that, we need to work on some
appropriate space.

Let V2
pot be the Hilbert space

V2
pot =





(f1, . . . , fn) ∈ L2(µ)n

∫

Ω
fi dµ = 0, fi ?

∂ϕ

∂xj

= fj ?
∂ϕ

∂xi

,

∀ϕ ∈ C∞c (Rn;R), i, j = 1, . . . , n





= { (D1f , . . . , Dnf) f ∈ C }‖·‖L2(µ)n .

10
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This space is equipped with the scalar product 〈·, ·〉L2(µ)n . The second iden-

tification for the space V2
pot follows from the fact that, if

L2
sol =

{
(f1, . . . , fn) ∈ L2(µ)n ∑n

j=1 fj ?
∂ϕ

∂xj

= 0, ∀ϕ ∈ C∞c (Rn;R)

}
.

then L2(µ)n = V2
pot ⊕ L2

sol. This is the Weyl Decomposition [15, p. 230].
Let Gπ be the bilinear form defined by

Gπ(f ,g) =
1

2

∫

Ω
e−2V(ω)ai,j(ω)fi(ω)gj(ω) dµ(ω)

for f = (f1, . . . , fn) and g = (g1, . . . ,gn) in V2
pot. The choice of Gπ comes from

that for any u,v in C,

Gπ(∇u,∇v) = Eπ(u,v) where ∇ = (D1, . . . , Dn).

Now, Gπ is coercive and continuous on V2
pot. From the Lax-Milgram The-

orem, there exists for i = 1, . . . , n a unique solution (f i
1, . . . , f

i
n) in V2

pot to

Gπ(f i,u) =
−1

2

∫

Ω
ai,je

−2Vuj dµ, ∀(u1, . . . ,un) ∈ V2
pot. (10)

Let (g1, . . . ,gn) be the solution in V2
pot of

Gπ(g,u) =
∫

Ω
d̂iui dµ, ∀(u1, . . . ,un) ∈ V2

pot. (11)

Remark 2. The elements (d̂1, . . . , d̂n) are defined up to an element (u1, . . . ,un)
in L2

sol. But the Weyl decomposition implies that g is unique.

Definition 1 (Auxiliary problems). The problems (10) and (11) are called
auxiliary problems.

We set vi(x) =
∫ 1
0 xjf

i
j(tx, ω) dt, in order that ∂xj

vi(x, ω) = f i
j(τxω). The

function uε
i (t, x) = xi + εvi(x/ε, ω) is harmonic for Lε,ω, i.e., Lε,ωuε(·, ω) = 0

in the weak sense.
We set h(x, ω) =

∫ 1
0 xigi(tx, ω) dt and hε(x, ω) = εh(x/ε, ω), so that

Eε,ω(hε(·, ω), ϕ) =
∫

Rn

∂d̂i

∂xi

(x/ε, ω)ϕ(x) dx

= −1

ε

∫

Rn
d(x/ε, ω)ϕ(x)e−2V (x/ε,ω) dx

(12)

for any smooth function ϕ with compact support on Rn.
It is known (see e.g., [12, Theorem 8.24, p. 202] for example) that there

exist some continuous version of x 7→ hε(x, ω) and x 7→ uε(x, ω). So, we
choose these continuous versions of uε and hε. We assume that uε(0, ω) = 0
and hε(0, ω) = 0 for any ε > 0.

11
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Proposition 2. For almost every realization ω, the families of functions
(hε(·, ω))ε>0 and (vε

i (·, ω))ε>0 converge uniformly to 0 on each compact of Rn.

Proof. For almost every realization ω, the functions v and h have a sublinear
growth. More precisely, for any R > 0, let B(0, R) be the closed ball of
radius R and centered on 0. Hence uε(·, ω) = εv(·/ε, ω) and hε(·, ω) =
εh(·/ε, ω) converge to 0 in L2(B(0, R)) (see e.g., [18] or [9, 8]).

