
HAL Id: inria-00070348
https://inria.hal.science/inria-00070348

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Complexity of Zero-dimensional Gröbner Bases
Amir Hashemi, Daniel Lazard

To cite this version:
Amir Hashemi, Daniel Lazard. Complexity of Zero-dimensional Gröbner Bases. [Research Report]
RR-5660, INRIA. 2005, pp.29. �inria-00070348�

https://inria.hal.science/inria-00070348
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
56

60
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

Thème SYM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Complexity of Zero–dimensional Gröbner Bases

Amir Hashemi — Daniel Lazard

N° 5660

August 2005





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	��������������	�������� !�"	$# %&'��#�(��*)+�-,/.0# 	��213(�%4	$%

5 687:9�;�<>=!?-@A6B7/CED0<>F�7G@AH�IJ<�KL<>9!M

N�OQP
R�S�TAU�VXWYTLZ\[^]_P!R`Sa[b[_ZARdc�egfihkjAlmS![
npo_erqsS']tT\utv&T\u

wbxzyQy�ego^]b{\S/o|S!}~OmS!o|}~OQS��>���z�g�r��WYuJlm�rlQ[^]t�z�g�g��WX�r�`yQxz�gS![

�����!�
���m�r�r� � ��]_OQh�[tyQxzy>S
oa��h�]�hk[�[_Ome��$��]|OQx�]t]_OmS���o|�rcm�mS!otc�xr[_h�[`� �¡ego�xr�AZ0R�er�QerR�h�xrf4ego|{\S!o_h��m�L¢
er��x�£
S
o|e�¤\{\h�R`S!�Q[_hieg�Qxzf-hk{\S!xrfER�x¥Z�c>S�}'egR`yQl\]_Sa{¦�$h�]|Omhi�8x¨§'© ª/«~¬�J®>¯i°|±g© ª:²��$Omhk}~O¦h�[�S![|[^S!�A]_hkxzf�fiZ
y>erf�ZL�merR�hkxzfAhi�

Dn �$OmS!o_S n
h�[&]|OmS³�LlmRdc�S!o&er�mlm�m´L�me��$�Q[�xz��{

D
]|OmS³R�Saxz��µ�xrfilmS³ez�m]|OmS�{\S
�go_S!S![¶er�

h��mymlm]-y>erf�ZL�merR�hkxzfk[
·�N�OmS
o|S'�¡ego_Sg��h��¸xzf�fLhi�Qyml\]Ey>erf�ZA�QerR�h�xrf�[�OQx¥µgSp]|OmS$[_xrR�S�{\S!�ro|S
Sg�¥]_Omhk[E}'egR�ymfiS
¹\h�]sZ
hk[Ey>erf�ZL�merR�hkxzfmh���]_OQSJR�x�¹\h�R�lmRºez��]_OQSbhi�Qyml\]�[_h�£
Sbxz��{�ez��]_OmSterl\]|yml\]³[_h�£
Sr�g�¡ero³xzf�R`eA[s]�xzf�fmhi�Qyml\]|[!·
N�OmS�ymo_eLer�-hk[J{mS![_hi�g�mS!{0h���ero~{\S
ob]_OQxz]Jh�]tR�x¥Z�c>S��rS!�mS
o~xzf�hi£!S!{ ]_e»]_OmS�}!xr[_S�ez�Exr��hk{\Saxzf4�gS
�mS!o^¼

xz]_Sa{ cLZ�x�o|S
�glmfkxzo$[^SajAlmS
�Q}
S/xz�Q{ �¡ero�]|OmS�{\S!�ro|S
S�o_S!µrS!o|[_Stf�S'¹\hk}'eg�ro~xzymOmhk}tero~{\S
o|hi�Q�Q�L�$OmS
��]|OmS/f�xg[s]
µ�xro_hkxzcmf�S![pxzo|Sbhi���gS
�mS!o_hk}$y>eg[_h�]|hieg���¡erop]_OmSth�{\SaxzfG·�½³lm]³er�QSJ[s]|S
y�er�¸]_OmStymo_eLer��hk[EZgS']�f�xg}~´Ah��m�/h���]_OQh�[
}!xr[_Sr·
¾�¿AÀ�Á|Â�Ã ��Ä��r� ��o|�rcQ�mS
o$cQxg[^hk[!�m}'erR�ymf�S'¹\hi]sZr��Å�xg[s]|S
f��AlQe�µrez¼ÆV�lmR`�¡ego|{�o|S
�glmf�xro_hi]sZ



�������0�'	��»~��� �����³(��������¨��	 .�(�%&	$% � 	 ) ��,�.�#�	�� 	$# � 
�"	$#�%4
��#
� ���-�

	�
 ���� 
 ��� xr�Q[�}'S']$xzo_]_hk}'f�Sr�Aer� R�er�A]_o|StjAlmStf�x�cQxr[_St{\S/��o|�rcm�mS!o�� y�eglmo³]_erlm]�ego|{\o|SJR�eg�merR�hkxzf ¢
{�� lm�¦hk{��!xrfE£��!o_ez¤L{\h�R�S
�Q[_h�er�m�mS!f-y�S!l\]��']|o_S»}!xzfk}'lmf��
S�x¥µrSa}`lm�mS�«~¬�J®>¯i°|±g© ª���§
©�����©��|°�jAlmhESa[s]�Sa[_[_S
�\¼
]|hiS!fif�S
R�S!�g]�y�egfiZL�megR�h�xrfiS/S!�

Dn �>e! n
S![^]Jf�S��megR�cmo|S�{"� hi�Q}
er�m�LlmSa[bS
]

D
fkx�µ�xzf�S
lmotR`e�ZgS
�m�QS�{\S![

{mS
�ro#�![�{\Sa[�y�egfiZL�%$gR`Sa[�{"� S!�A]_o#�
Sr·-n�xzo$}
er�Q[&�!jAlmS!�g]a�\[^h�]|erlQ[�f�S![�y>erf�ZA�'$rR�S![�{"� S
�A]_o#�
S�er�A]$f�S�R(�!R`S
{mS
�ro#�r�¸}
S']^]|S`}
erR�ymf�S'¹\hi]&�`S![^]�y>erf�ZL�merR�hkxzf�S�S!��f�SdR�x�¹\h�R�lmR {mS`fkx�]|xzh�f�fiS�{"� S
�A]_o#�
SdS']�{\S`f�x�]|xrhif�fiS
{mS�[_ero_]_h�S�y�eglmo$ymo|S![|jAlmS�]_erlm]_S![�f�S![bS
�A]_o#�
Sa[
·
v&x�ymo|S
lQµrS`S![^]�ego_�Axz�mhk[&�
S�y>erlQo)�
]_o|Sd�*�
�%�!o|xrfihk[&�
Sdxrl }!xr[�{"� lm�¦h�{��axzf-S
�Q�rS
��{\o&�`yQxro�lQ�mS�[^lmhi]_S

o#�
�glmf�hiP!o_S�S
]dy>erlmodf+� ero~{\o|S�� {\l*{\S
�go&�¥¢�fiS
¹\h�}
er�ro~xzyQOmh�jAlmS�h��LµrS
o~[_Sr�-jgl�xz�Q{¦f�S![`{\S
o|�mh�P
o|S![/µ�xro_hkxzcmf�S![
[_er�A]�S
�»y>eg[_h�]|hieg�»�!�!�%�
o|hkjglQSby�eglmo�f+� h�{%�!xzfG·�V�xzhk[³lm�mS)�']|xry�S�{\SJfkx�yQo_S!lmµrStR�xr�QjAlmSJS!�Q}'ego_St{mxz�Q[�}'S
}!xr[!·
,�Ã �a� Á �!- 
 � � ½�xr[_S�{mS���o_�gcm�mS
oa�\}'egR`yQfiS
¹Lhi]&�g�mo#�
�rlQf�xro_hi]&��{\S�Å�xr[^]_S!fi�Llme�µgez¼ÆV�lmR`�¡ero~{



� ¬zb®�¯i°_±g© ªG² ¬����-°��_¬����z© �°��
	�© ¬ � ��¯�� ��r§��>°���� ��	
°�	 �

� � #d�4�-��� ���p�&'��#

N�OmSdxzh�R ez��]_OQh�[$y�xzy>S
obhk[�]_e»[_Ome���]_OQxz]Jxz�LZ�o|S!{mlQ}'Sa{0��o|�rcQ�mS
o$cQxg[^hk[�ez��x�£
S!o_ez¤L{\h�R�S
�Q[_h�er�Qxrf
hk{\SaxzfQR�x¥Zdc�S�}'erR�ymlm]_S!{»�$h�]|Omhi� x�cmh�]�}'egR`yQfiS
¹Lhi]sZ`�$Omh�}~O�hk[ESa[_[_S
�A]|h�xrfif�Zdy>erf�ZL�merR�hkxzfmh��

Dn �$OQS
o|S
n
h�[/]_OmS��LlmR�c>S
o�ez�³lQ�m´L�me��$�Q[/xz��{

D
]_OQS`R�Saxz�¦µ�xzf�lmS�ez�p]|OmS»{\S!�ro|S
S![�er��h��myml\]�y>erf�ZL�merR�hkxzfk[
·

N�OQS$ymo_eLer��[_Ome��b[�xzfk[_et]|OQx�]�]|OmSJ[|xzR�S$}'egR`yQfiS
¹Lhi]sZ�R�x¥Z`xzo|h�[_S��¡eroExz��hk{\S!xrfm�rS!�mS
o~x�]|S!{dcLZdx�o|S
�rlQf�xro
[_S!jAlmS!�Q}'S�xz�Q{/]_OmS�{\S
�go_S!SEo|S
µrS!o|[_SEf�S'¹\hk}'er�go|xrymOmhk}-R�er�megR`hkxzfAero~{\S!o_h��m�Q�a�$OmS!��]_OQS³fkxr[^]&µ�xzo|hkxzcmf�S![&xzo|S
h����rS!�mS
o|hk}ty>eg[_hi]_h�er���¡ero$]|OmS�hk{\S!xrfp� x�{\S��Q�Qh�]|hieg��ez��]_Omhk[b�mer]_h�er�0ez���gS
�mS!o_hk}�y�eA[^hi]_h�er�0hk[bymo|e�µLh�{\Sa{Q¢�·
�Je��³S!µrS!op]|OmS
o|S/h�[$x�[^]_S!y�er�&]|OmS�ymo|eAer�&�$Omhk}~O0h�[��Qez]bZrS
]$S'¹L]_S!�Q{\S!{ ]|ed]|Omhk[b}
xg[^Sg·
V�ego_S³ymo|S!}'hk[_S
f�Zr�¥�³S³ymo|e�µrS�]|OQx�]�]_Omhk[-}'egR`yQfiS
¹Lhi]sZ�h�[&y>erf�ZA�QerR�h�xrfgh���]|OmS�R�xz¹\hiRdlmR ez�

Dn xz�Q{/er�]|OmSJh��mymlm]$[_h�£
Sb�¡egoE]|OmS�{mS
�Q[_SJo|S
ymo|S![_S
�A]~x�]_h�er��er�¶y�egfiZL�megR�h�xrf�[!· � ��xzf�f�h��myml\]�y>erf�ZA�QerR�h�xrf�[pOQx¥µrSJ]_OmS
[|xzR�Sp{mS
�ro|S
S

d = D
�z½ �!£
erlm]4]_OQS
ero|S
R�xg[_[_S
o_]|[�]|OQx�]a���rS!�mS
o|h�}!xzf�fiZg�
]|OmS�y�egfiZL�megR`hkxzfk[¶h���]|OmS���o|�rcQ�mS
o

c�xr[_h�[³OQx¥µrS
Dn R�er�QerR�h�xrf�[!·-N�Omh�[�R�S!xr�Q[p]_OQxz]�h���]|Omhk[�}!xr[_Sr�>ª��Q°�«~¬�J®>¯i°|±g© ª:²�©�	p®m¬z¯ ² �>¬zd© �z¯¶©���ª��m° �
±g© ��\ ¬��tª��Q°�©���®��\ª�	�©! a° � �"��¬��tª��Q°/¬#�\ª�®��\ª$	�©! a°��'¬ � ��¯ �¬�	�ª��z¯ ¯>©��z®��\ª%	�·�N�Omhk[�xzf�fie��b[-]|ed[_y�Saxz´

er��x'&(�'��	�©�)^¬|®�ª:©  ��¯�«~¬�J®>¯i°|±g© ª:²�·pN�OQS�yQo_Sa}'hk[^S/[^]|x�]|S
R�S
�A]~[�ez�-erlmo$o|S![_lmfi]$xro_S��rh�µrS!� h���TLS!}']_h�er���\·
N�OmS��¡S!� S'¹\hk[s]|hi�Q� o|S![_lmfi]|[`hi�B]_Omhk[�{\h�o_Sa}�]|hieg�8xzo|S ]_OmS��¡erf�f�e��$hi�m��· � �J]|OmS0OmerR�er�gS
�mh�£!xz]_h�er�¨er�

]|OmS�h��mymlm]`y>erf�ZL�merR�hkxzfk[�S
hi]_OQS
o�{\S��Q�QS![`x�£
S!o_ez¤L{\h�R�S
�Q[_h�er�Qxrf�ymo_erqsS!}']_h�µrS»µ�xzo|h�S']sZ ero�hk[`x�o|S
�rlQf�xro
[_S!jAlmS!�Q}'S»]_OmS!�8x�c>erlQ�Q{ ez�J}
erR�ymf�S'¹\hi]sZ

dO(n) �¡�$OQS
o|S d
h�[�]_OmS�R�x�¹\h�R�xrf³{\S!�ro|S
S»er�b]_OQS�h��myml\]

y>erf�ZL�merR�hkxzfk[|¢thk[��rh�µrS!� h��+* v4xr£-,.��/��¡ero�]|OmS»{\S
�go_S!S�o_S!µrS
o~[_S�f�S'¹\h�}
er�go|xrymOmhk}�ego|{\S!o_h��m��·`N�Omhk[�o|S![_lmf�]
l�[^Sa[�]|OmS R�S
]_Ome\{m[`ez�0* v&xz£-,21�/ �E�$Omhk}~O¨�$hif�f$xzfk[^e c�S�lQ[_S!{¨]_Omo|erlm�gO ]_OQh�[`yQxry�S!o!·¨N�OmS S'¹L]_S!�Q[_hieg�
er�J]|Omh�[»o_Sa[^lmfi]�]_e xz�LZ R�er�QerR�h�xrf$ero~{\S
o|h��m�8� £
S
o|e�¤\{\h�R`S!�Q[_hieg�Qxzf�}
xg[^S¥¢�o|S![_lmfi]|[`�¡o|erR3* 4&��v&V��5�#/G·
v&xz´\[_OmR�xz�6* v4xr´\�
17/¶OQxg[�o_S!R`e�µgS!{¸�Ah�� ]|OmS�£
S!o_ez¤L{\h�R�S
�Q[_hieg�Qxzf�}
xg[^Sg�A]_OmS/}'eg�Q{\hi]_h�er��er� ]_OmS�OmegR�er�z¼
S!�mh�£
S!{¦y>erf�ZL�merR�hkxzfk[
�&cml\]`OmS»OQxg[/o_S!ymfkxr}'Sa{ ]_OmS cmh�]`}'erR�ymf�S'¹\hi]sZ�cLZ ]_OmS � ��© ª��\�°
ªG© «�«|¬zb®�¯i°|±r© ªG²�·
8 ��]|OmS�ez]_OQS
opO�xz�Q{¸� � h�}~´gS
�Q[^]_S!hi�»S
]�xrf:·9* � 4��/T\�
1�/��rh�µrSb]_OmS�cmhi]�}'egR�ymfiS
¹\h�]sZ`c�eglm�Q{�ez�

dO(n2) �¡ero£!S
o|e�¤\{\hiR�S!�Q[^h�er��xzf>h�{\Saxzfk[
·
� � xzf�f&]|OmS![_S�o|S![_lmfi]|[t]_OQSdR�x�¹\h�R�xzf-{\S
�go_S!S

d
ez�E]|OmSdh��mymlm]�y>erf�ZL�merR�hkxzfk[bR�x¥Z0c�S`o_S!ymfkxr}'Sa{�cLZ

]|OmS
h�o�R�Saxz� µ�xzf�lmS�xg[»[^OQe��$� hi�:* �Jv&�g�;/ ·<�be���S
µgS
oa�p]|Omh�[ h�R`yQo_e�µgS
R�S
�A]�{\eLS![»�mez]0}~OQxz�m�gS0]_OmS
xrfi�gero|h�]|OmR�[�cml\]bo|S![_lmf�]~[��¡o_egR x`R�ero|S�xg}
}
lmo|xz]_S�S![^]_h�R�x�]_h�er�0er�4]_OQh�[b}
erR�ymf�S'¹\hi]sZr·
N�OLlQ[�erlQo�xrfi�gero|h�]|OmRºh�[³]_OQS=��o|[^]³]|edO�x¥µrStx`jAlQxr[_hi¼Gegy\]_h�R�xzf�}
erR�ymf�S'¹\hi]sZ��¡ero�]_OmS��$OmegfiS�}'fkxr[|[per�

£!S
o|e�¤\{\hiR�S!�Q[^h�er��xzf>h�{\Saxzfk[/�¡�$hi]_Omegl\]J}'eg�Q{\hi]_h�er�?>_x�]$hi�
�Q�mhi]sZ5@^¢�·
� ]t[_Omeglmf�{0c>S��mer]_Sa{�]|OQx�]�xzfi]_Omeglm�rO0erlQoJxzf��rego_hi]_OmR OQxr[�]|OmS�c>S![^]J´L�me��$��}'egR`yQfiS
¹Lhi]sZr�&� xz��{0h�[

]|OmS
o|S'�¡ego_SJhi�A]_S!o_Sa[s]|hi�Q�/�¡o_egRºx�]_OmS!ero|S']|h�}!xzfQy>erh��A]³er�¶µAh�S
�J¢'�Lh�]�h�[³�mez]�{\S![_h��r�mSa{`]_e�c>SJh�R�ymf�S
R�S
�A]_Sa{¸·
� � � xg}�]!�-xr[/x�}
erlm�A]|S
o|yQxzo_]�er�³]|Omhk[�jAlQxr[_h�erym]_h�R�xrfihi]sZr�4]_Omhk[�xrfi�gero|h�]|OmR R�x¥Z��mer]�c�S�ymo|xg}�]|h�}!xzf��¡ero
S(A>Sa}�]|hiµgS�}
erR�yml\]~x�]|hieg�Q[³�¡erob[_S
µrS!o|xrf�o|S!xg[^eg�Q[!·$4�h�o|[^]�er��xrfifG�\h�]bl�[^Sa[�x�TLR�hi]_O0�mego_R�xzf>�¡ego_R }
erR�yml\¼
]~x�]|hieg� �$Omhk}~O0hiR�ymf�h�S![�]_O�x�]$]_OQS�}'erR�ymf�S'¹\hi]sZ»hk[bx`o|xz]_OmS!o�OQhi�gO�y>e���S
o�ez�

dn ·TLSa}'eg�Q{\f�Zr�Lerlmo�xzf��rego_hi]_OmR {\eLS![p�mez]³]_Sa[s]�]_OmS�[^y>S!}
hB�>}
x�]|hieg�»ez�¸]|OmSJh��mymlm]�� £
S
o|e�¤\{\h�R`S!�Q[_hieg�Qxzf�h�]sZ
er�m]_OQS�hk{\SaxzfLero�o_S!�rlmfkxzo|hi]sZ�er�m]_OQS�[_S!jAlmS!�Q}'S¥¢�·�ubfk[^e��rxJo~xz��{\erR f�hi�mSaxzo�]_o~xz��[s�¡ego_R�x�]|hieg�/er��]_OmS�h��myml\]
y>erf�ZL�merR�hkxzfk[J[_OmerlQf�{0c>Sd{\eg�mS�h���]_OQSde�µgS
o~{\S']|S
o|R`h��mSa{�£!S
o|e�¤L{mhiR�S
��[^h�er�Qxrf4}
xg[^Sg·bN�OmS�yQo_egcQxzcmh�f�h�]sZ
er��x0c�xr{ }~Omegh�}
S`hk[�xrfiR�eA[s]

0
cmlm]�]_OmS xzf��rero|hi]_OmRX{meASa[/�mer]�]_Sa[s]�]|Omhk[
·0N�OmS�fkxr}~´�er��µgS
o|hB�>}
x�]|hieg�

er�p]|OmS�[^y>S!}
hB��}!x�]|hieg� er�p]_OQS`h��mymlm]�{\S']|o|xg}�]|[t�¡o|erR2]|OmS�ymo~xr}�]|h�}!xzf-h��g]|S
o|S![^]|[�ez��erlmo�xrfi�gero|h�]|OmRDCJeg�
xr��h��myml\]��$OQh�}~O¦{\eLS![��mer]/[|x�]|h�[^�¡Z0]_OQS�[_y>S!}'h!��}!x�]_h�er�4�¶h�]/ymo|e�µLh�{mS![�x �$o|er�Q��erlm]_yml\]��$hi]_OQerl\]�xz�LZ
��xzo|�mh��m�Q·

EFEHG#I2J�K�K�L



� � �#	 �Q°'`©���� �; � ���

4�h��Qxzf�fiZg�Axrf�]|OmerlQ�rO�erlQopxzf��rego_hi]_OmR3OQxr[³x/�reLe\{`�³ego|[^]p}
xg[^St}'erR�ymf�S'¹\hi]sZr�r]_OmS!o_SbS
¹\h�[^]³xzf��rego_hi]_OQR�[
�$OQh�}~O O�x¥µrS xBR�lQ}~O�c�S
]^]|S
o�}'egR`yQfiS
¹Lhi]sZ er� xzf�R`eA[s]0xzf�fth��mymlm]|[!·��JxzR�S!fiZg�b]_OQS¦xrfi�gero|h�]|OmR

F5* 4QxrlQ�g��/L}
erR�yml\]|S![&]_OmS$��o|�rcm�mS!o4cQxg[^hk[&�$h�]|O`��xzl�[_[_h�xr��S
f�h�R`h��Qxz]_h�er��h��Q[^]_S!xg{�er��TLR�h�]|Od�mego_R�xrfz�¡ero|R
}
erR�yml\]~x�]|hieg�¶�¸xz�Q{�l�[^Sa[t[_R�xzf�fiS!otR�x�]|o_hk}'Sa[b]|OQxz��erlmo�xzf��rego_hi]_OmR0�>h��p]_OmS�{\S
�go_S!S![t{\e �Qez]th��Q}
o_Saxr[_S
RdlQ}~O�OQhi�gOmS
o�]_O�xz� V�xr}
xrlmfkx¥Z`c>erlQ�Q{¸·EN�OmS�S'¹m}'S!y\]_h�er��xzf¸}
xg[^Sa[p�$OmS!o_St]_OQS���ero|´Lhi�Q�d{\S!�ro|S
S![³ez�

F5S
¹m}'S
Sa{ ]_OmS»V�xg}
xrlmf�x¥Z�c�eglm�Q{ [_S
S
R S'¹L]_o|S
R�S!fiZ�o~xzo|S�xz�Q{ �me�S'¹mxzR�ymf�S�h�[�ZrS']�´L�me��$�4· � ]�hk[/�mez]
S!µrS!� ´L�me��$� h��

F5
OQxr[�ego/�mez]�x0}'egR�ymfiS
¹\h�]sZ��$OQh�}~O h�[�y�egfiZL�megR`hkxzf�h��

dn er� £
S!o_ez¤L{\h�R�S
�Q[_h�er�Qxrfhk{\Saxzfk[�ero��meg�¦OmerR�er�gS
�mS!erlQ[�o|S
�glmf�xro�[^SajAlmS
�Q}
S![!·�N�OLlQ[�xrf�]|Omerlm�gO ��S�OQx¥µgS`�Qe0�¡ero|R�xrf�ymo|eAer��er�
�$O�x�]$ymo|S!}'Sa{\S!{¶�

F5
[_S
S!R�[${\S��Q�Qh�]|hiµgS
f�Z»c�S
]^]|S
obh��0ymo|xg}�]|h�}
St]|OQxz�0eglmo$xzf��rero|hi]_OmR0·

N�OmS/�gS
�mS!o|xrf¸[s]|o|xz]_S
�gZ�ez��]_OmS/yQo_eLez� [�hk[�]_OQS��¡erf�fie��$h��m�2C

�
	 S�}'eg�Q[_h�{\S!o ��o|[^]�xr��h�{mS!xzf I �rS!�mS
o~x�]|S!{�cLZ�x»o|S
�glmf�xrot[_S!jAlmS!�Q}'S f1, . . . , fk
· � ��]_Omhk[�}
xr[_Sr�

�³SdOmerR�eg�rS
�Qhi£!S/]_OmS!R+]_e
F1, . . . , Fk

·�N�OmS
� �³Sd{\S'�¡ego_R
Fi
]|e

Gi = (1 − s)Fi + sxdi

i

�¡ero
xz�LZ

i
�$OQS
o|S

s
h�[$x��mS!� h��Q{\S
]_S
o|R�hi��x�]_S»�:[^S!S�TLS!}']_h�er�'�r¢��

�
	 h�]|O�]_OQSB{\S'�¡ego_R�Sa{�y>erf�ZL�merR�hkxzfk[
�/��S¨o|S!{\l�}'S¨V�xg}
xzlQf�x¥Z R�xz]_o|h�}
S![�xg[�hi� * v4xr£-,217/`xz��{
* v&xz£;,5��/ �³cQl\]»�³S0o|S
ymfkxr}
S���xzlQ[|[^hkxz�8S
f�hiR�h��Qx�]|hieg� er� V�xr}!xzlmfkx¥Z R�x�]_o|hk}'S![`cLZ*T\R`hi]_O �mego^¼
R�xzf-�¡ero|R0·`N�OQh�[/xrfif�e��b[t]_e0�rS
]/x0}
er�LµrS!�mhiS!�A]�o|S![_lmfi]/xz� ]_S!o�[_lmcQ[^]_hi]_lm]_h��m�

s
cLZ�£
S!o_e��¸�$Omhk}~O

o_S!R�e�µrS![³]|OmS�}'egR`y>er�QS
�A]|[$xz]�h�� �Q�Qh�]sZ ez�-Omhi�gOmS
ob{mhiR�S
��[^h�er��

