6 bi M/ aBKTH2 *QKTmi iBQMb QM h2MbQ
GQ:@1m+HB/2 M J2i'B+bX
oBM+2Mi "bB;Mv- SB2 "2 6BHH /-s pB2 S2MM2+

hQ +Bi2 i?Bb p2 bBQM,

0oBM+2Mi “bB;Mv- SB2 2 6BHH /- s pB2° S2MM2+- LB+?QH b v +?2X
QM h2MbQ'b rBi? GQ;@1m+HB/2 M J2i'B+bXX (_2b2 “+? 2TQ'i) __@
yyydy9Kkj

> G A/, BM'B @yyydy9kj
?2iiTb,ff? HXBM'B X7 fBM'B @yyydy9kj
am#KBii2/ QM RN J v kyye

> G Bb KmHiB@/Bb+BTHBM v GOT24WB p2 Dmbp2 "i2 THm B/BbBIBTHBN
"+?Bp2 7Q i?72 /2TQbBi M/ /Bbb2KIBEBMBR MNQ@T™+B2® " H /BzmbBQM /2 /
2MiB}+ "2b2 "+?2 /Q+mK2Mib- r?2i?@+B2MMiB}2mM2b#/@ MBp2 m "2+?22 +?22- T
HBb?2/ Q° MQiX h?2 /IQ+mK2Mib MK VW+RK2Z2EF IQKHBbb2K2Mib /62Mb2B;M
i2 +?BM; M/ "2b2 "+? BMbiBimiBQWER BM?8 7M#M2I @b Qm (i~ M;2 b- /2b H
#Q /-Q 7 QK Tm#HB+ Q T ' Bp i2T2HRAB+B @2MT2BIpXib X


https://hal.inria.fr/inria-00070423
https://hal.archives-ouvertes.fr

ISRN INRIA/RR--5584--FR+ENG

N 0249-6399

ZIINRIA

INSTITUT NATIONAL DE RECHERCHEEN INFORMATIQUE ET EN AUTOMATIQUE

Fastand SimpleComputationson Tensorswith
Log-EuclideanMetrics.

VincentArsigny — PierreFillard — Xavier Pennec— NicholasAyache

N° 5584
May 2005

Théme BIO

apport

de recherche







Z INRIA

SOPHIA ANTIPOLIS

Unité derecherchéNRIA SophiaAntipolis









d(S;T)= Tracg(S T)?) %:



Si; i

Sn



50

O
O
O
(]
ooao
O

S = exp(L) exp



Symj (n) Sym(n)
Symj (n) +
© Symj3(n)
Syms (n)

S1 Sz := exp(log(Sy) + log(S2))
~S:=exp(:log(S) =5S:

S Sy

kkk  Sym(n)
d(S;; S2) = klog(S1)  log(Sy)k:



d(S1;S2) = flog(S1) log(Sz)g® °:



Sym(n) non
GL(n) n n
M (n) n n
(105 n) ( i)i21n
M Sp(M) M
E! F
m2E dm
E m Dm :dM
O
P 1 Mk
exp(M) M expM) = o K
G 2 GL(n) M 2 M (n) G = exp(M) M

N G = log(M)



+ 2k k

){- ( 1)k+1Mk:
k
k=1

kMk< 1 k:k
kM:Nk kM k:kN k M; N

exp: M(n) ! GL(n) ct
M 2 M(n) dM 2 M (n)

log(ld+ M) =

Dm exp:dM = Mk Ldm:m!

exp

O
8M; N 2M(n): (M:N) = (N:M)
(Dm exp:dM) = (exp(M):dM):

M 2 M (n) (exp(M)) = exp( (M)

M
M (M)

exp(M)
M

M:N2M(n) t2R t

log(exp(t:M ):exp(t:N)) = t:(M + N)+ t2=2([M;N])
+t3=12(M; [M; N + [N;[N; M)
+t4=24([[M; [M;N];NT) + O(t°):



[M;N]=MN NM

M + N
I
I
S
GL(n)
Syms (n)
log(R:
exp(R:

S 2 Sym(n)

log

( ;5 N)RT)=R:
(1305 N)RT)=R:

M N

exp(log(M):log(N))

M N
GL(n)
Symz (n)
exp : Sym(n) !

exp

(log( 1);::;log( n)):RT
(exp( 1);:exp( n)):RT:



Syms (n) Sym(n)
Sym(n)