In fact, standard results on elliptic PDE (see e.g., [12, Theorem 8.24,
p. 202]) implies that hε and uε are Hölder continuous on the ball B(0, R/2)
for some coefficient α that depends only on λ, Λ and n. Furthermore,

‖hε(·, ω)‖Cα(B(0,R/2)) 6 C(‖hε(·, ω)‖L2(B(0,R)) + ‖d̂‖∞),

and ‖vε(·, ω)‖Cα(B(0,R/2)) 6 C ′ + C ‖vε(·, ω)‖L2(B(0,R)), where the constants C
and C ′ depend also only on λ, Λ, R and n. With the Ascoli Theorem, (vε)ε>0

and (hε)ε>0 are relatively compact on the space of continuous function on
B(0, R). Hence, some subsequences of (vε)ε>0 and (hε)ε>0 converge in this
space. But, due to the sublinear growth of hε and vε, and the choice of
vε(ω, 0) = hε(ω, 0) = 0, any limit of possible convergent subsequences is
equal to 0.

Corollary 1. The quantities supt∈[0,T ] |vε
i (X

ε,ω
t , ω)| and supt∈[0,T ] |hε(Xε,ω

t , ω)|
converge to 0 in probability.

Proof. With the Aronson estimate (5),

Pε
0,ω [ X exits from the ball B(0, r) during [0, T ] ] 6 κ exp

(−r2

κt

)

for some constant κ that depends only on λ, Λ and n (cf. [38, Lemma II.1.2,
p. 330]). Hence, for any κ > 0 and any R > 0,

Pε
0,ω

[
sup

t∈[0,T ]
|vε

i (Xt, ω)| > κ

]
6Pε

0,ω

[
sup

t∈[0,T ]
|vε

i (Xt, ω)| > κ; sup
t∈[0,T ]

|Xt| > R

]

+ Pε
0,ω

[
sup

t∈[0,T ]
|vε

i (Xt, ω)| > κ; sup
t∈[0,T ]

|Xt| < R

]
.

Corollary 1 is then proved using Proposition 2.

Before proving Proposition 1, we state a Lemma which allows us to pass
to the limit.

12
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Lemma 3. If k is a function in L1(µ) and if Xε,ω
0 = 0, then

(∫ t∧ε2

ε2
k(Xε,ω

s /ε) ds, t > 0

)
dist.−−→
ε→0

(
t 7→ t

∫
ke−2V dµ

)

on the space of continuous functions for almost every environment ω ∈ Ω.

Proof. Assuming that Xε,ω
0 = 0, it follows from the Ergodic Theorem that

∫ t

ε2
k(Xε,ω

s /ε) ds
dist.
=

∫ t/ε2

1
k(Yω

s ) ds −−→
ε→0

t
∫

Ω
k e−2V dµ, Pω-a.s..

for almost every ω in Ω. In fact, the convergence holds uniformly in t on some
compact interval [0, T ], because k may be decomposed as the difference of two

non-negative functions k+ and k−. Thus t 7→ ∫ t/ε2

1 k+(Yω
s ) ds is increasing

and according to the Dini Theorem, it converges uniformly for any fixed
environment.

Proof of Proposition 1. With the Itô-Fukushima decomposition [11, Theo-
rem 5.5.1, p. 228 and Theorem 5.2.3, p. 206], Pε

0,ω-almost surely,

[
Xt − Xε2

V ε,ω
t (X)− V ε,ω

ε2 (X)

]
+

[
vε(Xt, ω)− vε(Xε2 , ω)
hε(Xt, ω)− hε(Xε2 , ω)

]
= Mε,ω

t +Rε,ω
t , ∀t > ε2, (13)

where Mε,ω is a (n + 1)-dimensional local martingale and

Ri,ε,ω
t =





0 if i = 1, . . . , n,∫ t

ε2
c(Xε,ω

s /ε, ω) ds if i = n + 1.
(14)

Remark 3. We start at time ε2 to be sure that decomposition (13) holds really
under Pε

0,ω, which is not ensured by the results in [11] when the dimension n
is greater than 1, since { 0 } is a set of zero capacity.