� N�OmS
��x�f�e\}
xzf�h�£!x�]|hieg��cLZ»]|OmS/µ�xzo|h�xrcmf�Ster��OmegR�er�rS!�mh�£!x�]|hieg��o|S
R�e�µrSa[³]_OmS/o|S
R�xzh��mh��m��}'egR`y>ez¼
�mS
�A]~[Ex�]�h�� �Q�mhi]sZdxr�Q{�yQo_e�µLhk{\S![&]_OQS�V�xr}
xrlmfkx¥Z/R�xz]_o|h�¹dez�Q]|OmS$OmegR`eg�rS!�mhi£ax�]|hieg��ez��]_OmS$h��mhi]_hkxzf
h�{mS!xzf³�¡�rS!�mS
o~x�]|S!{�cAZ�x`o_S!�rlmfkxzo�[^SajAlmS
�Q}
Sa¢��

� � �B]|OmS�£
S
o|e�¤\{\h�R`S!�Q[_hieg�Qxzf�}
xr[_Sr�E]_OmS0ymo|S!}
S!{\h��m� }
erR�yml\]~x�]|hieg�8xzo|S {mer�mS�er�*x�o|S
�glmf�xro`[_S'¼
jAlmS
�Q}
S�ez�

n
S!fiS!R�S
�A]|[�S'¹L]|o|xg}�]_Sa{��¡o|erR ]|OmS�hi�myQl\]$h�{\SaxzfG·�N�OmS�o_S!R�xrhi�Qhi�m�d�rS!�mS
o~x�]|ero~[Eez�&]_OmS

h�{mS!xzfExro_S`h��g]|o_e\{\l�}'S!{�]_e0�rS
]�]_OmS�V�xg}
xzlQf�x¥Z0R�x�]|o_hi¹�ez�³]_OmS�OmegR`eg�rS!�mhi£ax�]|hieg��ez�³]_OmS�h��myml\]
h�{mS!xzf³� [_S
S�TLS!}']_h�er�',r¢��

� N�OmSJ��o|�rcm�mS!o-cQxr[_h�[&�¡ego-]_OmSb{\S!�ro|S
S�o_S!µrS!o|[_Spf�S'¹\hk}'er�go|xrymOmhk}
xrfgego|{\S!o_h��m�th�[-�gez]Exr[�]|OmS$}'erf�lmR��Q[
ez�m]|OmSpSa}~OmS
f�er���¡ero|R�er�m]_Omhk[�V�xr}!xzlmfkx¥ZtR�xz]_o|h�¹¸·4N�OmS$��o|�rcm�mS!o4cQxg[^Sa[¸�¡ego4]|OmSper]_OmS!o&ego|{\S!o_h��m�A[
xzo|S/{\S!{\l�}'S!{¶�mlQ[_hi�m�D* 4&��v&V��5��/ ·

�Je��/����S»�ghiµgS�]_OmS�[^]_o|lQ}']_lmo|S»ez��]|OmS�yQxry�S!o!· � �BTLSa}�]|hieg�8�L�-�³S [s]~x�]_S�erlmo�R�xrhi�¨o|S![_lmfi]|[!· � �
T\S!}�]|hieg� �m�¥��SE�rh�µrS-]|OmSp�gS
�mS!o|xrfz�mez]~x�]|hieg�Q[¶lQ[_S!{�]|Omo|erlm�gO�]_Omhk[¶yQxry�S!o&xr�Q{/��Sp[^OQe�� [_erR�SEymo|ery>S
o_]_h�S![
er��OQerR�er�gS
�mh�£!xz]_h�er� xr�Q{ {\S'�¡ego_R�x�]|hieg� er�³]|OmS�h��myml\]�y>erf�ZL�merR�hkxzfk[��$Omh�}~O¦hk[/lQ[_S!{ f�xz]_S!o!·�TLSa}�]|hieg�
� }'eg�g]~xzh��Q[$]|OmS�{\S��Q�Qh�]|hieg��ez��V�xr}!xzlmfkx¥Z R�xz]_o|h�}
S![Jxr�Q{�o|S!}!xzf�f4Ome�� ]|OmS![_S`R�xz]_o|h�}
S![JR�x¥Z0c>Sdl�[^Sa{
]|e»]|S![^]/Å�xr[^]_S!fi�Llme�µgez¼ÆV�lmR`�¡ero~{ o_S!�rlmfkxzo|h�]sZ�]_Omo|erlQ�rO��tlmh�fif�S
� � [J]_OmS!ero|S
R0· � � TLS!}']_h�er� �L����Sd[_Ome��
]|OQx�]�h�]³R�xr´rSJ[_S
��[^S$]|e�[_lmcQ[^]_hi]_l\]|S

0
]|OmSbyQxro|xrR�S']_S!oEez�¸]|OmSt{mS'�¡ero|R�x�]|hieg�¶�rhi�¸]_OmS�V�xr}!xzlmfkx¥Z�R�xz]_o|h�¹

hk[�h���T\R`hi]_O��Qero|R�xrf>�¡ero|R�· � ��TLSa}�]|hieg���Q�mx�´Ah��Q{ ez�-fie\}!xzf�hi£ax�]_h�er� ez��]_OmS/o|S![_lmfi]_h��m��R�x�]_o|hi¹��rh�µrSa[�x
V�xr}
xrlmfkx¥ZtR�x�]|o_hi¹/ez�m]|OmS�OmerR�eg�rS
�Qhi£ax�]_h�er�/er�m]_OQS³h��mhi]_hkxzfLh�{mS!xzfG· � �`TLSa}�]_h�er���A����S�{\S!OmerR�eg�rS
�Qhi£!Sph��
]|OmS$}
xg[^S³ez�>xr��hk{\S!xrfL�rS
�QS
o~x�]_Sa{/cLZ�xto_S!�rlmfkxzo�[^SajglQS
�Q}
Sr·�4mero�]|Omh�[�ymlQo_y>eg[_Sr����S�hi�A]_o|e\{\lQ}
S�xtymo|S!}'hk[_S
{mS��Q�mhi]_h�er�0er��µ�xzo|hkxzcmf�S�hi�0�rS!�mS
o|hk}ty>eg[_hi]_h�er�¶· 4�h��Qxzf�f�Zr�\]|OmS�S
��{ er�&]|OmS/ymo|eLez���¡ero$£
S!o_ez¤L{\h�R�S
�Q[_h�er�Qxrf
}!xr[_Sthk[�]|OmS/erc\qsSa}�]$ez�ETLSa}�]_h�er�D,m·

���$E���



� ¬zb®�¯i°_±g© ªG² ¬����-°��_¬����z© �°��
	�© ¬ � ��¯�� ��r§��>°���� ��	
°�	 �

� � ��(��&	b�"	$#d� ���8��� 	 �"(�
# �-	$% ���~�&% (�#������-%¸� �-	$��� �E��'��#�%

� � ]_Omhk[b[_S!}']_h�er�¶�L��S=�Q¹�erlmo��mer]|xz]_h�er�Q[�h���ego|{mS
o³]_e�[s]~x�]|S�eglmo�R�xzh�� o|S![_lmfi]|[!· 	 S/{\S![|}'o|h�c�S/xzfk[_e
[_erR�S�S!xg[^Z�o|S!{mlQ}�]|hieg�Q[��$Omhk}~O0xro_S�{\e��$�0x�]$]|OmS/c�S!�rh��m�mh��m��ez��]_OmS�xrfi�gero|h�]|OmR0·

	 St��ero|´��$hi]_O y�egfiZL�megR�h�xrf�[pe�µrS
o³x�«~¬�J®��\ª �r§
¯i°��³°
¯!� K
e�µrS!oE�$Omhk}~O�]_OQStf�hi�QS!xzo�xzf��rS!cmo|x�O�xr[px

y>erf�ZL�merR�hkxzfr}
erR�ymf�S'¹\hi]sZr·4N�Omhk[¶R�Saxz�Q[¶]_OQxz]&xzf�frR�x�]|o_hi¹tegy�S!o|xz]_h�er�Q[¶e�µrS
o
K
�!h��Q}
filQ{mhi�m�t{\S']|S
o|R`h��Qxr�g]

}
erR�yml\]~x�]|hieg��xz�Q{�]|o|xr�Q[s�¡ego_R�xz]_h�er��]_e»Sa}~OmS
f�er�0�¡ego_R+R�x¥Z c>Sd{mer�mS�h���x�]|hiR�Sd�$Omh�}~O�hk[tc�eglm�Q{\Sa{
cLZ x0y�egfiZL�megR`hkxzfphi�¦]|OmS�[_hi£!S»ez��]_OQS»hi�Qyml\]!·�N�Omhk[/h�R�ymfih�S![dxzfk[^e0]|OQx�]�]_OmS�[_h�£
S�ez��]|OmS»erlm]_yml\]dh�[
[_h�R`h�fkxzo|fiZ�y>erf�ZL�merR�hkxzf�fiZ�c>erlQ�Q{\S!{¶·�N�OLlQ[

K
R�x¥Z�c>S�]_OmS��QS!f�{ er�³o~x�]_h�er��xzf-�LlmR�c>S
o~[�ero/x �Q�mhi]_S

��S
fk{¸�¸cml\]�h�]�R�x¥Z�xzfk[^e�c�Sd]_OmS��QS!f�{�ez�po~x�]|hieg�Qxzf4�¡lm�Q}']_h�er�Q[�h�� x �Q�mhi]_S`�AlQR�c>S
o�ez�pµ�xzo|hkxzcmf�S![te�µrS!o
[_lQ}~O0x0�QS
fk{¸·
� �¦xzf�f-]_Omhk[�yQxry�S!o/�³S�}'eg�Q[_h�{\S!oty>erf�ZL�merR�hkxzfk[

f1, . . . , fk ∈ K[x1, . . . , xn]
xz��{�]|OmS�h�{\Saxzf

I =
〈f1, . . . , fk〉

�gS
�mS!o|xz]_S!{¦cLZ ]_OQS![_S�y>erf�ZA�QerR�h�xrf�[!· 	 S0[^lQymy�eA[^S�]_OQxz] fi
hk[��mer]`£!S
o|e�xz��{ �³S�}
xrfif

di
hi]|[�]|ez]|xrfb{\S
�go_S!Sr· � �J]|OmS
o|S�xzo|S

` > 0
�mer�*fih��mSaxzo�y�egfiZL�megR�h�xrf�[�xrR`eg�m� ]_OmS

fi
��S0�LlmR�c>S
o

]|OmS
fi
h��Bego|{mS
o�]|OQx�]

d2 ≥ · · · ≥ d` ≥ d1 ≥ 2 > 1 = d`+1 = · · · = dk
· � �

k < n
��S [_S']

dk+1 = · · · = dn = 1
·Ev¶S']

D = (d1 + · · · + dn)/n
·

	 Sb{\S����mS T
��]_OQS³]|ez]~xzfm[_hi£!S�er�Q]|OmS�hi�myQl\]Ey�egfiZL�megR�h�xrf�[!�rxr[&]|OmSb[^lQR ez��]_OmS!hioE[_hi£!S![-h���]|OmS �r°��
	
°

�|° ® �_°�	
°��Qª ��ªG© ¬ ��·bN�OQx�]Jhk[bh��0]_OQS�o_S!ymo|S![_S
�A]|xz]_h�er�0�$OmS
o|S�xzf�f4R�eg�merR�hkxzfk[$ez�E{\S!�ro|S
S�x�]tR`eA[s]
di
xzo|S

�$o|hi]^]_S!�¶�-S
µgS
�¦h��$]|OmS
Z¦OQx¥µgS»x0£
S!o_e�}
eAS	�»}'h�S
�A]!·�N�OLlQ[�]_OmS�[_h�£
S»er�
fi
hk[�c>erlm�Q{mS!{¦cLZ

hn
(

n+di

n

)

