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Abstract: On a locally finite point set, a navigation defines a path through the point set
from a point to an other. The set of paths leading to a given point defines a tree, the
navigation tree. In this article, we analyze the properties of the navigation tree when the
point set is a Poisson point process on R?. We examine the distribution of stable functionals,
the local weak convergence of the navigation tree, the asymptotic average of a functional
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work in the small world graphs, and new results are established. This work is motivated by
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Nayvigation sur un processus ponctuel de Poisson

Résumé : Sur un ensemble de points localement fini, une navigation construit un chemin
sur cet ensemble qui relie un point & un autre. L’ensemble des chemins aboutissant & un
point donné définit un arbre : l'arbre de navigation. Dans ce article, nous analysons les
propriétés de 'arbre de navigation lorsque l’ensemble de points est un processus ponctuel
de Poisson sur R?. Nous examinons la distribution de fonctionelles stables, la convergence
faible locale de l'arbre de navigation, la moyenne asymptotique d’une fonctionelle le long
d’un chemin, la forme de ’arbre de navigation et ses fins topologiques. Nous illustrons notre
travail sur les graphes de type "small world" et nous y établissons de nouveaux résultats.
Ce travail est motivé par des applications en géométrie computationelle et dans les résaux
auto-organisés.

Mots-clés : arbres géométriques aléatoires, convergence faible locale, phénoméne “Small
World”, géométrie stochastique
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1 Introduction

1.1 Navigation: definition and perspective

In this work, we examine decentralized navigation algorithms on random graphs. Let N be
a locally finite point set and O a point in R?, taken as the origin. For z,y € RY, |z| will
denote the Euclidian norm and (z,y) the usual scalar product. B(X,r) is the open ball of
radius 7 and center z, and S9! = {2 € R?: |z| = 1} is the d-dimensional hyper-sphere.

Definition 1 Assume that O € N, a navigation (with root O) is a mapping A from N to
N such that for all X in N there exists a finite k satisfying A*(X) = O. A navigation on
a graph G = (N, E) is a navigation such that (X, A(X)) € E.

From a navigation with root O, we can define a navigation with root ¥ by Ay (X; N) =
Y +A(X —Y;S_yoN) where S, is the translation by z: if B c R?, S, B = {y:y—x € B}.

The aim of this work is to analyze the decentralized navigation algorithms. For a nav-
igation defined on a graph G, a decentralized navigation is such that 4y (X) depends only
on X, Y and the set of vertices adjacent to X in G. A navigation is always decentralized on
the complete graph, so the meaning of this definition is unclear and it is not intrinsic to A,
we will give later a better definition.

Navigation algorithms have emerged recently in papers in four different classes of prob-
lems (at least). A first class of problem which has recently drawn much attention is the
small world phenomenon. As it is pointed by Kleinberg [I8], the small world phenomenon
relies on the existence of shortcuts in a decentralized navigation on a small world graph.
Extension and refinements of his results have been carried out by Franceschetti and Meester
[12], Ganesh et al. [14], [8].

A second field of application is computational geometry. Kranakis, Singh and Urrutia
[20] have introduced the compass routing (some numerous variants exist). The Ph.D. Thesis
of Morin [24] gives a review of this class of problems. Computer scientists do not analyze the
probabilistic properties of navigation algorithms, they rather examine if a given algorithm
is a proper navigation, that is if it converges in a finite number of hops to its root.

The ideas of computational geometry may benefit the design of real world networks. A
first field of application is sensor and ad-hoc networks, see for example the survey of Akyildiz
et al. [I] or the work of Ko and Vaidya [19]. A second application is self-organized overlay
and peer-to-peer networks. Each node in the network receives a virtual coordinate in some
naming space, and the messages are routed along a geometric navigation algorithm, see
Plaxton, Rajaraman and Richa [29], Liebeherr, Nahas and Si [22] or Kermarrec, Massoulié
and Ganesh [I3].

Lastly, in the probabilistic literature a few authors have examined decentralized naviga-
tion algorithms (under other names). Baccelli, Tchoumatchenko and Zuyev [4] have analyzed
a navigation on the Delaunay graph. Others examples include the Poisson Forest of Ferrari,
Landim and Thorisson [I1] and the Directed Spanning Forest introduced by Gangopadhyay
Roy and Sarkar [I5] (see also Penrose and Wade [25] and Baccelli and Bordenave [9]).
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4 C.Bordenave

The aim of the present work is to find a unified approach to these problems. The
mathematical material used in this work is a natural extension of the ideas developed in [9].

We give three canonical examples of navigation. Among those three, only the last will
draw our attention. These examples are nevertheless useful to understand the context better.

A natural navigation is the shortest path on a graph G = (N, E). Let g be a functional
on E (g is a cost function) and let II(X,Y") denote the set of paths in G from X to Y,
i.e. the finite sequences of vertices in N (Xo, ..., Xj) such that Xy = X, (X;,X;41) € E
0<i<k—1and X =Y. Provided that it is well defined the shortest path is given by:

k—1
T(X,Y) = arginf x| xencxy) O 90X Xit).

i=0
I (X,Y) = (Xg, ..., X}), the shortest path navigation is given by A} (X) = X{. Forg =1,
the shortest path is the path which minimizes the number of hops from X to Y in G: it
corresponds to the graph distance between X and Y. Shortest paths on specific graphs have
drawn much attention. In particular Vahidi-Asl and Wierman ([31],[32]) have studied the
shortest path on the Delaunay graph of a Poisson point process for g = 1, see also Pimentel
[28]. On the complete graph of a Poisson point process and g(X,Y) = | X —Y|?,3 > 2 an
in-depth analysis was performed by Howard and Newman in [I7]. The shortest path is the
continuum analog of the celebrated first passage percolation on the regular Z?-lattice. The
shortest path navigation has poor decentralization properties, nevertheless it gives the best
achievable performance of a decentralized navigation.

A random walk on G is a decentralized navigation provided that the random walk is
recurrent: the length of the path is the hitting time of Y starting from X. In the recurrent
case, this hitting time is almost surely finite for all pairs (X,Y’). However, on an infinite
graph, even in the recurrent case, one might expect that the walk is null recurrent: the
expectation of the length is infinite. Therefore random walks are not expected to provide
interesting navigation algorithms. More efficient decentralized navigation algorithms exist.

An important decentralized navigation is the mazimal progress navigation. If A is a
navigation, the progress is defined as:

Py (X) = |X] = [Ay (X)].

An appealing class of decentralized navigation is the subclass of navigation such that the
progress is non-negative for all X. On a graph G = (N, E), the maximal progress navigation
is the navigation which maximizes the progress: A(X) =Y if (X,Y) € F and |Y| is minimal.
Note that the maximal progress navigation will not be a proper navigation on all graphs,
some additional properties on the graph (or on the point set) have to be added. Some
breaking ties rules should also be defined to guarantee the uniqueness of this navigation.

1.2 Directed Navigation

A navigation links a point X to another Y. When X is far from Y, the progress made is
roughly equal to (X — Ay (X),X —Y)/|X — Y] that is the progress made along an axis

INRIA
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with direction Y — X. Hence in most circumstances, we expect that a navigation behaves
asymptotically as a directed navigation. Let e; € S4~1, a directed navigation with direction
e1 is a mapping A, from N to N such that for all X in N, limg(AF (X),e1) = +oc.

On a graph G = (N, E), a directed navigation is a directed navigation such that for all
XeN, (X, A, (X)) eE.

As pointed above, directed navigation will appear as natural limiting objects for naviga-
tion. We will actually see later what type of convergence has to be considered.

The directed progress is defined as:

P, (X)= (A, X, e1) — (X, e1).

A few examples of decentralized directed navigation may be found in the literature:
directed path on the Delaunay tessellation [4], the Poisson forest [T], the directed spanning
forest [I5], [25], [9].

On a graph, we also define the mazimal directed progress navigation as the navigation
which maximizes the directed progress. The maximal directed progress navigation is the
limiting object for the maximal progress navigation.

1.3 Navigation Tree and Navigation Graph

Assume that O € N, a navigation A to the origin O defines a graph: the navigation tree
which will be denoted by 7o = (N, Ep). It is defined by

(X,Y) € Eyif AX)=Y or A(Y) = X.

It is easily checked that 7 is actually a tree: if there were a loop it would be contradictory
with the assumption that A(X)* = O for k large enough. 7Ty is the union of all the paths
from X € N to O. Note that 7; is a spanning tree of N.
For a directed navigation, we define similarly the directed navigation forest, T., =
(N, Ee,) by
(X, Y)eE, if A.,,(X)=Y or A, (V) = X.

We check similarly that 7¢, is a forest. We will prove that 7, is the natural limit of 7y for
the local weak convergence of Aldous and Steele [2].

Extending the navigation tree to the origin to any point of N, we can also define the
navigation graph Uy c Ty and the directed navigation graph U, cga-17;,. These two graphs
record the set of possible navigation from one point to another (or in a direction).

At this stage we can state an intrinsic definition for a decentralized navigation:

Definition 2 A navigation A (to the root O) is decentralized if A(X) depends only of X,
O and the edges adjacent to X in Tp.

With this definition a shortest path navigation is not a decentralized algorithm, whereas
a maximal progress navigation is decentralized.

RR n° 5790



6 C.Bordenave

1.4 Poisson Point Process and Poisson Weighted Infinite Tree

We will pay attention to A*(X) on a locally finite point set containing X and 0, and
respectively for a directed navigation, to .A’;l (0) where e; € %! and 0 is a point of the
point set. In our analysis, we will prove convergence results for two types of probabilistic
models.

The first model is the usual Poisson point set. N is a Poisson point process (PPP)
of intensity one on R?. We will denote: N° = N + 6y and N¥ = N + §x + 6. From
Slyvniak-Mecke Theorem, N (resp. N%%) is a PPP on its Palm version at 0 (resp. (0, X)).
Intuitively, N° (resp. N”%) can be understood as a PPP conditioned on having an atom
at 0 (resp. atoms at 0 and X). It is not a restriction to assume that the intensity of the
PPP is one, with a proper rescaling, our results extend to any positive intensity. Indeed, if
N =3 cn 01, is a realization a PPP of intensity one, then Ny = 0 -1/a7, is a PPP
of intensity A > 0.

The second model is the Poisson Weighted Infinite Tree model. Following the brilliant
approach of Meester and Franceschetti in [T2], we will try to understand the intrinsic be-
havior of a navigation through a virtual model which is the simplest possible probabilistic
model. To this end we build a Poisson weighted infinite tree (PWIT) which is a slight varia-
tion of Aldous’ PWIT [2]. We fix a root X € R? and define the PWIT T%X as follows. The
points of NOX\{X} are the vertices of first generation in T and the weight of the edge
(X,Y),Y € N%¥\{X} is equal to | X — Y|. T%¥ is defined iteratively at each generation:
at each vertex Y the subtree rooted at Y consisting of all descendants of Y is a PWIT 7%
and the Poisson point processes are drawn independently of the others. Note that there is
a vertex located at 0 at each positive generation. Thus each generation has a different copy
of the origin in order to guarantee that 7% is indeed a tree.

For a decentralized navigation, it is important to note that the distribution of (X, A(X))
is the same in the PWIT T7%X and in the PPP N%¥X. However the joint distribution of
(A¥(X))ken is not the same in the PWIT and the PPP. It is much simpler on the PWIT.

For a directed navigation A, , let X = A* (X) and Fy, = 0{Xo, ..., Xi}. A key feature
of the PWIT is the relataion

neN

P((Xk, Xit1) € | Fi) = P((0, Ae, (0)) € ). (1)

This last property is the (spatial) memoryless property of the directed navigation on the
PWIT. Similarly, for a navigation A and X, = A¥(X), we have:

P((Xk, Xpt1) € [Fr) = P((Xk, Xp+1) € [ Xn), (2)

the sequence (X, Xxy1),k € N, is a Markov chain with (0,0) as absorbing state. With
an abuse of terminology we will call also this last property the memoryless property of a
navigation on a PWIT. More generally for a navigation on a PPP, we introduce the following
definitions which are the core of this work.

Definition 3 - A navigation A is o memoryless navigation if Equation (@) holds (and
respectively for a directed navigation with Equation ()).

INRIA
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- A navigation is regenerative if there exists a stopping-time (on a enlarged probability
space) 0 > 0 such that A? is a memoryless navigation and the distribution of 0(X) is
independent of X for | X| > xo (and respectively for a directed navigation).

The stopping time 6 will be called a regenerative time. If there exists a regenerative time,
there exists an increasing sequence (6,),n € N, which we will call a regenerative sequence
such that 6y = 0, the distribution of (6,41 — 6, )nen is iid and for | X| > xg

P((Xo,: Xo,,,) € [ Fo,) = P((Xp,, Xo,.,,) €| Xp,)-

Respectively for a directed navigation, we will have 6y = 0, the distribution of (6,41 — 6,)
is iid and
P((Xp,,, X0,,1) € "|Fo,) = P((Xo, Xo,) € ).

A memoryless navigation will be much simpler to analyze. We will prove that under
some assumptions that a navigation on a PPP will contain a regenerative sequence, that is
an embedded memoryless navigation. This idea is the cornerstone of this work.

All the examples of navigation algorithms we have in mind satisfy the following property:

A(X) is fg(0,|X ,-measurable,

where for a Borel set B, FJ is the smallest o-algebra such that the point set N N B is
measurable. A sufficient condition for this type of navigation to be memoryless is that for
all ¢ € N and all Borel sets A:

If A C B(0,|X3|) then P(N(A) = t|Fy) = P(N(A) = 1), (3)

in other word, N N B(0, | Xg|) is a PPP of intensity 1.

1.5 Examples
1.5.1 Small world graphs

The small world graph is a graph G = (N, E) such that vertices X € N and Y € N° are
connected with probability f(|X —Y|) independently of the other, and f is a non-increasing
function with value in [0,1]. We assume, as ¢ tends to infinity, that:

F(t) ~ et

with ¢ > 0 and 8 > 0. More formally, we add marks to N to obtain a marked point
process: N = 8x, v,, where V;, = (Vo )men € [0, 1] is independent of the collection N,
(Vium )m<n 1s an iid sequence of uniform random variables on [0, 1], V., = 1 and Vi, = Vipse.
For X,Y in N, we will write V(X,Y) for V,,,, where n and m are the index of X and Y.
The small world graph is defined by:

(X,Y)e Eif V(X,Y) < f(IX - Y]).

RR n° 5790



8 C.Bordenave

Note that the degree of a vertex in the small world graph could not be finite for small choices
of 8 (indeed for 8 < d).
The maximal progress navigation from X € N to 0 is defined as:

A(X) = argmin{|Y|: (X,Y) € E}.

As such, the small world graph has isolated points and navigation is ill-defined on non-
connected graphs. To circumvent this difficulty three possibilities arise:

1. We enlarge slightly E to ensure a positive progress for X € N. This is the approach
followed by Ganesh et al. in [I4], [g].

2. The marks V are not anymore independent of IV, they are conditioned on the event
that a positive progress is feasible at any point X of N.

3. Loops are allowed and the model is unchanged but if A(X) = X then a new set of
neighbors for X = A(X) is drawn independently of everything else.

We will focus on model Bl models [Ml and Bl will also be discussed.
The directed navigation with direction e; is defined similarly,

Ac, (X) = argmax{(Y,e;) : (X,Y) € E°}.

Let He, (2) = {y € R : (y,e1) > (x,e1)}, we have to assume that the set of neighbors of X
in H,, are a.s. finite for the directed navigation to be properly defined (that is 8 > d).

1.5.2 Compass Routing on Delaunay Graph

Compass Routing and its numerous variants is a popular navigation in computer science. It

was introduced by Kranakis et al. in [20], see also Morin [24]. Let G = (N, E) denote a

locally finite connected graph. Compass routing on G to 0 is a navigation defined by
X-Y

A(X) = argmax{<|§—|, Sy () e By,

In words: A(X) is the neighboring point of X in G which is the closest in direction to the
straight line 0.X. Compass routing is not a proper navigation on any graph, a variant of this
routing called Face Routing is a proper navigation. As it is pointed by Liebeherr et al. in
[22], on a Delaunay Graph Compass Routing is a proper navigation.
The associated directed navigation is naturally:
X-Y
Ael (X) = argmax{(el, m> : (X, Y) S E}7

i.e. the direction of (X, A(X,ey)) is the closest from e;. The algorithm in Baccelli et al. [H]
is closely related (but not equivalent).

INRIA
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1.5.3 Radial Navigation
Radial navigation was introduced in [9]. For X,Y € N° X #0, |Y| < | X| it is defined as:

AX) =|Y| if N(BX,|X —Y])nB(0,]X]) = 0.

A(X) is the closest point from X which is closer from the origin. Radial navigation has an
a.s. positive progress and A(X) is a.s. uniquely defined. The directed navigation associated
to radial navigation is: if X, ¥ € N and (Y — X,e1) >0

Ao, (X)=Y if N(B(X,|X -Y|)NHe, (X)) =0.

That is Ae, (X) is the closest point from X which has a larger e;-coordinate.

The corresponding navigation tree is the radial spanning tree and it has been analyzed
in [9). The directed spanning forest is the directed navigation forest associated with A, .
This model has been analyzed in [I5], [25] and [9].

1.5.4 Road Navigation

Road navigation models a car on R? starting at a point X and driving to a destination point
0. A road R(X,e) is the straight line passing through X with direction e € S9~'. The
following model has been introduced by Baccelli (private communication).

We consider a family of probability distributions on S%~1, {IIx}, X € R?. The starting
point X is on a road Rg with random direction e(X) with distribution ITx. It drives to the
closest point on R of 0: the orthogonal projection of 0 on Ry. From this new point, say X1,
a new road R; starts with direction independently drawn and distribution IIx,. The driver
goes to Xo, the closest point on R; of 0 and so on until it finally reaches its destination (if
he ever does).

Note that if [1x (X ) = 0, where X+ = {e € S9! : (e, X) = 0} then the road navigation
has an a.s. positive progress. To be sure that the driver will finally manage to reach its
destination we have to assume at least that there exists z¢ such that IIx(X/|X|) > 0 for

Our work covers the particular case when the distribution [(e(X), X/|X|})| converges
weakly as |X| tends to infinity.

Generalizations of this model include higher dimensional roads (as hyperplanes) or even
successive projections of the origin on more complex sets than straight lines. Note that
adding more roads at each point and choosing the road with the best possible direction is
already included in the original model.

Road navigation is not properly a navigation since its maps a point in R¢ to another
point in RY. All the results presented for regular navigation also apply to road navigation.
Road navigation is clearly memoryless.

Remark 1 In 77 (in Appendiz), two other examples of navigation are given.

RR n° 5790



10 C.Bordenave

1.6 Overview of the Results

Our results are extension of the work [d] on the radial navigation. Throughout this para-
graph, we will illustrate some of the results with the small world model Bl We will denote
by

7Td/2 27Td/2

RS S (R}

the d-dimensional volume of B(0,1) and the d-dimensional surface area measure of S4~1.

1.6.1 Local Weak Convergence of the Navigation Tree

In Section B we will state some general conditions under which the navigation tree converges
to the directed navigation forest for the local weak convergence on graphs as it defined by
Aldous and Steele in [2].