The cross-variations of Mε,ω are

〈Mi,ε,ω, Mj,ε,ω〉t =





∫ t

ε2
ap,q

(
δp,i +

∂vi

∂xp

) (
δq,j +

∂vj

∂xq

)
(Xs/ε, ω) ds

if i, j = 1, . . . , n,
∫ t

ε2
ap,q

(
δp,i +

∂vi

∂xp

)
∂h

∂xq

(Xs/ε, ω) ds

if (i, j) and (j, i) in { 1, . . . , n } × {n + 1 } ,∫ t

ε2
ap,q

∂h

∂xp

∂h

∂xq

(Xs/ε, ω) ds

if i = n + 1 and j = n + 1.

(15)

13
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The Central Limit Theorem for the martingales (see e.g., Theorem 7.1.4
in [7, p. 339]), implies that Mε,ω converges to a (n+1)-dimensional Gaussian
process M whose cross-variations are

〈Mi
, M

j〉t =





t
∫

Ω
ap,q

(
δp,i + f i

p

) (
δq,j + f j

q

)
e−2V dµ = tai,j

if i, j = 1, . . . , n,

t
∫

Ω
ap,q

(
δp,i + f i

p

)
gq e−2V dµ = 0 from (10),

if (i, j) and (j, i) in { 1, . . . , n } × {n + 1 } ,

t
∫

Ω
ap,q gp gq e−2V dµ = tD

if i = n + 1 and j = n + 1.

(16)

Since Rε,ω converges in distribution to the function t 7→ (0, . . . , 0, tc) with
c =

∫
Ω c e−2V dµ, Proposition 1 is proved, and the coefficients a and D are

identified by formula (16).

4 Addition of a first-order term

We add now a first-order differential term to the operator Aε,ω.

Hypothesis 3. The function b be a measurable function on Ω bounded
by Λ.

The stationary random field corresponding to b is denoted by b.
Let (L̃ε,ω, Dom(L̃ε,ω)) be the operator

L̃ε,ω = Lε,ω + bi(x/ε, ω)
∂

∂xi

, Dom(L̃ε,ω) = Dom(Lε,ω).

There exists also a Feller semi-group associated to this operator, and this
semi-group admit a density which also satisfies the Aronson estimate (5)
and is Hölder continuous. But, in this case, these estimates (5) and (6)
are only valid on any compact interval [0, T ] of time, for some constants
that depend also on T (see e.g., [38]). Thus, there exists a conservative,
continuous strong Markov process (X, P̃ε

x,ω)x∈Rn whose infinitesimal generator

is (L̃ε,ω, Dom(L̃ε,ω)).
For any point x, the Markov process X under Pε

x,ω may be decomposed
as the sum of a martingale MXε,ω

and a continuous process Nε,ω locally of
zero-quadratic variations [37].

14
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Proposition 3. For any x in Rn, the distribution P̃ε
x,ω is absolutely contin-

uous with respect to Pε
x,ω, and

dP̃ε
x,ω

dPε
x,ω

∣∣∣∣∣∣Fε,ω
t

= Zε,ω
t ,

where Zε,ω is the exponential martingale

Zε,ω
t = exp

(
M̃ε,ω

t − 1

2
〈M̃ε,ω〉t

)
and M̃ε,ω

t =
∫ t

0
(a−1b)

t
(Xs/ε, ω) dMXε,ω

s .

Here MXε,ω
is the martingale part of Xε,ω under Pε

x,ω.

