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β = 232 NVF 264
7[�>G!� 2V�y�

βl−1 ≤ n < βl ���R21S�21B*Y<GxB/k¯NKB�?A,D2�U~NKB&?A2 �>?��&��2���FHGx?A2 M(d)
��NVF{?A,D2�U~N&=Q?�NP��0 C/w ?HGxSDwy;>GxB/k ?Q��N
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d
S�NVwy;&B/NV03GyTVwy=X7 ��,D21FH2 NKS*2'FHTP?AGyNVB/=RNVB�?A,D23U~N>2&%�U1Gx2'BK?Z=�U~NVC/BK?

O(1)
� +-,D2�BDNV?HTs?HGxNKB bxe =@?HTVB/YD=R��NVF

bx + 1/2c �+-,DGJ=�=@2�U�?HGxNKB Gy=�wJTPFHkV2'wx;�GxB*=@SDGyFH2'Y d>; � (��MTPB/Y$�xi
('���¯z{NVB/=AGyYD21F�Tm4/2'wyY
K
NV�{UZ,/TPFZTVU~?A2'FAGJ=Q?HGyU�NV?A,D2'F�?A,/TVB

2
NKF

3
�X!XB

2'wxwyGxSD?AGJU
U~CDFH|V2
E
Gy=�?H,D2�=A2~?XNP�oS*NKGxB&?Z=

(X, Y ) ∈ K
=AC/UZ,�?A,/TP?

Y 2 = X3 + AX + B,

��,D2'FA2
A, B ∈ K

�
4A3 + 27B2 6= 0

� SDwyC/=�T<-@S*NKGxB&?�Ts?�GxBD4*BDG ?Q;Y/�YD21BDNV?A2'Y
OE

�
E
TVYD0�Gx?H=�TfkVFHNVCDS�=@?AFHC/U~?ACDFH2V�¦��,D2'FA2

?H,D2�TVYDYDG ?HGxNKB�NV�±?Q��N3S*NKGxB&?H=�U'TPB�d�2
2��¦2'U�?HGx|K21wy;fU~NK03SDC<?A2�Y �/TVB/Y
OE

Gy=�?A,D2
BD2'C<?AFZTPw 2'wx2'0321B&?'�
c/NVFXT3U~NK0�S/C<?A2'F�Gx03SDwy210321B&?ZTs?AGyNVB±�DG ?XGJ=-03NVFH2�2 %�U~Gy21B&?�?AN3C/=A2
6}NVB&?HkVNV032'FA; � =���NKFA0

Ea,b
7

by2 = x3 + ax2 + x,

��,DGJUZ,}U1TVB�NKd<?HTVGxBD2�Y���FHNV0 �b2'Gx2'FH=@?AFZTV=H=���NVFH0 TPd�Ns|V2�d>;�?A,/2�UZ,/TPBDkK2�NP� |sTVFAGJTPdDwy2'=
X → (3x + a)/(3b), Y → y/b, A→

(3− a2)/(3b2), B → (2/9a3 − a)/(3b3)
��6}NKFA2'Ns|V21F��VNKBD2
C/=AC/TPwywy;�SDFH2~��21FZ=-TPB�,DNK0�NKkV2'BD21NKC/=M��NKFA0 7

by2z = x3 + ax2z + xz2,
�@i��

��,D2'FA2�?H,D2�?AFHGxS/wx2
(x : y : z)

FA2'SDFH2'=A21B&?H={?A,/2
S*NKGxB&?
(x/z : y/z)

GyB}T
%�BD2
U~N>NKFHY<GyB/TP?A2'='�
+-,D2�v�z�6 032~?A,/N>Y =@?HTVF@?Z=�d>;"UZ,DN>N&=@GyBDk T FZTPB/Y<NK0�U1CDFA|K2

Ea,b
TPB/Y�T FZTPB/Y<NK0 S�NVGyB&?

(x : y : z)
NVB�G ?��r!Xwyw

U1NV03SDC<?ZTs?AGyNVB*=XTPFH2
Y<NVBD2 0�N<Y<C/wxN3?H,D2�B>CD0 d�21F
n
?HN3��TVU�?HNVF��/TV=XG �

Z/nZ
��TK=�T<4/21wJY �-+-,D2
NVB/wx;�NVS�21FZTs?AGyNVB���,DGJUZ,�0�T�;

��TVGxw�GJ=-��,D2'B�U1NV03SDC<?HGxB/k¯?H,D2�GxB>|K21FZ=@2�NP�^T�FA2�=@GJY<CD2
x
03N>YDCDwxN

n
�DGx�

gcd(x, n) 6= 0
�.��C<?�?A,/21B�T ��TKU�?HNVF�NP�

n
�-TV={��NKCDB/Y �

?H,D2
SDFHNVkVFZTP0 NKC<?AS/C<?H=�Gx?�TPB*Yf2&�>Gx?H='�
��21FH2�GJ=XT�,DGykV,< �wy21|V2'w Y<2'=HU~FHGxSD?AGyNVB�NP�o?A,D2
v�z�6 TVwxkKNVFHG ?H,D0 ��FH2'U'TPwyw

π
Y<2'BDNP?H2'=�T�SDFHGx032��07

l ��� ® q
y�p���

	�� � u
��BDSDC<?�7MT3B>CD0 d�21F

n
�<GyB&?A21kK21F�d�NVCDB*YD=

B1 ≤ B2
�


 C<?AS/C<?z7MT¯��TVU~?ANKF�NP�
n
�<NVFXcD!X�Q���

z{,DN>NK=A2
T¯FZTPB*Y<NV0 2'wxwyGxSD?AGJU
U~CDFH|V2
Ea,b mod n

TVB/Y�T3S*NKGxB&?
P0 = (x0 : y0 : z0)

NKB�Gx?'�
� 9>?HTPkK23i~�oz{NV03SDCD?A2

Q :=
∏

π≤B1
πb(log B1)/(log π)cP0

NVB
Ea,b� 9>?HTPkK2�e�� ��NVF�2�TVUZ,

π
�
B1 < π ≤ B2

�
U1NV03SDC<?H2

(xπ : yπ : zπ) = πQ
NKB

Ea,b

g ← gcd(n, zπ)Gx�
g 6= 1

�<NKC<?AS/C<?
g
TPB/Y�2 �<Gx?

NVC<?HSDC<?�cD!��Q�M�

tbuJvwu�� � � « r 
$r��xn���r<qsr 
 ª p1q
y��Kr<pzy ®i{ u
9>C/;KTP0�T � = S*TPFZTP032~?HFAGy�'TP?AGyNVB�Gy=±��GyY<2'wx;�C/=A2'Y �sTVB/Y�?A,D2'FA21��NVFH2^21B/TVdDwy2'= NKBD2^?AN�FA2'SDFAN<Y<C*U~2���TVU~?ANKFAGy�'TP?AGyNVB/=���NKCDB/Y�d>;�YDG��¦21FH21B&?
SDFHNVkKFHTV0�=1��z{,DN>NK=A2 T�FZTPB*Y<NV0 GxB&?H21kV2'F

σ > 5
5�C/=@C*TPwywx;}T�FZTPB/YDNV0

32
 �dDGx?�|sTPwyCD2�GJ=�2'BDNVCDkK,��/d/C<?���,/21B}FHCDBDBDGyBDkf0�TVB&;

U1CDFA|K2'=�NKB�?A,D2 =ATV032}B&C/0 d�21F���NVBD2 03GykV,&?f�-TPB&?�?AN$C/=@2bT wyTVFAkK21F�FZTPBDkK2V�[+-,D2'B U~NV03SDCD?A2
u = σ2 − 5

�
v = 4σ

�
x0 = u3 mod n

�
z0 = v3 mod n

�
a = (v − u)3(3u + v)/(4u3v)− 2 mod n

� 
 B/2�U'TPB�UZ,D2'U�#�?A,*Ts?�v�I����@i��{,DNVwJYD=-��Gx?A,
��NKF�2&�DTP03SDwy2

b = u/z0
TPB/Y

y0 = (σ2 − 1)(σ2 − 25)(σ4 − 25)
����B���TKU�?��K?H,D2�|sTPwyCD2'=�NP�

b
TPB/Y

y
TPFH2�BDNV?�B/212'YD2'Y85DTVwxw�?A,/2

TVFAGx?A,D0321?AGJU�NVS�21FZTs?AGyNVB*=-GxB>|VNKwx|K2
x
TPB/Y

z
NVB/wx;K�M��B/Y<2'2'Y �/��NVFXT3kVGy|V2'B�S*TPGyF

(x, z)
�*Ts?X03N&=Q?�?Q��N3|�TVwxC/2'=�NV�

y
kKGx|K2�T¯|sTVwxGJY

S�NVGyB&?
(x : y : z)

NVB
Ea,b

TVU1U1NVFZY<GyBDk�?AN�v�I��¦�Qi������ ,D21B�?Q�{N =ANVwyC<?HGxNKB/=1�V?A,D2';�TVFA2
y
TVB/Y −y

�&GykVBDNKFAGyBDk�?A,D2
y
 �U~N>NKFHY<GyB/TP?A2

GJY<21B&?HG 4/2�=
P
TVB/Y −P

�"!R=���Gywxw�d�2�=A2121B�wJTs?A2'F'�>?H,DGJ=�Gy=-S/FA2�U~GJ=@2'wx;���,*Ts?��{2��-TPB&?'�

����� ��� �"!$#&%('*),+.- /0#214365

�±2~?
p
d*2�T�SDFHGy0�2���TKU�?ANKF�NP�

n
�*TPB/Y�U~NKB/=@GJY<2'F{?H,D2
21wywyGxS<?HGyU
U1CDFH|V2

Ea,b mod p
�M�RTV=H=@2�� ={?A,/21NVFH210 =AT�;<={?A,/TP?�?A,D2�NKFHY<2'F

gNV�
Ea,b mod p

=HTs?AGJ=�4/2'=
|g − (p + 1)| < 2

√
p.