For a graph G = (N, E), we define S, 0G = (S, N, E) as the graph obtained by translating
all vertices N by x and keeping the same edges.

As an example, on the small world graph, let 7, (N) denote the directed navigation
forest built on the point set N and 7p(/N) the navigation tree built on the point set N.

Proposition 1 Assume 3 > d in the small world graph. If | X, | tends to +00 and X, /| X,|
to e1 then S_x, o To(N%*») converges to T_.,(N°) for the local weak convergence.

Let Fx(t) = P(P(X) < t) be the distribution function of the progress at X, and for
B> d,let F(t) = P(P.,(0) < t) denote the distribution function of the directed progress. we
will also show how to compute the distribution of local Using some basic stochastic geometry
tools, we obtain the following proposition.

Proposition 2 For the Model[d, assume d > 2, the following properties hold:
1. If B > d, as t goes to infinity:

_ 2 _ 71'/2
F(t) ~ %td’ﬁ /O cos® =4 9do.

2. If B >d, Fx converges weakly to F'.

3. If B = d, let Fx be the distribution of P(X) = —In(1 — P(X)/X) € [0,400], Fx
converges weakly to F with [ F(s)ds = fi € (0,+00).

4. If d—2 < B < d, the distribution of |A(X)|/\X|1_# converges weakly to a non
degenerated distribution.

INRIA
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The limit distribution in statements Bl and B are computed explicitly. For d > 3 and
0 < B < d— 2, the same method can used to prove a convergence of the properly scaled
progress. The computation for d = 1 is simpler and the same result holds with different
constants. Finally this proposition implies a similar result on Model 2, in statement [l it
suffices to divide by P(P(0) = 0) = exp(— chl(O) f(y))dy) and statements Bl Bl and E hold

without change.

1.6.2 Path Average

The path from X to 0 in the navigation tree 7j is given by a sequence of vertices m(X) =
(Xo=X,...., Xg(x) = 0) where H(X) is the generation of X in 7:
H(X) = inf{k: A*(X) = 0}.
Let g be a measurable function from R¢ x R¢ to R, G(0) = 0 and
H(X)-1
GX)= D 9(Xp, Xpp1) = g(X, A(X)) + G(A(X)). (4)
k=0

In Section B, we will state the various convergence results that can be expected for
Equation @) for a memoryless navigation. This amounts to analyze a non-homogeneous
random walks.

In Section Bl analogous results for regenerative navigation will be obtained as corollaries.

In the PWIT model on the small world graph, Proposition [ will imply a result on the
convergence of H(X) for all 8 > d — 2.

Proposition 3 -If>d+1 and p= [rF(dr), a.s.
H(X) 1
im —— =—.
(X[=oo [ X[ p
-If=d+1 a.s.
. HX)In|X| 1
im ——— = -,
| X |—o00 |X| c

IfBe(dd+1)

lim inf EM >0 and limsupE X)

H
s < 00.
| X |—o00 |X|B_d | X |—o0 |X|B_d

- If B =d and [i as in PropositionA a.s.

H(X) 1
11m = —.
IX|—oo In|X| [
-Ifd—2<p<d, as.
i H(X) 1
1m = — .
|X|—oo Inln | X| In(1 — 42)

RR n° 5790



12 C.Bordenave

1.6.3 How to prove that a navigation is regenerative ?

In Section @l we explain a general method to prove that a navigation algorithm is regenera-
tive. This original method relies on geometric properties of the navigation and tail bounds
in the GI/GI/co queue.

As an example, we will prove that the small world navigation on a PPP has good regen-
erative properties for 5 < d and 8 > d + 2. This will enable us to prove that H(X)/|X]|
converges a.s. for § > d+ 2, H(X)/In|X| converges a.s. for § = d and H(X)/Inln|X]|
converges a.s. for d —2 < f < d. For d—2 < 8 < d we are able to compute the constant
explicitly. A similar result would hold for d > 3 and 8 < d —2. Our method fails in the case
d<pf<d+2.

Proposition 4 - If B> d+ 1, A is regenerative and the regenerative time has finite
expectation.

- If B > d+ 2 there exists p > 0 such that a.s.

H
lim ﬂ = l
(X|—oo [X|  p
- If 6 =d and i as in Proposition @ a.s.
HX) 1
1m = —.
IX|—oo In|X| [
-Ifd-2<p<d, as.
lim HX) _ — !
|X|—oo Inln |X| ln(l — #) '

This proposition implies that the PWIT model gives the exact order of magnitude for
H(X). It is also worth to mention that our method has enabled us to determine the exact
asymptotic limit for 8 € (d — 2, d].

1.6.4 Path Deviation and Tree Topology

In Section Bl we examine the path from X to O in the navigation tree. For regenerative
navigation algorithms, we establish an upper bound on the maximal deviation of this path
with respect to the straight line OX:
A(X)Z max |X;€—Uk|,
0<k<H(X)

with Uy = (X, X/|X[)X/|X| is the projection of X} on the straight line OX.

Using the terminology of Howard and Newman in [I7], this bound will enable us to
find conditions under which 7q is an f-straight tree. In particular, it will characterize the

semi-infinite paths of the navigation tree.
On the small world navigation, we obtain the following proposition.

INRIA
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Proposition 5 There exists C > 1, such that if v8 > (v + C)d + C, then for some n > 0,
there exists C1 > 0 such that

P(A(X) > |X]7) < Gy X] 777,
and Ty is f-straight with f(z) = |z|7~ .

A bound for the constant C' could be explicitly computed. We only point out that for a
small world navigation on a PWIT, C = 1.

1.6.5 Shape of the Navigation Tree

Finally, in Section [f]l we will state a shape theorem for regenerative navigation algorithms.
We define
To(k) = {X € N : A¥(X) = 0}.

We restrict our attention to the following case: a.s.,

H(X) 1
im ——= =—,
x|~ [X]  p
where p > 0 will be the asymptotic directed mean progress.
Under some additional assumptions, we will state that for all € > 0 there exists a.s. K
such that if £ > K:

N N B0, (1 — e)kp) € To(k) € B0, (1+ €)kp),

and moreover a.s. and in L' :
7o (k)|
ded
where 74 is the volume of d-dimensional unit ball.
On the small world graph, we will obtain the following proposition.

d
— p,

Proposition 6 Let u (resp. fi) as in Proposition @ (resp. Proposition ).
- There exists C > 1 such that if § > (C' 4+ 1)d + 2C, for all € > 0 there exists a.s. K
such that if k > K:
NNB(0,(1—eku) CTo(k) C B, (1+e)ku).

Moreover a.s. and in L' : T (k
LWl .
wakd
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14 C.Bordenave

- If B =d, for all € > 0 there exists a.s. K such that if k > K:
N N B(0,eM=9%) Ty (k) € B(0, e HokR),

Moreover a.s. and in L' :

In |75 (k)|
k

- Ford—2<p<d,leta=1—(d—3)/2, for all € > 0 there exists a.s. K such that if
k>K:

— dji.

N N B(0, exp(a*=9%)) ¢ Ty (k) € B(0, exp(a1 %)),

Moreover a.s. and in L' :

In In |7 (k)|
k

Again, a bound for the constant C' could be computed. In the PWIT model C = 1.

— Ina.

1.7 Notations and Preliminaries

If not otherwise mentioned, for |x| € R?, |z| will denote the Euclidian norm. B(X,r) will
denote the open ball of radius 7 and center z, S9~! = {z € R?: |2| = 1} is the d-dimensional
hyper-sphere. If A is a set, |A| will denote the cardinal of A and A the closure of this set
for the underlying topology. Throughout this work, we will denote by

7Td/2 27Td/2

“Tap+n ™ Y T Tapy

d
the d-dimensional volume of B(0,1) and the d-dimensional surface area measure of S9~1.
% will denote the set of measurable R, — R, functions tending to 0 at +oc.

If N is a countable set of points in R? with no accumulation points, we write for all
bounded sets A : N(A) = Y _y1(z € A). A set of points N of R? is said to be non-
equidistant if there do not exist points x,y, z,t of N such that {x,y} # {z,t} and |z — y| =
|z — t|]. We define a nice point set as a non-equidistant locally finite point set, a Poisson
point process (PPP) of positive intensity is a.s. nice. It is good to note that on nice sets,
the maximal progress navigation and the radial navigation are well defined.

Let M be a complete metric space and N the space of all counting measures on R¢ x M,
defined on the Borel o-field B(R?) @ B(M). We assume that the restriction to R? of each
measure in A is nice that is if N € N, the support of N (- x M) is a nice point set. We endow
the space N with its usual topology (see, for instance, the book by Daley and Vere-Jones
[7] for the details). A (locally finite) marked point process on R? with marks in M is a
measurable mapping N :  — A defined on some probability space (Q, F, P). Any point
process on R? with marks in M can be represented as

N = Z (T Vi)»

neZ
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Navigation on a Poisson point process 15

where 6(; ), (t,v) € R? x M, is the Dirac’s measure on B(R%) @ B(M).

Let N = >, 01, be a point process on R? and let U(z),z € RY, be a stochastic process
with value in a complete metric space M and independent of N such that U (z) and U(z')
are independent and identically distributed (iid) for z # a’. We define the marked point
process: N =3, u(r,)) A point process N= >, 01, on R? is stationary if S, o N =
>0 07, +2 and N have the same distribution. Note that if N is a stationary point process
then N = > 0(p, u(r,)) is also stationary for the shift S, o N = > 142,01, +2))-
Since N is independent of the process U, for the simplicity of notations, we will skip the
marks U(T},) in N and identify N and N: we will write simply N =" dr,.

Several qualitative results of the present paper involve constants. For the sake of clarity,
we will use Cy to denote a positive constant to be thought of as small and C; to denote a
positive constant to be thought of as large. The exact value of Cy and C7 may change from
one line to the other and we could for example write : Cy/Cy = Cy. The important point
is that Cy and C] are constants that may depend on the dimension d but they will never
depend on other parameters of the problem.

2 Convergence of navigation to directed navigation

2.1 Stable Functionals and Local Weak Convergence

In this paragraph we prove that under some conditions that the navigation tree tends weakly
to the directed navigation tree, for the local weak convergence. We consider a navigation
A with non-negative progress on a PPP N of intensity 1. Proving the convergence of the
navigation tree is not a difficult task, provided that we use the right concepts.

We introduce an important class of functional, the stable functionals. This class was first
introduced by Lee [2I] and it was further developed by Penrose and Yukich (see for example
[26], |27]); it is slightly modified here to suit to our framework.

Definition 4 Let F(X,N) be a measurable function valued in a complete separable metric
space. F is stable on N if for all X € RY there exists a random variable R(X) > 0 such
that F(X,N) is fg(xﬁR(X))-measumble and R(X) is stochastically upper bounded uniformly
mn X.

A graph G = (N, E) is a stable graph if for all X € N, V(X,N)={Y e N: (X,Y) € E}
(i.e. the set of vertices adjacent to X in G) is a stable functional. Note that R(X) need not
to be a stopping-time for the filtration F g( X.1)- In particular in the Small World graph G,

V(X,N) is not F g( x R)—measurable for some stopping-time R.

A is the maximal progress navigation on a stable graph G = (N, E). (5)

This condition is still quite general since a navigation with a positive progress is always
a maximal progress navigation on its associated navigation tree. We defined the maximal
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16 C.Bordenave

directed progress navigation with direction e; € S¢~! as
A (X)) =argmax{(Y — X,e1): Y € N,(X,Y) € E}.

Let G° the graph built on N 0 and G the graph built on G. Note that we define the
navigation A on G° and the directed navigation A., on G.

Lemma 1 Let X € RN\{0} and e; € S9! with cos® = (X/|X|,e1). Under the foregoing
Assumption (@) there exists a function e € £ with

PA(X) # A—e, (X)) < e(|X]) + €(1/0). (6)

Proof. By Equation () there exists h € ¢° such that for all X, P(p(X) > t) < h(t), and

K(X,el

theta

(X.e1)

0 ex X

theta

7

K(X.e1)

Figure 1: The sets L(X,e1) and K(X,e1).

V(X,N) is fg(xyp(x))—measurable. Without loss of generality we suppose X = ze,, £ > 0
and 0 > 0. Let K(X,e;) ={Y € R?: [Y|>|X|,(Y — X,e1) <0} and L(X,e;) = {Y € R?:
Y| < |X|,{Y — X,e1) > 0}, the sets L(X,e;) and K(X,e;) are depicted in Figure [l Let
S(X)=NNB(X,p(X)), AX) = argmin{|Y] : Y € S(X)} and A, (X) = argmin{(Y, e1) :
Y € S(X)}. If p(X) + p(0) < |X]|, S(X)N{K(X,e1) UL(X,e1)} =0 and A, (X) = A(X)
then A, (X) = A(X). It follows

P(A-e, (X) # A(X)) < P(p(X) +p(0) = [X]) + P(S(X) N L(X, e1) # 0)
+P(S(X) N K(X,e1) #0) + P(Ac, (X) # A(X)). (7)

The first term of Equation () is easily computed : P(p(X) + p(0) > | X]) < h(|X|/2).
We now upper bound the second term of Equation (). We notice that L(X,e;) is
contained in a cone of apex 6 (see Figure[ll). Let Cy be a cone issued from 0 with apex 6,

INRIA



Navigation on a Poisson point process 17

we have:

P(N NCp N B(0,072) #0) + P(p(X) > 071/2)
1 — exp(—Co8'/?) + h(671/2).

P(S(X)NL(X,e1) #0) <
<

The third term of Equation (@) is upper bounded similarly. Let K (X, e1) be the largest
half of K(X,e1); we have

P(S(X) N EK(X,e1) % 0) 9P(S(X) N K4 (X, e1) # 0)

2]P(N N Carcsin( t ‘)+9 N B(O t) 7é Q)) + 2P(p(X) > t)

31X

< 2(1 — exp(—Cot(arcsin( =) + 0)) + h(t)).

2|X|
If 1/1/]X] < 6, we chose t = /| X] else we pick t = 1//6.

It remains to bound the last term of Equation ([ll). For Y € B(X, p(X)),let K'(Y, X, e;1) =
{Z € B(X,p(X)):|Z]| > |Y|,{Z —Y,e1) <0}, that is the set of points with a larger norm

but a smaller projection on ey; we have K'(X, X,e;) = K(X,e;). We can then bound the
last term as we have bounded the third term:

P(A, (X) # A(X)) < PEY € S(X): K'(Y,X,e)) NN #0)
<

P(p(X) = t) + P(N(B(X,1)) = n) + 2nP(N N Caresing y+0 N B(0,1) # 0)

t
2(\X\*t)

We pick t = min(|X|,1/6)'/3¢ n = |X|"/? | then using the inequality P(N(B(X,t)) > n) <

exp(—nln #), we get the required bound. O
Let 7., denote the directed navigation forest associated to A., and 7 the navigation

tree associated to A. A functional is stable on a graph G if it is stable on its vertex set.

Theorem 1 Let F be a stable functional on T_.,. If Equation {@) holds then as x tends
to 400, the distribution of F(xe1,Ty) converges in total variation toward the distribution of

F(0,T .,).

Proof. We set X = xej, z > 0 and we build 7y and 7_, on the same PPP. For all » > 0, we
define the event J;(X) = {7 N B(X,t) = 7_., N B(X,t)}. F is a stable functional on 7_.,
for a radius R(X), we have:

]ID(F(X7%) 7é F(X7 T—el)) ]P)(JR( ( ) )

]P’(R(X) >t) + P(J (X))

P(R > t) + P(Uyennpx,nAY) # A, (Y))
(R

P(R > t) + P(N(B(X,t)) > n) + ne(z — t) + ne((z — t)/t),

(VAN VAN VAN VA

where we have used Equation (H).
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18 C.Bordenave

For n > 0, we fix ¢ such that P(R > ¢) < n. Note also that P(N(B(X,t)) > n) <
exp(—nln =27). Hence taking, n = [1/4/f(x)], we deduce that

Cltd

limsup P(F(zey, 7o) # F(ze1,7—¢,)) <,

and it follows lim,, P(F(xzeq, 7o) # F(xe1,T_.,)) = 0.
To complete the proof, notice that 7_., is stationary: F(zei,7_.,) and F(0,7_.,) have
the same distribution. a

Remark 2 It is easy to check that the vector X — A(X) (and hence the progress P(X)) or
the degree at X are stabilizing functional for 7_.,. So are the first k segments of the path
from X to the origin in 7_.,, for all finite k, or the subtree of the directed navigation forest
rooted in X and of depth k.

Theorem [ has to be related to the convergence of graphs as it is defined for the Objective
Method (refer to [2]). Let S, denote the natural translation on geometric graphs induced
by the translation by x of point sets. As an immediate corollary we have:

Corollary 1 If Equation (@) holds and if | X,,| tends to 400 and X,,/|X,,| to e1 then S_x, o
To(NOXn) converges to T_.,(N°) for the local weak convergence. Moreover if (e}),n € N
converges to ey then Ten converges to 1., for the local weak convergence.

2.2 Sketch of Application: Spatial Average

In this paragraph, we explain how it is possible to state a spatial average result on the
navigation tree. It is not in the scope of this paragraph to state a precise result but rather
to point out the good references, for a detailed application on the radial spanning tree see
[9). Let F be a stable functional on the navigation tree with value on R;. We consider the
sum
T(r)= Y L(X € B(0,r)F(X,T).
XeN

We assume that the conclusion of Theorem [ holds, that mx = EF (X, 7y) depends only on
| X | and that mye, is uniformly bounded and converges to m = EF(0, 7, ). From Slyvniack-
Mecke Theorem, we deduce:

ET(r) :wd,l/ mxelxd_ld:c,
0
With the change of variable : ¢ = £, this leads to :

T 1
E (r) = Wg_1 tdilmtmldt,
rd o
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Navigation on a Poisson point process 19

The dominated convergence theorem together with lim, oo Mye, = m gives:

T()

1
= wd,lm/ t4dt = mmy.
r—00 0

Indeed we can hope to prove a stronger result: the almost sure and weak conver-
gence of LU to mmy, that is the convergence of T(r) = 1/EN(B(0,r)) Yoxen (X €
B(0,r))F (X 7o) toward 1/EN(B(0,7)) > xeny (X € B(0,7))F(X, 7e,).

The weak convergence could be derived from Theorem 2.1 of Penrose and Yukich [27]. To
prove an almost sure convergence, we consider a slightly different problem, we draw indepen-
dently N points uniformly and get a finite point set Fy = {0, X1, ..., Xy} and we build the
navigation tree 7;~ on the point set Fy. We define T(Fy) = ZN F(X,, T]™), assume
for example that F is homogeneous of order a, T(A\F) = \*T(F)) for A>0. N(B(0,7))/rd
tends a.s. toward mg hence by homogeneity, to prove that T(; ) converges almost surely

T(Fn) a/d
N(@—a)/d

tends to m7®/®. Since we

Nd( ff/)d converges a.s.

toward a constant. If T' satisfies a smoothness property, this will be a consequence of Rhee
and Talagrand concentration inequalities, refer to the monographs of Yukich [33] and Steele
[30].