Sketch of the proof. As a−1 and b are bounded respectively by λ and Λ, we
deduce easily that Eε

x,ω

[
exp

(
1
2
〈M̃ε,ω〉t

) ]
< eλΛ2t for any t > 0, where Λ is

the upper bound of a and b. Hence Zε,ω is an exponential martingale.
It can be proved that Ẽε

x,ω [ f(Xt) ] is equal to P̃ ε,ωf(x) for almost every x

in L2(Rn) (see [26] or [5]). But, we know that P̃ ε,ω
t f(x) is continuous, and

using Proposition 3.7 in [5], x 7→ Ẽε
x,ω [ f(Xt) ] is also continuous. Hence, for

any x ∈ Rn, P̃ε
x,ω is the distribution of the process associated to the operator

(L̃ε,ω, Dom(L̃ε,ω)).

Proposition 4. For any bounded function f on [0, t]× C([0, t];Rn)

Eε
x,ω [ Zε,ω

t f(·) ] 6 eΛ2λt/2Eε
x,ω

[
f(·)2

]1/2
, (17)

where λ is the ellipticity constant of a, and Λ is the bound of the coefficients a
and b.

Proof. Using the Cauchy-Schwarz inequality, it is standard that

Eε
x,ω [ Zε,ω

t f(·) ] 6 Eε
x,ω

[
e2M̃ε,ω

t − 4
2
〈M̃ε,ω〉t

]1/2

Eε
x,ω

[
e〈M̃

ε,ω〉tf(·)2
]1/2

which proves (17), since Zε,ω is an exponential martingale and 〈M̃ε,ω〉t is
bounded by Λ2λt.

Proposition 5. Under Hypotheses 1, 2 and 3, there exists a (n+1)-dimensional
non-standard Brownian motion (M, P̃) with the same cross-variations as as
in Proposition 1, such that for almost every environment ω ∈ Ω,

L(X1, . . . , Xn, V ε,ω(X) | P̃ε
0,ω)

−−→
ε→0

L
(
M

1

t + tb1, . . . , M
n

t + tbn, M
n+1

t + tbn+1 + ct, t > 0 P̃
)
,

15
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where

b =





t
∫

Ω
bj

(
δi,j + f i

j

)
e−2V dµ, if i = 1, . . . , n,

t
∫

Ω
bjgje

−2V dµ, if i = n + 1.

(18)

Proof. We may now consider the process (X, V ε,ω(X)) under the distribu-
tion P̃ε

0,ω. It follows from the Girsanov transform that under P̃ε
0,ω, Equation

(13) becomes
[

Xt − Xε2

V ε,ω
t (X)− V ε,ω

ε2 (X)

]
+

[
vε(Xt, ω)− vε(Xε2 , ω)
hε(Xt, ω)− hε(Xε2 , ω)

]
= Mε,ω

t + Rε,ω
t + Uε,ω

t ,

where Rε,ω has been defined previously by (14), Mε,ω is a local martingale
whose cross-variations are given by (15), and

Ui,ε,ω
t =





∫ t

ε2
bj

(
δi,j +

∂vi

∂xj

)
(Xε,ω

s /ε, ω) ds if i = 1, . . . , n,
∫ t

ε2
bj

∂h

∂xj

(Xε,ω
s /ε, ω) ds if i = n + 1.

With (17), it is clear that the convergence in probability under Pε
0,ω to

some deterministic function implies the convergence in probability to the
same function under P̃ε

0,ω.

Hence, Mε,ω converges to some Gaussian process M whose cross-variations
are given by (16), since we use the almost sure convergence of its cross-
variations. Furthermore, with Lemma 3, Rε,ω converges in probability to
t 7→ (0, . . . , 0, tc), and Uε,ω converges to t 7→ tb.

Finally, we remark that

P̃ε
0,ω

[
sup

06t6T
|vε(Xt, ω)|+ sup

06t6T
|hε(Xt, ω)| > η

]
−−→
ε→0

0,

for any η > 0 and for almost every realization ω. Proposition 5 is proved by
combining all the previous convergences.

5 Application to PDEs

Let O be an open, connected subset of Rn. We assume that the boundary of
O is regular enough.

