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theridgesassociatedo the two principal curvaturesseparately The analysishighlightsthe subtle
interplay betweernridges,umbilics, and curvaturelines. Secondgiven a triangulationT approxi-
matinga smoothgenericsurfaceS, we presentsufcient conditionson T togethemwith a certi ed
algorithmreportingridgesin atopologicallycoherenfashion. Third, we develop a heuristicalgo-
rithm to processa meshwhenno informationon an underlyingsmoothsurfaceis known. Fourth,
for coarsemodelswe provide a Itering mechanisnretainingthe moststableridgesonly. Fifth, we
presenexperimentaresultsof the heuristicalgorithmfor smoothsurfacesaswell ascoarsenodels.
Ourrunningtimesimprove of atleastoneorderof magnitudestate-of-the-annethods.
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ridge extractionon polynomialparametricsurfacesdevelopedin acompaniorpaper

Key-words: Ridges,Umbilics, MeshesSampledSmoothSurfacesCrestlines.

Unit derecherchdNRIA SophiaAntipolis

2004, routedesLucioles,BP 93,06902SophiaAntipolis Cede (France)
T | phone : +33492387777— T | copie : +33492387765



Algorithmes guidéspar la topologie pour la détectionde lignes
d'extrémesde courbure sur un maillage

Rsum : Etantdonn e unesurfacelisse, un "ridge" estune courbele long de laquelleune des
courluresprincipalesa un extremumen suivant saligne de courture. Les ridgessontdeslignes
d'extrémesde courlure et donccodentdesinformationsimportanteautilis es en sggmentationye-
calagecomparaisomrtanalysadesurfaces N anmoins,aucunan thode calculantesridgesapartir
d'un maillageapprochantinesurfacelissene proposeuneanalysed taill e, detelle sortequ'il est
impossiblede savoir si lesridgessontcalcul s defagoncoh rente. Cetarticle comblecettelacune
aveclescontributionssuivantes.

Premiérementnous pr sentonsune analysepr cise des problémesd'orientation intervenant
lors dela d tection desridgesassoci saux deuxcourhuresprincipaless par ment. Cetteanalyse
soulignelesinteractionssubtilesentreridges,ombilics et lignesde courkure. Deuxiemementtant
donn e unetriangulationT approchantunesurfacelisseg n rique S, nhousdonnonsdesconditions
sufsantessurT, ainsiqu'un algorithmecerti  calculantlesridgesavecunetopologiecoh rente.
Troisiemementnousd v elopponainalgorithmeheuristiqugpourun maillagedansle casou aucune
informationsurla surfacesous-jacenta'est connue.Quatriememenfourdesmaillagesgrossiers,
nousfournissonsin m canismede Itrage pourle calculdescourbedesplussaillantes.Cinquiém-
ementhouspr sentonsdesr sultatsdel'algorithme heuristiqugpourdessurfacedissesdiscr tis es
ainsi que pour desmaillagesgrossiers.Nos tempsde calculsam liorent d'au moinsun ordrede
grandeuiceuxdesm thodes tat del'art.

Le point communde cescontributionsestd'exploiter les motifs topologiquesesridgessurles
surfacegy n riques. Cescontributionsouvrent galementla voie versle premieralgorithmecerti
pourl'extractiondesridgessur une surfacepolynomialeparam tr e qui estl'objet nosrecherches
actuelles.

Mots-cl s : Extrémesde courlure, Ombilics, Maillages,SurfacesLissesEchantillonn es,Lignes
Saillantes.
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1 Intr oduction

1.1 Ridgesof asmoothsurface

Differentialpropertieof suriacesembeddedn R® areafascinatingopic perse,andhave long been
of interestfor artistsandmathematiciansasillustratedby the paraboliclinesdravn by Felix Klein
on the Apollo of Belvedere[HCV52], andalsoby the developmentgeportedin [Koe9(. Beyond
thesenobleconsiderationgherecentdevelopmenif laserrangescannerandmedicalimagesshed
light on the importanceof beingableto analyzediscretedatasetgonsistingof pointscloudsin 3D
or medicalimages—gridsof 3D voxels. Whenever the datasetprocesseanodelpiecavise smooth
surfacesa precisedescriptionof the modelsnaturallycallsfor differentialproperties.In particular
applicationssuchasshapematchinglHGY * 99], surfaceanalysigHGY * 99), or registration[TG95,
PATOQ] requirethe characterizationf high orderpropertiesandin particularthe characterizatioof
curvesof extremalcurvatureswhich arepreciselythe so-calledridges

A ridge consistsof the pointswhereone of the principal curvatureshasan extremumalongits
curvatureline. Sinceeachpoint which is not an umbilic hastwo differentprincipal curvatures,a
point potentiallybelongsto two differentridges. Denotingk, andk, the principal curvatures—we
shallawaysassuméhatk, k,, aridgeis calledblue (red)if k; (k,) hasanextremum.Moreover,
aridgeis calledelliptic if it correspond$o a maximumof k; or a minimum of k,, andis called
hyperbolicotherwise.Ridgeswitnessextremaof principal curvaturesandtheir de nition involves
derivatives of curvatures,whencethird order differential quantities. Moreover, the classi cation
of ridgesaselliptic or hyperbolicinvolvesfourth order differential quantities,so that the precise
de nition of ridgesrequiresC* differentiablesurfaces. Therefore the calculationof ridgesfrom a
meshapproximatinga smoothsurfaceposedif cult problemswhichareof threekinds.

Numerical dif culties. It is well known thatparaboliccurvesof a smoothsurfacecorrespondo
pointswherethe Gausscurvaturevanishes Similarly, ridgesarewitnessedy the zerocrossingof
theso-calledextremality coefcients, denotedy, (b;) for blue(red)ridges which arethederivatives
of the principal curvaturesalongtheir respectie curvaturelines. Algorithmsreportingridgesneed
to estimateb, andb;. Estimatingthesecoefcients dependson the particulartype of surfacepro-
cessed—implicitly de ned, parameterizedjiscretizedby a mesh—andis numericallya dif cult
task. Notice though,thatthe estimationof thesequantitiesis independenfrom the combinatorial
processingf ridges.

Orientation dif culties.  Sincecoefcients b, andb; arederiativesof principal curvatures they
arethird-ordercoefcients in the Mongeform of the surlace—the Mongeform is the Taylor ex-
pansionof the surfaceexpressedsa heightfunctionin the particularframede ned by theprincipal
directions.But like all oddtermof the Mongeform, their signdependsiponthe orientationof the
principal frame used. Trackingthe sign changeof functionswhosesign dependsn the particular
orientationof theframein which they areexpressegosesa problem.In particular trackinga zero-
crossingof b, or b, alongaline-sggmenimposedo nd acoherenbrientationof theprincipalframe
atthesegmentendpoints Giventwo principalvectorsatthesegmentendpointspnewayto nd such
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4 Cazals& Pouget

anorientationconsistof orientingthedirectionssothatthey make anacuteangle whenceghename
of AcuteRuleor A.R. for short. The A.R. is implicitly usedin [Mor90, Mor96, TG95 OBS04, but
surprisingly noneof thesepapersaddressethe questionof specifyingconditionsguaranteeinghe
decisionsmadeare correct. As we shall see,suchanalysishighlightsthe interplay betweerfolia-

tions, ridgesandumbilics. (A principalfoliation is the collectionof lines of curvatureassociatedo

eitherprincipalcurvature.)