It is important to notice that spatial average and path average have no reason to be
equal when the navigation is not memoryless: lim, .o 1/N(B(0,7)) > xcpo,m) (X, Ze,)

could differ from lim| x| 1/H(X) kH:(é() 'R(AR(X), T,).

toward mgm it is necessary and sufﬁment to prove that

2.3 Example: Progress Distribution in the Small World

In this paragraph, we give an example of a computation of the distribution of a local func-
tional of 7., and 7.

We consider the navigation on the Small World A and the directed navigation depicted
A, in §LOT Model 3. We will soon check that the directed navigation is defined if and
only if § > d. Let F denote the distribution function of the directed progress in the Small
World P, (0) = (A, (X),e1) and Fx the distribution function of the progress at X in the
Small World P(X) = |X| — |A(X)].

Lemma 2 Assume d > 2, the following properties hold:
1. If B > d, ast goes to infinity:

_ 2 71'/2
F(t) ~ ;wd 410 /0 cos®=49do.

2. If B > d then for all function e € (°

lim sup P79 Fx(t) — F(t)| =0.
| X[ =400 1< X |e(|X )
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3. If d—2 < B < d, the distribution of |A(X)|/\X|1_# converges weakly and
A

E(]1 —||A(X) #0) < 0.
sup (|n|X|lng|| (X) #0) < oo

4. IfB=d, let Fx be the distribution P(X)=—In(1-P(X)/X) € [0, +00], Fx converges
weakly to F with [ F(s)ds = i € (0,+00). Moreover, for all € in (°

lim sup | Fx(t) — F(t)| =0.
| X|—=+00 +<In| X |e(|X])

As we will see in the next section, the weak convergence results given in statements 2l Hl
and B of this lemma will be used to derive various limits.

Ford > 3 and 0 < 8 < d—2 the reader should be convinced that similar weak convergence
results hold. To avoid longer computations, we will not try to compute the explicit scaling
at which the distribution of |A(X)| exhibits a non-degenerated limit.

The computation for d = 1 are simpler and the same result holds with different constants.
Note that this Lemma implies a similar result on Model 2, in statement [I it suffices to rescale
by P(P(0) = 0) = exp(— fH(O) f(y))dy) and statements 2 Bl and Bl hold without change.

All the distributions can be computed explicitly. The distribution F in statement B is
given by Equation () and the weak limit of |A(X)|/|X |1’¥ has a distribution obtained
in Equation (g)).

Proof. The proof relies on explicit computations and does not involve any subtle argument,
we skip most details.

Statement [l

Let G = (N, E) denote the Small World graph and V(X) ={Y : (X,Y) € E} the set of
neighbors of X in the graph G, V(X) is a non-homogenous Poisson point process of intensity
f(X = z|)dz. We have

P(P(0)>t) = P(V(0)NH(t)#D)
1 —exp(— d
p( /H(t)f(y) Y)

~ f(y)dy,
H(t)
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as t tends to infinity. Let A; = fH(t) f(y)dy, writing y = r cosfe; +r sin feq with {e1,e2) =0

and ey € S9!, we obtain

/2 poo
A, = 2wd,2/ / f(r)rdildrdﬂ
0 t/ cosf

/2 poo
~ 2wd,2/ / er®=P=1drdp
0 t/ cos

2ewq—y [Pt
~ 22 2/ (——)"~Pdb
0

6—d cos 6
/2
72&}[172 =8 / cos’ 1 0de.
p—d 0

Statement @
We can suppose without loss of generality that X = —zxe;, with z > 0. By definition,
for t < a:

P(P(X)>1) = P(V(X)NB(0,z—t)(t) #0)
=1—Pmevm»wm—/ X — y))dy)
B(0,z—t)

_ 1_u_f@»mm_/’ FX — yl)dy)

B(0,x—t)

In R? for w € (0,1) and 0 < 6 < arcsin(1 — u), the straight line with equation y = tan@
intersects the sphere of radius u and center (1,0) at two points of respective norms A(6, u)
and B(f,u). A direct computation leads to

u@-w),  wu u

A(0,u) = cosO(1— cos20 ' cosf + 0(0059)
B0 = cosf(1+ /1“2y — a5 )
,u) = Cos cos20 ' cos cos @ © cosf’

Let Ay(z) = fB(O oty F(X = y|)dy, we get as t, x tend to infinity and t/x tends to 0:

arcsin(l1—t/z) pxB(0,t/z)
A(z) = 2wd,2/ / f(r)yri=tdrdg
0 zA(0,t/x)
arcsin(l—t/xz) paxB(0,t/x)
~ 2wd,2/ / er®P=1drap
0 zA(0,t/x)
) B arcsin(1—t/x)
o 2w / (@A, t/2)" 7 — (xB(6, t/x))*Pdo
f—d Jo
~ F(t).
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It follows also

/2 arcsin(l1—t/xz) pxA(0,t/x)
[Ai(z) — A(t)] < / f(r)ri=tdrds +/ / f(r)yrt=tdrds
a 0 t

resin(1—t/x) cos(0)

arcsin(l1—t/xz) poo
+ / / f(r)ri=tdras
0 T

B(6,t/z)

and if t = 29 Pe(x), with € € (0, we easily get that t°~¢|A,(z) — A(t)| tends to 0.
Statement [
Let U(X) = |A(X)|/z* = (x — P(X))/z* with |[X| =z and a=1—-(d - 3)/2 € (0,1).
Let 0 < s < z'7%, we have

PUKX) <s) = 1-(1- f(x))exp(—/ FUX = yl)dy),

B(0,sz)

= 1- (1 — f(x)) GXP(—AxfszD‘ (CC)),

with as z tends to +o00, uniformly in s < xl_o‘/, o > a:

arcsin(sz®~ 1) prxB(f,1—sz*" 1)
Apspo(z) ~ de_g/ / erd=P=1drdp
0 zA(f,1—sz>—1)

1

9 B arcsin(sz®7")
CWd—2 / (xB(6,1 — sz 1) P — (zA(0,1 — sz~ 1)) Fdp.
0

d—p

~

We have B(#, 1—s2®1) = cos 0(14+/s222(@=1) / cos? § — tan? §) = cos O(1++/s228~4/ cos? § — tan® )
and A(0,1 — sz®71) = cosO(1 — /s228~4/ cos? § — tan? §). Hence as = tends to oo:

(zB(0,1—sz* 1)) P—(2A(0,1—s2°"1))4P ~ 2(d—B)x? P cos? P 9\/52:1:[541/ cos? ) — tan? 6.

and we obtain:

arcsin(sz(F=9/2)
Ap—spo(z) ~ 4cwd_2/ 2978 cos?=P 9\/52x5*d/ cos? 6 — tan? 6d6
0
~  dewg_os>.

Finally we have proved that uniformly in s < z(?=%)/2=7 ( for some 7 > 0):

lim P(U(X) > s) = exp(—4dcwq_25?). (8)

| X| =00

and this concludes the proof of statement

INRIA



Navigation on a Poisson point process 23

Statement [} Similarly, we still suppose that X = —xze;, with > 0, let s > 0 and
u=1--exp(—s) € (0,1):
P(P(X)>s) = P(P(X)> zu)
— 1 (- f@)ess(- [ 71X ~ ).
B(0,(1—u)x)

as above with A;(x) = fB(O,z—t) (X —yl)dy:

arcsin(l—u) paxB(0,u)
Aue(z) = 2wi_o /O / f(r)yritdrdd

A(0,u)
arcsin(l—u) przB(6,u)
N 2Wd72/ / ¢/ rdrdf
0 TA(0,u)
arcsin(1—u) B(@ ’u,)
~ S 1 " 2df
cwq 2/0 nA(G,u)
We define
~ aresin(exp(—s)) B 1 — exp(—s))
F(s) = 1—exp(—2cwq_ In 7 v "
(s) p(~2es2 | (6,1 = exp(—s)) ¥ o

1= exp(-c [ lex — y|~dy).
B(0,exp(—s))

A direct analysis shows that, as s tends to +oo:

F(s) ~ dcwg_se%. (10)

The statement B follows. ]

3 Path average for memoryless navigation

In this section we assume that A is a memoryless navigation and we derive various results
on the asymptotic of H(X), the generation of X in the navigation tree 7y.

3.1 Finite Mean Progress
3.1.1 Non-Homogeneous Renewal Equation

In this paragraph, we assume that the distribution of g(X, A(X)) and Py(X) is invariant
by rotations with center 0. Let = > 0, z(x) = Eg(ze1, A(ze1)), Z(x) = EG(ze;) and Fy
the distribution of Py(zei), z > 0. from the independence property of the memoryless
navigation, we deduce immediately:
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Z(x) =z(z) + /01 Z(x —r)Fy(dr), (11)

where Fy(dr), 0 < r < z, is the measure of progress. and z(x) is the mean weight of the
link to the ancestor. We define also the mean generation, U(z) = EH(x):

U(x)=1+ /Om U(x —r)F,(dr), (12)

We assume:

(i) Z(x) is finite for all .

(i)  F, converges in f-norm to F the directed distribution of progress with f(r)=1+r.
(iti) p= [, rF(dr) € (0,+00).

(iv)  zis a bounded Riemann function and I = lim,_, ; z(z) exists and is positive.

Theorem 2 Let a < b, under the foregoing assumptions, as x tends to infinity,

Z(x)wix. and U(m+a)—U(x+b)—>b_a.
[ 1

The proof relies on the Renewal Theorem and on a few technical lemmas.

Lemma 3 There exists a positive constant C1 such that
Z(x) < Ci(z+1).

Proof. Let M (x) = supg<;<, Z(t) and L an upper bound for z. M(z) is finite (Assumption
(i), M is non-decreasing and

M(z) < L+/01M(:c—r)Fz(dr).

From Assumption (ii), the sequence of measures F,, converges in total variation and F/({0}) <
1 (indeed p > 0 by Assumption (iii)). Thus we may find 2y > p > 0 such that for all z > =,
F([0,p],x) < 1/2. We deduce for z > z(:

M(r) < L+ M) + 3 M(a — p),

which in turn implies:
2L
M(z) < —a + M(zo).
p
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Lemma 4 Let §(z) = Cy [/ (x — r + 1)|Fy(dr) — F(dr)|. 6 is a bounded Riemann function
and

lim 6(z) = 0.

r—00

Proof. Since §(z) < C4 fooo (r + 1)|Fy(dr) — F(dr)| this lemma follows immediately from
Assumption (ii). O
We state a straightforward corollary of the Renewal Theorem as it is stated in [T10].

Theorem 3 Ify is a bounded Riemann function, the solution Y of the renewal equation:

Y(z)=y(z)+ /01 Y(x —r)F(dr)

satisfies as x tends to infinity:

Now we can turn to the proof of Theorem
Proof. Let Z be the solution of the renewal equation given by:

Z(z) = z(z) + /01 Z(x —r)F(dr).

Assumption (iv) and Theorem Bl (applied to y(z) = z(z)) imply that Z(z) ~ lz/u. Note
also:

|Z(x) — Z(x)|

IN

/x Z(x —7)|Fy(dr) — F(dr)| —i—/z |Z(x — 1) — Z(x —r)|F(dr)
0 0

IN

o(x) + /OI |Z(x—1r)— Z(:v —r)|F(dr),

where §(x) is a bounded Riemann function in view of Lemmas Bland @l From Lemma [l and
Theorem Bl (applied to y(z) = d(z)):

L 12 = Z()

r—00 €T

=0.

Hence: ;
Z(x) ~ Z(x) ~ —1.
()~ Z(@) ~ =
It remains to prove the more precise statement for U (). Let U the solution of Equation (I2)
where F}, is replaced by F. We ¢ as previously for the function z = 1. Let 0 < a < b and
a non-decreasing function g with g(z) <  and g(x)/x tends to 0 at infinity. Now assume
that z(z) = 1(a,b)(x — g(x)) will be chosen later and define Z and Z as above. Note that

Z(x) =U(x — g(z) —a) — U(z — g(x) — b) (resp. for Z and U).
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Note that F' cannot be arithmetic since F' is the limit of a distance between two points
in a PPP. Then the Renewal Theorem (first form) (§XI.1 in [I0]) implies:

b—a

IILII;OZ(Q:):xlin;oﬁ(x—a)—ﬁ(x—b): T (13)
Moreover:
|Z(z) - Z(z)] < /OxZ(m—r)le(dr)—F(dr)+/01|Z(I—r)—5(:c—7’)|F(dr)
< 6(x)+/0x|Z(x—r) — Z(x —7)|F(dr)

z—g(x) N
< S()+ /0 Z(x — 1) — Z(z — r)|F(dr),

indeed Z(xz — r) and Z(x — r) are equal to 0 for z — r — g(z — r) < a < 0 and thus for
r>x—g(x).
We deduce (Equation §XI.1 (1.5) in [I0]):

1Z(2) - Z(a)] < / PRI (14)

Let I, = [n,n + 1), n € N, from Assumption (ii) sup,¢;, 6(z) = m, < oo, let 5(x) =
Yo.mpl(z € 1,). 5 is a bounded Riemann function and lim,_, S(m) = lim, 00 My, = 0.
By Lemma 24 (in Appendix), we may suppose that g has been chosen so that f;_q(m) o(r)dr

tends to 0 as x tends to infinity.
Equation §XI.1 (1.17) in [I0] stated for Equation ([[d) asserts:

- 1 @ _
lim |Z(z) — Z(x)] < — lim o(r)dr = 0.
T—00 H x—00 z—g(z)
The theorem follows then from Equation (I3). O

Remark 3 Z is the expectation of the sum of length of the links that connect a point
added to the PPP at (x,0) to the axis = 0 in the directed spanning forest model. We have
therefore proved that the Z(x) is equivalent to the asymptotic model as z tends to co.

3.1.2 Law of Large Numbers

We now prove an almost sure convergence result for H(X) on the path 7(X) from X to 0
in the memoryless navigation with non-negative progress.
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Proposition 7 Assume that Fx converges weakly as | X| tends to infinity to F and that
(Fx) is uniformly integrable then a.s.
H(X)

1
lim —t ==
[X[—to0 X I

)

where p = [;° rF(dr) < co.

Before proving this proposition, we will state two lemmas. The first lemma will be often
used.

Lemma 5 Let A is a navigation with a.s. positive progress on a PPP or a PWIT. Let
zo >0, 7(X) = inf{k > 0 : |A*(X)| < 20}, and let £(X) be a positive R — R function
tending to oo as | X| tends to co. If a.s. (resp. in LP) 7(X)/(X) converges to Z then a.s.
(resp. in LP) H(X)/¢(X) converges to Z.

Proof. We have:
T(X)<HX)<7(X)+ sup H(Y),
Y €B(0,20)NN" ¥ (X)

hence it is sufficient to prove that, for s small enough:
E sup exp(sH(Y)) < o0.
YeNNB(0,z0)
The progress is non-negative: A(X) € B(0,|X|), it follows that for a navigation on a
PPP: Esupy ¢ nnp(0,20) XP(sH(Y)) < Eexp(sN(B(0,70))) < oo. For a navigation on a
PWIT, the vertices in T(Y") of first generation is a PPP, and |A(Y)| < ¢(Y) where ¢t(Y) =
argsupzennp(o,v)) |4l Let C(X,t) = B(0, | X[)\B(0, |X| - 1), (X) is a stopping time for
the filtration {]:g(x,t)}ogtS\Xl- Since N N C(X,t) is independent of N N B(0,t), we obtain:
Eexp(sH(Y)) < Eexp(sN(B(0,|Y])) < oo for s small enough. Let (Uy),k € N, be an iid
sequence of r.v. with the distribution of exp(sN(B(0,x¢))). From the independency of the
subtrees in a PWIT and using Wald’s formula, we get

N (B(0,z0))
E sup exp(sH(Y)) <E Z Uy = mardBU; < .
Y eNNB(0,x0) =0
O
We consider the following property:
If € € £0 then lim x| oo [iX XV Py (1) — F(t)]dt = 0. (15)

From Markov Inequality, Property (@) is implied by the stronger property, for some
a>1:
If e € /° then lim sup  t*|Fx(t) — F(t)|dt = 0,
[ X|—00 <X e(1X])
which has already appeared in Lemma The next lemma asserts that Property (&) is
implied by the assumptions done in Proposition [
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Lemma 6 If Fx converges in f-norm to F with f(r) = r then Property {I3) holds. Con-
versely, if Fx converges weakly to F and {Fx} xera S uniformly integrable then Fx con-
verges in f-norm to F with f(r) =r.

Proof. Let 1 > 0, there exists 2y such that for all X, |X| > g,
sup |/1/) ) EF'x (dr) — /1/) F(dr)| <n.
il (r)|<r
Let Ax(t) =1—|Fx(t) — F(t)] and I = {t: Fx(t) > F(t)}, we have

/Zx(t)dt = /|FX (t)|dt

| |
—
&v\
3
V’ij
5 2
-~
& =
Y
I
—
@Q
=
=
&
I
—~
—
2
&
3
&
+
T
—
U
3

=7

where we have used Fubini’s Theorem and set ¢(r) = rl(r € I) —rl(r € I¢), |¢(r)| < r.
We now prove the converse statement the hypothebls imply that for all » > 0 there

ex1sts T such that for all X f ¥ (t)dt < n and fT F(t)ydt <n. Let (r) <r, I = {t:
Fx(t)F(t)} and ¢(r) =rl(r € I) —r]l(r € I°). As above:

| [veirsan - [omran < [owExn - [orar)

< [IEx - Pl
T
< o4 / P (t) — F(8)|dt.
0
and the second term tends to 0 by assumption. O
We turn to the proof of Proposition [@
Proof. We first assume that ¢ > 0. Let 0 < n < p/2 and e(X) = 1/+/|X]|, by Lemma [ we

may find 2y and a function f such that if | X| > zo:
1t < VIX(F@) = f(1) < Fx(t) < F(t) + f(2).

where [ f(t)dt <n, f(t) < F(t) andf”XF) F®)dt > p—2n.
Let 7(X) = inf{n : |X,| < :co} and (Up),n € N, (resp. (V,,),n € N) be an iid sequence of
variables with tail distribution 1A (F+ f) (resp F — f). We now define: Y,, = |X|— Z;é Uy,

Zn = |X| = X020 Val (Ve < Vo),
(X)) =inf{n: |V, <zo} and 7_(X)=inf{n:|Z,|> zo}.
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From Lemma P8 (in Appendix):

L (X) > n)Zn £ 1(r(X) > )| Xa| € 1(r(X) > n)Y,

We deduce that: . .
7 (X) £ 7(X) < 74 (X). (16)

We have EU,, < p+n and EV,, 1(V,, < \/zg) > p— 2n. By the elementary renewal Theorem,
a.s.:
_ (X 1 X 1
lim inf T-(X) > .and limsup 7+(X) < .
X | X pEn X | X | pw—2n
From Equations ([H) and () we get a.s.: liminfx 7(X)/|X| > 1/(p+n) and limsup y 7(X) /| X| <
1/(pr — 27n). Then by Lemma B, H(X)/|X| tends a.s. to 1/u. For p = 0 the same proof
works but we consider only 7_(X). O

(17)

3.2 «-Stable Model

We now turn to the case, let 0 < aa < 1, ¢ > 0:

— c
F(t) ~totoo 75 (18)
In this model, the directed progress is a.s. finite but it has an infinite mean. This case is
slightly more complex than the previous. The tail of F' is very large and due to some large
jumps, the directed navigation differs significantly from the navigation. In view of Lemma
Bl the extra assumption is

If e € ¢° then lim sup Y| Fx(t) — F(t)] = 0. (19)
X0 1< Xe(] X))

This assumption is a uniformity assumption on the convergence of Fx to F to guarantee
that the tail of Fx converges uniformly to the tail of F'.