X6 0 x":S:x>0

Sym3 (n) k:k R" k:k
R"™ kM k= sup kM :xk S
kxk 1
ixT:S:xj min kxk2 min (= min >0
2Sp(T)
ds kdSk < in x6 0 x":(S+ dS):x >
( mn kdSk)kxk?> 0 S+ dS
Sym3 (n) 0< <1 S1; Sz 2 Symj (n) @a )Si+ S,
Sym53 (n) 8 >0 S2Symj(n) S
Sym3 (n) Sym(n)
Sym (n)
n(n+ 1)=2 Sym(n)
exp
log : Symi(n) ! Sym(n) Ct exp log
exp
log exp
0
Sym(n)
M Dy =2 €Xp Dwm exp
dM 2 Sym(n)
Dy exp:dM =0 Dm exp dM =0
exp(M) = exp(M =2): exp(M =2) dM

Dy exp:dM = 1=2((Dy =2 exp:dM ): exp(M =2) + exp(M =2):(Dy =2 exp:dM)) = O:



exp( M=2)
exp( M=2)(Dy =>exp:dM):exp(M=2) + (Dy = exp:dM) = O:

A l:exp(B):A = exp(A :B:A) A 1:Dg exp(dB):A =
Dg exp(A 1:dB:A) Dy =2 €XP

exp( M=2):dM:exp(M=2)+ dM = O:

M
R (1) M

dN := R:dM:RT = (exp(  1=2);:nexp( N =2)):dN: (exp( 1=2); 5 exp( N =2)):

8i; ZdNi;j (+exp( =2+ j=2)) =0
8i;j . dNi;j =0 dM =0
2R S7''S

S = exp( log(S))



S;

S

.SZ
S;:

2 Syms (n)

. SZ

Sy;

:S):
}(51152 + S,
51 52 = >

Sg):
S,

) S36S1 (

S,

(S1



S1;S

d(S1;S2) = klog(S, %:2:S, )k

k:k Sym(n)
}
Si1} S = SIT2s,sl
O
Sym3 (n) Sym(n) Sym(n)
Sym(n)  Sym3(n)
S1;S, 2 Sym3 (n) S: S
S1 Sz = exp(log(Sy) + l0g(Sz)):
(Syms3 (n); )
log(ld) = 0 Id log(S ) =
log(S) exp(log(S1) + 109(Sz))
= exp(log(Sy)): exp(log(S2)) = S1:S, [S1;S2]=0
Syms (n)

S1;S,) 7S, s, Sym3 (n
2 ?



(S1:S2) 7' S1 S, ' = exp(log(S1)  10g(Sy)) exp log

Syms3 (n)
(Sym3(n); )
exp: (Sym(n);+) ! (Sym3(n); )
Syms (n)
Sym(n) (tV)izr V 2 Sym(n)
Sym3 (n)
Sym(n)
o0 Sym(n) Sym3 (n)exID
(S()rz2r
8t;s:S(t+s)=S(t) S(s)=S S =
log(S(t) S(s)) = log(S(t)) + log(S(s)) © @, 50 log S(tl)og(S(t "
(Sym(n); +) :
y s tv V 2 Sym(n)
(exp(t:V))iz2r

Sym3 (n)



<> G 8m2 G

m
8m 2 G;Ad(m) g
Ad(m) m
G
<;>  TigSyms;(n) = Sym(n) Sym3 (n)
Ad(Sym3 (n)) = fldg
Ad(G)
Ad(G)
Ad(G) = feg
Ad(G)
O
<> Sym3 (n)
(exp(Vi + t:V2))i2r Vi; V2 2 Sym(n):

logs, (S2) = Diog(s,) exp:(10g(Sz)  10g(S1))
exps, (L) = exp(log(S1) + Ds, log:L):

Vi, Vo S

< Vi;V, >s=< Dglog:Vy;Dslog:Vz > g4 :



d(S1;S2) = klogs, (S2)ks = klog(Sz)  log(S1)kiq:

k:k
O
O
exps, : Ts,Sym3(n) ! Sym; (n)
L 1 0
S L (|
0 Dy, exp:Vz exps, (L) =
exp(log(S1) + (Diog(s,) €xp) *iL) log exp= Id
(Diog(s;) €xp) 1 = Dsg, log exps, (L) L
exps, (L) = Sz logs, (S2)
S
Ls : Sym3(n) ! Symj3(n)
S < Vi1;Vp >g=< Dglg 1:V4;DsLg 1:V, >
DsLs + = Dslog (| 3
O
Sym(n)
(A)
A
8S; (A)S)= ASAT:
8A (A) : Sym5(n) ! Sym3(n)
Syms (n)
< Vi; Vo >:= (V1: Vo) V1; Vo 2 Sym(n)
R 2 SO(n) s>0 S

