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M
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exp(M ) =
P 1

n =0
M k
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G 2 GL(n)
�9!,� � 
���� � � ��� �����

M 2 M (n)
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G = exp(M )
�
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M
� ���������E� � �$� �
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G = log(M )
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i�Žœsx”{|‰v8y‘j/ƒ{”{z‚•Bƒ{j•«Qegf{j­~}ŽR’“·k|‰´Äj�±uz‚tŠv‡j�”1’�j^z‚t4Ž�€•j�”1j�…“Ž‰~1Œ1f{j�”{|Rikj�”{|R”�z©”�’�|•”1”{jH’�vojH•EÃÄz}j^€•…‡|•ƒ1Œ1t�«
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log(I d + M ) =
1X

k=1

(� 1)k+1

k
M k :
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kM :N k � kM k:kN k
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M ; N
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exp : M (n) ! GL(n)
� � �

C1 � �(  � �\� � !�������� �c�������+������
 � �� � � �  #��� ���

M 2 M (n)
����� � �\�E� � ����� ��	 ��� � ���$� � � 
P� � �  3
 �U�$� � �����

dM 2 M (n)
� � ��� � ��� � � �

DM exp:dM =
1X

k=1

1
k!

 
k � 1X

l =0

M k � l � 1:dM :M l
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M (n)
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8M ; N 2 M (n) :
!#� �����

(M :N ) =
! � ���$�

(N :M )
�

#

� 
���� � �

!#� �U�$�

(DM exp:dM ) =
!#� �U�$�

(exp(M ):dM ):
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M 2 M (n)
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(exp(M )) = exp(
!#� �U�$�
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exp(M )
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M ; N 2 M (n)
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t 2 R
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t
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#� ��� 
 
H�
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#�  3��� �3���  �� 
 
 � �\� ��� ��
�� �

log(exp(t:M ): exp(t:N )) = t:(M + N ) + t2=2([M ; N ])
+ t3=12([M ; [M ; N ]] + [N ; [N ; M ]])
+ t4=24([[M ; [M ; N ]]; N ]) + O(t5):
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[M ; N ] = M N � N M
� � ��
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N
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M + N
•uƒ1j�vo|�vof1j	”{|R”u°d’�|•iki	ƒ{v‡Žbv‡z©¬]z©vŠs�|•´†vof1j	i�Žbv‡…oz©±[Œ{…o|u•uƒ‘’*vH«/Æ f1Ž‰v/z‚t^…‡j�i�Ž•…o·bŽ‰y1~©j�z‚t

v‡f1Žbv$v‡f{j�•ujH¬Bz‚Žbv‡z©|R”�’HŽ‰”�y‘j&j�±uŒ{…ojItotojH•E|•”{~}s�z}”�voj�…‡i�tg|‰´QÃÄz}j&l4…“Ž•’“·Rj�v“t4yWj�vŠ³8j�jH”

M
Ž‰”1•

N
«

���'� � 7�� 3���+�
	
��	��+�� 1238+���
�35�

e�j�”‘tw|R…‡t4f1Žœ¬•j­¬•jH…osk…‡j�i�Ž‰…‡·bŽ‰y{~}j­Ž•~©€Rj�y{…“Ž‰z‚’$Œ{…‡|•ŒWj�…ovoz}jHtH«QÒ�z}…“tŠvIªRv‡f{j�…‡j�Ž‰~}³8Žœsut4j�±uz}twv‡tgŽ¸ƒ{”{z‚•Bƒ{j ����� �

� ����������
:i�Žbv‡…oz©±­~}|•€BŽ‰…‡z¯v‡f{i2´¶|R…�Žgv‡j�”1to|•…I«�q]jI’�|R”1•�ªœz¯´uv‡f{jQv‡j�”1to|•…�twŒ1ŽR’�jQz‚tÄ”{|•v�Ž•toƒ{y{€R…o|Rƒ{Œ�|‰´

GL(n)
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S 2 Sym(n)
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S
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 � �E� �K� �! �� ��� ����	 
H� �j��
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Sym+
? (n)

� �E�3��� ����	�� �U� � 	� Q� �

GL(n)
� ��	 � � � � �K�$� � ��
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exp : Sym(n) !
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exp
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log(R:

µ­z‚Ž‰€

(� 1; :::; � N ):RT ) = R:
µ­z}Ž•€

(log(� 1); :::; log(� N )) :RT

exp(R:
µ­z}Ž•€

(� 1; :::; � N ):RT ) = R:
µ­z}Ž•€

(exp(� 1); :::; exp(� N )) :RT :
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Sym+
? (n)

� � � � �( #��� �$� � �0� � 
�� 
 �$� �$���3�E� �

Sym(n)
� � �j� � ��
#��� � ��� � �K�j��	����

� � �+� ��� 
H�E� �

Sym(n)
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Ò�z}…“tŠvIª�~}j�v¸ƒ1t�…‡jH’HŽ‰~}~Qvof1Ž‰vxŽ[tos]ixikj�vo…‡z}’�i�Ž‰vo…‡z¯±¿z}t$ #� �$� � � � �B�U� 	 ��� � �	z¯´•Ž‰”‘•#|•”{~}s™z©´g´¶|•…

jIŽ•’“f�¬•jI’*vo|R…

x 6= 0
ª

xT :S:x > 0
«QÆ z¯v‡f�vof{z‚t$z}”�ikz}”1•�ª{~}j�v•ƒ‘t$’�|•”‘twz‚•uj�…$|R”{j&Ž•t‡twjH…wv‡z©|R”�Ž‰v$Žxv‡z©ikj�	

� Sym+
? (n)

z‚t�Ž•”™|RŒ‘jH”Ä«�ÃÄj�v

k:k
y‘j�Ž�”{|R…oi |R”

Rn «�ÃÄj�v

k:k
y‘jkv‡f{j�Ž•t‡tw|u’�z}Ž‰vojH•T”{|•…‡i |•”

i�Žbvo…‡z‚’�jHtHªutwjHj�”EŽRt½~}z}”{jHŽ•…½´¶|R…oi�t4|•”

Rn 	

kM k = sup
kx k� 1

kM :xk
«QÒ1|•…gŽ‰”]sxvoj�”‘tw|R…

S
ª]³8j^f1Žœ¬Rj 	

jxT :S:xj � � min kxk2 ³$f{j�…‡j

� min := min
� 2 Sp(T )

� > 0
«ÀÑ^txŽ™’�|•”1tojH•Bƒ{jH”1’�jRªQŽ•t¸~©|R”{€™ŽRt¸Ž

tws]ikikj�v‡…oz‚’&i�Žbv‡…oz©±

dS
z‚t^toƒ1’“f�vof1Ž‰v

kdSk < � min
ª‘³8j�f1Žœ¬Rj�´¶|•…

x 6= 0
	

xT :(S + dS):x >
(� min � kdSk)kxk2 > 0

«†egf{z‚tgixjIŽ‰”1t8v‡f1Žbv

S + dS
z‚t$tŠv‡z©~}~9Ž¸vojH”1tw|R…H«

� Sym+
? (n)

z‚t­’�|•”]¬•j�± 	4~©j�v

0 < � < 1
Ž‰”1•

S1; S2 2 Sym+
? (n)

«­egf{jH”

(1 � � )S1 + �S 2
z}t

tŠv‡z©~}~ÄŒW|Rtoz¯v‡z©¬Rj&•uj�®1”1z¯v‡j•«

� Sym+
? (n)

z}t$Žxf1Ž•~¯´ °²’�|R”{j 	

8� > 0
Ž‰”1•

S 2 Sym+
? (n)

ª

�S
z}tgŒW|Rtoz¯v‡z©¬Rj&•uj�®1”1z¯v‡j•«

� Sym+
? (n)

z}t$Ž�toƒ{y{i�Ž‰”1z¯´¶|R~}•�|‰´

Sym(n)
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Sym+
? (n)

z‚t

to|•ikj�·]z©”‘•E|•´�f]s]Œ‘jH…‡toƒ{…o´¹Ž•’�j•ª]³$f{|Rtoj&•uz}ixjH”1toz©|R”�z‚t

n(n + 1)=2
~}z©·Rj­v‡f1Žbv•|•´

Sym(n)
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exp
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log : Sym+
? (n) ! Sym(n)

� �

C1 � ! 
C	C�

exp
� � �^� ���j� ��� ���$���

log
� ��� �$� ��
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 � � � � ��	�� � � ��
#� ���U���
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log
z‚t&Ž‰~‚to|�toik|]|‰vof9«�q]z}”1’�jkv‡f{j�•uz©ÈWjH…ojH”Rv‡z}Ž•~Q|‰´

exp
Žbv

0
z}t/toz©ikŒ{~}s�€•z}¬•j�”TyBs�v‡f{j	z‚•uj�”Bv‡z¯vŠsRªWz©v�z}t­z©”]¬Rj�…ovoz}y{~©j¸y]s�’�|•”Bvoz}”]ƒ{z©vŠs�z}”™ŽE”{j�z}€•f]yW|•…‡f{|]|]•�|•´