Proposition 8 Let x, a random variable with a-stable distribution: Eexp(—sxq) = exp(—s*).
If Equations [I8) and ({I3) hold then

H(X) 1
lim P > >P a/QZI‘l—act
Jim B > 0> PG > T - a)e)
and
i s EH(X) 11—«
imsup <
| X|—o00 |X|a c
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This proposition is somewhat disappointing: we have not managed to prove that H(X)/| X |“
converges in law. Equation ([[d) is the best convergence that we can hope to prove however it
is not sufficient: directed navigation and navigation do not have the same exact asymptotic
behavior.
Proof. The proof of this theorem is similar to the proof of Theorem [ Let €(X) € ¢° such
that |X|e(]X]) tends to infinity and fix n € (0,¢), by Equation (), we may find z¢ such
that for all X with | X| > xq:

1(t < [X[e(|XD)(F(t) —nf(t)) < Fx(t) < F(t) +nf(t), (20)
where 0 < nf(t) < F(t) and f(t) ~t= .

Let 7(X) = inf{n : | X,| < 2o} < H(X). Following the proof of Theorem [ and using
Lemma 7 (in Appendix), the right hand side of Equation [0) gives:

|T§<)|(63 > ) 2 P(xg /" > T(1 = a)(c +m)t).

lim inf P(
X

The proof of the left hand side of Equation (20) uses Lemma Bl (in Appendix):

i s Er(X) -«
im sup < .
x [ X[ve(| Xt T e—n

Since this last equation holds for all function ¢(X) tending to 0 at infinity we deduce:

Then using Lemma B we deduce that limsup EH (X)/|X|* < co. We can go one step further,
using Remark B we have: limsupy EH(X)/|X|* < 2(1 — «)/c. Indeed, fix 7 > 0 and let
ex(X) = | X|/*, for | X| large enough, for all k: EH (X)/|X|/k+at=1/k < 2(1 —a)/c +n.
(from Equation (&1)). O

Remark 4 If we had supposed instead that the directed progress tail was equivalent to
1(t)/t~ for a slowly varying function ! then the same type of convergence result holds with
| X |* replaced by | X|*/I(]X]).

3.3 Relatively Stable Model

We now turn to a limit case for some ¢ > 0:

— c

Proposition 9 If Equation (ZI) holds and
If e € (° then lim sup ¢|Fx(t) — F(t)| =0, (22)

X[ =00 t<| xe(| X 1)
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then a.s.
lim H(X)ln|X|_l

Proof. The proof is similar to the proof of Proposition B We fix a function ¢(X) tending to
0 with | X|e(X) tending to infinity. Equation (E0) still holds with f(¢) ~ 1/¢. Using Lemmas
P8 and Bl we deduce:

a.s. liminf M

and  limsup EH(X)In| X]e(X)

1
> -

1
< =
C

If €(X) = |X|"/", we have: limsup EH(X)1In|X| < n/(c(n —1)). This last equation holds
[X]

for all n, hence: lim sup w <1/e. O

3.4 Scaled Progress

We discuss in this paragraph cases when P(X) does not converge toward an asymptotic
progress but rather | X|~%*(]X| — P(X)) for some 0 < o < 1.

3.4.1 Scale Free Progress

A case which will has an important impact in applications is a = 1: the scaled dis-
tribution of progress, P(X)/|X|, converges weakly to a non-degenerate limit. Following
Meester and Franceschetti in [I2], we say that the navigation is scale free if the distri-
bution of P(X)/|X| does not depend on X. Similarly the distribution is asymptotically
scale free if the distribution of P(X)/|X| converges weakly to a non degenerate limit.
Let P(X) = —In(1 — P(X)/|X|) € Ry U {+00} and Fx(t) = P(P(X) > t). Note that
IP’(P(X ) = 00) may be positive. We assume that Fx converges weakly to some limit dis-
tribution F. We can deduce from the finite mean case an almost sure convergence re-
sult of H(X). Indeed, define for i < H(X) — 1, let P, = —In(1 — P(X;)/|X,|), we have
| X% = |X| Hi:ol(l — P(X;)/|X;]) and In | Xy| =In | X]| — Zi:ol P;. The corresponding path
in RU{—o0} is #(X) = {In|X|,In|X| — Py, ...,—0o}. Let 7(X) = sup{n : In|X,| < 0},
from Lemma H a.s. 7(X) and H(X) are equivalent as | X| tends to infinity (provided that
they tend to infinity). We may apply Proposition [ to the path 7(X) up to In | X (x)|. We
immediately deduce the following result:

Proposition 10 If Fx converges weakly to F' as | X| tends to infinity and (Fx) is uniformly
integrable then a.s.
HX) 1
11m = =,
|X|—+oo In|X| [

where i = [ sEF(ds) < oc.
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3.4.2 Subcritical Case

We study the case when (| X| — P(X))|X|™® is non-degenerate for some 0 < o < 1. Let
UX) = [AX)[X]7* = (| X]| = P(X))[X] 7

Proposition 11 Assume that sup xcpa E(|In U (X)||U(X) # 0) < 400 then a.s.

. HX) 1
\X|ﬂmlnln|X|_ Ina’

Note that the proposition does not require any weak convergence of U(X) toward a
non-degenerate limit.
Proof. For 1 < k < H(X), let Uy = |Xp||Xp—1|7® If k < H(X), In|Xy| = o*In|X| +
SF L oF 7 InU; hence:
In| Xy = o In|X| + Ry, (23)

with |Ry| < Zx = Y%, o ¥|InU;]. With the convention that Z = 0 for k > H(X),
(Zk, Xk), k € N, is a Markov chain and

Zk+1 = O[Zk + |1nUk+1|.

Let 0 < 8 < 1—a, by assumption there exists C such that sup y cge EL(U(X) # 0)| In U (X)| <
C; (with the convention "0 x co = 07). It follows

E(L(H(X) > k+ 1)(Zes1 — Z4)| 2k = 2) —(1-a)z+C

<
< —pz+Ci1(z € O), (24)

with C={z € Ry : 2 < Cy/(1 — a— B3)}. Equation (4] is a geometric drift condition on a
Markov chain (see (V4), p371 in Meyn and Tweedie [23]). Let K = inf{k > 1: Z; € C}, by
Theorem 15.2.5 in [23], for some s > 0,

sup E(e* BN X)) 75 = 2) < o0. (25)
zeC

Let 29 = exp(1+ C1/(1 — a — f3)), By Lemma [ it is sufficient to show that a.s.
. 7(X) 1
| L =
\X|1—r>1-1§—oo Inln | X| Ina’

where 7(X) = inf{k > 0 : | Xj| < zo}. We fix € > 0 and let (X™),n € N, be a sequence in
R? such that |X™| tends to infinity. We define K (n,¢) = [—(1 4 ¢)(Inln|X™|)/(Ina)] and
K'(n,e) = H(X) ANinf{k > K(n,¢) : Z; € C}. From Borel-Cantelli Lemma and Equation
&3), a.s. for n large enough K'(n,e/3) < 2K(n,e/3) < K(n,€). Therefore for n large
enough, from Equation (Z3)):

I [ Xk (o) < I [Xiernesm] < ([ X))+ C1/(1 - a = B) < Inay,

INRIA



Navigation on a Poisson point process 33

and it follows that a.s.
7(X) < 1
Inln|X| ~ Ina’

lim sup
X

The same computation can be done with K (n,—¢) and we deduce easily the statement of
the proposition. O

3.5 Average along a Path

We have so far taken interest only in H(X), more generally we may try to find some almost
sure convergence results for

G(X) = Z 9(Xi, Xiy1) = 9(X, A(X)) + G(A(X)).

=0

H(X) is the case g = 1. This is straightforward to generalize our results to G(X). The
same analysis can be done and we obtain for example:

Lemma 7 Assume that H(X) tends almost surely to infinity, that (g(X, A(X))xecre con-
verges weakly as |X| tends to infinity and (g(X, A(X))xcrae is uniformly integrable then
a.s.:

where v(g) = lim| x| 400 Eg(X, A(X)).

The proof of this lemma is omitted since it is identical to the proof of Proposition [
It is possible to get a convergence result even when no weak convergence holds.

Lemma 8 Assume that H(X) tends almost surely to infinity, that v(g) = lim| x| 4 Eg(X, A(X))
exists and that sup e Elg(X, A(X)|? is finite, then a.s.

G(X)
lim ——= =v(g).
W) VY
Proof. As above F,, denotes the o-algebra generated by Xo, ..., X,,. Since E(|g(Xg, Xx+1)]?) <
M < oo, from Theorem VIIL.9.3 of [I0] a.s.

H(X)-1
Jm - ];) 9( Xk, Xig1) — E(g(Xp, Xgr1)|Fr) = 0. (26)

For a memoryless navigation E(g(Xy, Xi+1)|Fr) = E(9(Xk, Xk+1)|Xk), thus our as-
sumption implies a.s. lim| x| 400 E(9(X%, Xi41)|Fx) = v(g) and consequently a.s.:

| | HE-1
‘X%ﬂmm kgo E(g(Xk, Xi+1)|Fi) = v(9). (27)
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Equations [£8) and 1) lead to:

H(z)

9( Xk, Xiy1) = v(g).
=1

lim G(—X = lim 1
|X|—+oo H(X)  |X|>4o0 H(z)

O

Remark 5 If the assumptions of the lemma hold with g(X,Y) = | X| —|Y], (X, A(X)) =
P(X) then we obtain, a.s.:
RY

H(X) — .

We thus deduce an alternative proof for the convergence of H(X)/|X| (under different
conditions).

4 Path Average for Navigation

We now turn to a more challenging question: the analysis of decentralized navigation on a
PPP. The analysis in the PWIT or in a memoryless navigation was greatly simplified by the
fact that the progress P(X}) was depending on the past history Fj = o(Xo, ..., X) on the
sole position of the Xj. This property enabled us to rewrite the path as a non-homogeneous
random walk.

As it pointed in [8] there is a technical issue to cope with in a navigation A on the PPP:
the dependency structure is much more complicated. In the Small World navigation for
example, if A(X) = Y then it implies that there are (stochastically) fewer points of N°
in B(0,|Y]). So the navigation along these edges will not have the nice property of the
navigation on the PWIT. We will circumvent this difficulty by a coupling argument, more
precisely we will prove that the navigation in the Small World is regenerative.

4.1 Path Average for Regenerative Navigation

In this paragraph, we exhibit some sufficient conditions for a regenerative navigation to have
converging path averages. Let A be a regenerative navigation and @ its regenerative time: A
is a memoryless navigation. We define P(X) = | X|—|A(X)|and P?(X) = | X|—|A%(X)|. Let
0p =0, 0; =0 and 0, = 0(Xy_1), for k > 1. We define H?(X) = inf{k > 0: A% (X) = 0}.
The next lemma is elementary but nevertheless useful.

Lemma 9 Let /(X) be a positive RY — R, function tending to oo as | X| tends to co. We
assume:

1. H9(X)/{(X) tends a.s. to 1/p, u> 0.
2. Ef < oo.
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Let lim x| o0 EO(X) = 0, the following limit holds a.s.

H(X)

I -
X oo £(X)

=<l

Proof. Note that 0o (x)—1 < H(X) < 0ye(x) hence:

Orox)—1  H(X) _ Onorx)
X)) S S

Let A = A%, we can apply Lemma [ to g(X, A(X)) = 6(X): we get that 0o (x)/H?(X)
converges almost surely to 6. O

This simple lemma states that the behavior on regenerative navigation relies on the
behavior of its embedded memoryless navigation.

4.2 Directed Navigation on the Discrete Lattice Small World

The aim of this paragraph is pedagogical: on the simplest example we build a regenerative
sequence. The point set N is a thinned one dimensional lattice. More precisely, let (U;),i €
Z, be a sequence of iid Bernoulli random variable, P(U; = 1) = p > 0. A point i € Z is in N

ifU; = 1:
N => Ui
=

The connection graph G = (N, F) is a Small World graph: vertices ¢ and j are connected
with probability: |i — j|7%, 8 > 1, independently of the other conditioned on the event that
i has at least one neighbor on its right. Let (Vi;),7 < j,%,j € Z, be a sequence of random
variable on [0,1] and V;; = Vj;, Vi; = 0. There is an edge between ¢ and j if V;; < |i —j|~ B,
We consider a maximal directed progress navigation to the right:

A(i)y =sup{j € N : (i,j) € E} =sup{j € N : V;; < |i — j| "}

We assume that (Vi;),i < j,i,j € Zis independent and uniformly distributed conditioned
on the event: @ = U;Q; and Q; = {3 5, U;1(Vi; < |5 — |7 #) > 0}. In the computations
(Vij),i < j,i,j € Z will denote a sequence of iid variables uniform on [0,1]. We have

PR 51U (Vi <li—il ) >0)=1- [[>(1— JB) AL
As above the directed progress is defined by P(i) = A(z) —4 > 0. For ¢ > 1:

P(P(i)=t) = MP{Ud(Viire <t™%)=1} [ {UL(Vie > [k —i|7%) = 0})

k>t+i+1
A5 STIo-5

j>t
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From similar computations, we also obtain for 3 > 1, as t tends to infinity:

P(P(i) > t) =1 -1 - [](1- %))H(l—j%) ~y =418, (28)

i<t I S -1

It follows that P(i) is almost surely finite for 3 > 1 and that EP(7) is finite for 5 > 2.

We define Xo = 0, X}, = A¥(0), Py = P(X}) = Xp41—Xg. Let Nj = NN[j+1,+00] -7,
Nx, = Ei>l Ux,+i6i, Nx, is the future of the navigation sequence. In particular Ny =
> i>1 Uidi, where (U;) are iid Bernoulli variable. The distribution of Nx,,k > 1, is not
as simple as the distribution of Ny: X and (U;)i>x, are correlated: the navigation is
anticipating with respect to the natural spatial filtration.

Consider the same navigation on Z with the same V;;: A(i) = sup{j € Z : V;; <
|i — j|~P}. Similarly we can compute the distribution of P(i) = A(i) — i. It is important to
notice that P(i) > P(i) and for t € N:

P(P(i) = P(i)) = A\p and P(P(i) — P(i) > t) < C1#**=7), (29)
for some positive constant C;. The first equality comes from the fact that P(P(i) = P(i)) =
P(Uzq, = 1) = AP(Uz) = 1,22,5, UiVij > 0) = Ap. The second inequality in Equation
E3) stems for the fact that A(i) = max(A(4),.A*(i)), where A*(i) is the ancestor of i in
the dual point set: U = 1 —U;. As in Equation ([28), the tail of A*(i) — i is equivalent
to (1 —p)t'=?/(8 —1). For t > 1, a direct computation leads to P(P(i) — P(i) > t) =
P(A%(1) — A(1) 2 1) = (5, (1 = Uagie) 1Vo a5 < PAG) +7179) > 0) < o205,
indeed on the event {U; = 0}, V; and V; have the same distribution.

Let Xo =Yy =0, Y, = A(Xjk—1). Fi is o-algebra generated by the variables (X1,Y7), ..., (Yx, Xi)

Theorem 4 If 3 > 2, A is regenerative: there exists a.s. a {Fy}tren-stopping time 6 > 1
such that: .
Nx,|Fo = No.

If 8 > 3, Ef < .

This theorem may appear weird: the process X}, is anticipating but there exists a stop-
ping time 6 which guarantee a regenerative property. This paradox vanishes if we remind
that 6 is a stopping time with respect to the filtration in time Fj and includes the variable
Y: which looks forward Xy in space. Fj is thus the horizon of spatial anticipation at time
k.

In order to prove Theorem Hl we will use a coupling between X and Y.
Lemma 10 Assume that there exists an a.s. finite time 0 € N* such that

X9 = max Yk,
k<60

then 0 is a regenerative time.
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Proof. Let Z,, = maxp<y, Yy. By definition Y,, = sup{j € Z : Vx, ; < |i — 417} hence
Zp =sup{j > Zp_1:Vx, ; <|i—j|*°}.

Assume now that Xy = Zy, 0 > 1: Nx, = > .o, Uxy4i0i = > ;51 Uz,+i0;. Let I =
{i1,...,in} be a finite subset in N\{0} and N(I) = >°,.; U;. The smallest o-algebra such
that NN; is measurable is the o-algebra generated by the collection (N(j +I) = ¢),I C
N\{0},¢ € N. It thus suffices to prove P(N(Xg + I) = t|Fy) = P(N(I) = t) for all finite
subsets I of N\{0} and ¢ € N. To this end, we write:

P(N(Xo+1)=t|Fs) = P(N(Zo+I)=t, (| (({Vxii+z, > (G + Zo — X)) "} Fo)

0<I<0 jeI

= PWN(Zo+ D)=t () ({Vxwirzo > (i + Zo — X0)™"}, F30)
0<I<l jeI

= BN(D)=1) (31)

Equation @) holds since for all j > 0, P(y<;cp, {Vx1j+2, > (1 + Zn — X;)7P}) =1 and
Equation (&) comes from the fact that, given (y<;«,, {Vx, j+z, > (G + Zn—X1) P}, Ujrz,
is a Bernoulli variable with parameter p. O

We need a natural definition to compare two point sets. Let N! = .. U}ld; and

st
N2 = ZZ—Zl U?26; we say that N! < N2 if for all finite subset of positive integers I and
teN: P(3,, Ul >t) <P, U >t).