\% sR (sR)(S) = s%:R:S:RT O



wn
A

S, sR

(flog( (sR)(S1)) log(  (sR)(S2))d)
(flog(s®)ld+ R:log(S1):RT  log(s?)Id R:log(S:):R"g?)
(fR:(log(S1)  l0g(S2)):RT ¢%)
(flog(S1)  log(S2)g?)
d(S:; S2):

d( (sR)(S1);  (sR)(S2))

s7mst O

exp
~ 2R

~S=exp(:log(S)) =S :
1=2

exp: (Sym(N);+;:) ! (Sym3(n); ;~)



(Sym3 (n); ;~)

(Sym(n); +;:)
Sym(n)
O

0

(G;d(:;2)
S: I G G dP
S

E(S) S

Z
E(S) = d?(T:S(!))dP(!):
T




G
Z
Covi(s)(S) = E(I0gg(s)(S)) = loggs) (S(! )):logg(s) (S(! NTdP(!):
1 (L (;Sym3z(n); ;~;kk)
L
S2
L ( ;Sym3(n))
z
klog(S(! )k dP(! )< 1:
kSk
Z 1
kSk = klog(S(! ))k dP(!)

L2 S E (S



z
E (S)=exp log(S(! ))dP(!) :

1 X
E (S1;:55Sh) = exp N log(Si) :

Ll
O
exp
a
S: | Symj(n)
Cov(S)
4

Cov(S) = E(loge (5)(S)) = (log(S(!)) log(E (S))) (log(S(!)) log(E (S)))dP(!):



loge (5)(S(!))

(Sn)

1 X
N, loa(S)0)  t Edog(s):

exp

E  ((Si)i=1an (! ))N!i E (S)

log(S) log(So)



exp(log(S1) + Ds, log:L)

exps, (L) = S 2rexp(S, T LS, TSy
logs, (S) = Si%tlog(S, 2SS, )iy Diog(s,) €xp:(l0g(S;)  10g(Sy))
< LjgLp>s= <S 2 ;:5s 72,5 172, ,;S 25 ;| < Dglog:Ly;Dslog:L, >4
d(S1:Sp) = klog(S, ©2:S,:S, Tk klog(S;)  log(Sy)k
Si 7 exp(tW)) Sy exp((L 1) log(Sy) + tlog(Sy))
SS S W =log S, 72iLis, P




Eaf 1 (S)

Ee (S)

log(Eaf 1 (S) ¥2:S(! ):Ear 1 (S) ¥2)dP(!) = O

(-

dy; i dy
!

1 X
E(dy;:;dy) = exp N log(d;)
i=1

Ll

Ll



O (exp(M)) = exp( (M)
(Ee(S) = exp( (log(Ee (S))
= exp ( log(S(! )dP(!))
Z
= exp (log(S(! ) dP(!)
4
= exp  log( (S(*))dP(!)
= exp(E(og(  (9))) :
O
(&M= (5): (T)
S Lt
[inf (S(*)); sup(S(! )]
: 12
S S,
(1
t2[01] () =-exp((1 t)log( (S1)) + tlog(
d — | S,'S 1yy .
g O= (©log( (S8 7):
(1 log( (S2:8; 1))

(S2)))



S L?

log(S)
R
L = log(S(! ))dP(!) [L;log(S(' )] = 0O
log(exp( 1=2L):S(! ):exp( 1=2L)) = log(S(!)) L
expL O
O

S
O
log(S)

(Ear £ (S)) < (Ee (9)):
t t
St S t
- log(S(!)) := L(!) Luart = log(Ear 1 (St))

Lie = log(ELe (S))

l0g(Ear 1 (St) 2:Si(1):Ear ¢ (St) ¥2)= tL(1) Lyars 35 )L )iLears]l
+t3 L [Lear 15 [Loar 5L (I + O(t5):



t
4

[L(1):[Lee ;L(OIAP(!) + O(t®):

