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Abstract: Givena smoothsurface,a ridge is a curve alongwhich oneof theprincipalcurvatures
hasan extremumalong its curvatureline. Ridgesarecurvesof extremalcurvatureand therefore
encodeimportantinformationsusedin segmentation,registration,matchingandsurfaceanalysis.
Surprisingly, no methoddevelopedso far to report ridgesfrom a meshapproximatinga smooth
surfacecomeswith a carefulanalysis,which entailsthatonedoesnot know whethertheridgesare
reportedin acoherentfashion.To bridgethis gap,wemake thefollowing contributions.

First, we presenta carefulanalysisof the orientationissuesarisingwhenonewishesto report
the ridgesassociatedto the two principal curvaturesseparately. The analysishighlightsthe subtle
interplaybetweenridges,umbilics, andcurvaturelines. Second,given a triangulationT approxi-
matinga smoothgenericsurfaceS, we presentsuf�cient conditionson T togetherwith a certi�ed
algorithmreportingridgesin a topologicallycoherentfashion.Third, we developa heuristicalgo-
rithm to processa meshwhenno informationon an underlyingsmoothsurfaceis known. Fourth,
for coarsemodels,weprovidea �ltering mechanismretainingthemoststableridgesonly. Fifth, we
presentexperimentalresultsof theheuristicalgorithmfor smoothsurfacesaswell ascoarsemodels.
Our runningtimesimproveof at leastoneorderof magnitudestate-of-the-artmethods.

The commonpoint of thesecontributions is to exploit the topologicalpatternsof ridgeson
smoothgenericsurfaces.Thesecontributionsalsopave theway to the �rst certi�ed algorithmfor
ridgeextractiononpolynomialparametricsurfaces,developedin acompanionpaper.

Key-words: Ridges,Umbilics,Meshes,SampledSmoothSurfaces,Crestlines.



Algorithmes guidéspar la topologiepour la détectionde lignes
d'extrêmesdecourbure sur un maillage

R�sum� : Étantdonn�e unesurfacelisse,un "ridge" estunecourbele long de laquelleunedes
courburesprincipalesa un extremumen suivant sa ligne de courbure. Les ridgessontdeslignes
d'extrêmesdecourbureet donccodentdesinformationsimportantesutilis�es ensegmentation,re-
calage,comparaisonetanalysedesurfaces.N�anmoins,aucunem�thodecalculantlesridgesàpartir
d'un maillageapprochantunesurfacelisseneproposeuneanalysed�taill�e, detelle sortequ'il est
impossibledesavoir si lesridgessontcalcul�s defaçoncoh�rente.Cetarticlecomblecettelacune
aveclescontributionssuivantes.

Premièrement,nous pr�sentonsune analysepr�cise des problèmesd'orientation intervenant
lors de la d�tection desridgesassoci�saux deuxcourburesprincipaless�par�ment. Cetteanalyse
souligneles interactionssubtilesentreridges,ombilicset lignesdecourbure. Deuxièmement,�tant
donn�eunetriangulationT approchantunesurfacelisseg�n�rique S, nousdonnonsdesconditions
suf�santessurT, ainsiqu'un algorithmecerti�� calculantlesridgesavecunetopologiecoh�rente.
Troisièmement,nousd�velopponsunalgorithmeheuristiquepourunmaillagedansle casoùaucune
informationsurla surfacesous-jacenten'estconnue.Quatrièmement,pourdesmaillagesgrossiers,
nousfournissonsunm�canismede�ltrage pourle calculdescourbeslesplussaillantes.Cinquièm-
ement,nouspr�sentonsdesr�sultatsdel'algorithmeheuristiquepourdessurfaceslissesdiscr�tis�es
ainsi quepour desmaillagesgrossiers.Nos tempsde calculsam�liorent d'au moinsun ordrede
grandeurceuxdesm�thodes�tat del'art.

Le point commundecescontributionsestd'exploiter lesmotifs topologiquesdesridgessur les
surfacesg�n�riques. Cescontributionsouvrent�galementla voieversle premieralgorithmecerti��
pour l'extractiondesridgessur unesurfacepolynomialeparam�tr�e qui estl'objet nosrecherches
actuelles.

Mots-cl�s : Extrêmesdecourbure,Ombilics,Maillages,SurfacesLissesEchantillonn�es,Lignes
Saillantes.



Topologydrivenalgorithmsfor ridgeextractiononmeshes 3

1 Intr oduction

1.1 Ridgesof a smoothsurface

Differentialpropertiesof surfacesembeddedin R3 areafascinatingtopicperse,andhavelongbeen
of interestfor artistsandmathematicians,asillustratedby theparaboliclinesdrawn by Felix Klein
on theApollo of Belvedere[HCV52], andalsoby thedevelopmentsreportedin [Koe90]. Beyond
thesenobleconsiderations,therecentdevelopmentof laserrangescannersandmedicalimagesshed
light on the importanceof beingableto analyzediscretedatasetsconsistingof pointscloudsin 3D
or medicalimages—gridsof 3D voxels.Whenever thedatasetsprocessedmodelpiecewisesmooth
surfaces,a precisedescriptionof themodelsnaturallycalls for differentialproperties.In particular,
applicationssuchasshapematching[HGY+ 99], surfaceanalysis[HGY+ 99], or registration[TG95,
PAT00] requirethecharacterizationof highorderpropertiesandin particularthecharacterizationof
curvesof extremalcurvatures,whicharepreciselytheso-calledridges.

A ridgeconsistsof thepointswhereoneof theprincipalcurvatureshasanextremumalongits
curvatureline. Sinceeachpoint which is not an umbilic hastwo differentprincipal curvatures,a
point potentiallybelongsto two differentridges.Denotingk1 andk2 theprincipalcurvatures—we
shallalwaysassumethatk1 � k2, a ridgeis calledblue(red)if k1 (k2) hasanextremum.Moreover,
a ridge is calledelliptic if it correspondsto a maximumof k1 or a minimum of k2, and is called
hyperbolicotherwise.Ridgeswitnessextremaof principalcurvaturesandtheir de�nition involves
derivativesof curvatures,whencethird order differential quantities. Moreover, the classi�cation
of ridgesaselliptic or hyperbolicinvolvesfourth orderdifferentialquantities,so that the precise
de�nition of ridgesrequiresC4 differentiablesurfaces.Therefore,thecalculationof ridgesfrom a
meshapproximatingasmoothsurfaceposesdif�cult problems,whichareof threekinds.

Numerical dif�culties. It is well known thatparaboliccurvesof a smoothsurfacecorrespondto
pointswheretheGausscurvaturevanishes.Similarly, ridgesarewitnessedby thezerocrossingsof
theso-calledextremalitycoef�cients, denotedb0 (b3) for blue(red)ridges,whicharethederivatives
of theprincipalcurvaturesalongtheir respective curvaturelines. Algorithmsreportingridgesneed
to estimateb0 andb3. Estimatingthesecoef�cients dependson theparticulartypeof surfacepro-
cessed—implicitly de�ned, parameterized,discretizedby a mesh—andis numericallya dif�cult
task. Notice though,that the estimationof thesequantitiesis independentfrom the combinatorial
processingof ridges.

