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� 2 %��(���������
	��`���
��	'� ����%��9:

� cRm
Ti
o�c¨|

Σi
¢¹m-_*cnpry-j�¤*�§pry

i = 1, 2
¤�|X�*�£qvcRm

S = ΣS
1 ∩ ΣS

2

¥!Î�l�l-w8bdc¸m-_�|Xm.K

� m-_*c¨ukw�|X�gm-s¦³�cRy$¢Ã�§y
cncVl�|Xm-svl$³�|Xo8stqtstmËj=~8y
pro8qvcRb pX�
Ti
svl)�8cn�Rsv�*|Xo8qvc�¤8�Ãpry

i = 1, 2
	

� ΣF
1 ∩ ΣF

2 = ∅
|X�*�

ΣP
1 ∩ ΣP

2 = ∅
	

� T2
svl)~3prqtstm
c © stm-_Fy
cnl
~3cn�Rm)m
p S ¥

9Ë�[m-_8svl6l�cn�Rm-svpr� © c��8cnl
�Ry-sto3c�|UbdcRm-_*pk���Ãpry9�nprbVo8st�8st�8�£m-_*c��8cn�Rsvl-svpr�Í~8y
pk�ncn�Tw8y
cnl6�Ãpry6m-_*c
ukw�|X�gm-s¦³�cRy$¢Ã�§y
cnc�l�|Xm-svl$³�|Xo8stqtstmËj�~8y
pro8qvcRbdl!pX�

T1
|X�*��pX�

T2
st��pry
�8cRy!m
p6�8cn�Rsv�8c`m-_*cµukw�|X�gm-s¦³�cRy$¢

�§y
cnc)l�|Xm-svl-³�|Xo8stqtstmÁj�~8y
pro8qvcRb pX�
T1⊕T2

¥JI¿stm-_*prw8m¶qvp�l
l¡pX�´��cR�*cRy�|XqtstmÁj�¤ © c�y
cnl-m-y-sv�Rm�prw8y
l
cRqt �cnl
m
p��npr�rz$w8�*�Rm-svpr�*l6pX��qtstm
cRy�|Xqvl�¥

^`_*c²�nprb�o8st��|Xm-svpr� bdcRm-_*p0�«�npr�*l
svl-m
l�pX�)�§prw8y�~8_�|rl
cnl K 
@�'���7�(��) � �(�"!���� �(��������	 ¤ #�����	 �"!E!
��	0���6� � �������7�'	 ¤ � � � �'� � �F!������7�'	 ¤�|X�*� ��$5�6��� ¥

� �A�X�n� 	 �N�8� Å ���8�8���A�8� ! Å �8���n���X�8����� É�� � � cRm
Γ
o�c�|��npr�rz±w8�*�Rm-svpr�£pX�

(Σ1 ∪Σ2)
¢¹qtstm
cRy�|Xqvl�¥

^`_*c9prw8m-~8w8m�pX��m-_*c¸ �|Xy-s®|Xo8qvcV|Xo*l-m-y�|r�Rm-svpr�F~8_�|rl�c9svl)|��npr�rz±w8�*�Rm-svpr�
Γ1 ∪ Γ2

l�|Xm-svl-�Aj0st�8��m-_*c
�Ãprqtqvp © st�8�U~8y
pr~3cRy-m-svcnl.K
� | �£c�|r�
_Fqtstm
cRy�|Xq�st�

Γi
svl�|

Σi
¢¹qtstm
cRy�|Xq¹¤8�Ãpry

i = 1, 2
	

� o �
Γ1 ∪ Γ2

svl
(T1 ⊕ T2)

¢Ál�|Xm-svl$³�|Xo8qvc9s¦�¡|X�*�Fpr�8qtj²s¦�
Γ
svl

(T1 ⊕ T2)
¢Ál�|Xm-svl-³�|Xo8qvc�¥

¯6prm
c�m-_�|Xm¨~8y
pr~�cRy-m-svcnl � | �V|X�*� � o �¸��|X�­o�cdc��´cn�Rm-st �cRqtj¬cR�T�§pry
�ncn� © stm-_­m-_*c�_*cRqt~ pX�µ�§y
cnl-_
 �|Xy-s®|Xo8qvcnl�¥�I­c9��|Xqtq

Γ1 ∪ Γ2
|��npr�rz$w8�*�Rm-svpr��pX�\qtstm
cRy�|Xqvl)st� !.� � �'�6���1� �Ãpry-bF¥

�´Å � É�� Ê 	 ���8� Å � È �C� ��Å ��� � � ��� É Ê�
������ É�� � � cRm
Γ1∪Γ2

o�c)|¸�npr�rz±w8�*�Rm-svpr�²pX�3qtstm
cRy�|Xqvl�st�
l�cR~�|Xy�|Xm
cµ�§pry-b y
cRm-w8y-�*cn��st��m-_*c` �|Xy-s®|Xo8qvc)|Xo*l-m-y�|r�Rm-svpr��~8_�|rl
c�¥ 9Á��m-_*c © stm-�*cnl
l!st�km-y
pk�Tw*�Rm-svpr�
~8_�|rl�c © cd�nprb�~8w8m
c ψ2 = witnessT2

(Γ2)
¤�|X�*� © cdprw8m-~8w8m Γ1 ∪ {ψ2}

¥ 9Á�km-w8stm-st �cRqtj�¤�m-_8svl
~8_�|rl�c�st�km-y
pk�Tw*�ncnlVm-_*c��Ay
cnl
_[ �|Xy-s®|Xo8qvcnl9st�

vars(ψ2) \ vars(Γ)
¤ © _*p�l
c�y
prqvc�svl¸m
p © stm-�*cnl�l

m-_�|Xm��ncRy-m�|Xst�£�Ã|r�Rm
l)_*prqv�=�§pry�m-_*c¨~3prqtstm
c¸m-_*cnpry-j
T2
¥��

� çXÕ�Ö�ÑØäXÒ§ÛÁÚ�äXõ$àKð�ÑØä�Û¹ÐXà´Û¹Ð�à$ÕYÖÃÝµÕ�%0Ú�ÖÃÖÁÚ$ÝºÒ�Ú!ÜØÑØÛ¹àËÖÁÚYÜ a 6≈array b Ñ$*�Ù�ÜØÑÓà±Ò�Û¹ÐrÚ
Û�Û¹Ð�à±Ö¹àNÑÓÒ3ÚYä)ÑØäráºà)( i ÒÃßXõÁÐ`Û¹ÐrÚ�Û
read(a, i) 6≈ read(b, i) ÿ�Ï�Ð�à$äkð i õ-ÚYä6â�à�Û¹ÐXÕYßXãKÐnÛ�Õ�%�ÚYÒNÚ¶Ô�ÑÞÛ¹äXà$ÒÃÒNÕ�% a 6≈array b ÿ
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� � �A�XÊ 	 ���8� Å � Ê Å � É � 	¡É ���C��� É�� � � cRm
Γ1 ∪ {ψ2}

o3c£m-_*c��npr�rz±w8�*�Rm-svpr� pro8m�|Xst�*cn�¿st�
m-_*c © stm-�*cnl
lVst�km-y
pk�Tw*�Rm-svpr�«~8_�|rl
c�¥ � cRm Vσ = varsσ(ψ2)

�ÃpryVc�|r��_
σ ∈ S

¤�|X�*�­qvcRm
V =

⋃

σ∈S Vσ
¥ 9Ë� m-_*c[�8cn�nprb�~�p�l-stm-svpr�#~8_�|rl�c © cÍ�*pr�*�8cRm
cRy-b�st�8svl-m-sv��|Xqtqtj ��w*cnl
lF|ª�¹|Xb�stqtj

EpX�9cnukw8st r|XqvcR�*�nc£y
cRq®|Xm-svpr�*l
E = {Eσ ⊆ Vσ × Vσ | σ ∈ S}

¥ ^`_*cR��¤ © c¾�npr�*l-m-y-w*�Rmdm-_*c
���"�6�'	�
(������	0� pX�

V
st�*�Tw*�ncn�Fokj

E
¤*�8cK³*�*cn�£ogj

arr (V,E) = {x ≈ y | (x, y) ∈ Eσ
|X�*�

σ ∈ S} ∪

{x 6≈ y | (x, y) ∈ (Vσ × Vσ) \ Eσ
|X�*�

σ ∈ S} ,

|X�*� © c¨prw8m-~8w8m)m-_*cV�npr�rz±w8�*�Rm-svpr� Γ1 ∪ {ψ2} ∪ arr (V,E)
¥

��É 
��º��� 	 ���8� Å �¸� � Å � ��� � cRm
Γ1∪{ψ2}∪arr (V,E)

o�c�|9�npr�rz$w8�*�Rm-svpr��pro8m�|Xst�*cn�dst�Um-_*c
�8cn�nprb�~�p�l-stm-svpr�F~8_�|rl�c�¥¡^`_*c¨�
_*cn�ED£~8_�|rl
c9�npr�*l-svl-m
l)st�F~3cRy$�Ãpry-b�st�8�dm-_*c6�Ãprqtqvp © st�8�²l-m
cR~*l.K
� � Å
	 � � 9Á�

Γ1∪arr (V,E)
svl
T1
¢Ál�|Xm-svl$³�|Xo8qvc`��p�m
p6m-_*c¶�*cK·Tm!l-m
cR~ 	�prm-_*cRy © svl
c`prw8m-~8w8m��������*¥

� � Å
	 � � 9Á�
{ψ2} ∪ arr (V,E)

svl
T2
¢Ál�|Xm-svl$³�|Xo8qvc���p=m
p=m-_*c��*cK·Tm9l-m
cR~ 	Nprm-_*cRy © svl
cUprw8m-~8w8m

�������*¥
� � Å
	 � � prw8m-~8w8m	��

����������¥

� ��� � � #,���"%�����#
� cRm

Σ1
o3cdm-_*c�l-st����|Xm-w8y
cU�npr�km�|Xst�8st�8�[|£l
pry-m

elem
¤�|rl © cRqtqµ|rl¨m © p��npr�*l-m�|X�gm�l-j0bVo�prqvl a|X�*�

b
pX�!l
pry-m

elem
¥�{µpr�*l-sv�8cRy)m-_*c

Σ1
¢¹m-_*cnpry-j

T1 = TheoryΣ1(Φ1)
¤ © _*cRy
c

Φ1 = {(∀elem x)(x ≈ a ∨ x ≈ b)} .

{¶qvc�|Xy-qtj�¤��ÃprydcR �cRy-j
T1
¢¹st�gm
cRy-~8y
cRm�|Xm-svpr�

A
¤ © c£_�|n �c |Aelem| ≤ 2

¥«^`_*cRy
cK�Ãpry
c�¤
T1

svl��*prm
l
m�|Xo8qtj�st�T³*�8stm
c © stm-_¾y
cnl-~3cn�Rm�m
p {elem} ¥¯�cK·Tm�¤´�npr�*l-sv�8cRy9m-_*c

Σset

¢¹m-_*cnpry-j
Tset

pX�`l
cRm
l9pX�µcRqvcRbdcR�km
l�¥�^`_*c�l-st����|Xm-w8y
c
Σset

�npr�T¢
m�|Xst�*lº¤�|Xbdpr�8�£prm-_*cRy9l
cRm$¢¹m-_*cnpry
cRm-sv��|Xq¡l-j0bVo�prqvl�¤´|�l
pry-m

elem
�§pry¸cRqvcRbdcR�gm
l�¤�|X�*�[|²l
pry-m

set�Ãpry�l�cRm
l�pX��cRqvcRbdcR�gm
lº¥�^`_*c¨m-_*cnpry-j
Tset

© stqtq�o3c��8cK³*�*cn�¾bdpry
cV�§pry-bU|Xqtqtj£st�¬ekw8o*l
cn�Rm-svpr�­�T¥
¼�pry)m-_8svl)cK·*|Xb�~8qvc�¤8stm�l-w5GU�ncnl�m
p�Dk�*p © m-_�|Xm

Tset

svl�~�prqtstm
c © stm-_Fy
cnl-~�cn�Rm)m
p {elem} ¥¯�cK·Tm�¤8�npr�*l-sv�8cRy)m-_*c¸�Ãprqtqvp © st�8���npr�rz±w8�*�Rm-svpr� Γ
pX�

(Σ1 ∪Σset)
¢¹qtstm
cRy�|Xqvl K

Γ =















a ≈ b ,
x 6≈ ∅ ,
y 6≈ ∅ ,
x ∩ y ≈ ∅















,
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!���� � ��	�
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© _*cRy
c x |X�*� y |Xy
c set
¢¹ �|Xy-s®|Xo8qvcnl�¥