Topological dif culties.  Thelastdif culty is of topologicalnatureand stemsfrom the comple
patternsmadeon genericsurfacesby ridgesand umbilics. As anillustration, considera generic
closedsurfaceof genuszero—a topologicalsphere.Eachsuchsurfacehasat leastfour umbilics,
eachbeingtraversedy eitheroneor threeridges.(For preciserelationshipbetweerridgesandum-
bilics, thereadelis referredto [Por01, CPO5) aswell asto section10.) Reportingridgestherefore
requiresreportingand classifyingumbilics, an issuenot addressedio the bestof our knowledge,
by ary papertacklingthe issueof reportingridges. Thisissueis illustratedin Figs. 1 and2 for the
particularcaseof theellipsoid.

Anotherdif culty of topologicalnatureis theinterferenceof redandblueridgesat the so-called
purplepoints.Giventhateachpointof asmoothsurface(whichis notanumbilic) potentiallybelongs
to two differentridges—onefor eachprincipal curvature ridgesnearpurplepointsmustbe handled
with care.Thisdif culty requiresagainanorientationproceduresuchastheA.R. alreadymentioned.

Figure2: Schematiwiew of theumbilicsand
theridges.Max of k;: blue;Min of k;: green;
Min of k,: red; Max of k,: yellow

Figure 1: Umbilics, ridges, and principal
bluefoliation on the ellipsoid (10k points)

1.2 Previouswork

To the bestof our knowledge, the only algorithm taking into accountthe topology of ridgesat
umbilicsis describedy Morris [Mor90, Mor96]. Thismethodappliesto parameterizedurfacesand
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Topology drivenalgorithmsfor ridge extractionon meshes 5

usesheuristicsto orientedgesandreportumbilics, so thatno guaranteés provided. For algebraic
surfaces,Bogaerski et al. [BLBKO3] usea formal computationto determinethe equationof a
surfacewhoseintersectiorwith the original surfacegivestheridges. For implicit surfaces,Thirion
[Thi96] appliesa marchingline algorithmto the Gaussiarextremality However, the behavior of
the algorithmnearumbilicsis not speci ed, andthe Gaussiarextremality Eq = byb; usedto avoid
orientingwith theacuterule disconnectsedandblueridgesat their intersections—4(c).

All othermethodsdo not addresshe problemof topology but focuson identifying a subsetf
theridgesand ltering methods. The connectionbetweenthe medial axis andridgesis usedby
M.Hisadaet al. [HBKO02]. (Notice thoughthatthe projectionof the medial axis boundarymisses
all hyperbolicridges,and may also misselliptic ones.) The connectionwith the focal surfacesis
consideredn [WBO01] and[LA98]. Methodsusingonly the estimationof curvatureson meshesre
derivedby Ohtale etal [OBO01] or Stylianouetal [SFOJ. Ohtale etal. [OBS04 useimplicit surface
tting of ameshto extractridge-alley lines. The curvaturetensorandthe derivativesof curvatures
of ameshvertex arede ned asthe analyticallycomputedvaluesof the projectionof the vertex on
the tted surface.

Finally, we mentionin passingthe forthcoming contribution [CFPRO05], which, basedon al-
gebraicgeometry allows oneto certify the topology of umbilics, paraboliccurves,andridgeson
polynomialparametricsurfaces.

1.3 Contrib utions and paper overview

Following the previousdiscussiongivenameshT providing anapproximatiorof asmoothcompact
orientedgenericsurfaceS, we aim atusingT soasto reporttheridgesof S. (We implicitly assume
SandT areisotopic[ACDL00, APR03,CCS04].)We malke thefollowing contributions.

In section2, we specifythe topologicaldif culties arisingwhenreportingridges,andintroduce
the AcuteRule. In section3, we de ne complianttriangulationsamenablédo a faithful extractionof
ridges,anddevelopacerti ed algorithm. Thealgorithmis genericsincetwo routinesareassumedo
computethe Mongecoefcients of the surfaceatarny point,andto reportumbilic patchesin section
4,we developa heuristicalgorithmto processa meshwhennoinformationonanunderlyingsmooth
surfaceis known. In section5, we developof Itering mechanisnto reportthe moststableridgesof
acoarsamesh.Finally, experimentaresultsareprovidedin section6.

2 Ridgetopologyand orientation issues

In this section,we introduceformally the problemaddressedReadersot familiar with ridgesare
referredto sectionl0aswell asto [HGY * 99]. Thesetof ridgesis composedf simplecurveseither
closedand free of umbilic called closedridges or opencurves connectingumbilics called open
ridges Hencereportingridgesmeansreportingumbilics and theseridge curveswith the correct
connectvity. As our aimis to reportblue andred ridgesseparatelywe focuson the sethS’ of blue
ridgesof S.

RR n°5526



6 Cazals& Pouget

2.1 Problemaddressed

Assumewe aregivenatrianglemeshT andanhomeomorphisnfk from T to S. Asindicatedin Fig.
3, we aim at reportingthe pull-bad of the seth of ridgesof SontoT. More precisely we aim at
reportinga setR-? of polygonalcurveson T correspondingo this pull-back. Givensucha polyline,
eachpair of consecutie pointsis calledaridge segment Let usconsideron S(T) theridge seth
(R%), togethemith thetopologyinducedby R3.

De nition. 1 Ridgesare reporteda in topologically coheentfashionprovidedthatthesetR-? has
thesametopolagy asthe setR; which meanghatthe push-forvardof R2 (F (RR)) is isotopicto RS
onS, or equivalentlythe pull-backof R (F 1(RY)) is isotopicto R? onT.

As suggestethy thepreviousde nition, we shallusethefollowing abusesof terminology When
sayingthat “an edgeis crosseddy aridge” or “a triangle containsan umbilic” we shall mean“the
push-forvard of the edgeis crossedby a ridge” or “the push-forvard of the triangle containsan
umbilic”. Equivalently, this alsomeanghat“an edgeis crossedoy the pull-backof aridge” or “a
trianglecontainghe pull-backof anumbilic”.

Before proceeding,a commentis in order We do not considerpurple points —intersection
betweerridgesof differentcolors—becausehetopologyof the blue andred setsof ridgesarepro-
cessedeparatelyTheincentivefor ignoringpurplepointsis thatredandblueridgesareindependent
sincefunctionsh, andb; areso. Incidently, this assumptioralleviatesthe constrainiof reportingthe
correcttopologyof ridgesaroundpurplepoints,asdepictedn Fig. 4.

