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CDEAB F
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V 1
1,3 V 1

2,3

V 1
3,3

V 3
1,2 V 3

2,2

BA DC

V 4
1,2 V 4

2,2 V 5
1,2 V 5

2,2

V 2
1,3
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nofv^o`&j!myQPd
fNm)^ah��kQL�Ím)jt�0ORQPg:`yj~`yh�e0g et��jtg h�g:`bQ
�0Q
m�h�g:`ye!h�g0`yQ
�0Q
m�sNh�Qcd�Qc^Cfug0`yh��5Qcjkd)K ek��`bKNQ�d�e0O�sve0gNQ
g:`y^
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Kvjk^�j	^ah��
Q���QP^y^�`bKujkg
D
� � g¨j	d�e0g:`bh�g:fuekfu^x^bQ�`a`yh�gu�u�ºjkg¥jkgujt��ek�0fNQ!ek�G`yKNQ jt���ke0mbh�`bKNO�^xd�e0gu^bh�w_QPmbQcw

KuQ
myQT��ekfN�iw£d
ekgu^bhi^o`Wh�g¥^o`yeksNsuh�gN�¬`bKuQT�Ím)jt�0O�Q
g:`yjt`bh�ekg©sNmye_d�Qc^b^�et�Cj¬O�jk^y^xjk^x^ae]e0g£jk^Wh�`y^x�~jt��fNQRh�^
�.Q
��e~��^bekO�QW`bKumbQc^aKNe0��w

ε > 0
�

��	,�����,$ ��%
� �}�
�
�&%,%���%
� ��$ �n�����������,�n�
5
·�^Gh�`L�&h����5�vQ&KÍQcjk^bh���\)M=^bQ
Q
gº�:jT^asN��h�`a`bh�gN��jt���ke0mbh�`bKNO d
jkgEjt�i^be!�.Q�w_Qc^bd
mbh��vQcwEj0^Gj�m)jtgvw_ekO myQPd�fumy^bh��0Q
^bsN��h�`b`bh�gN�	et�=`yKNQ�h�g:`yQ
my��jk�

[0, 1]
�0=uekmxQ�§NjtO�sN��QRh�g�`bKNQ�dPjk^bQTek�Cj	w_\0j0w_h�dR^bsN��h�`a`yh�gu�u�º^a`yjkma`yh�gN�E�Ímbe0O

`yKNQ�h�g:`yQ
my��jk�
[0, 1]

�5`o��e	^bfN�Nh�g:`bQPmb�~jt�i^
I1
�
I2
jkmbQ�d�myQPjt`bQPw%jtgvw£Qcjkd)K£ek�G`yKNQ
O h�^�^bsN��h�`�j~`�h�`y^W`yfNmyg

jkguw�^ae�ekg%�
�P�
JLKNQc^aQ�m)jtgvw_ekO mbQcd�fNm)^ah��kQxw_Qcd�ekO�s.e0^bh�`yh�e0gu^LKuj��0Q��vQPQ
g±d�e0gu^ahiw_QPmbQcwE�ÍmyekO `bKNQ�s.ekh�g:`qet���]h�QP��ek�

`yKNQ&�kQPekO�Q�`ymb\!et�.`bKNQ&�.ekfNgvwNjtmy\�s.ekh�g0`)^6�]\!�~jtmyh�ekfu^�jtfN`bKNe0my^P�~`be�Q
§_sNmbQc^b^�`yKNQ Fqjkfu^yw_ekm 
Ew_h�ORQPgu^bh�e0g
ek�=`bKuh�^x^bQ�`xet�Gs.ekh�g:`y^Wh�g�sujtmb`bhid�fu��jkmP��V©jkfN��wNh�g%jtguw N h�����hijtO�^ 7 �k��9 �VN%j�\]O�h�mbQRjtguw N h�����hijtO�^ 7 }u��9
d
ekgu^bhiw_Q
mºwNQPd�e0O�sve:^ah�`bh�ekgu^ºet�_`yKNQGh�g:`bQ
my�~jt�

[0, 1]
�&Kuh�d)K!jkmbQGgNet`ºguQPd�Qc^b^yjtmyh���\Wd�ekgv^aQPmb�~j~`yh��0Qk�Ph@� Qk���&KNQ
g

|I1| + |I2| < 1
Kuek�iwN^L�&h�`yK	sve:^ah�`bh��kQxsNmyek�ujk�Nh���h�`o\ h�gE`yKNQ�w_\0j0w_hidWdPjk^bQk�

F�jtO!�u��\©jkguw£¹�jtsNhiw_fu^ 7 �P},96ekm"=ujk��d
ekgNQPm 7 �P��9=d
ekgu^bh�wNQ
mxw_QPd
ekO�sve:^ah�`bh�ekgv^qek�6`bKNQ�h�g0`yQ
my�~jt�
[0, 1]�ÍmyekO `bKNQEsve0h�g:`�et�L�]h�QP� et��`bKNQ ��Q
gu�t`bKv^�et��`bKNQ¬jk^y^ae_d�hij~`yQPw%^afu�Nh�g:`yQ
my��jk��^P�EJLKNQEh�g:`bQPmb�~jk�

[0, 1]
hi^

myQ
sumbQc^aQPg0`yQPwE�:\�jRgNekg_½ h�gud�myQPj0^ah�gN��^aQc�0fuQ
gud
Q
(Ln)

�&KNe:^aQ�^bfNO�hi^
1
�r=uekm

n ≥ 1
�
Ln

hi^L`bKuQ���QPgN�t`yK
ek��`bKNQ

n
`yK±��jkmb�0QP^a`rh�g:`yQ
my��jk�®et��`yKNQTw_Qcd�e0ORs.e0^bh�`bh�ekg®�LJLKNhi^qw_Qc^bd
mbh�s_`bh�ekg	hi^q^bh�O�h���jkm&`be `bKNQ!d
��j0^b^bhid
jt�

myQ
sumbQc^aQPg0`)j~`yh�e0gEet���Ímyjk�kO�Q
g:`)j~`bh�ekg¬sNmye]d
QP^y^aQc^
�6Z]QPQ�l=h�`yO�jtg 7 �0��9 �
� g%`bKuh�^�^bQ�`b`bh�gN�u�®OTfN��`bh�sN��hid
jt`bh��kQ�d
j0^bdPjkw_Qc^�jkguw�O�jkma`yh�gu�0jt��QP^Wh�g:`bmye]wNfud�Qcw£�]\©V©jkguw_Q
���Nmyet` 7 ��>�9

jkguw :�jtKujkgNQ±jtguwÕl�QPmbmyh�MPmbQ 7 �@>�9x^aKue~��fNs¡�:fNh�`bQ©gvj~`bfumyjk����\k� JLKNQ
\¦Kuj��kQ	�.Q
Q
g¡jkgujt��\]�
Qcw¤�:fNh�`bQ
Q
§]`bQ
gv^ah��kQP��\0�N^aQPQx¹ºh�f 7 �~},9 �N¼Ljtmymyjk� 7 �<9�jtguw�myQ��ÍQ
myQ
gvd�QP^C`yKNQ
myQ
h�g®�

prq�� �i������tbx�� y t��
JLKuQ�sNfumbs.e0^bQ�ek�º`yKNh�^Lsvjts.Q
mLh�^�`o��et�Íe0��w®�^=�h�my^a`P�_h�`rd�ekgv^ahiw_Q
m)^L^asu��h�`a`yh�gN��jt���ke0mbh�`bKuO�^��&h�`bK	j!m)jtgvw_ekO
K@jtguwxs.e0^y^bh��N��\qfug:�.ekfuguw_QPwkM®w_QP�kmyQ
Q�et�N^bsN��h�`a`yh�gu�r�kQPgNQ
m)jt��h��Ph�gu�C`yKNQGsumbQP�:h�ekfv^�^o`yfuw_h�QP^®h�gx`bKuh�^�w_ekO�jth�g®�
Z_QPd�e0guw_��\k�kjkguw!`bKNhi^�h�^=h�gT�Îjkd�`�`yKNQ&O�jth�gTs.ekh�g:`=et�v`bKNQLsujksvQPmP�th�`=sNmyeks.e0^bQP^�jWsNmyek�ujk�Nh���hi^o`yh�d�jtsNsumbe:jkd)K
`yKuj~`6^bh�O�sN��h�«vQP^�O!fud)K!`bKNQLjtgujk��\_^bh�^ºet�N`yKNQP^bQLjt���kekmyh�`bKNO�^P�ºV±ekmyQ
e~�0Q
mc�Pj0^�jq�:\]sNmye_w_fud�`P�tjrguQ
�8w_h�myQPd�`
myQ
sumbQc^aQPg0`)j~`yh�e0gEet��`bKNQ�j0^a\]O�s_`yet`bhidWe0^yd�h����ij~`yh�gu�T�.Q
Kuj��]h�ekm&hi^LQP^a`yjk�N��hi^bKNQPw��

JLKNQRjtgujk��\_^bh�^qsNmyeks.e0^bQPw	h�g±`bKNhi^Wsujts.Q
mWjt�i^ae¬^o`)jtmb`y^q�Ímbe0O DG�:fujt`bh�ekg;KA��M��.�uf_`Wh�`y^q`bmyQPjt`bO�Q
g:`Wh�^
^bh��kgNh�«vd
jkg:`b��\ w_h�
5Q
myQ
g:`L�ÍmyekO `bKuQ�jtgujk��\:`bhidWjtsNsNmye0j0d)K®��·&�Ô`bQPmr^ae0O�Qq`ymyjkgu^o�Íe0mbO�jt`bh�ekg®�/DG�:fujt`bh�ekg K@��M
hi^rh�g:`bQPmbsNmyQ�`yQPw	jk^�j�sNmyek�ujk�Nh���hi^o`rQc�0fvj~`bh�ekg±�&Kuh�d)K±hi^rh�`bQPmyjt`bQPw��]\�fu^ah�gN�EjksNsNmyeksNmyhij~`bQxh�guw_QPsvQPguw_Q
g:`
m)jtgvw_ekO �~jtmyh�jk�N��Qc^
� =Ne0����e~�&h�gu�¨`bKNQ%O�Q�`yKNe_w¡et�!prek�.Q
mb` 7 � � 9 �r`yKNQ�guQ�§]`	^a`bQPs¡hi^ `ye¦s.Q
mb�ÍekmyO j
sumbe0�ujt�Nh���h�^a`bhid�w_Q
½Al�ekhi^y^ae0gNgNh��Pj~`yh�e0g±jtguw��.�]\	fu^ah�gN�E=ufN�Nh�gNh � ^xJLKNQPekmyQ
O'd�ekg]�0Q
gNh�Q
g:`b��\k�u`be¬mbQPsNmbQc^aQPg:`
`yKNQ¬�:fujkg:`bh�`o\

E(Rn)
�:\%fu^bh�gu��j±l�ekhi^y^ae0g%s.ekh�g:`TsNmye_d�Qc^b^�e0g¥`bKNQ¬mbQcjt�=��h�gNQk�£JLKuQ «ugujk�@�6d
mbfud
h�jk�@�

^a`bQPs��&Kuh�d)K¥w_h 
.QPmy^W�ÍmyekO prek�.Q
mb` 7 � � 9A�ºd
ekgu^bhi^o`)^xh�g%fu^bh�gN��`yKNQ�­kQ
\£mbQPgNQ
�Ljt��JLKNQ
e0mbQPO `be	�0Q�`x`bKNQ
j0^a\]O�s_`yet`bhidW�vQPKuj��]h�e0mLet�º`yKNQ�^bQP�:fNQ
gvd�Q

(E(Rn))
�

JLKNQ�jksNsNmye0j0d)K h�^LQP��QPO�Q
g:`yjkmb\0�:h�`y^rO�jkh�g	jkwN��jkg:`yjt�0Q�e0gE`yKNQ�jtgujk��\:`yh�d�`bmyQPjt`bO�Q
g:`&��h�Qc^&d�Q
mb`yjkh�gu��\
h�g�`bKNQ�fv^aQxet��`bKNQ�myQ
guQ
�Ljt�®JLKNQPekmyQ
O �&KNhid)K	�kh��kQP^ ������%
�
����� `bKNQ�j0^a\]O�s_`yet`bhidW�vQPKuj��]h�e0fNmc�
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Z_QPd�`yh�e0g����0h��0QP^�jWfu^aQ
�ÍfN�NmyQ
sNmyQP^bQ
g:`)j~`bh�ekg!�Íekm�`bKuQrj��kQ
m)jt�0QCd
e0^a`�ek�u`yKNQrjt���ke0mbh�`bKNO	��JLKNQLO�jkh�gRmyQP^bfN��`
ek�N`bKuQ�svjts.Q
m��Íekm�`yKNQ&jk^b\:O�s_`yet`yh�d�d�e:^o`�h�^�`yKNQ��Íek����e~�&h�gN��`bKNQPekmyQ
O h�g�Z]Qcd�`yh�e0gT�N��JLKNhi^�h�^6jW^afuORO�jkmb\
ek��l=myeks.e0^bh�`bh�ekgu^ A�jtgvw£�0�t�
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∫ 1

0

| log(y)|

y
W(dy) < +∞,

KÎ�+M

� � �O�.-)%����#������� ���/* $ %
	�� �}��%
W

���O������% ���)����%I�n����	,�����G	�������-}$&%I����� !���-n%
�

lim
n→+∞

E(Rn)

n
=

E(G)

(D − 1)
∫ 1

0 | log(y)|W(dy)
.

KÍ}+M

�
	 �L�.-)%"� �#����� �����+*E$ % 	,� �}��%
W

����% � �n�,�#%
�k� ��	������E	,�����.-/$ %I� ����� ����- %����n�,��%I�n����	,�b���n	,�
λ > 0

! 	,�
n

*�%I� �L�6	�� *+% !��.-)%\%�
��}�&%,	,� %
�#� %

E(Rn)

n
∼ F

(

log n

λ

) K@|�M

-)��� ����!��g-n%
� %
F

���O�.-)% �)%I�����
�����J���}���I� ������� ���.- �n%
�������
1
��%� r��%��G�
�"!k�
���

x ≥ 0
!