¯�prm
c�m-_�|Xm
Γ
svl

(T1⊕Tset)
¢¹w8�*l�|Xm-svl$³�|Xo8qvc�¥�^NpVl�cnc�m-_8svl�¤k|rl�l-w8bdc�ogj��npr�km-y�|r�Tsv�Rm-svpr�²m-_�|Xm

A
svl¨|

(T1 ⊕ Tset)
¢¹st�km
cRy-~8y
cRm�|Xm-svpr�«l-w*��_Ím-_�|Xm

Γ
svl6m-y-w*c�st�

A
¥ �µj¾m-_*c�³*y
l-m¸qtstm
cRy�|Xq!st�

Γ
¤

© c¨_�|� �c |Aelem| = 1
¥ :�p © cR �cRy�¤�ogj£m-_*c9m-_8y
cncVq®|rl-m�qtstm
cRy�|Xqvl�st� Γ

¤ © cV_�|n �c |Aelem| ≥ 2
¤�|

�npr�km-y�|r�Tsv�Rm-svpr��¥
I­c © |X�km)m
p��Ãpry-bU|Xqtqtj=�8cRm
cn�Rm�m-_�|Xm Γ

svl
(T1 ⊕ Tset)

¢¹w8�*l�|Xm-svl$³�|Xo8qvcVogj=w*l-st�8�dprw8y��nprb�¢
o8st��|Xm-svpr�¾bdcRm-_*pk�´¥

ekst�*�nc�|Xqtq�qtstm
cRy�|Xqvl�st�
Γ
|Xy
c�cRstm-_*cRy

Σ1
¢¹qtstm
cRy�|Xqvl¶pry

Σset

¢¹qtstm
cRy�|Xqvlº¤�st�dm-_*c� �|Xy-s®|Xo8qvc�|Xo*l
m-y�|r�K¢
m-svpr�U~8_�|rl
c © c��8p9�*prm¡�*cncn�Um
p9st�gm-y
p0�Tw*�nc��Ay
cnl-_U r|Xy-s®|Xo8qvcnl�¤0|X�*� © c�l-stb�~8qtj�y
cRm-w8y-�Um-_*c)m © p
�npr�rz$w8�*�Rm-svpr�*l.K

Γ1 =
{

a ≈ b
}

, Γset =







x 6≈ ∅ ,
y 6≈ ∅ ,
x ∩ y ≈ ∅







.

9Á� m-_*c © stm-�*cnl
l£st�km-y
pk�Tw*�Rm-svpr� ~8_�|rl
c © cÍ�*cncn� m
p½�nprb�~8w8m
c
witness set(Γset)

¥ ^`_*c
st�km-w8stm-svpr�¾o�cR_8st�*�£m-_*c9�nprb�~8w8m�|Xm-svpr�ÍpX�

witness set(Γset)
svl�|rl`�§prqtqvp © l�¥��

^`_*c`qtstm
cRy�|Xq
x 6≈ ∅

stb�~8qtsvcnl!m-_*c�cK·Tsvl-m
cR�*�nc�pX��|X�dcRqvcRbdcR�km
wx

st�
x
¥ � sCD�c © svl
c�¤�m-_*c`qtstm
cRy�|Xq

y 6≈ ∅
stb�~8qtsvcnl�m-_*cVcK·Tsvl-m
cR�*�ncVpX��|X��cRqvcRbdcR�km

wy
st�
y
¥`^`_*cVprw8m-~8w8m¸pX�

witness set(Γset)
svl

|��npr�rz$w8�*�Rm-svpr�
∆set

m-_�|Xm�bU|FD�cnl�cK·T~8qtsv�Rstm�m-_*c¸cK·0svl-m
cR�*�nc¸pX��m-_*c6cRqvcRbdcR�km
l
wx

|X�*�
wy
¥JI­c

��|X���8p�m-_8svl�ogj=qvcRm-m-st�8�

∆set =







wx ∈ x ,
wy ∈ y ,
x ∩ y ≈ ∅







.

¯6prm
c¸m-_�|Xm
Γset

|X�*�
(∃elem wx)(∃elem wy)∆set

|Xy
c
Tset

¢Ácnukw8st r|XqvcR�km�¥
9Á��m-_*c��8cn�nprb�~�p�l-stm-svpr�[~8_�|rl
c © cV�*cncn��m
pd��w*cnl�l6|X�Ícnugw8st �|XqvcR�*�nc�y
cRq®|Xm-svpr� Eelem

pº �cRy
m-_*c� �|Xy-s®|Xo8qvcnl¸st�

varselem(∆set)
¥¨ekst�*�nc

vars elem(∆set) = {wx, wy}
¤�m-_*cRy
c�|Xy
c�m © p²~3p�l-¢

l
sto8qvc9�
_*prsv�ncnl.K¶cRstm-_*cRy © c9��w*cnl�l (wx, wy) ∈ Eelem

pry © c9��w*cnl�l (wx, wy) /∈ Eelem

¥
9¹� © c ��w*cnl
l (wx, wy) ∈ Eelem

m-_*cR� © c _�|n �c m-_�|Xm ∆set ∪ {wx ≈ wy}
svl
Tset

¢
w8�*lY|Xm-svl$³�|Xo8qvc�¤9|X�*� © c © stqtqVprw8m-~8w8m � ��� �«st�#l-m
cR~ �»pX��m-_*c­�
_*cn�ED ~8_�|rl�c�¥ 9Á��st�*l
m
c�|r�
© c���w*cnl�l (wx, wy) /∈ Eelem

m-_*cR� © c�_�|� �c�m-_�|Xm Γ1 ∪{wx 6≈ wy}
svl
T1
¢¹w8�*lY|Xm-svl$³�|Xo8qvc�¤8|X�*�

© c © stqtqNprw8m-~8w8m ����� ��st�Fl-m
cR~ B9pX�\m-_*c¨��_*cn� D=~8_�|rl
c�¥
ekst�*�nc!m-_*c¡�
_*cn�ED¸~8_�|rl
c¡prw8m-~8w8m
l ����� �µ�ÃpryN|X�gj¸cnugw8st �|XqvcR�*�nc¡y
cRq®|Xm-svpr�

Eelem

pX�
varselem(∆set)

¤
prw8y)�nprb�o8st��|Xm-svpr��bdcRm-_*p0�F�npry-y
cn�Rm-qtj£�npr�*�Rqtw*�8cnl�m-_�|Xm

Γ
svl

(T1 ⊕ Tset)
¢¹w8�*l�|Xm-svl-³�|Xo8qvc�¥

� ö %¦ÕYÖ *)Ú�Ügá�à��XäXÑÞÛ¹ÑØÕKä6Õ�%8Ú %¦ßXä�õ±Û¹ÑØÕKä
witness set

õ-ÚYä�â�à % ÕKßXäXá�ÑØä9æ�ßXâ�ÒÃà$õ±Û¹ÑØÕKä�ñºÿ�çXÕ�Ö´Û¹ÐXÑØÒ´à)(�Ú�*�Ù�ÜØàKðnÔ�à
Ù�Ö¹à)% à±Ö�Û¹Õ`Ò§Û¹ÑØõË×�Û¹Õ`ÑØänÛ¹ßXÑÞÛ¹Ñ #Rà!Ú
Ö¹ãKß�*�à±ä�Û¹Ò$ÿ
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� ��� ����� �(#�)9�(� #�+ + �"��� ) ��%�����#,��' � �
^`_*c��npry-y
cn�Rm-�*cnl
l9pX�µprw8y¸�nprb�o8st��|Xm-svpr�­bdcRm-_*p0��svl¸o�|rl�cn��pr�Ím-_*c��§prqtqvp © st�8��{µprbVo8st��|Xm-svpr�
^`_*cnpry
cRbF¤ © _8sv�
_£svl)|�~�|Xy-m-sv�Rw8q®|Xy)��|rl
c¸pX�\|��nprbVo8st��|Xm-svpr��y
cnl-w8qtm`_*prqv�Tst�8���§pry�pry
�8cRy$¢Ál
pry-m
cn�
qvpr��sv��=CB�B�?Á¥
� � ÅkÉ � Å � � �����VÉ ����� � �T��� É��"� �)( ���

Σ1
�'	 �

Σ2
�E� !"�C
'	������ � �"! !��5��$ ��$ ���

ΣF
1 ∩ΣF

2 = ∅��	 �
ΣP

1 ∩ ΣP
2 = ∅ * � ) !���� )C���

Φi

�E���3!.���L� � Σi � � ���"� � )H�(��� � �'� i = 1, 2 * 24$5��	
Φ1 ∪ Φ2�
! !�� ��� !�- �(��) � � � �'	 � �'	0) * � � ��$5��� � � �'�
!���! �'	 �
	0�1��� � � ���������7�'	

A
!������
! � *F��	�
 Φ1

�'	 � ��	
��	0�1��� � � ���������7�'	

B
!������
! � *F��	�
 Φ2

!��5��$ ��$5����

� ��

|Aσ| = |Bσ|

� � �'�>� 
F����*
σ ∈ ΣS

1 ∩ ΣS
2 �

� ����

xA = yA
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s¦�
Tσ 6= ∅ ,
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aσ
0
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K

fA([t1]∼, . . . , [tn]∼) =

{

[f(t1, . . . , tn)]∼ ,
s¦�
f(t1, . . . , tn) ∈ Tσ ,

aσ
0 ,

prm-_*cRy © svl
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� �§pry�~8y
cn�Tsv��|Xm
c�l-j0bVo�prqvl p pX�!|Xy-stmËj σ1 × · · · × σn
K

([t1]∼, . . . , [tn]∼) ∈ pA ⇐⇒
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tB1 , . . . , t
B
n

)
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A
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� �C� Å �X��!C� É�� ��� Å �ËÉ � �
x = y

� � Ê
x 6= y

� 9Áb�bdcn�Ts®|Xm
c�¥

� �C� Å �X��!C� É � ��� Å �ÁÉ � �
x = f(y1, . . . , yn) �

È � Å � Å
f
�A��� � 
 � ����� É�� � Æ �[� É ! É�� �8���C� Æ

σ1 × · · · × σn → σ
� I­c9_�|� �c�K

xA = [x]∼

= [f(y1, . . . , yn)]∼

= fA([y1]∼, . . . , [yn]∼)
l-st�*�nc

f(y1, . . . , yn) ∈ Tσ

= fA
(

yA1 , . . . , y
A
n

)

.

� �C� Å �X��!C� É � ��� Å �ÁÉ � �
p(y1, . . . , yn)

� � Ê
¬p(y1, . . . , yn) �

È � Å � Å
p
�A�=� 	 � Å Ê��A���T� Å

� Æ ��� É ! É � �8� �®� Æ
σ1 × · · · × σn

��� w*l-m�pro*l
cRy- �c9m-_�|Xm.K
(

yB1 , . . . , y
B
n

)

∈ pB ⇐⇒ ([y1]∼, . . . , [yn]∼) ∈ pA

⇐⇒
(

yA1 , . . . , y
A
n

)

∈ pA . �
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Σ
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S ⊆ ΣS � ��$5�>��$5�6���"*

TΣ
≈

�
!�-/	����1� #�����	 �"!"!��(��) �&#�����$ �6��! � �6�.� ���
S * �

� 5�:�:���� �µj=x!y
pr~3p�l
stm-svpr�*l�B��d|X�*�F���T¥
�

����� � � �*' ��#�� #�+ +
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Σ
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TΣ
≈
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pr~3p�l
stm-svpr�*l�����|X�*�F���T¥ �
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A
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!��

x
p� �cRy

A
svl¨|�l�cnugw*cR�*�nc

〈a1, . . . , an〉
¤ © _*cRy
c n ≥ 0|X�*�

{a1, . . . , an} ⊆ A
¥�I­c9�8cR�*prm
c © stm-_ A∗ m-_*c¨l
cRm)pX�\qtsvl-m
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Σlist
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elem

�Ãpry6cRqvcRbdcR�km
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pry-m

list
�§pry)qtsvl
m
l�pX�\cRqvcRbdcR�km
l�¤*~8qtw*l�m-_*c6�§prqtqvp © st�8��l-j0bVo�prqvl.K