From the Theory of Dirichlet form, the process associated to the strong
local, regular Dirichlet form

∫

O
ai,j(x/ε, ω)

∂u(x)

∂xi

∂v(x)

∂xj

e−2V (x/ε,ω) dxj −
∫

O
bi(x/ε, ω)

∂u(x)

∂xi

v(x) dx,

16
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defined on H1
0(O) × H1

0(O), is the process Xε,ω killed when it exits from O
([11, Theorem 4.2.2, p. 154] for the case where b = 0. The Girsanov theorem
also holds in this case).

Since the boundary of O is regular, the set of discontinuities for the
function that gives the exit time of a path is of null measure with respect to
the distribution P and P̃. In other words, if O belongs to O and

tO = inf { t > 0 X 6∈ O } ,

then L(X, V ε,ω(X), tO | P̃ε
0,ω) converges in distribution to L(X, V, tO | P̃),

where
Vt = M

n+1

t + tbn+1 + ct.

5.1 Parabolic PDE

We are first interested in the behaviour of the solutions of the parabolic PDEs





∂uε(t, x, ω)

∂t
= Aε,ωuε(t, x, ω), (t, x) ∈ R+ ×O,

uε(0, x) = f(x) ∈ L2(O),

uε(t, ·) ∈ H1
0(O), ∀t > 0,

(19)

as ε goes to 0.

Theorem 1. We assume that Hypotheses 1, 2 and 3 are satisfied. Let O be
a domain of Rn with regular boundary, and f a function in L2(O). Let A be
the operator on O defined by

A =
1

2
ai,j

∂2

∂xi∂xj

+ bi
∂

∂xi

+ d,

Dom(A) =
{

f ∈ H1
0(O) 4f ∈ L2(O)

}
,

(20)

where for i, j = 1, . . . , n + 1,

ai,j =
∫

Ω
ap,q

(
δp,i + f i

p

) (
δq,j + f j

q

)
e−2V dµ, bi =

∫

Ω
bj

(
δi,j + f i

j

)
e−2V dµ,

and d =
∫

Ω

(
1

2
ai,j gi gj + c + bi gi

)
e−2V dµ

for f i
j and gj defined in (10) and (11). Then a version of the generalized

solution to the parabolic equation (19) converges pointwise for any (t, x) ∈
R+ ×O to the solution u of the parabolic PDE





∂u(t, x)

∂t
= Au(t, x), (t, x) ∈ R+ ×O,

u(t, x) ∈ H1
0(O), ∀t > 0,

u(0, x) = f(x).

17
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A version of the generalized solution uε of this equation is given by the
Feynman-Kac formula:

uε(t, x, ω) = Ẽε
x,ω

[
exp(V ε,ω

t (X))f(Xt); t < tO
]

where Vε,ω has been defined in (9). From the stationarity of the coefficients
of the operator A1,ω, the density transition function pε(ω, t, x, y) satisfies

pε(ω, t, x, y) = pε(τx/εω, t, 0, y − x), ∀ε > 0, ∀x, y ∈ Rn.

As (τx)x∈Rn is stationary,

uε(t, x, ω) = Ẽε
0,τx/εω

[
exp(V

ε,τx/εω
t (X))f(Xt + x); t < tO−x

]

dist.
= Ẽε

0,ω

[
exp(V ε,ω

t (X))f(Xt + x); t < tO−x
]
.

We first remark that the family (exp(V ε,ω
t (Xε,ω)))ε>0 is uniformly inte-

grable.

Lemma 4. Under the probability
∫
Ω P̃ε

0,ω [ · ] dµ(ω), the family (exp(V ε,ω
t (Xε,ω)))ε>0

is uniformly integrable. In fact,

sup
ε>0

∫

Ω
Ẽε

0,ω

[
exp

(
2

∫ t

0

1

ε
d(Xs/ε, ω) ds

) ]
dµ(ω) < +∞. (21)

The following Lemma will be used.