3

t
. = +
Liatf = thie 7

3 [Lear o5 [Loart5 L (0]

O o(t%) L(!)
Lie Lie c
[Lt;Af f ;Lt;Af f] =0 O(ts)
Lt:af ¢ Liaf ¢ t
t t 7! Ly
) t;Af f
El
z
3
Ear t (St) = ELe (St) + Dy . exp: ;—2 [LC);[Lie ;LC)NAP(1)  + O(td):
O
z
3
(Ear 1 (St)) = (ELe (S)) + exp(tL e ):;—2 [L();[Lie ;L()NAP(1) + O(t%)
3
= (EeG)+ (detle)p L0)Le LOOIPE) + O(F)
z
4
- (Eie (S0) + 1 Lie dLQ )ilLie sLCOT dP( ) + O(%)
z
4
= B 5 LOYLEe (L0 )Lie)? dP(1) + O(tY):
A; B 2 Sym(n)
(A2B2 (A:B)?) O
A B
(Ai) (Bi) A B < >
(AZ:BZ) = P i < Ai;A; >< B;;Bj >
(AB)?) = | < Ai;Bj >< BijjAj >



AB

B:A

R A R:A:RT = Diag( 1;::; n) =

C = R:B:RT (Ci) (D)
P P
(A%:B?) = pij <DiiDj>< Gi;CG >= < Ci;G >
(A:B)?) = i <DiiC>< Ci;Dj>= ; i1 <Ci;C >
P . 5
Iy ity < GG > i i< GiiGi>
D:C= C:D =1
CDh=DC
O O
t6 0
O | d >0
2
1000



128 128 30
2mm 2mm 4mm
128 128 60
2mm  2mm  2mm

1000
10 50



O
E(S)
R31 Sym3(n)

E(S+ dS)(x) = E(S)(X) + <1 E(S)(x);dS(X) >s(x) +0( ):

Ste1 (X) = eXps, iy (1 E(S1)(X)) :



S(x)

r E(St)(x)
St
E(S) = Sim(S) + R eq(S):
Sim (S)
Z
Sim(S) = d?(S(x);Si)G (x  xj)dx:
i=1
(i) N
(Si) S(x) Xi
Si G 2
Si Xj
Z
Reg(S) =  kr S(x)k§ 4, dx:
kr SOOKZ
X @
kr S()K3 ) =  K=—S(X)K3 "
r S(OK e (X)KS(x)
D

O
Za
Sim(S) = klog(S(x)) log(Si)k?G (x  x;)dx:
i=1



O

@
@ log(S(x)) = Ds(x) log:

z

@ :
@S(x).

Reg(S) =  kr log(S(x))k?dx:

S(x)

=1=16 W




20

x3
aniso S(X) = C(k@(@jS(X)k)

j=1

c(x) = exp( x2=?)

@

a7

1:.0

S(x)

128 128
t=01















‘‘‘‘‘

& &F & 5

-~ & L »© ¢

- A Y - - %






amm—— s R
A M—— s b s s g
NN ; - waed S A f e e ———— e
vt [ R e
NyvaTe i i e
Yaswa G g Nysammoas
I R ‘
R R T L ] n
BN e v
IR e o

- ,-f:n!nrl!:—/./

B

e

.

semunmy

1000






/<

Unité derecherchéNRIA SophiaAntipolis
2004, routedesLucioles- BP 93 - 06902SophiaAntipolis Cede (France)

Unité derecherchéNRIA Futurs: ParcClub OrsayUniversité- ZAC desVignes
4, rueJacquedonod- 918930RSAY Cede (France)
Unité derecherchéNRIA Lorraine: LORIA, Technopdlede Nang/-Brabois- Campusscienti que
615,rueduJardinBotanique- BP 101- 54602Villers-lés-Nang Cede (France)
Unité derecherchéNRIA Rennes IRISA, Campusuniversitairede Beaulieu- 35042Renne<Cede (France)
Unité derecherchéNRIA Rhone-Alpes 655,avenuedel'Europe - 38334MontbonnotSaint-Ismier(France)
Unité derecherchéNRIA Rocquencourt Domainede Voluceau Rocquencourt BP 105- 78153Le ChesnayCede (France)

Editeur
INRIA - Domainede Voluceau- Rocquencourt3P 105- 78153Le ChesnayCede (France)

ISSN0249-6399



	Motivation
	Overview of the Theory of Log-Euclidean Metrics