� m-_*c¨�npr�*l-m�|X�km�l-j0bVo�prq nil
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list
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� car
¤8pX�¡|Xy-stmÁj

list→ elem
	

� cdr
¤8pX�¡|Xy-stmÁj

list→ list
	

� cons
¤8pX�¡|Xy-stmÁj

elem× list→ list
¥

-£Å � � �C��� É���� � � Î � 3(8;1�
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 list . /�1 3 4�5"765"4,3�8 3"/�:�1 A svl`|
Σlist

¢¹st�gm
cRy-~8y
cRm�|Xm-svpr�FlY|Xm-svl$¢
�§j0st�8��m-_*c6�§prqtqvp © st�8���npr�*�Tstm-svpr�*l.K

� Alist = (Aelem)∗
	

� nilA = 〈〉
	

� carA(〈e1, . . . , en〉) = e1
¤0�Ãpry)c�|r�
_

n > 0
|X�*�

e1, . . . , en ∈ Aelem

	

� cdrA(〈e1, . . . , en〉) = 〈e2, . . . , en〉
¤8�§pry)c�|r��_

n > 0
|X�*�

e1, . . . , en ∈ Aelem

	

� consA(e, 〈e1, . . . , en〉) = 〈e, e1, . . . , en〉
¤g�§pry¶c�|r�
_

n ≥ 0
|X�*�

e, e1, . . . , en ∈ Aelem

¥
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A
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A
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Γ
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¢¹st�gm
cRy-~8y
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B
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�§pry)c�|r��_

elem
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e ∈ Velem ,
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B
svl�|

Tlist

¢¹st�km
cRy-~8y
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|Belem| = κ

¥�h�pry
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B
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9Ë�Fpry
�8cRy�m
p�~8y
pº �c¨m-_�|Xm�m-_*c9m-_*cnpry-j

Tlist

svl�³*�8stm
cRqtj © stm-�*cnl
l�|Xo8qvc © stm-_Fy
cnl
~3cn�Rm)m
p {elem} ¤© c © stqtq�w*l
c¸m-_*c�|XwT·0stqts®|Xy-j��Aw8�*�Rm-svpr�*l compress
|X�*�

δ
¥

� st �cR�
x ∈ A∗ |X�*� X ⊆ A

¤�m-_*c¨�Aw8�*�Rm-svpr�
compress

y
cRm-w8y-�*l�m-_*cVqtsvl-m�pro8m�|Xst�*cn�¾�§y
prb
x
ogj²y
cRbdp� 0st�8�²|XqtqNcRqvcRbdcR�km
l)m-_�|Xm�|Xy
c9�*prm�st�

X
¥¡¼*pry-bU|Xqtqtj K

compress(〈α1, . . . , αn〉, X) =











〈〉 ,
s¦�
n = 0 ,

〈α1〉 ◦ compress(〈α2, . . . , αn〉, X) ,
s¦�
n > 0

|X�*�
α1 ∈ X ,

compress(〈α2, . . . , αn〉, X) ,
prm-_*cRy © svl�c�¤

© _*cRy
c ◦ svl`m-_*c¨�npr�*��|Xm
cR��|Xm-svpr�[pr~�cRy�|Xm
pry�pº �cRy)qtsvl-m
l�¥� st �cR�
x, y ∈ A∗ ¤Tm-_*c¸�§w8�*�Rm-svpr� δ m
cnl
m
l © _*cRm-_*cRy x = y

pry
x 6= y

¥!¼*pry-bU|Xqtqtj K

δ([α1, . . . , αn], [β1, . . . , βm]) =































∅ ,
s¦�
n = 0

|X�*�
m = 0 ,

{α1} ,
s¦�
n > 0

|X�*�
m = 0 ,

{β1} ,
s¦�
n = 0

|X�*�
m > 0 ,

{α1, β1} ,
s¦�
n,m > 0

|X�*�
α1 6= β1 ,

δ([α2, . . . , αn], [β2, . . . , βm]) ,
prm-_*cRy © svl
c�¥
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x 6= y
� � �'	 � ��	�) * � � δ(x, y) 6= ∅ �
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 � �'� �'	�*�!����
X
��� � x 6= y

�'	 �
δ(x, y) ⊆ X

��$5��	
compress(x,X) 6= compress(y,X) *�
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Γ
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�|Xm

Σlist

¢¹qtstm
cRy�|Xqvl`l-w*��_
m-_�|Xm

varselem(Γ) 6= ∅
¥<I­c¶qvcRm
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o�c¡m-_*c¶y
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p

Γ
m-_*c��Ãprqtqvp © st�8�

m-y�|X�*l-�§pry-bU|Xm-svpr�*l.K

� }�cR~8q®|r�ncdc�|r��_ªqtstm
cRy�|XqµpX�µm-_*c��Ãpry-b e ≈ car(x)
st�

Γ © stm-_­m-_*c��Ãpry-bVw8q®| x 6≈ nil →
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¤ © _*cRy
c y′ svl�|��Ay
cnl-_ list
¢¹ �|Xy-s®|Xo8qvc�¥
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st�
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¤\��cR�*cRy�|Xm
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¢¹ �|Xy-s®|Xo8qvcnl
w′
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w′′

x,y
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w′

x,y ≈ w
′
x,y
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w′′
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x,y
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p
Γ
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Γ

� �&��� �'	�����	 ��������	 � � ! ���
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∅
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� �C� Å �X��!C� É�� ��� Å �ËÉ � �
x ≈list y

� I­c¸_�|n �c

xA = compress
(

xB, Aelem

)

= compress
(

yB, Aelem

)

= yA .

� �C� Å �X��!C� É�� ��� Å �ËÉ � �
x 6≈list y

� �µj²x!y
pr~�p�l-stm-svpr���5B � © stm-_ X = Aelem

�K¥

� �C� Å �X��!C� É�� ��� Å �ËÉ � �
x ≈ nil

� I­c9_�|n �c

xA = compress
(

xB, Aelem

)

= compress(〈〉, Aelem)

= 〈〉 .