� ,D2'B
a
TVB/Y

b
|�TVFA;K�

g
2'=H=@2'BK?HGyTVwxwy;�d�21,/T�|K2'=MTK=MT�FZTPB/Y<NK0�GyB&?A21kK21FMGyB

[p+1−2
√

p, p+1+2
√

p]
�K��G ?H,f=@NK032XTVYDY<Gx?AGyNVB*TPw

U1NVB/Y<Gx?AGyNVB*=�Gy03S*N&=@2�Y}d>;�?H,D2�?Q;>S�2¯NV��U~CDFH|V2¯UZ,DNK=A21B��RcDNVF�2 �DTV0�S/wx2¯9<CD;KTV03T � =�S/TPFZTP0321?AFHGx��Ts?AGyNVB�2'B/=@C/FA2�=
g
Gy=�Y<Gy|&GJ=AGxdDwy2

d>;
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7^6}NVB&?HkVNV032'FA; � =M��NKFA0 �@i���2'B/=ACDFA2�=
4
Y<Gx|>GJY<2'=

g
�*9>CD;&TP0�T¯kVGy|V2'=�?H,D2
TVYDYDG ?HGxNKB/TPw¦��TKU�?ANKF

3
�
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v�z�6 ��GxwywA4/B*Y3?A,D2���TVU~?ANVF
p
7 ��,/GyUZ,�GJ=MBDNV?�BD2�U~2'=H=HTPFHGxwy;�?H,D2�=A03TVwxwy2'=@?M��TKU�?ANKF�NV�

n
7 ��,/21B

g
Gy=

(B1, B2)
 �=@03N>NP?H,��

G�� 2K�x�¦��,D2'B}?A,/2 wJTPFHkV2'=@?�SDFHGy0�2���TVU�?HNVFRNP�
g
Gy=�wx2�=A=RNVFR2'I&C/TPw±?AN

B2
��TVB/Y}Gx?H=�=@2�U~NVB*Y�wyTVFAkK2'=@?�SDFHGx032
��TKU�?ANKF�wy2'=H=�NKF�2�IKC*TPw

?HN��
B1
�M+-,D2���TKU�?ANKF

p
��Gxwyw�d�2���NVCDB/Y�GyB�=@?HTVkV23i���,D21B

g
GJ=

(B1, B1)
 �=@03N>NP?H,��DTPB*Y�GyB}=Q?ZTPkK2�e¯NP?H,D21FH��GJ=@2K�

tbu+tbu+t �fª 
 r<q�� u
����?Q��N$NKFf03NVFH2 ��TKU�?HNVFZ=�NP�

n
,/T�|V2�T

(B1, B2)
 �=@03N>NP?H, kVFHNVCDS NKFHYD21F���NKFf?H,D2 UZ,DNK=A21B U1CDFA|K2V��?H,D21; ��GywywRd�2���NKCDB/Y

=AGx0¯CDwx?HTPB/21NVC*=@wy;V�*��,DGyUZ,}032�TPB/=-?H,/Ts?�v�z�6 ��Gywxw NVC<?HSDC<?X?H,D21GyF�S/FAN<Y<C/U~?'����,DGJUZ, U1TPB}2'|V2'B�d�2
n
Gx�MTPwyw±Gx?H=XS/FAGy032
��TVU~?ANVFZ=

,/T�|K2¯T
(B1, B2)

 �=@03N>NP?H,�kKFANKCDS NVFZY<2'F'��+-,DGJ=�=@,/NVCDwJY BDNV?�d�2�U~NKB/=@GJY<2'FA2�Y T���TVGxwyCDFH2�7RGxB/=@?A2�TVY�FA2�=Q?ZTPFA?�?A,/23=HTP032�U~CDFH|V2
��Gx?A,}=A03TVwxwy21F

B1, B2
?HN�=@SDwyGx?�?A,D2�Y<G �¦21FH21B&?XSDFHGx032���TVU~?ANVFZ='�

����� +.#��	��
 %
����� � #�� ),+.-

+-,D2
2&�<S*2�U�?A2�Y�?AGy0�2
C*=@2�Yfd>;fv-z�6 ?HN<4/B/Y�T¯��TVU�?HNVF
p
NV�oT�B>CD0 d�21F

n
Gy=

O(L(p)
√

2+o(1)M(log n)),

��,D2'FA2
L(p) = e

√
log p log log p �¦TPB/Y M(log n)

FH21SDFH2'=A21B&?A2�=�?A,D2�U~NK0�S/wx2&�>Gx?Q;�NP�^0 CDwx?AGySDwyGyU'Ts?HGxNKB}0�N<Y<C/wxN
n
�X+-,/2¯=A2'U~NKB/Y

=@?HTVkV2�2'B/TPdDwy2'= NVBD2�?AN�=HT�|V2�T���TKU�?HNVF�NV�
log p

7 ��,/GyUZ, GJ= TVd/=@NKFAd�2'Y d>; ?A,D2
o(1)

?H21FH0 TPd�Ns|V2V�}6 TP?A,D2'0�Ts?AGJU1TVw�TPB*Y
TVwxkKNVFHG ?H,D03GyU�Gy0�S/FANs|K210321B&?H=�TKU�?
NVB ?A,/2

L(p)
√

2+o(1) ��TVU~?ANVF�����,DGywy2�TPFHG ?H,D032~?AGJU�Gx03SDFHNs|V2'0321B&?H=�TVU~?�NVBb?A,D2 M(log n)��TKU�?ANKF'�

� � � ������� � �

9&?ZTPkK2¯i�U~NK0�S/C<?A2�=
Q :=

∏
π≤B1

πb(log B1)/(log π)cP0
NKB

Ea,b
�^+-,/TP?�dDGyk�SDFAN<Y<C*U�?�Gy=�BDNV?-U1NV03SDC<?H2'Y�TV=�=@C*UZ,�����B/=Q?H2'TKY �

��2
C/=A2R?H,D2���NVwywyNs��GxBDk�wyN&NKS�7

Q← P0��NVF�2�TVUZ,�SDFAGy032
π ≤ B1U~NK03SDC<?A2
k
=AC/UZ,f?H,/Ts?

πk ≤ B1 < πk+1

��NVF
i := 1

?AN
k
YDN

Q← π ·Q �
+-,D2}0¯CDwx?AGySDwxGJU1TP?AGyNVB

π · Q NKB(?A,D2 2'wxwyGyS<?AGJU}U~CDFH|V2�GJ=�Y<NKBD2}C/=AGxBDk TKYDY<Gx?AGyNVB/=}�
P + Q → P + Q

�3TPB/Y�Y<C/SDwxGJU1TP?AGyNVB/=
�
P → 2P

���
+ NbTKYDY ?Q��N�S�NVGyB&?H=

(xP : : zP )
TVB/Y

(xQ : : zQ)
�MNKBD2fC/=A2'=¯?H,D2f��NKwxwyNs��GyBDk ��NKFA0¯CDwyT/�^��,D21FH2

(xP−Q : : zP−Q)U1NVFHFA2�=@S�NVB/Y/=�?HN�?A,D2�Y<G �¦21FH21B/U12
P −Q

7

xP+Q = 4zP−Q · (xP xQ − zP zQ)2, zP+Q = 4xP−Q · (xP zQ − zP xQ)2.

+-,DGJ=XU'TPB�d*2�U1NV03SDC<?H2'Y�C/=AGxBDk
6
0 C/w ?HGxSDwyGJU1Ts?HGxNKB/=
��TV03NVBDk3��,DGJUZ,

2
TVFA2�=AI&C/TVFA2�=H��TK=���NVwywxNs�X=z7

u← (xP + zP )(xQ − zQ) v ← (xP − zP )(xQ + zQ)
w ← (u + v)2 t← (u− v)2

xP+Q ← zP−Q · w zP+Q ← xP−Q · t.
+ N�Y<CDSDwyGyU'Ts?H2�T¯S�NVGyB&?

(xP : : zP )
�DNKBD2�C/=@2�=�?A,D2���NKwxwyNs��GyBDk ��NKFA0¯CDwJTA7

x2P = (x2
P − z2

P )2, z2P = (4xP zP )[(xP − zP )2 + d(4xP zP )],
��eV�

��,D2'FA2
d = (a + 2)/4

�>��Gx?A,
a
��FHNV0�v{I*���Ai����M+-,/Gy=-��NKFA0¯CDwJT¯U'TPB�d*2
Gy03SDwx2'0321B&?A2�Y�C*=@GyBDk

5
0 CDwx?AGySDwyGyU'Ts?AGyNVB*=
��GyB/U~wyC/Y<GyBDk

2
=HI&C/TPFH2'=Z��TK=���NVwywxNs�X=z7

u← (xP + zP )2 v ← (xP − zP )2 t← d(u− v) + v
x2P ← uv z2P ← (u− v)t.