Orientation dif�culties. Sincecoef�cients b0 andb3 arederivativesof principalcurvatures,they
arethird-ordercoef�cients in the Mongeform of the surface—the Mongeform is the Taylor ex-
pansionof thesurfaceexpressedasaheightfunctionin theparticularframede�ned by theprincipal
directions.But like all oddtermof theMongeform, their signdependsupontheorientationof the
principal frameused.Trackingthesign changeof functionswhosesign dependson theparticular
orientationof theframein which they areexpressedposesa problem.In particular, trackinga zero-
crossingof b0 or b3 alonga line-segmentimposesto �nd acoherentorientationof theprincipalframe
atthesegmentendpoints.Giventwo principalvectorsat thesegmentendpoints,onewayto �nd such
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4 Cazals& Pouget

anorientationconsistsof orientingthedirectionssothatthey makeanacuteangle,whencethename
of AcuteRuleor A.R. for short.TheA.R. is implicitly usedin [Mor90, Mor96, TG95, OBS04], but
surprisingly, noneof thesepapersaddressesthequestionof specifyingconditionsguaranteeingthe
decisionsmadearecorrect. As we shall see,suchanalysishighlightsthe interplaybetweenfolia-
tions,ridgesandumbilics. (A principalfoliation is thecollectionof linesof curvatureassociatedto
eitherprincipalcurvature.)

Topological dif�culties. The last dif�culty is of topologicalnatureandstemsfrom the complex
patternsmadeon genericsurfacesby ridgesandumbilics. As an illustration, considera generic
closedsurfaceof genuszero—a topologicalsphere.Eachsuchsurfacehasat leastfour umbilics,
eachbeingtraversedby eitheroneor threeridges.(For preciserelationshipbetweenridgesandum-
bilics, thereaderis referredto [Por01, CP05b] aswell asto section10.) Reportingridgestherefore
requiresreportingandclassifyingumbilics, an issuenot addressed,to the bestof our knowledge,
by any papertacklingtheissueof reportingridges.This issueis illustratedin Figs. 1 and2 for the
particularcaseof theellipsoid.

Anotherdif�culty of topologicalnatureis theinterferenceof redandblueridgesat theso-called
purplepoints.Giventhateachpointof asmoothsurface(whichis notanumbilic) potentiallybelongs
to two differentridges—onefor eachprincipalcurvature,ridgesnearpurplepointsmustbehandled
with care.Thisdif�culty requiresagainanorientationproceduresuchastheA.R. alreadymentioned.

Figure 1: Umbilics, ridges, and principal
bluefoliation on theellipsoid(10kpoints)

Figure2: Schematicview of theumbilicsand
theridges.Max of k1: blue;Min of k1: green;
Min of k2: red;Max of k2: yellow

1.2 Previouswork

To the bestof our knowledge,the only algorithm taking into accountthe topology of ridgesat
umbilicsis describedby Morris [Mor90, Mor96]. Thismethodappliesto parameterizedsurfacesand

INRIA



Topologydrivenalgorithmsfor ridgeextractiononmeshes 5

usesheuristicsto orientedgesandreportumbilics,so thatno guaranteeis provided. For algebraic
surfaces,Bogaevski et al. [BLBK03] usea formal computationto determinethe equationof a
surfacewhoseintersectionwith theoriginal surfacegivestheridges.For implicit surfaces,Thirion
[Thi96] appliesa marchingline algorithmto the Gaussianextremality. However, the behavior of
thealgorithmnearumbilics is not speci�ed,andtheGaussianextremalityEg = b0b3 usedto avoid
orientingwith theacuteruledisconnectsredandblueridgesat their intersections—4(c).

All othermethodsdo not addresstheproblemof topology, but focuson identifying a subsetof
the ridgesand �ltering methods. The connectionbetweenthe medialaxis andridgesis usedby
M.Hisadaet al. [HBK02]. (Notice thoughthat theprojectionof themedialaxis boundarymisses
all hyperbolicridges,andmay alsomisselliptic ones.) The connectionwith the focal surfacesis
consideredin [WB01] and[LA98]. Methodsusingonly theestimationof curvatureson meshesare
derivedby Ohtakeetal [OB01] or Stylianouetal [SF00]. Ohtakeetal. [OBS04] useimplicit surface
�tting of a meshto extractridge-valley lines.Thecurvaturetensorandthederivativesof curvatures
of a meshvertex arede�ned astheanalyticallycomputedvaluesof theprojectionof thevertex on
the�tted surface.

Finally, we mentionin passingthe forthcomingcontribution [CFPR05],which, basedon al-
gebraicgeometry, allows oneto certify the topologyof umbilics, paraboliccurves,andridgeson
polynomialparametricsurfaces.

1.3 Contributions and paper overview

Following thepreviousdiscussion,givenameshT providing anapproximationof asmoothcompact
orientedgenericsurfaceS, we aim at usingT soasto reporttheridgesof S. (We implicitly assume
SandT areisotopic[ACDL00, APR03,CCS04].)We makethefollowing contributions.

In section2, we specifythetopologicaldif�culties arisingwhenreportingridges,andintroduce
theAcuteRule. In section3, wede�ne complianttriangulationsamenableto a faithful extractionof
ridges,anddevelopacerti�ed algorithm.Thealgorithmis genericsincetwo routinesareassumedto
computetheMongecoef�cients of thesurfaceatany point,andto reportumbilic patches.In section
4, wedevelopaheuristicalgorithmto processameshwhennoinformationonanunderlyingsmooth
surfaceis known. In section5, wedevelopof �ltering mechanismto reportthemoststableridgesof
acoarsemesh.Finally, experimentalresultsareprovidedin section6.

2 Ridge topologyand orientation issues

In this section,we introduceformally theproblemaddressed.Readersnot familiar with ridgesare
referredto section10aswell asto [HGY+ 99]. Thesetof ridgesis composedof simplecurveseither
closedand free of umbilic called closedridges, or opencurvesconnectingumbilics calledopen
ridges. Hencereportingridgesmeansreportingumbilics and theseridge curveswith the correct
connectivity. As our aim is to reportblueandredridgesseparately, we focuson thesetRb

S of blue
ridgesof S.

RR n° 5526



6 Cazals& Pouget

2.1 Problemaddressed

Assumewearegivena trianglemeshT andanhomeomorphismF from T to S. As indicatedin Fig.
3, we aim at reportingthepull-back of thesetRb

S of ridgesof SontoT. More precisely, we aim at
reportinga setRb

T of polygonalcurvesonT correspondingto this pull-back.Givensucha polyline,
eachpair of consecutive pointsis calleda ridge segment. Let usconsideron S(T) theridgesetRb

S
(Rb

T), togetherwith thetopologyinducedby R3.

De�nition. 1 Ridgesare reporteda in topologically coherentfashionprovidedthat thesetRb
T has

thesametopologyasthesetRb
S; which meansthat thepush-forwardof Rb

T (F (Rb
T )) is isotopicto Rb

S
onS, or equivalentlythepull-backof Rb

S (F � 1(Rb
S)) is isotopicto Rb

T onT.

As suggestedby thepreviousde�nition, weshallusethefollowingabusesof terminology. When
sayingthat “an edgeis crossedby a ridge” or “a trianglecontainsanumbilic” we shallmean“the
push-forward of the edgeis crossedby a ridge” or “the push-forward of the trianglecontainsan
umbilic”. Equivalently, this alsomeansthat “an edgeis crossedby thepull-backof a ridge” or “a
trianglecontainsthepull-backof anumbilic”.