�$OQS
o|S
h
hk[b]|OmS�R�xz¹Lh�R�xzf�[^h�£
S�er�-]_OmS`}'eLS
�»}'h�S
�A]~[ �>]_OQS�� xr}']_ego

n
}'egR`Sa[$�¡o|erR ]_OmSdo_S!ymo|S![_S
�A]|xz]_h�er�

er�&]|OmS/µrSa}�]|ero�ez��]_OmS/S
¹\y�eg�mS
�A]|[�er�&]|OmS/µ�xzo|h�xrcmf�S![!· �Jez]|S�]_OQxz]$]_Omhk[$c>erlm�Q{�c>S!}
erR�S�xz��S!jAlQxrfihi]sZ»hi�
xrfif�]|OmS�}'eLS	��}
hiS!�A]|[�OQx¥µgSJ]|OmS�[_xrR�S�[_h�£
Sr· 	 S�{\S!�mez]|S�xrf�[_e�cLZ T ]_OmS/R�x�¹\h�R�lmR ez� T xr�Q{ Dn ·v4S']�lQ[�o_Sa}
xzf�f�]|OmS»{\S����mh�]|hieg� ez��]_OmS �r°�� �|°|°��_°	�°��7	
°�¯i°_±g© «~¬�� �&�~®
�\© «�¬ ���g°���©����z��{\S!�mez]|S!{ cLZ ≺ �eg��]|OmS�R�er�megR`hkxzfk[�ez�

K[x1, . . . , xn+1]
�$h�]|O

xn+1 = x0
· 4mego�]_Omhk[/��S�{mS
�mer]_S�o_Sa[^y>S!}']_h�µrS!fiZ�cLZ

deg(m)
xr�Q{

degi(m)
]_OQS ]|ez]~xzf${\S
�go_S!S�xr�Q{B]_OmS�{\S!�ro|S
S�hi�

xi
er��x R�er�megR�h�xrf

m
· � �

m
xz��{

m′ xro_S�R�er�megR�h�xrf�[!� m ≺ m′ hi�bxz�Q{ eg�mfiZ�h��$S
hi]_OQS
o deg(m) < deg(m′)
ero

deg(m) = deg(m′)xr�Q{8]_OmS!o_S�S
¹\h�[^]|[
i ≤ n + 1

[^l�}~O8]|OQx�]
degi(m) > degi(m

′)
xz�Q{

degj(m) = degj(m
′)
�¡ero

j = i + 1, . . . , n + 1
·-N�OLlQ[

xn+1 ≺ xn ≺ · · · ≺ x1
·

	 hi]_O0]|OmS![_S/{\S��Q�Qh�]|hieg�Q[$��S�R�x¥Z�[^]|xz]_S�ymo|S!}
h�[_S
f�Z»erlQo$o_Sa[^lmfi]|[!·
��� ¿LÃ � ¿ �������� �a®r®Q¬�	
°»ª��%�zª

I
©�	��  a°��_¬#� ��© �°��2	�© ¬ ���z¯�© �r° ��¯�©��

K[x1, . . . , xn] ��� �m°��8ª��m° �_°()���Q«~° �0� ��g§���°���§#�#	�©�	�¬��
I � © ª�� �_°�	G®Q°~«'ª�ªÆ¬)� �Q²/¬ ���g°���©����� ��²�§~°b«~¬zb®"�\ª °7� � © ª��\©�� �/§'© ª4«~¬�J®>¯�°_±g© ªG²

� �\© « ��©�	�®m¬z¯ ² �>¬zd© �z¯&©�� T ���¬ �|°|¬ ¥°��"!&ª��m°J°'¯i°
�°���ª 	$¬���ª��Q° �_°7�#�Q«~°7��� ��r§��>°��b§ ��	�©�	$¬ �
I � © ª��(�_°�	G®Q°~«'ª¸ªÆ¬�ª��m° �g°#�!�_°~° �_°	�°��7	
°¯�°_±g© «~¬$�!�&�~®
�L© «�¬ ���r°���©��%� �'�&�° � �r°��!�_°~° �zªp�¬�	�ª

nD − n + 1 �
w$Sa}
xrfifQ]_OQxz]³x�[_S!jAlmS
��}'S$ez�¶y>erf�ZL�merR�hkxzfk[

f1, . . . , fk
hi��]|OmSbo|hi�m�

R = K[x1, . . . , xn]
hk[p}!xzf�fiSa{`x

�|°#�5�\¯ � � 	
°7&��Q°��>«~°&hi�
fi
h�[-xb�Qer��£!S
o|et{\h�µLh�[_ero&hi�d]_OQS³o|hi�Q�

R/〈f1, . . . , fi−1〉
�¡ego

i = 2, . . . , k
·�N�Omh�[�hk[

SajAlmhiµ�xrfiS!�g]�]|e�]_OmSt}'er��{\h�]|hieg�`]_OQxz]
fi
{\eLSa[��mez]Ec>S
f�er�Q��]_e�xz�LZ`xr[|[^e\}'hkx�]|S!{dymo|hiR�S$ez� 〈f1, . . . , fi−1〉

·
	 S�[_x¥Zt]_OQxz]&]|OmS�µ¥xro_hkxzcQfiSa[ xk+1, . . . , xn

xzo|Sph��'�A°��>°���© «�®Q¬�	�© ª:© ¬ ���¡ero
I = 〈f1, . . . , fk〉

hi�Q]_OQS³hk{\S!xrf�[
I +〈xk+1, . . . , xn〉

ez�
K[x1, . . . , xn]

xz�Q{
I +〈Ak+1,0 +

∑n
i=1 Ak+1,ixi, . . . , An,0 +

∑n
i=1 An,ixi〉er�

K(Ak+1,0, . . . , An,n)[x1, . . . , xn]
O�x¥µrSb]|OmS�[_xrR`S �bh�f�c�S!o^]$[^S!o_h�S![!�A]_OmS

Ai,j
c>S
h��m�`�mS
� h��Q{\S
]_S!o^¼

R�h��Qx�]|S![!·�N�Omh�[bh�[��mer]$]_OmS/l�[^lQxrf¶{\S����mh�]|hieg�¶�mcmlm]bh�]bh�R�ymfih�S![Jxz�LZ»ymo|S
µLh�erlQ[�{\S(�Q�mhi]_h�er�¶·

EFEHG#I2J�K�K�L



� � �#	 �Q°'`©���� �; � ���

N�OmS$yQo_eLez�>ez�>]_OmStxzc>e�µrS³]_OmS!ero|S
R hk[E{\Sa[^h��r�mSa{d[_lQ}~O`]_O�x�]Ehi]ER�x¥Z�c�Sb�gS
�mS!o|xrfih�£
Sa{/]|e�]_OmSb}!xr[_S�er�
x�o|S
�glmf�xro�[_S!jAlmS!�Q}'S

f1, . . . , fk
�$OQS
�d]_OmS$fkxr[^]�µ¥xro_hkxzcQfiSa[�xro_S�h��`�gS
�mS!o_hk}³y�eA[^hi]_h�er�d�¡ero-]|OmS��rS
�QS
o~x�]_Sa{

hk{\SaxzfG· 8 �mS�[s]|S
y ez�E]|OmS�ymo_eLer�t� v4S
R�R�x �Q·!1!¢'�¶�$Omhk}~O hk[�ZrS
]�x�}'eg��qsS!}']_lmo|S�]|e0c�Sd]_o|lmSr�4h�[�fkxr}~´Lhi�Q�
�¡ego�]_Omhk[$�gS
�mS!o|xrfih�£!xz]_h�er�¶·
� Ã����a¿ �z� �4� ¿ ����� � �a®g®m¬#	
°�ª��%�zª

f1, . . . , fk
©�	 �(�_°����\¯�� � 	
°7&��Q°��>«~° � ���»ª��'��ª

xk+1, . . . , xn
� �_°�©��

�A°��>°���© «�®Q¬�	�© ªG© ¬ � �'¬ �
I �'� �m°�� ª��m° �_°7�#�Q«~°7� � � r§��>°��t§ ��	�©�	t¬�� I � © ª�� �_°�	G®m°~«
ª-ª ¬�ª��Q°=�g°�� �_°~° �_°	¥°��7	
°¯�°_±g© «~¬$�!�&�~®
�L© «�¬ ���r°���©��%�  ��²�§~°`«|¬zb®"�\ª °7� � © ª��\©�� ��§
© ª$«|¬zb®�¯i°|±r© ªG² � �\© « ��©�	�®m¬z¯ ² �>¬zd© �z¯&©�� T �

� � Ã��pÃ �	� �	� Ã�� � � ��
 ���r°���ª��Q° �\²|®m¬zª��Q°�	
°�	t¬�� � ¬ ��
°~«
ª%���|°�� ��� !¶ª��m°t°'¯i°
�°���ª 	b¬���ª��m° �_°7�#�Q«~°7� � ��r§()��°��/§ ��	�©�	�¬��
I � © ª����_°�	G®Q°~«'ªEªÆ¬`ª��m° �g°�� �_°~°��|°
�°��7	
°�¯i°_±g© «~¬�� �&�~®
�\© «d¬ ���r°���©��%���%�&�° � �r°�� �|°|° ��ªE�¬�	�ª

nD − n + 1 �
N&e ymo|e�µrS»]|OmS![_S�o|S![_lmf�]~[
����S�yQo_e\}'S!S!{8cLZB[^l�}
}'Sa[_[_h�µrS�o_Sa{\lQ}�]|hieg�Q[��$Omhk}~O8�$h�f�fbc�S0]|OmS�ercmqsS!}�]

er�³{\h!A>S!o_S!�A]/[_S!}']_h�er�Q[!·duJfif-]|OmS![_S�o_Sa{\lQ}']_h�er�Q[��$h�fif�h��Q}'o|S!xg[^Sd]_OQS�[_h�£
S`ez�p]|OmS�}'eLS
�»}
hiS!�g]~[
�¸cQl\]�erlmo
OLZLy>ez]_OQS![_h�[per�

K
�$h�fif>hiR�ymf�Z`]_OQxz]E]_OQSt[_hi£!Sbez��]_OQS![_SJ}'eLS
�»}
hiS!�g]~[pxz]E]_OmStS
�Q{»ez�¶xz�LZ�er�¸]_OmSa[^St[s]|S
yQ[

o|S
R�xrhi�Q[�c>erlm��{\S!{�cLZ x`y>erf�ZA�QerR�h�xrf¸hi� T ·� �
D ≥ 2

�r]|OmS
�»]_OmSthi�myQl\]�[_hi£!St[|x�]|h�[ �QS![
T ≤ hkD2.45n � [_S
S * �Jv&�g�;/¡¢p�$OmS
o|S h

hk[p]_OmStR�xz¹\hiR�xzf
[_h�£
SJer�¶]_OQS�}
eAS	�»}'h�S
�A]|[�ez�4]_OmS

fi
·�N�Omhk[�hi�QS!jAlQxzf�hi]sZ»[^Ome��b[phiR�R�S!{mh�xz]_S
f�Z�]_OQSJ�¡egfif�e��$hi�Q�d}'ego_egfifkxzo|Zr·

� Ã � Ã -+- �\� À ������� �
D ≥ 2 � � �"� © � � ¬ �	�
°~«'ª ���_°�� ��� ©�	�ª+���Q°�� !³ª��m° � ��© ª��\�°
ª:© «�«|¬zb®�¯i°|±r© ªG²�¬���§|¬zª��® �_¬r§
¯i°
X©�	J®m¬z¯ ² �>¬zd© �z¯E©��

kDn � �"��ª��Q°»§'© ª�«|¬zb®�¯i°|±r© ªG²0©�	b®Q¬�¯ ² ��¬�`© ��¯E©��
hkDn ! � �Q°��_° h

©�	(�
§~¬������»¬ �/ª��Q° 	�©! a°`¬��/©��z®��\ª�«~¬a°�� «
© °���ª 	 �
N�OmS �Qo~[s]³[^]_S!y�ez�¶o|S!{\l�}�]_h�er��[E}'eg�Q[^hk[^]|[Eh��»S!fih�R�hi�Qxz]_h��m�/]|OmSJf�hi�QS!xzopy�egfiZL�megR`hkxzfk[pxg[p{\Sa[_}
o_h�c>S!{�h��

* �Jv&�g�;/ ·EN�Omhk[$[^OQe��b[
� Ã � Ã -+- �\� À ��� � � ¬�® �_¬&�° � �Q°~¬ �_°
�� ��� ! � ¬ �	�
°|«
ª ���_°�� ��� � ����� �_¬~®m¬#	�© ª:© ¬ ��� ��� ¬ �>°J(�z² 	��a®r®Q¬�	
°
� © ª��m¬��\ª³¯�¬�	�ª�¬ � �g°��>°��&�z¯ © ª:²�ª��'��ª di ≥ 2

�'¬ � � �Q²
i �

N�OLlQ[J�³S/�$h�fif�[^lQymy�eA[^S�hi�0]|OmS�o|S
R�xzh��Q{\S!obez�-]_OQS�yQxzy>S
oJ]_OQxz]txzf�f¸]|OmS
di
xz��{�]_OmS!o_S
�¡ero|S

D
xzo|S

�Qez]$fie���S
o�]|OQxz�
2
·

� �
k > n

��S��$h�fif-�mS!S!{�]_OQxz]
f1, . . . , fn

hk[�x»o|S
�glmf�xro�[_S!jAlmS!�Q}'Sg· 	 S�R�x¥Z�[^lmyQy�eA[^S�]_OQxz]�hi]�h�[
]|OmS�}
xg[^S�c>S!}
xrlQ[_S/ez�4]|OmS��¡erf�f�e��$hi�m��·
� � Ã��pÃ �	� �	� Ã�� � � � � �a®r®Q¬�	
°�ª��'��ª