(@) (b)

Figure4: (a)Two ridgesof differentcolors(b)Blue
/ redridgesreportedindependentlythe topology

Figureg: A ridgeRon asmootf‘surfaCE, of eaChridge is reSpeCtedbut that of the union
its pull-back[r,;r,] on aninscribedtri- is not (c)Ridgesreportedsimultaneouslyby the
angulatedsurface, and a straightridge Gaussiarextremality: ridgesare disconnectect
segment[t,; t,] isotopicto this pull-back purple points. No ridge point is detectedwhen
in thetriangle pgs bothredandblueridgescrossthe sameedge
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2.2 Orientation and crossings

Considera meshT approximatingof a smoothcompactorientedgenericsurfaceS asexplainedin
theprevioussection.Themainissuetackledis to understandvhich propertiesT musthave in order
for oneto reporttheridgesof Sfaithfully. We rst recallthefollowing:

Observation. 1 At any point of a smoothorientedsurfaceS which is not an umbilic, orienting the
principal directionsat a vertex is equivalento choosinga unit maximalprincipal vector andthere
are two sud orientations. (The minimal principal vectoris thenuniquelyde ned to be the unit
vectorsothat the basis(maximalvector minimalvector normal)is direct.) Orientingthe principal
directionsof an edge of a triangulation T whoseendpointdie on Smeansorienting themat its two
vertices,andthere are four possibilities.

Considemow a simplecurve C homeomorphido theline-segment[0; 1] dravn on S. If C does
not containary umbilic onecande ne alongC two continuousunit vector elds (oppositeof one
another)which orientthe maximumdirection eld alongC. Oncea unit maximumvectorhasbeen
choserat oneendpointof C, we call the orientationinducedby the correspondingector eld atthe
otherendpointthe orientationby continuity. ReplacingC by the push-forvardof anedgeyieldsthe
following:

De nition. 2 Theorientationof the principal directionsof an edge is called correct(erroneous)f
it coincideswith (differs from) oneof thetwo orientationsby continuity(of its push-forwad on S).

As alreadynoticed,a blueridge point is witnessedy the zerocrossingof a bivariatefunction b,

More precisely considera curve orientedby continuityandcrossingrans\ersallyablueridge, then
thefunctionb, alongthecurve vanishestthecrossingpointandundegoesa signchange Sincewe

aregivenatriangulationT of S, usinganideareminiscenfrom MarchingLinesandMarchingcubes,
it is naturalto seekthe zerocrossingsf functionb,, alongthe edgesof T. But in our casehowever,

functionb, depend®ntheorientationof the principaldirectionsandby theabove obsenationthere
arefour possibleorientationdor theedge .Having discussedheseorientationissueswe nally raise
the obsenationusedto tracktheblueridge crossingswith the signof by

Observation. 2 Let C be the push-forwad of an edge [p;q]. Assumehat the orientation of the
principal directionsof theedge is correct,no ridge crossingocculs at p or g andthatat a crossing
pointtheridge andthecurveC are transvese Thenthe numberof blueridge crossingsonC is odd
(even)iff by(p)by(a) < O (by(p)by(a) > 0). If moreover, thereis at mostoneblue ridge crossingon
C thenaridge crosse<C only onceiff by(p)by(q) < O.

2.3 Gaussianextremality

An attemptto avoid the orientationproceduréhasbeendoneby J.P Thirion [Thi96] with theintro-
ductionof the Gaussiarextremality. This functionis de ned at non-umbilicalpointsby Eq = byb,.
As bothb, andb; changesignif the orientationis changedthe Gaussiarextremality remainsinde-
pendenbf theorientation.A signchangeof this functionalonganedgemeanghatanoddnumber
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8 Cazals& Pouget

of ridgesis crossingthe edge,but it doesnot allow to know the color of theseridges. If onecould
nd a meshsothateachedgecrossesat mostoneridge regardlesghe color, it would be possible
to recover the topology of uncoloredridgescorrectly Unfortunately the existenceof a crossing
betweerredandblueridgesin atriangleimpliesthatoneof its edgeis crossedy atleasttwo ridges
(cf. Fig. 4(c)). In conclusionthe Gaussiarextremality doesnot specifythe color of theridge,and
consequentlys unableto presere thetopologyof ridgesnearpurplepoints.

2.4 Acuterule

Consideranedgee of themeshT . In thecaseof adensameshT, andwheneertheverticesof eare
closeon S, oneexpectsthe maximalprincipaldirectionsat the verticesof e to be nearlyaligned—at
leastfar from umbilics,which motivatesthe following:

De nition. 3 (Acute Rule) Orienting an edge with the acuterule consistsof choosingmaximal
principal vectos at thetwo verticessothat they male an acuteanglein theambientspaceR?3.

Note that this rule is well de ned as soonasthe maximal principal directionsare not at right
angle.Thedeviation of themaximalprincipaldirectionalonga curvatureline onthesurfacehastwo
componentsvhich areextrinsic (the normalcurnvature)andintrinsic (the geodesicurvature). The
denserthe mesh,the shorterthe edgesof the triangulationandthe smallerthe extrinsic deviation.
But the situationis different for the geodesiccurvature. In particular the geodesiccurvatureis
arbitrarilylargenearumbilicsasillustratedonFig. 6, sothattheacuteruleis likely to yield erroneous
orientationghere.For thesereasonsin developingacerti ed algorithm,we shallprocesdlifferently
thevicinity of umbilics (the so-calledumbilic patcheg andthe complemenbf thesepatches.

0

R
bpba O
Figure5: The A.R. givesa correctorienta- Figure6: TheA.R. givesanerroneousrien-
tion. tationnearanumbilic —of index 1=2 here.
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3 A genericcerti®ed algorithm

3.1 Compliant triangulations

An algorithmreportinga setof ridgesR2; R} is calledcerti ed if the topologyof R2; R matches
that of R R asspeci ed by de nition 1. We aim at de ning complianttriangulationsful lling
sufcient hypothesigo have a certi ed algorithm. Sinceblue andredridgesarehandledseparately
by the sameprocesswe focus on blue onesand unlessstateddifferently, “ridge” refersto “blue
ridge” in thesequel.

To begin with, andfollowing a well establishedrendto keepthe descriptionof the algorithm
tractablewithout having to considerdegeneratesituations,we shall requiregenericityconditions.
Note that thesehypothesisare not restrictive in practicesincethey can be simulatedduring the
processindcf. section8).

Hypothesis.1 (Genericity hypothesis.) Theverticesand edgesof T are assumedo meetthe fol-
lowing genericconditions:

S1 noridge goesthrougha vertex of T;

S2 ridgesintersectedgestransvesally.

Secondywe specifyconditionson thedensityof thetriangulationT . To specifytheseconditions,
we considerseparatelyegionsaroundumbilicsandtheir complemenbn the surface. Therationale
for doing sois thatto provide guaranteesn ridge crossingswe needcorrectorientations.But the
A.R.is usedfor orientationandasdiscussedh section2.4,it is notreliablenearumbilics. Therefore,
we apply two differentstratgjiesto umbilical regionsinside which orientationis not certi ed, and
to therestof the surfacewherea correctorientationof edgeds given.