F (x) =
E(G)

∫ 1

0 | log(y)|W(dy)

λ

1 − e−λ

∫ +∞

0

exp

(

−λ

{

x −
log y

λ

})

yD−2

(D − 1)!
e−y dy

	,���
{z} = z − bzc

���O�.-)% �
��	��I�����,��	�� �n	,��� �{�
z ∈ R
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SCe0guw_h�`bh�ekg KÎ�+MRh�^�gNek` mbQcjt����\¨myQP^a`bmyhid�`bh��kQ±^bh�gvd�Q�`bKNQ±�~jkmbhijt�N��Q
G
hi^��.ekfNguwNQPw¤h�gÕsNm)jkd�`bhid�Q0�ÕJLKNhi^

`yKNQ
e0mbQPO d�e~�0Q
m)^Tjkguw¦Q�§]`bQPguwN^ ^bekO�Q	et��`bKNQ±myQP^bfN��`y^�h�g¦`yKNhi^ w_ekO�jkh�gbP��Íe0m :xg:fN`bK � ^�·r���ke0mbh�`bKNO	�
:xg]f_`yK 7 �0�<9�jkguw¥�Íe0m

Q
½Üjtmy\�jt���ke0mbh�`bKuO�^x�&h�`bKª�u��e_d)­kQcw¨jtmymbh��~jt�i^
��V©j~`yK]\]^!jtguw =��ij~noek��Q�` 7 ��A�9 ��^bQ
Q

SCe0mbe0���ijtmyh�QP^��P�Rjtguw%�c�_�
=ufNma`yKNQ
myO�ekmyQk���&KNQ
g¥`yKNQ
myQ jtmyQ jk^b\]O�s_`bek`bhid�svQPmbh�e_w_h�d e0^yd�h����ij~`yh�e0gu^
�º`bKNQEsvQPmbh�e_w_h�d��ÍfNgud�`yh�e0g

Fh�g]�ke0���0QPw hi^LQ�§_sNmyQP^y^bQPw�w_h�myQPd�`b��\Ejtgvw¬guet`&h�g�`yQ
myO�^ret��h�`y^e=Nekfumbh�Q
mrd
e:Q�� d�h�Q
g:`y^&j0^Lh�`rhi^Lfu^bfujt����\E`bKNQ
dPjk^bQk��JLKNQrQ�§_sNmyQP^y^bh�e0gTek�

F
�kQPgNQ
m)jt��h��
QP^�`yKNQrmyQ
sNmyQP^bQ
g:`)j~`bh�ekgRet�®p&e0�vQPma` 7 � � 9vek�N`yjth�gNQcw!�Íe0m�:xg]f_`bK � ^

·q���0ekmyh�`yKNO	�
JLKNQ �,�������������}�����,� et�6`yKNQT^bQP�:fNQPgud�Q

(Rn)
KÎjkguw±gNek`qekgu��\	h�`y^Wj��kQ
m)jt�0Q<MChi^qh�g]�kQP^a`bh��0jt`bQcw¬h�g�Z]Qcd�½

`yh�e0g¬}u�r=Nekmr^bh�ORsu��hid�h�`o\k�_e0gN��\ `bKNQ�d
j0^aQW�&KNQPmbQW`bKuQW�~jkmbhijt�N��Q
G
hi^&d�e0gu^o`)jtg:`&jtguwE`bKNQx�~jtmyhijt�N��QP^

V·,GjkmbQWQP�:fujk�5`be
1/G

hi^&d�ekgv^ahiw_Q
myQPw®��JLKNQ�sufNmbs.e0^bQWet��`bKNhi^&^aQcd�`yh�e0g¬hi^�`be�^bKNe~�¡`yKuj~`L`bKuQ�w_h�^a`bmyh��Nf_`bh�ekg
ek�&`bKNQ�l�ekhi^b^bekg¥`ymyjkgu^a�ÍekmyO ek�&`bKNQ�^aQc�0fuQ
gud
Q¬jtgvw¨O�ekmyQ �kQPgNQ
m)jt����\0��`bKNQ	w_hi^o`ymbh��Nf_`yh�e0gªet�rO�e0^a`Tek�
`yKNQ¬�ÍfNgud�`yh�e0gujt�i^Tet�&`bKuQ�j0^b^be_d�hij~`bQcw%`bmyQ
Q0�=d
jtg8�vQ�Q�§_sNmyQP^y^aQcwª�:fNh�`bQ¬^bh�ORsu��\¨h�g¨`bQPmbO�^Ret�rl�e0h�^y^ae0g
sumbe_d�Qc^b^bQP^LjkguwEfugNh��Íe0mbO���\Ew_hi^o`ymbh��Nf_`yQPw�m)jtguw_e0O �~jtmyh�jk�N��QP^P�
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J��CeqmbQPsNmbQc^aQPg:`yj~`yh�e0gu^5et�]`yKNQCw_hi^a`bmyh��NfN`bh�ekg�et�]`yKNQGl�ekhi^y^ae0g�`ymyjkgu^a�ÍekmyO�jk^�jL�ÍfNgud�`bh�ekgujk�kek�]l�e0h�^y^ae0g
sumbe_d�Qc^b^bQP^GjtmyQqw_Q
myh��kQPw®��·�^CjTd�ekgv^aQc�0fuQ
gud
Qk�]j���j��Õek�®��jkmb�0Qrg]fNO!�.Q
m)^=hi^Gsumbe~�0QPw��&KNQPg�`bKNQ�g]fNO!�.Q
m
ek��h�gNh�`bhijt�=h�`bQPO�^�Kuj0^�j	l�e0h�^y^bekg¥w_h�^a`bmyh��Nf_`bh�ekgiKÎl�e0h�^y^bekg%`bm)jtgu^a�ÍekmyO M�� V±e0mbQPe~�kQPmP�5`yKNQEjk^b\]O�s_`bek`bhid
e:^bd
h����ij~`bh�gN� �.Q
Kvj��:h�ekmWet�6`yKNQ�jt���kekmyh�`bKNO'hi^qsNmye~�kQcw±jk^Wj¬d
ekgu^bQP�:fNQPgud�Q!et�Cj �
� 	,����	�� � ��j�� ek�=��jkmb�0Q
g]fNOT�vQPmy^P��JLKNQP^bQrfNg]fu^bfujt�.�ij��r^6et�®�ijtmy�kQ&g]fNOT�vQPmy^CjtmyQk�:h�g�`yKNQqQPguw��:h�g `bKNQ�mbQcjt��O ek�ºd��ijk^y^ahid
jk�N��j��r^
ek���ijtmy�kQWg]fNO!�.Q
m)^
�

JLKNQ�d
Q
g:`bm)jt�6��h�O�h�`x`bKNQPekmyQ
OYhi^�jt�i^ae�sNmye~�kQcw©�&h�`bK¥j�^bh�ORh��ijtmxO�Q�`bKue]w%h�g£`yKNhi^�d
j0^aQ0�TJLKNhi^xh�^�j
d
��j0^b^bhid
jt�ºmbQc^afN��`P��^bQ
QRV©jtKNO�e0fuw 7 ��?@9 �5h�`xh�^�fu^bfujt����\¬sNmye~�kQcw	�&h�`yK�d
ekO�sN��Q�§±jtgujk��\_^bh�^qORQ
`bKNe_wN^��]h�j
�:fNh�`bQW`yQPd)KNgNhid
jk��QP^a`bh�O�j~`bh�ekgv^
� � `rhi^LsNmbe~�0QPwEKNQ
myQWj0^&j�d�ekgv^aQc�0fuQ
gud
Q�ek�º`bKuQ �
� 	,����	�� � d�QPg0`ymyjk�5��h�O�h�`
`yKNQ
e0mbQPO��Íe0mqh�guw_QPsvQPguw_Q
g:`Wmyjkguw_ekO��~jtmyh�jk�N��QP^P�L·�`�`bKNQR^bjkO�Q�`bh�O�Qk��j�gNQP� myQ
sumbQc^aQPg0`)j~`yh�e0g�ek�6`bKNQ
j0^a\]O�s_`yet`bhidW�~jtmyh�jkgud�QWh�^rek�_`)jth�gNQPw��

Z]Qcd�`yh�e0g±|TmyQPdPjt����^��Nmyh�Q��u\E^bekO�QxmbQc^afu��`)^&jtguw	w_Q
«ugNh�`bh�ekgu^&d
ekgud
Q
mygNh�gu�T`yKNQ�myQ
gNQP��jk�v`yKNQ
e0mbQPO	�

� � "&��"L�����¨����� ��"L����
�"&�

JLKumbe0fN�kKNe0f_`L`bKNhi^&sujksvQPmP�
(N ([0, x]))

wNQ
gNek`bQP^&j�l�e0h�^y^ae0g¬sumbe_d�Qc^b^L�&h�`bK±h�g:`bQPgu^ah�`o\
1
�uQP�:fNh���jk��QPg:`b��\

h�`Gd
jkg�jt�i^aex�.Qqw_QP^yd�myh��vQcwTj0^=jxgNekgN½ w_Qcd�myQPj0^ah�gN��^bQP�:fNQPgud�Q
(tn)

^bfud)KR`bKujt`
(tn+1− tn)

h�^Gj�^aQc�0fuQ
gud
Q
ek�.hA� h@� w�� myjkguw_ekOz��jkmbhijt�u��Qc^�Q
§_sve0gNQ
g:`bhijt����\!w_hi^o`ymbh��Nf_`yQPw��&h�`bK�sujtm)jtO�Q
`bQ
m

1
�^=uekm

x ≥ 0
�t`yKNQ&�~jtmyh�jk�N��Q

N ([0, x])
h�^6^bh�ORsu��\x`yKNQLg:fuO!�.Q
m6et�

tn
� ^�h�gT`bKNQLh�g0`yQ
my�~jt�

[0, x]
��Z_Q
Q :xh�gu�kO�jtg 7 �<A�9_�Íekm��uj0^ahidCmbQc^afN��`y^

e0g¬l�e0h�^y^ae0g¬sumbe_d�Qc^b^bQP^P�
DG�:fujt`bh�ekg K@��MCjkguw�`yKNQx�ve0fNguwNjkmb\ d
ekguwNh�`yh�e0gu^C�Íekm�`bKNQ�^bQP�:fNQPgud�Q

(Rn)
jtmyQW^bfNO�O�jtmyh��PQPwEh�g¬`bKNQ

�Íe0����e~�&h�gN�TmyQ
�ij~`yh�e0g®�]�Íekm
n ≥ 0

�

Rn

	�
 ��
��
= 1 + R1,Nn

1
+ · · · + RG,Nn

G
− G � {n<D}.

`yKNQ
myQ��Íe0mbQ0�

Rn − 1
	�
 ��
 �
=

G
∑

i=1

(

Ri,Nn
i
− 1
)

+ G � {n≥D}
K � M

��°�� ���Í��� µ ��� � '�-n% l�e0h�^y^bekg `ymyjkgu^a�ÍekmyO � ��	 �#�,�$# �#% *�	�� �&%,%"�I%�
��n%I���
%
(an)

������%� ���%��E	,�

∑

n≥0

an
xn

n!
e−x = E

(

aN ([0,x])

)

.
K�?�M

JLKNQ��Íe0����e~�&h�gN�	sNmbe0sve:^ah�`bh�ekg%�kh��kQc^xfu^bQ��ÍfN�=myQ
sumbQc^aQPg0`)j~`yh�e0gu^Wet��`bKNQ�l�ekhi^y^ae0g%J�myjkgu^a�ÍekmyOYet��`bKNQ
^bQP�:fNQPgud�Qxek�

(E(Rn))
�

� � µ 	 µ �
�Î�
� µ �	� � �qµ �Î�c� µ � � �~� ��� �Aµ � 	 µ�� � � ° � °�
 � ° ��� °
(Rn)

�"� 	 ���
x > 0

!

E
(

RN ([0,x])

)

= 1 + E(G)E

(

+∞
∑

i=0

1
∏i

k=1 Wk

� {tD≤x
Q

i
k=1 Wk}

)

.
K�>�M

�g-n%
� %
(Wi)

���0	�� ��5 ��5&��5L�I%�
 �n%
�#� %0�{�O� 	,�����,$ %�	�����	��I�6%
��� ����- �,�������������}�����,�
W
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���������
	��
������������������	������������ �"!#��$&%(')��%
%���� *+�,�����.-/$0� �0�

�J���@� �
5 � �
n
hi^Cj�l�e0h�^y^bekg�myjkguw_e0O �~jtmyhijt�N��Q&�&h�`yK sujkmyjkORQ
`bQPm

x
�:`bKuQq^asu��h�`a`yh�gN�TsNmyeks.Q
mb`o\Tek�5l�e0h�^y^ae0g

�~jkmbhijt�N��QP^ K@^aQPQ :xh�gu�kO�jtg 7 �<A�9=�Íe0m�Q�§NjtO�sN��Q<Mx^bKNe~�r^W`yKuj~`c��d
ekguw_h�`bh�ekgvjt����\©e0g%`bKNQ QP�kQPg0`
{G = `}jkguw�e0g `bKuQ��~jtmyhijt�N��QP^

V1,`
�5�P�
�
�

V`,`
�]`bKNQW�~jtmyh�jk�N��QP^

Nn
i

�
1 ≤ i ≤ l

jtmyQqh�guw_QPsvQPguw_Q
g:`rjtgvw
Nn

i

Kujk^
jRl�ekhi^y^ae0g¬w_hi^o`ymbh��Nf_`yh�e0g	�&h�`yK�svjtm)jtO�Q�`yQ
m

xVi,l
�CSCekgu^bQP�:fNQPg:`b��\k�:�Íekm

x > 0
�_h��

Φ(x)
	����
=

E
(

RN([0,x])

)

− 1

xE(G)
,

K�A�M

h�`rhi^LQPjk^bh���\Ed)KuQPd)­kQcw�`yKuj~`
E(G)Φ(x) → R1 − R0 = 0

jk^
x ↘ 0

�
Z]h�gud
Q

{N([0, x]) ≥ D} = {tD ≤ x}
�)DC�0fvj~`bh�ekg K � M��kh��kQc^C`bKNQ�myQ
�ij~`yh�e0g

Φ(x) =

+∞
∑

`=2

P(G = `) E

(

∑̀

i=1

Vi,`Φ(xVi,`)

)

+
1

x
P(tD ≤ x).