Lemma 5. There exists some constant C depending only on the bounds
of d̂1, . . . , d̂n such that

∣∣∣∣
∫

Ω
e−2Vdu2 dµ

∣∣∣∣ 6 C ‖u‖L2(µ) ‖∇u‖L2(µ)n

for any bounded function u in H1(µ).

Proof. Let u be a bounded function in H1(µ). A straightforward calculation
implies that

Di(u
2) = 2uDiu, for i = 1, . . . , n.

So,

∣∣∣∣
∫

Ω
d e−2Vu2 dµ

∣∣∣∣ =
∣∣∣∣
∫

Ω
d̂iDi(u

2) dµ

∣∣∣∣ 6 2 sup
i=1...,n

‖d̂i‖∞
n∑

i=1

∣∣∣∣
∫

Ω
uDiu dµ

∣∣∣∣

and the Lemma is proved with the Cauchy-Schwarz Inequality.

18
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Proof of Lemma 4. To prove (21), we use an argument borrowed from Chap-
ter 3 in [29].

Let uε(t, ω) be the solution to the parabolic equation

∂uε(t, ω)

∂t
=

e2V

2
Di(e

−2Vai,jDju
ε)(t, ω) + 4εduε(t, ω) (22)

with the initial condition uε(0, ω) = 1. This solution uε(t, ·) belongs toH1(µ)
for any t > 0, and is given by the Feynman-Kac formula:

uε(t, ω) = Eω

[
exp

(
4ε

∫ t

0
d(Yω

s ) ds
) ]

,

so that ω 7→ uε(t, ω) is bounded for any t > 0 and any ε > 0.
We know that Eπ(u,u) > κ ‖∇u‖2

L2(µ)n for κ = λe−2Λ. It follows from
(22) that

∂

∂t
‖uε(t, ·)‖2

L2(π) 6 sup
v∈L2(µ),
‖v‖L2(µ)=1

{
−κ ‖∇v‖2

L2(µ)n +εC ‖∇v‖L2(µ)n

}
‖uε(t, ·)‖2

L2(µ)

6 C2ε2

4κ
e4Λ ‖uε(t, ·)‖2

L2(π) .

The Gronwall inequality [7, Theorem A.5.1, p. 598] yields

‖uε(t, ω)‖2
L2(π) 6 exp

(
ε2tC2

2κ

)
,

so that, from the Feynman-Kac formula applied to the solution of (22) and
the Cauchy-Schwarz Inequality,

∀ε > 0,
∫

Ω
Eω

[
exp

(
ε

∫ t/ε2

0
4d(Yω

s ) ds

) ]
dµ 6 exp

(
tC2

2κ

)
. (23)

With (17), there exists some constant C depending only on λ, Λ and t such
that

Ẽε
x,ω

[
exp

(
2

ε

∫ t

0
d(Xs/ε, ω) ds

) ]

6 CEε
x,ω

[
exp

(
4

ε

∫ t

0
d(Xs/ε, ω) ds

) ]1/2

. (24)

Hence (21) is satisfied.
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With Hypothesis 2, there exists some bounded stationary random fields
d̃1, . . . , d̃n such that

Aε,ω = Lε,ω + bi(x/ε, ω)
∂

∂xi

− d̃i(x/ε, ω)
∂

∂xi

+ c(x/ε, ω)

+ e2V (x/ε,ω) ∂

∂xi

(
e−2V (x/ε,ω)d̃i(x/ε, ω)·

)
. (25)

We may assume that e2V and d̃1, . . . , d̃n are bounded by Λ.
The expression (25) is in fact particularly suitable, since in this case, the

semi-group of infinitesimal generator Aε,ω (which is in general not Markovian)
also has a density transition function satisfying the Aronson estimate similar
to (5) with some constants depending only on λ and the upper bound of the
coefficients (see [2]).