Lemma 11 .
Nx, |Fr < Np. (32)

Proof. Let I be a subset of N\{0}, as in the proof of Lemma [, we write:

P(NXp+1)=t|Fx) = PINXp+1)=t, () ({Vxijrx. > G+ Xk — X)) HF)
0<i<k jeI
< PINXe+ D) =t [) [ {Vxijexe > G+ Xk — X)), F)
0<i<k jeI
< P(N(I) =),

indeed, as already pointed, for j > 0 given (o<, {Vx, j+x. > (G +Xp — X1) 7P}, Ujix, is

a Bernoulli variable with parameter p. O
We can now prove Theorem Hl

Proof. Let Z,, = maxg<, Yy and W,, = Z,, — X,, > 0, Wy = 0. By Lemma [[0 it suffices to

prove that there exists a time # > 1 such that Wy = 0. We rewrite W,, as:
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Wn = max (Y; - X")
1<i<n
= max (% - X)) + (X = X))
n—1
= llg%xn((n - Xi) - ; P),

(where by convention 22;711 - =0). We note that P, > 1. Let (0% )kren be a sequence of iid
copies of variables with distribution Y7, we deduce:

ot n—1

an( max (Ui—l_ Z 1))+

2<i<n—1 ,
k=i—1

That is W), is upper bounded by the largest residual service time in a GI/GI/oo queue (see
Appendix [[4). By Lemma B2 for 8 > 2 6 is a.s. finite and for § > 3 and Ef < oo. ]
As a consequence of Theorem Bl we have the following:

Corollary 2 If B > 3, there exists a constant p > 0 such that:
AF(0) 1

— —,

k @

Proof. Assume 8 > 3, by Theorem H there exists an increasing sequence (6,,),n € N, y = 0,

61 =0, 0,11 — 0, is iid and E(f,,41 — 6,,) < oco. This sequence satisfies: Nx,, £ Ny. We
define:

9k+171
6 __ —
P} =Xy, —Xo,= > P
=0y,

The sequence (PY), k € N, is iid. Let FY(t) denote the distribution function of Pf.
P(P, > t|F,) < 1(t > W) F(t) + 1(t < Wy). (33)

As t tends to infinity, from Equation ([E8), we have F(t) = P(Py > t) ~ %tl_ﬁ. It follows

0—1
EP) <EEPy+E» P < oo
1=0
Therefore, Corollary £ follows from the strong of law of large numbers. o

Our method fails for 3 € (1,3). For example for 1 < # < 2, we expect that .4%(0)
is of order of magnitude k'/(#~1)_ Nevertheless, this approach paves the way to proofs of
asymptotic results to directed navigation on PPP.
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4.3 Directed Navigation on a Small World

In this paragraph, we extend the results established on the discrete lattice to Poisson Point
Processes on R?. The method is exactly the same but the coupling is different.

We recall the model introduced in §L1l The navigation graph if G = (N°, E), N
is PPP on R?. We mark N to obtain a marked point process: N = > n0x,,v., where
Vi = (Vni)ien € [0,1]N. For X,Y in N, we will write V(X,Y) for V,,; where n and i are the
index of X and Y. Let f be a measurable function from Ry to [0, 1] such that for a constant

c>0and 8> d:
c

J(8) ~tohoo el
The Small World Graph is defined by:
(X, Y)e EifV(X,Y) < f(|X =Y.

We fix a direction e; in S%!'. The maximal progress navigation from X € N to 0 is
defined as:
Ae, (X) = argmax{(Y,e1) : (X,Y) € E}.

We define H(X) = {x € R¢: (x — X, e;) > 0}, the directed progress is positive if A(X,e1) €
H(X). We assume that the marks (V;;),7 < j,i,7 € N are independent and uniformly
distributed conditioned on the event: Q = {VX € N : fH(X) L(V(X,7) < |z—X|"P)N(dz) >
0}.

Let F be the distribution of the directed progress: P, (X) = (X,e1) — (A(X,e1),€1)
(which does not depend on e;). In this section P, (X) will be denoted for short by P(X)
and P, = P(Xg,e1)

The aim of this section is to prove the following theorem:

Theorem 5 The following assertions holds:
- If 6 >d+1, A is regenerative.

- If B > d+ 2, there exists a constant u > 0 such that:

(A*(0).e1) 1

— —,

k I

The remaining part of this subsection is devoted to the proof of Theorem Bl The proof is
parallel to the proof in the lattice case and relies on the existence of a regenerative sequence.
Proof. The set of neighbors of in G to X is denoted by V(X). It is a thinning a N and
V(X) is a non-homogeneous Poisson point process with intensity: f(|X — z|)dx conditioned
on {V(X)NH(X) # 0}. It the next computation V(X) will denote a PPP of intensity
f(|X — z|)dz obtained by an independent thinning of N. If A is a Borel set in H(X), 0 ¢ A
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thenN]P’(f/(X)(A) = 0) = exp(— [, f(IX — z])dz) and P(V(X)(4) = 0) = P(V(X)(A) =
0)P(V(X)(H(X) N A¢) > 0)/P(V(X)(H(X)) > 0). We then write:

P(N(A) =kACH(X1)) = B(V(X)(A)=0|N(A) = k)P(N(A) = k)/P(V(X)(4) = 0)

— T X k
= (- LfE ey 'ﬁ', (141 + [ 71X - et

= (4] - / FUX — da)f L exp(~|A] + / FX — zf)de).

In other words: N NH(X1) is a Poisson point process of intensity: (1 — f(|X —z|))dz. Since
f tends to 0, far from X7, the distribution NNH(X1) and NNH(0) are close. We formalized
this idea with the next lemma.

Lemma 12 For all X there exists a random variable Y (X) > (X, e1) + P(X) such that for
all Borel sets A with A C H(Y (X)ey), t € N:

P(N(A) = t|Y (X)) = P(N(A) = t). (34)

P(Y(X) — (X,e1) > t) < Cyt47P. (35)

This lemma states that there exists an a.s. finite length Y (X) such that beyond Y (X),
N given X, is distributed as an homogeneous PPP.
Proof. NN'H(X + P(X)ey) is a PPP of intensity (1 — f(|X — z|))dz. We build a coupling
to retrieve a PPP of intensity 1. Let V(X) be a PPP with intensity f(|X — z|)dz and
independent of N. Since V(X)NH(X + P(X)e;) and NNH(X + P(X)e;) are independent:
(V(X) + N)NH(X + P(X)e,) is a PPP of intensity 1 on H(X + P(X)e1). V(X) is a.s. a
finite point set. Let p(X) be the radius of the smallest ball containing V' (X), we have:

PoX) 2 ) =1-exp(= [ fa)de) < Catt 7.
(0,t)¢
We define:

Y(X) = (X, e1) + max(P(X), p(X)),

and clearly Equation (B3)) holds. If A is a Borel set in H(Y (X)e1) then (V(X)+ N)(A) =

N(A). Since (V(X)+ N)NH(X + P(X)ey) is a PPP of intensity 1, we deduce Equation
. O
We build a non-increasing sequence (Z) such that for A C H(Z),

P(N(A) = t|Xo, ..., X, Zi)) = P(N(A) = t). (36)

We set Z7 =Y, = Y(X), from Lemma [ given Z1, N N H(Z1e1) is a PPP of intensity
1. NNH(Xy) is a thinning of N. Hence, given Z; and X3, N N H(max(Xz, Zie1)) is a
PPP (1 — f(|X1 — z|))dz. As in the proof of Lemma[[2 let V(X;) be a PPP with intensity
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f(|X1 —z|)dz and independent of N. Let p; denotes the smallest ball which contains V' (X7),
and Yo = (X7, e1) + max(p1, P1). We define:

ZQ = max(Y1 N ng)

Equation (BH) for £ = 2. Similarly we define iteratively, Y, = max((Xx_1, e1)+pr—1, (X, e1)),
and Zj = max;<y Y;. Equation (Zf) holds for this sequence. Let Fj, be o-algebra generated
by ((X1,Y1),..., (X&, Y%)). Since pj is independent of N we have

P(Yy — (Xp,e1) > t|Fr) < P(pp > t) < C1t477, (37)

The coupling we have build for a PPP on R? is different for the coupling that we have
used on the Z lattice. Let Nx = NNH(X)— X. We endow the set of point processes of the

st
natural partial order relation: Ny < Ny if for all Borel sets A and t € N, P(N1(A) > ¢t) <
P(N3(A) > t). The next Lemma is similar to Lemma [Tl

Lemma 13 ,
Nx, |Fr < N (38)
and consequently for some Cy > 0,
(i) P(Py = 1|Fk) = Co. .
(ZZ) ]P’(Yk = <Xk7€1>|-7:k) Z CO.

Proof. Equation [BY) is a direct consequence of the fact that Ny, is a non-homogeneous
PPP of intensity [T/, (1 — f(|z + X — Xi])) < 1.

Assertion (i) stems from the fact that the progress is a.s. positive. Indeed, let A'(X) =
argmin{(Y,e1) : Y € NNH(X), (X,Y) € E}. The set of vertices in V(X) is a.s. finite hence
a.s. (A'(X)— X,e1) > 0 and a direct computation shows that P((A’(0),e1) > t) is positive
for all ¢t. From Equation ([B), there are stochastically fewer points in Ny, given Fj than in
a PPP of intensity 1. We thus have the lower bound P(Py, > t|Fy) > P({A'(0),e1) > t).

Statement (ii) follows from:

P(Yi = (Xk, e1)|Fr) > P(pr, < 1)P(Py > 1|Fy) > Co.

O
Note that Equation [B7) and Statement (ii) in Lemma imply that there exists a
variable o such that:

st
Yi — XglFe <o,  Plo=0)>0 and P(oc>t)<Cit¢ P (39)

As in the lattice case, we define W,, = (X,,,e1) — Z, > 0, Wy = 0. With the convention
that inf over an empty set is 400, let 6p = 0, 6,41 = inf{k > 6,, : W), = 0}. We have:
ot n—1

W, < ( max (oj_1— Z Tk))+,

2<i<n—1 -
k=i—1
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where (ok)ken is a sequence of iid copies of ¢ given in Lemma [ and (7x)ken is a sequence
of iid copies of 7 with P(1 > t) = exp(—Cyt?), as in Lemma [[3 Assertion (i). W, is upper
bounded by the largest residual service time in a GI/GI/oco queue (see Appendix [[4]). The
remainder of the proof is then as in Corollary O

4.4 Navigation in a Small World
4.4.1 Main Result

We continue our analysis to the model 2 introduced in §LHTIl As in the §£3 let F' be
the distribution of the directed progress: P, (X) = (X,e1) — (A(X,e1),e1) and Fx the
distribution of the progress P(X) = |X| — | A(X)|. Let H(X) be the generation of X that
is: H(X)=inf{k>0:A*(X) =0}. Let X} = A*(X) and Py = P(Xy) = | Xk| — | Xk41]-

Theorem 6 - If B>d+1, A is regenerative.

- If8>d+2 and p as in Theorem [ a.s.
H(X)

lim ——2 =~
IX|—oo | X] ju

—_

-IfB=d, a.s. and i as in Lemmal a.s.

HX) 1
11m = —.
| X |—o00 ln|X| I
-Ifd-2<p<d, as.
lim HX) _ — !
|X|—oo Inln | X]| In(1 — #)

In view of Lemma B this theorem is of the same type than the convergence results we
have proved in the PWIT. The PWIT approzimation gives the exact order of magnitude for
H(X). It is also worth to mention that our method has enabled us to determine the exact
asymptotic limit for g € (d — 2,d].

4.4.2 Proof of Theorem 6k 5 > d

Step One: Regenerative Sequence

For 8 > d + 2, we build a sequence (6,,) of stopping time on an enlarged filtration of
(Xo, .-, Xn). The proof is close to the proof of Theorem We will only focus on the
differences.

As NN B(0,X;) is a Poisson point process of intensity: (1 — f(|X — z|))dx (under its
Palm version at 0).
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Lemma 14 For all X there exists a random variable 0 < Y (X) < |X| — P(X) such that
for all Borel sets A with A C B(0,Y (X)), t € N:

P(N(A) = t|{R(X)) = P(N(A) = t). (40)

Moreover for all X :
P(IX| - Y(X) > 1) < Crt?7, (41)

The proof uses the same coupling than Lemma

Proof. Let V(X) be a PPP with intensity f(]X — |)dz and independent of N. Since V(X)N
B(0,|X|—P(X))and NNB(0,|X|—P(X)) are independent: (V(X)+N)NB(0,|X|-P(X))
is a PPP of intensity 1 on B(0,|X| — P(X)) in its Palm version at 0. V(X) is a.s. a finite
point set. Let p(X) be the radius of the smallest ball containing f/(X ), we have for a some

C1 > 0 (not depending on X):

P(o(X) > ) =1 —exp(~ | o J @) S Ot

We then define: Y (X) = (|X| — max(P(X), p(X)))". O

Let pi denote the smallest ball which contains V(X}), where V(Xy) is a PPP with
intensity f(| Xy —z|)dx and independent of N. We define Yy = | X| and Y}, = (min(| X;_1| —
pks | Xk|))T and Fj be o-algebra generated by (X1,Y1), ..., (Xk, Yx), Let Zo = | X| and

Zk = min(Zk,l, |Xk,1| — Pk, |Xk|) = min }/l

0<i<k
For A C B(0, Zy), we have:
P(N(A) = t|Fx) = P(N(A) = 1). (42)
The next lemma is the analog of Lemma
Lemma 15 For all Borel set A C B(0,|X%]|), t € N:
P(N(A) > t|Fr) <P(N(A) > 1t). (43)

and consequently:
(i) if | Xk| > 2, P(Py, > 1|Fk) > Co,
(i) if | Xi| > 2, P(Xgq1 = Yir1]|Fr) > Co.

Proof. We omit most the proof which is similar to the proof of Lemma We only explain
statement (i). Let A'(X) = argmax{|]Y]:Y € NN B(0,|X|),(X,Y) € E}. The progress
is a.s. positive and the set of vertices in V(X) is a.s. finite. Hence |X| — |A'(X)| > 0 and
a direct computation shows that P(|X| — |A"(X)| > zo) > P(V(X) N (B(0,| X|)\B(0,|X]| —
x9)) = 0) > Cy for | X| > 2x9. From Equation [J), there are stochastically fewer points
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in N N B(0,|Xk|) given Fj, than in a PPP of intensity 1. We thus have the lower bound
B(Py > molFi) = P(X| — |A/(X)] > 20| X = X)), 0

Since py and X are independent, P(|Xx| — Y > t|Fx) < P(pr > t) < C1t47P. This last
equation and statement (ii) in Lemma [ imply that there exists a variable o such that, if
| X| > 2:

st
(Vi — Xp)|Fr <o, Plo=0)>0 and P(o>1t)<Cyt? P (44)

Exactly as in the lattice case, we define W,, = | X,,| —Z,, > 0, Wy = 0 and for n > H(X),
W,, = 0. We have:

st n—1 N
W, < (zgrglsafil(ai,l — kglm)) , (45)

where (0%)ren is a sequence of iid copies of o given in Equation ) and (7;)ren is a
sequence of iid copies of 7 with 7 = 1 with probability Cy and 0 otherwise, as in Lemma [T3

By Equation ([@H), W,, is upper bounded by the largest residual service time in a GI/GI /oo
queue (see Appendix [ZA). Let W,, be the right hand side of Equation (@) and = inf{k >
1: W, = 0}. By Lemma B (in Appendix): if 3 > d + 1, 0 is a.s. finite and if § > d + 2:
Ef < co. By Equation [#32), 6 is a regenerative time for the the small world navigation.

Step Two: Embedded memoryless navigation

A% is a memoryless navigation (for |X| > 2). We define:

PY(X) = |X] - |X9|—Zpk

P(Py > t|Fi) < Fx(t)1(t > Wy) + 1(t < Wy), (46)

st —
where Wy, < M, P(M >t) < C1t2B=D+1 and Fx (t) < Oyt 8. If (Uy)ren denotes an iid
sequence of variables such that P(U, >t) = 1A C4 t#—4 with Uy, independent of F,, we have

from Equation (EGl):
01

PY(X < Q=> (Uk+Wy).
k=0
We have EQ = EOEU + E Eg Wi < oo (from cycle formula, see Baccelli and Brémaud §3.1
[3]). It follows also that (P?(X))xcpe is uniformly integrable.
The next step is to identify lim| x| o EPY(X). For the directed navigation with direction
e1, the same sequence regenerative time 6 was defined and Theorem Bl gives:

0
EP; (0) = pEd.
P? (X) is a stabilizing functional of the Small World Graph and the distribution of PZ (0)

does not depend on e;. Hence from Theorem [, P?(X) converges weakly to P? (0). Since
(P?(X))xera is uniformly integrable, we obtain:
lim EP?(X)=EP? (0) = uEo.

| X]—o0
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Thus we can apply Proposition [ and Lemma B and we deduce that H(X)/|X| tends a.s.
to 1/p.

4.4.3 Proof of Theorem 8=d

We define the scaled free progress as P, = —In(1 — P;./|Xy|), we have In|X| = In|X| —
Zf;ol P;,. The proof follows step by step the proof of the case § > d with a major difference:
we need to consider scaled variables. We need also to be careful with the event {P(X ) =
oo} = {P(X) = |X|}: in this paragraph, we will use the convention ” In § = 0”. We define
Y(X) = min(JA(X)|,sup{t : B(0,t)NV(X) = 0}), where V(X) is a PPP intensity f(|z—X|)
and independent of everything else, as in Lemma [ we obtain:

Lemma 16 There exists a random variable 0 <Y (X) < |A(X)| such that for all Borel sets
A with A C B(0,Y (X)), t € N:

P(N(A) =t|Y(X)) =P(N(A) =¢).
Moreover for all X :

> s|Y(X) > 0) < Cq exp(—2s).
We define the sequence (Y}) and (Z) as previously. Equation (E2) still holds, and the analog

of Lemma [[A reads:

Lemma 17 For all Borel sets A C B(0,|Xy|), t € N:
P(N(A) > t[F;) < P(N(A) > ).