Ko�c��M

DC�0fvj~`bh�ekg Ko�c��MLdPjtg¬`bKNQPg��.Q�myQ
�&myh�`b`bQ
g	jk^

Φ(x) = E(Φ(xW1)) + E

(

1

x
� {tD≤x}

)

.
Ka�k�<M

JLKuQWh�`bQPmyjt`bh�ekg�et� DG�:fuj~`yh�e0g Ka�k��ML^aKNe~�r^C`yKuj~`c�_�Íekm
n ≥ 1

�

Φ(x) = E

(

Φ

(

x

n
∏

k=1

Wk

))

+ E

(

n−1
∑

i=0

1

x
∏i

k=1 Wk

� {tD≤x
Qi

k=1 Wk}

)

.

JLKuQEjk^y^afuORsN`bh�ekg¨ekgª`bKNQ �~jkmbhijt�N��Q
G
jkguw%`bKNQ�^aQc�:fNQ
gud
Q et�r�0QPd�`bekm)^

(Vn)
h�O�sN��h�Qc^�`yKuj~`c�=jt��O�e0^a`

^bfNmyQ
��\k�]`yKNQ�^aQc�:fNQ
gud
Q
(
∏n

k=1 Wk)
d
ekg]�kQPmb�0QP^G`be

0
�6JLKNQx�ÍfNgvd�`bh�ekg

Φ
d
jtg�`yK:fv^L�vQ�myQ
sNmyQP^bQ
g:`yQPwEj0^

Φ(x) = E

(

+∞
∑

i=0

1

x
∏i

k=1 Wk

� {tD≤x
Qi

k=1 Wk}

)

.

JLKuQWsumbe0sve:^ah�`bh�ekg�Kujk^L�.Q
QPg	sNmbe~�0QPw��
=umbe0OzgNe~�¤ekgº�t`bKumbe0fN�kKNe0f_`6`bKuQrsujts.Q
mc�

(Wi)
�&h����.w_Q
guet`bQ�jtg�h@� hA� w��6^bQP�:fNQPgud�Q&ek�5m)jtgvw_ekO �~jkmbhijt�N��QP^

e0g
[0, 1]

�&h�`bK±w_hi^o`ymbh��Nf_`yh�e0g
W
�

� � µ 	 µ �
�Î�
� µ ��� � � � µ ���_� � ���@�
���Î��¶ °0³ �qµ �Î�c� µ �������0�_�
� µ � �"� 	 ���
n ≥ D

!r��-n%
�

E(Rn) = 1 + E(G)E







T(UD
(n))−1
∑

i=0

1
∏i

k=1 Wk

,







Ka�c��M

�g-n%
� % !k�
���
0 < y < 1

!

T (y) = inf

{

i ≥ 1 :

i
∏

k=1

Wk < y

}

	����
UD

(n)

������-n%
D

��- ��$&	����6%���� %,	,����	��I�6% � �
n

������% �)%I����%
�k��!��}�n� �
�,��$\��� �,����� ����� �}� % �E��	�������$ %�	����&#
	��
� %�� �,�

[0, 1]
������% �n%
����%I�n� �{�

(Wi)
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�J���@� �
5 =uekm
x > 0

�C�]\8wNQPd�e0O�sve:^ah�gN�¥�&h�`yKÕmbQc^as.QPd�`R`ye¥`bKNQ±g]fNOT�vQPm�et�xsve0h�g:`)^�et�W`bKNQ±l�ekhi^y^ae0g
sumbe_d�Qc^b^

(N (t))
h�g�`bKNQ�h�g:`bQPmb�~jt�

[0, x]
�NekgNQx�0Q�`y^P�]�Íekm

0 < α ≤ 1
�

P(tD ≤ xα) =

+∞
∑

n=D

P (tD ≤ xα,N ([0, x]) = n)

=

+∞
∑

n=D

P (tD ≤ xα | N ([0, x]) = n) P(N ([0, x]) = n).

=uekm
n ≥ D

�Wd�e0guw_h�`bh�ekgujk����\Õekg `yKNQ�QP�kQPg0`
{N ([0, x]) = n}

�q`bKNQ���jkmbhijt�u��Q
tD

Kvjk^E`bKNQ¥^bjkO�Q
wNh�^a`bmyh��uf_`bh�ekg�jk^G`bKNQ

D
^bO�jt����Qc^o`�myjkguw_ekO �~jtmyhijt�N��Qqek�

n
fNgNh��ÍekmyO���\�w_hi^a`bmyh��NfN`bQPwEmyjkguw_e0O �~jkmbhijt�N��QP^

e0g
[0, x]

� N KNQPg
x = 1

�_w_Q
guet`bQW�]\
UD

(n)

jT��jkmbhijt�u��Q��&h�`yK `bKuh�^Ld�e0guw_h�`bh�ekgujk��w_h�^a`bmyh��Nf_`bh�ekgº�=SC��QPjkmb��\k�
�]\�KNe0O�ek�kQPgNQ
h�`o\k��`yKNQL�~jtmyh�jk�N��Q

(tD | N ([0, x]) = n)
Kvjk^�`bKuQL^yjtO�QLw_hi^o`ymbh��Nf_`yh�e0gRj0^

xUD
(n)

� =�h�gujk����\k�
e0gNQx�kQ
`y^�`bKuQ�h�w_QPg:`bh�`o\

P(tD ≤ xα) =

+∞
∑

n=D

P

(

UD
(n) ≤ α

) xn

n!
e−x = E

(

+∞
∑

n=D

� {UD
(n)

≤α}

xn

n!
e−x

)

.

¼�\	fu^bh�gu�E`yKNQTh�guw_QPsvQPguw_QPgud�Q�et�G`bKNQ�^aQc�:fNQ
gud
Q
(Wi)

jtguw
tD

h�g DG�:fujt`bh�ekg K >�M��5`bKNQR��j0^o`xhiw_Q
g:`bh�`o\
�0h��0QP^C`bKuQ�mbQP��jt`bh�ekg

E
(

RN ([0,x])

)

= 1 + E(G)E

(

+∞
∑

i=0

1
∏i

k=1 Wk

+∞
∑

n=D

� {UD
(n)

≤
Q

i
k=1 Wk}

xn

n!
e−x

)

.

¼�\E=ufN�Nh�gNh � ^rJLKuQ
ekmyQ
O jtguw¬�&mbh�`bh�gN�
1 = exp(x) exp(−x)

�_`bKuh�^&Q
§_sNmbQc^b^bh�ekg¬dPjtg	�.QWmyQ
�&myh�`a`bQPg±jk^
D−1
∑

n=0

xn

n!
e−x +

+∞
∑

n=D

(

1 + E(G)E

(

+∞
∑

i=0

1
∏i

k=1 Wk

� {UD
(n)

≤
Qi

k=1 Wk}

))

xn

n!
e−x.

JLKuQ©h�wNQ
g:`bh�«vd
jt`bh�ekg ek��prQ
sNmyQP^bQ
g:`yjt`bh�ekg K�?�M�et�
E
(

RN ([0,x])

) jkguw¤`bKNQ£��j0^o`Ehiw_QPg0`yh�`o\¤�kh��kQc^ =Ne0ma½
OTfN�ij4Ka�c��M
�Tµ � µ � �Î�_� ²�� � � ² 	 	 ° �P�"�@�k���

Q
³ �N� ² ����� µ � �Í� � 	 �"��� -)%I�

P(G = Q) = 1
-)�,� ���\	����

Vi,Q ≡
1/Q

!)�
�,�
i = 1

! 5<5<5
Q
!r�.-)%I�0�
���

n ≥ D
!

E(Rn) = 1 +
Q

Q − 1

(

E

(

Qd− logQ UD
(n)e
)

− 1
) Ka�P��M

� ���.-�!��
�,�
0 ≤ x ≤ 1

!

P

(

UD
(n) > x

)

=

D−1
∑

k=0

(

n

k

)

xk(1 − x)n−k .

=umbe0O DG�:fuj~`yh�e0g[Ka�P��M��®�]\©fu^bh�gu�¬`yKNQR�Îjkd�`W`yKuj~`
nUD

(n)

d
ekg]�kQPmb�0QP^qh�g¨w_hi^o`ymbh��Nf_`yh�e0g%j0^
n
`bQPguwN^

`ye£h�g_«ugNh�`o\k�6h�`Thi^TgNet`�w_h � d
fN��`T`be��kQ�`T`bKNQ�jk^b\]ORsN`bet`yh�d �vQPKuj��]h�e0m!et�
E(Rn)

��JLKNQ¬�kQPgNQ
m)jt��d
jk^bQk�
DC�0fvj~`bh�ekg Ko����M��_hi^L^a��h��kK:`b��\�O�ekmyQWd
ekO�sN��h�dPj~`bQcw��GU�gNQWKujk^C`be�^a`bfuw_\ `bKNQ�jk^b\]O�s_`bek`bhid
^�et�®`yKNQ�^aQPmbh�QP^
h�gu^bh�wNQ�`yKNQ�Q�§_s.QPd�`yj~`yh�e0g®�
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	��
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�����e��w�|)y{~��)� ����� |}t #rx � ����� ���^|)y{~��
� �

R(x) = E(RN (]0,x]))
w_QPgNet`yQP^�`yKNQ�Q�§_s.QPd�`yQPw��~jt��fNQ�et��`bKuQ�l�e0h�^y^bekg¬`bm)jtgu^a�ÍekmyO et��`bKNQT^aQc�0fuQ
gud
Q

(Rn)
�_`bKuQ
g(DG�:fuj~`yh�e0g K � M��0h��0QP^C`bKuQ�mbQP��jt`bh�ekg

R(x) = 1 +

+∞
∑

`=2

P(G = `) E

(

∑̀

i=1

R(xVi,`)

)

− E(G)P(tD ≥ x),

�]\EwNQ
gNek`bh�gN�

h(x) = 1 − E(G)

∫ +∞

x

uD−1

(D − 1)!
du,

h�`rhi^LQPjk^b\�`ye�^bQ
QW`yKuj~`&`yKNQ�jt�.e~�kQWh�wNQ
g:`bh�`o\¬dPjtg��vQ��&myh�`b`bQPg	j0^�`bKNQx�Íe0����e~�&h�gN�Th�g:`bQP�km)jt��QP�:fujt`bh�ekg

R(x) =

∫ +∞

0

R(xu)
W(du)

u
+ h(x).

Ko�P}+M

prQPd
jk���v`bKvj~`
W
h�^L^bekO�Qqsumbe0�ujt�Nh���h�`o\�w_hi^o`ymbh��Nf_`yh�e0gEe0g `bKuQ�h�g:`bQ
my�~jt�

[0, 1]
� =Ne0mC`yKNQ

Q
½ jkmb\RsNmyet`be_d
ek�

d
ekgu^bhiw_Q
myQPwE�:\�V©j~`yK]\]^Ljkguw(=��ij~noe0��Q
` 7 ��A�9A�N`bKNhi^&QP�:fujt`bh�ekg�h�^

R(x) =

Q
∑

i=1

R(xpi) + h(x).

� `Lhi^Cjkgujt��\]�
QPw��]\�d�e0gu^bh�w_QPmbh�gN��`yKNQxV±Q
����h�g `ymyjkgu^a�ÍekmyO
R∗(s)

ek�
R(x)

ekgE^bekO�Q��kQ
mb`bhid
jk�v^a`bmyh�s
S
et�

C
�

R∗(s) =

∫ +∞

0

R(u)us−1 du, s ∈ S

�&Kuh�d)K®�_h�g�`bKNhi^rdPjk^bQk�_hi^L�kh��kQ
g��]\

R∗(s) = h∗(s)

/(

1 −

Q
∑

i=1

1

ps
i

)

.

JLKuQTjtgvjt��\0`yh�dPjt��jtsNsumbe:jkd)K±d�e0gu^ahi^a`y^�h�g%jtgujk��\]�
h�gN��`yKNQRsve0��Qc^qek�
R∗(s)

ekg©`yKNQ!myh��kK:`�Kujkguw£^bhiw_Q!ek�
S
�N�ujk^bhid
jt����\�`bKNQ�^bek��f_`bh�ekgv^L�&h�`yK�s.e0^bh�`bh��kQxmbQcjt��sujkma`&ek�º`bKuQ�QP�:fuj~`yh�e0g

p−s
1 + p−s

2 + · · · + p−s
Q = 1.