� �C� Å �X��!C� É�� ��� Å �ËÉ � �
x ≈ cons(e, y)

� I­c¸_�|n �c

xA = compress
(

xB, Aelem

)

= compress
(〈

eB
〉

◦ yB, Aelem

)

=
〈

eB
〉

◦ compress
(

yB, Aelem

) l-st�*�nc
eB ∈ Aelem

=
〈

eA
〉

◦ yA �

% � É 	¡É ���C��� É���� &��	� � � �®� Å�È �C� �NÅ �����8��� ! �C� Æ � � 24$5� ��$5� �'�"*
Tlist

�
!�-/	����1��)+* #�����	 ��!E!�����)C�
#�����$ �6�"! � �6��� ���

{elem} * �

� 5�:�:���� �µj=x!y
pr~3p�l
stm-svpr�*l�B��T¤*}�cRbU|Xy6D=���T¤�|X�*�£x¡y
pr~3p�l-stm-svpr�Í���T¥
�

� � � � � �*' ��#�� #�+ +
� � ÅkÉ � Å � ���'� %6É ! �C� Å ��Å ��� � � 24$5����$5�6�'��*

Tlist

�
! � �')+���1��#�����$ � �"! � �6��� ���
{elem} * �

� 5�:�:���� �µj=x!y
pr~3p�l
stm-svpr�*l����d|X�*�F���*¥ �

� ��� � ) ������#�)9� � �(# �
I­c`�npr�rz-cn�Rm-w8y
c`m-_�|Xm�|�bdpry
c�c�GU�RsvcR�gm © stm-�*cnl
l��§w8�*�Rm-svpr� witness ′list

�Ãpry
Tlist

��|X��o�c`�8cK³*�*cn�
|rl��Ãprqtqvp © l�¥ I stm-_*prw8m`qvp�l
l¶pX����cR�*cRy�|XqtstmËj�¤TqvcRm

Γ
o�c6|V�npr�rz±w8�*�Rm-svpr�£pX� 
�|Xm

Σlist

¢¹qtstm
cRy�|Xqvl`l-w*��_
m-_�|Xm

vars elem(Γ) 6= ∅
¥ I­c¨qvcRm

witness ′list
o�c¨m-_*cVy
cnl-w8qtm¸pX�¶|X~8~8qtjkst�8�²m
p

Γ
m-_*c9�Ãprqtqvp © st�8�

m-y�|X�*l-�§pry-bU|Xm-svpr� K
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� }�cR~8q®|r�ncdc�|r��_­qtstm
cRy�|Xq�pX�`m-_*c��§pry-b x ≈ cdr(y)
st�

Γ © stm-_ªm-_*c��§pry-b�w8q®| x 6≈ nil →
y ≈ cons(e′, x)

¤ © _*cRy
c e′ svl�|��Ay
cnl-_ elem
¢¹ �|Xy-s®|Xo8qvc�¥

I­c9�8pd�*prm)_�|n �c9j�cRm6|��§pry-bU|Xq�~8y
p0pX�!pX��m-_8svl)�Rq®|XstbF¥

� � �����¡,9 

^`_*c�m-_*cnpry-jdpX��|Xy-y�|njTl
Tarray

_�|rl`|9l-st����|Xm-w8y
c
Σarray

�npr�km�|Xst�8st�8�d|¨l
pry-m
elem

�§pry�cRqvcRbdcR�km
l�¤
|²l
pry-m

index
�§pry¸st�*�Tsv�ncnl�¤�|X�*�¬|²l
pry-m

array
�§pry9|Xy-y�|njTl�¤´~8qtw*l6m-_*c��Ãprqtqvp © st�8�£m © p²�Aw8�*�Rm-svpr�

l
jkb�o3prqvl.K

� read
¤8pX�\l�pry-m

array × index→ elem
	

� write
¤8pX�\l�pry-m

array × index× elem→ array
¥

�FÉ ���T��� É�� � � st �cR�
a : I → E

¤
i ∈ I

|X�*�
e ∈ E

¤ © c��8cK³*�*c ai7→e : I → E
|rl��Ãprqtqvp © l.K

ai7→e(i) = e
|X�*�

ai7→e(j) = a(j)
¤8�Ãpry

j 6= i
¥

-£Å � � �C��� É���� � � Î�� 3�8;1�
 8;5 
 array . /21"3"465"765"4,3(893"/2:;1 A svl=|
Σarray

¢¹st�gm
cRy-~8y
cRm�|Xm-svpr�
lY|Xm-svl$�Aj0st�8��m-_*c6�Ãprqtqvp © st�8���npr�*�Tstm-svpr�*l K

� Aarray = (Aelem)Aindex
	

� readA(a, i) = a(i)
¤*�§pry)c�|r��_

a ∈ Aarray

|X�*�
i ∈ Aindex

	

� writeA(a, i, e) = ai7→e
¤0�Ãpry)c�|r�
_

a ∈ Aarray

¤
i ∈ Aindex

¤*|X�*�
e ∈ Aelem

¥
^`_*c 3�� 46:�5 � :�� 8;5"5�8 � � svl�m-_*cV~�|Xsty Tarray = 〈Σarray,A〉

¤ © _*cRy
c
A
svl�m-_*c��Rq®|rl
l�pX��|Xqtq

l
m�|X�*�*|Xy
�
array

¢Ál-m-y-w*�Rm-w8y
cnl�¥ �

����� ��% � � ��� ��#�+ +
% � É 	¡É ���C��� É������ �)( ���

A
� � �

Tarray � �
	0�1��� � � ���������7�'	 !������
! � *F��	�
 � � �'		�"� 	������7�'	
Γ

� � ! � �

Σarray � ) ���1���6�') ! � �'	 � !"����$ ��$ ���
Aindex

� !J-/	����1� * 24$5��	 ��$5��� �>� ��� !���!&�
Tarray � �
	��1��� � �6����� �����'	

B
!�� ��� ! � *'��	�
 Γ

!"����$ ��$ ���
|Belem| = |Aelem|

�'	 �
|Bindex| = κ

� � ���>�6� ��$ � ��� � ��	��')4	������ ���

κ > |Aindex| *
�
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� 5�:�:���� � cRm Vσ = varsσ(Γ)
¤¶�Ãpry

σ ∈ {elem, index, array}
¥ I­cF�npr�*l-m-y-w*�Rm
l�|

Tarray

¢
st�km
cRy-~8y
cRm�|Xm-svpr�

B
pº �cRy

Velem ∪Vindex∪Varray

|rl¡�Ãprqtqvp © l�¥!¼�s¦·�|Vl
cRm A′ l-w*��_Um-_�|Xm |Aindex ∪
A′| = κ

¤*|X�*�£qvcRm

Bindex = Aindex ∪A
′ ,

Belem = Aelem ,

|X�*�

iB = iA ,
�Ãpry)c�|r�
_

index
¢¹ r|Xy-s®|Xo8qvc

i ∈ Vindex ,

eB = eA ,
�Ãpry)c�|r�
_

elem
¢¹ �|Xy-s®|Xo8qvc

e ∈ Velem .