0
«/Æ™j

”1|b³_tof{|b³Âvof1Ž‰v†vof{z‚t†Œ1…o|RŒ1Ž‰€BŽbvojIt�vo|&v‡f{j•jH”Rv‡z©…‡j•toŒ1Ž•’�j

Sym(n)
«�m²”1•uj�jI•�ªB~©j�v½ƒ1tQv‡f{j�”�toƒ{Œ{ŒW|Rtoj$v‡f1Žbv

´¶|R…&ŽEŒW|•z}”Bv

M
ªÄvof{j�•uz©ÈWjH…ojH”Bvoz‚Ž‰~

DM =2 exp
z‚t�z}”B¬Rj�…ovoz}y{~}j•«�Æ¿j�’�~‚Ž‰z}i vof1Ž‰v�vof{jH”

DM exp
z‚t&Ž‰~‚tw|

z}”]¬•jH…wv‡z©y{~}j•ªW³$f{z‚’“fTtoƒu»�’�jHt^vo|�Œ{…‡|b¬•j&v‡f{j	ŒW|•z}”BvH«�e9|�twf{|b³Çv‡f{z‚t�ªL~}j�v­ƒ‘t^v“Ž‰·Rj

dM 2 Sym(n)
toƒ1’“f

v‡f1Žbv

DM exp:dM = 0
«:md´

DM exp
z‚t4z©”]¬•jH…wv‡z©y1~©jRªB³8j­tof{|Rƒ{~}•�f1Žœ¬•j

dM = 0
«Qe9|xtwjHj•v‡f{z}tHª]…ojHi�Ž‰…‡·

v‡f1Žbv

exp(M ) = exp(M =2): exp(M =2)
«†l8sE•{z¯ÈLj�…‡j�”Bvoz‚Žbv‡z©|R”�Ž•”1•�Ž‰Œ{Œ1~©s]z}”{€xvo|

dM
ª{³8j�€•j�v 	

DM exp:dM = 1=2((DM =2 exp:dM ): exp(M =2) + exp(M =2):(D M =2 exp:dM )) = 0:

*,+fk�*.-
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exp(� M =2)
	

exp(� M =2)(DM =2 exp:dM ): exp(M =2) + (D M =2 exp:dM ) = 0:

quz©”1’�j

A � 1: exp(B ):A = exp(A � 1:B :A)
³8j^f1Žœ¬Rj^Ž‰~‚to|�y]sx•uz©ÈLj�…‡j�”Bvoz‚Žbv‡z©|R”

A � 1:DB exp(dB):A =
DB exp(A � 1:dB:A)

«��^toz©”{€^vof{z‚t9toz}ixŒ1~©z©®‘’�Ž‰voz}|•”	Ž•”1•/vof1j½f]s]Œ‘|•vof{jItwz‚t�v‡f1Žbv

DM =2 exp
z‚t9z}”]¬•j�…ovoz}y{~}j•ª

³8j�|•yuv“Ž‰z}”�	

exp(� M =2):dM : exp(M =2) + dM = 0:
Ã9j�v9ƒ‘tÄv‡…‡Ž•”1twŒW|Rtoj:vof1z}t�jH•Bƒ1Ž‰voz}|•”&z}”	Ž‰”&|R…wv‡f{|•”{|R…oi�Ž•~by1Ž•toz}t9z©”	³$f{z}’“f

M
z‚t9•{z}Ž•€•|•”‘Ž‰~‰³$z©vof	Ž•…o|•v‡Žbv‡z©|R”

i�Ž‰vo…‡z¯±

R
«QÃÄj�v

(� i )
yWj�vof1j&j�z}€•j�”]¬bŽ‰~}ƒ{jItg|‰´

M
«QÆ¿j&€•j�v 	

dN := R:dM :RT = �
µ^z‚Ž‰€

(exp(� � 1=2); :::; exp(� � N =2)):dN:
µ^z‚Ž‰€

(exp(� 1=2); :::; exp(� N =2)):

¨
|]|R…‡•uz}”1Ž‰voj/yBs�’�|]|•…“•uz}”1Žbv‡j­v‡f{z‚t$³$…oz©vojIt 	

8i; j : dN i;j (1 + exp(� � i =2 + � j =2)) = 0:

i^j�”1’�j

8i; j : dN i;j = 0
Ž‰”1•�vof]ƒ1t

dM = 0
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S� = exp(� log(S))
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S1 � S2 :=
1
2

(S1:S2 + S2:S1):
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(S1 � S2) � S3 6= S1 � (S2 � S3):
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S1; S2
z‚t$€Rz©¬Rj�”�yBs 	

d(S1; S2) = k log(S� 1=2
1 :S2:S� 1=2

1 )k:

 G�G��

³$f1j�…‡j

k:k
z‚t†Ž�‹†ƒ1’�~©z‚•ujHŽ•”k”{|•…‡i�•uj�®1”{jH•k|R”

Sym(n)
«:Ã9j�v†ƒ1t½•uj�®1”1jgvof{jg´¶|R~©~}|b³$z©”1€/i¸ƒ{~©voz}Œ{~©z‚’�Ž‰voz}|•”
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S1 } S2 := S1=2
1 :S2:S1=2
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Sym+
? (n)

z‚t&•uz©ÈWjH|•ik|•…‡Œ{f{z‚’xvo|�z©v‡t�v“Ž‰”{€Rj�”Bv	twŒ‘Ž•’�j�Ž‰v&vof{j�z‚•uj�”Bv‡z¯vŠsRª

Sym(n)
«El8ƒuv

Sym(n)
f1ŽRt
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Sym(n)
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Sym+
? (n)
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S1; S2 2 Sym+
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�

�

�c�U� 	 �3�
��
#��� �
'

Î38
¥u¤ '¹£(4�� '¹¦ � 	�'¶£>'

A
'�'K¦•¥u£>'

Î3*

S1 � S2
� � �

S1 � S2 := exp(log(S1) + log(S2)) :
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?�¤
Î+A½Î

¢('¹£('
Î3*

;8�

(Sym+
? (n); � )

� �c� ����� 	� � ! 
#� �3��	 � � � 
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H� � �����P� �7��
#�c	C��	�� 
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log(I d) = 0
ª•v‡f{j™”1j�ƒuv‡…‡Ž•~­jH~©jHixjH”Bv�z‚t

I d
Ž‰”1•2toz}”1’�j

log(S� 1) =
� log(S)

ª4vof{j�”{jH³)z©”]¬Rj�…“twj�z}txv‡f{j�ikŽ‰vo…‡z¯±¾z}”]¬•jH…‡toj•«¾Ò�z}”1Ž‰~}~©sRª½³8j�f‘Žœ¬•j

exp(log(S1) + log(S2))
= exp(log(S1)) : exp(log(S2)) = S1:S2
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(S1; S2) 7! S1 � S� 1
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(S1; S2) 7! S1 � S� 1
2 = exp(log(S1) � log(S2))

«¾l8ƒuvktwz}”1’�j

exp
Ž•”1•

log
Ž•”1•Àv‡f{j

ŽR•{•uz©voz}|•”¼Ž‰…‡j�toik|]|‰vof9ª½v‡f{j�z}…�’�|RixŒW|Rtoz©voz}|•”_z}t�Ž•~}to|¿toik|]|‰vof9«¼l8sº•{j�®1”{z©voz}|•” 
¹toj�j � I��dª4Œ‘Ž‰€•jÐ•UI��*ª

Sym+
? (n)

z‚t•ŽkÃÄz}j/€R…o|Rƒ{ŒÄ«

a�Ê��f* '¶£>' Î3* ,

�

(Sym+
? (n); � )

� � �$� 
 
H�$�Y� 
��E!+������� � �P��� �U� � 	� ��

?�¤ Î+A½Î ¢('¹£(' Î3* ,

�

exp : (Sym(n); +) ! (Sym+
? (n); � )

� � � � ��� �U� � 	� � ����� � �  �
C� � � �#!��  #�����

� ����	 
H� ���@���3���� #��� ��� ��� ��� ��	�� �U� � 	� 3� �
�
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? (n)
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Sym(n)
z©”Bv‡|

Sym+
? (n)

tw|

exp
z‚t$Žkix|R…oŒ1f{z}toi�«:mdv•z}t$Ž•~}to|xŽxy{z ˆŠjH’�voz}|•”Äª‘Ž‰”1•Evof]ƒ1t•Ž•”�z‚to|•ik|•…‡Œ{f{z‚twi�«Qegf{j&toix|]|•vof{”{jItotg|•´

exp
v‡f{j�”[ŽRtotoƒ{…‡jHt8z¯v“t$’�|RixŒ‘Žbvoz}y{z}~©z©vŠsE³$z©vof�v‡f{j�•uz©ÈWjH…ojH”Rv‡z}Ž•~ÄtŠv‡…oƒ‘’*voƒ1…ojR«
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(S(t)) t 2 R
z‚t^toƒ1’“fÐŽ�twƒ1y{€•…‡|•ƒ{Œ�z©´