JLKuQ
g®�]�]\�h�g]�kQPma`yh�gu��`bKNQxV±QP����h�g `bm)jtgu^a�ÍekmyO jtguw�fv^ah�gN�Td
ekO�sN��Q�§ jtgvjt��\]^bhi^6`bQcd)KNgNhi�:fNQP^P�k`yKNQxjk^b\:O�s_½
`yet`yh�d!�vQPKuj��]h�e0m�ek�

(R(x))
j~`�h�g_«uguh�`o\±hi^xw_QP^yd�myh��.QPw©h�g£`bQ
myO�^qek�=`bKuQP^bQ!s.ek��QP^P�xJLKuQ�«ugujk�6^o`yQ
s®��jtg

jkgujt��\:`bhidxh�g]�0Q
m)^ah�ekg	et��`yKNQ�l�ekhi^b^bekg�`ymyjkgu^o�Íe0mbO�`be0�kQ�`yKNQ
mq�&h�`yK±`bQcd)KNgNhid
jt��QP^a`bh�O�j~`bQc^
�vQP^a`yjk�N��hi^bKNQP^rj
myQ
�ij~`yh�e0g��.Q�`o��Q
QPg%`bKNQ j0^a\]O�s_`bek`bhidR�vQPKuj��]h�e0my^xek�G`bKuQ��ÍfNgud�`bh�ekg

x → R(x)
jkguw�et��`bKNQE^bQP�:fNQPgud�Q

(Rn)
�

É�É�Ç,� ä
�
���



�P} � �@-)	�$&%��4	,�����e���
%
���

� g¬`bKNQ��0Q
gNQPmyjk�.dPjk^bQWd
ekgu^bhiw_Q
myQPwEKNQ
myQk�}DG�:fujt`bh�ekg Ko�
}/MC�kh��kQP^C`yKNQW�Íek����e~�&h�gN�RQ�§_sNmyQP^y^ah�ekg��Íe0mL`bKNQ
V©Q
����h�g�`bm)jtgu^a�ÍekmyO et�

(R(x))

R∗(s) = h∗(s)

/(

1 −

∫ +∞

0

1

us+1
W(du)

)

·qg�jtgujk��e0�kfNQ6ek�]`bKNQGjkgujt��\:`bhid=jtsusNmbe:jkd)KW�Ce0fN�iwW^a`yjkma`��&h�`yK�`bKNQC^o`yfuw_\Wet�]`bKNQCmbe]ek`y^
s ∈ C

�
<(s) ≥ 0

�
ek�º`yKNQ�QP�:fujt`bh�ekg

∫ +∞

0

1

us+1
W(du) = 1,

Ko��|�M
jkguw��Nh��6sve:^b^bh��N��Q0�usNmye_d�QPQPwN^L�&h�`bK©^bfud
d
QP^y^ah��kQxh�g]�kQ
m)^bh�e0gu^Let�6V±Q
����h�g	`ymyjkgu^o�Íe0mbO jtguw	l�ekhi^y^ae0gE`ymyjkgu^o½
�Íe0mbO	�

·�^&h�`r�&h����®�vQ�^bQ
QPg®�_ekfumrw_h�myQPd�`rjtsNsNmye0j0d)KEmyQPw_fvd�QP^�`yeR`bKNQ�O�h�gNh�OTfNO `yKNQx`bQcd)KNgNhid
jk�®jtsNsujkmyjt`bfu^
myQP�:fNh�myQPw±�Íe0m�^afvd)K%jkg%jkgujt��\_^ahi^
�RJLKNQ�l�ekhi^b^bekg�`bm)jtgu^a�ÍekmyO et�

(Rn)
h�^�jk��^be�fu^aQcw£h�g¥ekfNmxO�Q�`yKNe_w��

�uf_`�h�`Chi^Ld�e0g:�0Q
gNh�Q
g:`y��\RmbQPsNmyQP^bQ
g:`bQcw��0^bQ
Q�DG�:fuj~`yh�e0g K�>+M��_^ae!`bKujt`Ch�`LdPjtg �.QWmbh��kK:`Cj��Lj�\Th�g]�kQPma`yQPwR`be
�0h��0Q�jtg±Q
§]su��hid�h�`qQ�§_sNmyQP^y^bh�e0g Ka�c��M&�Íekm

E(Rn)
�&KNhid)K±�&h������kh��kQ�w_h�mbQcd�`y��\¬`bKNQRjk^b\]ORsN`bet`yh�dx�.Q
Kvj��:h�ekm

ek�º`yKNQ�^aQc�:fNQ
gud
Q
(E(Rn))

�
� g:`bQPmbQc^o`yh�gu�k��\k�_h��

(Ln)
w_Q
guet`bQc^�`bKNQxgNe0g_½ h�gud
mbQcjk^bh�gu�T^bQP�:fNQ
gvd�Qxet��`bKNQx��Q
gN�k`bKu^Lek�º`bKuQ�^afN�uh�g:`bQPma½

�~jk��^Get�
[0, 1]

jk^y^ae_d�hij~`yQPwT`be�`bKNQW^asN��h�`a`bh�gN��sumbe_d�Qcw_fNmyQ KÎ^bQ
QWZ]QPd�`bh�ekg±�0� ��M��6JLKNQ�� %I� 	����}�#�
�����,� ek��`bKNQ
^a`bmyh�gN�

(Ln)
hi^&w_Q
«ugNQPw	j0^�`bKNQ�O�Q
myekO�e0mbsNKuh�dq�ÍfNgud�`bh�ekg

ζ(s) =
∑

n≥1

Ls
n, s ∈ C,

^bQ
QLFqjkO!�N��\ jtguw¬¹ºjksNh�wNfu^ 7 �P},9®jtguw¬¹ºjtsuh�w_fv^�jkguw �~jkgG=Nm)jtgu­kQ
guK:fu\]^bQ
g 7 �t�,9A� � `Lh�^�gNek`LwNh � d�fu��`L`be
^bQ
QW`yKuj~`&`yKNQ�mbQP��jt`bh�ekg

E(ζ(s)) =

∫ +∞

0

us W(du)

/(

1 −

∫ +∞

0

us W(du)

)

Kuek�iwN^
� � g�sujkma`yh�d
fN��jkmP�t`bKNQrs.ek��QP^Get�5`bKuQ��.Q�`)jW�ÍfNgud�`bh�ekg�et�5`yKNQqjk^y^be]d
h�jt`bQcwTm)jtgvw_ekO mbQcd�fNm)^ah��kQ&^a`bmyh�gu�
dPjtg��vQ�Q
§_sNmbQc^b^bQPwEh�g�`yQ
myO�^Lek��`yKNQ�^bek��f_`bh�ekgu^Lek�gDG�:fujt`bh�ekg Ko��|�M��

� �'�¬��������
����!�8��*¬"��'�®�  �¬���x��
�� ����"L����(!"��z�����

��� �L�
�I�@�I��	,� %�� �e	,������$ � 	,� 	 � � �
(Wi)

hi^!jtg¨hA� h@� w��©^bQP�:fNQ
gvd�Q �&h�`bK8d
ekO�O�ekgªw_hi^a`bmyh��NfN`bh�ekg
WwNQ�«ugNQcwÕ�]\;DG�:fujt`bh�ekg Ko��M��L`bKuQ£^aQc�:fNQ
gud
Q

(Bi) = (− log(Wi))
hi^EjtgÕhA� hA� w�� ^bQP�:fNQPgud�Q±ek�Wguekg_½

guQ
�0jt`bh��kQWmyjkguw_e0O �~jtmyh�jk�N��Qc^
��JLKNQ�m)jtguwNekO �Ljt��­
(Sn)

j0^b^be_d�hij~`yQPwE`be
(Bi)

�

Sn = B1 + B2 + · · · + Bn, n ≥ 0.

·�^&h�`r�&h����®�.Q�^aQPQ
g®�]`yKNQ!jk^b\]O�s_`bek`bhid��.Q
Kvj��:h�ekmLek��`yKNQ�^asu��h�`a`yh�gN� jk���0ekmyh�`yKNO w_QPsvQPguwN^rOTfud)K�ekg�`bKNQ
wNh�^a`bmyh��uf_`bh�ekg�et�

(Bi)
�r=Ne0m

x > 0
�]`yKNQ�d�mye0^y^bh�gN�T`bh�O�Q

νx
ek����Q
�kQP�

x
�]\

(Sn)
h�^&w_Q
«ugNQcw�j0^

νx = inf{n : Sn > x}.
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	��
������������������	������������ �"!#��$&%(')��%
%���� *+�,�����.-/$0� ��|

=uekm
0 < y < 1

�5`bKNQR�~jtmyh�jk�N��Q
T (y)

et�Gl=myeks.e0^bh�`bh�ekg � hi^x^ah�O�sN��\
ν− log(y)

�!Z]QPd�`bh�ekg¥| myQPdPjt����^q`bKNQ
O�jkh�g�mbQc^afu��`)^&d�ekgvd�Q
mygNh�gN��p&Q
guQ
�Ljt��JLKNQ
e0mb\Efu^aQcwEh�g�`bKNQx�Íe0����e~�&h�gN�u�

� �
Ψ
hi^&w_Q
«ugNQPw	j0^

Ψ(x) = E

(

νx−1
∑

i=0

exp

(

i
∑

k=1

Bk

))

, x > 0

`yKNQ
g	�]\ DG�:fujt`bh�ekg Ko����M��

E(Rn) = 1 + E(G)E
[

Ψ
(

− log
(

UD
(n)

))]

.
Ka� � M

� `�h�^�d���QPjkm�`bKvj~`
− log(UD

(n))
d
ekg]�kQPmb�0QP^�h�g�w_hi^o`ymbh��Nf_`yh�e0gÕ`be

+∞
jk^

n
�ke]QP^ `be8h�g_«uguh�`o\0� JLKNQ

j0^a\]O�s_`yet`bhidW�vQPKuj��]h�e0mLet�
Ψ
j~`&h�g_«ugNh�`o\Ehi^�«um)^o`qjkgujt��\]�
Qcw��:`bKNhi^L�ÍfNgud�`bh�ekg±d
jkg��.QxmbQP�&mbh�`a`yQ
g±jk^

Ψ(x)e−x = E

(

νx−1
∑

i=0

eSi−x

)

= E

(

νx
∑

i=1

eSνx−i−x

)

.
Ka��?�M

� q p ��� t&% ~���� � xny |�� ( tb|}y�w ������� v�t
� g	`yKNhi^qsujkma`c�uh�`�hi^qj0^b^bfNO�QPw�`yKuj~`r`yKNQTwNh�^a`bmyh��uf_`bh�ekg±ek�

W1
hi^rguet`�Q
§_sve0gNQ
g:`bhijt����\¬jtmyh�`bKNO�Q�`yh�dk�qZ]Q
Q

��Q�«vgNh�`yh�e0g©�]�
�C° 	 	ª�
	 ��� ����%I�O�.-)%\� ��������� �����

E

(

| log(W1)|

W1

)

=

∫ 1

0

| log(x)|

x
W(dx) < +∞,

�.-)% ��%I�6	,�����,�
sup
x≥0

E
(

eSνx−x
)

< +∞

-n�,� �,�I5
�J���@� �
5 ¹ºekm)w_Q
g � ^ � gNQc�0fvjt��h�`yh�Qc^
�u^bQ
Q�¹ºekm)w_Q
g 7 �0|<9�jtgvw±SCKvjtgN� 7 |,9A�v^aKNe~�¡`bKujt`P�_�Íe0mrjtg]\

p ≥ 0
�

sup
x≥0

E ((Sνx − x)p) ≤
p + 2

(p + 1)E(B1)
E

(

Bp+1
1

)

,

`yK]fu^
�_e0gNQ��kQ
`y^�`yKNQ�mbQP��jt`bh�ekg

sup
x≥0

E
(

eSνx−x
)

≤
1

E(B1)

∫ +∞

0

(u + 2)eu
P(B1 ≥ u) du

= E
(

(B1 + 1)eB1
)

− 1 = E

(

− log(W1) + 1

W1

)

− 1 < +∞.
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=uekm
i > 1

�rJLKuQ
ekmyQ
O#�t�8^aKNe~�r^�`bKujt`P�r�&KNQPg
x
�0e:Qc^�`be¦h�gN«ugNh�`o\k�L`bKuQ£�~jtmyh�jk�N��Q

Sνx−i − xd
ekg]�kQPmb�0QP^�h�g©w_h�^a`bmyh��Nf_`bh�ekg	`ye
−(τ∗ + τ1 + τ2 + · · · + τi−1)

�u�&KNQPmbQ�`bKNQ��~jkmbhijt�N��QP^
(τn)

jtmyQWhA� h@� w��
wNh�^a`bmyh��uf_`bQcw�j0^

B1
jkguw�h�guwNQ
s.Q
guw_QPg:`ret�

τ∗ �&KNe0^bQ�w_hi^o`ymbh��Nf_`yh�e0g�hi^L�kh��kQPg¬�]\

E(f(τ∗)) =
1

E(B1)

∫ +∞

0

f(u)P(B1 ≥ u) du,

�Íe0mTjkg:\�gNekgN½AgNQP�0jt`bh��kQ ¼�ekmyQ
��h�jkg%�ÍfNgud�`yh�e0gªekg
R
��¼C\¥·q^y^bfNO�s_`bh�ekguK@·LM���`yKNQEh�gud
mbQPORQPg:`y^�ek�&`bKNQ

m)jtgvw_ekO'�Ljt��­
(Sn)

jtmyQ!�.ekfNguwNQPw©�.Q
��e~� �]\
− log(δ)

�5`yKNQ
myQ��Íe0mbQTekgNQR�kQ
`y^q`bKNQRmyQ
�ij~`bh�ekgº�v�Íe0m
1 <

K ≤ νx
�

νx
∑

i=K

eSνx−i−x = eSνx−x
νx
∑

i=K

eSνx−i−Sνx ≤ eSνx−x δK

1 − δ
.

=umbe0O�¹®QPO�O�j&>�jtgvwGDC�0fvj~`bh�ekg Ko�,?�M��NekgNQ�w_Qcw_fud
QP^�`bKuQ
g

lim
x→+∞

Ψ(x)e−x = E

(

+∞
∑

i=1

exp (−τ∗ − τ1 − τ2 − · · · − τi−1)

)

=
1 − E (exp(−τ1))

E(τ1)
×

1

1 − E (exp(−τ1))
=

1

−E(log(W1))
,

Ka�@>�M

^bh�gud�Q0�_�:\EDG�:fuj~`yh�e0g K@�N�@M
�]`bKuQ�w_Q
gu^bh�`o\Eet�
τ∗ e0g R+

h�^L�0h��0Q
g��]\

P(τ1 ≥ x)/E(τ1), x ≥ 0.