9Ë�­pry
�8cRyVm
p¾�8cK³*�*c
B
pº �cRyVm-_*c

array
¢¹ �|Xy-s®|Xo8qvcnl�¤N³8·ª|X�ªcRqvcRbdcR�gm

e0 ∈ Aelem

¥�^`_*cR��¤��Ãpry
c�|r��_

array
¢¹ �|Xy-s®|Xo8qvc

a ∈ Varray

¤ © c9qvcRm

aB(i) =

{

aA(i) ,
s¦�
i ∈ Aindex ,

e0 ,
prm-_*cRy © svl
c .

�¶j �npr�*l-m-y-w*�Rm-svpr��¤
B
svl[|

Tarray

¢¹st�gm
cRy-~8y
cRm�|Xm-svpr� l-w*�
_ m-_�|Xm
|Belem| = |Aelem|

|X�*�
|Bindex| = κ

¥¡¯6cK·0m�¤ © c¨l-_*p © m-_�|Xm
B
lY|Xm-svl$³�cnl�|Xqtq´qtstm
cRy�|Xqvl�st�

Γ
¥

� �C� Å �X��!C� É � ��� Å �ÁÉ � �
e1 ≈elem e2 � e1 6≈elem e2 � i ≈index j �

� � Ê
i 6≈index j

� 9Áb�bdcn�Ts¦¢
|Xm
c�¥

� �C� Å �X��!C� É � ��� Å �ËÉ � �
a ≈array b

� � cRm
i ∈ Bindex

¥�9¹�
i ∈ Aindex

m-_*cR�
aB(i) = aA(i) =

bA(i) = bB(i)
¥/9Á�

i /∈ Aindex

m-_*cR�
aB(i) = e0 = aB(i)

¥�^`_gw*lº¤
aB = bB

¥

� �C� Å �X��!C� É � ��� Å �ÁÉ � �
a 6≈array b

� ekst�*�nc
aA 6= bA

¤�m-_*cRy
c�cK·Tsvl-m
l9|X�Íst�*�8cK·
i ∈ Aindexl
w*�
_Fm-_�|Xm

aA(i) 6= bA(i)
¥ 9Ám`�Ãprqtqvp © l�m-_�|Xm aB(i) 6= bB(i)

¤ © _8sv��_Fstb�~8qtsvcnl aB 6= bB
¥

� �C� Å �X��!C� É�� ��� Å �ËÉ � �
e ≈ read(a, i)

� I­c¸_�|n �c�K

eB = eA

= [read(a, i)]A

= aA
(

iA
)

= aB
(

iB
) l
st�*�nc

iA ∈ Aindex .
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� �C� Å �X��!C� É�� ��� Å �ËÉ � �
a = write(b, i, e)

� I­c²_�|n �c
aB(iB) = aA(iA) = eA = eB

¥
¯6cK·Tm�¤�qvcRm

j ∈ Bindex

l-w*�
_¬m-_�|Xm
j 6= iB

¥>9¹�
j ∈ Aindex

m-_*cR� © c�_�|n �c aB(j) = aA(j) =
bA(j) = bB(j)

¥ 9¹��st�*l-m
c�|r�
j /∈ Aindex

m-_*cR�
aB(j) = e0 = bB(j)

¥¶^`_gw*l�¤
aB = bB

iB 7→eB

¥
�

% � É 	¡É ���C��� É���� � �)( ���
A

� � �
Tarray � �
	0�1��� � � ���������7�'	 !������
! � *F��	�
 � � �'		�"� 	������7�'	

Γ
� � ! � �

Σarray � ) ���1���6�') ! � ��	 � !��5��$ ��$ ���
Aelem

� !�-/	0���1� * 24$���	 ��$5��� � � �'�
!���!>�
Tarray � �
	��1��� � �6����� �����'	

B
!������ ! � *'��	�
 Γ

!��5��$ ��$ � �
|Bindex| = |Aindex|

��	 �
|Belem| = κ

� � ���>�6� ��$
κ > |Aelem| *

�

� 5�:�:���� ekstb�stq®|Xy�m
p�m-_*c9~8y
pkpX�!pX�!x!y
pr~3p�l
stm-svpr�����0¥ �

% � É 	¡É ���C��� É���� �'��� � É´É ��� ��Å ��� � � � �'� ��	�* 	���	 � ��� � ��* !���� � � !��'����!
S ⊆ {elem, index}

�
��$�����$��6�'��*

Tarray

�
! !����.����$ #�����$ �6��! � �6�.� ���
S * �

� 5�:�:���� �µj=x!y
pr~3p�l
stm-svpr�*l�B�B�¤����0¤*|X�*�¾���T¥
�

����� � '*� ' � #�� ' �(� #�+ + ��� ' ��' � �
	 �C� �NÅ ��� � 
 � ����� É�� � Î © stm-�*cnl
l��§w8�*�Rm-svpr� witnessarray

�Ãpry�m-_*c²m-_*cnpry-j
Tarray

��|X�»o�c
�8cK³*�*cn�­|rl6�Ãprqtqvp © lº¥�I stm-_*prw8m9qvp�l
l9pX�¶��cR�*cRy�|XqtstmËj�¤�qvcRm

Γ
o�c�|��npr�rz$w8�*�Rm-svpr�ªpX� 
�|Xm

Σarray

¢
qtstm
cRy�|Xqvl`l-w*��_�m-_�|Xm

vars index(Γ) 6= ∅
|X�*�

vars elem(Γ) 6= ∅
¥ I­c�qvcRm

witnessarray(Γ)
o�c)m-_*c

y
cnl
w8qtm)pX�!|X~8~8qtj0st�8�Um
p
Γ
m-_*c9�§prqtqvp © st�8�dm-y�|X�*l$�Ãpry-bU|Xm-svpr� K