Before proceeding,a commentis in order. We do not considerpurple points —intersection
betweenridgesof differentcolors—becausethetopologyof theblueandredsetsof ridgesarepro-
cessedseparately. Theincentivefor ignoringpurplepointsis thatredandblueridgesareindependent
sincefunctionsb0 andb3 areso. Incidently, thisassumptionalleviatestheconstraintof reportingthe
correcttopologyof ridgesaroundpurplepoints,asdepictedin Fig. 4.

p

q

r2

t2

r1

t1

S

R

Figure3: A ridgeRonasmoothsurface,
its pull-back[r1; r2] on an inscribedtri-
angulatedsurface,and a straight ridge
segment[t1;t2] isotopicto thispull-back
in thetrianglepqs

(a) (b) (c)

Figure4: (a)Tworidgesof differentcolors(b)Blue
/ redridgesreportedindependently:the topology
of eachridge is respected,but that of the union
is not (c)Ridgesreportedsimultaneouslyby the
Gaussianextremality: ridgesaredisconnectedat
purple points. No ridge point is detectedwhen
bothredandblueridgescrossthesameedge
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Topologydrivenalgorithmsfor ridgeextractiononmeshes 7

2.2 Orientation and crossings

Considera meshT approximatingof a smoothcompactorientedgenericsurfaceS asexplainedin
theprevioussection.Themainissuetackledis to understandwhichpropertiesT musthave in order
for oneto reporttheridgesof Sfaithfully. We �rst recallthefollowing:

Observation. 1 At anypoint of a smoothorientedsurfaceSwhich is not an umbilic, orientingthe
principal directionsat a vertex is equivalentto choosinga unit maximalprincipal vector, andthere
are two such orientations. (Theminimal principal vector is thenuniquelyde�ned to be the unit
vectorsothat thebasis(maximalvector, minimalvector, normal)is direct.) Orientingtheprincipal
directionsof an edge of a triangulationT whoseendpointslie onSmeansorientingthemat its two
vertices,andthereare four possibilities.

Considernow a simplecurveC homeomorphicto theline-segment[0;1] drawn on S. If C does
not containany umbilic onecande�ne alongC two continuousunit vector�elds (oppositeof one
another)which orientthemaximumdirection�eld alongC. Oncea unit maximumvectorhasbeen
chosenatoneendpointof C, we call theorientationinducedby thecorrespondingvector�eld at the
otherendpointtheorientationby continuity. ReplacingC by thepush-forwardof anedgeyieldsthe
following:

De�nition. 2 Theorientationof theprincipal directionsof an edge is calledcorrect(erroneous)if
it coincideswith (differs from)oneof thetwoorientationsbycontinuity(of its push-forward onS).

As alreadynoticed,a blue ridgepoint is witnessedby thezerocrossingof a bivariatefunctionb0.
Moreprecisely, consideracurveorientedby continuityandcrossingtransversallyablueridge,then
thefunctionb0 alongthecurvevanishesat thecrossingpointandundergoesasignchange.Sincewe
aregivenatriangulationT of S, usinganideareminiscentfrom MarchingLinesandMarchingcubes,
it is naturalto seekthezerocrossingsof functionb0 alongtheedgesof T. But in our casehowever,
functionb0 dependsontheorientationof theprincipaldirectionsandby theaboveobservationthere
arefour possibleorientationsfor theedge.Having discussedtheseorientationissues,we�nally raise
theobservationusedto tracktheblueridgecrossingswith thesignof b0:

Observation. 2 Let C be the push-forward of an edge [p;q]. Assumethat the orientation of the
principal directionsof theedge is correct,no ridge crossingoccurs at p or q andthat at a crossing
point theridgeandthecurveC are transverse. Thenthenumberof blueridgecrossingsonC is odd
(even)iff b0(p)b0(q) < 0 (b0(p)b0(q) > 0). If moreover, there is at mostoneblueridge crossingon
C thena ridgecrossesC onlyonceiff b0(p)b0(q) < 0.

2.3 Gaussianextremality

An attemptto avoid theorientationprocedurehasbeendoneby J.P. Thirion [Thi96] with theintro-
ductionof theGaussianextremality. This functionis de�ned at non-umbilicalpointsby Eg = b0b3.
As bothb0 andb3 changesignif theorientationis changed,theGaussianextremalityremainsinde-
pendentof theorientation.A signchangeof this functionalonganedgemeansthatanoddnumber
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8 Cazals& Pouget

of ridgesis crossingtheedge,but it doesnot allow to know thecolor of theseridges. If onecould
�nd a meshso that eachedgecrossesat mostoneridge regardlessthe color, it would be possible
to recover the topologyof uncoloredridgescorrectly. Unfortunately, the existenceof a crossing
betweenredandblueridgesin atriangleimpliesthatoneof its edgeis crossedby at leasttwo ridges
(cf. Fig. 4(c)). In conclusion,theGaussianextremalitydoesnot specifythecolor of theridge,and
consequentlyis unableto preservethetopologyof ridgesnearpurplepoints.

2.4 Acute rule

Consideranedgeeof themeshT. In thecaseof adensemeshT, andwhenevertheverticesof eare
closeonS, oneexpectsthemaximalprincipaldirectionsat theverticesof e to benearlyaligned—at
leastfar from umbilics,whichmotivatesthefollowing:

De�nition. 3 (Acute Rule) Orienting an edge with the acuterule consistsof choosingmaximal
principal vectorsat thetwo verticessothat they makeanacuteanglein theambientspaceR3.

Note that this rule is well de�ned assoonasthe maximalprincipal directionsarenot at right
angle.Thedeviationof themaximalprincipaldirectionalongacurvatureline onthesurfacehastwo
componentswhich areextrinsic (thenormalcurvature)andintrinsic (thegeodesiccurvature).The
denserthe mesh,the shorterthe edgesof the triangulationandthe smallerthe extrinsic deviation.
But the situationis different for the geodesiccurvature. In particular, the geodesiccurvatureis
arbitrarilylargenearumbilicsasillustratedonFig. 6,sothattheacuteruleis likely toyield erroneous
orientationsthere.For thesereasons,in developingacerti�ed algorithm,weshallprocessdifferently
thevicinity of umbilics(theso-calledumbilicpatches) andthecomplementof thesepatches.

b0

�

p��� 0
p

q
b0

�

q ��� 0

R

Figure5: The A.R. givesa correctorienta-
tion.

b0 �

p �	� 0
p

q

b0 �

q �	
 0

R
b0 �

q ��� 0

Figure6: TheA.R. givesanerroneousorien-
tationnearanumbilic —of index 1=2 here.
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Topologydrivenalgorithmsfor ridgeextractiononmeshes 9

3 A genericcerti®ed algorithm

3.1 Compliant triangulations

An algorithmreportinga setof ridgesRb
T ;Rr

T is calledcerti�ed if the topologyof Rb
T ;Rr

T matches
that of Rb

S;Rr
S asspeci�ed by de�nition 1. We aim at de�ning complianttriangulationsful�lling

suf�cient hypothesisto have a certi�ed algorithm.Sinceblueandredridgesarehandledseparately
by the sameprocess,we focuson blue onesandunlessstateddifferently, “ridge” refersto “blue
ridge” in thesequel.

To begin with, andfollowing a well establishedtrendto keepthe descriptionof the algorithm
tractablewithout having to considerdegeneratesituations,we shall requiregenericityconditions.
Note that thesehypothesisare not restrictive in practicesincethey can be simulatedduring the
processing(cf. section8).