� � µ 	 µ �
�Î�
� µ ��� � �!µ � � ° � � ° ��� °Rµ�� � � ° �~� � ° ��� � 	 ���.-)% �,����� ����� �}�����,�G� �
W1

�������,�^%����n�,��%I�n����	,��� �
	�������-}$&%I�����\	���� ���n�
-(�.-)	��

E

(

| log(W1)|

W1

)

< +∞,

�.-)%I� �.-)% �
�,���6� � ���+* �
�,� %�%I� *+%
�#�
%L-n�,� �,�

lim
n→+∞

E(Rn)

n
=

E(G)

(D − 1)E(− log W1)
.

�J���@� �
5 DC�0fvj~`bh�ekg Ko� � M��0h��0QP^C`bKujt`P�_�Íe0m
n ≥ 1

�

E(Rn)

n
=

1

n
+ E(G)E

(

Ψ
[

− log
(

UD
(n)

)]

exp
(

log
(

UD
(n)

)) 1

nUD
(n)

)

.

·�^
n
�ke]QP^q`be�h�g_«ugNh�`o\±`bKuQT�~jtmyhijt�N��Q

nUD
(n)

d
ekg]�kQPmb�0QP^&h�g%wNh�^a`bmyh��uf_`bh�ekg£`be	jEm)jtguwNekO'�~jtmyh�jk�N��Q
tD�&Kuh�d)K�h�^qjR^bfNO et�

D
hA� hA� w��6Q�§_s.ekgNQPg0`yh�jk��myjkguw_e0O �~jtmyh�jk�N��Qc^��&h�`yK�svjtm)jtO�Q�`yQ
m

1
�]�ÍfNmb`bKNQPmbO�e0mbQ0�

lim
n→+∞

E

(

1

nUD
(n)

)

= E(1/tD) =
1

D − 1
.
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=uekm
ε > 0

�º`yKNQ
myQ Q�§_hi^o`)^
K
^bfud)K%`bKujt`P���Íekm

x > K
�
|Ψ(x) exp(−x) + 1/E(logW1)| < ε

��h��
CwNQ
gNek`bQP^�`yKNQ�^bfNsNmyQ
O!fuO et�

x → Ψ(x) exp(−x)
ekg

R+
�N`bKNQPg

∣

∣

∣

∣

∣

E

(

Ψ
[

− log
(

UD
(n)

)]

exp
(

log
(

UD
(n)

)) 1

nUD
(n)

)

−
1

(D − 1)E(− log W1)

∣

∣

∣

∣

∣

≤ εE

(

1

nUD
(n)

)

+

(

C +
1

E(− log W1)

)

E

(

� {UD
(n)

>exp(−K)}

1

nUD
(n)

)

+
1

E(− log W1)

∣

∣

∣

∣

∣

E

(

1

nUD
(n)

)

−
1

D − 1

∣

∣

∣

∣

∣

.
Ka�@A�M

=uekm
K2 > 0

�

lim sup
n→+∞

E

(

�
{UD

(n) > exp(−K)}
1

nUD
(n)

)

≤ lim sup
n→+∞

E

(

�
{nUD

(n) > K2 exp(−K)}
1

nUD
(n)

)

= E

(

� {tD>K2 exp(−K)}
1

tD

)

,

jkguw�`bKuh�^�`bQPmbO'�0e:Qc^L`be
0
j0^

K2
`bQ
gvwN^r`yeEh�g_«ugNh�`o\k��U�gNQ!d
ekgud
��fuwNQP^q`bKujt`q`bKuQ!myh��0K0`�Kujtguw£^ahiw_Q!ek�

prQ
�ij~`bh�ekg Ko�<A�M�hi^rjtmy�Nh�`bm)jtmyh���\�^aO�jt���®jk^
n
�ke]Qc^G`ye�h�gN«ugNh�`o\k�=JLKNQ�sNmyeks.e0^bh�`bh�ekgEhi^&sNmye~�kQcw��

�Tµ � µ � �Î�_� ² ��� �

� 5
Q
# 	,���(�#���,� �<� ��� � ���.- �I�6�<� 	�% �4	,�����&%,	,���
5
� -n%
�

D = 2
!

G ≡ Q
	����

Vi,Q = pi
�
�,�

1 ≤ i ≤ Q
��-n%
�$!e� �E	����6%
	,�
�O�,�#%(�{�&�.-)%G��%
	,�

�$�}$ �
%
�
�
log pi/ log p1

!
2 ≤ i ≤ Q

���O����� ��	�� ������	�� !��.-)% �
���$%,%
� *+%I���
%

lim
n→+∞

E(Rn)

n
=

Q
∑Q

i=1 −pi log pi

.

-)��� ���I5
� 5O!k�,$\$&%I������� 	��^�
	��I%<5
	 � G

���&�����L	 ��% *�%I��%I��	,� %�� ��	������,$ %�	�����	��I�6%E���n�
- �.-)	��
E(log G) < +∞

	���� !g�
�,�
` ≥ 2	,���

1 ≤ i ≤ `
!
Vi,` = 1/`

! �.-)%I�

lim
n→+∞

E(Rn)

n
=

E(G)

(D − 1)E(log G)
.

� q�� ��� t � xny{|��)( tV|)y w ������� v+t
� `&hi^&jk^y^afuORQcw�`yKuj~`L`bKuQxwNh�^a`bmyh��uf_`bh�ekg�et�

W1
hi^LQ�§_sve0gNQ
g:`yh�jk����\ jtmyh�`yKNO�Q�`yh�dW�&h�`bK�Q�§_sve0gNQ
g:`yh�jk�5^bsujkg

λ > 0
�RJLKNQ���j�� ek�

− log(W1)/λ
h�^xj�sNmyek�ujk�Nh���h�`o\±w_h�^a`bmyh��Nf_`bh�ekg%ekg

N
�0=uekm

i ≥ 1
�®e0gNQRwNQ�«ugNQc^
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���

Ci = Bi/λ = − log(Wi)/λ
� � gx`bKNQGjkmbh�`bKuORQ
`bhid=d
j0^aQ0�
`yKNQ=h�g:`bQ
�0Q
m®�~jk��fNQcwxmyjkguw_e0O¢�Ljt��­�jk^y^be]d
h�jt`bQcw

`ye
(Ci)

sN�ij�\]^G`bKuQ�­0Q
\�mbe0��Q0�0OTfud)K h�g `yKNQW^yjtO�QW��j�\�jk^G�Íekm
(Sn)

h�g `yKNQWgNekg_½Üjtmyh�`bKNO�Q�`yh�d�d
j0^aQ0��¼�\
wNQ
gNek`bh�gN�

τn = inf

{

k ≥ 1 :
k
∑

i=1

Ci ≥ n

}

,

DC�0fvj~`bh�ekg Ko�,?�MLdPjtg��vQ�myQ
�&myh�`b`bQPg�j0^
�]�Íe0m
x ≥ 0

�

Ψ(x)e−λdx/λe = E





τdx/λe
∑

i=1

exp



λ





τdx/λe−i
∑

k=1

Ck − dx/λe











 ,

�&KuQ
myQ
dye = inf{n ∈ N : n > y}

�Íekm
y ≥ 0

�±¼�\£fu^bh�gN�©JLKNQ
e0mbQPO��N� jtguw¥h�`y^!gNet`)j~`yh�e0gu^
�º�Íekm
i ≥ 1

�®jk^
n
�0e]QP^q`be�h�g_«vgNh�`o\0��`bKuQR�~jkmbhijt�N��Q

C1 + · · · + Cτn−i − n
d
ekg]�kQPmb�0QP^rh�g¥w_h�^a`bmyh��Nf_`bh�ekg£`be

−(C∗
1 + C2 + · · ·+ Ci)

� N h�`bKE`bKNQx^bjkO�QqO�Q�`yKNe_w¬j0^Gh�g `yKNQ�guekg_½Üjtmyh�`yKNO�Q�`yh�d�d
jk^bQk�:h��®`bKNQW�~jtmyh�jk�N��Q
| log(W1)|/W1

h�^Lh�g:`bQP�km)jt�N��Qk�]`yKNQ
g

lim
x→+∞

Ψ(x)e−λdx/λe =
1

E(| log(W1)|)

λe−λ

1 − e−λ
.

� � µ 	 µ �
�Î�
� µ �������o�¬� ² 	 	�� µ �
�@� ��° � � µ ¶��@��� �P� � � �Î�_��� µ ��� �"� 	 �\�.-)% ������� ����� �}� ����� �{�
W1

���&% � #
�n�,�#%
�k� ��	������G	�������-}$&%I� ��� � ���.- % ���)����%I�n����	,�V� �n	,�

λ > 0
! 	���� ���n�
-(�.-)	��

E

(

| log(W1)|

W1

)

< +∞,

�.-)%I� ! 	,�
n

*+%I���O�6	�� *�%�!��.-)%\%�
��}�&%,	,�6%I���
%

E(Rn)

n
∼ F

(

log n

λ

)

-n�,� �,��! �g-)%I��%
F

���"�.-)% �n%
�������,���J���}�#�
�����,� � ����- �)%I�����
�
1
��%� r�#%��E�I�"!k�
�,�

x ≥ 0
!

F (x) =
E(G)

E(| log(W1)|)

λ

1− e−λ

∫ +∞

0

exp

(

−λ

{

x −
log y

λ

})

yD−2

(D − 1)!
e−y dy

	����
{x} = x − bxc

5
�J���@� �
5 =uekm

n ≥ 1
�uh��

dxe = bxc + 1
�

1

n
E

[

Ψ
(

− log(UD
(n))
)]

= E

[

Ψ
(

− logUD
(n)

)

e−λd− log(UD
(n)/λ)eeλ exp

(

−λ

{

− log(UD
(n))

λ

})

1

nUD
(n)

]

,
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^bh�gud�Q
nUD

(n)

d�ekg]�0Q
my�kQP^rh�g£wNh�^a`bmyh��uf_`bh�ekg£`be
tD

jk^
n
�ke]QP^q`be¬h�gN«ugNh�`o\k���&h�`bK©`yKNQ�^bjkORQRO�Q�`yKNe_w£jk^

h�g�`bKNQ�sumbe]et��et��l=mbe0sve:^ah�`bh�ekg(A_�Ne0gNQx�kQ
`y^�`bKuQ�QP�:fNh���jk��QPgud�Qc^

1

n
E

[

Ψ
(

− log(UD
(n))
)]

× E(| log(W1)|)
1 − e−λ

λ

∼ E

[

exp

(

−λ

{

log(n)

λ
−

log(nUD
(n))

λ

})

1

nUD
(n)

]

= E

[

exp

(

−λ

{

log(n)

λ
−

log tD
λ

})

1

tD

]

.

U�guQxd
ekgud
��fvw_QP^L�]\ fu^bh�gN�&DG�:fuj~`yh�e0g Ka� � M
�
�Tµ � µ � �Î�_� ² � � �

Q
³ �_� ² 	�� µ � µ � µ � ´ �Í� � � � µ ��� ° ¶ �_���"� �N���Î� �"� � -)%I�

D = 2
!

G ≡ Q
	,���

Vi,Q = pi
�
�,�

1 ≤ i ≤ Q
�.-)%I� ! � �&	,��� �.-)%\��%
	��g� �}$&�
%I�
�

log pi/ log p1
!
2 ≤ i ≤ Q

	,��%\� 	,�����,��	�� !
�.-)%\%�
��}�&%,	,� %
�#� %

E(Rn)

n
∼ F

(

log n

λ

)

-n�,� �,��! �g-)%I��%
F

���"�.-)% �n%
�������,���J���}�#�
�����,� � ����- �)%I�����
�
1
��%� r�#%��E�I�"!k�
�,�

x ≥ 0
!

F (x) =
Q

−
∑Q

i=1 pi log pi

λ

1 − e−λ

∫ +∞

0

exp

(

−λ

{

x −
log y

λ

})

e−y dy,

�g-n%
� %
{x} = x − bxc

	,���
λ = sup {y > 0 : ∀i ∈ {1, . . . , Q}, log pi ∈ yZ}

5

� $ *�"�� 
����º��
��(3 ��
������¦���T��*�" �R�   #"��º��
������
Q �

� ���'���
(�����
)��*	 

=umbe0O gue~�¤e0g®�:h�`Ghi^�jk^y^afNO�QcwR`bKujt`=`bKNQ��Nm)jtgud)KNh�gN�!wNQ
�kmyQ
Q&ek�5`bKNQW^asN��h�`a`bh�gN�Rjt���kekmyh�`bKNO h�^�d�e0gu^o`)jtg:`P�
hA� Qk�

P(G = Q) = 1
��jtguw�fNgNh��ÍekmyO	�

Vi,Q ≡ 1/Q
�Íe0m

1 ≤ i ≤ Q
��· �kmyekfNs%et�

n ≥ D
h�`yQ
O�^xh�^

m)jtgvw_ekO���\k�]QP�:fujk����\Ew_h��]h�w_Qcw�h�g:`be
Q
^afu�N�kmyekfNsv^
� =NmyekO lGmbe0sve:^ah�`bh�ekg%�k�k�Nh�`rhi^L­]gNe~�&g¬`bKujt`

E(Rn)/n ∼ F1

(

logQ n
)

j0^
n
�0e:Qc^�`be�h�g_«ugNh�`o\k�N�&h�`bK

F1(x) =
Q2

Q − 1

∫ +∞

0

Q−{x−logQ y} yD−2

(D − 1)!
e−y dy.