K
©�	b©�� � ��© ª ° � � ¬ � i = 2, . . . , n

¯�°'ª
gi = fi +ai,i+1fi+1 + . . .+

ai,kfk � �m°��_° ai,j ∈ K � � ¬ ����¯ �¬�	�ª �z¯ ¯�«7�m¬z© «|°�	�¬ �Jª��m° ai,j
ª��m°=	
°7&��Q°��>«~°

f1, g2, . . . , gn
©�	 �_°����\¯ � �

� ���
deg(gi) = deg(fi) �

� � Ã¶Ã�! N�OmS�xr[|[^S!o^]|hieg� eg�¦]_OmS�{\S
�go_S!S![��¡egfif�e��b[/�¡o|erR ]_OmS }~Omerhk}'S�er�$]_OmS»�LlmRdc�S!o_h��m��er��]_OmS
fi
·

N�OQS�er]_OmS!obxr[|[^S!o^]|hieg��hk[$ymo|e�µrSa{»h�� * "/xzy � � /4ego�* ��Å�,5�#/G·
�

� Ã � Ã -+- �\� À ���$#%� �
k ≥ n

! � °B(�z² 	��a®r®Q¬�	
° � © ª��m¬��\ª ¯�¬�	�ª0¬ � �g°��>°��&�z¯ © ª:² ª��'��ª�ª��m° 	
°7&��Q°��>«~°
f1, . . . , fn

©�	 �_°����\¯�� � �

���$E���



� ¬zb®�¯i°_±g© ªG² ¬����-°��_¬����z© �°��
	�© ¬ � ��¯�� ��r§��>°���� ��	
°�	 �

� � Ã¶Ã�! � �
K
h�[Jhi� ���mh�]|Sr��h�]t[_l �»}'Sa[�]_e»}~OQeAeA[^S�o~xz�Q{merR�fiZ�]_OmS

ai,j
· � ��]|OmS�ez]|OmS
ot}
xr[_S��³S�{me�]_OmS

}
erR�yml\]~x�]|hieg��h���xr��h�� �Q�mhi]_S$S
¹L]_S
��[^h�er�`ez�
K
�z[|x¥Z

K(t)
�rlQ[_hi�Q�J]|OmS�� xr}']�]|OQx�]-]|OmS�o_Sa{\lQ}'Sa{`��o|�rcQ�mS
o

c�xr[_h�[�hk[��mez]bR�e\{\h!�QS!{�cLZ�xr� S
¹A]|S
�Q[_h�er��ez��]_OmS �QS!f�{ ez��]_OQS�}'eLS
�»}'h�S
�A]~[
·
�

N�OLlQ[��¡o|erR �me��ºlm�A]_h�f�TLSa}�]_h�er� ,0��S»}'eg�Q[^hk{\S!o�xr[/h��mymlm]�y�egfiZL�megR�h�xrf�[�]|OmS»o|S
�rlQf�xro�[^SajglQS
�Q}
S
f1, . . . , fmin{k,n}

�$OQh�}~O0�$h�fif¸c>S�{\S
�Qez]_Sa{�cAZ
f1, . . . , fk

cLZ�xz�0xzcQlQ[^S�er���mer]|xz]_h�er�¶·

� � �d�"����	$#� � (/�&'��# (�# � � 	$���/���"(��&
��#

� ��]_Omhk[³[_S!}']_h�er�¶�A��SJo|S!{\lQ}
S$]_OQStymo|ercQfiS!R�]|edxz�Qez]_OQS
opeg�mSb]|e��$Omhk}~O�]|OmSJOLZLy�er]_OmSa[^hk[Eer� * v&xz£;,5��/
R�x¥Z c�S�xzymyQfih�S!{¸· �be���S
µrS!o!�&]_OQS�R�xzh��¨{\h ��}
lmfi]sZ f�h�S![dhi� ]|o|xr�Q[^�¡ero|R`h��m��cQxg}~´�]|OmS�o|S![_lmfi]�]_e erlmo
ego_h��rh��Qxrf¸ymo_egcmf�S
R0·�N�OQS
o|S'�¡ero|Sr�QR`eA[s]tez�-]_OmSd[^Sa}�]_h�er��hk[b{\S!µrer]_S!{0eg��]_OmS`xzf��rS
cQo|xrh�}�o|S![_lmf�]~[$�mS!S!{\Sa{
�¡ego�]_Omhk[$cQxg}~´»[^lQcQ[s]|h�]|l\]_h�er� � nEo_egy�eA[^hi]_h�er�D�m· 1a¢'·

	 SpOmegR�er�rS!�mh�£
S �Qo~[^]4]_OQS fi
·&N�Omhk[4R�Saxz�Q[¶]_OQxz]&��Sph��g]|o_e\{\l�}'SpxJ�mS
� µ�xzo|hkxzcmf�S

x0
xz�Q{/xg[_[_e\}'hkx�]|S

]|eJSaxr}~O
fi
]|OmS³OQerR�er�gS
�mS!erlQ[4y�egfiZL�megR`hkxzf

Fi = xdi

0 fi(x1/x0, . . . , xn/x0) ∈ K[x0, . . . , xn]
·-N�OmS!�

fi = Fi(1, x1, . . . , xn)
h�[berc\]~xzh��mS!{ cLZ�[^lQcQ[s]|h�]|l\]_h�er�0er�

x0
cAZ

1
hi�

Fi
·

�J�\�¡ero_]_lm��x�]_S!fiZg�$]_OQS�OmegR`eg�rS!�mhi£ax�]|hieg�*er��x o|S
�rlQf�xro�[^SajAlmS
�Q}
S�hk[ ��¬�ªJ�QS!}'Sa[_[|xzo|h�fiZ*x¨o|S
�rlQf�xro
[_S!jAlmS!�Q}'S/xr�Q{�hi� 〈f1, . . . ,
fk〉
hk[J£!S
o|e�¤L{mhiR�S
��[^h�er�Qxrf:�m]_OmSdymo_erqsS!}']_h�µrS/µ�xzo|hiS
]sZ�{mS��Q�mSa{�cLZ�]|OmS

Fi
R�x¥Z�OQx¥µgS�}'erR�y>er�mS!�A]|[ >_x�]

h�� �Q�Qh�]sZ.@�er��Omh��rO�{\h�R�S
�Q[_hieg�¶·&N&e�o_S!R�e�µrSE]|OmS![_S��+��¯ © °����4}
erR�y>er�mS!�g]~[��³S�lQ[_S�x�{\S
�¡ero|R�x�]_h�er�d�$Omhk}~O
��xr[�lQ[_S!{�xzf�o|S!xr{mZ`cLZ ��o|h��rero|h�S
µ�xz�Q{0Å³Omhk[s]|e�µ'* ��Å�,.�#/ ��Å�xz�m�LZ'* Å�xz�Q�g��/G�mv&xz´\[_OmR�xz�6* v4xr´\�r�;/4xz��{
v&xz´\[_OmR�xz� xr�Q{0v4xr£!xzo~{ * v4v&�
1�/¶h��0ez]|OmS
ob}
er�A]_S
¹A]~[
·

4Qo_egR �me�� eg�¶�m��S��$hif�f¶lQ[_S�]_OmS��¡egfif�e��$hi�Q�d�mer]|xz]_h�er�¶�m�$OQh�}~O�S'¹L]_S!�Q{m[�]|OmS/ymo|S!}'Sa{\h��m��er�mSg·
��Ã �!�m�	� Ã�� #�� � � �Q°�®Q¬�¯ ² ��¬�`© ��¯ 	 f1, . . . , fk ∈ K[x1, . . . , xn]

� �_°B¬ � �|°�	G®Q°|«
ªG© ¥°¦ªÆ¬�ª ��¯ �g°#�!�_°~°
d1, . . . , dk �
	 °~« ��¯ ¯¸ª��%�zªEª��Q° �g§|¬ ¥°��_°7�#�Q«
ª:© ¬ � ��¯ ¯i¬ � 	/ª ¬�	��a®g®m¬#	'°�ª��'��ª d2 ≥ · · · ≥ dk ≥ d1 ≥ 2 � � �
k < n � °0	
°
ª dk+1 = · · · = dn = 1 � �4°
ª D = (d1 + · · · + dn)/n ��� °���¬�ªÆ°�§'² Fi

ª��m° �Q¬��¬$�A°()
��©! a° �/®Q¬�¯ ² ��¬�`© ��¯�¬��

fi � © ª�� �_°�	G®m°~«
ª³ªÆ¬ � �>° �  � ��© �r§
¯i°
x0 � �&°
ª s §~° � �>° � ©����g°'ªÆ°���d©�� ��ªÆ° � ���

Gi = (1 − s)Fi + sxdi

i

�'¬ � � ��²
i �� °�«~¬ �
	�© �g°��`ª��Q°�© �r° �z¯ 	 I = 〈f1, . . . , fk〉

!
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Res(G0, . . . , Gn) 6= 0
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OQxr[
{mhiR�S
��[^h�er� £!S
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h�xz]_Sa{0ymo_h�R�S�hk{\S!xrf&er�

IP
er�

{mhiR�S
��[^h�er� £
S
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K[x1, . . . , xn]
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P
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Ĩ + 〈s〉 ¬ � ��© �°��2	~© ¬ � ≥ n + 2− k
©��

S = K[s, x0, . . . , xn] � � �Q°�� x0 ∈ P �
� � Ã¶Ã�! v¶S
]

P ′ c>S�xtR�hi�QhiR�xzfLymo|h�R`S�hk{\S!xrfg�$Omhk}~Od}
er�A]|xrhi��[ Ĩ xz��{�hk[&}
er�A]|xrhi�mSa{�h�� P |s=0
·-TLlQymy�eA[^S

]|OQx�]
x0 /∈ P ′ ·ETLh��Q}'S P ′S ⊂ P

xz��{
s /∈ P ′S

�L]|OmS
�
P ′S

OQxr[�{\h�R�S
�Q[_h�er�
> n + 2− k

xz��{
P ′ OQxr[{mhiR�S
��[^h�er�

> n+1−k
· 8 ��]|OmSJer]_OmS!opOQxr�Q{¸�g�¡o_egR

x0 /∈ P ′ �³SJ}!xz��}
er�Q}
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o~x�]_Sa{�cAZ
f1, . . . , fk
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�Q}
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x0 ∈ P ′ ⊂ P

·
�

� �
X
h�[�xz�¦h�{mS!xzf�h��

S = K[s][x0, . . . , xn]
�&��S�o|S!}
xrfif-]|OQx�]�]_OmS�hk{\S!xrf

X : f∞ �¡ego
f ∈ S

hk[
{mS��Q�mSa{�cAZ

X : f∞ =
{

g ∈ S | ∃ t ∈ N
[
· ]!·

gf t ∈ X
}

.

	 S�{\S!�mez]|S/cLZ X |s=0,x0=1
]|OmS�hk{\S!xrf4ez�

K[x1, . . . , xn]
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0
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� J ⊂ J : s∞ ⊂ J : x∞
0 �

� Ĩ ⊂ J : s∞|s=0 ⊂ Ĩ : x∞
0 �

� I = J : s∞|s=0,x0=1 = J : x∞
0 |s=0,x0=1 �

� � Ã¶Ã�! v4S'] ⋂t
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J
xr[txz��hk{\S!xrf4ez�-]|OmS�o|hi�Q�

S = K[s][x0, . . . , xn]
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f�f�¼ ´L�me��$�»]|OQx�]J��S�OQx¥µrS

J : f∞ =
⋂t

i=1 (Qi : f∞) =
⋂

f /∈√
Qi

Qi�¡ego�xr�LZ
f ∈ S

� [_S
S * Å�v 8 � �;/��¡egotS
¹mxzR�ymf�Sa¢�· �JS
�Q}
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Qi : s∞ ⊂ Qi : x∞
0
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i
·
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Qi : s∞ = S
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Qi : x∞

0 = S
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dim Pi ≥ n + 2 − k
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P
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ego_S!R �m· 1z�\]|OmS
o|S�S'¹\hk[s]~[�x`ymo|h�R`S

hk{\Saxzf
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· 4Qo_egR ]|OmS/ymo|eAer��er�&]|OmS�[_S!}'eg�Q{�h�]|S
R �³S/OQx¥µgS
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0
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°�	 1.1

h�� ]_OmS�o|hi�Q�
R̃ = K[x0, . . . , xn]

·�N�OmS!��]|OmS
o|S�S'¹\h�[^]
y1, . . . , yi

hi�
R̃1
�¡ego�[^egR�S

i
[_lQ}~O ]_OQxz]/]_OmS

Rdlmfi]_h�ymfihk}
xz]_h�er�

yj :

(

R̃

L + 〈y1, . . . , yj−1〉

)

m−1

−→
(

R̃

L + 〈y1, . . . , yj−1〉

)

m

hk[�h���qsS!}']_h�µrS��¡erobxr�LZ
j
� � S����mh�]|hieg� � · � ¢�·EN�OQh�[$h�R�ymf�hiSa[�]_OQxz]$]_OmS��¡egfif�e��$hi�Q��[_S!jAlmS!�Q}'S�hk[�S'¹mxr}']-C

0 −→

„

R̃

L + 〈y1, . . . , yj−1〉

«

m−1

yj
−→

„

R̃

L + 〈y1, . . . , yj−1〉

«

m

−→

„

R̃

L + 〈y1, . . . , yj〉

«

m

−→ 0.