Ž•”1•[|R”{~©s[z©´½³8j	f1Žœ¬Rj

8t; s : S(t + s) = S(t) � S(s) = S(s) � S(t)
«&l4ƒ{v­v‡f{j�”

log(S(t + s) =
log(S(t) � S(s)) = log(S(t)) + log(S(s))

y]s�•uj�®1”1z¯v‡z©|R”�|•´

�
«†egf{j�…‡j�´¶|R…oj

logS(t)
z‚t8Ž•~}to|kŽ	|R”{j�°

Œ‘Ž‰…“Ž‰ikj�v‡j�…�toƒ{y{€R…o|Rƒ{Œ&|‰´

(Sym(n); +)
ªb³$f{z‚’“f�z}t�”{jI’�jItot‡Ž‰…‡z©~}s^|•´{vof1j½´¶|R…oi

t:V
³$f{jH…oj

V 2 Sym(n)
«

V
z}t�vof{j � � 	 �+� � ����� � ��

�\��� ����� � � ��|‰´

S(t)
« Ò�z©”‘Ž‰~}~©sRªgvof{j™j�±uŒ‘|R”{j�”Bv‡z}Ž•~^z‚t�|•y{v‡Ž‰z}”{jI•_´¶…o|Ri |R”{j�°

Œ‘Ž‰…“Ž‰ikj�v‡j�…$twƒ1y{€•…‡|•ƒ{Œ‘t�ª]³$f{z‚’“f�Ž•…oj&Ž•~©~�|•´�v‡f{j�´¶|•…‡i

(exp(t:V )) t 2 R

¹toj�j � • G��dª

¨
f1Ž•ŒÄ«PM ��«

egf]ƒ1t•³8j�f1Žœ¬Rj&€•z}¬•jH”�vof{j	voj�”‘tw|R…^twŒ‘Ž•’�j¸Ž�tŠv‡…oƒ‘’*voƒ1…oj�|•´½ÃÄz}j�€•…‡|•ƒ1Œ�v‡f1Žbv/~©jIŽœ¬•jIt$ƒ{”1’“f1Ž•”{€•jI•�vof{j
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Sym+
? (n)
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ŽR’�’�|•ƒ{”Bvg|•”�vof{z‚tgv‡|•Œ{z‚’‰«
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8m 2 G
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��
#� 
H� �$� �K� � � ��� � 
C� � � 	 
����  
����$� � ��� � � �

m
�U� � � � � 
�� �C��� ��� �$� � � �$��� �$���

#
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��� 3� ��� ��� � ��� � ��� � ��������� � ��� ������� 
#���0����
#� ��� 
 
H�

#

� �\�  � �� ������ ����� �

	 � � ��� � ��� � ��������� � ��� ����� � � � 
����Y� ��� � ���������

#

� � � �@� � �0���$����� �

�

��!�� � � ��� � ��� � ��������� � �E� �3�^����
 ��� �

8m 2 G; Ad(m)
� �E� �W� ����� ��� ��� �
�Y��
#� �P���B��
 �\����� �

g
�

#


#��� �

Ad(m)
� � � 
������������ ��� � �  3� �������+� ��������� � �

m
�

�

��� �3���� #��� ��� ��� ��� �$	�� �U� � 	� 3�Y� �

G
��� ���\�$�(�����������)��� � ��
#� ��� � � �0������� �+� � ������������� � ��� ���$����
 � �

���$�>�U������������� � ��� �) 3
 � ��� � ��� � � 
H� �$� �c� � ��� � 
C� � � � � ���$
 � � ��� �#� �
� � � ���� �� � ��� ��� ��� ��	�� ����� 	� +� �
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TI dSym+
? (n) = Sym(n)
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Ad(Sym+
? (n)) = f I dg

ªb³$f{z‚’“f

z‚t8vo…‡z}¬Bz‚Ž‰~}~}sEŽ‰”�z}to|•ikj�vo…‡s�€•…‡|•ƒ{Œ9«
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Ad(G)
z‚t/…ojH~}Ž‰voz}¬•jH~©s[’�|RikŒ1Ž•’�vHª�z?« jR« 
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Sym+
? (n)
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#����� ���e�\�$�(����������� ��� � ��� �) 3
 �

�U� � ��� � � ��
#� ����� �#��
H��� �$� �0���$����� �#� �
� � � ���� �� � ��� ��� ��� ��	�� ����� 	� +��� � ��� ��
 � �

(exp(V1 + t:V2)) t 2 R
#


���� �

V1; V2 2 Sym(n):

 G>%��

! 
���� �  #���3����� ��� 
 � � � 
H��������� � 
 ����� � �� 3� � �����>������� �$� � � ��
#� � ��� ����� �$� � �$�����  3�����$���$� � ��� ��� ��� �
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 � � � ��� 
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#

� �C�

#

�&� �

�
logS1

(S2) = D log( S1 ) exp:(log(S2) � log(S1))
expS1

(L ) = exp(log(S1) + DS1 log :L ):

 G�˜ �

! 
�� ���$� 
H���' 3���(��	���� �$���

#

�$�����

#

� � � �C������� �0�$��� ���$�

V1; V2
� �e�  �� � �+�

S
� �c�U� �0��� � � �

< V1; V2 > S= < DS log :V1; DS log :V2 > I d :

 GI– �

k�kml n�o�o�p$q
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� ��� ��
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#

� �����`��
#� � � ��� � � ��� �$���

#

�$�����

#

� � ���#�����$� �

d(S1; S2) = k logS1
(S2)kS = k log(S2) � log(S1)kI d:


 G(L��

#
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k:k
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expS1
: TS1 Sym+

? (n) ! Sym+
? (n)

z‚t�v‡f{jEi�Ž•Œ{Œ{z}”{€Ðv‡f1Žbv

ŽRtoto|u’�z‚Žbv‡jHtxvo|ÂŽ#v‡Ž•”{€•jH”Rv�¬•jH’�vo|R…

L
vof{j™¬bŽ‰~}ƒ{jTŽbvEvoz}ixj

1
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S1
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L
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0
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DV1 exp:V2
«�Ñ^t¸Ž[’�|•”‘twjI•Rƒ1j�”1’�j•ª

expS1
(L ) =

exp(log(S1) + (D log (S1 ) exp)� 1:L )
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log � exp = I d
s]z}j�~‚•{t 	
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(sR)(S1);
Ž•’�v
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(f log(
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(sR)(S1)) � log(
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logE(S) (S(! )) : logE(S) (S(! ))T dP(! ):
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Cov(S)
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Cov(S) = E(logE 	�
 (S) (S)) =
Z



(log(S(! )) � log(E ��� (S))) 
 (log(S(! )) � log(E ��� (S))) dP(! ):
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expS1
(L ) = S1=2

1 : exp(S� 1=2
1 :L:S � 1=2

1 ):S1=2
1 exp(log(S1) + DS1 log :L )

logS1
(S2) = S1=2

1 : log(S� 1=2
1 :S2:S� 1=2

1 ):S1=2
1 D log( S1 ) exp:(log(S2) � log(S1))

< L 1; L 2 > S= < S� 1=2:L 1:S� 1=2; S� 1=2:L 2:S� 1=2 > I d < DS log :L 1; DS log :L 2 > I d

d(S1; S2) = k log(S� 1=2
1 :S2:S� 1=2

1 )k k log(S2) � log(S1)k
S/jH|u•ujHtoz}’/yWj�vŠ³8j�jH”

S1=2
1 : exp(tW )) :S1=2

1 exp((1 � t) log(S1) + t log(S2))

S1
Ž•”1•

S2
³$z¯v‡f

W = log
�

S� 1=2
1 :L:S � 1=2
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Ã9|•€•°?‹†ƒ‘’�~}z}•ujIŽ‰”#’�ŽRtwj�Œ{…‡|b¬]z}•{jHt�i	ƒ‘’“f#toz}ixŒ1~©jH…&´¶|•…‡i	ƒ{~‚Ž‰jxv‡f1Ž‰”Àz}”#vof{j�Ž‰»�”{j�°dz©”]¬bŽ‰…‡z‚Ž‰”Bv�’�Ž•toj•«�Æ™j

Ž•~}to|x…ojI’�Ž‰~}~Lvof1j&…ojItwŒWjH’�voz}¬•j/z©”]¬bŽ‰…‡z}Ž•”1’�j�Œ{…‡|•ŒWj�…ovoz}jHt8z}”[e�Ž•y{~©j GR«

i^|b³4jH¬•j�…Iªu³8j	twjHj�vof1Ž‰v•vof1j	j�±uŒW|•”{jH”Bvoz‚Ž‰~9Ž•”1•�~©|R€RŽ•…oz©vof{ikz‚’/ikŽ•Œ{Œ{z}”{€Rt^Ž‰…‡j�’�|•ikŒ{~}z‚’�Žbv‡jH•�z}”[vof{j