Hypothesis.1 (Genericity hypothesis.) Theverticesandedgesof T are assumedto meetthe fol-
lowinggenericconditions:

S1 no ridgegoesthrougha vertex of T;

S2 ridgesintersectedgestransversally.

Second,wespecifyconditionsonthedensityof thetriangulationT. To specifytheseconditions,
we considerseparatelyregionsaroundumbilicsandtheir complementon thesurface.Therationale
for doingso is that to provide guaranteeson ridgecrossings,we needcorrectorientations.But the
A.R. is usedfor orientationandasdiscussedin section2.4,it is notreliablenearumbilics.Therefore,
we apply two differentstrategiesto umbilical regionsinsidewhich orientationis not certi�ed, and
to therestof thesurfacewherea correctorientationof edgesis given.

Let us �rst discussthecaseof umbilics. First, we requireumbilic patchesto bedisjoint, which
is naturalsinceumbilicson genericsurfacesareisolated.Theorientationof edgesinsidepatchesis
not certi�ed, hencewe cannotseekcrossingsinsidea patchandhave to infer thetopologyof ridges
insidethe patchfrom the patchboundary. This subsumesthat (i)the topologyinsidea patchis as
simpleaspossible(b)onecan�nd a correctorientationfor edgeson theboundaryof thepatchand
eachsuchboundaryedgeis crossedatmostonceby a givenridge.To substantiatethesehypothesis,
recallthatgenerically, anumbilic is eithera oneridgeumbilic, or a threeridgesumbilic (cf. section
10). Also recallthatthethreetangentsto ridgesconnectedto athreeridgeumbilic aredistinct.For a
smallenoughtopologicaldiskaroundanumbilic, thecon�gurationsof ridgesexpectedaretherefore
thosedepictedin Fig. 7. This formally leadsto hypothesisD2.

Let usnow considerthecomplementof theumbilic patchesonthesurface.Since,wearedetect-
ing ridgecrossingsalongedgesby observation2, we assumeeachedgeis crossedby at mostone
ridge. We wish we couldassumethat an edgehasat mostoneridgecrossingwitnessedby a sign
changeof theextremalitycoef�cient. However, suchanassumptionis not realistic—if theridgeis
almosttangentto theedge(Fig. 8) it crossesit twice. Hencewerequireinsteadthatif onecountsthe
numberof crossingsmodulo2 on theedgethenthetopologyof this ridgeis not modi�ed. Finally,
werequirethatnowholeridgeis includedin a triangle.
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10 Cazals& Pouget

A triangulationmeetingthesehypothesisis calleda complianttriangulation.More formally, we
de�ne � ve densityhypothesis,namelyD0 for theorientationproperty, D1 andD2 for umbilics,D3
andD4 for thecomplementof umbilic patches:

Hypothesis.2 (Densityhypothesis.)

D0 TriangulationT is such thatoutsideumbilicpatches,theA.R.correctlyorientsedges.

D1 Umbilic patchesUi aredisjoint.

D2 A patchUi of anumbilicui is such that (cf. �g . 7)

(a) Ui doesnotcontaina wholeridge,
(b) ridgesnot connectedto ui donot crosstheboundaryof Ui ,
(c) a ridgeconnectedto ui onlyoncecrossesexactlyoneedgeof theboundaryof Ui ,
(d) a ridgeconnectedto ui twicecrossesexactlytwo edgesof theboundaryof Ui .

D3 All edgesoutsideandon theboundaryof thepatchescrossat mostoneridge. If anedgecrosses
the ridge more than once, the topology is not modi�ed if the numberof crossingis counted
modulo2 (That is, if thenumberof crossingsis oddtheedge is processedasit were crossing
the ridge once, and if the numberof crossingsis eventhe edge is processedas it were not
crossingtheridge).

D4 A triangleof T � [ iUi doesnot containa wholeridge.
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Figure7: Theonly allowedcon�guration of
ridgesnearan umbilic: �rst �gure for a 1-
ridgeumbilic patch,secondandthird �gures
for a3-ridgeumbilic patch.
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Figure8: A doublecrossingsimplifying to
no crossingand threecrossingssimplifying
to a singleone

3.2 Genericcerti®ed algorithm

Basedupontheprevioushypothesis,algorithmCertifyRidges —Fig. 9— processesseparately
umbilic regionsandtheir complement.The algorithmrequires,asa preprocessing,(i)estimations
of thedifferentialquantitiesat verticesof themeshT and(ii)the identi�cation of umbilic patches.
Thealgorithmis genericin thesensethatit performscombinatorialdecisionswhichareindependent
from themethodof thepreprocessing,but only dependontheresultof thispreprocessing.Theproof
of thefollowing theoremis givenin appendix—section8:

Theorem.1 Algorithm CertifyRidges reportsridges in a topologically coherent fashion,as
speci�edbyde�nition 1.
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Topologydrivenalgorithmsfor ridgeextractiononmeshes 11

Input : A compliantmeshT.

Output : Thesetof ridgesRb
T consistingof segmentsreportedat stages(b-c).

Algorithm CertifyRidges

(a)ProcessEdgesoutsideumbilic patches. Edgesoutsideor ontheboundaryof umbilic patchesareprocessed.
With acorrectorientationandtheMongecoef�cients of its endpoints,onecandecideif a ridgecrossesthe
edgeaccordingto observation2. As thepositionof thecrossingis not relevantfrom a topologicalpointof
view, placeit at themid-pointof theedge.

(b)Processtriangles outsideumbilic patches. Trianglesoutsideumbilic patchesareprocessed.They havezero
or two edgescrossed.In thelattercase,thetwo crossingsareconnectedby asegment.

(c)Processumbilic patches. On theboundaryof a patch,thereare1 or 3 crossingsfor a 1 or 3-ridgeumbilic.
Thesecrossingsareconnectedto asinglepoint insidethepatchby polygonalsimplelinesinsidethepatch.
The positionof the umbilic is not relevant from a topologicalpoint of view. For a 3-ridgeumbilic, the
polygonallinesarechosensothatthey donotcrosseachother.

Figure9: Algorithm CertifyRidges

4 A Heuristic to processa triangle mesh

Assumewe are given a triangle meshT providing a piecewise-linearapproximationof S as an
inscribedmesh—thatis theverticesof T belongto S. TriangulationT mighthavebeenreconstructed
from a point cloud[AB99, ACDL00, BC00] or might betheoutputof a meshingalgorithmsuchas
Chew's algorithm[Che93, BO03]. Eventhoughno informationon thesurfaceunderlyingthemesh
(if any) is known,onecandesignanalgorithmfollowing theframework of thecerti�ed algorithmof
section3.2. If themeshdoescomplywith hypothesisHyp. 2, thentheoutputwill becorrect.As we
shallsee,theheuristicalgorithmperformssatisfactorily onpracticalexamples.

Following this guideline,we instantiatethe genericalgorithm with two heuristic routinesto
computethe Mongecoef�cients, andreportumbilic patches.We alsodevelopa geometricrule to
tagridgesaselliptic or hyperbolic.

4.1 Computing the Mongecoef®cientsusingpolynomial ®tting

Weestimatedifferentialquantitiesusingalocalpolynomial�tting describedandanalyzedin [CP05a].
Thepolynomialusedis of degree3 or 4 dependingon themethodusedto identify ridgetypes—see
section4.4.Convergencepropertiesandnumericaldegeneraciesof thepolynomial�tting areproved
anddiscussedin theaforementionedarticle.
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12 Cazals& Pouget

4.2 Detectionof umbilics and patches

We want to detectpatchesof trianglesof T containingan umbilic. The methodcombinesa min-
imization andan index computationon the neighborhoodof eachtriangleof T. The sizeof the
neighborhoodis theonly parameterof thealgorithm. This methodis a heuristicwithout guaranty,
neverthelessit givessatisfactionin practice(cf. section6).