9>GyB/U12�?A,D2�Y<G��¦21FH21B*U~2
P − Q

Gy=
B/212'YD2'Y ?ANbU~NV03SDCD?A2
P + Q

� ?A,DGJ=�GJ=�T}=AS*2�U~GJTPw{U'TV=A23NP�XTVYDYDG ?HGxNKB/=�UZ,/TVGxB/='��U1TPwywy2'Y
-A��C/U'TV=�UZ,/TVGxB*=�/Rd>;f6 NVB&?AkKNV0321FH;V�>��,DN�Y<2�=@GykVB/2'Y�TPB�,D21CDFHGJ=Q?HGyU�TPwykVNKFAGx?A,/0 -QL{W !�zZ/R?HN3U1NV03SDC<?H2�?A,D2'0 �yi�]�����=A212<lZeD� eP�~�
�B}�~)� �)���
��� �O�k�0�m���

(B1 , B2) � �O�2�&���O~��)���O���)�O���j�k� :�� ¦0�0�_� �_~)���! 8¥ ���,�B� �����)�j� §<�2�0�+�¢�_���[�K¨8���_�M�k�¢� � �k¦0~&� � §
�)� "����_��� �$#M� �%� ���_�k�2���
π ≤ B1

�O~��&� � �������������w�O�2�¢����¨8���
qk ≤ B1

�
���)���O�k�2� � ��� � §��[�0�
B2 '

�k�M�)�_��¡��_�k¡��U�_~)�k�w� �)(0��� � � �+� � �"�)� "����_���)¡��0ª
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+ N NVdD?HTPGyB TPB 2&%�U~Gy21B&?�Gy03SDwx2'0321B&?HTP?AGyNVB NP�
v�z�6 ��TVB 2 %�U~Gy21B&?fC/B/Y<21FHwy;&GyBDk$TVFAGx?A,/0�21?AGJU}GJ=�Gy0�S�NVFA?HTVB&?'� +-,D2 0�TVGxB
NKS*2'FHTP?AGyNVB/=o?HN�d�2XS�21FA��NVFH032'Y�TPFH2-TKYDY<Gx?AGyNVB/='�V=ACDd<?HFHTKU�?AGyNVB*=^TPB/Y¯0 CDwx?AGySDwyGyU'Ts?HGxNKB/=^03N<Y<CDwyN�?A,D2�B>CD0¯d*2'F

n
?HN
d*2-��TKU�?ANKFA2�Y �


 ?H,D21F-NVS�21FZTs?HGxNKB/=��!Y<Gy|&GJ=AGxNKB/=1�>k&U1YD=Z��TVFA2RFHTVFA2K�KNKF�U'TPB�d*2�FA2'SDwJTVU~2�Y�d>;�03N>YDCDwyTVF{0¯CDwx?AGySDwxGJU1TP?AGyNVB/='��9>GyB/U~2�TVY/Y<G ?HGxNKB/=�TPB/Y
=ACDd<?HFHTKU�?AGyNVB*=f,/T�|K2bU1NK=@?

O(log n)
�X?H,D2b0�TVGxB NVS�21FZTs?AGyNVB�?HN"d�2 NVS<?HGx03Gy�12'Y Gy=�?H,D2b03N<Y<CDwJTPF�0 C/w ?HGxSDwyGJU1Ts?HGxNKB�7 kKGx|K21B

0 ≤ a, b < n
�DU~NK0�S/C<?A2

c = ab mod n
�

� 2�Y<GJ=Q?HGxBDkKCDGJ=@,b?Q�{N}U'TV=A2'=z7�U1wyTK=A=AGyU'TPw
O(log2 n)

TVFAGx?A,D0321?AGJUP�±TVB/Yb=ACDd¦I&C/TVY<FZTs?HGyU3TVFAGx?A,D0321?AGJUP� 
 B TVBn!�?H,DwyNVB���L
i
(sgVg�\¯�6W�6 L^ �a*�xiK� a�=@��Gx?HUZ,D2�=R?AN
	
TVFHTP?H=ACDd/T � =RTPwykVNVFHGx?A,D0 CDS ��FHNV0

26
�{NKFHY/=1�¦G�� 2K�x� TPd�NVCD?

240
Y<2�U~Gy03TVw^Y<GxkKG ?Z=1��9>GyB/U12

v�z�6 GJ=-NP�¡?H21B�C/=A2'Yf?AN3��TKU�?ANKF-B&C/0 d�21FZ=�=@0�TPwywy21F-?A,*TPB�?A,DGJ='�DG ?XGJ=-��NVFA?A,�NVS<?HGx03Gy�1GyBDk�U~wJTV=H=@GJU1TVw¦TVFAGx?A,/0�21?AGJUP�
c/NVF�=@S�2'U1GyTVw B>CD0 d�21FZ=1�<wyGJ#V2���TVU~?ANVFZ=�NP�

βk ± 1
�<NKBD2�0�T�;�C/=@2
TKY> �,/N>U�FHNVC<?HGxB/2'='�"!R=A=ACD032���NVF�2&�<TV03SDwx2

dn = βk − 1
�

+-,D2
S/FAN<Y<C/U~?
c = ab

NP� ?Q�{N3FH2'=AGyY<C/2'=-U1TVB�d�2�FA2�Y<C/U~2�Y�TK={��NVwywxNs�X=z7���FAGx?A2
c = c0 + c1β

k �<��,/21FH2 0 ≤ c0, c1 < βk 5<?H,D21B
c = c0 + c1 mod n

����B/=@?A2�TVY�NV��FA2�Y<C/U1GxBDk
c
�<T

2l
 ��{NKFHYD=�GyB&?A2'kV21F���FH2'U'TPwyw

n
,/TK=

l
�{NKFHYD=Z���&��2�FH2'Y<C/U12

c0 + c1
�>��,DGJUZ,f,*TV=

k
�{NKFHY/=�NKBDwx; ��SDwyC/=�S*N&=A=AGydDwx;}NKBD23U1TPFHFH;�d/G ?�����!�w ?H21FHB/Ts?HGx|K21wy;V� Gx��?A,/23U1NP��TKU�?ANKF

d
GJ=�=@0�TVwxw���NVB/2�U'TPB�FH2'YDC/U~2

c
03N<Y<CDwyN

βk − 1
NKBDwy;V� TVB/Y S*2'F@��NKFA080 CDwx?AGySDwyGyU'Ts?HGxNKB/=
NVB

k
��NVFZYD=�GxB*=Q?H2'TVY NV�

l
��NVFZYD='������B/YD212'Y��oT}U'TPBDNKBDGyU'TPw^FH21SDFH2'=A21B&?ZTs?AGyNVB

GJ=
BDNV?�B/212'YD2'Y � ��W�6}L^ �v�z�6 Gx03SDwy21032'BK?Z=�=AC/UZ, T�=AS�2'U~GJTPw^FH2'YDC/U�?HGxNKB���NKF
wyTVFAkK2�Y<Gy|>Gy=ANVFZ=�NP�
2k ± 1

��C*=@GyBDk�?A,/2�wyTP?@?A2'F
032~?H,DN<Y ����?�TPwJ=@N3C/=A2'=X=AS�2'U~GJTPw U~N<Y<2���NVFRcD21FH0�Ts?XB>CD0¯d*2'FH=

22k

+ 1
7MGyB/Y<2'2'Y �6W�6}L���TV=@?X0 CDwx?AGySDwyGyU'Ts?HGxNKB�U1N<Y<2
SDFH2'U~GJ=A21wy;

C/=A2'=X9DUZ,��VBD,*TPkV21 �9>?AFZTV=H=@2'BfTPwykVNKFAGx?A,D0��<G�� 2K�x�<0¯CDwx?AGySDwxGJU1TP?AGyNVB�03N<Y<CDwyN
2m + 1

� eVg����

��u+tbu+t 	�
 tYy ª�{ p�l�n'n ª 
�m � « � ® ° ª u
� ,DGywy2 C/=AGxB/kfU~wy21|K21FX,DGykV,D �wy21|K21w±TVwxkKNVFHG ?H,D0�=�0�T�;fkVGy|V2¯T�=@S�212�Y<CDS}NV�-i�g���NVFReVg��f�*TP?X?A,/2 2 �<S�21B/=A2�NV�^=A21|K21FZTPw 03NVB&?H,/=
?HN¯GyB>|V21B&?-TPB/YfGx03SDwy210321B&?�?A,DN&=@2�TPwykVNKFAGx?A,D0�='�&T�?Q�{NV��NVwJY�=AS*2'2'Y<CDS�0�T�;�d�2�NVd<?ZTPGyBD2'Y�GyBfNKBD2�YDT�;V�'OQC/=@?�FH21��FHG ?HGxB/k NVB/2�NP�
?H,D2�TV=H=@2'0 dDwy;�FHNVC<?HGxB/2'=���NVF�GyB&?A2'kV21F�TVFAGx?A,D0321?AGJU��P�

W�6}LM �v�z�6 Gy=
d*TV=A2'Y NVB ?H,D2'W�4�5 6}L[wyGxdDFZTPFH;$�OW�6}L[��NVF�=@,/NVFA?Z���yi'g����±?H,>C/=�d�21BD2&4D?H= ��FHNV0 ?H,D2�S�NVFA?HTVdDGxwyGx?Q;�NP�
W�6}L��VTVB/Y
��FHNV0�?H,D2�2 %�U~Gy21B/U1;�NP�*G ?Z=oTK=A=A210¯dDwy;�FHNVCD?AGyBD2'=-�¡?H,D2������
wJT�;V2'FZ�~��!"wxGydDFZTPFH;�YD2'Y<GJU1TP?A2'Y�?AN�03N<Y<CDwJTPF�TPFHG ?H,D032~?AGJU
7 NKF�2'|V2'B�d�2~?@?H21F�?HN�U1NV03SDC<?ZTs?HGxNKB/=�NVB�2'wxwyGyS<?AGJU3U~CDFH|V2�=X7 03GykV,&?
;V2~?�d�2¯��TK=Q?H21F���9>GyB/U123TVwxw�NKS*2'FHTP?AGyNVB/=�TPFH2�YDNVBD2�NVB
B>CD0¯d*2'FH=�NP��?A,D2�=ATV032�=AGx�'2V�M��2f03GykV,&?3C/=@2�TbwxGydDFZTPFH; ��Gx?A,(=@S�2'U1GyTVw�TV=H=@2'0 dDwy; U~N<Y<2���NVF�2'TVUZ,"�{NKFHY$=@Gy�12K�^CDS$?HN�?H,D2
	