Ã9|•€•°?‹†ƒ‘’�~}z}•ujIŽ‰”�’�ŽRtwj�y]sEv‡f{j&ƒ1toj&|‰´:vof1j	•uz©ÈWjH…ojH”Rv‡z}Ž•~}tg|•´:vof{j&i�Žbv‡…oz©±�j�±uŒ‘|R”{j�”Bvoz‚Ž‰~�Ž‰”1•�~}|•€RŽ•…oz©vof1i�«

egf1z}t½z}t½vof{j­Œ{…‡z}’�j$vo|�Œ‘Žœs	v‡|	|•y{v‡Ž‰z}”�¬•jH…osxtwz}ikŒ{~}j­•uz‚tŠv“Ž‰”1’�jHt4Ž‰”1•k€Rj�|u•ujHtoz‚’�tH«�m²”�ik|BtŠv4Ž•Œ{Œ{~}z}’HŽbv‡z©|R”1t�ª

v‡f{z‚tEz‚tE|•´	”{|_’�|•”‘twjI•Rƒ1j�”1’�j•ª$yWjH’�Ž•ƒ1toj™•uz‚tŠv“Ž‰”1’�jHtHª•€•jH|u•ujHtoz}’HtEŽ•”1• ikjHŽ•”1t�’HŽ‰” yWj™ƒ‘twjI•2•uz}…ojI’*vo~}s

³$z©vof1|•ƒuv•ƒ1toz}”{€kj�±uŒ{~}z}’�z¯v‡~©sEvof{j&ikj�v‡…oz‚’‰«†q]jHj	q]jH’�voz}|•”�[]«
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�
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EAf f (S)
� ���E��� �3��� � ��� � ��������� � �$� � � � �

#

�E� �$����
 
 � 
�� �

#

�

#

��� � �

ELE (S)
� 
�� � ������� 	���
������$� �

� �$� � �

egf{jH|•…‡j�i L�f‘Ž•t�vo|&yWj•’�|RikŒ1Ž‰…‡jH•¸³$z¯v‡fxvof{j$…‡jHtoƒ{~©v‡tQ|Ryuv‡Ž•z©”{jI•	€Rj�”{jH…‡Ž•~©~}s�|R”xÒ1…��I’“f{j�v†ikjHŽ•”1tQŽ‰”‘•

z}”EŒ‘Ž‰…ovoz‚’�ƒ{~‚Ž‰…4|•”�Ž‰»�”{j�°dz©”]¬bŽ‰…‡z‚Ž‰”Bv½ikjHŽ•”1t�«:m²”Evof{j/~}Ž‰vwv‡j�…g’�Ž•toj•ªRvof1j�…‡j­z‚t8z©”�€•j�”1j�…“Ž‰~ � �^’�~©|BtwjI•k´¶|•…‡i

´¶|R…gvof{j&ikjIŽ‰”�|‰´�ik|R…oj/vof‘Ž‰”�vŠ³4|¸vojH”1to|•…“t�«Ql8ƒuv•f{jH…ojRªuz©”�vof1j�Ã9|•€•°?‹†ƒ‘’�~}z}•ujIŽ‰”�ikj�vo…‡z‚’�t8´¶…“Ž‰ikj�³8|•…‡·Lª

v‡f{j�…‡jEz‚t�|R”{j•ª:v‡f1Ž‰”1·]t	vo|Tvof{j�’�|Rixi¸ƒuv‡Ž‰voz}¬]z¯vŠs¿|‰´$v‡f{j�ŽR•{•uz©voz}¬•j�Œ1…o|u•uƒ1’�v¸yWj�vŠ³8j�jH”ÀvojH”1tw|R…‡tH«¿n­”{j

tof{|Rƒ{~}•¿”{|•voz‚’�j�v‡f1Žbv	vof{j�ikjIŽ‰” �U�>��� �3� � �U�  ���� � ��� ��
#��� ��� �����	ŽRt&~©|R”{€ÐŽ•t&vof{j�ikj�vo…‡z}’�z‚t�Ã9|•€‰°

‹½ƒ1’�~}z}•{jHŽ‰”9«8Æ¿j�f1Žœ¬Rj/vof{j	t‡Ž‰ikj�Œ1f{j�”{|Rikj�”{|R”�´¶|R…^Žb»�”{j�°?z}”]¬bŽ‰…‡z}Ž•”Rv$ikjHŽ•”1tH«8egf{z‚t•€Rj�”{jH…‡Ž•~©z���jIt8vof{j

’�~}ŽRtotoz‚’�Ž‰~B…‡jHtoƒ{~¯v:|•”¸‹†ƒ1’�~©z‚•ujHŽ•”¸ikjIŽ‰”1t�³$f{z‚’“fxŽ•…oj4z©”1•{j�ŒWj�”1•ujH”Bv�´¶…‡|•iÇv‡f{jg‹†ƒ1’�~©z‚•ujHŽ•”x•{z}twv‡Ž•”1’�j8ƒ1tojH•�«

Ò1…o|Ri �HGœ–��dªu³4j�twjHj^v‡f1Žbv$z©´�v‡f{j�…‡j/z}tg”{|k’�~}|RtojH•�´¶|•…‡i ´¶|•…8v‡f{j&Žb»�”{j�°dz}”B¬bŽ•…oz‚Ž‰”Bv4ikjIŽ‰”E|•´9v‡j�”1to|•…“t�ª

v‡f{j�…‡j�z}t•…‡Ž‰vof{jH…gŽ �$� ���U�$����� ����� � ��	�� � ��� �xv‡f1Žbv^•uj�®1”{jIt$z¯v•z}ikŒ{~}z}’�z¯v‡~©s 	
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log(EAf f (S) � 1=2:S(! ):EAf f (S) � 1=2)dP(! ) = 0:


K•\[��

egf1j™to|•~}ƒuvoz}|•” v‡|ºv‡f{z‚tEjI•Rƒ‘Žbvoz}|•” j�±uz}twv‡t�Ž‰”‘•2z‚tEƒ{”1z}•Bƒ{j#Ž‰”1•2³$f{j�” vof{j™vojH”1tw|R…w°d¬bŽ‰~}ƒ{jH•¼…“Ž‰”‘•u|•i

¬bŽ•…oz‚Ž‰y{~}j

S
z}t&yW|•ƒ1”1•ujH•Ä«�„†…“Ž•’�voz‚’�Ž•~©~}s•ª9vof{z‚t�~}jHŽR•{t�vo|[z©vojH…‡Ž‰voz}¬•jk”]ƒ{ikj�…‡z}’HŽ‰~†ikj�vof{|u•{t�v‡|Ðtw|R~©¬Rjkvof{j

jI•Bƒ1Žbv‡z©|R”Äª•³$f{z‚’“f�Ž‰…‡jg´¹Ž‰…4ix|R…oj•’�|•ikŒ{ƒuv“Žbv‡z©|R”{”1Ž‰~}s�j�±]ŒWj�”‘twz}¬•j$v‡f1Ž‰”kv‡f{j^•uz}…‡jH’*v½’�|•ikŒ{ƒuv“Žbv‡z©|R”�|‰´Lvof{j

Ã9|•€•°?‹†ƒ‘’�~}z}•ujIŽ‰”�ixjIŽ‰”�ƒ1toz©”1€x‹4•‘« 
?•••���«
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egf1j�•uj�®1”1z¯v‡z©|R”�|•´�v‡f{j	Ã9|•€‰°d‹†ƒ1’�~©z‚•ujIŽ‰”EikjIŽ‰”�€•z}¬•jH”�y]sE‹4•‘« 
K•U% �8z}t•j�±]vo…‡j�ikj�~}s�toz}ixz}~‚Ž‰…gvo|kv‡f1Žbv•|•´

v‡f{j�’�~‚Ž•t‡toz}’HŽ‰~�to’HŽ‰~‚Ž‰…g€•jH|•ikj�v‡…oz‚’�Ž•~LixjIŽ‰”Ä«:m²”1•{j�jH•Äª{³4j&’�~}ŽRtotoz}’HŽ‰~}~©s�f‘Žœ¬•j 	
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#� �\�$��� ��� �����$� 
 � �$� � �
�  ��0��� ��� � ����	 � �$���$�

d1; :::; dN
� � � ��� � ��� � �

E(d1; :::; dN ) = exp

 
1
N

NX

i =1

log(di )

!