At this point of the proof an obstacle shows up, P(Py > 1|F%) > Co > 0 does not implies
the same statement on the scaled progress P,. We thus have to circumvent this problem.
To this end we define the event:

Q. = {VX e R": N°n B(0,|X]|) > ¢|X|}.

It is easy to check that P(€.) > 0 for € < ¢y and lim¢_o4 P(£2) = 1.
Let P.(-) denote the conditional probability given €).. Under P., Lemmas [[6 and [ still
hold. Moreover since a point in B(0,¢|X]) is at most at distance (1 +¢)|X| of | X|, we have:

P (B > 1|F) = P(Py > | Xple ' Fp)
> 11— (1= f((L+eHx )
> 1—exp(—e|lX|*f((1+e )| X]),

where we have used the assumption that f is non-increasing. Then, since f(t) ~ ct~¢ we
deduce that there exists o such that for all X € R%, | X| > xo:

PS(P;C > 1|fk) > C..
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Similarly, by Lemma [0 and [[A there exists a r.v. o such that:

X
P.(In % > §|Fk, Y1 > 0) <P(oc >s) with P(c =0) >0 and P.(o > s) < Cyexp(—2s).
k+1
(47)
We define H'(X) = inf{k > 0,V = 0}. H(X)/In|X| converges a.s. is equivalent to

H'(X)/In|X| converges a.s.. Indeed py, is independent of X}, and |X g/ (x)| < ppr(x), hence
|H'(X) — H(X)| < N(B(0, prr(x))). For n < H'(X), Wy, = In(|X,|/Z,) > 0, we have

X, X,
Xal ) K]

W1 = max(W,, —In , )
1 ( |Xn+1| Yn+1

and it follows )

st
Wo < (,max (o= 3 ™))", (48)
k=i—1

where (o) )ken is a sequence of iid copies of o given in Equation () and (74 )ken is a sequence
of iid copies of T with P.(7 > 1) > C.. W, is upper bounded by the largest residual service
time in a GI/GI/oco queue (see Appendix [ZA). Let 6 be the first positive time at which
the queue appearing on the left hand side of Equation (&) is empty. By Lemma Bl (in
Appendix): 6 is a.s. finite and for some C. > 0:

E. exp(Ceh) < 0. (49)

We define P?(X) = Ez;é P,.. Using Equations (@), (@) and Lemma B, we deduce that
for all 0 < € < € there exists Cp and C; such that E.[1(P?(X) < o) exp(—CoP?(X))] < C;.
We assume for the while that P? converges weakly and we define ji, = lim| x| o0 Ee PY(X)/E(6).
From Proposition [[M we obtain

HX) 1

P, —a.s. lim = —,

¢ | X |—o0 In |X| /16
Since Q. C Q. for € > €, fic does not depend on € and we drop the € in its expression,
fic = fi’. Notice also that {2/, }nen is an increasing sequence of events and U, ,, = €,

so finally
HX) 1

P—a.s. |X\1£100 mx @

It remains to prove that P? converges weakly. For simplicity, we will only consider Model
3, with obvious change, the proof applies also to Model 2. We cannot apply Theorem [ and
instead we prove this fact directly. Let Fk,  denote the distribution of Py (X). Lemma
asserts that 13'07 x converges weakly to F with distribution given by Equation ([@). As already
pointed, NNB(0, |X1]) is a Poisson Point process of intensity Ax, (y)dy = (1—f(|Xo—y|))dy.
We thus have

PP 2 i) = 1= (= S(XD e [ i ),

INRIA



Navigation on a Poisson point process 47

with the change of variable z = y/|X1| and e; = X,;/|X;|, we end up with:

P(P1(X) > s|F1) = 1= (1= f(|X1])) exp(~ /B(O y | X1 | F(1Xa]ler—2[) (1= £ (| X1l Jeoe™ —2]))d2),

Using the fact that | X;| = |X|e_15°, we obtain that P(Py(X) + P1(X) > s) is equal to:
1—Eu—fuxw*%»emx—/’ e~ X |2 f (e o X ||er — 2)(1 = F(|X ||eo — ze~0]))d2),
B(0,e—=—Fo)

Letting | X| tends to infinity and finally we deduce that:

Po(X) + Pu(X) = Qo+ Qu,

where (Qk) ken 1s a iid sequence of variables with common distribution function F. Similarly
for all n € N we have:

|
—

n n—1

0 k=0
From Wald’s Formula, E, Ez;é Qr = EEQ;. Si~nce the sequence (Zz;é Pk(X)) is uni-
formly integrable we deduce that lim| x| Zz;é Pi(X) =E.EQ: and it follows

=
Il

~/

o=
4.4.4 Proof of TheoremBk d -2 < (5 <d

The proof follows from Proposition [l and the argument used in the case 8 = d. Let
a=1-(d—03)/2, we define for 1 < k < H(X), Uy = |Xi|/|Xk-1]* and U, = 0 for
k> H(X).

Let | X1| — px = sup{t : B(0,£)NV(X};) = 0}, where V(X},) is a PPP intensity f(|z— Xy|)
and independent of everything else. We define the sequences (Yj) and (Z;) as usual :
Yy, = min((| Xg—1] — pr—1)", | Xk|) and Z; = ming<; ¥;. Let s > 0, we have:

| X1 | X1
P(ln— >slY; >0) < Pln-————>5lY; >0
gy =M= 0= Fngg—ye =1 >0)
X| — +
< P(anl—ln('ligm) > sv; > 0)
X]
X| —
< P 2 s £ 0)+ B T > sl < )

< Cpexp(—Cys?).

Let H'(X) = inf{k > 1: Y, = 0} and W,, = In(|X,|/Z,) > 0. The remainder of the proof
is as in §E£L3 with obvious changes.
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4.5 Decentralized Navigation
4.5.1 How to prove that a navigation is regenerative 7

We now turn to more general decentralized navigation. In this paragraph we generalize
the coupling method used in Small World graphs. We will only write down the method
we have applied to the Small World and see under which conditions it applies to other
navigation schemes. We consider a navigation .4 on a PPP N which satisfies the hypothesis
of Theorem [ The associated directed navigation is denoted by A.,, and we assume that
the distribution of P, (0) = (A, (0) — 0,e1) does not depend on e; (the directed progress
distribution is isotropic). We define H(X) = inf{k : A¥(X) = 0} and as usual our aim is to
prove that:
HX) 1

B

E(A% (0), . . .
where p = limy_,o % € (0,+00). A convenient way to state this result is to find

an answer to the question:

Under which conditions a navigation is regenerative ?

Step One : Regenerative time on the directed navigation.

We start by the directed navigation A, (0). We define Xo = 0 and X, = A (0),
P., = P.,(Xk). Let E(X) = (X, A, (X)) be the edge vector and E = E(Xy). H(X) =
{Y:(Y - X,e1) >0} and Ny = NN H(X) — X.

The first assumption is:

(i) If No is a PPP of intensity \(x)dx, N, (o) is a PPP of intensity (1 — ¢p()(z))\(z —
A, (0)), with x — ¢po)(x) measurable and taking value in [0, 1].

Let Yy = 0 and Fy = 0{Xo, Yo}, by induction we define a non-decreasing sequence Y
and a filtration 7. Let N° be a PPP with intensity ¢ g, (z)dx and independent of N given
Ey. Then (N°+ Ny, ) is a PPP of intensity 1 on #(0). Our coupling method will only work
if N9 is an a.s. finite set. We will assume for each k:

(ii) For some o > 2, E((fH(O) ¢E, (x)dx)*|Fr) < Ch.

From assumption (ii), N is a.s. a finite point set. Let py be the radius of the smallest ball
containing N°, we have:

Plpp >t)=1-— Eexp(—/ Op, (x)dr) < Cit™°.
B(0,£)cNH(0)

We define:

Yy :maX(<X0,61>+p0,<X1,61>) and JF; :fQVO'{Xl,Yl}.
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Using Assumption (ii), we have, for ¢ > 0:
]P)(Yl — <X1,61> > t) < ]P(po > t) <Oyt ¢

Similarly

PV = (X1,e0) 2 Bexp(= [ 65, (@)de) 2 exp(=C1) = Co
H(O

Now if A is a Borel set in H(Y7) then (Sx, N + N)(A) = N(A) where S, N = 3", 7,4 if
N =3, 0r,. Since (N° + Nx,) N'H(Y; — X;) is a PPP of intensity 1, we deduce:

Ny, |F1 £ N,

Assume now that we have built a sequence (Y% )o<k<n—1 and a filtration (Fr)o<k<n—1 =
\/Z;éo{Xk, Y%} such that for all k <n — 1:

Ny |Fe £Ny  with Z; = max V. (50)
0<I<k
st
0< (Vi — (Xi,e1))|Fr <o with Plo>t)<Cit™ and P(oc=0)>C, (51)
From Assumption (i), Nx, is a PPP of intensity A, (z)dxz where:

n

An(@) = (1= ¢p, () A1 (2 = X+ Xn1) = [[(1 = ¢, (z — X + X))
k=0

Let N1 be a PPP with intensity ¢, () Ap—1(z — X, + X,,—1)dz and independent of N
given (E,, Fn_1). (N" 1+ N)NH(X,) is a PPP of intensity An—1(z— Xy + Xp—1)dx. We
define p,,_1 as the radius of the smallest ball containing N"~! and:

Y, = max({X,—1,€e1) + pn-1,{Xn,e1)) and F, =F,—1Vo{X,, Yo}

Since A\,—1 < 1, we check as we did for k = 1 that the tail inequality in Equation (&Il holds
for k = n. Moreover we have:

P(Yn = <Xn,€1>|.7:n_1) Z Eexp(— ¢En71 (x)dx)|fn_1) Z CQ.

Equation (0) follows also from the same reasoning. Indeed assume that A is a Borel set in
H(Z,) then (Sx, N"~1 4+ N)(A) = N(A) and we conclude as we did for n = 1.

Step Two : Embedded memoryless directed navigation.
At this point, we introduce a new assumption:

(ili) For some positive constants Co, C1: P(Pey 1 > C1|Fk) > Co
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We then have built a sequence (Yi)o<k<n—1 satisfying Equations (&) and (BIl). As usual,
we define W,, = (X,,,e1) — Z, > 0, and let § = inf{k > 1 : Wy = 0} (with the convention
that inf over an empty set is +00). We have:

n—1

Wnsﬁt( max (0;_1 — Z Tk))Jr,

2<i<n—1 -
k=i—1

where (oj)ken is a sequence of iid copies of o and (7% )ken is a sequence of iid copies of T
with P(r = C1) = Cp and P(1 = 0) = 1 — Cy, as it is given by Assumption (iii). By Lemma
2 (in Appendix): 6 is a.s. finite and Ef < co. The directed navigation is thus regenerative,
let P? (0) = Z éPehk, from the strong law of large numbers, a.s.

(A (0), e1)
k
Note at this point that p is positive but may be infinite.

— u where p=EP? (0)/ES.

Step Three: Navigation
Now we turn back to the navigation from X to 0, Xo = X, X}, = A(X)* and P, =
Xk4+1—Xg. N is a PPP in its Palm version at (0, X'). We assume that the set of assumptions
(i), (ii) and (iii) extend to the navigation as well:
(") If NN B(0,X) is a PPP of intensity A(z)dz, N N B(0,]A(X)]|) is a PPP of intensity
(1= dpx)(@)Mz — A(X) + X).

E((IB(O,\XU g, (x)dx)*|F) < Ch.
(iit’) For |X| > xo, P(Py > C1|Fy) > Co.

As we previously did, we define by iteration Yy = | X| and Yy = min(|Xx_1| — pk, | Xk|),
where py, is the radius of the smallest ball containing N*~! a PPP with intensity ¢, (x)A\x—1(7—
Xk+Xk—1)dx and independent of N given (Ejy, Fr—1). Let Zy = min(Zx_1,Y:) = ming<;<x Y

and W,, = |X,,| — Z,. As long as |X| > xg, W, Sgt (maxa<i<n—1(0i—1 — 22;371 )T, we
define 0 as the first positive time at which the GI/GI/oo queue is empty. By Lemma
(in Appendix), Ef < oo. We have proved that the navigation is regenerative. Then we
introduce:

PY(X) = |X] - |X9|—Zpk

From Theorem [l P?(X) converges weakly to Pfl( ). The following assumption guarantee
that the convergence holds also il L'

(iv) P?(X) is uniformly integrable.
It remains to apply Proposition [ and Lemma [ we finally obtain:
H(X) 1

a.s. T — —.

| X %
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4.5.2 Example of Application: Radial Navigation

Radial navigation is an example of application of our method. In dimension 2, the radial
navigation is regenerative and 6, its regenerative time satisfies: Eexp(sf) < oo for all s > 0.
Assumptions (i) and (i”) hold with

Pp(0)(x) = Lz € B(X — A(X), |X — A(X)]).

Indeed, on a nice point set N, ¥ = A(X) if and only if |[Y| < |X]| and N N B(0,]|X]) N
B(X,|X —Y)) = 0.

Let A., denote the directed radial navigation and X = A% (0). In order to prove
assumptions (ii) and (ii’), notice that:

/ b1, (x)de = /]l(x € H(0) A B(Xy = Xis1, | Xp — Xps1|))de < 7l X — Xs|®. (52)
H(0)

Let D, = H(0) U~y B(Xgx — Xy, | Xk — Xt1l), Nx, is a PPP of intensity \,(z)dz =
(1 - 1(z € D,))dz. We assume that the dimension d is 2. We define the cones ¢, = {z =
(r,0) e R?: 0 € [0,)} for @ > 0, and ¢, = {z = (r,0) € R? : € (,0]} for @ < 0. The
following lemma is proved in [9]

Lemma 18 For all n,
cz C D, or c¢_= CD,.

6

This lemma implies in particular that:

+2

P(| Xy — Xgy1| > t|Fp) <e 1=,

From Equation (B2), we deduce, for all s € R:
E(exp(s/ o, (x)dx)|Fi) < cc.
+(0)

This last equation implies assumptions (ii) and (ii’). It remains to check that assumptions
(iii) and (iii’) hold. Let = (r,0), expressed in polar coordinates with basis (0,e1), r > 0,
6 € [0,7/2]. The set Dy, has the following property: if 2 € Dy then for all 0 < o < 6,
(r,a) € Dy (and resp. if 6 € [-7/2,0] for all § < a < 0). This last property implies that

st
P., k| Fi > Pey 0 (see [9] for details). Assumptions (iii) and (iii’) follow.
5 Navigation Tree Topology

5.1 Maximal Deviation, Tree topology and f-straightness

We turn back to a navigation A with a non-negative progress and we assume that an
associated directed navigation A, exists for all e; € R%. Let X = A¥(X), Py = |Xi| —
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| Xpi1], H(X) = inf{k : A*(X) = 0}, F = 0{Xo, ..., Xx} and let Uy, = (Xx, X/|X|)X/|X]|
be the projection of X} on the straight line 0X.

The path from X to 0 in the navigation tree 7y is denoted by II(X) = {X,, X1, ...,0}.
I1(X) may be seen as a piecewise linear curve in R%. The maximal deviation of this curve
between is defined as

A(X) = max |Xk — Uk|. (53)
0<k<H(X)

To understand the intrinsic structure of 7y we need to characterize its ends. An end is a
semi-infinite self-avoiding path in 7y, starting from the origin: (0 = Xy, X1, ...). The set of
ends of a tree is the set of distinct semi-infinite, self-avoiding paths (two semi-infinite paths
are not distinct if they share an infinite sub-path). A semi-infinite path (0 = X, X1, ...) has
an asymptotic direction if X,,/|X,,| has a limit in the unit sphere S9~1.

Following Howard and Newman in [I7], we will derive results on the semi-infinite self-
avoiding paths in 7y by proving tail bounds on A(X).

For X € N, let I1,,:(X) be the set of offspring of X in the 7y, namely the set X' € N
such that X € II(X’). We now state a definition introduced in [17].

Definition 5 Let f € (0, A tree is said to be f-straight at the origin, if for all but finitely
many vertices :
Hout(X) C C(X7f(‘X|))7

where for all X € R? and e € R, O(X,e) = {Y € R?: (X,Y) < €} and 0(X,Y) is the
absolute value of the angle (in [0,7]) between X and Y.
The following result shows how to relate f-straightness to A(X).

Proposition 12 Let 7 be a random spanning tree on a PPP with an atom at 0. Let
€ (0,1) and n > 0, if P(A(X) > |X|7) < C1]1X |79 and supycpa E|X — A(X)|" < o0
for some v > (d+ 1)/ then T is f-straight at the origin for f(z) = |z|7~!.

Proof. We first prove that the number K of points T}, of N such that A(T},) > |T,|7 is a.s.
finite. From Slivnyak-Campbell’s Formula :

EK = E Z L(A(T,) > |T.|)
T,.eN

wd,l/ P(A(z) > |z|")z? tdx
0

IN

oo
wd_l/ xdilmin(LClx*dfn)dm < 0.
0

We define
B,,={3X e N:|X|<2zrand|X - AX)| >z"}.
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Using the inequalities P(N(B(0,z)) > t) < exp(—tIn(t/(emgz?))) and supycpa E[X —
A(X)|" < Cq, we have

yi a EIX = AP

P(B,.) < P(N(B(0,2x)) > e*mg2%?) + e’y -
x
< eXp(—627rd2dxd) + 20y 2%
< 01Id7T7

From Borel-Cantelli Lemma, it follows that there is some finite random x( so that for
X € N\B(0,zp), | X — A(X)| < |X|7. The rest of the proof uses the same argument as
Lemma 2.7 of [I7] (with 1 — ¢ replaced by 7). a

f-straight trees have a simple topology described by Proposition 2.8 of [I7] and restated
in Proposition

Proposition 13 Let 7 be an f-straight spanning tree on a PPP. The following set of prop-
erties holds almost surely:

- every semi-infinite path has an asymptotic direction,

- for everyu € ST, there exists at least one semi-infinite path with asymptotic direction

u,

- the set of u’s of S®=' such that there is more than one semi-infinite path with asymp-
totic direction u is dense in ST,

In the following subsection we prove under some assumptions that 7q is f-straight with
flz) =z,
5.2 Memoryless Isotropic navigation
We start with the simplest case in order to illustrate the method used to derive bounds on
P(A(X) = |X]7).

We assume in this paragraph that the navigation is memoryless with non-negative progress.
Let e1,e2 € S971, we define U(ey,e2) = {R € U: R(ez) = e1}, where U is the orthogonal
group of R,

Definition 6 A navigation A is isotropic if for all e1,es in S?™!, 2 >0 and R € U(ey, e3):

RA(zes) £ A(zer),

Note that if we consider X # 0 and ey, ez in S9! with (e;, X/|X|) = 0 for i = 1,2, the
definition implies that (A(X),e1) £ (A(X),e2). We can apply this fact to e; = —e2 and we
deduce

E(A(X),e1) =0.

All the navigation algorithms we have introduced are isotropic.
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Theorem 7 Let v € (1/2,1), if the navigation is isotropic, memoryless, with non-negative
progress and:

- A(zer) — xey converges weakly to A_., (0) as x tends to +oo.
- sup yepa E|X — A(X)|" < 0o with r > (d+1)/v
- For |X| > zg, P(P(X) > ¢) > € with zg,¢,e > 0.
Then for some n > 0, there exists Cy such that
PA(X) > [X]") < Cy|X| 4.
and Ty is f-straight with f(x) = |z|7~1.

The second statement follows immediately from the first and Proposition We will see
in the proof of Theorem [l that we may pick any 7 in (0,7 — (d+1)/7v), thus as an immediate
corollary, we have:

Corollary 3 If the navigation is isotropic, memoryless and with non-negative progress and:
- A(zeq) — ey converges weakly to A_, (0) as x tends to +oo.
- sup yepa E[X — A(X)|" < oo for all > 1.
- For |X| > zg, P(P(X) > ¢) > € with zg,c,e > 0.
Then for all e > 0 and n € N, there exists C1 such that
P(A(X) > | X[V < Gl x|

and Ty is f-straight with f(z) = |z|~1/2Fe.

5.3 Proof of Theorem [T

5.3.1 Navigation in a cone

We fix v > 1/2 and we assume first that there exists 0 < o < /2 such that
A(X) = X € C(a, =X /[ X]), (54)

where C(a,e1) = {Y € RN\{0} : cosa < {(e1,Y/|Y])} U {0} (that is the cone with apex «
and direction eq).
Let e1,ea € S ! with (e, e2) = 0 and we assume that X = |X|e;. We take interest to

Uk = <Xk,61> and Vk = <Xk,62>.

Let F' = vect(eq,e2), Xi the orthogonal projection of Xj on F and (cosfy,sinfy) the
coordinates of the projection of X[ /|X[| on the basis (e1,e2). Let Ry € U such that
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Ri Xy = |Xiler and ef = Ry 'es. We define pr = (X} — X[, |, Xi/|Xy|) and g, = (X[, | —
XF, ek) (see figure ). We have p, > 0 (since the navigation has non-negative progress,
Xk+1 S B(O7 |Xk|)) and

Vier = Vi + qicos 0 — pg sin 6y,
Upi1 = Ug — prcosty — qsin by
tan 9k = Vk /Uk .
,,,,,,,,,,,,,,,,,,,,,,,, Vk+1
XK~ Vk
\ thetak e
el

Figure 2: qi, px, 0x and Vi

If the navigation is isotropic and memoryless then the distribution of pi and ¢; depends
only on |X%|. From the isotropy we also have that E(qy cos 0| Fi) = cos0xE(qx|Fi) = 0.
Let Vk/ = Vk/\K with

K =inf{k:V; <0or |Ug| <z”tana},

K is a {F }ren-stopping time. Since 0y € (0,7) for k < K we have:
B(Viy1|Fr) = Vi — sin OcE(px | Fi) <V,

and for k > K, E(V, ||Fx) = V), = Vk. Therefore (V})ren is a supermartingale (for the
filtration {fk}keN)

Let S =0, S, = ZZ;& qr and M,, = maxo<k<n Sk. (Sk),k € N, is a martingale with
mean 0.