Let us rst discusghe caseof umbilics. First, we requireumbilic patchego be disjoint, which
is naturalsinceumbilics on genericsurfacesareisolated. The orientationof edgesnside patchess
notcerti ed, hencewe cannotseekcrossingsnsidea patchandhave to infer thetopologyof ridges
insidethe patchfrom the patchboundary This subsumeshat (i)the topologyinside a patchis as
simpleaspossible(b)onecan nd a correctorientationfor edgeson the boundaryof the patchand
eachsuchboundaryedgeis crossedat mostonceby a givenridge. To substantiat¢hesehypothesis,
recallthatgenericallyanumbilic is eithera oneridge umbilic, or athreeridgesumbilic (cf. section
10). Also recallthatthethreetangentgo ridgesconnectedo athreeridge umbilic aredistinct. For a
smallenoughtopologicaldisk aroundanumbilic, the con gurationsof ridgesexpectedaretherefore
thosedepictedn Fig. 7. This formally leadsto hypothesid?2.

Let usnow consideithe complemenbf theumbilic patcheonthe surface.Since,we aredetect-
ing ridge crossingsalongedgesby obsenation 2, we assumeeachedgeis crossedoy at mostone
ridge. We wish we could assumehat an edgehasat mostoneridge crossingwitnessedy a sign
changeof the extremality coefcient. However, suchanassumptioris notrealistic—if theridgeis
almosttangento theedge(Fig. 8) it crossedt twice. Hencewe requireinsteadhatif onecountsthe
numberof crossinganodulo2 on the edgethenthe topologyof this ridgeis not modi ed. Finally,
we requirethatnowholeridgeis includedin atriangle.

RR n°5526



10 Cazals& Pouget

A triangulationmeetingthesehypothesiss calleda complianttriangulation.More formally, we
de ne ve densityhypothesisnamelyDO for the orientationproperty D1 andD2 for umbilics,D3
andD4 for thecomplemenbf umbilic patches:

Hypothesis.2 (Density hypothesis.)
DO TriangulationT is sud that outsideumbilic patches,the A.R.correctly orientsedges.

D1 Umbilic patchesU; are disjoint.
D2 ApatchU; of anumbilicy; is sudi that(cf. g. 7)

(a) U; doesnotcontaina wholeridge,

(b) ridgesnotconnectedo u; do not crossthe boundaryof U;,

(c) aridge connectedo u; only oncecrossesxactly oneedge of theboundaryof U;,
(d) aridge connectedo u; twice crossesxactlytwo edgesof theboundaryof U,.

D3 All edgesoutsideandonthe boundaryof the patchescrossat mostoneridge. If an edge crosses
the ridge more than once the topology is not modi ed if the numberof crossingis counted
modulo2 (Thatis, if thenumberof crossingss oddthe edge is processedsit were crossing
the ridge once and if the numberof crossingsis eventhe edge is processedas it were not
crossingtheridge).

D4 Atriangleof T [ ;U; doesnotcontaina wholeridge.

oo O

N N

Figure7: The only allowed con guration of

ridgesnearan umbilic: rst gure for a 1- Figure 8: A doublecrossingsimplifying to
ridge umbilic patch,secondandthird gures no crossingand three crossingssimplifying
for a3-ridgeumbilic patch. to asingleone

3.2 Genericcerti®ed algorithm

Baseduponthe previoushypothesisalgorithmCertifyRidges =~ —Fig. 9— processeseparately
umbilic regionsandtheir complement.The algorithmrequires,asa preprocessing(i)estimations
of the differentialquantitiesat verticesof the meshT and (ii)the identi cation of umbilic patches.
Thealgorithmis generian thesenseéhatit performscombinatoriablecisionsvhich areindependent
from themethodof the preprocessindyut only dependntheresultof this preprocessingrhe proof
of thefollowing theoremis givenin appendix—section8:

Theorem.1 Algorithm CertifyRidges reportsridgesin a topolagically coheent fashion,as
speci edbyde nition 1.

INRIA
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Input : A compliantmeshT.
Output : Thesetof ridgesR-? consistingof sgmentsreportedat stagegb-c).
Algorithm CertifyRidges

(a)Process€dgesoutside umbilic patches. Edgesoutsideor ontheboundaryof umbilic patchesreprocessed.
With a correctorientationandthe Mongecoefcients of its endpointspnecandecideif aridgecrosseshe
edgeaccordingio obsenation2. As the positionof the crossings not relevantfrom atopologicalpoint of
view, placeit atthemid-pointof theedge.

(b)Procesdriangles outsideumbilic patches. Trianglesoutsideumbilic patchesreprocessedThey have zero
or two edgescrossedIn thelattercasethetwo crossingsareconnectedy asegment.

(c)Processumbilic patches. On the boundaryof a patch,thereare 1 or 3 crossinggor a 1 or 3-ridgeumbilic.
Thesecrossingsareconnectedo asinglepointinsidethe patchby polygonalsimplelinesinsidethepatch.
The positionof the umbilic is not relevant from a topologicalpoint of view. For a 3-ridgeumbilic, the
polygonallinesarechosersothatthey do notcrosseachother

Figure9: Algorithm CertifyRidges

4 A Heuristic to processa triangle mesh

Assumewe are given a triangle meshT providing a piecavise-linearapproximationof S asan
inscribedmesh—thatis theverticesof T belongto S. TriangulationT mighthave beerreconstructed
from a pointcloud[AB99, ACDL0O, BCOO] or might bethe outputof a meshingalgorithmsuchas
Chew's algorithm[Che93 BOO03]. Eventhoughno informationon the surfaceunderlyingthe mesh
(if any) is known, onecandesignanalgorithmfollowing theframework of the certi ed algorithmof
section3.2. If themeshdoescomplywith hypothesiddyp. 2, thenthe outputwill be correct.As we
shallsee the heuristicalgorithmperformssatishctorily on practicalexamples.

Following this guideline, we instantiatethe genericalgorithm with two heuristic routinesto
computethe Monge coefcients, andreportumbilic patches.We alsodevelop a geometricrule to
tagridgesaselliptic or hyperbolic.

4.1 Computing the Monge coef®cientsusing polynomial ®tting

We estimatdaifferentialquantitieusingalocal polynomial tting describegndanalyzedn [CP053.
Thepolynomialusedis of degree3 or 4 dependingn the methodusedto identify ridgetypes—see
sectiord.4. Corvergencepropertiesandnumericaldegeneraciesf the polynomial tting areproved
anddiscussedh theaforementionedrticle.

RR n°5526



12 Cazals& Pouget

4.2 Detectionof umbilics and patches

We wantto detectpatchesof trianglesof T containingan umbilic. The methodcombinesa min-
imization and an index computationon the neighborhoodf eachtriangle of T. The size of the
neighborhoods the only parameteof the algorithm. This methodis a heuristicwithout guaranty
neverthelesst givessatishctionin practice(cf. section6).