:

egf{j&Ã9|•€‰°d‹†ƒ1’�~©z‚•ujIŽ‰”�Ž•”1•�Žb»�”{j�°dz}”B¬bŽ•…oz‚Ž‰”Bv$Ò{…��H’“f{j�v8ikjHŽ•”1t$’�Ž•”�yW|‰v‡f�yWj�’�|R”1toz}•ujH…ojI•EŽRt4€Rj�”{jH…w°

Ž•~©z��HŽ‰voz}|•”1t/|•´½vof1j�€•j�|Rikj�vo…‡z‚’	ikjHŽ•”Ä«km²”1•ujHjH•�ª9vof{jHz©…�•uj�vojH…oikz}”1Ž‰”Bv&z}t/v‡f{j�€•jH|•ikj�v‡…oz‚’¸ixjIŽ‰”¿|‰´8vof{j

€Rj�|Rixj�vo…‡z}’­ikjHŽ•”�|•´�v‡f{j&…‡Ž•”1•u|Ri�•uj�v‡j�…‡ikz©”1Ž•”Bv‡t��
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#���U��� ��� ��� � � �+� � �E� ��� � ���U���
	���
 ���U�$� �

� �$� ��� � ��
#�c�\�$��� ��� ����� � �$� � �
� � 
���� � � ���3�����h�U��� ��� ��� � � �+� �7��� � �$��� �����`� �

S
� �

L 1 � � ��� ��� �3���

� � �0������� �+� � �$� ��� � ��� 	`�3�$�Y���3� ��
#� ����� � ������	 
�� 
#� 
 �0� ��� � � ��� �U��� ��� � � �3� �+� �

k�kml n�o�o�p$q
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�

Ò{…‡|•i „†…‡|•ŒÄ« G/³4j�·]”{|b³¼v‡f1Žbv••uj�v

(exp(M )) = exp(
e�…‡ŽR’�j

(M ))
´¶|•…$Ž•”Bs�t‡•Bƒ1Ž‰…‡j­i�Ž‰vo…‡z¯±

M
«Qegf{jH”�´¶|•…gvof1j&€•j�|Rikj�vo…‡z‚’^ikjHŽ•”Äª{³8j�€•j�v�	

•uj�v

(ELE (S)) = exp(
e�…“Ž•’�j

(log(ELE (S))))

= exp
�

e�…“Ž•’�j

(
Z



log(S(! ))dP(! ))

�

= exp
� Z




e9…“Ž•’�j

(log(S(! ))) dP(! )
�

= exp
� Z



log(

•{j�v

(S(! ))) dP(! )
�

= exp(E(log(
•{j�v

(S)))) :

egf1j�’�|•iki¸ƒuv‡Ž‰voz}|•”�y‘j�vŠ³4jHj�”�v‡f{j�z}”Rv‡j�€R…‡Ž•~ÄŽ‰”1•�v‡f{j&vo…“Ž•’�j&•u|•”{j	z©”�vof1j	’�|RixŒ1ƒuv‡Ž‰voz}|•”1t$z}”kˆŠƒ1twvoz©®1jH•

yWjH’HŽ‰ƒ1toj/vof{j�v‡…‡ŽR’�j�z‚t$Ž¸~}z}”{jHŽ•…$|•ŒWj�…“Žbvo|R…g|•”�ikŽ‰vo…‡z}’�jHtH« i•j�”‘’�j�vof1j&…ojItwƒ{~©vH«

Ò1|•…:Žb»�”{j�°dz}”B¬bŽ•…oz‚Ž‰”Bv9ikjHŽ•”1tHªœvof{jH…oj4z}t�”{|/’�~}|RtojH•�´¶|R…oiÅ´¶|•…�v‡f{j4ikjIŽ‰”Ä«5�e	 �Rvof{jH…oj8z‚tÄv‡f{j4y‘Ž‰…‡s]’�j�”u°

v‡…oz‚’­jH•Bƒ1Žbv‡z©|R”�€•z}¬•jH”�y]s�‹½•W« 
K•�[ �*«Ql8s�Ž‰Œ{Œ1~©s]z}”{€�v‡f{j&toŽ•ixj^´¶|•…‡i	ƒ{~‚Ž	ŽRt½yWj�´¶|R…oj�Žb´ v‡j�…gf1Žœ¬]z}”{€�v“Ž‰·•jH”

v‡f{j&j�±uŒW|•”{jH”Bvoz‚Ž‰~ÄŽ‰”‘•Eƒ1toz}”{€�•uj�v

(S:T) =
•{j�v

(S):
•uj�v

(T )
³8j�|•yuv“Ž‰z}”�vof{j&…‡jHtoƒ{~©vH«

egf{jH|•…‡j�i [�tof{|b³•t^vof1Ž‰v/v‡f{jkÃÄ|•€•°?‹½ƒ1’�~}z}•{jHŽ‰”™Ž‰”1•™Žb»�”{j�°dz}”B¬bŽ•…oz‚Ž‰”Bv^ikjHŽ•”1t­|‰´†v‡j�”1to|•…“t­Ž•…oj¸¬•jH…os

toz}ixz}~‚Ž‰…I«™m²”Àv‡j�…‡i�t¸|•´•z©”Bv‡j�…‡Œ‘|R~}Ž‰voz}|•”Äª:v‡f{z}tx…‡jHtoƒ{~©v¸z‚t¸t‡Žbv‡z}tw´¹Ž•’�vo|•…‡s•ªQtoz©”‘’�j�z¯vkz©ikŒ{~}z}jHt	vof1Ž‰v¸v‡f{j�z}”u°

v‡j�…‡Œ‘|R~}Ž‰vojI•T•uj�voj�…‡ikz©”‘Ž‰”BvHª�z?« jR«�v‡f{jk¬•|•~}ƒ{ikjx|‰´†v‡f{j�Ž•t‡tw|u’�z‚Žbv‡jH•[z}”BvojH…oŒW|•~‚Žbv‡jH•ÐjH~©~}z}Œ1tw|Rz}•1t�ª�³$z}~©~Q¬bŽ•…os

yWj�vŠ³8j�jH”Ev‡f{j&¬bŽ‰~}ƒ{jHtg|•´�v‡f{j�•uj�voj�…‡ikz©”‘Ž‰”Bv‡tg|•´9vof1j�tw|Rƒ{…‡’�j/voj�”‘tw|R…‡tH«�m²”‘•uj�jI•�ª{³8j/f‘Žœ¬•j 	
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#�
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� 	���
������$� � � �3�K��� �3��� � ��� � ��������� � �$���#� � � �

#

� � 
 � � ��
#� � ��� ��� � � 


[ inf
! 2 


(S(! )) ; sup
! 2 


(S(! ))]
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egf{z}t•z}t•toz}ixŒ1~©sEŽ�’�|•”1tojH•Bƒ{jH”1’�j/|‰´�vof1j&ix|R”{|‰v‡|•”{z‚’�z©vŠs�|•´�v‡f{j�to’HŽ‰~‚Ž‰…gj�±uŒW|•”{jH”Bvoz‚Ž‰~ÄŽ‰”‘•�|•´

v‡f{j�t‡’�Ž‰~‚Ž‰…gz}”Bvoj�€R…‡Ž•~K«

<

Î
¤

Î
' '¹¥u¤

Ë
:

�

�����

S1
���3�

S2
���K�

#

�B� ������� �$� � ! 
#� �\�$�(���������K� ��� ���  �� 
 � � ��� �#�� 3� ���(������� � ����
#�

� � � ��� � � �0������� �+��� � � ���������
	���
���������� � ��� �������

H�$�U� � � � �\�$��� ��� ����� � ��� ���  #��
H� � ��� �K�
�@����� ��� � � �3������� �

� � �K�$� �#��� ��	���� ��� � ��
C� � � ��� ���  �� 
 � � ��� � � � ����� ��� � � �3������� � � � � � � � � �������
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m²”1•uj�jI•�ªWz©”[yW|‰v‡fT’�ŽRtwjIt�ªuv‡f{j	z}”BvojH…oŒW|•~‚Žbv‡jH•�•uj�v‡j�…‡ikz©”1Ž•”Bv­µ^j�v

(t)
z‚t$vof1j�€•jH|•ikj�v‡…oz‚’�ikjHŽ‰”

|•´Lvof{j^vŠ³4|	•{j�vojH…oikz}”1Ž‰”Bv“t�ªRzK« j•«QŽbv

t 2 [0; 1]
	:µ^j�v

(t) = exp((1 � t) log(
•uj�v

(S1)) + t log(
•uj�v

(S2)))
«

egf1z}tgz}”Bvoj�…‡ŒW|•~‚Žbvoz}|•”�z‚tgix|R”{|‰v‡|•”{z‚’‰ª{toz}”1’�j�v‡f{j�•uz©ÈWjH…ojH”Rv‡z}Ž‰voz}|•”�s]z©jH~}•{t 	

d
dt

µ­j�v

(t) =
µ^j�v

(t) log(
•{j�v

(S2:S� 1
1 )) :

egf1j�toz}€•”�|‰´ d
dt

µ^j�v

(t)
z‚t•’�|R”1twv‡Ž‰”Bv•Ž‰”‘•E€Rz©¬Rj�”�yBs

log(
•uj�v

(S2:S� 1
1 ))

«
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ÃÄj�v �L :=
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 log(S(! ))dP(! )
«¼egf{j�f]s]ŒW|‰vof1jHtoz}txz‚t	v‡f1Žbv