Proof of Theorem 1. If f is continuous, bounded with compact support onO,
then f(Xt + x)1{ t<tO−x } = f(Xt∧tO−x + x) P̃ε

0,ω-a.s. because f is equal to 0 on
the boundary of O. It is now clear that

∫

Ω

∣∣∣∣Ẽε
0,ω

[
exp(V ε,ω

t (Xε,ω))f(Xt + x); t < tO−x
]

− Ẽ
[
exp(M

n+1

t + bn+1t + ctf(Xt + x); t < tO−x)
] ∣∣∣∣ dµ(ω) −−→

ε→0
0.

It remains to remark that, using the Girsanov Theorem with the density

d
̂̃P/dP̃|Ft = exp(M

n+1

t − 1
2
〈Mn+1〉t),

Ẽ
[
exp(M

n+1

t + bn+1t + ct)f(Xt + x); t < tO−x
]

=
̂̃E

[
exp

(
1

2
〈Mn+1〉t + bn+1t + ct

)
f(Xt + x); t < tO−x

]
,

where, for any t > 0 and for i = 1, . . . , n,

Xi
t = M

i

t + tbi + 〈Mi
, M

n+1〉t, ̂̃P-almost surely.

But we have seen in (16) that 〈Mi
, M

n+1〉t = 0 for any t > 0. So it has been
proved that

∀(t, x) ∈ R+ ×O,
∫

Ω
|uε(t, x, ω)− u(t, x)| dµ(ω) −−→

ε→0
0.

Let (P̃ ε,ω
t )t>0 be the semi-group whose infinitesimal generator is Aε,ω.

According to Lemma 4.1 in [36, p. 147], For any function f in L2(O), a sub-
sequence of (P̃ ε,ω

t f)ε>0 is convergent in L2(]0, T [×O) for any t > 0. If more-
over f is a smooth function with compact support, then (t, x) 7→ P̃ ε,ω

t f(x)
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converges uniformly on each compact of ]0, T [×O. Using the Aronson esti-
mate for the density transition function of P̃ ε,ω, it is clear that this sequence
is bounded on O for any fixed t by some constant that does not depends on
ω. Let u(t, x, ω) be the limit of a converging subsequence of (P̃ ε,ω

t f(x))ε>0.
Then the convergence also holds in L1(Ω, µ), and u(t, x, ω) is almost surely
equal to the limit u(t, x) when the initial condition of the parabolic PDE (20)
is f .

Again with the Aronson estimate (5) and with the Cauchy-Schwartz in-
equality, |P̃ ε,ω

t f(x)| is bounded by eCt ‖f‖L2(O) /tn/2. So, by density, P̃ ε,ω
t f(x)

converges pointwise to u(t, x) for any f in L2(O), assuming we have chosen
the version of P̃ ε,ω

t f given using the density transition function.

Corollary 2. For any starting point x and for almost every realization ω,
P̃ε

x,ω converges weakly to P̃ [ x + · ].
Proof. See Theorem 4.2 in [36, p. 148].

5.2 Elliptic PDE

Let us start with the definition of some convergence on a family of operators.

Definition 2 (G-convergence). A family (Bε)ε>0 of operators from V to
V′ satisfying uniformly in ε

〈Bεu, u〉L2(O) > C ‖u‖H1
0(O) (26)

and 〈Bεu, v〉L2(O) > C ′ ‖u‖H1
0(O) ‖v‖H1

0(O) (27)

for some constants C and C ′ is said to be G-convergent to some operator B
if the family of solutions (uε)ε>0 of

uε ∈ V and Bεuε(x) = f(x), f ∈ V′ (28)

converges weakly to the solution u ∈ V of the problem Bu = f .

In fact, a family (Bε)ε>0 of operators satisfying (26) and (27) has a con-
vergent subsequence in the G-topology. (see e.g., [39, 40] or [15, Chapter 5.3,
p. 160]).