Lemma 19 If k < K and My < 27,

Vi, < Sg.
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Proof. We prove this result by iteration, by symmetry we can suppose that 0 < 0, < 7/2.
Since X — A(X) € C(a, X/|X]), |qx| < prtanca. Notice also that if My < 27 and k < K
then tan 6 < z7/(tanax?) < 1/tanca. It is sufficient to prove that for tan® € [0,1/ tan )
and |g| < ptan« that

gcosf —psinfd < q

If ¢ > 0, there is nothing to prove. If ¢ < 0 then we have to check that |¢| < psin€/(1—cos6).
However since |¢| < ptana < p/tand < psinf/(1 — cosf) since 1/tanf = cosfd/sinf <
sinf/(1 — cosf). O

Lemma 20 Let v’ <, for allt > 0, there exists Cy > 0 such that
P(M,, >n't) < Cyn' ™"

Proof. This lemma is a consequence of Theorem 3.1 Equation (3.3) of Gut [16] (see also
Theorem 2 in Baum and Katz [5]). This theorem is stated for a sum of independent variables
but it applies to our case also. Indeed, we have the following two key features:

1. (Jgr|)ken is stochastically bounded by an iid sequence (Zx)ren with P(Zy > ¢|Fy) <
Cit™", thus EZ" < co.

2. (qx)ken are nearly independent: if n,m, k # 1 € N, E¢;""'g™ = 0 and E|¢?"¢?™| <
EZ*"EZ?™.

Since the proofs of Gut, Baum and Katz rely only Markov inequality and truncation, their
results apply to our case. O

Lemma 21 For a memoryless navigation, if for | X| > xg, P(P(X) > ¢) > € > 0 then for
all i < ce, there exist constants C1 and Cy such that:

P(H(X) = [X]|/p) < Cyexp(—=Co| X]).

Proof. Let 7(X) = inf{k : |Xy| < zo} and (Bk),k € N be an iid sequence of Bernoulli
variables with P(B; =0) =1—ecand P(B; = 1) = e. We write 1/u=1/p' +n, for n >0
and p' < ce, we have:

P(H(X) = |X|/p) < P(N(B(0,20) = n|X|) +P(r(X) > |X]| /1)

[X/p']-1
< P(N(B(O,z0) 2| X|) +P( Y Pp<I|X|—a0)
k=0
[X/n']-1
< P(N(B(0,20) > n|X)+P( Y Bi<[X|/c)
k=0
< Crexp(—=ColX])
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where we have the inequality P(N(B(0,7¢)) > t) < exp(—tIn(t/(emgzg))) and Hoeffding’s

inequality: for ¢ < ne, IP’(EZ;& By < t) < 2exp((t —ne)?/(2n)). 0
We are now in position to conclude the proof of Theorem [ when Equation (B4) holds.
For [ < n, let Sl,n = Zz;ll qk, Sl,l =0, M, = maxo<ig<n Sk and m,, = maxo<k<n —SL =

| ming<x<n Sk|. Finally, we define
K' =inf{k: |Ux| <27 tana}

A slight variation of Lemma[@givesif k < K’, m,, < 27 and M,, < z7: V}, < maxo<ij<k Si,x <
Sk + my. Hence

>27,K'<n)< >z >27/2).
]P’(Ognlﬁ);(,vk > K' ' <n)<P(M,>2z"/2) +P(my, > 27/2) (55)

Note also that changing (qz) into (—gz) in Lemma B0 gives P(m,, > n7t) < Cyn'~7"". From
the isotropy of the navigation, we get:

27 v
PA(X)> ———) < 2dP(sup Vi >
(AX) 2 Vdcosa® T~ (kzg b= COSOZ)
< 2dP( max Vi >z7) (56)
0<k<K'
< > K' < >
< 2dP(0§mkzi>§</Vk_x K <wxf/u)+2dP(H(X) > z/p)
< Ciz'7" 4 Oy exp(—Coz) (57)

Equation (BH) stems from the following fact: if |Uy| < 27 tana and |Vi| < 27 then (since
A(X) € B(0,|X])) Vi1 < JUE+ V2 <27/ cosa. In Equation (B7) we have used Equation
E3), Lemma B0 and Lemma Il If 7’ is close enough to r we have v’ — 1 > d and this
conclude the proof of Theorem [ when Equation (&) holds.

5.3.2 General Case

The general case is a consequence of the previous case. Indeed there exists a, such that
with | X| =z > 0:

P(AX) — X € Clag, —X/x)) > (58)

N | =

where C(a, e1) was defined after Equation (Bd]). We assume that o is the minimum angle
such that Equation (B8) holds.

Lemma 22

o =supoa, < —
x>0 2

Proof. Let X = —zey, x > 0 and A, the associated directed navigation of A, A(X) — X
converges weakly to A, (0). The directed navigation has non-negative progress and there
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exists 8 € [0,7/2) such that P(A., (0) € C(B,e1)) > 3/4. Hence for x > x; large enough:
ar < B < 7w/2.

For x < xq, P(N°(B(0,z)) > 1) < 1/2 hence ay = 0.

It remains to treat the case g < = < z1. Let L(z,8) = X + B(0,z) NC°(8,e1), it
appears easily that |L(z, 3)| < |L(z1, 8)| < C168x¢ and

PAX)—X ¢C(B,e1)) < P(N(L(z,08)NB(0,t)) >0)
< C1pf.

Therefore for 3 large enough P(A(X) — X € C(3,e1)) > 3 and this concludes the proof. O

Now we define 0 = inf{k > 1: X) — X;_1 € C(a, e1)} where a was defined in Lemma
From Lemma B2 6 is dominated by a geometric variable with parameter 1/2. We then
consider:

A(X) = A%(X).

A is an isotropic navigation with non-negative progress moreover it satisfies Equation (B4
holds. We will denote denote by * a variable defined in the previous paragraph for A. For
example

K =inf{k:Vj <0 or |Uy| <27 tana}.

Let ' <r” < r A rough bound and a use of Markov inequality gives:

n—1
PIAX) = X|>1) < PO>n)+P(Y_ | Xepr — Xl > 1)
. k=0
< 274 ) P Xkpr — Xkl > t/n)
k=0
S 2—n 4 Clnr-i-lt—r
< ot

by picking n = |[cInt/In2|. We deduce that for all ' < r:

sup E|A(X) - X|" < .
XeRd

We can thus apply Theorem @ to A and we get:
P(A(X) > [X]") < Col X[~

this last inequality does not lead directly to the desired result. We circumvent this difficulty
by introducing a new variable:

Vi= max V-V, = max V-V,
01, <I<Ok41 01, <I<Ok41

where 0 =0, 6 =1 and 61 = inf{l > 0 : X; — X;_1 € C(a, e1)}. We have:
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Lemma 23 Let " <1', for all t > 0 there exists a constant Cy such that:

P( max Vi >tn?) < Ctnl_w//
0<k<n

Proof. The proof uses always the same type of rough stochastic bounds. Using Holder
inequality, we have:

Z E]l(ek > n)"/@k-i-n - ‘/ek-l-n—l'TH

]E|Vklr// S
n=1

< N (PO = n) " (EVo4n — Vs [)
n=1

< Z 9—(n=1)(1—r"/r >(E|Xek+n = Xogn—1|")" r
n=1

S 017

indeed, for n > 1, \)_(gﬁn — X9k+n_1|T/ is given Xy, 1,,—1 independent of ;. We thus have
uniformly in X: P(Vy > ¢|F,) <P(Z, > t) with (Zy)ren is an iid sequence and

P(Z, > t|Fr) = 1ACt"" .
The final step follows from elementary inequalities:

P(max Vi >tn?) < P(max Z >tn")

0<k<n 0<k<n

n—1

< 1- [Pz > tn)
k=0

< 1—(1=Cyit™" nr)n

< 1—exp(=Cyt™" 0"

S Clt_T//nl_'YT”'

for n large enough. We then relax the assumption on n by increasing C1. O

The end of the proof is as in the previous paragraph:

P(A(X) >227) < PA(X)>a")+ P(, nax Vi 2a7)+ P(H(X) > z/p)

1_'YT//
S CH$

5.4 Isotropic Regenerative Navigation

With Theorem [, we have treated so far the case of memoryless navigation. For isotropic
regenerative navigation a similar result holds. Let A be a regenerative navigation with
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regenerative time #: A? is a memoryless navigation. We define:
L°(X) = max |X; — X|.
0<k<6

We have the following corollary of Theorem [

Corollary 4 Let v € (1/2,1), if the navigation is isotropic, regenerative, with non-negative
progress and

- Supyere EL(X)" < 0o with r > (d+1)/y
- For |X| > zo, P(P(X) > ¢) > € with zg,c,e > 0.
Then for some n > 0, there exists Cy such that
PA(X) > [X]) < Cy|X| 4.
and Ty is f-straight with f(z) = |z|*77.

Proof. The proof as already being done in §5-3.2 Indeed, let e;, s in S?! with (e1,e2) =0

and X = ze;, x > 0. We define V;, = (X}, e2) and A(X) = A%(X). We may apply Theorem

Mto A and as in 3 let Vy, = maxg, <i<g,, Vi — Vo, < L%(Xp,). Lemma B3 holds and

we conclude similarly. O
The next corollary is a consequence of Corollary

Corollary 5 If the navigation is isotropic, regenerative, with non-negative progress and
- Supxere ELY(X)" < 00 for allr > 1.
- For |X| > zg, P(P(X) > ¢) > € with zg,c,e > 0.
Then for all € > 0 and n € N, there exists Cy such that
P(A(X) > [X]V/2) < C1IX| 7,
and Ty is f-straight with f(z) = |z|~'/2*e.
A simple way to bound L?(X) is to note that for r € N:
0 0
LYX) < O Xk = Xpa)" <01 X — X"
k=1 k=1

As an application, for the navigation on the Small World graph with connection function
f(r) ~ er=?, Using a couple of times Holder inequality, we obtain:

Corollary 6 For 8 > d, there exists C > 1 such that if v8 > (v + C)d + C, then for some
n > 0, there exists Cy such that

B(A(X) > |X]") < Gy x|,

and Ty is f-straight with f(z) = |z|7~ .

INRIA



Navigation on a Poisson point process 61

Note that a bound for the constant C' could be explicitly computed. We only point out that
for a Small World navigation on a PWIT, C' = 1.

Proof. For § > d, the Small World navigation is isotropic regenerative with non-negative
progress. Moreover we have P(|X — A(X)| > t) < Cyct?5, similarly the tail of 6 is bounded
by a constant times ¢27?=%. We then use Equation (£4) and Holder inequality. O

6 Shape of the Navigation Tree

6.1 Shape of Memoryless Navigation

Another interesting feature is the set of points at tree-distance less than k from the origin
To(k) = {X € N : A¥(X) = 0}. The set of assumptions under consideration is:

(1) A is a memoryless navigation with non-negative progress.

(AM) (17)  supyepre EP(X)" < oo for some r > d + 2
(4ii)  Fx converges weakly to F with p = [rF(dr) > 0.

Theorem 8 Under the foregoing Assumption (AIGA), for all € > 0 there exists a.s. K such
that if k > K :

N OB, (1 — e)kp) € To(k) B0, (1 + €)kp). (59)
Moreover a.s. and in L' : 75 (k)|

0 d

mak —H (60)

In other words, the navigation tree generated by a PPP inside a ball grows linearly with
the number of points. The main aim of this section is to prove Theorem B and in particular
the fact that Gy /k? a.s. tends to a constant when k tends to oo. In the literature, this
constant is known as the volume growth. The intuition behind Theorem Bl is as follows: from
Proposition [ a point k hops away from the origin is asymptotically at Euclidean distance
Dy, ~ kp? from the origin. The ball of radius Dy, contains 74 D{ points in N asymptotically.
In order to prove Theorem B we need an estimate of the tail of the fluctuations of H(X)
around its mean. The proof of the next theorem is the heart of the proof of Theorem

Theorem 9 Under the foregoing Assumption (ALQ), let v’ < r, for all v < p, there exists
a positive constant Ci:

if|X|<nv—1andn>1, PH(X)>n)<Cin(nw—|X))"".
Similarly for v > u:

if|X|>14nvandn>1, PH(X)<n)<Cin(|X|—nv)™".
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In particular if v > p, consider n = |x/(2v)], we obtain:
P(H(X) > =) < |X["7, (61)

(and similarly for v < p).
We first prove Theorem
Proof. We define Gy = |To(k)| = > yen L(H(X) < k), Gy, is the size of the ball of center
0 and radius k for the graph-distance in 7y. We begin by the proof of Equation (), let
€ (0,1), we write

G — N(B(0,pk))| < Y (X & B(0,uk) NH(X) < k)
XeEN
+ > UX € B(0,pk) N H(X) > k))
XeEN

> UX ¢ B(0,(1+ e)uk) N H(X) < k)

XeN
+N(B(0, (1 + )uk‘)\B(07 (1—€)uk))
+ )" (X € B(0,(1 — e)uk) N H(X) > k)
XeN
< I+ Ji+ L.

IN

From Slyvniak-Campbell’s formula and using Equation (&1) for v = p(1 + €/2):

EI, = P(H(X) < k)dX

/Rd\B<o,<1+e>uk>

oo

!

< wd_l/ Ciz' " 2% Yy
(I4e)pk

< Clkd—r'-i-l'

From the Borel Cantelli Lemma, we obtain that almost surely I, = 0 for k large enough.
Similarly, let v = (1 — €/2)u, we get:

EL, = / P(H(X) > k)dX
(0,(1—€)uk)

IN
€
u
—
S—
-
&5
=
ol
Q
ol
—~
I
R
|
&
4
&
T
L
IS
=

wq_1C12" /(1_6)“1C
(kep)™ =1 Jo
S Clél_r/kd_r/+1.

We deduce that almost surely Ly = 0 for k large enough.
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The ergodic properties of the PPP imply that

Ji  N(B(O,(1+uk)\B(O, (1 - )uk))
kd d

converges almost surely and in mean toward 2dm (€)%~ (notice that N (B(0, (14¢€)uk)\B(0, (1—
€)pk)) is not an increasing sequence of convex sets, to prove this convergence, we need to
use the independency properties of the PPP). We thus have proved that for all ¢ > 0, almost
surely,
Gr — N(B(0, uk
s 162 = N(BO. )

: 1 < 2dmg(pe)® L.

Hence, almost surely,
e N(B(O,uk))
R T

The proof for the L' convergence is a consequence of Scheffe’s Lemma.

Equation (B9) holds since we have seen that a.s. for k large enough I, and Ly are both
equal to 0. Ij is the cardinal of 7 (k)N B(0, p+€)¢ and Ly, is the cardinal of 7 (k)°NB(0, p—e).
O

lim = map?.
k

6.2 Proof of Theorem

We now turn to the proof of Theorem [

As usual let X = A*(X) and H(z) = inf{k : X}, = 0}. For 1 < k < H(z), we define
the progress: P(X) = |Xy—1| — | Xk| and for k > H(z), Px(X) =0. We fix r’ < 7" <.

Case v < u.

There exists v/ > 0 such that v/ < v < g and | X| < v/n — 1. Since (P(X)) is uniformly
integrable, there exists xg such that:

if | X| > a0 then EP(X) > v. (62)
Let | < n we have:
n—1
P(H(X)>n) = P P <I|X|)
k=0
n—Il—1
< PN(B(0,20) > 1)+ P( Y Pp <|X|—x0)
k=0
l n—Il—1 n—Il—1
< exp(—lln——)+P( Y P —E(P|F) < |X| -2+ Y E(PulFr))
em Lo k=0 k=0
l n—l—1
< exp(—lln W) +P(Y D P —E(P|Xy) < |X| = (n— D), (63)
0 k=0
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where in Equation (f3) we have used Equation () together with Assumption (i): E(Py|Fi) =
E(Pk |Xk) and

n—I[—1

{kZ_OPk<|X|_JCO}C U {|Xk|2z0}C U {]E(Pkp(k)zy},

0<k<n—I—1 0<k<n—I—1
We define Vi, = P, — E(P(X%)|Xk), we notice by Assumption (ii):
EY, =0 and E|Y;|" < C.
The sequence (Y% )gen is not independent however, it is nearly independent:

1. ([Yi|)ren is stochastically dominated by an iid sequence (Z;)ren with EZ]" < oo.

2. If p,g € Nand k # [ then EY;?*T'Y,? = 0 and EY;*Y,* < EZPEZ9.

We can thus apply Lemma B8 which is stated for iid variables but still holds since it is based
only on truncation and a systematic use of Markov inequalities. We obtain if 4 > 1 and
|X| < mv —tg, to > 0:

m—1

P(Y " Py — E(Ps|Xy) < |X| = mv) < Com(mv — |X[)™",

k=0
Hence, using this last inequality in Equation (E3), and considering [ = [ (' /v — 1)n| we get,
(since (n — v > nv' > | X])

P(H(X)>n) < exp(—Con)+ Cin(n/ —|X|)™", (64)

then since n > (nv' — | X|)/v', we obtain our result (with ¢/ instead on v).
Case v > p. This case is slightly simpler, there exists x; such that:

if |X| >z then EP(X) < . (65)

Following the same computation as in the case v <

n—1
PH(X)<n) = P()_P=|X])
k=0

n—1
< PO P> |X|—21)
k=0
n—1 n—1
< PO P —E(Pi|F) > |X|— 21+ Y E(Pi|Fr))
k=0 k=0

n—1
< PO P —E(Ps|Xy) > |X| —nw)
k=0

< Cin(|X]| - m/)_T/,

where we have used the same argument and Lemma
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6.3 Shape of Regenerative Navigation

We extend Theorems b and [ to regenerative navigation. Let A be a regenerative navigation
and 6 its associated regenerative time. We define P?(X) = |X|— | Xy| = | X| — | A?(X)], the
assumptions is as follows

(1) A is a regenerative navigation with non-negative progress.
(M) (1)  supyepa EP?(X)" < 0o and Ef” < oo for some r > d + 2
(4ii)  Fx converges weakly to F with [rF(dr) > 0.

We denote by 6 = lim|x|_, E6(X) and = 1/6 [ 7F(dr) > 0. From Proposition [ and
Lemma[l as | X| tends to infinity a.s. H(X)/|X| — p. Not surprisingly, we obtain the next
two results as corollaries of Theorems [ and B

Corollary 7 Under the foregoing Assumption (AIG3), let ' < r, for all v < u, there exists
a positive constant C:

if|X|<nv—1andn>1, PH(X)>n)<Cin(nw—|X|)~".
Similarly for v > p :
if|X|>14nvandn>1, PH(X)<n)<Cin(X|—nv)".