[ �L; log(S(! ))] = 0
Ž•~©ik|Rtwv

toƒ{…‡j�~}s•«:egf{z‚tQz©ikŒ{~}z}jHtQv‡f1Žbv

log(exp(� 1=2�L):S(! ): exp(� 1=2�L)) = log(S(! )) � �L
Ž‰~}ix|BtŠv8twƒ{…‡j�~}s•«

Æ¿j¸toj�j�vof{jH”[vof1Ž‰v

exp �L
ª‘z?« j•«•v‡f{j¸Ã9|•€•°?‹†ƒ‘’�~}z}•ujIŽ‰”�ikjHŽ•”Äª‘z‚t/Ž�tw|R~©ƒ{voz}|•”Ð|•´:‹4•‘« 
K•\[&�*ªLz?« jR«•z}t/Ž‰~‚to|

v‡f{j�Žb»�”{j�°?z}”]¬bŽ‰…‡z}Ž•”Rv8ikjHŽ‰”9«
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log(S)
�c��
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#

� �C�E� �3� ��	�� 
�� � � �
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(EAf f (S)) <
! � ���$�

(ELE (S)) :
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egf{j¸z‚•ujIŽEz‚t­vo|�twjHj¸f{|b³Çv‡f{j¸vŠ³4|�ikjHŽ‰”‘t­•uz©ÈLj�…&’�~}|Rtoj	v‡|Ev‡f{jxz}•ujH”Bvoz©vŠs•«	e�|�•u|�vof1z}tHª�³4j

z}”Bvo…‡|u•uƒ1’�jxŽ�toikŽ•~©~:t‡’�Ž‰~}z}”{€�´¹Ž•’�vo|R…

t
Ž•”1•Ðtoj�j	f1|b³Çvof{j	vŠ³4|�ixjIŽ‰”1t^¬bŽ‰…‡s�³$f1j�”

t
z‚t�’�~}|Rtoj&vo| ��j�…‡|1«

Ã9j�v

St
y‘j¸vof{j¸¬•jH…‡toz©|R”[|‰´

S
t‡’�Ž•~©jI•�y]s

t
z}”Ðv‡f{j	~}|•€BŽ‰…‡z¯v‡f{ikz}’	•u|•i�Ž‰z}”Ä«/Ñ•…‡|•ƒ{”1•[vof{j¸z}•ujH”Bvoz©vŠs•ªL³4j

’HŽ‰”�ƒ1toj�vof{j�lgŽ‰·Rj�…o°
¨

Ž•ikŒ{y‘jH~©~©° i^Ž‰ƒ‘to•u|R…wÈ 
¹l
¨

Ò �8´¶|•…‡i	ƒ1~}Ž¸vo|�toz©ikŒ{~}z©´¶s�vof1j�y1Ž‰…‡su’�jH”Rv‡…oz‚’­jH•Bƒ1Žbv‡z©|R”
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log(S(! )) := L (! )
ª �L t ;Af f := log(EAf f (St ))

Ž•”1• �L LE := log(ELE (S))
«

Ò�z}…‡twvHª{³8j�ƒ1toj­vŠ³$z‚’�j�v‡f{j�l
¨

Ò#´¶|•…‡i	ƒ1~}Ž¸vo|k³8j&|•yuv“Ž‰z}”Ev‡f{j�´¶|•~}~}|b³$z©”{€kŽ‰Œ1Œ{…o|œ±uz}i�Žbvoz}|•” 	

log(EAf f (St )� 1=2:St (! ):EAf f (St )� 1=2) = tL (! ) � �L t ;Af f � t3 1
12 [L (! ); [L (! ); �L t ;Af f ]]

+ t3 1
24 [ �L t ;Af f ; [ �L t ;Af f ; L (! )]] + O(t5):


?•�I��
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�L t ;Af f = t �L LE +
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[L (! ); [ �L LE ; L (! )]]dP(! ) + O(t5):
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t3 1
24 [ �L t ;Af f ; [ �L t ;Af f ; L (! )]]

z}”T‹4•‘« 
K•�I��•yWjH’�|•ikjHt�Ž

O(t5)
«&m²”1•ujHjH•�ª�³$f1j�”™vof{jxz©”Bv‡j�€•…“Žbv‡z©|R”Ð|b¬•jH…



z‚t�•u|•”{jRª

L(! )
yWjH’�|RikjHt

�L LE
«Ql8ƒuv4³8j­’HŽ‰”�…‡j�Œ{~‚Ž•’�j �L LE

yBskz©v‡t8¬bŽ‰~}ƒ{j^z}”�v‡j�…‡i |•´9Žb»�”{j�°?z}”]¬œŽ•…oz‚Ž‰”‘’�j$ikjHŽ•”�ƒ1toz©”{€¸‹½•W« 
K•�I �*«

egf1j�”Äª{ƒ‘twz}”{€xvof{j�´¹ŽR’*vgvof‘Žbv

[ �L t ;Af f ; �L t ;Af f ] = 0
³8j&twjHj/vof1Ž‰v•³4j�|•y{v‡Ž‰z}”�Ž

O(t5)
«

$^|‰vojÐŽ•~}to|™vof1Ž‰v�vof1Ž•”{·utxvo|¿vof{j^����� � ��� ���  ��� �3���  3
H��ª �L t ;Af f
yWjH’�|RikjHt

� �L t ;Af f
³$f{j�”

t
z}t

’“f‘Ž‰”{€Rj�…/z©”Bvo|

� t
ª�z?« jR«

t 7! �L t ;Af f
z‚t­|u•{•Ä«xÑ­t&Ž�’�|•”1tojH•Bƒ{jH”1’�jRª�|•”{~}s[|u•{•Tvoj�…‡i�t&Ž‰Œ{ŒWjHŽ•…­z}”¿vof{j

•{j�¬•jH~©|RŒ{ikj�”Bv$z©”�ŒW|b³4jH…‡tg|•´

t
«
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EAf f (St ) = ELE (St ) + D t �L LE
exp:

�
t3
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[L (! ); [ �L LE ; L (! )]]dP(! )

�
+ O(t5):
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e�…“Ž•’�j

(EAf f (St )) =
e9…“Ž•’�j

(ELE (St )) +
e�…“Ž•’�j

�
exp(t �L LE ):

t3
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[L (! ); [ �L LE ; L (! )]]dP(! )

�
+ O(t5)

=
e�…‡ŽR’�j

(ELE (St )) +
e�…“Ž•’�j

�
(I d + t �L LE ):

t3
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[L (! ); [ �L LE ; L (! )]]dP(! )

�
+ O(t5)

=
e�…‡ŽR’�j

(ELE (St )) +
t4
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e�…“Ž•’�j

� �L LE :[L (! ); [ �L LE ; L (! )]]
�

dP(! ) + O(t5)

=
e�…‡ŽR’�j

(ELE (St )) �
t4
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e�…“Ž•’�j

�
L (! )2: �L 2

LE � (L (! ): �L LE )2�
dP(! ) + O(t5):

e�|�’�|R”1’�~}ƒ1•ujRªu³4j�ƒ1toj�vof{j�´¶|R~©~}|b³$z}”{€xÃ9j�iki�Ž 	
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A; B 2 Sym(n)
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(A i )

¹…ojItwŒÄ«

(B i )
�4yWj^v‡f{j/’�|•~}ƒ{ik”E¬RjH’*v‡|•…“t½|•´

A

¹…ojItwŒ9«

B
�*«†Ã9j�v

<; >
y‘j/v‡f{j­ƒ‘twƒ1Ž•~

t‡’�Ž•~}Ž•…gŒ{…o|u•uƒ‘’*vH«Qegf{jH”�³4j�f1Žœ¬Rj 	

�
e9…“Ž•’�j

(A2:B 2) =
P

i;j < A i ; A j >< B i ; B j >
e9…“Ž•’�j

((A:B )2) =
P

i;j < A i ; B j >< B i ; A j > :
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R:A:R T = D iag(� 1; :::; � n ) =:
D

«†ÃÄj�v•ƒ‘t••uj�®‘”{j

C := R:B :RT Ž‰”‘•�ƒ‘twj/vof1j&”{|‰v“Žbvoz}|•”‘t

(Ci )
Ž‰”1•

(D i )
´¶|•…$v‡f{j�’�|R~©ƒ{ik”�¬•jI’*v‡|•…“t

|•´

C
Ž‰”1•

D
«QÆ¿j&€•j�v 	

�
e9…“Ž•’�j

(A2:B 2) =
P

i;j < D i ; D j >< Ci ; Cj > =
P

i � 2
i < Ci ; Ci >

e9…“Ž•’�j

((A:B )2) =
P

i;j < D i ; Cj >< Ci ; D j > =
P

i;j � i :� j < Ci ; Cj > :

l8s�v‡f{j ¨ Ž‰ƒ1’“f]sB°²q{’“fB³gŽ‰…��&z}”{jH•Bƒ1Ž•~©z©vŠs•ª�³8j¸f‘Žœ¬•j

j
P

i;j � i :� j < Ci ; Cj > j �
P

i � 2
i < Ci ; Ci >

ª
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D:C = �C :D
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� = 1
Ž‰~}~©|b³•t½vof1j/z}”{jI•Rƒ‘Ž‰~}z¯vŠs�|•´9v‡f{j
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C:D = D:C
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A:B = B :A
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m²”�� G(L&�4z‚t	tof{|b³$”#f{|b³ |R”{j�’�Ž•”#v‡Ž•·•j�z}”Rv‡|ÐŽ•’H’�|•ƒ1”Rv&v‡f{j�Ž‰»�”{j�°dz©”]¬bŽ‰…‡z‚Ž‰”Bv&ixj�vo…‡z}’xv‡|Tto|•~}¬•j�„½µ­‹½t

z}”¼vof1jTe9jH”1to|•…EÒ�z}j�~‚•�«ÇÆ f{j�” |R”{jÐ³$z‚twf{jItkvo|ºixz}”{z}ikz%�HjTŽÀ’�…‡z¯v‡j�…‡z©|R”¼|‰´�vof{jÐvŠsBŒWj