TLe��¡o|erR xg{m{\hi]_h�µAhi]sZ»er�&]|OmS�{\h�R`S!�Q[_hieg� er��µgS!}�]|ero$[_yQxr}
S![���S�O�x¥µrS5C

dimK

„

R̃

L + 〈y1, . . . , yj−1〉

«

m

= dimK

„

R̃

L + 〈y1, . . . , yj−1〉

«

m−1

+ dimK

„

R̃

L + 〈y1, . . . , yj〉

«

m

.

v¶S
]
Λj

δ

c�S»x0V�xg}
xrlmf�x¥Z0R�x�]|o_hi¹�h�� {\S
�go_S!S
δ
ez��]_OmS�hk{\S!xrf

L + 〈y1, . . . , yj〉
·»v¶S
]�xzfk[^e

cork(X){mS
�mer]_S![�]|OmS/}'ego|xr�m´�ez�-xdR�xz]_o|h�¹
X
�\hG· Sr·E{\h!A>S!o_S!�Q}'S�c>S']s��S
S!� hi]|[��LlmRdc�S!o$ez�&o|e��b[�xz�Q{ hi]|[�o~xz�m´�·

� � Ã��pÃ �	� �	� Ã��
� � � � �m°d© �g°#�z¯ L ©�	 m
) �_°����\¯�� �/© ��� �"� ¬ �Q¯ ²�© � � ° �'�&�°��

cork(Λj−1
m ) = cork(Λj−1

m−1) + cork(Λj
m)

�'¬ �
j = 1, . . . , i

� ���
cork(Λi

m) = 0 �
	 S/�$hif�f4xrf�[_ed�QS
S!{ ]|OmS��¡erf�fie��$h��m��o|S![_lmf�]~[�er� ]_OmSdÅ�xg[s]|S
f��Llme�µrer¼ V�lQRd�¡ego|{�o|S
�glmfkxzo|h�]sZg·

� � Ã��pÃ �	� �	� Ã��
� � � 	������	��
� ���&°
ª
L
§~° � �m¬z�¬��A°���°|¬�� 	�© �r° ��¯�¬���ª��m° ��©��%�

K[x0, . . . , xn]
� ���

dim L = d � �&°
ª yi =
∑n

j=0 Ai,jxj
�'¬ �

i = 1, . . . , d
§|°

d
�g°��>°���© «`¯ ©��>° � ���'¬ �� 	 � ª��m° Ai,j

§~°
©��%�
ª��m°��>° � ©����g°'ªÆ°���`©����zª °�	 � � � �Q°�� L

©�	
m
) �_°��5�\¯ � ��© ��� ����¬ �Q¯ ²�© ��ª��Q°

yi
	��zª:©�	��~²»ª��m°`«~¬ �"��© ªG© ¬ �
	�¬ �

� ° � �Q© ªG© ¬ ��� � � ©���ª��m° ��©��%� K(A1,0, . . . , Ad,n)[x0, . . . , xn] �
� � Ã��pÃ �	� �	� Ã��
� � # �&°'ª

L = 〈P1, . . . , Pk〉 ⊂ K[x0, . . . , xn] � �Q°��|° P1, . . . , Pk
� �_° �m¬z�¬��A°���°|¬�� 	

®Q¬�¯�² �>¬�`© ��¯ 	 ¬�� �_°�	G®m°~«
ª:© �°6�g°#�!�_°~°�	
d1, . . . , dk � �L© «7�'�'¬ �� � �_°����\¯ � � 	'°7&(�Q°���«~° � ¬ � � � ��¯ �¬�	�ª

�|°#�5�\¯ � � 	'°7&(�Q°���«~°/©�� �g°�� �_°~°
δ = d1 + · · · + dk − k + 1

� � � �m°�� L
©�	 �

δ
) �_°����\¯ � �/© �r° ��¯ �

� � Ã¶Ã�! TLhi��}'S»x0o|S
�rlQf�xro�[_S!jAlmS!�Q}'S�hk[/xz� xzf�R�eg[^]/o_S!�rlmfkxzo/[_S!jAlmS
��}'S�hi� xr�AZ {\S
�go_S!S
δ
er�

L
�4]_OmS

xg[_[_S
o_]_h�er���¡erf�fie��b[³�¡o|erR N�OQS
ero|S
R+�\· ��er� * Å��J�.�#/ ·
�

� � %4
# � � �"~��� # �/���"(�� ���/���

� ��]|Omh�[�[_S!}�]|hieg���³SJ[_Ome��8]_OQxz]E]_OQStV�xg}
xzlQf�x¥Z�R�xz]_o|h�¹`hi��{mS
�ro|S
S
δ = nD−n+1

ez�
J : s∞|s=0R�x¥Z�c>Sbegc\]|xrhi�mSa{��¡o|erR�]_OmS�TLR�h�]|O��mero|R�xzfL�¡ero|R�er��x�V�xg}
xrlmf�x¥Z�R�xz]_o|h�¹dez�

J
h��`]_OmSb[|xzR�Sb{\S!�ro|S
Sr·

	 S�[_Ome�� xzfk[_ed]|OQx�]$]|OmS
Sa[�h�{mS!xzfk[$xzo|S δ
¼Go|S
�glmfkxzoa�g�$Omhk}~O0h�[$x`´gS
Z»o|S![_lmfi]$�¡ero�]_OQS/�mS'¹L]b[^Sa}�]|hieg�¶·
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w$Sa}
xrfif4]_OQxz]tx�R�x�]|o_hi¹ h��
K[s]r×c h�[t[_xrh�{�h�� � `© ª�� �>¬ ��(�z¯��'¬ ��d�>hi�Eh�]Jhk[Jx�{\h�xr�reg�Qxzf¶R�xz]_o|h�¹

c>ero~{\S!o_Sa{»cLZ�£!S
o|edS!�g]|o_h�S![�eg��]|OmS/o|hi�gOg]bxr�Q{»]|OmS/c>ez]^]|erRDC














u1 · · ·
ut















u�R�xz]_o|h�¹�h��
K[s]r×c h�[b}!xzf�fiSa{ ���Q© �¬-���\¯ � ��hi��hi]Jhk[$hi�LµgS
o_]_h�cmfiS�hG· Sg·phi]|[b{mS']_S!o_R�h��Qxz�A]bhk[bx��meg�

£!S
o|e�S
f�S
R�S
�A]per�
K
·�N�OmSJR�xz]_o|h�}
S![

M
xz�Q{

N
h��

K[s]r×c xro_S�°7&(�\©  �z¯i°��QªQhi��]_OmS!o_Sbxro_S�lm�QhiR�e\{\lmfkxzoR�xz]_o|h�}
S![
U
hi�

K[s]c×c xr�Q{ V
hi�

K[s]r×r [_lQ}~O ]_O�x�] N = UMV
·�N4��e0S!jAlmh�µ¥xrfiS!�A]�R�xz]_o|h�}
S![

o|S
yQo_Sa[^S!�g]�]|OmS�[|xzR�S/fih��mSaxzobR�xzy�e�µgS
o${\h!A>S!o_S!�A]JcQxr[_hk[
·�u�R�x�]_o|hi¹
N
hk[b}
xrfif�S!{�]|OmSdTLR�hi]_O��mego_R�xzf

�¡ego_R ez��xdR�xz]_o|h�¹
M
h���xz��{�eg�mfiZ h��-hi]bh�[�h���TLR�h�]|O��Qero|R�xrf��¡ero|R xz��{»]|OmS
Z�xzo|S�SajAlmhiµ�xrfiS!�g]a·

�³¿  ¨� ����� ��© ¥°�� �¦ ��ª ��©�±
M
¬&�°��

K
!�ª��m°�� ª��Q°��_° °_±g©�	�ª �¦ ��ª ��©�±

M ′ ©�� � `© ª�� �>¬ �� ��¯
�'¬ �� � ���?���Q© �¬-���\¯ � ��(�zª+��© «~°�	

U
� ���

V
	��Q«7�0ª��%�zª

M ′ = UMV
! � �L© «7�� ��²�§|°`«~¬�J®��\ªÆ°7�»©���/®Q¬�¯ ² ��¬�`© ��¯�ª:© �°d©���ª��m° 	�©! !°�¬ �

M � ª��Q° 	�©! a°�¬�� M
©�	d§~¬#���"�r°7��§'²»ª��m°$®��|¬-���Q«'ªb¬���ª��Q° � �\�§~°��

¬ ��© ª 	�°��Qª ��© °�	�§'²�ª��m°�(�!±g© (�z¯ 	�©! !°`¬���ª��m°�	
°�°��Qª ��© °�	"!Eª��m° 	~©! a°`¬���� � °���ª+��²»§~°
©��%��§|¬������g° ��§'²�ª��m°
® �_¬;�#�Q«
ª�¬ ��© ª 	 �r°��!�_°~°d§
²�ª��m°�(�!±r©  ��¯ 	~©! a°�¬���© ª%	�«~¬!° �*«
© °��Qª%	 � �
� � Ã¶Ã�! N�Omhk[phk[E]|OmS�R�xrhi��o_Sa[^lmfi]³er� * �Jh�f��A�;/E� [_S
Stxrf�[_e?* �Jh�f��.�#/¸xz�Q{ * TA]|eg�g��/ ¢'· �be���S
µgS
oEhi]���xr[per�mf�Z
[^]|xz]_Sa{0�$OmS
�

K
hk[tS
hi]_OmS!ob]_OQS �QS
fk{�er�-o~x�]|hieg�Qxzf4�AlQR�c>S
o~[berotx �Q�mhi]_S �QS
fk{¸��{\S![_ymhi]_S�]|OmS/� xg}�]J]|OQx�]

]|OmSbymo|eLez��h�[E]_o|lmS$�¡egopxz�LZ ��S
fk{�er���$Omhk}~O�]_OmSJ}
erR�yml\]~x�]|hieg��ez��]_OmSJS!}~OmS!fieg�d�¡ego_R3ez�¶x�R�x�]|o_hi¹`R�x¥Z
c>S�{\eg�mS�hi��x`y�egfiZL�megR�h�xrf�]_h�R`Sg·

�

� � Ã��pÃ �	� �	� Ã�� � � � �&°'ª
δ
§~° � �&±L°7��©��QªÆ°��g°�� �  © ª�� ��¬zª��zª:© ¬ � � ��� !E¯i°
ª M §~°/ª��m° � 	��'�z¯ � �g«#���\¯ ��²

 ��ª ��©�±�©�� �r°�� �|°|°
δ
¬ �

J
� ����¯i°
ª

UMV
§~°`© ª 	 � d© ª�� ��¬ �� ��¯��'¬ �� � � �Q°�� MV

©�	 � � �r« �#�\¯���²
 ��ª ��©�±¦¬��

J � ��¬ �_°~¬ ¥°��"!�© � � ° �z© !© �g° ��	���Q« � ��	�®m¬#	7	~© §
¯i°�ª��m°�«~¬�¯ �\ �
	�¬��
MV

§'²
s � °'�g°
ª

� � �g« �#�\¯ �z²�(�zª+��©�± ©��+�g°�� �_°~°
δ
¬��

J : s∞ � �b²D	
°'ªGª:©���� s = 0
©��8ª��\©�	`¯���ªGª °���(�zª+��©�± � °��A°
ª)�

� �g«#���\¯ ��²�(�zª+��©�± ©�� �g°�� �_°~°
δ
¬��

J : s∞|s=0 �
� � Ã¶Ã�! N�OQS �Qo~[s]�xr[|[^S!o^]|hieg���¡erf�fie��b[b�¡o_egR ]|OmS`{mS��Q�mhi]_h�er��ez�px»V�xg}
xrlmf�x¥Z R�x�]_o|hi¹�·tN4e»yQo_e�µgS/]_OmS
[_S!}
er�Q{0eg�mSr��f�S']

M ′ = UMV
·�N�OmS!o_SdS'¹\h�[^]|[�x»{\hkxz�ger�Qxrf4R�x�]|o_hi¹

V ′ �$hi]_O�y>e���S
o~[bez� 1/s
xr[J]_OmS

S!�A]_o|hiSa[³eg��hi]|[${\hkxz�ger�Qxrf>[_lQ}~O�]_OQxz]�]|OmS�S
�A]_o|hiSa[�ez�
M ′V ′ xro_S�hi� K[s]

xr�Q{»�Qez]$R�lmfi]_h�ymf�S�ez�
s
·EN�OmS

[|xzR�S ymo_egy�S!o^]sZ¦hk[d}
fiSaxzo|fiZ ]|o_lmS �¡erod]_OQS S!�g]|o_h�S![dez�
U−1M ′V ′ = MV V ′ · 	 S�}
f�xrhiR ]|OQx�]`]_OQh�[hk[�x�V�xr}
xrlmfkx¥Z�R�x�]|o_hi¹ h��¨{\S
�go_S!S