K@�k��M

JLKuh�^Lhi^rjN�]`o\]sNhid
jk�@�NdPjk^bQx�&KNQ
myQ�jTmyQ
�0fN�ijtmL��j���et����jkmb�0Q�g]fNOT�vQPmy^&w_e]Qc^LgNet`rKNe0��w®�
JLKNQ!sNfNmysve:^aQxet��`yKNh�^q^aQcd�`bh�ekg	hi^L`be ^a`bmyQ
gu�t`bKuQ
g�`bKNQTjt�.e~�kQ�d�e0g:�0Q
my�kQPgud�Q0��JLKuQ!w_hi^o`ymbh��Nf_`yh�e0g�ek�

`yKNQ=l�ekhi^y^ae0gx`bm)jtgu^a�ÍekmyO¢ek�:`yKNQG^bQP�:fNQPgud�Q
(Rn)

�~h@� Qk�º`bKNQCmyjkguw_e0O¢�~jtmyh�jk�N��Q
RN (]0,x])

�chi^®h�g]�kQc^o`yh��:j~`bQcw
jkguw�guet`�ekgN��\xh�`)^�j��0Q
m)jt�0QGjk^��vQ
�ÍekmyQk� � g!sujkma`yh�d
fN��jkm�h�`6h�^�^bKNe~�&g�`yKuj~`c���Íekm�`bKNQ�l�ekhi^b^bekg�`bm)jtgu^a�ÍekmyO	��j
��� 	,����	,� � ��j��¦et�v�ijtmy�kQ�g]fNO!�.Q
m)^6d
jkgT�.Q&fu^bQPw!`bexsNmye~�kQC`bKNQ&e:^bd
h����ij~`bh�gN�W�vQPKuj��]h�e0m�et�u`yKNQrjt���ke0mbh�`bKuO��
� g�et`yKNQ
mW�Ce0mywu^
�v`bKNQc^aQRfNgud
ekO�O�ekg���j��r^qet�G�ijtmy�kQTg:fuO!�.Q
m)^�dPjtg©�.Qk��h�g£`yKNQRQ
guw���Q
§_sNmbQc^b^bQPw	h�g�j
d
��j0^b^bhid
jt�5sNmyek�vjt�Nh���hi^a`bhidW^bQ�`b`bh�gN�u�
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JLKumbe0fN�kKNe0f_`�`bKNQ�myQP^a`&et��`bKNQ�sujksvQPm&h�`rhi^&jk^y^bfNO�QPwE`bKujt`
�k�

N
h�^�j�l�e0h�^y^bekg�sNmbe_d
QP^y^&�&h�`yK±h�g:`yQ
gu^bh�`o\

1
ekg

R+
�L·rgNek`bKNQPmql�ekhi^b^bekg�sNmye_d�QP^y^L�&h������vQ�fv^aQcw

�Nf_`rh�g�`bKNQx`o��e�w_h�O�QPgu^ah�ekgvjt�®^bsujkd
Q
[0, 1]× R+

�
�_�&JLKNQ �~jtmyhijt�N��Q

M
w_Q
gNek`bQc^�j±l�ekhi^b^bekg¥sNmye_d�Qc^b^xe0g

[0, 1] × R+
�&h�`yK¨h�g:`bQPgu^bh�`o\

1
��`bKNhi^Th�^�j

w_hi^o`ymbh��Nf_`yh�e0g�ek�Gmyjkguw_e0O sve0h�g:`y^We0g
[0, 1] × R+

�&h�`yK£`yKNQR�Íek����e~�&h�gN�¬sNmbe0svQPma`yh�Qc^IP�h��
M(H)w_Q
guet`bQc^L`bKuQWg]fNOT�vQPmret��sve0h�g:`)^L`bKujt`��Ü�Îjk������h�g:`be�`bKuQ�^aQ
`

H ⊂ [0, 1]× R+
�

X =uekm
x ∈ [0, 1]× R+

�
M({x}) ∈ {0, 1}X � �

G
jkguw

H
jtmyQrw_hi^Ínoe0h�g:`C^bfN�u^bQ�`)^Gek�

[0, 1]×R+
�k`yKNQr�~jtmyh�jk�N��QP^

M(G)
jtguw

M(H)
jkmbQ

h�guw_QPsvQPguw_QPg0`c�
X JLKuQ�w_h�^a`bmyh��Nf_`bh�ekg�et��`bKuQ���jkmbhijt�u��Q

M([a, b] × [y, z])
hi^Ll�ekhi^b^bekg��&h�`yK	sujtm)jtO�Q�`yQ
m

(b −
a)(z − y)

�Íe0m
0 ≤ a ≤ b ≤ 1

jkguw
0 ≤ y ≤ z

�
»rek`bQ�`yKuj~`r`yKNQ�m)jtguwNekO �~jtmyhijt�N��QP^

N ([0, x])
jkguw

M([0, 1] × [0, x])
Kuj��kQ�j�l�e0h�^y^ae0g�wNh�^a`bmyh�½

�Nf_`yh�e0g��&h�`bK	sujkmyjkO�Q�`bQPm
x
�

�N�&JLKNQ�l�ekhi^b^bekgE`bm)jtgu^a�ÍekmyO ek�º`bKuQ�^aQc�0fuQ
gud
Q
(Rn)

h�^&w_QPgNet`yQPw��]\
R(x)

�
x ≥ 0

�

R(x)
	�
 ��
��
= RN ([0,x])

	 
 ��
��
= RM([0,1]×[0,x]).

� `)^GQ
§_svQcd�`yjt`bh�ekg hi^��kh��kQPg��:\&DG�:fujt`bh�ekg K�>�M
�6JLKNh�^�^bQPd�`yh�e0g hi^Cw_QP�kek`bQPw�`be�`yKNQx^o`yfuw_\�et��`yKNQxjk^b\:O�s_½
`yet`yh�dW�.Q
Kuj��]h�ekm&et��`bKNQ ������� ����� �}� ����� et�

R(x)
�

�eq p ����� v;~! ���^x #rt&% � (&*Otbxnv
� gÕ`yKNhi^E^bQPd�`yh�e0g®�Lh�`�h�^ sNmbe~�0QPw¦`bKvj~` `yKNQ©l�ekhi^b^bekg¤`ymyjkgu^o�Íe0mbO et�x`bKNQ�^aQc�0fuQ
gud
Q

(Rn)
^yj~`bhi^a«uQP^ j

^a`bmyekgu�%�ij���ek�W�ijtmy�kQ	g]fNOT�vQPmy^P�¢·'gNhid�Q©myQ
sumbQc^aQPg0`)j~`yh�e0g8et�W`bKuh�^ `bm)jtgu^a�ÍekmyO jk^�j%�Ífugud�`yh�e0gujt�rek�
l�e0h�^y^ae0gEsNmye_d�Qc^b^bQP^�hi^L«um)^o`&sNmye~�kQcw h�g¬`yKNQx�Íek����e~�&h�gN�RsNmyeks.e0^bh�`yh�e0g®�
� � µ 	 µ �
�Î�
� µ � � �
� '#-n% ������� ����� �}� ����� � � �.-)%(� �,���
�I�,� ����	,�n�.�
�,��$

R(x)
�{� ��-n% �I%�
 �n%
�#� %

(Rn)�I	�� ���  %
�O��-n%r�
�����6� � ���/*(��%I�6	,�����,�n� !

R(x)
�����
	��
= R1(x)

��
����
= 1 + Q

∑

p≥0

Qp−1
∑

k=0

φN

(

xk/Qp, x(k + 1)/Qp
)

,
KA�_�<M

�g-n%
� % !k�
���
0 ≤ a ≤ b φN (a, b) = 1

� �
N (]a, b]) ≥ D

	����
0

�,�.-)%I� � ���I% !

R(x)
�����
	��
= R2(x)

��
����
= 1 + Q

∑

p≥0

Qp−1
∑

k=0

� {M(]k/Qp, (k + 1)/Qp] × [0, x]) ≥ D}.
KA�k��M
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»qet`bQ!`bKujt`q`yKNQ��ÍfNgvd�`bh�ekg
x → R2(x)

hi^�d
��Qcjtmy��\¬gNekg_½Üw_Qcd�myQPjk^bh�gN�u� � g©sujkma`yh�d
fN�ijtmc�uh��
f
hi^W^ae0ORQ

guekg_½Üw_QPd
mbQcjk^bh�gu���ÍfNgud�`bh�ekg	ekg
R+

�_`yKNQ�^bjkO�QWsumbe0svQPma`o\ Kuek�iwN^��Íekm

x → E[f(R(x))].

prQ
sNmyQP^bQ
g:`yjt`bh�ekg K@�N�@MG�&h����u�.Qqfu^bQ��Ífu�u`ye!�kQ
`Cj!^a`bmyekgu����j��Õet�®�ijtmy�kQ&g]fNOT�vQPmy^Gekg ^bfN�u^bQP�:fNQPgud�Qc^Gjtgvw
prQ
sNmyQP^bQ
g:`yjt`bh�ekg K@�N�@ML�&h������vQTfu^bQPw�`beE�kQ�`q`bKNQ��Ífu����d�e0g:�0Q
my�kQPgud�QWh�g�w_h�^a`bmyh��Nf_`bh�ekg±ek�

R(x)/x
j0^

x`yQ
guwu^L`be�h�g_«ugNh�`o\k�
�J���@� �
5 ¼�\T`bKNQ�^asN��h�`a`bh�gN��sumbe0svQPma`o\Tet��l�ekhi^b^bekg�m)jtguw_e0Oz�~jtmyhijt�N��QP^P�t`yKNQrmyQPd�fumbmyQ
gud
QLmbQP��jt`bh�ekg K@��M��Íekm
`yKNQ�^bQP�:fNQ
gvd�Q

(Rn)
d
jkg¬�.Q�Q�§_sNmyQP^y^aQcw¬j0^

RN (]0,x])

	�
 ��
 �
= 1 +

Q
∑

i=1

Ri,N (]x(i−1)/Q,xi/Q]) − Q � {N (]0,x])<D},

�Íe0m
x ≥ 0

� � �o�N�Íekm
0 ≤ a < b

�

Φ(a, b) =
1

Q
(RN (]a,b]) − 1),

K@�k��M

`yKNQ��ijk^a`LQc�:fuj~`yh�e0g�dPjtg��vQ�myQ
�&myh�`b`bQPg�j0^

Φ(0, x) =

Q
∑

i=1

Φi

(

i − 1

Q
x,

i

Q
x

)

+ φN (0, x),
K@�t}+M

�&h�`bK¨jkg%e0�]�:h�ekfv^xgNet`)j~`bh�ekg%�&h�`bK¥`bKuQ ^afN�v^bd
mbh�s_`y^
i
�Íekm

Φ
�E¼�\�h�`yQ
m)j~`bh�gN��`bKuh�^�myQ
�ij~`yh�e0g®�ºe0gNQ��kQ
`y^

`yKuj~`c�ujt��O�e0^a`r^afNmyQ
��\k�:`yKNQ�Q�§_sujkgu^ah�ekg

Φ(0, x) =
∑

p≥0

Qp−1
∑

k=0

φN

(

k

Qp
x,

k + 1

Qp
x

)

,
KA�k|�M

Kuek�iwN^
��JLKNQ��ÍfNgvd�`bh�ekg
Φ(0, x)

hi^�nofu^a`�`bKNQ ^bfNOYek�G`yKNQ��ÍfNgud�`bh�ekg
φN

ekg�`bKNQ
Q
½ÜjkwNh�dRh�g0`yQ
my�~jt�i^�ek�

[0, x]
�

DG�:fujt`bh�ekg K@�0��M�hi^&sNmye~�kQPwEh�g¬`bKuQ�^bjkORQx�Lj�\k�

� tbz�x)tYv+tY� | �^|}y ~�� ~! Gv+~ ( t ~! |�� t' �e��w�|}y ~�������v ~! |�� t � v/v+~JwVy �^|/t�� |}x)tYt
N KuQ
g

N ([0, x])
h�`yQ
O�^�jtmyQ�j~`�`bKuQ�mye]et`Gek�®`bKNQxjk^y^be]d
h�jt`bQcwR`bmyQ
Qk�:`yKNQq`yet`)jt�.g:fuO!�.Q
mLet�®gNe_w_QWet�º`bKNQ

`ymbQPQ
RN ([0,x])

hi^Gguet`G`yKNQWekgN��\R�:fujkg:`bh�`o\T`yKuj~`Ld
jkg �vQWmyQ
sNmyQP^bQ
g:`bQcw��k�]\&DG�:fujt`bh�ekg KA�_�@MGh�g `bQ
myO�^Gek�
`yKNQ�l�ekhi^b^bekg¬sNmye]d
QP^y^

N
�

JLKuQ $ 	 ����$&	��
��% ���.-
M(x)

ek��`bKNQWjk^y^ae_d
h�jt`bQPwR`ymbQPQr�&KNQPg `bKuQ
myQqjtmyQ
N ([0, x])

h�`bQPO�^Ljt`G`bKuQr`be0s et�
`yKNQx`bmyQ
Q�dPjtg��vQ�Q
§]sumbQc^b^bQPw¬jk^&jR�ÍfNgud�`bh�ekgujk��et��`bKNQ�l�e0h�^y^ae0gEsNmye_d�Qc^b^

M(x) = max{p ≥ 1 : ∃k, 0 ≤ k < Qp−1 − 1,N (]k/Qp−1, (k + 1)/Qp−1]) ≥ D}
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JLKuQx�:fujkg:`bh�`o\

F (x) = max{p ≥ 1 : ∀k, 0 ≤ k < Qp−1 − 1,N (]k/Qp−1, (k + 1)/Qp−1]) ≥ D}

hi^�`bKNQ � �}$&�
%I�\�{�J���}��� �6% %,%
� � et�G`yKNQT`bmyQ
Qk�RZ]Q
Q&:xgNQP^y^b��jkguw�Z_�
sujkgN­ke~�r^b­]h 7 �_��9 �!»qet`bQT`bKvj~`x`bKNQc^aQ
�:fujkg:`bh�`bh�QP^6jtmyQ&w_h�mbQcd�`b��\�myQ
�ij~`yQPw!`be�d��ijk^y^bh�dPjt�]e_d
d�fusujtgud
\�sNmyek�N��Q
O�^P��JLKuQ � �}$&�
%I�e�{� �#�
��%���	��g� %�%,%
�
p ≥ 1

hi^&�0h��0Q
g��:\

Q

Qp−1−1
∑

k=0

�
{N (]k/Qp−1, (k + 1)/Qp−1]) ≥ D}

.