E(S)
³$f{jH…oj

S : 
 � R3 ! Sym+
? (n)

z}t4Ž�vojH”1to|•…½Ò�z}j�~‚•�ªR|R”{j^’HŽ‰”k®1…“tŠv8’�|•ikŒ{ƒ{voj$v‡f{j•€•…“Ž••{z©jH”Rv†|•´�vof{j­’�…‡z¯v‡j�…‡z©|R”

����
H����� � � � � � 
�� � ��� �����g³$z©vof�vof1j&ƒ1twƒ‘Ž‰~L®1…“tŠv$¬bŽ‰…‡z‚Žbvoz}|•”�|‰´�vof{j�’�…oz©vojH…oz}|•” 	

E(S + �dS)(x) = E(S)(x) + � < r E(S)(x); dS(x) > S(x ) + o(� ):
Æ z©vof™vof1z}t/€•…“Ž••{z©jH”RvIªL|•”{jx’�Ž‰”™ikz©”{z}ikz%�Hj	v‡f{j�’�…‡z¯v‡j�…‡z©|R”Ð³$z©vof™Ž•” � �+����� ���$���­jH¬•|•~}ƒuv‡z©|R”TjH•Bƒ1Ž‰voz}|•”Ð|•´

v‡f{j�vŠs]Œ‘j�	

St +1 (x) = expSt (x ) (� � r E (St )(x)) :
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m²”¾vof{z‚t �\�$�(��������� � � ��� 
 � �\� �(  3���(��� 
uª†vof1j�z‚•ujHŽÐz}t	vo|¿Ž••{Ž•Œuv	v‡f{j�’�~}ŽRtotoz}’HŽ‰~½®1…‡twv¸|R…‡•{j�…�€R…‡ŽR•uz©jH”Bv

•{jHt‡’�j�”Bv&³$z©vofÀŽ�®{±ujH•™voz}ikj�tŠv‡j�Œ

�
v‡|�vof{j�•$z}j�i�Ž•”{”{z‚Ž‰”™´¶…‡Ž•ixjH³4|R…o·L«�egf{z‚t�z}t	•u|•”{jky]s™tof{|]|‰v‡z©”1€

Ž•~©|R”{€�vof1j•€•jH|]•{jHtoz}’$twv‡Ž•…wv‡z©”{€�Ž‰v

S(x)
z}”�vof1j^•uz}…ojI’*voz}|•”�€Rz©¬Rj�”ky]s	v‡f{j•|RŒ{Œ‘|Btwz©voj^|‰´Lvof{j­•$z©jHi�Ž‰”{”{z‚Ž‰”

€R…‡ŽR•uz}j�”Bv

r E (St )(x)
³$z¯v‡f¿ŽEvoz}ikjktwvojHŒ

�
«	egf1z}t/z}”Rv‡…oz}”1toz}’¸j�¬R|•~}ƒuvoz}|•”™€•ƒ1Ž•…‡Ž•”Bvoj�jIt$v‡f1Žbv�Žbv/voz}ikj

t
v‡f{j�®‘j�~‚•

St
z}t­tŠv‡z©~}~:Ž�vojH”1to|•…•®‘j�~‚•�ª‘³$f1z}’“fÐz‚t•”1|‰v­”1jH’�jItot‡Ž‰…‡z}~©sEvof{jx’�Ž•toj&´¶|R…­Ž�’�~}ŽRtotoz}’HŽ‰~�‹†ƒ1’�~}z‚•ujHŽ•”

€R…‡ŽR•uz}j�”Bvg•{jHt‡’�j�”Bv$z}”�³$f1z}’“f�”{|R”u°?ŒW|Rtoz©voz}¬•j/j�z}€•j�”]¬bŽ‰~}ƒ{jIt8’HŽ‰”[Ž‰Œ1Œ‘jIŽ‰…I«
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m²” � G(L��dª1Ž•”�|RŒuvoz}ikz%�IŽbv‡z©|R”�´¶…“Ž‰ikjH³4|R…o·�³gŽ•tgŒ{…‡|•ŒW|RtojH•Evo|�•{j�”1toj�~}sEj�±Bv‡…‡Ž•Œ‘|R~}Ž‰voj&toŒ1Ž‰…‡j^v‡j�”1to|•…^z©”u´¶|R…w°

i�Ž‰voz}|•”Ä«kegf{z‚t�z}t&ƒ‘twj�´¶ƒ{~Qz©”#Œ1Ž•…wv‡z}’�ƒ{~‚Ž‰…/´¶|•…/vof1j�j�±]vo…“Ž‰ŒW|•~‚Žbv‡z©|R”T|‰´gtwŒ‘Ž‰…“twj¸®1…“tŠvo°?|R…‡•ujH…­z}”u´¶|R…oi�Žbv‡z©|R”

|R”�Ž•”1Žbv‡|•ikz‚’�Ž‰~L¬bŽ‰…‡z‚Ž‰y{z}~©z©vŠs•«

egf{j�’�…oz©vojH…oz}|•”Evo|�ikz}”{z©ikz���j&z‚t8vof{j�´¶|R~©~}|b³$z}”{€�	

E(S) = Sim (S) + �R eg(S):

�%#G��

Sim (S)
z‚t8vof{jY����� �U� 
�� �����
� ��� �Çvo|kv‡f{j�twŒ‘Ž‰…“twj�•{Žbv“Ž{ªu³$f{z‚’“f�z}t$|•´9v‡f{j�´¶|•…‡i�	

Sim (S) =
Z




NX

i =1

d2(S(x); Si )G� (x � x i )dx:

�%B• �

i^j�…‡j•ª



z‚t�vof1j�z©i�Ž‰€Rj�•u|•i�Ž•z©”Äª9vof{j

(x i )
Ž‰…‡jxvof{j

N
toŒ1Ž‰voz‚Ž‰~QŒW|Rtoz¯v‡z©|R”1t&³$f{jH…ojxvojH”1to|•…&ikjHŽRtwƒ{…‡jHt

(Si )
Ž‰…‡j4·]”{|b³$”Ä«�egf{z‚tQj�”{jH…o€Rs�vojH…oi�tQik|u•uj�~‚t�vof1jg´¹Ž•’*v:v‡f1Žbv†¬bŽ‰~}ƒ{jIt

S(x)
”{jHŽ•…

x i
tof{|•ƒ1~}•¸”{|‰v½•{z¯ÈLj�…

v‡|]|&i	ƒ1’“fk´¶…‡|•i vof{j^ixjIŽ•toƒ{…‡j

Si
«Qegf{j^’�j�”BvojH…ojI• S�Ž‰ƒ1t‡twz‚Ž‰”

G�
|‰´�¬bŽ‰…‡z‚Ž‰”1’�j

� 2 •Bƒ1Ž‰”Bvoz©®1jItQf{|b³_vof{j

z}”

�

ƒ1j�”1’�j&|‰´9v‡f{j&ikjHŽRtwƒ{…‡j

Si
j�±]v‡j�”1•{tgz}”[twŒ‘Ž•’�j/´¶…‡|•i

x i
«

egf{j&Œ1…o|RŒ‘|BtwjI•�� � �U	 
H� �����>� � ��� � � ��� �Oz‚tgvof1j�’�~‚Ž•t‡twz‚’�Ž•~Wf‘Ž‰…‡ix|R”{z‚’^jH”{j�…‡€•s 	

Reg(S) =
Z



kr S(x)k2

S(x ) dx:

�%�%��

šÐ|•…‡j­Œ{…‡jH’�z}toj�~}s•ª]v‡f{j�t‡•Rƒ‘Ž‰…‡jH•�”1|•…‡i)|‰´�vof{j�toŒ1Ž‰voz‚Ž‰~�€•…“Ž••{z©jH”Rv

kr S(x)k2
S(x )

z‚t$€•z}¬•jH”�y]s 	

kr S(x)k2
S(x ) =

3X

j =1

k
@

@x j
S(x)k2

S(x ) :