Finding patchesaround triangles. Givenatrianglet, we aimatde ning acollectionof triangles
aroundit sothatthis collectionde nesatopologicaldisk onthetriangulationT . To do so,themost
naturalway consistsof usingthe successie rings of trianglesaroundt. Let us de ne the 0-ring
neighborsof atriangleasthetriangleitself. Thek-th ring neighborss de ned recursvely by adding
tothe(k 1)-thring neighborghetrianglesincidentto oneedgeof this set. However, the k-th ring
neighboramay notform atopologicaldisk asindicatedin Fig. 10.

To getaroundthis dif culty andstartingfrom the patchconsistingof thetrianglet, we iteratively
constructa patchP by the following algorithm. Eachtriangleincidentto oneor two edgesof the
boundaryof P is placedinto a priority queue—the gradebeingthe distancebetweerthe centroidof
thistriangleto thatof t. Then,patchP is enlagedwith thetrianglet°having theleastgradeprovided
P[ t°remainsa topologicaldisk. If triangletCis stitchedto the patch,its neighborsareinsertedin
thequeue—if they arenotalreadyin it. The processtopsassoonastheleastdistancdas morethan
somethreshold.

Figure10: Thethird-ring trianglesof thetrianglet do notform atopologicaldisk.

We aim atidentifying disjoint patcheof themeshT containinggenericumbilicsof index 1=2
(cf. section10). Noticethatonasmoothsurface thefunctionk,; k; is alwayspositive,andvanishes
atumbilicsonly. To usethis criterion,we de ne thevalueof k;  k, for atriangleasthearithmetic
meanof thevaluesat its vertices.Thedetectionproceedsn threesteps:

1. Computea patcharoundeachtriangle;

2. Selectthe patchof atrianglet if the functionk; k, hasits minimumatt amongstall the
trianglesof the patch;
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Topology drivenalgorithmsfor ridge extractionon meshes 13

3. Computeheindex of theprincipaldirectionsonthecontourof thepatche®f trianglesselected
in step2.

Givenatrianglet, the rst stepconsistf aggregatingthe successie ringsof trianglesaroundt
while makingsurethatarny new additionretainsa topologicaldisk. This stepis parameterizethy a
positve numberde ning the size of the patch,whichis de ned asa multiple of the greatesgrade
of the one-ringtriangles. The secondstepis straightforvard. The third steprequiresfollowing the
contourof eachpatch,orientingthe maximalprincipal directionswith the A.R. , andcomputingthe
index by addingthe angledeviationsof the correspondingnaximalprincipalvectors.Theoretically
the computationof the index of a direction eld at a point on a manifold needsthe useof a chart
[BG88, chap.7,p.260]Here,we assumehatthe projectiononthetangenplaneof thestudiedvertex
is a chart,the index is computedfor principal vectorsprojectedon this plane. We thenkeeponly
trianglepatcheswith anindex  1=2.

From a theoreticalperspectie, if the triangulatedsurfaceT is inscribedin a smoothgeneric
closedsurface thenthe sumof indicesof umbilicsequalgthe Eulercharacteristiof the surface.

The Monge coefcients of the umbilical triangle (de ned asthe arithmeticmeanof that of its
vertices)shouldbe closeto thoseof theumbilic it is identi ed to. Hencewe canusethemto decide
furtherknowledgeof theumbilic type. For example thesignof S= (b, b,)b, b;(b; bs) which
is athird orderquantityshouldalsogive theindex of the umbilic. It is likely to belessaccuratghan
our computationof step3 which usesonly secondorderquantities.Otherinvariantsof third order
decidethetype 1-ridgeor 3-ridgeandthe symmetryof ridgesat the umbilic —see[Por01, CP0O5H.

4.3 Processingedgesoutside umbilic patches

We usethe acuterule asspeci ed by de nition 3 in section2.4. Sinceumbilics areidenti ed, the
A.R.is expectedo give acorrectorientationfor edgesutsideor ontheboundaryof patchesA blue
ridge crossingr alonganedge[p; g] is detectedf b,(p)b,(g) < 0. Thepositionof r alongtheedge
canbecomputeddy linearinterpolation:

. = 1bo(@ip+ jby(P)ig 1)
Joo(a)j + jbo(P)j
We associatdo the pointr the differentialquantitiesinterpolatedasabove from the verticesp and
0. For examplethetypeelliptic or hyperbolicof r is givenby thesignof P, (r) (cf. section10).
Ridgepointsarereportedalongedgesof the triangulation,andtwo consecutie pointsde ne a
ridgesegment.

4.4 Taggingridge segments

Oncearidge sggmenthasbeenreported,one may classifyit aselliptic or hyperbolic. As recalled
in section10 —seeFig. 21 for the geometricinterpretationof ridge types,this canbe doneusing
the quantity P, de ned by Eq. (4), which involves4th order differential coefcients. If the sign
of P, agreeat both endpoints the ridge segmentis taggedaccordingly If not, the ridge segment
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is taggedas containinga turning point. In this section,we provide a geometrictaggingrule using
third orderdifferentialquantitiesonly —a procedurdik ely to be morestablethanthe oneusing4th
ordercoefcients. Notice thatridgesconnectedo umbilicsarehyperbolic,sothatour taggingrule
is mainly concernedvith ridgesoutsideumbilic patches.

Consideran edgealongwhich the signof b, changesAs illustratedin Fig. 12, the knowledge
of the principal directionsat the edgeendpointstogethemwith thelocationof theridge pointr falls
shortof providing enoughinformationto statetheridgetype.

In [OBS04 the following heuristicis used. The principal vectorsu, andu, at the endpoints
v; andv, arechosenaccordingto the A.R. . Note bjj(v) the value of b, at the vertex v andwith
the principal vectoru. The ridge crossingis taggedas elliptic if bt‘)l(vl)(ul:(v2 v;)) > 0 and
ng(vz)(uz:(v1 Vv,)) > 0. This rule takesinto accountthe principal directionsat the endpointsof
theedgebut notlocal informationon theridgeitself. This methodimplicitly assumeshatorienting
the principal directionwith a vectormaking a acuteanglewith the edgeleadsthe curvatureline
towardstheridge. As anexample therule fails at vertex v, of Fig. 11 andFig. 12(b),andvertex v;
onFig. 12(a).Suchasituationis likely to occurwhenanedgeis almostparallelto theridge.

Figure 11: Tagginga ridge point as elliptic or hyperbolic: information at edgeendpointsis not
sufcient.