JLKuh�^�hi^�gNek`P�Let��d�e0fNm)^aQ0��jkg¤Q
§_Kujtfu^a`bh��kQ	��h�^a`Eek��`yKNQ©s.e0^y^ah��N��Q±mbQPsNmbQc^aQPg:`yj~`yh�e0gu^Rh�g¤`yQ
myO�^ et�x`bKNQ
l�e0h�^y^ae0gEsNmye_d�Qc^b^P�

� `�hi^��0fuh�`yQ�fv^aQ
�ÍfN�&`be�`bKuh�gN­¤^asu��h�`a`yh�gN�¨jk���0ekmyh�`yKNO�^!QPh�`yKNQ
m�h�g8`yQ
myO�^Tek�q`ymbQPQP^Rekm�h�g8`yQ
myO�^�ek�
Q
½ j0w_h�d�^afu�Nh�g:`yQ
my��jk��^Cet�

[0, 1]
� � g�jTO�ekmyQq�kQPgNQ
m)jt�5d
j0^aQ0�]h@� Qk���&KNQPg `bKuQx^bsN��h�`b`bh�gN��jt���ke0mbh�`bKNO hi^�gNet`

^b\]O�ORQ
`bmyh�dPjt�A�vjEmbQPsNmbQc^aQPg:`yj~`yh�e0g±^ah�O�h��ijtmq`be¬prQ
sNmyQP^bQ
g:`yjt`bh�ekg KA�_�@Mqd
jtg£�vQTek�_`)jth�gNQPw	�]\	fu^bh�gN�E`bKNQ
j0^b^be_d�hij~`yQPw�m)jtguwNekO�w_Qcd�e0ORs.e0^bh�`bh�ekgEek�º`yKNQxh�g:`bQPmb�~jk�

[0, 1]
h�gu^o`yQPj0wEek�º`bKuQ

Q
½ j0w_hid�w_Qcd�e0ORs.e0^bh�`bh�ekg®�

Z_Q
QO=ujk��d
ekgNQPm 7 �c��9A�

� �������,�/*[�6	 �8�{� �6	�� *�% �$�}$ � %I�
� � DG�:fujt`bh�ekg K@�~}+M¬^bKNe~�r^E`bKujt`P�xh��
N > 0

�q`yKNQ¨�:fujtg:`bh�`o\
Φ
(

0, yQN
) hi^�`yKNQ£^bfNO ek�x`bKNQ

Φ
e0gÕ`bKNQ©h�g:`bQPmb�~jt�i^

[yp, yp + y]
�

0 ≤ p < QN �rjtguw¤ek� φNe0gE`yKNQ�h�g0`yQ
my�~jt�i^
[ykQn, y(k + 1)Qn]

d
ekg:`yjkh�guQPw h�g
[0, yQN ]

�_`yKuj~`rhi^

Φ
(

0, yQN
)

=

QN−1
∑

p=0

Φ(yp, yp + y) +

N
∑

n=1

QN−n−1
∑

k=0

φN (ykQn, y(k + 1)Qn) .
KA� � M

¼�\!`bKNQrh�guw_QPsvQPguw_QPgud�Q�sNmbe0svQPma`yh�Qc^6et�5l�ekhi^b^bekg�sNmye_d�Qc^b^P�~`bKuQ�d��ijk^y^bh�dPjt�N^a`bmyekgN�x�ij��¦ek�5�ijtmy�kQ&g]fNOT�vQPmy^
^bKNe~�r^C`bKvj~`P�vjt��ORe:^o`r^bfNmyQ
��\k�

lim
N→+∞

1

QN

QN−1
∑

p=0

Φ(yp, yp + y) = E(Φ(0, y)) =
∑

p≥0

Qp
E(φN (0, y/Qp)

=
∑

p≥0

Qp
P (N (]0, y/Qp]) ≥ D) ,

�]\ fv^ah�gN�&DG�:fuj~`yh�e0g K@�k|�M��ujkguw �Íe0m
n > 0

�

lim
N→+∞

1

QN

QN−n−1
∑

k=0

φN (ykQn, y(k + 1)Qn) =
1

Qn
E(φN (0, yQn)).

»qet`yQ�`yKuj~`c�_�Íekm
0 < K < N

�

N
∑

n=K

1

QN

QN−n−1
∑

k=0

φN (ykQn, y(k + 1)Qn) ≤
N
∑

n=K

1

QN
QN−n ≤

1

QK−1
.
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JLKuQ�`yKNmyQ
Q��ijk^a`Lhiw_QPg0`yh�`yh�Qc^rjtgvw¬��QPd
ekO�sve:^ah�`bh�ekg K@� � M��0h��0Qq`yKuj~`c�ujt��O�e0^a`&^bfNmyQ
��\k�

lim
N→+∞

1

yQN
Φ
(

0, yQN
)

=
∑

n∈Z

1

yQn
P(N (]0, yQn]) ≥ D).

� � µ 	 µ �
�Î�
� µ � ��� � �®�
� µ ��� � � ´ µ�� � �N�"� °�� �
	£� ° �~� �"� � ����-u��-n% �I	,$ % ���,� 	,�����,�n� 	�� ���
�J��� �n�����������,� ��� !n�
�,�

0 < y ≤ Q
! 	���$&�,����� �}��%I���"!

lim
N→+∞

R1

(

yQN
)

yQN
= Q

∑

n∈Z

1

yQn
P(N (]0, yQn]) ≥ D)

KA��?�M

= Q
∑

n∈Z

1

yQn

∫ yQn

0

uD−1

(D − 1)!
e−u du = F1(logQ y),

�g-n%
� %
F1

�����.-)% �)%I�����
�����J���}���I� ����� ��%� ���%��E�I��� 
 �n	,�����,� K@�k��M 5
·�^Rj��]\]sNmbe_w_fvd�`P��`yKNQ�sNmbe0sve:^ah�`bh�ekg8QP^a`yjt�u��hi^aKuQP^!`bKNQ�h�g:`yfNh�`yh��0Q K@jtguw¦d��ijk^y^ahid
jk��M��Îjkd�`T`yKuj~`R`bKNQ

^bQP�:fNQPgud�Q
(E(Rn)/n)

jtgvwW`bKNQG�ÍfNgud�`yh�e0g
x → E(RN ([0,x]))/x

Kuj��0Q�`bKNQ�^bjkORQCjk^b\:O�s_`yet`yh�d��.Q
Kuj��]h�ekm
jt`ºh�g_«ugNh�`o\k��»rek`bQ=`yKuj~`�h��

G(y)
hi^�w_Q
«ugNQcw�jk^®`bKNQ�^aQcd�ekgvwW`bQ
myO�et�)DG�:fujt`bh�ekgEKA��?�M���`bKuQ
g�`yKNQ=�ÍfNgvd�`bh�ekg

x → G(Qx)
h�^rd
��Qcjtmy��\�s.Q
myh�e]wNh�dx�&h�`bK	s.Q
myh�e_w

1
�

�J���@� �
5 SC��QPjkmb��\k�0ekgN��\T`bKNQ�mbQP��jt`bh�ekg
F1(logQ y) = G(y)

Kujk^=`be��.QqsNmye~�kQcw��g=uekm
n ∈ Z

�0h��
tD
h�^G`bKNQ

D
`bK	sve0h�g:`rek�º`bKuQ�l�e0h�^y^bekg�sNmbe_d
QP^y^

N
`bKuQ
g

P(N (]0, yQn]) ≥ D) = P(tD ≤ yQn) =

∫ +∞

0

� {u≤yQn}
uD−1

(D − 1)!
e−u du.

¼�\E^bfNO�O�h�gu��fNsE`yKNQP^bQx`bQPmbO�^P�_�&h�`yK =NfN�Nh�gNh � ^�JLKNQ
e0mbQPO ekgNQx�0Q�`y^

G(y) = Q

∫ +∞

0

∑

n∈Z

1

yQn
� {u≤yQn}

uD−1

(D − 1)!
e−u du

=
Q2

Q − 1

∫ +∞

0

1

yQdlogQ(u/y)e

uD−1

(D − 1)!
e−u du

=
Q2

Q − 1

∫ +∞

0

1

Q−{logQ(u/y)}

uD−2

(D − 1)!
e−u du = F1(logQ y).

JLKuQWsumbe0sve:^ah�`bh�ekg�h�^Lsumbe~�0QPw��
JLKNQx�Íe0����e~�&h�gN��sNmbe0sve:^ah�`bh�ekg�QP^a`yjk�N��h�^bKNQP^&j���QPjk­���j�� et����jkmb�0Qxg:fuO!�.Q
m&�Íe0mL`bKNQ�l�ekhi^y^ae0gE`ymyjkgu^o½

�Íe0mbOzet�.`bKNQr^bQP�:fNQPgud�Q
(Rn)

����Q
�]mye~\kQ 7 >,9uek�_`)jth�gNQPwRmyQ
�ij~`yQPwTmbQc^afN��`y^�h�g�jxO�ekmyQ��0Q
gNQPmyjk�:�ÍmyjkORQP�Ce0mb­
�]\ fv^ah�gN��J�jk��jk�km)jtguw � ^Ld�e0gud�QPg:`bm)j~`bh�ekg¬h�guQP�:fujt��h�`bh�QP^P�
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��� °]µ � ° 	 � � � � � ´�µ�� � �_� � ° � �
	£� ° �~� �"� '#-)%^�
�����6� � ���/* �
�,�$%,%I� *�%I���
%e��� �����
������� �}� ����� -n�,� �,� !
�
��� 	,�k�

ε > 0
!

lim
x→+∞

P

(∣

∣

∣

∣

R(x)

xF1(logQ x)
− 1

∣

∣

∣

∣

≥ ε

)

= 0,

�g-n%
� %
F1

�����.-)%����}���I� ����� ��%� r�#%��E�I��� 
��n	�� ����� K@�t��M 5
�J���@� �
5 =uekm

x > 0
�te0gNQrw_Q�«vgNQP^

Nx = blogQ xc
�
ux = x/QNx

jtguw®�~�Íekm
p ≥ 1

�
zx = buxpcQNx/p

�
»qet`yQ�`yKuj~`

supx≥1 |x/zx − 1|
d�e0g:�0Q
my�kQc^6`be

0
jk^

p
`bQPguwN^L`yeTh�g_«ugNh�`o\k�uKNQ
gud
Qx�:\¬d�ekg:`yh�g]fNh�`o\�et�

F1
�

lim
p→+∞

sup
x≥1

∣

∣

∣

∣

xF1(logQ x)

zxF1(logQ zx)
− 1

∣

∣

∣

∣

= 0.

lGmbe0sve:^ah�`bh�ekg%�
}�^aKue~�r^�`bKujt`&�Íekm
p ≥ 1

�Njt��ORe:^o`r^bfNmyQ
��\k�]�Íekm
k
�
0 ≤ k ≤ p

�

lim
N→+∞

R1(ykQN )

ykQNF1(logQ yk)
= 1,

�&h�`bK
yk = k/p

�6JLKNQPmbQ
�ÍekmyQk�]h��
p ≥ 1

hi^L«N§_QPw®�Njt��ORe:^o`r^bfNmyQ
��\k�

lim
x→+∞

R1(zx)

zxF1(logQ zx)
= 1,

JLKuQWO�e0gNet`yekgNhid�h�`o\ et��`bKuQ��Ífugud�`yh�e0g
x → R2(x)

�kh��kQc^�`bKNQ�myQ
�ij~`yh�e0g

R2

(

buxpc

p
QNx

)

≤ R2(x),

e0gNQW«ugujk����\ �kQ
`y^

P

(

R(x)

xF1(logQ x)
< 1 − ε

)

= P

(

R2(x)

xF1(logQ x)
< 1 − ε

)

≤ P

(

R2(zx)

xF1(logQ x)
< 1 − ε

)

= P

(

R1(zx)

zxF1(logQ zx)

zxF1(logQ zx)

xF1(logQ x)
< 1 − ε

)

,

`yKNQ
myQ��Íe0mbQ0�

lim
x→+∞

P

(

R(x)

xF1(logQ x)
< 1 − ε

)

= 0.

JLKuQxjkgujt��ek�0ekfu^�h�gNQP�:fujk��h�`o\ hi^Lek�_`)jth�gNQPw¬h�g¬`yKNQ�^yjtO�Qx��j�\0��JLKuQ�`yKNQ
e0mbQPO hi^&sNmye~�kQPw®�

�eq�� � tY� |/x � � � y ( y | � �etb~rx)t ( v
=uekm

N ≥ 1
jtgvw

0 < x ≤ Q
���&h�`yK

Φ
w_Q�«uguQPw��:\(DG�:fujt`bh�ekg KA�t��M���`bKuQT�~jtmyhijtgud
Q!et�G`bKNQ��~jtmyh�jk�N��Q

Φ(0, x)
h�^�«vmy^a`qjtgujk��\]�PQPw���JLKNQ�Q�§_sujkgu^bh�e0g KA�k|�M��0h��0QP^

[Φ(0, x) − E (Φ(0, x))]2 =
∑

p≥0

Qp−1
∑

k=0

∑

p′≥0

Qp′
−1

∑

k′=0

∆k,p(x)∆k′ ,p′(x),

ÑÍÒ�É®ÑÔÓ
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�&h�`bK
∆k,p(x) = φN

(

k

Qp
x,

k + 1

Qp
x

)

− E

(

φN

(

0,
1

Qp
x

))

.

JLKuQqQ�§_s.QPd�`bQPwE�~jt��fNQqek��`bKNQW�~jtmyh�jk�N��Q
∆k,p(x)∆k′ ,p′(x)

hi^GgNe0g_½ �
Q
mye�e0gN��\�h��
p ≤ p′

jtguw
kQp′−p ≤

k′ ≤ (k + 1)Qp′−p − 1
e0mL`bKNQ�^b\]O�ORQ
`bmyh�dPjt�®d
ekguw_h�`bh�ekg��]\ Q�§Nd)KujkgN�kh�gN�

(p, k)
jtgvw

(p′, k′)
�

E

[

(

Φ(0, x) − E (Φ(0, x))
)2
]

=
∑

p≥0

Qp−1
∑

k=0

E
[

∆k,p(x)2
]

+ 2
∑

p≥0

Qp−1
∑

k=0

∑

p′>p

(k+1)Qp′−p−1
∑

k′=kQp′−p

E [∆k,p(x)∆k′ ,p′(x)] .