Finding patchesaround triangles. Givena trianglet, weaimat de�ning acollectionof triangles
aroundit sothatthis collectionde�nesa topologicaldisk on thetriangulationT. To doso,themost
naturalway consistsof using the successive rings of trianglesaroundt. Let us de�ne the 0-ring
neighborsof a triangleasthetriangleitself. Thek-th ring neighborsis de�ned recursively by adding
to the(k� 1)-th ring neighborsthetrianglesincidentto oneedgeof this set.However, thek-th ring
neighborsmaynot form a topologicaldiskasindicatedin Fig. 10.

To getaroundthisdif�culty andstartingfrom thepatchconsistingof thetrianglet, we iteratively
constructa patchP by the following algorithm. Eachtriangleincidentto oneor two edgesof the
boundaryof P is placedinto apriority queue—thegradebeingthedistancebetweenthecentroidof
this triangleto thatof t. Then,patchP is enlargedwith thetrianglet0having theleastgradeprovided
P[ t0 remainsa topologicaldisk. If trianglet0 is stitchedto thepatch,its neighborsareinsertedin
thequeue—if they arenotalreadyin it. Theprocessstopsassoonastheleastdistanceis morethan
somethreshold.

t

Figure10: Thethird-ring trianglesof thetrianglet donot form a topologicaldisk.

We aimat identifyingdisjointpatchesof themeshT containinggenericumbilicsof index � 1=2
(cf. section10). Noticethatonasmoothsurface,thefunctionk1 � k2 is alwayspositive,andvanishes
at umbilicsonly. To usethis criterion,we de�ne thevalueof k1 � k2 for a triangleasthearithmetic
meanof thevaluesat its vertices.Thedetectionproceedsin threesteps:

1. Computeapatcharoundeachtriangle;

2. Selectthe patchof a trianglet if the function k1 � k2 hasits minimum at t amongstall the
trianglesof thepatch;
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Topologydrivenalgorithmsfor ridgeextractiononmeshes 13

3. Computetheindex of theprincipaldirectionsonthecontourof thepatchesof trianglesselected
in step2.

Givena trianglet, the�rst stepconsistsof aggregatingthesuccessive ringsof trianglesaroundt
while makingsurethatany new additionretainsa topologicaldisk. This stepis parameterizedby a
positive numberde�ning thesize of thepatch,which is de�ned asa multiple of thegreatestgrade
of theone-ringtriangles.Thesecondstepis straightforward. Thethird steprequiresfollowing the
contourof eachpatch,orientingthemaximalprincipaldirectionswith theA.R. , andcomputingthe
index by addingtheangledeviationsof thecorrespondingmaximalprincipalvectors.Theoretically,
the computationof the index of a direction�eld at a point on a manifold needsthe useof a chart
[BG88, chap.7,p.260].Here,weassumethattheprojectiononthetangentplaneof thestudiedvertex
is a chart,the index is computedfor principal vectorsprojectedon this plane. We thenkeeponly
trianglepatcheswith anindex � 1=2.

From a theoreticalperspective, if the triangulatedsurfaceT is inscribedin a smoothgeneric
closedsurface,thenthesumof indicesof umbilicsequalstheEulercharacteristicof thesurface.

The Mongecoef�cients of the umbilical triangle(de�ned asthe arithmeticmeanof that of its
vertices)shouldbecloseto thoseof theumbilic it is identi�ed to. Hencewecanusethemto decide
furtherknowledgeof theumbilic type.For example,thesignof S= (b0 � b2)b2 � b1(b1 � b3) which
is a third orderquantityshouldalsogive theindex of theumbilic. It is likely to belessaccuratethan
our computationof step3 which usesonly secondorderquantities.Otherinvariantsof third order
decidethetype1-ridgeor 3-ridgeandthesymmetryof ridgesat theumbilic —see[Por01, CP05b].

4.3 Processingedgesoutsideumbilic patches

We usetheacuterule asspeci�ed by de�nition 3 in section2.4. Sinceumbilicsareidenti�ed, the
A.R. is expectedto giveacorrectorientationfor edgesoutsideor ontheboundaryof patches.A blue
ridgecrossingr alonganedge[p;q] is detectedif b0(p)b0(q) < 0. Thepositionof r alongtheedge
canbecomputedby linearinterpolation:

r =
jb0(q)jp+ jb0(p)jq
jb0(q)j + jb0(p)j

(1)

We associateto thepoint r thedifferentialquantitiesinterpolatedasabove from theverticesp and
q. For examplethetypeelliptic or hyperbolicof r is givenby thesignof P1(r) (cf. section10).

Ridgepointsarereportedalongedgesof the triangulation,andtwo consecutive pointsde�ne a
ridgesegment.

4.4 Taggingridge segments

Oncea ridgesegmenthasbeenreported,onemayclassifyit aselliptic or hyperbolic. As recalled
in section10 —seeFig. 21 for the geometricinterpretationof ridge types,this canbe doneusing
the quantityP1 de�ned by Eq. (4), which involves4th orderdifferentialcoef�cients. If the sign
of P1 agreeat both endpoints,the ridge segmentis taggedaccordingly. If not, the ridge segment

RR n° 5526



14 Cazals& Pouget

is taggedascontaininga turningpoint. In this section,we provide a geometrictaggingrule using
third orderdifferentialquantitiesonly —a procedurelikely to bemorestablethantheoneusing4th
ordercoef�cients. Noticethatridgesconnectedto umbilicsarehyperbolic,sothatour taggingrule
is mainlyconcernedwith ridgesoutsideumbilic patches.

Consideranedgealongwhich thesignof b0 changes.As illustratedin Fig. 12, theknowledge
of theprincipaldirectionsat theedgeendpointstogetherwith thelocationof theridgepoint r falls
shortof providing enoughinformationto statetheridgetype.

In [OBS04] the following heuristicis used. The principal vectorsu1 andu2 at the endpoints
v1 andv2 arechosenaccordingto the A.R. . Note bu

0(v) the valueof b0 at the vertex v andwith
the principal vector u. The ridge crossingis taggedas elliptic if bu1

0
(v1)(u1:(v2 � v1)) > 0 and

bu2
0

(v2)(u2:(v1 � v2)) > 0. This rule takesinto accounttheprincipaldirectionsat theendpointsof
theedgebut not local informationon theridgeitself. Thismethodimplicitly assumesthatorienting
the principal directionwith a vectormakinga acuteanglewith the edgeleadsthe curvatureline
towardstheridge.As anexample,therule failsat vertex v2 of Fig. 11andFig. 12(b),andvertex v1
onFig. 12(a).Sucha situationis likely to occurwhenanedgeis almostparallelto theridge.

Rv1

v2

b0
� 0

b0
� 0

Figure 11: Tagginga ridge point as elliptic or hyperbolic: information at edgeendpointsis not
suf�cient.