As an alternatie, we proposenot to tag a ridge point but a ridge segmentproviding morege-
ometricknowledge. Considera triangle crossedoy a ridge segment[r,r,]. Theideais to usethe
directioninformationgivenby [r,r,] to distinguishbetweerthe two types—seeFig. 13. Thesign
of by, for a maximal principal vector pointing towardsthe ridge segment[r;r,] for the triangleis
de ned asthesignappearingatleastat two vertices.If this signis positive thenthereis amaximum
of k; andtheridgeis elliptic elseit is hyperbolic. Let (v;;v,;Vv;) beatriangle,r, andr, theridge
pointsontheedgedv,;v,] and[v,;Vv;]. As Sis oriented,assumev,;V,;V,) is direct. Thenthesign
of by(v,) for anorientationpointingtowardtheridge sggment|r,; r] is thatof:

sigr‘(bgl(vl)) det(u;;r, ry;n)
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Topology drivenalgorithmsfor ridge extractionon meshes 15

with u, ary of the two orientationsof d,(v;) and bgl(vl) the valueof b, at the vertex v, with the
orientationu,. Thesignof by(v,) (resp.by(v;) for anorientationpointingtowardtheridge segment
[ry;r,] isthatof: ©

sign(b2(v,)) dequy;r,  r4;n) (resp.  sign(b3(v3)) def(ug;r, 4;n))

with u, (resp.u;) ary of thetwo orientationsof d,(v,) (resp.d,(vy)).

by O v by 0 Blue lines of curvature
Vl 7/ /l ~
r r
v ~— EVR
R 2 by O by, O
@) (b)

Blue elliptic ridge
(Max of Kmax)
Figure 12: An elliptic (left), and an hyper
bolic (right) ridge crossinganedgeof thetri-

angulationT

Figure 13: Determiningthe type of a ridge
segmentusingthird orderproperties

5 Filtering sharp ridgesand crestlines

For realworld applicationsdealingwith coarsemeshespr meshedeaturingdegenerateegionsor
sharpfeaturespnecannotexpecta con guration of umbilics andridgesmatchingthatof a smooth
genericsurface.For example,if the principal curvaturesareconstant—whichis thecaseon aplane
or a cylinder, thenall pointsareridge points. In this context, an appealingnotionis that of sharp
ridge or prominentridge. Sinceridgesarewitnessedy zerocrossingsf b, andb;, onecanexpect
erroneousletectionaslongasthesecoefcients remainsmall. In orderto selecthemostprominent
ridge points,we canfocuson pointswherethe variationof the curvatureis fastalongthe curvature
line. As recalledin appendix-Eq. (4):

Obsewvation. 3 Ataridge point,thesecondlerivativeofk,; alongits curvatueline satis esk(i%O) =
Pi=(k; k).

Using the previous obsenation, one cande ne the sharpnesof a ridge asthe integral of the
absolutevalueof P,=(k; k,) alongtheridge. As the secondderivative of the curvatureis homo-
geneougo the inverseof the cubeof a length,the sharpnesss homogeneouto the inverseof the
squareof alength. Multiplying the sharpnesby the squareof the modelsizegivesa thresholdand
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anassociategdharpness- ltewhich arescaleindependentlt shouldbenoticedthis lter is different
from the strengthof a ridge sggmentasde ned in [OBS04, which is the integral of the curvature
alongtheline.

As analternatve to ridges,someapplicationfocusontheso-calledcrest-linedPAT00Q]. A crest
line is an elliptic ridge which is a maximumof max(jk,j;jk,j), andonemay seetheselines asthe
visually mostsalientcurveson a surface. (Notice thattheselines do not crosseachotherandavoid
umbilics.) Filtering ridge pointsusingobsenation3 retainsmoreinformationthanfocusingon crest
linessincehyperbolicridgesmight be sharpalso.

6 Illustration

In this sectionwe illustratethe algorithmdevelopedin sectiond. We assumehe surfaceis givenin
discretizedorm asamesh.

Smooth surfaces. The experimentalsetupfacestwo dif culties. First, nding compactgeneric
C* surfacesof complex geometryandtopologyis a challengingtaskby itself. On onehand,sub-
division surfacesdo not exhibit suchsmoothnesgroperties.On the otherhand,algebraicsurfaces
often exhibit symmetriesand or singularities. A promisingclassof suchsurfacesmight be the
manifold-base@onstructiordevelopedby Ying etal. [YZ04]. We shallreportexperimentonthese
surfacesuponavailability of their code.Secondgivensuchasurface the patternamadeby umbilics
andridgesare usuallyunknavn —the only completedescriptionsve areaware of canbe foundin

[Por01. Consequentlywe illustrate the algorithmon two surfaceswhoseridgesare known (the
standarckllipsoid, anda Bezierpatchwhoseridgesarecerti ed by algebraicmethoddCFPRO05]),
andon the blendof two ellipsoids. The discretizationof the Bezierpatchis achieved by a regular
triangulargrid onthe parametespacelmplicit surfacesaremeshedvith thealgorithmdescribedn

Boissonnattal. [BOO0J].

The rst testsurfaceis the ellipsoid of Fig.1, wherethe algorithmreportsperfectly the well-
known patternsof umbilicsandridges.
Thesecondestsurface,Figurels, is atriangulatedBeziersurfacewhosecontrolpointsare

1
[0;0;0] [1=4;0;0] [2=4;0;0] [3=4;0;0] [4=4;0;0]
[0;1=4;0] [1=4;1=4;1] [2=4;1=4; 1] [3=4;1=4; 1] [4=4;1=4;0]
[0;2=4;0] [1=4;2=4; 1] [2=4;2=4;1] [3=4;2=4;1] [4=4;2=4;(]
0;3=4;0] [1=4;3=4;1] [2=4;3=4; 1] [3=4;3=4;1] [4=4;3=4;0]
[0;4=4;0] [1=4,;4=4;0] [2=4;4=4,0] [3=4;4=4;0] [4=4;4=4;(]
Alternatively, this surface can be expressedas the graphof the degree4 polynomial h(u;v) for
(u;v) 2 [0;1]%:
h(u;v) =116u* 2003+ 108V 24utv 312084+ 59232 360u%v2 + 80ulv+ 25202 504UV
+ 324022 Tu’v 56UV + 1120 72uv2+ 16uv
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Topology drivenalgorithmsfor ridge extractionon meshes 17

Thewholecon gurationof ridgesandumbilicsmatcheghe correcttopologycomputedandcerti ed
in [CFPROY. Zoom views, Figure 16, allow oneto follow ridgesin the neighborhoodf 3-ridge
umbilics. Turning pointsanddifferentridge typescanalsobe obsened.

Thethird testsurfaceis a blendbetweentwo ellipsoidsdisplayedon Fig.17andde ned by the
following equation:

2

X y2 2 _(x 0252 (y 01?2 (z 01?2
0122 02z osm V) M 0o T om oz Y

Theumbilic detectioralgorithmgivesgoodresultsfor asizeof thepatcharoundavertex 2 or 3times
thesizeof its 1-ring. Indeed thegreaterthe patch the fewer the numberof pointscollectedwith the
minimizationstep.More importantly the boundaryof large patchesarenottoo closefrom umbilics,
which asexplainedin section2.4 favors a correctorientationwith the A.R. outsidepatches.As an
exampleon this surface,14 pointsaredetectedy the minimizationalgorithm—usinga patchsize
3 timesthe 1-ring size, while six umbilics of index + 1=2 andtwo of index 1=2 arereportedby
theindex computation Notice thatthis complieswith the EulercharacteristicOn this model,apart
from isolatedridge segmentsof erroneougype, theridgesreportedook corvincing but we cannot
claimtheresultis correctsincethe con gurationsof ridgesfor this surfaceis unknown.
Thewholeproces®f suchmeshe®f lessthan100kverticestakesafew second®na2GHzPC.