TVFHTP?H=ACDd/T ?A,DFH2'=A,DNVwJY �

��u+tbu�� � �orD°±qsr<p�y�t}lfq)y�p���
 ª pzy!t u
��B�?H,D2¯I&C/TKY<FHTP?AGJU�Y<NV0�TPGyB��*CDS�?AN

200− 300
Y<GykVGx?H=RY<21S�21B/YDGxBDkfNVB�?A,/2�SDFHN>U12'=H=@NKF'�>?H,D2�d�2'=@?R=ANVwyC<?AGyNVB}GJ=-?ANfC/=@2¯6}NVB&?@ 

kKNV0321FH;fFH21SDFH2'=A21B&?ZTs?AGyNVB �yi'h�� 7�+-,D2�B>CD0¯d*2'F
n
?ANfd*2 ��TVU�?HNVFH2'Y�,/T�|>GyBDk

l
��NVFZYD=�GyB d/TK=@2

β
�¦2�TVUZ,�FA2�=@GJY<CD2

a
GJ=XFH21SDwJTVU12'Y

d>;
a′ = βla mod n

�¢!�YDY<Gx?AGyNVB/=XTVB/Y�=@C/d<?AFZTVU~?AGyNVB/=�TVFA2�CDB/UZ,*TPBDkK2'Y �DTVB/Y�0 CDwx?AGySDwyGyU'Ts?AGyNVB*=XTPFH2�FA2'SDwyTKU~2�Yfd>;�?H,D2�W�v �
z
NKS*2'FHTP?AGyNVB�7

REDC(a, b) := abβ−l mod n
�X+-,/Gy=�NVS�21FZTs?AGyNVB}U'TPB}d�2 2 %�U1Gx2'BK?Hwx;�Gy0�S/wx2'0�2'B&?A2'Y NVB}03N<Y<21FHB U~NK0�S/C<?A2'FH='�

TVB/Y�Y<N>2'=-BDNV?XFA2�IKC/GxFH2�TVB>;fU~NKFAFH2'U~?AGyNVBfC/BDwxGJ#V2�?H,D2�U~wJTV=H=@GJU1TVw Y<Gx|>GJ=@GyNVB±�
+-,D2'FA2�TPFH23?Q�{N �-T�;<=�?AN�Gx03SDwy210321B&?3W�v �
z�7���GJ��21Gx?A,D2'F¯GyB&?A21FHwy2'T�|V2�?H,D2f0¯CDw ?HGxS/wxGJU1TP?AGyNVB TPB*Y ?A,D2�FA2�Y<C/U�?HGxNKB TV= GxB

TVwxkKNVFHG ?H,D0 6 
 ��6 5�� 4$��FHNV0 �yi)(����/��GxG¡� NVFoS*2'F@��NKFA0�?H,D210 =@2'S/TPFZTs?H21wy;V��W�6 L^ �v-z�6 C/=A2'= ?H,D2-wyTP?@?A2'F���T�;K����,/GyUZ,�21B/TVdDwy2'=
Gx?�?AN�C/=A2 ?H,D232 %�U~Gy21B&?XW�6}L TK=A=A210¯dDwy; U~N<Y<2¯��NVF�d/TV=A2~ �U1TK=@2 0 CDwx?AGySDwyGyU'Ts?AGyNVB±� 
 BD2�4/FZ=Q?
U~NK0�S/C<?A2�=

c = ab
� ,/T�|>GyBDk�TP?

03NK=@?
2l
�{NKFHYD=�GyB d/TK=@2

β
��+-,D2�FH2'Y<C*U�?AGyNVB

r := c mod n
GJ=�S�21FA��NVFH032'Y ��Gx?A, ?H,D2���NKwxwyNs��GxB/k W�6}L�U~N<Y<2b����,DGJUZ, Gy=

2&�<TKU�?Hwx;�?H,/Ts?XNV�o|K21FZ=@GyNVB�hD� gD�yiRNV�"W�6}LM �v�z�6 �/��Gx?A,�|sTPFHGyTVdDwx2�B/TV032'=�UZ,/TVBDkV2�Y�?AN�0�TP?HUZ,�?A,D2�TVd*Ns|K2RBDNV?HTP?AGyNVB/=Z�07
��������� �"!�#���$
%��'&)(�*�%�$+��(-,+���.%������.%0/1&�2�3�(-2�� *4*657&�2�3�(82���*9�:5;&�2�&)#.$�(.�<&�#.$.=?>8=?��@
A
&�2?(-2�� *B*.2DC<E�F�G6/H*�@�5I�-2DC<E�F�G6/J��@�K
&�2?( ��*+�-2���*�L 2MC<E F�GN/1&)#�$.=?>8=���O�P #.*+�8Q�(R&)#.$�=?>8=���@SK
&�2?(�>��'&�,?(��9��T6K
&�2?( � ��3�%�(��MUV5W>"CX&)#.$.=+>8=���O�P-,����+�DY�( (.Z.[ E+(�\+]�F�^ (�E�_ G+(�[ E�(�`?]8[ \6K

a #.*�/bU"C�c.\+^�].de/b��@�KfU�g�hBi�>VKjU�k k?@
�R2mlHU.nDC"oeK

a #.*�/bU"CBoVKpUBg">VKWU�k kV5f�-2+k k+@
�R2mlqo�nDCX&�2 L?(��.$ $8&�=?>�(?rs/J�-2t5uL�2t5W>V5p�-2mlqo�n9iI&)#.$.=+>8=���O�P8v�2�*+�'&�@�K

��T�Cw&�2 L?(.��$ $�(8Lx/q*.2t5f�-2N5f�-2yOw>V5W>+@�K
� a /J��T{zHC�o?@
| }�~)���)���O~��0�M�k���)�������)���_�k¡������N�O�,�������)�^���"�2�0�+�M�_~
���
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���������
	��
��������� (

&�2 L?(��-=�,?(8Lx/H*.2N5j*.2t5uL�2t5W>+@�K
[ E v�(�v���G [ c�`?].d._x/H*�2t5W>+@�K
^�].dV/H*�@ C4^ ].de/J��@ g�o��MO8>��p>VK

�

+-,D2R0�TPGyBfGJY<2'T
7 GyB/Y<2'S*2'B/Y<21B&?Hwx;�Y<GJ=HU~Ns|V2'FA2�Y3d>;p	�2'|>GxBfWX;>YD2V�<TPBDNV?A,D2'F�W�6}L(Y<21|K21wyNVS�21F�7 GJ=�?AN3=Q?HNVFH2�?A,D2�U1TVFAFH;
��NVFZYD={��FANK0 ���)���
	��
�������
���-GyB�?A,D2
wyNs�

l
��NVFZYD=�NP�

c
��OQC/=@?�Ts�¡?A2'F-?A,D2';�TVFA2
=A2~?-?AN��'21FHN¯d>;fW�v ��zR�*��B�=AC/UZ,�T���T�;K�<NVBD2

FH21SDwJTVU12'=
l
2 �<S�21B/=AGy|V2
U1TVFAFH;�SDFHNVS/TVkKTs?HGxNKB/={d&;fNVBD2
U1TVwxw¦?HNu��������	��
����� �

��u+tbu�� � � m����orD°±qsr<p�y�t}lfq)y�p���
 ª pzy!t u
c/NVF�wJTPFHkV2�B&C/0 d�21FZ=1�DT�=@C/d�I&C/TKY<FHTP?AGJU�TPFHG ?H,D032~?AGJU�Gy=-B/212'YD2'Y �Z!�kKTPGyB��<NKBD2
U1TPB�C/=A2�2'G ?H,D21FX?A,D2
U~wJTV=H=AGyU'TPw¦FA2'SDFH2'=A21B&?HTP?AGyNVB��
NKF�6}NKB&?AkVNK0321FH;¯FH21SDFH2'=A21B&?ZTs?AGyNVB±� ��B�d�NP?H,�U'TV=A2'='�V?H,D2�d*2�=Q?]#>BDNs��BfTPwykVNKFAGx?A,/03=�FA2�I&CDGxFH2

2.5M(l)
��NVF-T

l
 ���NVFZY30�N<Y<C/wyTVF

0¯CDw ?HGxS/wxGJU1TP?AGyNVB�7
M(l)

��NVF¯?A,D2�0 CDwx?AGySDwyGyU'Ts?HGxNKB
c := ab

�MTVB/Y
1.5M(n)

��NVF¯?A,/2�FH2'Y<C*U�?AGyNVB
c mod n

C/=AGxBDkL�-TPFHFA21?@?�� =
TVwxkKNVFHG ?H,D0 �yi~���&NVF�Gx?H={wy2'TV=@?@ �=AGxkKBDG 4�U1TPB&?A �dDGx?M|sTPFHGyTVB&?M��NVF

cβ−l mod n
�^�o9D�{  �-TPFHFH2~?@?MGJ={2 �DTVU~?Awy;�W�v ��zR�>��Gx?A,fT dDGxk �{NKFHY