δ
ez��]_OmS h�{mS!xzf

J : s∞
·�v4S']

P1, . . . , P`
c>S»]|OmS»y>erf�ZA�QerR�h�xrf�[

}
ero|o_Sa[^y>er��{\hi�Q� ]|e�]_OQS }'egfilQR`��[�ez�
MV V ′ · � ]��¡erf�fie��b[/�¡o_egRX]|OmS {\S(�Q�mhi]_h�er�¨er� V

xz�Q{
V ′ ]|OQx�]

Pi ∈ J : s∞
�¡ego`xr�AZ

i
xz��{¦]_OLlQ[

J ⊂ 〈P1, . . . , P`〉 ⊂ J : s∞
·BÅ³eg�AµgS
o~[^S!fiZg�-h��

P ∈ J : s∞]|OmS
o|S�S
¹\h�[^]|[
α
[^l�}~O¨]_O�x�]

sαP =
∑`

i=1 aiPi
·¨uJ[d]_OmS��meg�B£
S!o_e }'egfilmR��Q[dez�

M ′ xro_S fih��mSaxzo|fiZh��Q{\S!y�S!�Q{\S!�g]a�\]_OQS�[_xrR`S�hk[�]_o|lmS��¡ero
U−1M ′V ′ xz�Q{ sα {\hiµLhk{\S![ aiPi

xz�Q{�xzfk[^e
ai
�¡erobxr�LZ

i
·

N�OmS/fkxr[^]bxr[|[^S!o^]|hieg�»�¡egfif�e��b[�hiR�R�S!{mh�xz]_S
f�Z��¡o|erR ]_OmS/{\S(�Q�mhi]_h�er�0ez��x�V�xr}!xzlmfkx¥Z�R�x�]_o|hi¹�·
�

���$E���
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� Ã � Ã -+- �\� À �����  © ª�� ��¬zª��zª:© ¬ � � ��� ! � � �r« ���\¯ ��²`(�zª+��©�±�©��'�g°�� �_°~°
δ = nD−n+1

¬ �bª��m°�© �g°#�z¯
J : s∞|s=0

 ��²�§~°`«~¬�J®��\ªÆ° � � © ª��\©�� � §'© ª$«~¬�J®>¯i°|±g© ª:² � �\© « ��©�	�®m¬z¯ ² �>¬zd© �z¯&©�� T �
� � Ã¶Ã�! 	 h�]|O �ber]|x�]|hieg�0ez�-nEo_egy�eA[^hi]_h�er���\· 1z�\]|OmS��LlmRdc�S!obez��]_OmS/S!�A]_o|hiSa[$ez� M hk[$y>erf�ZA�QerR�h�xrf¶h��
]|OmSb�LlmRdc�S!oEez�¸R�er�megR�h�xrf�[-er�¸{mS
�ro|S
S

δ
h��

n+1
µ¥xro_hkxzcQfiSa[�]_OLlQ[Ehi]phk[�y>erf�ZA�QerR�h�xrfmh�� T cAZ`v¶S!R`R�x�Q· �»ez� * �Jv&�g�;/ · 8 ��]|OmS`ez]_OQS
o�OQxz��{�]_OQS`{\S!�ro|S
Sdez�E]|OmSdS!�A]_o|hiSa[Jer�

M
hk[tc>erlQ�Q{\S!{�cLZ

δ
xz�Q{�]_OmS

xg[_[_S
o_]_h�er��]_OmS!o_S
�¡ero|SJ�¡egfif�e��b[��¡o|erR v4S
R�R�x��m·!1/xr�Q{�npo_egy�eA[^hi]_h�er���\· 1z·
�

� ��]_OQS��¡erf�fie��$h��m�Q�\��S/[^OQe�� ]_OQxz]$]_OmS/hk{\Saxzf
J : s∞|s=0

h�[
(nD − n + 1)

¼ o_S!�rlmfkxzoa·
�³¿  ¨� ��� �  © ª�� �d¬�ª ��ªG© ¬ � � ��� !E¯i°'ª S′ = K(s)[x0, . . . , xn] � � �m°��

J : s∞ + 〈s〉 = JS′ ∩ S + 〈s〉.
� � Ã¶Ã�! 	 S/yQo_e�µgS �Qo~[^]$]_OQxz] J : s∞ ⊂ JS′ ∩ S

· 4Qero$]|Omh�[bfiS
]
G ∈ S

[^l�}~O�]|OQx�]
sαG ∈ J

�¡erobxz�
h��A]_S!�rS
o

α
· 	 S�O�x¥µrS/}'f�S!xro_f�Z G ∈ JS′ ∩ S

·$Å³er�LµrS!o|[_S
f�Zr�Lhi�
G ∈ JS′ ∩ S

]_OmS!o_S/S
¹Lhk[^]|[bxr��h��A]_S!�rS
o
α
[^lQ}~O ]_O�x�]

sαG =

∑k
i=1 HiGi

P�$OQS
o|S
P
hk[�x�y>erf�ZL�merR�hkxzf�hi�

K[s]
[_lQ}~O�]_OQxz]

P (0) = 1
xr�Q{

Hi ∈ S
·�v4S']

P = 1 − sQ
�$OmS
o|S

Q ∈ K[s]
·�N�OLlQ[$��S�R�x¥Z»�$o|hi]_S

1/P
xr[

1

P
=

1

1 − sQ
= 1 + sQ + (sQ)2 + · · · + (sQ)α +

(sQ)α+1

P
.

T\S']^]|hi�Q�
G′ = (1 + sQ + · · · + (sQ)α)

P

k
i=1

HiGi

sα

�Q�³S�OQx¥µgS
sαG′ ∈ J

xz�Q{

G =

∑k
i=1 HiGi

sαP
= G′ + sQα+1

∑k
i=1 HiGi

P
= G′ + sQα+1G.

N�OQh�[�h�R�ymfih�S![$]_OQxz]
G ∈ J : s∞ + 〈s〉 · �

w$Sa}
xrfif>]_O�x�]bx�OQerR�er�gS
�mS!erlQ[³h�{mS!xzf�hk[$[_xrh�{ °7&��\© �z© �°��
	�© ¬ � ��¯Lhi��xzf�f�h�]~[$xr[|[^e\}
h�xz]_S!{»ymo_h�R�S![�OQx¥µgS
]|OmS�[|xzR�S/{\hiR�S!�Q[^h�er�4·
�³¿  ¨� ���$#  © ª�� �d¬�ª ��ªG© ¬ � � ��� ! 	��a®g®m¬#	'°�ª��'��ª f1, . . . , fk

©�	 � �_°����\¯ � � 	'°7&(�Q°���«~° � �&°'ª yi =
∑n

j=0 Ai,jxj
!
i = 1, . . . , n− k + 1

§~° �A°���°���© «�¯ ©��>° � � �'¬ �� 	 � ª��Q° Ai,j
§~°
©��%��ª��m°��>° � ©��"�r°
ª °���`©�)� ��ªÆ°�	 � � � �Q°�� � ° �%�&�° �

((

JR̃′[s] + 〈y1, . . . , yn−k+1〉
)

: s∞|s=0

)

δ
=
(

JR̃′[s] : s∞|s=0 + 〈y1, . . . , yn−k+1〉
)

δ

� �Q°��|° R̃′ = K(A1,0, . . . , An−k+1,n)[x0, . . . , xn]
� �"�

δ = nD − n + 1 �
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� � Ã¶Ã�! N�OmS�h��Q}'f�lQ[_hieg�D> ⊃@`h�[�h�R`R�Sa{\h�xz]_S`�¡o|erR2]|OmS�{\S��Q�Qh�]|hieg� er�p]_OQS`�Qez]|xz]_h�er�¶·`N4e�ymo|e�µrSd]_OmSer]_OmS!oJh��Q}'f�lQ[_hieg�¶�Q��S�yQo_e\}'S!S!{�cLZ0hi�Q{mlQ}�]|hieg��er��]|OmS��LlmRdc�S!oJez�
yi
· 4mego

i = 0
�Q]|Omh�[thk[J}'f�S!xro!· 4Qero

i = 1
�>fiS
]

P ∈
(

JR̃′[s] + 〈y1〉
)

: s∞|s=0
c>S`x»y�egfiZL�megR`hkxzf�ez�p{mS
�ro|S
S

δ
·tN�OmS!��]_OQS
o|S�S'¹\hk[s]~[Jxr�

h��A]_S!�rS
o
α
xr�Q{0x`y�egfiZL�megR`hkxzf

H ∈ R̃′[s]
[^l�}~O�]|OQx�]

sα(P + sH) ∈ JR̃′[s] + 〈y1〉 ⊂ JR̃′[s] : s∞ + 〈y1〉.
v4S']

α
c>S/R�hi�QhiR�xzf¶[_lQ}~O�]_O�x�]�]_OmS!o_S/S
¹\h�[^]|[

H
[^l�}~O ]|OQx�];C

sα(P + sH) = P ′ + y1H
′ ∈ JR̃′[s] : s∞ + 〈y1〉.

��1a¢
	 SJOQx¥µgS�]_e�ymo|e�µrS�]|OQx�] α = 0

· � �¸hi]p�³eglmfk{��mez]pc>S$]|OmSJ}
xg[^S�]|OmS
��fiS
]plQ[E�$o|hi]_S
P ′ = P ′

1 +sP ′′
1xr�Q{

H ′ = H ′
1 + sH ′′

1

�$h�]|O
P ′

1, H
′
1 ∈ R̃′ xz�Q{ P ′′

1 , H ′′
1 ∈ R̃′[s]

·�½�Z»[^lmc�[s]|h�]|l\]_h��m�
s
cAZ

0
h�� � 1a¢p�³S

�gS']
P ′

1 + y1H
′
1 = 0

· 	 S�}'fkxzh�R ]_OQxz] y1
h�[�x �mer� £
S!o_e�{\hiµLhk[^egoth��

R̃′/(JR̃′[s] : s∞|s=0)
·`TLh��Q}'S

P ′
1 ∈ JR̃′[s] : s∞|s=0

]_OQh�[�}'fkxzh�R�h�R�ymfih�S![p]_O�x�]
H ′

1 ∈ JR̃′[s] : s∞|s=0
·�v¶S
]

H ′
1 = H ′

2 + sH ′′
2

�$hi]_O
H ′

2 ∈ JR̃′[s] : s∞
· 	 S�R�x¥Z�o|S
ymfkxr}
S P ′ cAZ P ′ + y1H

′
2

xr�Q{
H ′ cLZ H ′ − H ′

2

�$Omhk}~O�R�Saxz�Q[�]|OQx�]
� 1a¢³R�x¥Z�c�S�o|S
�$o|h�]_]_S!� �$hi]_O

P ′ ∈ JR̃′[s] : s∞
xz��{

H ′ Rdlmfi]_h�ymfiS/er� s · � � α ≥ 1
]_Omhk[$h�R`yQfih�S![�]|OQx�]

P ′ hk[Jxzfk[_e�x�R�lQf�]|hiymf�S�er� s
��cLZ ��1¥¢bxz��{

α
R�x¥Z�c�S`o_S!ymfkxr}'Sa{�cAZ

α − 1
�$Omhk}~O�h�[�x»}'eg�A]_o~xr{\hk}�]|hieg�

�$hi]_O�]|OmS�xr[|[^lQR`ym]_h�er��ez�&R�h��mh�R�xrfihi]sZr·
nEo|eLez��ez�b]|OmS�}'fkxzh�R C�½�Z¨v¶S
R�R�x¦�\· ����S O�x¥µrS»]|e [^Ome�� ]|OQx�]

y1
hk[�x��meg�B£!S
o|e {\h�µLh�[_ero�h��

R̃′[s]/(J ′ + 〈s〉) �$OmS
o|S J ′ = JR̃′(s) ∩ R̃′[s]
·�w$S!}!xzf�f�]_OQxz]

J
h�[��rS
�QS
o~x�]_Sa{ cAZ�]_OmS o_S!�rlmfkxzo�[_S'¼

jAlmS!�Q}'S
G1, . . . , Gk

h��
K(s)[x0, . . . , xn]

� v4S
R�R�x'�m· �z¢�xz�Q{ hk[�]_OmS!o_S
�¡ero|S
δ
¼ o|S
�rlQf�xro�h�� ]_Omhk[/o|hi�Q�

� nEo|ery>eg[_h�]|hieg� � · �r¢'·EN�OLlQ[�]_OmS/Rdlmfi]_h�ymfihk}
xz]_h�er�

y1 :

(

R̃′(s)

JR̃′(s)

)

δ−1

−→
(

R̃′(s)

JR̃′(s)

)

δhk[�h���qsS!}']_h�µrS��¡npo_egy�eA[^hi]_h�er� � · ��xr�Q{ � S(�Q�mhi]_h�er� � · � ¢'�&xz��{�]|Omh�[�hiR�ymf�hiSa[�]_OQS�hi��qsSa}�]|hiµLhi]sZ�ez��]_OmS�o|S'¼
[^]_o|hk}�]_h�er��ez�&]_Omhk[$R�xzy�]|e�[_lmc\¼ R�e\{\lmf�S![-C

y1 :

(

R̃′[s]

J ′

)

δ−1

−→
(

R̃′[s]

J ′

)

δ

.