As an alternative, we proposenot to taga ridgepoint but a ridge segmentproviding morege-
ometricknowledge. Considera trianglecrossedby a ridge segment[r1r2]. The ideais to usethe
directioninformationgivenby [r1r2] to distinguishbetweenthetwo types—seeFig. 13. Thesign
of b0 for a maximalprincipal vectorpointing towardsthe ridge segment[r1; r2] for the triangleis
de�ned asthesignappearingat leastat two vertices.If thissignis positive thenthereis amaximum
of k1 andtheridge is elliptic elseit is hyperbolic.Let (v1;v2;v3) bea triangle,r1 andr2 the ridge
pointson theedges[v1;v2] and[v1;v3]. As Sis oriented,assume(v1;v2;v3) is direct. Thenthesign
of b0(v1) for anorientationpointingtowardtheridgesegment[r1; r2] is thatof:

sign(bu1
0

(v1)) det(u1; r2 � r1;n)
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Topologydrivenalgorithmsfor ridgeextractiononmeshes 15

with u1 any of the two orientationsof d1(v1) andbu1
0

(v1) thevalueof b0 at the vertex v1 with the
orientationu1. Thesignof b0(v2) (resp.b0(v3) for anorientationpointingtowardtheridgesegment
[r1; r2] is thatof: `

� sign(bu2
0

(v2)) det(u2; r2 � r1;n) (resp. � sign(bu3
0

(v3)) det(u3; r2 � r1;n))

with u2 (resp.u3) any of thetwo orientationsof d1(v2) (resp.d1(v3)).

R

b0
� 0

b0
� 0 R

b0
� 0

b0
� 0

v1

v2

v1

v2

r r

(a) (b)

Figure 12: An elliptic (left), and an hyper-
bolic (right) ridgecrossinganedgeof thetri-
angulationT

Blue elliptic ridge
(Max of Kmax)

Blue lines of curvature

V1

V2

V3

R1

R2

b0>0

b0>0

b0>0

Figure13: Determiningthe type of a ridge
segmentusingthird orderproperties

5 Filtering sharp ridgesand crestlines

For realworld applicationsdealingwith coarsemeshes,or meshesfeaturingdegenerateregionsor
sharpfeatures,onecannotexpecta con�gurationof umbilicsandridgesmatchingthatof a smooth
genericsurface.For example,if theprincipalcurvaturesareconstant—which is thecaseonaplane
or a cylinder, thenall pointsareridgepoints. In this context, an appealingnotion is that of sharp
ridgeor prominentridge. Sinceridgesarewitnessedby zerocrossingsof b0 andb3, onecanexpect
erroneousdetectionsaslongasthesecoef�cients remainsmall. In orderto selectthemostprominent
ridgepoints,we canfocuson pointswherethevariationof thecurvatureis fastalongthecurvature
line. As recalledin appendix–Eq.(4):

Observation. 3 Ata ridgepoint,thesecondderivativeof k1 alongits curvatureline satis�esk
00

1(0) =
P1=(k1 � k2).

Using the previous observation, onecande�ne the sharpnessof a ridge asthe integral of the
absolutevalueof P1=(k1 � k2) alongtheridge. As thesecondderivative of thecurvatureis homo-
geneousto the inverseof thecubeof a length,thesharpnessis homogeneousto the inverseof the
squareof a length.Multiplying thesharpnessby thesquareof themodelsizegivesa thresholdand
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16 Cazals& Pouget

anassociatedsharpness-�lterwhicharescaleindependent.It shouldbenoticedthis �lter is different
from thestrengthof a ridge segmentasde�ned in [OBS04], which is the integral of thecurvature
alongtheline.

As analternativeto ridges,someapplicationsfocusontheso-calledcrest-lines[PAT00]. A crest
line is an elliptic ridgewhich is a maximumof max(jk1j; jk2j), andonemay seetheselines asthe
visually mostsalientcurveson a surface.(Noticethat theselinesdo not crosseachotherandavoid
umbilics.)Filteringridgepointsusingobservation3 retainsmoreinformationthanfocusingoncrest
linessincehyperbolicridgesmightbesharpalso.

6 Illustration

In thissection,we illustratethealgorithmdevelopedin section4. We assumethesurfaceis givenin
discretizedform asa mesh.

Smooth surfaces. The experimentalsetupfacestwo dif�culties. First, �nding compactgeneric
C4 surfacesof complex geometryandtopologyis a challengingtaskby itself. On onehand,sub-
division surfacesdo not exhibit suchsmoothnessproperties.On theotherhand,algebraicsurfaces
often exhibit symmetriesand or singularities. A promisingclassof suchsurfacesmight be the
manifold-basedconstructiondevelopedby Ying etal. [YZ04]. Weshallreportexperimentsonthese
surfacesuponavailability of theircode.Second,givensuchasurface,thepatternsmadeby umbilics
andridgesareusuallyunknown —theonly completedescriptionswe areawareof canbe foundin
[Por01]. Consequently, we illustrate the algorithmon two surfaceswhoseridgesareknown (the
standardellipsoid,anda Bezierpatchwhoseridgesarecerti�ed by algebraicmethods[CFPR05]),
andon theblendof two ellipsoids. Thediscretizationof theBezierpatchis achievedby a regular
triangulargrid on theparameterspace.Implicit surfacesaremeshedwith thealgorithmdescribedin
Boissonnatetal. [BO03].

The �rst testsurfaceis the ellipsoid of Fig.1, wherethe algorithmreportsperfectly the well-
known patternsof umbilicsandridges.

Thesecondtestsurface,Figure15, is a triangulatedBeziersurfacewhosecontrolpointsare
0

B
B
B
B
@

[0;0;0] [1=4;0;0] [2=4;0;0] [3=4;0;0] [4=4;0;0]
[0;1=4;0] [1=4;1=4;1] [2=4;1=4; � 1] [3=4;1=4; � 1] [4=4;1=4;0]
[0;2=4;0] [1=4;2=4; � 1] [2=4;2=4;1] [3=4;2=4;1] [4=4;2=4;0]
[0;3=4;0] [1=4;3=4;1] [2=4;3=4; � 1] [3=4;3=4;1] [4=4;3=4;0]
[0;4=4;0] [1=4;4=4;0] [2=4;4=4;0] [3=4;4=4;0] [4=4;4=4;0]

1

C
C
C
C
A

Alternatively, this surfacecan be expressedas the graphof the degree4 polynomial h(u;v) for
(u;v) 2 [0;1]2:

h(u;v) = 116u4v4 � 200u4v3 + 108u4v2 � 24u4v� 312u3v4 + 592u3v3 � 360u3v2 + 80u3v+ 252u2v4 � 504u2v3

+ 324u2v2 � 72u2v� 56uv4+ 112uv3 � 72uv2+ 16uv
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Topologydrivenalgorithmsfor ridgeextractiononmeshes 17

Thewholecon�gurationof ridgesandumbilicsmatchesthecorrecttopologycomputedandcerti�ed
in [CFPR05]. Zoom views, Figure16, allow oneto follow ridgesin the neighborhoodof 3-ridge
umbilics.Turningpointsanddifferentridgetypescanalsobeobserved.