βl �yi'��� 7RTP�¡?A21F�?H,D23SDFA2�U~NK0�S/C<?HTP?AGyNVB NV� m = −n−1 mod βl ��U1NV03SDC<?H2 d = cm mod βl ��TPB/Y (c + dn)β−l �¯9>GyB/U~23TPwyw
FH2'Y<C*U�?AGyNVB*=MTPFH2XY<NVB/2X03N>YDCDwxN�?A,D2�=HTP032

n
�K?A,D2�SDFA2�U~NK0�S/C<?HTP?AGyNVB3NP�

m
GJ=�TV0�NKF@?HGx�'2'Y3TPB*Y�Y<N>2'=^BDNV?�Gy0�S*TVU�?�?A,D2�T�|K21FZTPkK2

U1NK=@?'�^+-,D2
1.5M(n)

FA2�Y<C/U~?AGyNVB�U~NK=@?-Gy=-NKd<?HTVGxBD2�YfC*=@GyBDk¯?A,D2 -@��FHTVS< �TVFANKCDB/Y:/�?HFAGJU�#3��NVF-?H,D2�wyTK=Q?�0 C/w ?HGxSDwy;
dn

�!=@2'2�lZ`/� eP�~�
=AGxB*U~2�?A,/2
wxNs� S/TPFA?�Gy=]#>BDNs��B�?AN3d�2
2'I&C/TPw¦?HN −c mod βl �

�&��� )���� 
���� � � #�� #�� �u���!��' +.��� �"� '
![�±C/U1TK=�UZ,/TPGyB�GJ=�TPB�TVY/Y<G ?HGxNKB�UZ,*TPGyB�GyB���,DGyUZ,�?A,/2�=@CD0

i + j
NP�o?Q�{N¯?A2'FA0�=XU'TPB�TPSDS�2'TVF�NKBDwy;�G � |i− j| TVwy=AN�TVSDS�2'TPFZ='��!+-,DGy=
U1NVB/YDG ?HGxNKB�GJ=�BD212�Y<2'Y���NVF�?A,/2�S�NVGyB&?�TKYDY<Gx?AGyNVB GxB ,DNK0�NKkV2'BD21NKC/=RU1N>NVFZY<GxB*Ts?A2�=1� =A212'lZe>� � c/NVF�2 �DTV0�S/wx2

1 → 2 →
3→ 5→ 7→ 9→ 16→ 23

GJ=�T3��C/U'TV=�UZ,/TVGxB���NVF
23
�

+-,D2-d/TK=@GJU�GyYD2'T�NP� 6}NVB&?HkVNV032'FA; � =±L�WM!�z TVwxkKNVFHG ?H,D0��yi�]��DGJ=�?AN�4/B*Y�T��±C/U1TK=^UZ,/TPGyB¯C*=@GyBDk
=@NK032�,/21CDFHGy=@?AGJU1='��!R=A=ACD032
��NKFX2 �DTP03SDwy2
��2
��TVBK?�?HN�kV2'BD21FZTs?H2

1009 · P �{+ N�kV21B/21FZTs?A2�T�=A2'I&CD2'B/U~2
U1wxN&=@2�?HN�NVS<?HGx0�TPw��*T3B*Ts?AC/FHTVw�GyYD2'T3GJ=-?AN�C*=@2�TK=SDFH21|>GyNVC/=o?H21FH0
1009/φ ≈ 624

�s��,D2'FA2
φ = (1+

√
5)/2

GJ=o?A,D2�kKNVwJY<21B¯FHTP?AGyN/�PdDCD?^?A,DGJ=^Gy0�S/wxGy2'=o?HN�,*T�|V2
1009−624 = 385GyB�?H,D2R=A2'I&CD2'B/U~2K� � 2�?H,D21BfkV2~?

1009→ 624→ 385→ 239→ 146→ 93→ 53→ 40→ 13
�"!�?{?H,DGy={S�NVGyBK?��{2�U1TVBDBDNP?

U1NVB&?AGyB>CD2�C/=@GyBDk3?H,D2
=ATV0�2�?HFHTVB/=Q��NKFA0
(d, e)→ (e, d− e)

�
+ N�kV2'BD21FZTs?H2

π · P ��6}NVB&?AkKNV0321FH;f=@?HTVF@?Z=X��Gx?A, (d, e) = (π, bπ/αe) �¦��G ?H, α = φ
�¦TPB*Y�G ?H21FZTs?AGy|V2'wx;�C/=A2'=X��YDG��¦21FH21B&?

?HFHTVB/=Q��NKFA0�=X?ANfFH2'YDC/U~2 ?A,D2¯S/TPGyF
(d, e)

�¦2'TVUZ, ?AFZTPB/=@��NVFH0 C*=@GyBDk���FHNV0�i�?HNfa�S*NKGxB&?�TKYDY<Gx?AGyNVB/=RNVF�Y<CDS/wxGJU1TP?A2'='�*?AN�4*B/TPwywx;
FH2'TKUZ,

d = 1
�

6}NKB&?AkVNK0321FH;�Gx03SDFHNs|V2�YfL�WM!�z TK=���NVwywxNs�X=z7^GyB/=Q?H2'TKY�NV�oC*=@GyBDk
α = φ

NKBDwy;V�<?HFA;�=@2'|V21FZTPw |sTVwxCD2�=-NP�
α
��TPB/Y�#K2121S�?H,D2

NKBD2�kVGy|>GxB/k¯?H,D2 =A0�TPwywx2�=Q?�U1NK=@?XGxB�?H21FH03=XNP�^03N>YDCDwyTVFX0 C/w ?HGxSDwyGJU1Ts?HGxNKB/='��+-,D2
α
� =�TPFH2�UZ,DN&=@2'B�=AN3?A,/TP?RTs�¡?H21F�T���2'�[=Q?H21S/='�

?H,D2RFH210�TVGxBDGyBDk�|sTVwxCD2�=
(d, e)

,/T�|K2�T�FZTs?HGxN�B/2'TPF
φ
�>G!� 2V�y�

α = (aφ + b)/(cφ + d)
��Gx?A,�=@0�TPwyw

a, b, c, d
�����

r = bπ/αe �K?H,D2GJY<2'T Gy=M?AN�=@,/TVFA2X?A,D2RS/TPFA?AGJTPw�IKC/NP?AGy21B&?Z=�Y<G ��2'FA2'B&?���FHNV0
1
TP03NVB/k
?A,D2M4/FZ=Q?-TPB/Y3wJTV=@?�?H21FH03=M��FANK0�?H,D2�U1NVB&?AGyB>CD2'Y���FZTVU~?AGyNVB

NV�
π/r

�D,/NVSDGyBDk�?AN�,/T�|K2�=A0�TPwyw¦?AFZTPGywxGyBDk�I&CDNP?HGx2'B&?H='�
coGyk/�*e¯kVGy|V2�=�i'g3=AC/UZ,�|sTVwxCD2�=�NP�

α
�/?A,D234*FH=@?XS/TPFA?AGJTPw�I&CDNV?AGy21B&?H=-NV� ?H,D21GyF�U1NVB&?AGyB>CD2'Yf��FHTKU�?HGxNKB��DTPB/Y�?H,D2�?ANV?HTPw U~NK=@?�7

GyB�?A2'FA0�=�NP��U~CDFH|V2XTKYDY<Gx?AGyNVB/=�NVF�YDCDSDwyGyU'Ts?A2�=�7 NP� L�W !�z$��NKF�TPwyw/S/FAGy032'=MC/S�?AN
B1
�K��NVF

B1 = 106 TPB/Y 108 ��c/NVF�T�kVGy|V21B
FHNs�
�VTPwywD|sTPwyCD2�=�NP�

α
TPd�Ns|V2�TVB/Y�GxB/U1wxC*Y<GxB/k�?A,DGJ=^FHNs�"TPFH2�TV=H=@C/0�2�Y�?HN
d*2�C/=@2�Y ��+-,D2�kKTVGxB�C/=AGxBDk�?H,DNK=A2

10
|sTPwyCD2'=�GyB/=@?A2�TVY

NV�
α = φ

NVB/wx;�Gy=
3.72%

��NVF
B1 = 106 � 3.74%

��NKF
B1 = 108 �>TPB*Y3?A,D2�2 �DU~2�=A=���G ?H,�FA2�=@S�2'U~?M?AN ?A,D2RwxNs��21F^d�NVC/B/YD={kVGy|V21B

d>;�+-,/21NVFH210�_�NV���yi�]���7
2114698

��NVF
B1 = 106 TPB/Y 210717774

��NKF
108 7 GJ=

3.7%
TVB/Y

5.1%
FH2'=AS*2�U�?AGy|V2'wx;K�

# � � ����� p%$�


!�wxw-NP�XLM HiK�^L�\¯i�TVB/Y v�z�6 �{NKFB# GxB"TPB !�d*2'wxGJTPB"kVFHNVCDS
G
� cDNKF¯L^ ZiV�

G
GJ=¯?A,D2�0 CDwx?AGySDwyGyU'Ts?AGy|V2�kVFHNVCDS NV��BDNKBD�12'FAN

2'wx2'0�2'B&?H=
NV�
GF(p)