Å³f�S!xro_f�Zr�
s
hk[�xd�Qer��£!S
o|e`{mhiµLhk[^ego³h��

R̃′[s]/J ′ ·EN�OAl�[p]|OmS��rS!�mS
o|h�}tf�hi�mSaxzo��¡ero|R y1 + A0s
�$OQS
o|S

A0
h�[$x`�mS!� h��Q{\S
]_S
o|R�hi��x�]_S�hk[$xzfk[^e�x`�mer��£
S!o_e�{\h�µLh�[_ero�h�� ]|Omhk[$o_h��m��· � �

y1F ∈ J ′ + 〈s〉 �¡egob[^egR`S
F
��SJO�x¥µrS

(y1 + A0s)F ∈ J ′ + 〈s〉 ·�N�Omhk[ph�R�ymf�hiSa[p]|OQx�] F ∈ J ′ + 〈s〉 xz�Q{�]|Omhk[pymo|e�µrSa[�]|OmSt}
f�xrhiR0·
�Je��/�mfiS
]

i ≥ 2
xr�Q{�[^lmyQy�eA[^S�]|OmS�}'fkxzh�R hk[�]_o|lmS��¡ero

i − 1
·Ev¶S']

P ∈
(

JR̃′[s] + 〈y1, . . . , yi〉
)

:

s∞|s=0
·�½³Z»xrymymf�ZLhi�m��]_OmS/xrc�e�µgSbymo|eAer�4�$hi]_O

JR̃′[s]
o|S
ymfkxr}
S!{�cLZ

JR̃′[s] + 〈y1, . . . , yi−1〉
��S��rS']

P ∈
(

JR̃′[s] + 〈y1, . . . , yi−1〉
)

: s∞|s=0 + 〈yi〉
l�[^h��m��]|OmS»� xg}�]�]|OQx�]�]_OmS h�{\Saxzf

J + 〈y1, . . . , yi−1〉 ⊂ R̃′(s)
o|S
R�xrhi�Q[

δ
¼Go|S
�glmf�xro�� v4S
R�R�x 1r· ,�er�

* ½$T , �;/ ¢'·�TLe �³S�O�x¥µrS
P ∈ JR̃′[s] : s∞|s=0 + 〈y1, . . . , yi〉

�$Omhk}~O�S
��{m[b]|OmS�yQo_eLez�s�>cLZ0hi�Q{mlQ}�]|hieg�
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i
·

�

���$E���



� ¬zb®�¯i°_±g© ªG² ¬����-°��_¬����z© �°��
	�© ¬ � ��¯�� ��r§��>°���� ��	
°�	 1¥�

� � Ã��pÃ �	� �	� Ã�� � � �  © ª�����¬zª��zª:© ¬ � � ��� !=	7�a®g®m¬#	
°�ª��%�zª f1, . . . , fk
©�	�� �_°����\¯ � � 	
°7&��Q°��>«~° � � �Q°��ª��m°J© �r° �z¯

J : s∞|s=0 ⊂ R̃ = K[x0, . . . , xn]
©�	

δ
) �_°����\¯ � � � © ª�� δ = nD−n+1

� �����%��	=�z© �°��
	�© ¬ �
n − k + 1 �
� � Ã¶Ã�! 	 hi]_O��Qez]|xz]_h�er�Q[Jez�Ev¶S!R�R�x �\· ��xz�Q{0cLZ�nEo_egy�eA[^hi]_h�er� � · �L�>��S�ymo|e�µrS�]_OQS δ

¼Go|S
�glmfkxzo|h�]sZ»er�
J ′ = JR̃′[s] : s∞|s=0

cLZ¦lQ[^h��m��]_OmS0}'eg�Q{\hi]_h�er�Q[dez� � S��Q�Qh�]|hieg� � · � · N�OmS
δ
¼Go|S
�glmfkxzo|h�]sZ ez�

J
h��

K(s)[x0, . . . , xn]
�:[^S!S�]_OmS/yQo_eLez�-v¶S!R`R�x��\· �r¢�xr�Q{�npo_egy�eA[^hi]_h�er� � · �dhiR�ymf�Z»]|OQx�]

((

JR̃′[s] + 〈y1, . . . , yn−k+1〉
)

: s∞|s=0

)

δ
= R̃′

δ.

N�OLlQ[�]|OmS�]_OQS/S!jAlQxzf�hi]sZ
(J ′ + 〈y1, . . . , yn−k+1〉)δ = R̃′

δ

�$hi]_O
J ′ = JR̃′[s] : s∞|s=0

�¡erf�fie��b[³�¡o|erR
v4S
R�R�x �m· �m·8N�OmS�� xr}']�]_OQxz]d]|OmS�[^SajglQS
�Q}
S er�t�rS!�mS
o|hk}�f�hi�QS!xzod�¡ero|R�[

y1, . . . , yn−k+1
hk[�xzf�R�eg[^]

o|S
�glmfkxzoJh�� {mS
�ro|S
S
δ
er�

J ′ }
erR�S![J�¡o|erR ]_OQS`}
f�xrhiR2�$Omhk}~O�hk[�ymo|e�µrS!{0h��¦v¶S
R�R�x �m· �m· �bS
��}'S`]_OmShk{\Saxzf
J ′ hk[ δ

¼ o_S!�rlmfkxzoa·&N�Omhk[�hiR�ymf�h�S![�]_O�x�]�]_OmS�hk{\S!xrf
J : s∞|s=0

�$Omh�}~O�hk[p]|OmS�[_xrR`S�hk{\S!xrf>e�µgS
o³]_OmS
��S
fk{

K
hk[$xzfk[^e

δ
¼ o_S!�rlmfkxzo�h�� ]|OmS/o|hi�m�

R̃
cLZ�v4S
R�R�x»�\· 1ter��* ½$���5��/ ·

N�OmS�fkxr[^]�xr[|[_S
o_]_h�er���¡egfif�e��b[��¡o|erR2]|OmS�xzc>e�µrS`ymo|eLez��xr�Q{ �¡o_egR ]|OmS �tlmh�fif�S
� {\S(�Q�mhi]_h�er�¦ez��]_OmS
Å�xg[s]|S
f��Llme�µrer¼ V�lQRd�¡ego|{�o|S
�glmfkxzo|h�]sZ�er�-xr� hk{\S!xrf:·

�

N�OmS��¡egfif�e��$h��m��]|OmS
ego_S!R [_lmR�R�xro_h�£
Sa[�]_OmS/o|S![_lmfi]|[�er�4]_OQh�[b[_S!}']_h�er�¶·
��� ¿LÃ � ¿  ����� � �m°�© �r° �z¯ J : s∞|s=0

©�	
δ
) �_°��5�\¯ � ��� �"�»© ª%	 � �g« �#�\¯ �z²� ��ª ��©�±» ��² §~°`«~¬�J®��\ªÆ° �

©�� ��ªG© �° � �L© «7��©�	³®Q¬�¯�² �>¬�`© ��¯�©�� T �
� � � �³(��
 � 
# � .��

x0

N�OmStxzh�R�ez�>]_OQh�[E[_S!}']_h�er��hk[-]_e�[_Ome��B]_OQxz]��¡o_egR ]_OQSJV�xr}!xzlmfkx¥Z�R�x�]|o_hi¹�h��»{\S
�go_S!S
nD−n+1

ez�
J ′ = J : s∞|s=0

�³S�}!xz�0}'egR`yQl\]_S�]|OQx�]ber�&]|OmS/h�{mS!xzf
J ′ : x∞

0 = Ĩ : x∞
0

�$hi]_OQhi��x`cmhi]t}'egR�ymfiS
¹\h�]sZ
�$OQh�}~O�h�[by�egfiZL�megR`hkxzf¸h�� T ·N&e�yQxg[_[E�¡o_egRºxdV�xr}!xzlmfkx¥Z�R�xz]_o|h�¹�ez�

J ′ ]_e�xdV�xr}!xzlmfkx¥Z�R�xz]_o|h�¹�ez� J ′ : x∞
0

��SbOQx¥µgS$]_edymo_e�µgS
��o|[^]-]_OQxz]�]_OmS$o|S
�glmf�xro_hi]sZ�{\e��mer]Ehi�Q}
o_Saxr[_S![-xz��{�]|OmS
��xrfifL]|OmSb}'egR`yQl\]|xz]_h�er�Q[-R�x¥Z�c>Sb{\er�QS$�$h�]|Omerl\]
}~O�xz�m�ghi�m�d]_OQS�{\S
�go_S!Sr·

	 S»OQx¥µgS`�Qez]�[_lQ}
}
S
S!{�]_e�yQo_e�µgSd]|OmS��¡erf�f�e��$hi�m�0f�S
R�R�x0�$OmS
� dim L > 1
·�N�Omhk[/hk[�]_OQS�er�mf�Z

[^]_S!y �$OQh�}~O0´rS!S
yQ[�l�[��¡o_egR ymo|e�µAh��m�»Å³er��qsSa}�]|lmo_S��m·!1r·
�³¿  ¨��� ��� �4°
ª

L ⊂ R̃ = K[x0, . . . , xn]
§~° � �m¬��¬��g°��>°~¬#� 	�© �g°#�z¯³¬�� ��© �°��2	~© ¬ �

1 � �\© « � ©�	
δ
) �|°#�5�\¯ � ���'¬ � ��®Q¬�	�© ªG© ¥°d©���ª °��A°��

δ � � �Q°�� ª��m°�© �r° ��¯ L : x0
©�	

δ
) �_°����\¯ � � �

� � Ã¶Ã�! ½�ZBnEo|ery>eg[_h�]|hieg� � · � ��S�OQx¥µrS ]_e¨}~OQS!}~´ ]|OmS�}'eg�Q{\hi]_h�er�Q[�er� � S����mh�]|hieg� � · � · v4S']
y =

∑n
i=0 Aixi

c>S x��gS
�mS!o_hk}�f�hi�mSaxzo/�¡ego_R �$OmS!o_S»]_OmS
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xro_S��mS
� h��Q{\S
]_S
o|R�hi��x�]_Sa[
· 	 S [_Ome�� �Qo~[s]

]|OQx�]
y
h�[pxzf�R`eA[s]Eo|S
�glmfkxzo-hi�»{mS
�ro|S
S

δ
er�

L : x0
·-v¶S
]

P
c>Sbx�OmegR`eg�rS!�mS
eglQ[�y�egfiZL�megR`hkxzfQez�¸{\S
�go_S!S

δ − 1
[^lQ}~O�]_OQxz]

yP ∈ L : x0
·-N�OLlQ[

yx0P ∈ L
·�N�OmS

δ
¼ o_S!�rlmfkxzo|h�]sZdez�

L
h�R`yQfih�S![³]_O�x�]�]_OmS��rS!�mS
o|h�}

�¡ego_R
y
h�[�x��Qer��£
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S

δ +1
h��
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�$hi]_O

R̃′ = K(A0, . . . , An)[x0, . . . , xn]
· � ]
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�¡egfif�e��b[¸]|OQx�]
x0P ∈ L

xr�Q{
y
hk[-xzf�R`eA[s]�o_S!�rlmfkxzo4hi�`{\S
�go_S!S

δ
er�

L : x0
· 	 S�OQx¥µrS³xzfk[^e�� nEo|ery>eg[_h�]|hieg�

� · �dxz��{ � S����mh�]|hieg� � · � ¢
(L : x0 + 〈y〉)δ ⊃ (L + 〈y〉)δ = R̃′

δxr�Q{�]_Omhk[$S
��{m[�]_OQS�yQo_eLez�s·
�

� Ã����a¿ �z� �4� ¿ � ��� �&°'`(��� ��� ©�	/ª+���Q° � © ª��Q¬#�\ª�ª��Q°��\²|®m¬zª��Q°�	�©�	`¬ ��ª��Q°0�z© �°��
	�© ¬ � �
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Ĩ : x∞

0

©�	
δ
) �_°��5�\¯ � � � © ª�� δ = nD − n + 1 �
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0
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δ
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δ
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S
δ
·
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(L : x0)δ = Lδ + (〈(L : x0)δ−1〉)δ .
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S
P
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P ′ ∈ L
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]
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F1, . . . , Fk
xz��{

d = dn+1
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I = 〈f1, . . . , fk〉

§~° �' !°��_¬�����© �°��
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©����g°_±L°7��©��B¬ � �r°��dª��%�zª

d2 ≥ · · · ≥ dk ≥ d1 � �4°
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(n − 1)
� S
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(I) + 1 ≤ (n − 1)Dn + 1.
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