Thethird testsurfaceis a blendbetweentwo ellipsoidsdisplayedon Fig.17andde�ned by the
following equation:

1� exp(� 0:7(
x2

0:152 +
y2

0:252 +
z2

0:352 � 1)) � exp(� 0:7(
(x� 0:25)2

0:12 +
(y� 0:1)2

0:22 +
(z� 0:1)2

0:32 � 1)) = 0

Theumbilic detectionalgorithmgivesgoodresultsfor asizeof thepatcharoundavertex 2 or 3 times
thesizeof its 1-ring. Indeed,thegreaterthepatch,thefewer thenumberof pointscollectedwith the
minimizationstep.More importantly, theboundaryof largepatchesarenot tooclosefrom umbilics,
which asexplainedin section2.4 favorsa correctorientationwith theA.R. outsidepatches.As an
exampleon this surface,14 pointsaredetectedby theminimizationalgorithm—usinga patchsize
3 timesthe 1-ring size,while six umbilics of index + 1=2 andtwo of index � 1=2 arereportedby
theindex computation.Noticethatthis complieswith theEulercharacteristic.On this model,apart
from isolatedridgesegmentsof erroneoustype,the ridgesreportedlook convincing but we cannot
claim theresultis correctsincethecon�gurationsof ridgesfor this surfaceis unknown.

Thewholeprocessof suchmeshesof lessthan100kverticestakesafew secondsona2GHzPC.

Coarsemeshes. Figure18 featuresa coarsemeshof a mechanicalpartwith �rst all crestslines,
secondcrestlines �ltered with their strengthandthird �ltered with their sharpness.This example
is especiallyinterestingsinceit features�at andcylindrical regions.Eachpoint on suchregion has
constantthuscritical principalcurvaturesandis thereforea ridgepoint. Thewholecon�gurationof
crestsis very noisy. Thestrength-�lteredcrestlines[OBS04]avoid theplanarregionsbut remains
in cylindrical ones.Thesharpness-�lterdiscardsthesespuriouselementsin cylindrical regionstoo,
and retainsonly the crestsappearingon salient featuresof the model. This examplealso calls
for a commenton methodsaiming at reportingridgesafter having performedan interpolation/
approximationof themodel.Again,if themodelfeatures�at or cylindrical regions,suchalgorithms
reportmany insigni�cant ridges—that would alsohave to be �ltered. The whole processof this
meshtakesabout10secondsona2GHzPC.

Figure19 featurestheDavid model(380k pts) processedin 2 minutes. The sharpness�lter is
used,but thestrength�lter givessimilar resultsonthismodelmoregenericthanthemechanicalone.
Noticethatour runningtime improvestheresultsof [OBS04]of at leastoneorderof magnitudeand
thattheresultis quitesimilar evenfor asmallermodel.

7 Conclusion

Givena meshdiscretizinga smoothsurface,this paperpresentsthe �rst certi�ed algorithmfor ex-
tractingtheridgesof thesmoothsurfacefrom thediscretization.Thealgorithmexploits thepatterns
madeby ridgesandumbilicson genericsurfaces,anddissociatestheprocessingnearumbilicsand
on therestof thesurface.Thealgorithmis genericsincethecalculationof extremalitycoef�cients
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andthe separationof umbilics aredeferredto routinesthat may dependfrom the type of smooth
surfacediscretizedby themesh.

For meshesapproximatingsmoothsurfaces—without accessto any analyticalinformationon
the surface,we provide heuristics. We also presenta geometricrule to tag ridgesas elliptic or
hyperbolic—whichhastheadvantageof usingthird orderpropertiesonly, anda �ltering procedure
retainingthemoststableridges. For meshesdiscretizingsmoothsurfacewhoseridgesareknown,
experimentsshow thatour heuristicalgorithmrecoversthecorrecttopologyof ridgesandumbilics.
For meshescomputedfrom scansby a surfacereconstructionalgorithm,experimentsshow thatour
algorithmrecoverstheridgesof state-of-the-artmethods,while improving runningtimesof at least
oneorderof magnitudeandproviding amoreef�cient �ltering method.

8 Proof

Proofof Thm. 1:
Proof. Simulationof genericityhypothesis.If S1 is not satis�ed, a ridgegoesthrougha vertex v0
of T andthenb0(v0) = 0. To avoid thedescriptionof this particularcaseanda speci�c processing,
onegivesto b0 anarbitraryvaluee > 0 with e < minfj b0(v)j; v vertex of V; b0(v) 6= 0g. This just
shifts the ridge slightly away from the vertex v0 without any modi�cation of the topology. If S2
is not satis�ed, a ridge crossesan edgeat a point p andstayson the samesideof this edgein a
neighborhoodof p. Sinceonly thevaluesof b0 at endpointsof theedgearechecked,theprocessing
ignoressucha crossing. Hencethe processingis equivalentto slightly shift the ridge away from
theedgewithout any modi�cation of the topology. In otherwords,a non-transverseintersectionis
processedasif therewasno intersectionat all.

Topology outsideumbilic patches.First, for edgesoutsideandon theboundaryof umbilic patches,
due to hypothesisS1, S2 and D3, observation 2 gives the numberof ridge crossingsmodulo 2.
Moreover, from a topologicalpoint of view, hypothesisD3 allows oneto assumethat an edgeis
crossedat mostonceby at mostoneridge. Oncethesecrossingsaredetected,oneprocessesthe
trianglesoutsidepatches.Second,outsidepatchesthereis noumbilic, thismeansthataridgecannot
end insidea triangle. Hencea trianglehas0 or 2 ridge crossings.If any then the sameridge is
crossingthetriangleandit is correctto representit topologicallyby a segmentconnectingthemid-
pointsof two crossededges.A closedridge is not includedneitherin a triangle(D4) nor a patch
(D2a) anddo not crossthe boundaryof any patch(D2b). Any closedridge is thuscrossingsome
edgesoutsidepatchesandhenceis completelyreportedat thisstageof thedetection.All openridges
arealsodetectedbut not completelyreported.Indeedumbilic patchesaredisjoint (D1) andanopen
ridgecrossestheboundaryof thepatch(es)it is connectedto (D2c-d).Henceany openridgecrosses
at leastoneedgeoutsidepatchesandtwo edgeson thepatch(es)it is connectedto. Any openridge
is thuswitnessedby at leasttwo ridgesegmentsoutsidepatches.

Topology insideumbilic patches.Third, onehasto connectopenridgesinsidepatches.Hypothesis
D2 implies that theboundaryof a patchhaseitheroneedgewith oneridgecrossingor threesuch
edges.This distinguishespatchescontaininga 1-ridgeumbilic or a 3-ridgeumbilic. If the patch
containsa1-ridgeumbilic, theopenridgeconnectedto thisumbilic crosstheonly edgewith a ridge
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crossingof theboundaryof thepatch(hypothesisD2c). It is thuscorrectto representit topologically
by a simplepolygonalline connectingthemid-pointof theedgeto someinterior point standingfor
theumbilic. If thepatchcontainsa 3-ridgeumbilic, theopenridgesconnectedto this umbilic must
crosstheboundaryof thepatch(D2c-d)andit canonly happenat thethreecrossingsdetectedonthe
boundary. It is thuscorrectto representtheridgetopologyin this patchby threedisjoint polygonal
simplelines connectingthe mid-pointsof theedgesto a singlepoint insidethepatchstandingfor
theumbilic.