��,/21FH2
p
GJ=�?A,/23��TVU�?HNVF�?HN�d�23��NVC/B/Y85o��NVF
L�\¯iK�

G
Gy=�T�0 C/w ?HGxSDwyGJU1Ts?HGx|K2�=@CDd/kVFHNVCDS NP�

GF(p2)
5o��NVF

v�z�6 �
G
Gy=3TPB$21wywxGyS<?AGJU�U~CDFH|V2

Ea,b mod p
�b��B(TPwyw�U'TV=A2'='�o?A,D2�U1TVwyU1CDwyTP?AGyNVB/= GxB

G
FH2'Y<C/U12�?HNbTPFHGx?A,D032~?HGyU�NVS�21FZTs?HGxNKB/=

7 TKYDY<Gx?AGyNVB/='� =ACDd<?HFHTKU�?HGxNKB/=1�±0 CDwx?AGySDwyGyU'Ts?AGyNVB*=1�oY<Gx|>GJ=@GyNVB*=R7 GxB
Z/nZ

��+-,D2�NVBDwy;�U1NV03SDC<?ZTs?AGyNVB ?H,/Ts?�0�T�;}��TVGxwMGJ=�?H,D2
GyB>|V21FZ=AGxNKB

1/a mod n
��d/C<?�?H,D21B T�BDNKB< !?HFAGy|>GyTVw���TKU�?ANKF�NV�

n
Gy=���NVCDB*Y �¦CDBDwy2'=H=

a = 0 mod n
��!�CDBDG[4/2'YbY<2'=HU~FHGyS<?AGyNVB}NV�

=@?HTVkV2�e¯Gy=�S�NK=H=AGxdDwy23�xi
('� 5<��NVFX=HT,#K2RNV�oU~wJTPFHGx?Q;V�<��2�S/FA21��21F�,D2'FA2�?AN3��N<U1C/=-NVB�v�z�6 �

&&��� '(� %(1)� 
 
�!$%(')� 1 � � � � #��
9&?ZTPkK2�i�NV�ov-z�6 U~NV03SDCD?A2'=�T3S�NVGyB&?

Q
NKB�TVB�21wywxGyS<?AGJU
U~C/FA|K2

E
����B}U1TK=@2�Gx?���TPGywy='�DG�� 2K�x�

gcd(n, zQ) = 1
�/�{2�,DNKS*2�?H,D21FH2

2&�>GJ=@?H=�T}SDFHGx032
π
GyB ?A,/2�=@?HTPkK2�e�FZTPBDkK2

[B1, B2]
=@C/UZ, ?H,/Ts?

πQ = OE mod p
� ��B =AC/UZ,$T U'TV=A2V����,DGywx2�U~NV03SDCD?AGyBDk
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_ � H F�F �&	 F �,=a=

α
U1NVB&?'�>��FZTVUV�

B1 = 106 B1 = 108

φ ≈ 1.61803398875 1, 1, 1, . . .
eKeY(s_VaK`Kg eV`VgDi'aK`&eP�Pa

(φ + 7)/5 ≈ 1.72360679775 1, 1, 2, 1, . . .
eVesa&gV`K`V` eVePh&eP`&]P�KeV�

(φ + 2311)/1429≈ 1.618347119656 1, 1, 1, 1, 1, 1, 1, 1, 2, 1, . . .
eKeVeVhVgPa>e eKesaD(shDi'aK�&]

(6051− φ)/3739 ≈ 1.617914406529 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 1, . . .
eKe<i
(PePh�( eKeP`K_K]P�KhV_Kh

(129− φ)/79 ≈ 1.612429949509 1, 1, 1, 1, 1, 2, 1, . . .
eVeDi'g�(sgVh eVeV`KeKePhPa&gV�

(φ + 49)/31 ≈ 1.632839806089 1, 1, 1, 1, 2, 1, . . .
eKePgK]VhDi�e eKeVeY(P`Di�hVgPa

(φ + 337)/209 ≈ 1.620181980807 1, 1, 1, 1, 1, 1, 2, 1, . . .
eVeVgDi'h/i�] eVeKeP`V`&]P`Kg:(

(19− φ)/11 ≈ 1.580178728295 1, 1, 1, 2, 1, . . .
eDi'�V_VaKgKg eKeVePg/i'`K�:(�a

(883− φ)/545 ≈ 1.617214616534 1, 1, 1, 1, 1, 1, 1, 2, 1, . . .
e<i'�&]V]K]Ve eVe<i
(PeV�VgPa&h

3− φ ≈ 1.38196601125 1, 2, 1, . . .
e<i��V`KhV_V` eVeDi�]V`V`KeV�:(

coGykVCDFH2¯eD7-+ NP?HTVw U1NK=@?�NP�ML�WM!�z ��G ?H,�=@2'|V2'FHTVw
α
� ='�/��NKFRTPwyw

π < B1
��C/=AGyBDk�?H,D2�d�2'=@?�Y<NKCDdDwy2~ �SDFA2�U~GJ=@GyNVB}TVSDSDFHN)�>Gy0�Ts?HGxNKB

NV�
α
���

πQ = (x : y)
GyB��b2'Gx2'FH=@?AFZTV=H=�U1N&NKFHYDGxB/TP?A2�=��P�DT B/NVB< �?AFHGx|>GJTPw�kKU'Y���Gxwyw ;>Gx2'wyY�?A,D2�SDFHGy0�2R��TVU~?ANKF

p
NP�

n
�.! ;��
=i>_HK=iCa�
>OH+�
= NP�

v�z�6 7 TPwJ=AN3U'TPwywx2�Y}=Q?ZTPkK2�?Q�{N*�DSD,/TK=@2�?Q��N/�*NVF�=@?A2'S�?Q��N�7 ?HFAGy2'=X?ANj4/B*Y�?A,DN&=@2
0�TP?HUZ,D2�=1�-+-,D2N4/FZ=@?X03TVGxB}GJY<2�T�Gy=�?AN
T�|KNVGJY�U~NK0�S/C<?AGyBDk�21|V2'FA;

πQ
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�����
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√
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Gx?¢-���TK=Q?XS�NVwy;>BDNV03GJTPw TPFHGx?A,D032~?HGyU
U1NVB&?AGyB>C/Ts?HGxNKB�/��>=AGyB/U~2
TPB>;f=ACDd¦I&C/TVY<FZTs?HGyU�TVwxkKNVFHG ?H,D0 �{NKFB#<='�>BDNP?XNKBDwx;�?A,D2�c�c�+��
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∏
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∏
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∏
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C/=A2'Y
	
TPFZTs?Z=@CDd*TD�>+±N>NV0� @z{N>N�#
3
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√
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pM(d) log d
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rM(d) log d
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G
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d
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(2p + r)M(d) log d
�^� Gx?A,

k
dDwxN<U�#<='�&��2�U~NV03SDCD?A2

k + 1
SDFHN>YDC/U�?�?AFH212�=M7 ��NKF

F, G1, . . . , Gk
7��DTVB/Y�NKBD2RFH210�TVGxB/YD21F

?HFA2'2V�*TVwxw±NP�MY<21kKFA2'2�TPd�NVC<?
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√

k
�2!�=H=ACD03GxBDk

M(d)
GJ=�I&C/TK=@Gx �wxGyBD2'TVF'�DTVB/Y�BD21kKwx2�U�?HGxBDk�TPwyw�NP?H,D21F�U1NK=@?H=�GyB

O(M(d))
��?A,D2

?HNP?HTVwDU~N&=Q?^GJ= (k+1)p+r√
k

M(d) log d
�^+-,D2-NVSD?AGy03TVw<|sTPwyCD2-NP�

k
?H,D21B�Y<2'S*2'B/YD=^NKB ?H,D2-FHTP?AGyN

r/p
� � Gx?A,/NVC<?�U'TVUZ,DGyBDk�cDNVC/FAGy21F
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C/=AGxB/k ��2'FAB/=@?A2'GxB�� =2-A=AU'TPwy2'Y FH210�TVGxB/YD21F�?AFH212�=�/�� `����3v�TKUZ,bB/N>YD2�NP��?H,D2
SDFHN<Y<C/U~?^?AFH212XU~NKFAFH2'=AS�NVB/YD= ?HN
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l
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r/p = 2
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U1NK=@?-NV�

3.46pM(d) log d
�DGxB*=Q?H2'TVY�NP�

4pM(d) log d
��NKF
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�
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k
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��FH21B&?@ Q9>CD;&TP0�T � =X2&�&?H21B/=AGyNVB�GyB/U1FA2�TV=A2'=�?A,D2�SDFHNVd/TVdDGxwyGx?Q;�NV��=AC/U1U12'=H=�NV�{=@?HTPkK2�eD� ��G ?H, T�=@0�TVwxw^TVY/Y<G ?HGxNKB/TPw�U~N&=Q?�� W�2�U1TPwyw
=@?HTVkV2�ef=AC/U1U1212�YD=���,D21Bb?A,D23wJTPFHkV2�=Q?R��TVU�?HNVF

π
NV��?A,/2�kKFANKCDS NKFHY<2'F�U'TPBbd*23��FHG ?A?A21B TV=

π = σ ± τ
� ��,D21FH2¯S�NVGyB&?H=

σQTVB/Y
τQ

,*T�|V2�d*2'21B U~NK03SDC<?A2�Y GxB =A2~?H=
S
TVB/Y

T
FH2'=AS�2'U�?HGx|K21wy;V��+-,D2�GJY<2�T�NP�2�{FH21B&?�TPB*Y 9<CD;KTV03T � ]���GJ=�?HN U~NV03SDCD?A2

σeQ
TPB/Y

τeQ
GxB*=Q?H2'TVY��*NKF�03NVFH2�kV2'BD21FZTPwywx;

f(σ)Q
TPB/Y

f(τ)Q
��NKF�=ANV032�GyB&?A21kK21FRS*NKwx;>BDNK0�GJTPw

f(x)
� TV=�=@CDkKkV2�=Q?H2'Y�d>;