Remark 4. In the cited articles or books, the G-convergence is defined when
the domain O is bounded. But the results may be generalized to unbounded
domains (see Theorem 20 in [39, p. 108]).
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In view of (1), it is not clear that the operator α − Aε,ω is invertible
for some α larger than some α0 independent from ε and ω. Again under
Hypothesis 2, the form (25) is suitable for elliptic PDEs, since it allows to
assert that there exist some constants C and C ′ depending only on λ, Λ
and α such that (26) and (27) are true for α − Aε,ω [36]. Hence α − Aε,ω is
invertible when α is greater than some α0 depending only on the ellipticity
constant λ and the bound Λ of the coefficients.

In particular, the family (α−Aε,ω)ε>0 is relatively compact of G-convergence,
when α > α0.

Theorem 2. Under Hypotheses 1, 2 and 3, for almost every random envi-
ronment ω, (α− Aε,ω)ε>0 G-converges as ε goes to 0.

Proof. See Theorem 5.4 in [36].

Using the results in [5], it is also possible to prove the convergence of the
solutions of the non-homogeneous Dirichlet problem. In fact, when b = c =
d = 0, the Convergence of Arbitrary Solutions Theorem [15, Theorem 5.2,
p. 151] yields that the solution of (α − Aε,ω)uε = f will converges to the
solution of (α−A)u = f , whatever the boundary condition is, assuming that
O is bounded.

It is also possible to define similarly as the previous one a notion of G-
convergence for the parabolic operators ∂

∂t
+ (α−Aε,ω). The G-convergence

of the elliptic operators (α−Aε,ω)ε,ω implies the convergence of the parabolic
operators [40].

Remark 5. In the cited article [2, 39, 40, 38, 36], it is assume that V = 0,
but all the results may be easily adapted to the case of V 6= 0.

6 A few variations of the above results

Slow variation in the coefficients. It is clear that our results may be
easily extended to deal with some operators of the form

Lε,ω + b(x/ε, x)
∂

∂xi

+ c(x, x/ε) +
1

ε
d(x/ε),

where the functions b(ω, x, y) = b(τxω, y) and c(ω, x, y) = c(τxω, y), and
y 7→ b(·, y) and y 7→ c(·, y) are equi-continuous.
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Influence of the first-order term. Let f(ε) be a function such that
f(ε) converges to 0 with ε. The homogenization property for the family of
operators

Lε,ω + f(ε)b(x/ε, ω)

is reduced to the homogenization property of the family of operators (Lε,ω)ε>0.

Influence of the highly oscillatory zero-order term. Let d be a bounded
measurable function, and 〈d〉 =

∫
Ω de−2V dµ. We assume that d−〈d〉 satisfies

the Hypothesis 2. Let uε(t, ω, x) be the solution to the parabolic equation

∂uε(t, x, ω)

∂t
=

(
Lε,ω +

f(ε)

ε
d(x/ε, ω) + c(x/ε)

)
uε(t, x, ω),

where f(ε) is a function that converges to 0 with ε. Hence, it is clear that

exp

(−tf(ε)

ε
〈d〉

)
uε(t, x, ω)

converges in µ-probability to the solution u of the parabolic PDE

∂u(t, x)

∂t
=

(
ai,j

2

∂2

∂xi∂xj

+ bi
∂

∂xi

+
∫

Ω
ce−2V dµ

)
u(t, x).

Hence, the speed f(ε) = 1 is the first at which the highly-oscillatory zero-

order term f(ε)
ε

d(x/ε, ω) change the operator in the limit.
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[21] O.A. Ladyženskaja, V.A. Solonnikov and N.N. Ural’ceva. Linear
and Quasilinear Equations of Parabolic Type. American Mathematical
Society (1968). 7

[22] C. Landim, S. Olla and H.T. Yau. Convection-diffusion Equation
with Space-Time Ergodic Random Flow. Probability Theory and Related
Fields, 112:2, (1998). 4, 6

[23] J. L. Lebowitz and H. Rost. The Einstein relation for the displace-
ment of a test particle in a random environment. Stochastic Processes
and their Applications, 54, 183–196 (1994). 3
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