Corollary 8 Under the foregoing Assumption (AlG3), the conclusions of Theorem 8 hold
for A.

Corollary Bl follows from Corollary [l exactly as Theorem [ implies Theorem Bl We now
prove corollary [
Proof. Let () denote the regenerative sequence, A(X) = A’(X) and HY(X) = inf{k :
X, =0} =sup{k: A*(X) =0}.

We assume first that |X| < nv — 1 and v < p. We may find 0 < § < 6 such that
V' =v0/5 < pand | X| < v'n—1. We get

P(H(X)>n) < PHYX)> g) +P(6a) <n)
13)-1
< PHY(X) > %) +P( Y Ot — O <n)
k=0
. 13)-1
< PUHX) > D) +P (| Y (s — 00~ 0) |>n(1-5/6) ~ 1 )(66)

We may apply Theorem P to A and 7 = '8 < uf since we have | X| < nv/ —1 < (2)(V0)—1.
The first term in the latter inequality (BH) is thus bounded by Cin/8(nv/8/6 — |X|)~" =
Cin/8(nv — |X])~"". We can also apply Lemma P8 to the sequence of iid variables Y =
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0141 — 0 — 6. Thus we may upper bound the second term in Equation (B8) by C1(1— 5/_5 —
1/n)~"'n'="" for n large enough to guarantee 1 — /8 — 1/n > to with 0 < to < 1 — /6.
Finally we obtain (since n > (nv — |X|)/v) for n large enough:

P(H(X) > n) < Cin(nv — | X[)~".

By increasing suitably C7 we obtain the result for all n > 1. m]
As an example, for the Small World model, we easily get:

Corollary 9 - For 8 > d, there exists C > 1 such that if 8 > (C + 1)d + 2C, then the
conclusions of Corollaries [ and @ hold true with p computed in Theorem .

- For B = d, let i be as in Theorem [@, for all € > 0 there exists a.s. K such that if
k>K:
NN B(0,exp((1 — e)kfn)) C To(k) C B(0,exp((1 + €)kin)).
Moreover a.s. and in L' :
In|Zo (k)|
k

— dji.

- Ford—2<fB<d,leta=1—(d—p)/2, for all e > 0 there exists a.s. K such that if
k> K:
N N B(0,exp(a*=9%)) c To(k) € B(0, exp(a1Tok)).
Moreover a.s. and in L' :
Inln |7 (k)|
k

— Ina.

7 Appendix

7.1 Further examples of navigation
7.1.1 Ray Navigation

This navigation is built up artificially from the directed navigation introduced by Ferrari et
al. in [II] to obtain their Poisson forest. The main interest of this navigation is that its
mathematical analysis is fairly simple, indeed this navigation is memoryless for a PPP.

For X € RN\{0} and t € Ry, let C(X) = {Y € R? : Y| < |X],0 < (X,Y) <
| X||Y]cos(2m A|X|71)}. C(X) is a cone intersected with B(0, X) tuned to guarantee that for
|X|>1,C(X)NAB(0,|X]) is a calotte on S9~1 with (d — 1)-Lebesgue measure the volume
of the unit ball in R*~! (i.e. #%/2/T(d/2+ 1)). If 0 € N, the ray navigation from 0 to X is
defined as (see Figure B):

AX)=1Y| if |Y]<|X|and C(X)NB(0,]X|—[Y]) NN = 0.
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bt

t

Figure 3: Left: A(X) =Y if the dashed region has no point (dim. 2). Right: R(X,t) in dim.
3.

Let R(X,t) denote the open cylinder of height ¢ > 0 with direction e; generated by a
(d — 1)-dimensional ball of center X and radius 1 orthogonal to e; (see Figure Bl). The
directed navigation introduced by Ferrari et al. is:

Ao, (X)=1|Y| if (Y =X, e1)>0and R(X,(Y — X, e1)) NN = 0.

7.1.2 Hierarchical Navigation

In view of applications, it is interesting to consider more sophisticated navigation algorithms,
for example the closest point between the ancestor given by a radial navigation and a small
world navigation.

A more appealing model is as follows. We divide our locally finite point set N into point
sets N1 and No. If X € Nj then a navigation A; is performed on the point set N and if
X € N then a navigation Ay is performed.

We consider the following example, in a network there are two types of vertices, Ny
and Ns. Vertices in Ny are highly connected whereas vertices in N2 are poorly connected.
The intensity of N is much smaller than the intensity of Ny. Let Gp = (N1 U Nao, Ep) be
the Delaunay graph on Ny U Ny and Gsw = (N1, Esw) denote a Small World graph on
N;. In a wireless communication scenario, Ep could be a wireless link (short) and Egy
a wired link (long), N2 is the set of wireless users in an ad-hoc network and Ny the set of
entry points to a wired networks. A maximal progress navigation is performed on the graph
G = (N, Ep UEgw). A hierarchical structure naturally appears, a navigation from X € N,
to 0 € Na will probably start by short links on G p until it finally reaches a point in N7 then
long links on Gy are followed until the path gets close of the destination. Then the path
ends with a sequence of short links on Gp to its destination.

It is of course possible to combine more general navigation schemes by dividing N into
k point sets.
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7.2 Collection of technical Lemmas

Lemma 24 Let f be a measurable non-negative function and lim,_, o f(x) = 0. There
exists a measurable positive non-decreasing function g(x) with lim,_,« g(x) = 0o such that:

z+g(x)
lim fly)dy = 0.

—
x+ooz

Proof. Let F(x) = sup,, f(y), F' satisfies the same hypothesis than f and F' is non-
increasing. If F(z) = 0 for = large enough any function g will work. Otherwise F(x) > 0
and the function g(x) = 1/4/F(z) trivially satisfies all the requirements. Indeed:

@+g(z)
/ )y < g(@)F(z) < VF(@).
O

Lemma 25 Let (X,,),n € N, be a sequence of real valued random variables adapted to a

st
filtration {F,},n € N. Assume that Xp41|Fn <Y, where Y is a random variable. Then for
all stopping time N :

N o N
S Xk <) Vi,
k=1 k=1
where (Yy), k € N, is a iid sequence with the distribution of Y.

Note that the sequence (Yi)ren is not necessarily independent of N.
Proof. For all n in N, we check easily that

S
k=1

We assume first that a.s. N < n. Notice 1(N > (k+1)) is F-measurable, thus X 1(N >
st
k+1) <Y;L(N > k+1). Since a.s. Zivzl X =7 1 L(N > k)X}, we deduce:

N o N
E X < E Y.
k=1 k=1

For the general case, we consider N,, = N A n and we let n tends to infinity. O

t

INE

ZYk.

k=1

Lemma 26 Let (Xi),k € N, be a sequence of iid real valued random variable. We assume
that EX; = 0 and E|X;|" < oo for some r > 1. Then for all 1 <1’ <r, and ty > 0 there
exists C1 such that, for all t >ty and n > 1:
P> Xkl > tn) < Cyt~"nt
k=1
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Proof. A proof of this lemma follows step by step the proof of Theorem 4 of Baum and Katz
[B]. As it is pointed there, we can suppose that the distribution of X; is symmetric. Let

X,[:"] = X 1(Xy < tn), we write:

WYXk 2 tn) < " TB(XG] > ) 0" TR XM = tn)
k=1 k=1

IN

n
t*T/E|Xk|r/ i nr/,1]P)(| ZX][:n]| > tn),
k=1
where we have used Markov inequality. We bound the second term exactly as in the proof of
Theorem 4 of [5], let p be an even integer strictly larger than 27’ — 1, from Markov inequality

P 12

, " , -2
2 TS X > ) < P (EXT g - DEXTTTEX 1)

k=1
Let {2i1, ..., 2i,, } be a partition of r into positive even integers, the corresponding term in the
/ , , 0
preceding expansion is bounded by t=Pn"” "”"_p_lIEEX{m]l1 ...IEXl[m]“. Note that ]EXl[m} ' <
2- . ’ . ’
Oy if 20 < v and EXI™ < 0272 if 2 > o/, Hence if W = {j : 2i; > r'}
we bound the term by Cjt—Pp +m—r-1 [Lew 2= 25— < Oy IWI =P jew 24 f(n).
It is proved in Theorem 4 of [5] that f(n) € £°, it remains to check the exponent in t:
a=—|Wr'—p+ 3 ey 2ij. If W =0 then it reduces to @ = —p < —r' and if W] > 1
since ZjeW 2i; < 2r we obtain o < —r and this concludes the proof. O

7.3 Some Results in Renewal Theory

Lemma 27 Let Sy = 0 and S,, = Z;é U, where (Uy) is an i.i.d. sequence of positive
reals with common distribution F'. We assume that for some 0 < a <1 and ¢ >0, ast goes
to infinity F(t) ~ ¢/t*. Define 7(x) = inf{n : S, >z}, as x tends to +00 we have:

T(‘T) 1 -1/«
o - oz)cxo‘ ’

where X 15 an a-stable random variable.

Proof. This lemma is a restatement of Equation (XI.5, 5.6) in [10]. O
This lemma is a corollary of Rogozin’s Relative Stability Theorem (Theorem 8.8.1. of

[61)-

Lemma 28 Let Sp =0 and S,, = Z;é Un, where (Uy) is an i.i.d. sequence with common
distribution F. We assume that for some ¢ > 0, as t goes to infinity F(t) ~ c/t. Define
7(x) =inf{n : S, >z}, as © tends to +oo, a.s. we have:

T(x)lnz 1

lim —— = —.
r—-+00 X C
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The next lemma is a direct consequence of Rogozin’s Relative Stability Theorem (The-
orem 8.8.1. of [6]) and the stability of positive stable laws (see §8.3.5 in [6]).

Lemma 29 Let (Xj) be an i.i.d. sequence of non-negative reals with distribution F and
define S, = > p_y Xi. Assume that

Cot ™ < F(t) < Oyt
for some positive Cy, C1. If a = 1, there exists a function Cy < C(n) < Cy such that a.s. :

Sn
C(n)nlnn

— 1.

If 0 < a < 1 and xo denotes an a-stable random wvariable, there exists a function Cy <
Sn,

C(n)nt/e X

Lemma 30 Let Sy =0 and Sp(u) = Z;& 1(U,, < u)Uy, where (Uy,) is an i.i.d. sequence of
positive reals with common distribution F. We assume that for some 0 < a < 1 and ¢ > 0,
as t goes to infinity F(t) ~ c/t*. Let 7.(x) = inf{n : S, (ze(x)) > x}, with lim, o €(x) =0
and lim, o xe(z) = 0o Then as z tends to infinity, a.s.:

Similarly, if F(t) ~ c/t, a.s.:

Proof. Notice that m(z) = EU,1(U, < ze(x)) ~, 217 %(x)"%c/(1 — ). We have z <
S: (@) < 2+U; (g, thus from Wald equality, we have: 2 < m(z)E7.(z) < 2+EU; () 1(Ur, () <
re(z)) < x(14+€(x)). Hence for z large enough: 2%¢(x)* 1 (1—a)/c < Ere(x) < 2%(x)* 1(1+
e(x))(1 — a)/e. For a = 1, the proof is identical. O

Remark 6 Assume 0 < o < 1 and let ex(z) = |z|~Y* so that wey(z) = |z|*=V/k. For
k> 1, we have my(x) = EU,1(U,, < |z|F=D/F) ~y 2= E=D/ke/(1—q) = I;(2) uniformly
in k: lim, supyq mi/lp(x) = 1. As in the proof of LemmaBl, for = large enough, for all k
we have Br,, (x) < xt/ktek=1/k(1 4 |z|=1/%)(1 — a)/c. Therefore:

Er, (x) 1-—«
hraGeDk S 2 (67)

lim sup sup
T k
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7.4 Tail Inequality in the GI/GI/co Queue

Let {0y, 7n},n € Z, be an i.i.d. sequence of Ry x R -valued random variables representing
the service times and inter-arrival times in a GI/GI/co queue. The random variables (o)
and (7,) are independent. We set Ty = 0 as the arrival time of customer 0; for n > 1,
T, = ZZ;(} Tk is the arrival time of the n?* customer. Let Y € R, be a non-negative initial

condition, independent of the {o,, 7,} sequence. We set W(EY] =Y, and for n > 1, we define

n—1 n—1 +
Yl — — o
W, = max <Y Z Tk, 11;1?;(” Oi—1 Z Tk>
k=0 k=i
+
= max (Y — (T, — Tp), max o1 — (T, — TZ))
1<i<n
= max (Wr[fi]l — Thn—1, an,l) .
(where by convention ZZ;:L - =0). The random variable Wi is the largest residual service
time just after the arrival of the n‘® customer in the GI/GI/cc queue with initial condition
Y

Let F,, be the o-field generated by the random variables Y and { (o, %),k =0,...,n—1}.
Consider the {F, }-stopping time:

O(Y) =0 =inf{n>1: WXl =0} (68)
0 is the time needed to empty all queues.

7.4.1 Light Tail Case

The following additional assumptions are made:
(i) There exist a constant s > 0 such that : Eexp(so1) < oo and Eexp(sY) < .
(i) P(r, > 0) > 0.
(i) P(oy = 0) > 0.

Lemma 31 Let 6 be the stopping time defined in Equation ([€8). Under the foregoing prob-
abilistic assumptions on'Y, (1) and (0y,), there exists s > 0 such that:

Eexp(sf) < oc.

Proof. The Loynes’ sequence {M,,} of this GI/GI/co queue is defined by My = 0 and

-1
M, = max (Ji,l—g )", n>1
—n+1<4<0 s
=3
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This sequence is non-decreasing in n and it a.s. converges to
-1
M =sup(or 1 — 3 7o)t (69)
t=0 k=i
The random variable M is a.s. finite. Indeed, we can easily obtain a stronger assertion. Let

s > 0 such that Eexp(so1) < oo (such s exists due to Assumption (i)), then:

—1

Eexp(sM) = Eexp(ssup(o;—1 — ZTk)+)
i<0 k=i
-1
< 1+ ZEexp(s(aFl - ZTk))
i<0 k=i
< 14 Eexp(soq) ZEexp(—SmTl) < 00.
i<0

Now, we define :
n—1

I/(Y):I/:inf{nZQ:Y—ZTk<O}. (70)
k=0

From time v on, the initial workload does not count anymore, i.e. for n > v Wy[ly] =
maxa<i<n(ci—1 — T, + Ti—1)". Note that v has the same distribution as

—1
V’:max{ng—l:Y—ZTk<O}.

k=n

More generally,

v—1 v—1 —1 —1

L
E Tk, E ThkyeoosTo—1 = E Tk, E Thky+-+3T—1 ],
k=0 k=1

k=—v’ k=—v/+1
which implies that M, and W,EY] have the same distribution. Since M, < M, we have
Wl <y M. (71)

Note that this bound is uniform in Y.
From Assumption (ii) we may find ¢ > 0 and € > 0 such that P(my > ¢) > e. Let
By, = cl(1x > ¢). Using the independency between 7 and Y and Hoeffding’s inequality:

n—1
P(v>n) <P()_ By <Y) <Eexp(—
k=0

(cen —Y)?

2c2n

).
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By assumption (i), Y is such that P(Y > t) < Cyexp(—Cot), for some positive constants
Cy, C1, hence:

(cen — ntg)?

P(v>n) < P(Y >nto) +exp(— YT

) < Cy exp(—Con). (72)

for some positive constants Cy, C, uniformly on the initial conditions Y. Hence we may
found some s > 0 such that Eexp(sv) < oo.

The sequence {W,[ly]} is a {F,}-Markov chain and the random variables
Untl = VUp + I/(Wi}: ), n>1,

with v(W) defined in [{0)) and with 1 = v = v(Y'), are {F,, }-stopping times. Using what
precedes, one gets by induction that each v, is a.s. finite and that for all n,

P(vpy1 — vn > m|F,,) = P(upgr — vy > m|Wl£Z]) < Cyexp(—Com), Ym (73)
PV > a2lF,) =PWY] > 2wl <P(M > 2), Va. (74)

Using ([[3)) and a Chernoff type bound, one gets
P(v, > an) < Cy exp(—Con), (75)

for some positive constants «, Cy, C1.
We now turn back to the stopping time 0. First we prove that P(M = 0) = pg > 0. M is

the stationary solution the Markov Chain. Let M, be this stationary sequence, M; £ My =
max(M; — 71,01), P(M; = 0) = P(M; < 7)P(01 = 0). Then assume that M > 0 a.s.. By
assumption (iii) P(e; = 0) > 0 then M; > 71 a.s.. The independence of M; and 71 implies
that M > ¢ almost surely. Notice that P(M < ¢) > P(M; — 11 < 2¢)P(01 = 0) > P(c <
M < 2¢)P(11 > ¢)P(o1 = 0), hence M > ¢ a.s. implies M > 2¢ a.s.. By iteration, we get for
all n M > nc a.s. and this contradicts the finiteness of M.

Equation (Z3) implies that P(W.Y), = 0|F,,) > P(M = 0) = py. In the same vein of
what precedes when using ([[3) and (7)), one gets that:

PO >n) < (1—po)"™ + P(v),/a) > n) < Cre=m,

for some positive constants C, C. O

7.4.2 Heavy Tail Case

In this paragraph, the probabilistic assumptions are made:
(i) There exist a constant a > 1 such that : P(oy > t) < C1t7® and P(Y > t) < Oyt~
(ii)) P(r1 > 0) > 0.
(ii) P(oq =0) > 0.

RR n° 5790



74 C.Bordenave

Lemma 32 Let 6 be the stopping time defined in Equation ([€8). Under the foregoing prob-
abilistic assumptions on'Y, (1,) and (04,), 0 is a.s. finite. Moreover if o > 2, there exists
C1 > 0 such that:

Ef <oo and PO >t)<Cit? ™.

Proof. The proof follows the proof of Lemma Bl in almost all aspects. We only outline the
proof. The tail of the stationary solution M is bounded differently. Let a > 0, we notice
that:
P(sup(o; —ia) >t)=1— H(l —P(oy >t +ia)) < Ct' ™.
i20 i>0

From Assumption (ii) we may find ¢ > 0 and € > 0 such that P(11 > ¢) > €. Let By = cl(7%).
Fix 0 < a < ce and let T = inf{n : Vn > i, >, _, 7 > ia}, it follows from Hoeffding’s
Inequality that P(T" > n) < Cp exp(—C1n). Then we have:

P(M>t) < P(T>n)+Pmax(o1,...,0,) > t) +P(sup(o; —ia) > t) (76)

i>0

Citte, (77)

IN

(we pick n = [t7], 0 <y < 1) . We obtain similarly that:
P(vny1 — vn > ml|F,, ) < Cim' ™.

where v was defined as in the proof of Lemma BIl by Equation (). In particular, since
a > 2, E(vpe1 — vn|Fu,) < A, for some A > 0. The relation ]P’(WILY} , =0|F,,) > P(M =
0) = po still holds. Then, from Doob formula we get E(0)py/A < 1. The statement on the
tail of € follows from a moderate deviation result of Baum and Katz (Theorem 4 in [B]):
P(vpt1 — vp > m|F,,) < Cym!~* implies that P(v, > en) < C1n?~* for e < X\. The proof

is then parallel to the proof of Lemma Bl O

n
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