¼�\ fv^ah�gN�R`bKNQ�QP��QPO�Q
g:`yjkmb\ hiw_QPg0`yh�`yh�Qc^

E
[

∆k,p(x)2
]

= E [φN (0, x/Qp)] (1 − E [φN (0, x/Qp)])

= P(tD ≤ x/Qp)P(sD ≥ x/Qp),

E [∆k,p(x)∆k′ ,p′(x)] = E

[

φN (0, x/Qp′

)
]

(1 − E [φN (0, x/Qp)])

= P(tD ≤ x/Qp′

)P(sD ≥ x/Qp),
�&KuQ
myQ

tD
jkguw

sD
jtmyQWh�guw_QPsvQPguw_QPg0`Wmyjkguw_e0O��~jtmyh�jk�N��QP^L�&h�`bK	`bKuQ!^bjkO�Q�w_h�^a`bmyh��Nf_`bh�ekg©j0^L`bKuQ

D
`bK

s.ekh�g:`&et��`bKNQ�l�ekhi^y^ae0gEsNmye_d�QP^y^
N
�Ne0gNQx�kQ�`)^�`bKNQ�myQ
�ij~`yh�e0g

E

[

(

Φ(0, x) − E (Φ(0, x))
)2
]

=
∑

p≥0

Qp
P(tD ≤ x/Qp ≤ sD)

+ 2
∑

p′>p≥0

Qp′

P(tD ≤ x/Qp′

, x/Qp ≤ sD).

¼�\E^b�&h�`yd)KNh�gN��jt�:jth�g `bKuQ�^aQPmbh�QP^&jkguw `yKNQ�Q�§_s.QPd�`bQPw��~jt��fNQc^
�_e0gNQW«ugujt����\Eek�N`yjth�gu^P�

(Q − 1)E

[

(

Φ(0, x) − E (Φ(0, x))
)2
]

= QE

((

QblogQ(x/tD)c − QblogQ(x/sD)c
)

� {blogQ(x/tD)c>blogQ(x/sD)c}

)

+ 2QE

(

(

blogQ(x/tD)c − blogQ(x/sD)c − 1
)+

QblogQ(x/tD)c
)

− 2
Q

Q − 1
E

(

(

QblogQ(x/tD)c − QblogQ(x/sD)c+1
)+
)

,
KA��>�M

�&KuQ
myQ
a+ = max(a, 0)

�Íe0m
a ∈ R

��JLKuh�^xhiw_Q
g:`yh�`o\©�0h��0QP^�`bKuQ��Íek����e~�&h�gN��sNmbe0sve:^ah�`bh�ekgº�T· ^bh�O�h���jkm
sumbe0sve:^ah�`bh�ekg©Kvjk^��vQPQ
g£sumbe~�0QPw±�]\ H0j0d
�:fNQ
`xjkguw©p 
P�kgNh�Q
m 7 � � 9=jtgvw©p 

�0gNh�Q
m�jtguw H0j0d
�:fNQ�` 7 �+?@96h�g
`yKNQ�d
j0^aQW�&KNQ
myQ

Q = D = 2
�Nf_`&�&h�`yKNekfN`&^b\]O�ORQ
`bmy\Ed�e0guw_h�`bh�ekgu^Lj0^Ch�`&h�^�`yKNQ�d
j0^aQWKNQ
myQk�=Z]QPQ�jt�i^ae

V£jtKNO�ekfvw 7 ��?@96SCKujts_`yQ
mq|N�
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� � µ 	 µ �
�Î�
� µ � � � �a�E� ² 	 	�� µ �
�Î� � �_� �Î� ��� ° � � '�-n% %�	�����	,�#� %&� ���.-)%"� �,���
�I�,� ����	,�n���
����$ � ���.-)%
�I%�
 �n%
�#� %

(Rn)
�I	�� ���  %
�"��-n%��
�����6� � ���/* % 
 �}�&%,	,�6%I���
%�!�	��

x
*��<%��O� �&���
 ��n�����"!

1

x
Var (R(x)) ∼ F2(logQ(x)),

�g-n%
� %
F2

�����.-)%0� ���n�����$�n� �/� �n%
�������,���J���}�#�
�����,� � ����- �)%I�������
1
��%� ���%��E�I�"!k�
���

y ≥ 0
!

F2(y) =

∫

R
2
+

f2

(

{y − logQ(u)}, {y − logQ(v)}, u, v
)

×
uD−1

(D − 1)!

vD−1

(D − 1)!
e−(u+v) dudv,

KA��A�M

� ���.-
{z} = z − bzc

�
�,�
z ∈ R

	,�����
�,�
u > 0

!
v > 0

	,���
y ∈ R

!

f2(a, b, u, v) =
Q

Q − 1

(

Qa

u
−

Qb

v

)

� {logQ(v/u)+b>a}

+
2Q

Q − 1

(

logQ(v/u) − a + b − 1
)+

−
2Q

(Q − 1)2

(

Qa

u
−

Qb+1

v

)+

�g-n%
� %
z+ = max(z, 0)

5
»qet`bQC`bKvj~`6jrO�ekmyQCw_Q
`yjkh���QPw�Q
§_sujtgu^bh�ekg�ek�_`bKNQ��~jtmyh�jkgud�QGd
ekfN�iw��.Q�ek�_`)jth�gNQPw��&h�`bK\=Ne0mbOTfN��j K@��>+M��

� � µ 	 µ �
�Î�
� µ � � � � �T° �5�
�~��� � � 	 �Í� ��� °]µ � ° 	 � µ � �qµ �Î�c� µ � � �~� ��� � µ � 	 �"� 	 ���
0 < y < Q

!
	,�

N
� %I���,�"� �&���� r�n�����"!r�.-)%�%�	�����	��I�6%

1
√

QN

(

R(yQN ) − E(R(yQN ))
)

�
���$%,%
� *+%
�e��� ������� ����� �}� �����(� �&	�� 	 �/�
�
��	�� � %I�n� %I��%�����	������,$ %,	,����	��I�6% � ����- %,	,����	,�#�
%
yF2(logQ y)

!
�g-n%
� %

F2
��� ��%� ���%��E�I��� 
 �n	,�����,� K@��A+M 5

�J���@� �
5 � `rhi^LQ
guekfN�0KE`ye�sNmbe~�0Qr`yKNQ�sNmyeks.e0^bh�`yh�e0gE�Íe0mL`bKNQ��~jtmyhijt�N��Q
Φ(0, x)

w_Q�«vgNQPw��]\

Φ(0, x) =
1

Q
(RN (]0,x]) − 1),

DC�0fvj~`bh�ekg K@� � M��0h��0QP^P�0�Íe0m
K ≥ 1

�

Φ
(

0, yQN
)

− E
(

Φ
(

0, yQN
))

=

QN−1
∑

p=0

[Φ(yp, yp + y) − E(Φ(0, y))]

+

K
∑

n=1

QN−n−1
∑

k=0

[φN (ykQn, y(k + 1)Qn) − E (φN (0, yQn))] + ∆K .
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�&KuQ
myQ
∆K

hi^C`bKNQxmyQP^bh�w_fvjt�.`bQPmbO ek�º`bKuQx^bQ
myh�QP^P��¼�\ fu^bh�gN�!`yKNQxO�Q�`bKue]wE`be�d
ekO�sNf_`yQq`yKNQx��jkmbhijtgvd�Qk�
h�`Chi^CgNet`Lw_h � d
fN��`�`be!QP^a`yjt�u��hi^aK `bKujt`P�:�Íekm�jtg]\

ε > 0
`yKNQ
myQqQ
§_h�^a`y^�^ae0O�Q

K > 0
`yKNQqQ
§_svQcd�`bQcw��~jt��fNQ

ek�
(∆K/QN)2

h�^r��Qc^b^�`yKuj~`
ε
�_�Íekm

N
^bf � d�h�Q
g:`b��\E�ijtmy�kQ0�

¼�\qmyQ
�0mbe0fNsNh�gN��`bKNQ�`yQ
myO�^�et�]`bKuQ=jt�.e~�kQ�QP�:fujt`bh�ekg�jkdPd�ekm)w_h�gN��`beL`yKNQ
Q
½Üjkw_hid�h�g:`bQPmb�~jk��^

[yk/QK , y(k+
1)/QK ]

�Íe0m
0 ≤ k < QN−K jtguw��]\©fu^bh�gN�¬`bKuQ�h�guwNQ
s.Q
guw_QPgud�Q�sNmyeks.Q
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∑

k=0

φUn (]k/Qp, (k + 1)/Qp]) ,
K@�k��M

�g-n%
� % !n�
���
0 ≤ a ≤ b ≤ 1

!
φUn(]a, b]) = 1

� �
Un(]a, b]) ≥ D

	,���
0

�,�.-)%I� � ���I%@5 '#-)%�%,	,����	��I�6%
Un���O�.-)% �)�����n��$&%
	,���}� % �,�

[0, 1]
��%� r�#% �G�
�

Un = δU1 + δU2 + · · · + δUn ,

(U1, . . . , Un)
	,��% ��5 ��5&��5e��	�������$ %�	�����	��I�6%
� �}�n� �
����$0� � �����
������� �}� %��L�,�

[0, 1]
!k��� �n	,���������}�6	���!

Un(]a, b])���O�.-)% �$�}$ �
%
���{�
Ui �

�O��� �.-)% ���n� %I� %�	��
]a, b]

5
�J���@� �
5 ·�^b^bfNO�QW`bKujt`

N
hi^rjRl�ekhi^b^bekg¬sNmye]d
QP^y^L�&h�`yK	sujtm)jtO�Q�`yQ
m

1
�_�]\Ew_Q
«ugNh�`bh�ekg

(

RN (]0,x]) | N (]0, x]) = n
)

	�
 ��
��
= Rn.

��fNQx`yeRlGmbe0sve:^ah�`bh�ekg%�P�_�N`bKNQ�w_hi^a`bmyh��NfN`bh�ekg�et��`bKNQ�l�ekhi^y^ae0g `bm)jtgv^o�Íe0mbO
RN (]0,x])

hi^LQ�§_sNmyQP^y^aQcwEjk^&j
�Ífugud�`yh�e0gujt��ek��`yKNQ�sve0h�g:`)^Let��`bKNQ�l�ekhi^y^ae0g¬sNmye_d�Qc^b^�ekg¬`bKuQ�h�g:`bQPmb�~jk�

[0, x]
�=¼�f_`P�uj0^Lh�g�`yKNQ�sNmye:ek��ek�

lGmbe0sve:^ah�`bh�ekg � �ud
ekguwNh�`yh�e0gujt����\¬ekg�`bKuQ�Q
�kQPg:`
{N (]0, x]) = n}

�_`bKNQc^aQ�s.ekh�g:`y^rdPjtg	�.Q�Q�§_sNmyQP^y^aQcw¬j0^
xUi

�
1 ≤ i ≤ n

�&KNQPmbQ
(Ui)

jtmyQ�hA� hA� w®�CfNguh��Íe0mbO���\¬w_hi^o`ymbh��Nf_`yQPw	m)jtguwNekO �~jtmyhijt�N��QP^Le0g	`bKNQ�h�g:`bQPmb�~jt�
[0, 1]

�^DC�0fvj~`bh�ekg K@�k��M�hi^�`bK]fu^qjRwNh�myQPd�`&d
ekgu^bQP�:fNQPgud�Qxek��p&QP��jt`bh�ekg K@�_��M

� ���T #"���"&�Y3��)��� �����! � "&��"��z���ª$ *¬"&�����

Z_ekO�QEw_Q
«ugNh�`bh�ekgu^Rjtguw¥myQP^bfN��`y^��Ímbe0O myQ
guQ
�Ljt�6`yKNQ
e0mb\¥jtmyQ��Nmyh�Q��u\�myQPdPjt����Qcw��£Z]QPQ �Wmyh�O�O�Q�`b`Rjtgvw
Z]`bh�mb�cjt­kQPm 7 �c��9��ÍekmrQ
§NjtO�sN��Qk�

É�É�Ç,� ä
�
���



��> � �@-)	�$&%��4	,�����e���
%
���

��°�� ���Í��� µ � � � � ·qmbh�`bKNO�Q
`bhid¬��h�^a`bmyh��Nf_`bh�ekgv^ 5[� ������� ����� �}� �����
µ

���
R+

��� jkmbh�`bKuORQ
`bhid � �G�.-)%I��%
% �����������I��$&%

λ > 0
!J� �n� - �.-)	��

µ ({nλ : n ∈ N}) = 1
5 '#-)% �6	,� *+%
�
�

λ
� ���.- ��-}��� �#��� �n%
�����(���\�.-)%

^bsujkg �{�O�.-)% �,����� ����� �}�����,��5

� q p � ~�� |}y�� � ~ ��v � tY� t�� ��� � x)~ w#tYv/v+tYv
� �

(τi)
hi^xjtg�h@� h@� w���^bQP�:fNQ
gvd�Qk�.�Íe0m

x > 0
�.`yKNQT�~jkmbhijt�N��Q

νx
hi^xw_Q�«uguQPw£j0^r`yKNQRKNh�`b`bh�gN��`bh�O�QTek�=`bKNQ

^bQ�`
[x, +∞[

�]\�`yKNQ�myjkguw_e0O ��jk��­¬jk^y^ae_d�hij~`yQPw `be
(τi)

�

νx = inf{n : Sn ≥ x},
�&h�`bKº�_�Íekm

n ≥ 0
�
Sn = τ1 + τ2 + · · · + τn
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{
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