� }�cR~8q®|r�nc¬c�|r��_ qtstm
cRy�|Xq¨pX��m-_*c��§pry-b
a 6≈array b

st�
Γ © stm-_ | qtstm
cRy�|Xq¨pX��m-_*c[�Ãpry-b

read(a, i′) 6≈ read(b, i′)
¤ © _*cRy
c i′ svl�|��§y
cnl-_ index

¢¹ r|Xy-s®|Xo8qvc�¥
�²Å �ª�8� � & � � � cRm

Γ
o3c�|²�npr�rz±w8�*�Rm-svpr�­pX� 
�|Xm

Σarray

¢¹qtstm
cRy�|Xqvl�¤´qvcRm
∆ = witnessarray(Γ)

¤
|X�*�FqvcRm

v̄ = vars(∆) \ vars(Γ)
¥!^`_*cR�

Γ
|X�*�

(∃v̄)∆
|Xy
c

Tarray

¢Ácnukw8st r|XqvcR�km�¥ �

% � É 	¡É ���C��� É��'& � �)( ���
Γ

�E� � �E�'	�����	��.�����'	�� � ! ���
Σarray � ) ���1���6�') !/!"����$���$ ���

vars index(Γ) 6=
∅

��	 �
varselem(Γ) 6= ∅

� �'	 � 	 ���L� �'	0�����
	���	�
 �'	�* ) ���1���6�')/� � ��$5� � �'��� x 6≈array y *
24$5��	

��$�� � �')�)H��#��
	�
3�'� � �	��� ��
@��)C��	���

� * Γ

�
!
Tarray � !�� ��� !�- �(��) � *

� * 24$5��� � � �'�
!���! �
Tarray � ��	0�1��� � � ���������7�'	 A !������
! � *'�
	�
 Γ

!"����$���$ � �
Aindex = [vars index(Γ)]A�'	 �

Aelem = [vars elem(Γ)]A * �

� 5�:�:���� � 2⇒ 1
�K¥/9Ëb�bdcn�Ts®|Xm
c�¥

�
1⇒ 2

�K¥ � cRm
Vσ = varsσ(Γ)

¤0�Ãpry
σ ∈ {elem, index, array}

¥�ekst�*�nc
Γ
svl
Tarray

¢Ál�|Xm-svl-³�|Xo8qvc�¤
m-_*cRy
c�cK·0svl-m
l¡|

Tarray

¢¹st�gm
cRy-~8y
cRm�|Xm-svpr�
B
lY|Xm-svl$�Aj0st�8�

Γ
¥JI­c © stqtq*w*l
c B st�Upry
�8cRy!m
p¨�npr�*l-m-y-w*�Rm|X�Fpr~8~�pry-m-w8�*c

Tarray

¢¹st�gm
cRy-~8y
cRm�|Xm-svpr�
A
¥
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h�pry
c¨l
~3cn�Rs¦³���|Xqtqtj�¤ © c9qvcRm A o3c¸m-_*c
Tarray

¢¹st�km
cRy-~8y
cRm�|Xm-svpr�[pº �cRy
Velem ∪ Vindex ∪ Varray�npr�*l
m-y-w*�Rm
cn�¾|rl`�Ãprqtqvp © l�¥¡¼�sty
l-m�¤ © c9qvcRm

Aindex = V B
index ,

Aelem = V B
elem ,

|X�*�

iA = iB ,
�Ãpry)c�|r�
_

index
¢¹ r|Xy-s®|Xo8qvc

i ∈ Vindex ,

eA = eB ,
�Ãpry)c�|r�
_

elem
¢¹ �|Xy-s®|Xo8qvc

e ∈ Velem .

9Ë�¿pry
�8cRy²m
pª�8cK³*�*c
A
p� �cRy²m-_*c

array
¢¹ �|Xy-s®|Xo8qvcnl�¤`³8·¿|X�

e0 ∈ Aelem

¥ ^`_*cR��¤`�Ãpry�c�|r��_
a ∈ Varray

|X�*�
i ∈ Vindex

¤ © c9qvcRm

aA
(

iA
)

=

{

aB(iB) ,
s¦�
aB(iB) ∈ Aelem ,

e0 ,
prm-_*cRy © svl
c .

¯�prm
c�m-_�|Xm
A
svl�| © cRqtq¦¢Á�8cK³*�*cn� Tarray

¢¹st�gm
cRy-~8y
cRm�|Xm-svpr��¤¡|X�*�Ím-_�|Xm
Aσ = [varsσ(Γ)]A

¤
�Ãpry

σ ∈ {index, elem}
¥�¯�cK·Tm�¤ © c¨l
_*p © m-_�|Xm

A
l�|Xm-svl$³�cnl�|XqtqNqtstm
cRy�|Xqvl)st�

Γ
¥

� �C� Å �X��!C� É � ��� Å �ÁÉ � �
e1 ≈elem e2 � e1 6≈elem e2 � i ≈index j �

� � Ê
i 6≈index j

� 9Áb�bdcn�Ts¦¢
|Xm
c�¥

� �C� Å �X��!C� É � ��� Å �ÁÉ � �
a ≈array b

� � cRm
i ∈ Aindex

¥�9Á�
aB

(

iB
)

∈ Aelem

m-_*cR�
aA

(

iA
)

=
aB

(

iB
)

= bB
(

iB
)

= bA
(

iA
) ¥�9¹�\st�*l-m
c�|r�

aB
(

iB
)

/∈ Aelem

m-_*cR�
aA(iA) = e0 = bA(iA)

¥

� �C� Å �X��!C� É�� ��� Å �ËÉ � �
e ≈ read(a, i)

� I­c¸_�|n �c�K

eA = eB

= [read(a, i)]B

= aB
(

iB
)

= aA
(

iA
) l-st�*�nc

aB
(

iB
)

∈ Aelem .

� �C� Å �X��!C� É�� ��� Å �ÁÉ � �
a = write(b, i, e)

� ekst�*�nc
aB

(

iB
)

= eB ∈ Aelem

¤ © cd_�|n �c © c
_�|� �c

aA
(

iA
)

= bB
(

iB
)

= eB = eA
¥ ¯6cK·0m�¤µqvcRm

j ∈ Aindex

l
w*�
_�m-_�|Xm
j 6= iA

¥ 9¹�
aB(j) ∈ Aelem

m-_*cR�
aA(j) = aB(j) = bB(j) = bA(j)

¥ 9Á�¶st�*l-m
c�|r�
aB(j) /∈ Aelem

m-_*cR�
aA(j) = e0 = bA(j)

¥
�
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