1 exp( O:7(

Coarsemeshes. Figure 18 featuresa coarsemeshof a mechanicapartwith rst all crestslines,
secondcrestlines ltered with their strengthandthird Itered with their sharpnessThis example
is especiallyinterestingsinceit featuresat andcylindrical regions. Eachpoint on suchregion has
constanthuscritical principal curvaturesandis thereforearidge point. Thewhole con guration of

crestsis very noisy. The strength- lteredcrestlines[OBS04] avoid the planarregionsbut remains
in cylindrical ones.The sharpness- Itediscardshesespuriouselementsn cylindrical regionstoo,

and retainsonly the crestsappearingon salientfeaturesof the model. This examplealso calls
for a commenton methodsaiming at reportingridges after having performedan interpolation/

approximatiorof themodel.Again, if themodelfeaturesat or cylindrical regions,suchalgorithms
reportmary insigni cant ridges—that would also have to be ltered. The whole processof this

meshtakesabout10 second®na2GHzPC.

Figure 19 featuresthe David model (380k pts) processedn 2 minutes. The sharpnesdter is
used but thestrengthlter givessimilarresultsonthis modelmoregenerichanthemechanicabne.
Noticethatour runningtime improvestheresultsof [OBS04]of atleastoneorderof magnitudeand
thattheresultis quite similar evenfor asmallermodel.

7 Conclusion

Givena meshdiscretizinga smoothsurface,this paperpresentghe rst certi ed algorithmfor ex-
tractingtheridgesof the smoothsurfacefrom the discretization The algorithmexploits the patterns
madeby ridgesandumbilics on genericsurfacesanddissociateshe processingrearumbilics and
ontherestof the surface. The algorithmis genericsincethe calculationof extremality coefcients
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18 Cazals& Pouget

andthe separatiorof umbilics are deferredto routinesthat may dependfrom the type of smooth
surfacediscretizedoy themesh.

For meshesapproximatingsmoothsurfaces—without accesdo ary analyticalinformationon
the surface, we provide heuristics. We also presenta geometricrule to tag ridgesas elliptic or
hyperbolic—which hasthe advantageof usingthird orderpropertiesonly, anda Itering procedure
retainingthe moststableridges. For meshedliscretizingsmoothsurfacewhoseridgesareknown,
experimentsshav thatour heuristicalgorithmrecoversthe correcttopologyof ridgesandumbilics.
For meshegzomputedrom scansby a surfacereconstructioralgorithm,experimentsshow thatour
algorithmrecoverstheridgesof state-of-the-arinethodswhile improving runningtimesof atleast
oneorderof magnitudeandproviding amoreefcient Itering method.

8 Proof

Proofof Thm. 1:

Proof. Simulationof genericityhypothesis.If S1is not satis ed, a ridge goesthrougha vertex v,
of T andthenb,(v,) = 0. To avoid the descriptionof this particularcaseanda speci ¢ processing,
onegivesto b, anarbitraryvaluee > 0 with e < minfj by(v)j; v vertex of V; by(v) 6 0g. Thisjust
shifts the ridge slightly away from the vertex v, without ary modi cation of the topology If S2
is not satis ed, a ridge crossesan edgeat a point p and stayson the sameside of this edgein a
neighborhooaf p. Sinceonly thevaluesof b, atendpointsof the edgearechecled,the processing
ignoressucha crossing. Hencethe processings equialentto slightly shift the ridge away from
the edgewithout ary modi cation of the topology In otherwords,a non-transerseintersections
processeasif therewasno intersectioratall.

Topology outsideumbilic patches. First, for edgesoutsideandon the boundaryof umbilic patches,
dueto hypothesisS1, S2 and D3, obsenation 2 givesthe numberof ridge crossingsmodulo 2.
Moreover, from a topological point of view, hypothesiD3 allows oneto assumehat an edgeis
crossedat mostonceby at mostoneridge. Oncethesecrossingsare detectedpne processeshe
trianglesoutsidepatchesSecondputsidepatcheshereis no umbilic, this meanghataridge cannot
endinsidea triangle. Hencea triangle hasO or 2 ridge crossings.If any thenthe sameridge is
crossingthetriangleandit is correctto represenit topologicallyby a sgmentconnectinghe mid-
pointsof two crossecedges.A closedridge is not includedneitherin a triangle (D4) nor a patch
(D2a) anddo not crossthe boundaryof ary patch(D2b). Any closedridge is thuscrossingsome
edgeoutsidepatcheandhencds completelyreportedat this stageof thedetection All openridges
arealsodetectedut not completelyreported.Indeedumbilic patchesaredisjoint (D1) andanopen
ridgecrossesheboundaryof thepatch(es)t is connectedo (D2c-d). Henceary openridgecrosses
atleastoneedgeoutsidepatchesandtwo edgeson the patch(es)t is connectedo. Any openridge
is thuswitnessedy at leasttwo ridge sggmentsoutsidepatches.

Topology insideumbilic patches. Third, onehasto connectopenridgesinside patches Hypothesis
D2 impliesthatthe boundaryof a patchhaseitheroneedgewith oneridge crossingor threesuch
edges. This distinguishegpatchescontaininga 1-ridge umbilic or a 3-ridge umbilic. If the patch
containsa 1-ridgeumbilic, the openridge connectedo this umbilic crossthe only edgewith aridge
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crossingof theboundaryof thepatch(hypothesi€2c). It is thuscorrectto representt topologically
by a simplepolygonalline connectinghe mid-point of the edgeto someinterior point standingfor
theumbilic. If the patchcontainsa 3-ridgeumbilic, the openridgesconnectedo this umbilic must
crosstheboundaryof thepatch(D2c-d)andit canonly happeratthethreecrossingsletectednthe
boundary It is thuscorrectto representhe ridge topologyin this patchby threedisjoint polygonal
simplelines connectinghe mid-pointsof the edgesto a single point inside the patchstandingfor
theumbilic.

Finally, noteR-? the setof all polygonallinesde ned insideandoutsidepatches The pull-back
of ary ridge of R is reportedon T by a simplepolygonalcurve of R2. ThesetR® is isotopicto the
pull-backof RE.