6}NKB&?AkVNK0321FH;}�xi
('���^���
π = σ ± τ

�<?H,D21B
π
Y<Gx|>GJY<2'=-NKBD2�NP�

f(σ)± f(τ)
�M+-,>C/=�TPwyw SDFHGx032'=

π
CDS�?AN

B2
��Gywyw�=Q?HGxwyw�d�2
,DG ?��

dDCD?�NV?A,D2'FRwJTPFHkV2'F�SDFHGx032�=�0�T�;�d*2¯,DGx?R?HN&N*�¦2'=AS*2�U~GJTPwywx;�Gx�
f(x) ± f(y)
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S�NVwy;>BDNV03GJTPwJ=-NP��S/TPFZTP032~?H21F

α = −1
��Gx?A,�?A,/2
BDNP?ZTs?AGyNVB���FHNV0 �yi�_�� 7

D1 = x
�
D2 = x2 + 2

�DTPB/Y
De+2 = xDe+1 + De��NKF

e ≥ 1
�<��,DGJUZ,�kKGx|K2'=

D3(x) = x3 + 3x
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D4(x) = x4 + 4x2 + 2
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��NKFf2 �DTV0�S/wx2 ,/21FH2
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�

12Q
TPB/Y

6Q
�[+-,D21B 2�TVUZ, BD2'� |sTVwxCD2�NP�

xeQ
GJ=�NKd<?HTVGxBD2�Y���G ?H,

e
S�NVGyB&?�TKYDY<Gx?AGyNVB/=z7

1Q+7Q = 8Q
�
7Q+12Q = 19Q
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TVB/Y
jQ

TPFH2�GxB�?H,D2
Y<G �¦21FH21B/U12�?ZTPdDwy2V� |i− j|Q GJ={B/NP?-BD2'U12'=H=ATVFAGywx;K�P��NKF�2&�DTP03SDwy2

5Q = 12Q− 7Q
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O(e)
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k
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d1
U~NVS/FAGy032R?HN
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π = id1 + jd2.
�!+-,D2�Y<2�=AU1FAGyS<?HGxNKB GyB�lZ`D�yi�U~NVFHFH2'=AS*NKB/YD=�?AN

d1 = d
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d2 = 1
� � v�TVUZ,

0 < π ≤ B2
U1TVB d*2���FHGx?@?A2'B CDBDGJI&CD21wy; TV=

π = id1 + jd2
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0 ≤ j < d1
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j = −π/d2 mod d1
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�
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k
NP��dDwyN<U�#>='�>?A,/2
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TVB/Y
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d1 = 150150
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+-,D2�wJTPFHkV2'=@?�kKFANKCDS�NVFZY<21F���TVU~?ANVF�GJ=�NKBDwx;�TVd*NKC<?
2.3B1

�>TVB/Y�0¯C/UZ,f=A03TVwxwy21F{?A,*TPB�?H,D2�YD2~��TPC/w ?
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2 = 729484405666
Gy= GxB*Y<212�Y wJTPFHkV21F�?H,/TPB ?A,D2m-QFH2'I&CD2�=Q?H2'Y:/�NVB/2

B2 = 680270182898
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k
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d(= d1)

�
d2

TPB*Y}?A,/2��RGyU�#<=ANVB S�NVwy;>BDNV03GJTPw
D30(x)

TVFA2 ?A,DN&=@2¯NP�M?H,D2
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 �Y<GykVGx?RFHNs�[GxB�?A,D23TPd�Ns|V2 ?HTPd/wx2�� ����Gy=R?H,D2

S�NVwy;>BDNV03GJTPw*YD21kVFH212K�KTVB/Y
i0
?A,D2�=Q?ZTPFA?AGyBDk
GyB/Y<2 ��GyB

id1 + jd2
�~�o��B/G ?HGyTVwxGy�1GyBDk�?H,D2�?ZTPdDwy2�NV� YDG��¦21FH21B/U12'=^7 G�� 2K�x�>U~NK0�S/C<?AGyBDk

?H,D2
4*FH=@?RY<Ns��B>�-TPFZY�YDGyTVkVNVB*TPw���NKF���FH21B&?@ Q9>CD;&TP0�T � =�2 �>?H21B/=AGxNKB�7 GJ=�U~wy2'TPFHwy;�UZ,D2�TPS}��Gx?A,bFA2�=@S�2'U~?X?ANj-Hz{NK0�S/C<?AGyBDk�?H,D2
FHN>NP?H=fNP��c��,WM/��{��,/GyUZ, U1NVFHFA2�=@S�NVB/Y/=3?AN ?H,D2bU1NV03SDC<?ZTs?HGxNKB NP��?A,/2b=A2~?H=

S
TPB*Y

T
�-?ANKkV2~?H,D21F���G ?H, ?A,/2���,DNKwx2}?ZTPdDwy2

NV��Y<G �¦21FH21B/U12'='� -B��CDGywyY<GyBDk c��,W ��FANK0jGx?H=3FHN&NV?H=�/�U~NKFAFH2'=AS�NVB/YD=¯?HNb?H,D2}SDFHN<Y<C/U�?�?HFA2'2}TPwykVNVFHGx?A,D0 5Z-Hz{NK03SDC<?AGyBDk�i��Pcw/
GJ=�?A,D2}S/FA2�U~NV03SDCD?HTs?HGxNKB$NV��?A,/2}GxB>|V2'FH=A2�NP�

F
��NVFm�-TPFHFA21?@?�� =3TPwykVNKFAGx?A,/0�� -Zz{NV03SDC<?HGxBDk W����2/�U1NVFHFA2�=@S�NVB/Y/=�?HNb?H,D2

0¯CDw ?HGxS/wxGJU1TP?AGyNVB
G1G2

�DTPB/Yj-@WX2'Y<C/U1GxB/kjW���� 03N<Y�cw/R?HN�?A,D2�FH2'Y<C/U~?AGyNVB�NP�
G1G2

03N>YDCDwxN
F

7^��2�U1wx2�TPFHwx;�=A212R?A,D2
1.5��TKU�?ANKFRTVBDBDNVC/B/U~2�Y�GxB lZ`D� e>��-Zz{NV03SDCD?AGyBDk�S�NVwy;V21|sTVw��!c{�kW
�O/ =@?HTVB/YD=���NVFX?H,D2 FH210�TVGxB/YD21FX?HFA2'2 TPwykVNKFAGx?A,/0�7{?A,/2 FZTs?AGyN���Gx?A,

FH2'=AS*2�U�?�?AN�?A,/2�S/FAN<Y<C/U~?R?HFA2'23Gy=�=AwxGykV,&?Awy;}wJTPFHkV21F�?A,/TVB�?H,D2�TPBDB/NVCDB/U12'Y�|�TVwxC/2¯NV�
2
�¯c GyB/TVwxwy;�?A,D2�?HNP?HTVwM=Q?ZTPkK2�e�?AGy0�23GJ=

NKBDwx;�`K]?� NP�o?A,D2�=@?HTVkV2�i�?AGy0�2K�<��NVFXT3=@?HTVkV2
e�d*NKCDB/Y�hVhK`Ke�?HGx032�=�wyTVFAkK21F	�


�uJvwu�� � r<q � ª n'p�� ¬ t r { ° ��
 t � rDtPp ® qsn u
+-,D2¯wyTVFAkK2'=@?�SDFHGx032 ��TVU�?HNVF���NVCDB/Y d&;�L^ Zi GJ=�T

58
 �Y<GykVGx?X��TVU~?ANKF�NP�

22098 + 1
����NKCDB/Y}d>;�?A,D2�TPC<?H,DNVFRNVBb9<21S<?H210 d�21F
eP_/�

eVgVgK] ��Gx?A,
B1 = 1010 TVB/Y B2 = 13789712387045

7

p58 = 1372098406910139347411473978297737029649599583843164650153,
p58− 1 = 23 · 32 · 1049 · 1627 · 139999 · 1284223 · 7475317 · 341342347 · 2456044907 · 9909876848747.

+-,D2�wJTPFHkV2�=Q?�SDFHGx032-��TKU�?ANKF���NVCDB*Y¯d>;�L]\¯i�Gy=^T
48
 �YDGxkKG ?o��TVU~?ANVF^NV�*?H,D2X��C*U1TV=�B>CD0¯d*2'F

L(1849)
����NKCDB/Y�d>;�!Xwy2 �DTVB/Y<21F

	�FHCDSDS/T�NKB�6 TVFHUZ,}eP�/�DePgVgK` ��Gx?A,
B1 = 108 TPB*Y B2 = 52337612087

7

p48 = 884764954216571039925598516362554326397028807829,
p48 + 1 = 2 · 5 · 19 · 2141 · 30983 · 32443 · 35963 · 117833 · 3063121 · 80105797 · 2080952771.