Finally, noteRb
T thesetof all polygonallinesde�ned insideandoutsidepatches.Thepull-back

of any ridgeof Rb
S is reportedonT by a simplepolygonalcurveof Rb

T . ThesetRb
T is isotopicto the

pull-backof Rb
S. �

9 Illustrations
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Figure14: Plot of thedegree4 Beziersurface
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Figure15: Ridgesandumbilics on a triangulatedmodelof the Beziersurface(60k points),view
from above

Figure16: Zoomview on two 3-ridgeumbilics
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Figure17: Ridgesandumbilicson theimplicit blendingof two ellipsoids(40kpoints)
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Figure18: Mechanicalpart(37k pts): (a) All crestlines,(b) crests�ltered with thestrengthand(c)
crests�ltered with thesharpness.Noticethatany pointona�at or cylindrical partliesontwo ridges,
sothatthenoiseobservedon thetop two Figs. is unavoidable.It is howevereasily�ltered out with
thesharpnesson thebottom�gure.
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Figure19: Filteredcrestlinesona 380kptsmodel

10 Appendix: A primer on ridges

We considera smoothsurfaceS, oriented,compactand without boundary, embeddedin the Eu-
clideanspaceE3 equippedwith theorientationof its world coordinatesystem—referredto asthe
directorientationin thesequel.

First, recall that at eachpoint of thesurfacewhich is not an umbilic, therearetwo orthogonal
principal directionsd1, d2 andtwo associatedprincipal curvaturesk1 andk2. Theseprincipal di-
rectionsde�ne two line or direction�elds on S, oneeverywhereorthogonalto theother—so that
it is suf�cient to studyonly oneof these.Eachprincipal direction�eld de�nes lines of curvature
which areintegral curvesof thecorrespondingprincipal �eld, andthesetof all theselinesde�nes
theprincipal foliation. Following standardusage,we shall alwayssortprincipalcurvatures,that is
wewill alwaysassumek1 � k2. Moreover, objectsrelatedto thelarger(smaller)principalcurvature
arepaintedin blue(red).For example,weshallspeakof abluecurvatureline or of thebluefoliation.
Eventually, notethatif theglobalorientationof thesurfaceis changedthencurvatureschangesigns,
hencethecolorsblueandredareswapped.

At apointof Swhich is notanumbilic, thenonorientedprincipaldirectionsd1, d2 togetherwith
thenormalvectorn de�ne two directorthonormalframes.If v1 is a unit vectorof directiond1 (we
call it amaximalprincipalvector)thenthereexistsauniqueunit minimal principalvectorv2 sothat
(v1;v2;n) is direct,andtheotherpossibleframeis (� v1; � v2;n). (directmustbe understoodwith
referencewith the direct orientationof the world coordinatesystemmentionedabove.) In sucha
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coordinatesystem,Scanbelocally describedasaMongeform:

z=
1
2

(k1x2 + k2y
2) +

1
6

(b0x3 + 3b1x
2y+ 3b2xy2 + b3y3) (2)

+
1
24

(c0x4 + 4c1x3y+ 6c2x
2y2 + 4c3xy3 + c4y4) + : : : (3)

Moreover, it shouldbenoticedthatswitchingfrom oneof the two coordinatesystemsto theother
revertsthesignof all theoddcoef�cients on theMongeform of thesurface.

Having recalledthe fundamentalnotionsrelatedto principal curvatures,let us get to ridges.
De�ning ridgespreciselyis a seriousendeavor requiringtechnicalnotionsfrom contacttheoryand
singularity theory, andwe refer the readerto standardtextbooks[Por01, HGY+ 99], aswell asto
[CP05b] for anoverview. A blue(red) ridgepoint of a smoothsurfaceis a non-umbilicpoint p on
the surfacesuchthat, alongthe blue (red) curvatureline going throughp, the blue (red) principal
curvaturehasan extremumat p. Blue (red) ridgepointsde�ne curveson S calledridgecurvesor
ridgesfor short. Intuitively, the essenceof ridge points is bestcapturedby looking at the Taylor
expansionof a principalcurvaturealongits correspondingline of curvature.Takingtheexampleof
theblueprincipalcurvature,thisTaylor expansionis givenby [HGY+ 99]:

k1(x) = k1 + b0x+
P1

2(k1 � k2)
x2 + : : : ; P1 = 3b2

1 + (k1 � k2)(c0 � 3k3
1): (4)

A blueridgepoint is characterizedby b0 = 0, but asillustratedonFig. 20,thesignof b0 dependson
theorientationof thecurvatureline. Moreover, thevalueof P1 determinesthetypeof a ridgepoint:
if P1 < 0 (P1 > 0) theridgepoint is calledelliptic (hyperbolic).In betweensuchregions,one�nds
isolatedpointscalledturningpointscharacterizedby P1 = 0. FromEq. 4 —andits dualfor k2, it is
alsoeasilyseenthatanelliptic ridgepoint correspondsto eithera maximumof k1 or a minimumof
k2. Similarly, anhyperbolicridgepoint correspondsto a minimumof k1 or a maximumof k2. The
correspondinggeometricinterpretationwhenmoving alonga curvatureline andcrossingtheridge
is recalledonFig. 21.

To summarize,a ridge point is distinguishedby its color andits type. Whendisplayingridge
curves,weshalladoptthefollowing conventions:

• blueelliptic (hyperbolic)ridgecurvesarepaintedin blue(green),

• redelliptic (hyperbolic)ridgescurvesarepaintedin red(yellow).

At last,ridgecurvesdisplayedin blackrefereitherto redor blueridges.

Umbilic pointscanbe consideredasridgepointssincethey arein theclosureof ridge curves.
But from a topologicalstandpoint,excludingumbilics,a ridgecurve is a submanifoldof Sandone
candistinguishthetwo cases:

De�nition. 4 A ridge curve is called openif it is homeomorphicto the real line, and it is called
closedif it is homeomorphicto a circle.
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An openridgehasoneor two pointsin its frontier which areumbilics. Henceanopenridgecurve
“connects”two umbilicsor twice thesameone.

To �nish up this review, let usrecallthefollowing genericproperties:

• a ridge curve containsan even numberof turning points at which the ridge changesfrom
elliptic to hyperbolic.

• Nearanumbilic, openridgecurvesconnectedto this umbilic arehyperbolic.

• Thecon�gurationof ridgesof thesamecolorat umbilicsarethefollowing:

– either only 1 openridge curve is connectedto the umbilic which is called a 1-ridge
umbilic;

– or 3 differentopenridgesareconnectedat oneendto the umbilic or, 1 openridge is
connectedatbothendsandanotheropenridgeis connectedatoneendto theumbilic (cf.
Fig. 22). This umbilic is calleda 3-ridgeumbilic.

• Ridgesof thesamecolor donot cross.Two ridgesof differentcolorsmaycrossat a so-called
purplepoint.

• Theindex of anumbilic describestheway thelinesof curvatureturnaroundtheumbilic. The
index of a direction�eld at a point is (1=2p)

R2p
0 q(r)dr, whereq(r) is theanglebetweenthe

directionof the �eld andsome�x eddirection,andtheintegral is takenover a smallcounter-
clockwisecircuit aroundthepoint. For genericumbilicsthis index is � 1=2, this impliesthat
thedirection�eld is notorientableona neighborhoodof suchpoints.

Thesenotionsareillustratedon thefamousexampleof theellipsoidonFigs.1 and2.
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Figure20: Variationof theb0 coef�cient and
turningpointof a ridge

R R

+ -

+-

-
+

+
-

Figure21: Classi�cationof ablueridgeaselliptic
(maxof k1, left), andhyperbolic(min of k1, right)
from thesignchangeof b0
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Figure22: Two casesof 3-ridgeumbilics: �rst with 3 differentridges,secondwith 2 differentridges
connectedto it. Pointsareumbilics,linesareridgesof thesamecolor.
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