9 lllustrations
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Figurel4: Plot of the degree4 Beziersurface
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Figure 15: Ridgesandumbilics on a triangulatedmodel of the Bezier surface (60k points), view
from above

Figurel6: Zoomview ontwo 3-ridgeumbilics
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Figure17: Ridgesandumbilicsontheimplicit blendingof two ellipsoids(40k points)
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Figure18: Mechanicapart(37k pts): (a) All crestlines, (b) crestsltered with the strengthand(c)
crestsltered with thesharpnessNoticethatarny pointona at or cylindrical partliesontwo ridges,
sothatthe noiseobsenedonthetop two Figs. is unavoidable. It is however easily Itered outwith

thesharpnessnthe bottom gure.
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Figure19: Filteredcrestlineson a 380k ptsmodel

10 Appendix: A primer onridges

We considera smoothsurfaceS, oriented,compactand without boundary embeddedn the Eu-
clideanspaceE® equippedwith the orientationof its world coordinatesystem—referredto asthe
directorientationin thesequel.

First, recall that at eachpoint of the surfacewhich is not an umbilic, therearetwo orthogonal
principal directionsd;, d, andtwo associategrincipal curvaturesk; andk,. Theseprincipal di-
rectionsde ne two line or direction elds on S, oneeverywhereorthogonalto the other—so that
it is sufcient to studyonly one of these. Eachprincipal direction eld de neslinesof curvature
which areintegral curvesof the correspondingprincipal eld, andthesetof all theselinesde nes
the principalfoliation. Following standardusage we shall alwayssort principal curvatures thatis
wewill alwaysassumek;  k,. Moreover, objectsrelatedto thelarger(smaller)principal curvature
arepaintedn blue(red). For example we shallspeakof abluecurvatureline or of thebluefoliation.
Eventually notethatif the globalorientationof the surfaceis changedhencurvatureschangesigns,
hencethecolorsblueandredareswapped.

At apointof Swhichis notanumbilic, thenonorientedprincipaldirectionsd,, d, togethemwith
the normalvectorn de ne two directorthonormafframes.|f v, is a unit vectorof directiond, (we
callit amaximalprincipalvector)thenthereexistsaunigueunit minimal principalvectorv, sothat
(vy;v,;n) is direct, andthe otherpossibleframeis ( v;; v,;n). (directmustbe understoodvith
referencewith the direct orientationof the world coordinatesystemmentionedabore.) In sucha
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coordinatesystem S canbelocally describecasa Mongeform:
z= %(klx2+ koy?) + é(box3+ 3b, X%y + 3b,xy? + byy?) )
+ 2i4 (cox*+ 4cCy+ B XY + Acoxy+ ¢ yf) + 1o ©)

Moreover, it shouldbe noticedthat switchingfrom one of the two coordinatesystemsgo the other
revertsthe signof all theodd coefcients onthe Mongeform of the surface.

Having recalledthe fundamentainotionsrelatedto principal curvatures,let us get to ridges.
De ning ridgespreciselyis a seriousende&or requiringtechnicalnotionsfrom contacttheoryand
singularitytheory andwe refer the readerto standardextbooks[Por01 HGY* 99, aswell asto
[CPO5H for anoverview. A blue (red)ridge point of a smoothsurfaceis a non-umbilicpoint p on
the surfacesuchthat, alongthe blue (red) curvatureline going through p, the blue (red) principal
curvaturehasan extremumat p. Blue (red) ridge pointsde ne curveson S calledridge curvesor
ridgesfor short. Intuitively, the essencef ridge pointsis bestcapturedby looking at the Taylor
expansionof a principal curvaturealongits correspondingine of curvature.Takingthe exampleof
theblue principal curvature this Taylor expansionis givenby [HGY * 99:

ky(X) = K, + box+ LS T Y ; P, =307+ (k; k)(c, 3K)): (4)
2(k; k)
A blueridgepointis characterizedy b, = 0, but asillustratedon Fig. 20, thesignof b, depend®n
the orientationof the curvatureline. Moreover, thevalueof P, determineshetype of aridge point:
if P, < 0 (P, > 0) theridge pointis calledelliptic (hyperbolic).In betweersuchregions,one nds
isolatedpointscalledturning pointscharacterizedy P, = 0. FromEqg. 4 —andits dualfor k,, it is
alsoeasilyseenthatanelliptic ridge point correspondso eithera maximumof k; or a minimum of
k,. Similarly, anhyperbolicridge point corresponds$o a minimumof k; or amaximumof k,. The
correspondingieometricinterpretatiorwhenmoving alonga curvatureline andcrossingthe ridge
is recalledon Fig. 21.
To summarizea ridge pointis distinguishedby its color andits type. Whendisplayingridge
curves,we shalladoptthefollowing corventions:

* blueelliptic (hyperbolic)ridge curvesarepaintedin blue (green),
« redelliptic (hyperbolic)ridgescurvesarepaintedin red (yellow).

At last,ridge curvesdisplayedn blackrefereitherto redor blueridges.

Umbilic pointscanbe consideredasridge pointssincethey arein the closureof ridge curves.
But from atopologicalstandpointexcludingumbilics,aridge curve is a submanifoldof Sandone
candistinguishthetwo cases:

De nition. 4 A ridge curveis called openif it is homeomorphido the real line, andit is called
closedif it is homeomorphito a circle.
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An openridge hasoneor two pointsin its frontier which areumbilics. Hencean openridge curve
“connects”two umbilicsor twice the sameone.
To nish upthisreview, let usrecallthefollowing genericproperties:

* aridge curve containsan even numberof turning points at which the ridge changefrom
elliptic to hyperbolic.

« Nearanumbilic, openridge curvesconnectedo this umbilic arehyperbolic.
» Thecon guration of ridgesof the samecolor atumbilicsarethefollowing:

— eitheronly 1 openridge curve is connectedo the umbilic which is calleda 1-ridge
umbilic;

— or 3 differentopenridgesare connectedat one endto the umbilic or, 1 openridge is
connectedtbothendsandanothemopenridgeis connecteditoneendto theumbilic (cf.
Fig. 22). This umbilic is calleda 3-ridgeumbilic.

 Ridgesof the samecolor do not cross.Two ridgesof differentcolorsmay crossata so-called
purple point

» Theindex of anumbilic describesheway thelinesof curvatureturn aroundthe umbilic. The
index of adirection eld atapointis (1=2p) 02p q(r)dr, whereq(r) is theanglebetweerthe
directionof the eld andsome x eddirection,andtheintegral is taken over a small counter
clockwisecircuit aroundthe point. For genericumbilicsthisindex is  1=2, this impliesthat
thedirection eld is notorientableon a neighborhoof suchpoints.

Thesenotionsareillustratedon the famousexampleof theellipsoidon Figs. 1 and2.

Figure21: Classi cationof ablueridgeaselliptic

Figure20: Variationof the b, coefcient and (maxof ki, left), andhyperbolic(min of k,, right)
turning pointof aridge from the signchangeof b,
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Figure22: Two case®f 3-ridgeumbilics: rst with 3 differentridges,secondvith 2 differentridges
connectedo it. Pointsareumbilics,linesareridgesof the samecolor.
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