�uJvwu�� � p�� ª q � ¬ t ® q ��
 t � rDtPp ® qsn u
+-,D2 TVC<?A,/NVF�S�21FA��NVFH0�2�Y"U1NV03SDwy2~?H2}FACDB*=�NVB"?A,D2 TVd*NKC<? i'gKgVg U~NK0�S�NK=AGx?A2�B>CD0 d�21FZ=3��FHNV0 ?H,D2}FA2'kVCDwJTPFfz{CDB/BDGxB/kV,/TV0
?ZTPdDwy23��G ?H,bL^ Zi3TPB/Y�L�\¯i�� eVe�����+-,D2¯wJTPFHkV2�=Q?�FHCDB�C/=A2'Y

B1 = 1010 � B2 ≈ 1.3 · 1013 ��S�NVwy;>BDNV03GJTPw x120 ��NKF�LM HiK��TPB/Y
B1 = 4 · 109 � B2 ≈ 1.0 · 1013 �DS�NVwy;>BDNV03GJTPw D30(x)

�¡NKF�L�\¯iV�
! ?ANP?ZTPw�NP�

9
��TKU�?HNVFZ=��{2'FA2 ��NVCDB/Y d&;�L^ Zi�Y<C/FAGyBDk ?H,D2'=A2 FHCDB/='�XdDC<?�=Q?HFHTVBDkV2'wx;(BDN ��TKU�?HNVFf�-TV=���NVCDB/Y d&;(L�\¯iK�

4�21|V2'F@?H,D21wy2'=H='�
?A,D2�TPCD?A,DNKF�d�21wyGx2'|V2'= ?A,/TP?�?H,D2$L^ Zi"TVB/Y���2'=AS*2�U~GJTPwywx;D��L�\¯i"032~?A,/N>Y/=bTVFA2 B/NP?bC*=@2�Y�21BDNKCDkV,�� ��B< 
Y<2'2'Y ��Gx��NVBD2(U~NV03S/TVFA2�=�?A,/2(U1CDFAFH21B&?�FH2'U1NVFZYD=���NKFbv�z�6 �RL^ Zi"TVB/Y[L�\¯iK� NV��FA2�=@S�2'U~?AGy|V21wy;�hVhD��]P_ TVB/Y[aK_ Y<GxkKG ?Z=
��
�������������������� ������� 	��������� �!"�-����#�� �!	����$#�%&������'&�V¤��(���
�)')�*�+
$� � �~�~��?A,/21FH2�GJ=�BDN$?A,D2'NVFH2~?AGJU1TVwXFH2'TV=ANVB���,>;"?A,D2

P ± 1FH2'U1NVFZYD=��{NKCDwyY�d�2�=@0�TPwywy21F��<2'=AS*2�U~GJTPwywx;�Gx��NVBD2�?HT�#V2�=-GxB&?AN�TKU1U~NKCDB&?-?A,/TP?�?H,D2
P ± 1

TPFHGx?A,D032~?HGyU�GJ=-��TV=@?A2'F'�


�uJvwu 
 � r<q � ª n'p 	 � � �/q ® �(� ® qs° ª q � rDtVp ® q u
+-,D2RwyTVFAkK2'=@?�kVFHNVC/S�NKFHYD21FM��TKU�?HNVF�NV�±T
wyC/U�#>;�2'wxwyGyS<?AGJU�U1CDFA|K2XGJ=

81325590104999
�1��NVF-T

47
 �Y<GykVGx?M��TKU�?ANKF�NV�

5430 +1
��NKCDB/Y

d>;'��FHC/U~2 �RN>Y/=@NKB�NKB �R2'U1210¯d*2'FReY(<�<eVgVg&]D7

p47 = 29523508733582324644807542345334789774261776361,

��Gx?A,
B1 = 260 · 106 TPB/Y σ = 610553462

5P?H,D2�U~NKFAFH2'=AS*NKB/Y<GyBDk kKFANKCDSfNKFHYD21F�GJ=&7

g = 22 · 3 · 13 · 347 · 659 · 163481 · 260753 · 9520793 · 25074457 · 81325590104999.

+-,DGJ=���TKU�?ANKF^Gy=�T
=@C/U'U~2�=A=o��NKFZ�{FH21B&?A �9>C/;KTP0�T � =o2 �>?H21B/=AGxNKB��K=AGyB/U~2�?A,/2XwyTVFAkK2'=@? ��TKU�?HNVF^NP�
g
GJ=^0 C*UZ,�wJTPFHkV2'Fo?A,/TVB

B2
��TVd*NKC<?

33.4B2
���

c/FANK0 �&TPB>C/TVFA;�i'=@?'�<ePgVgKg�?AN��KTVB&C*TPFH;fi'�P?A,��<ePgKgVh/�VT
?HNP?HTVw/NV�
619

S/FAGy032���TVU~?ANVFZ=MNV��FA2'kVCDwJTPF-z{CDBDBDGyBDkV,*TP0 B>CD0 d�21FZ=
��21FH2X��NKCDB/Y�d>;3v�z�6 �>L�\¯iRNVF�L^ Hi��,
$�����-�������������"�����)� 	��.���/�/ �!)�-�)�)#&����	$��#�%8����#����1���Z!X03NKBDk�?H,DNK=A2

619
��TVU~?ANKFH='�

594��21FH2���NVCDB/Ybd>; v�z�6 ��Gx?A,L#>BDNs��B
B1

TPB/Y
σ
|�TVwxC/2'='�����-��23YD21BDNV?A23d>;

g1
?A,D2�wJTPFHkV2�=Q?�kVFHNVCDSbNVFZY<21F���TKU�?ANKF
NP��2'TVUZ,

wyC/U�#>;}U~CDFH|V2K��coGyk/�¦`f=A,DNs�X=�TVB ,DGJ=Q?HNVkVFZTP0 NP�^?H,D2¯FZTs?HGxN
log(g1/B1)

��6}N&=Q?�v�z�6jS/FANKkVFZTP0�=�C/=A2
B2 = 100B1

�
9>GxB*U~2
log 100 ≈ 4.6

�>��2�=@2'2R?H,/Ts?�?H,D21;f0�GJ=H=XTPd�NVC<?�,/TVw �o?A,/2���TVU�?HNVFZ={?A,/TP?�U~NVC/wyY�d�2���NVCDB/Y�C/=AGxB/k3?A,D2�c�c�+ U1NVB&?AGyB>C/Ts?HGxNKB��


�uJvwu10 � r�2 ª r { ° ��ª n ��
 ª43 { p ª q � rDt ª u
W�2'NVFHkV2}� NVwx?A0�TPB�� ='e�R8SKPMTafag Gy03SDwy210321B&?HTP?AGyNVB NV��v-z�6 C/=A2'=�?H,D2�=HTP032}S/TVFHTV0�21?AFHGx��Ts?HGxNKB$?H,/TPB W�6}LM �v�z�6 ��=A212
l�i����3eMR8SKP�TafAg�FHCDB/=RNVBV�D_Kh�TPFZUZ,DG ?H2'U~?ACDFH2'='��TVB/Y���TKU�?ANKFH=Xd/TV=A2~ 

2
z{CDBDB/GxBDkK,/TP0 B>CD0¯d*2'FH=�NVBDwy;}=@N���TVF'�¦dDCD?�9&?ZTPkV2�i�NP�

e�R8SKPMTafAg GJ=�0 C/UZ,¯��TV=@?A2'F�?A,/TVBjW�6 L^ �v-z�6 �P?H,/TPBA#<=o?HN�=ANV032-,DGykV,Dwy;& !?HCDBD2�Y¯TK=A=A210¯dDwx;�U1N<Y<2V�^9>GyB/U~2Me�R8SKPMTafAg Y<N>2'=�B/NP?

798�«(7;:

http://www.loria.fr/~zimmerma/records/Pminus1.html
http://www.loria.fr/~zimmerma/ecmnet/
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`A7^�XGJ=Q?HNVkKFHTV0 NP�
log(g1/B1)

��NKF
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z{CDBDBDGyBDkV,*TP0���TKU�?HNVFZ=���NKCDB/Y�d>;�v�z�6 �

Gy03SDwx2'0321B&?X?A,/2M-@c�c�+ U1NVB&?AGyB>C/Ts?HGxNKB�/�;K2~?��/T�SDCDdDwyGyU�GxB&?A2'F@��TKU~2��-TV=�Y<2�=@GykVBD2�Y�?HN�S*2'F@��NKFA0 =Q?ZTPkV23i
��Gx?A, eMR8SKP�TafAg��*TPB/Y
=@?HTVkV2�e���Gx?A, W�6}L^ �v�z�6 ��+-,/2�4*FH=@?���TVU�?HNVF���NVC/B/Y�d>;�?H,DGy=
U1NVwywyTVd*NKFHTP?AGyNVB d�2~?Q��212'Bne�R8SKPMTafAg�TPB*Y W�6}L^ �v�z�6 �-TV=
NKd<?HTVGxBD2�Y�d&;¯L^Ts?AFHGJ#¯�KNV,/TVB/=A=ANVB±�P��,DN���NVC/B/Y3T

48
 �Y<GykVGx?o��TKU�?HNVFMNV�

2731−1
NKB36�TPFZUZ,�`Kgs?A,±�&ePgKgV`/�s��G ?H,

B1 = 11000000TVB/Y
σ = 7706350556508580

7

p48 = 223192283824457474300157944531480362369858813007.

+-,DGJ=X=HT�|V2 ��FH2'=ACD032�GyBK?H21FA��TVU12�0�T�;�,/T�|K2�NP?A,/21FXTPS/SDwxGJU1TP?AGyNVB/=z7
� Ts�¡?H21FRTf=Q?ZTPkV2�i FACDB±�*��2
0�T�;�=ASDwyG ?�T�,>CDkV2�=@?HTVkV2¯e�NKB =@2'|V21FZTPw U~NV03SDCD?A21FZ='����B*Y<212�Y �6W�6 L^ �v-z�6jU1TVB}d*2¯kVGy|V21B
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