�%‰˜ �

m²” � G(L��dª1‹4•‘«$
�%#G �gz‚t•to|•~}¬•jI•�ƒ‘twz}”{€kvof1j�€•jH|]•{jHtoz}’/i�Ž‰…“’“f{z}”{€�•ujHt‡’�…‡z}y‘jI•�z}”Tq]jI’*voz}|•”�[u« •x³$z©vofÐŽ•”

ŽR•{Ž‰Œ{vojH•�”]ƒ{ikj�…‡z}’HŽ‰~Ät‡’“f{j�ikj/v‡Ž•·]z©”{€kz}”Bvo|�Ž•’H’�|•ƒ1”Rvgv‡f{j&•$z©jHi�Ž‰”{”{z‚Ž‰”[’�ƒ{…o¬bŽ‰voƒ{…‡j•«
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Ê m²”#v‡f{j�Ã9|•€•°?‹†ƒ‘’�~}z}•ujIŽ‰”#’�ŽRtwjRª9v‡f{jE…‡jHto|•~}ƒuvoz}|•”#|•´g‹4•‘« 
�%#G��&z}t

€R…ojIŽbv‡~©s�toz©ikŒ{~}z©®1jH•�«Qm²”�j�ÈWjI’*vHª1‹½•W« 
�%R•��8y‘jI’�|RixjIt 	

Sim (S) =
Z




NX

i =1

k log(S(x)) � log(Si )k2G� (x � x i )dx:
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 GI–��
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@
@x j

log(S(x)) = DS(x ) log :
@

@x j
S(x):

‹4•‘« 
�%U% �8³$…‡z©vojHtg”1|b³Ytoz©ikŒ{~}s 	

Reg(S) =
Z



kr log(S(x))k2dx:


�%�L��

m²”�‹½•]tH« 
�%R–��•Ž‰”1• 
�%�L �*ªWz©v•z}t^…ojHikŽ•…o·bŽ•y{~©j­vof‘Žbv•v‡f{j�”{|R…oi�t$•u|�”1|‰v^•ujHŒ‘jH”1•�|•”�vof1j�Œ‘|Btwz©voz}|•”

S(x)
Ž•”]s/ik|R…ojR« ! 
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 ����� �U��� ��� � � Ñ^t[ŽÂ’�|•”‘twjI•Rƒ1j�”1’�j•ª^|R”{j#’�Ž‰” ƒ1twj#’�~‚Ž•t‡toz}’HŽ‰~/…ojItw|R~©ƒuv‡z©|R”

ikj�vof{|u•{t&z}”¿vof{jE~©|R€RŽ‰…‡z©vof{ikz‚’x•{|•i�Ž‰z}”¿Ž•”1•™®1”1Ž•~©~}sTi�Ž‰Œ¿v‡f{j�…ojItwƒ1~¯v�y1ŽR’“·Ðz}”#vof{jkv‡j�”1to|•…�•u|Ri�Ž‰z}”

³$z©vof�v‡f{j&j�±uŒW|•”{jH”Rv‡z}Ž•~K«

‹Q±uŒWj�…‡z©ikjH”Rv“Ž‰~R…ojItwƒ{~©v‡t�Ž‰”1•�’�|•ikŒ1Ž‰…‡z‚tw|R”1t�Ž‰…‡jQŒ{…‡jHtoj�”BvojI•­z}”	Ò�z}€1« %•Ž•”1•&Ò�z©€‘«Ä˜1«�Ñ¾•ujH”1twj½j�±]vo…“Ž‰Œu°

|R~}Ž‰voz}|•”�|•´

4
vojH”1to|•…“t½z}”�ŒWj�…o´¶|•…‡ixjI•�yW|‰vof�z©”�vof{j�Žb»�”{j�°?z}”]¬œŽ•…oz‚Ž‰”Bv4Ž•”1•�Ã9|•€‰°d‹†ƒ1’�~©z‚•ujIŽ‰”k´¶…“Ž‰ikj�³8|•…‡·L«

Ñ­tQj�±uŒWjH’�vojH•Äª‰vof1j$…ojItwƒ{~©v‡tQŽ•…ojg¬Rj�…‡s�twz}ikz©~‚Ž‰…Iª‰³$z©vof�tw~}z}€•fBvo~}s�ik|•…‡j$Ž‰”{z‚tw|•vo…‡|•Œ]s&z}”¸v‡f{j•ÃÄ|R€‰°d‹†ƒ1’�~©z‚•ujHŽ•”

’HŽ•toj•«Qe�|xikjIŽ•toƒ{…oj�Ž‰”1z}to|‰v‡…o|RŒBsRª]³4j�ƒ1toj�vof{j �$���U���������3� 
P� �+� ���������� � 
KÒuÑ �*ª1³$f{z}’“f�z‚t$•uj�®‘”{jH•�y]s 	

F A(S) =

 
3
2

P 3
i =1

�
� i � ��

� 2

P
i =1 � 2

i

! 1
2

:

m²”xv‡j�…‡ikt†|‰´�’�|•ikŒ{ƒ{v‡Žbv‡z©|R”1Ž‰~{’�|RtwvHª•vof{j•Ã9|•€‰°d‹†ƒ1’�~©z‚•ujIŽ‰”¸´¶…‡Ž•ixjH³4|R…o·&~}jHŽR•{t:v‡|�’�|•ikŒ{ƒ{v‡Žbv‡z©|R”1t

7
voz}ikjHt

´¹ŽRtŠv‡j�…Evof1Ž•”¼vof{jHz©…�Žb»�”{j�°?z}”]¬œŽ•…oz‚Ž‰”Bv�’�|Rƒ{”BvojH…oŒ1Ž•…wv“t�« q]jHjTe�Ž‰y{~}j™•#´¶|R…E’�|RikŒ{ƒuv‡Ž‰voz}|•” v‡z©ikjIt�|•”2Ž

„:jH”Rv‡z©ƒ1i š • S i)�•ª�GcS/|�•^Ñ^šÀ«]egf{j$Œ1Ž•…‡Ž•ixj�vojH…‡tQ’“f{|BtwjH”¸z}”kvof1j•j�±uŒWj�…‡z©ikj�”Bv½Ž•…oj�	

� = 1=16� W
³$f1j�…‡j

W
z‚t^v‡f{jx³$z}•]v‡fT|•´†vof{jx€•…‡z‚•�ª

� = 0:05
ª

� t = 0:5

¶voz}ikjxtwvojHŒ �*«&egf{jxikj�vo…‡z‚’	ƒ1tojH•Ðz}t­vof1j

toz}ixz}~‚Ž‰…‡z¯vŠsB°dz©”]¬bŽ‰…‡z}Ž•”Bv4ikj�v‡…oz‚’/Œ{…ojItwjH”BvojH•�z}”[qujH’*v‡z©|R”�˜‘«
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m²”�� G(L��dª�Ž�€•jH”{j�…“Ž‰~}z��HŽbv‡z©|R”T|•´½vof1j�Ž‰”{z‚tw|•vo…‡|•Œ{z‚’&®‘~¯v‡j�…‡z©”{€�Œ{…‡jHtoj�”Bv‡jH•™z©” � G0[Bª GIž��†vo|�v‡j�”1to|•…�®1jH~}•1t�z}t

•{j�v‡Ž•z©~}jH•Ä«�egf{jEz}•ujIŽ�z}t�vo|Ð…‡j�€Rƒ{~‚Ž‰…‡z%�Hj¸v‡f{j�v‡j�”1to|•…&®‘j�~‚•�
¶z?« jR«�i�Ž‰·Rjkvof{jE…ojH€•ƒ{~‚Ž‰…‡z¯vŠsTj�”{jH…o€RsT€•z}¬•jH”

y]s¿‹½•W« 
�%U% �&•ujI’�…‡jHŽ•toj��/z}”¾Ž‰”¾ŽR•{Ž‰Œ{voz}¬•j�³gŽœs™to|ÐŽ•t&v‡|ÐŒ{…‡jHtoj�…‡¬•j�twvo…‡|•”{€[¬bŽ‰…‡z‚Žbvoz}|•”‘t&Ž•t�i¸ƒ1’“f¾Ž•t

S/…‡z‚•�q]z���j Ñ$È:« °?m²”]¬L«†š[j�v‡…oz‚’ l8z}z©”]¬L«Qš[j�v‡…oz‚’ � |‰´:mdvoj�…“Žbv‡z©|R”1t q]ŒWj�jI•�••Žbv‡z©|�
¹Ñ•È �‰l8z �

G(L‰± G(L GHi�•�[]« –b˜R˜Rt GI•{«HGœ–‰—Rt L•žRž [u« •

%R•b±#%R• –‰ijGH—{« ˜B••ž•t ˜�GR« I�IR–•t L•žRž [u« L

L‰˜•±#L‰˜ ••ž‰ik˜1« —\[•–‰t •bik˜ []« %•—‰˜Bt L•žRž [u« •

%B•œ±#%R•b±#%R• %�G�iY[]« ž•—�L•t ˜•i�ž1« ž�%R•‰t •‰žRž [u« —
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