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¢vt¥p]rR��sotvk�r _Rk{©�¢Wª r ¢¨��µ�xPso��m�tvx�p��«ª q]p�xP�Ar s��;mo_ q]sd�]_E�]sox������P�;mot¥x�p��]sor4� tvkd_�m-sox�µ�q�k1mo_�qjmot¥¢vtvko��µ�¢¥_E_4p���r xP^
r�m�sotv_���xP^E¦
�]¢v_�´j_-_�m6�Ax�q]s6�j_Rk[r4� x�q]¢v_ ^
_4pPmok[�AxPsnmo_ q]s�k�q]p]t¥­¯x�so^
_4k[x�q�p]xPpK±]`6xPq�k���¡�x�p�k[�P�]���]m�r�»]�]��p�k���_-µ�qjm4»]q�p]_-p]xPq]¡�_ ¢v¢v_
^
r�moZ]xj�j_��j_Um1il��_E£-��¢v_ so¤lt¥p]¦³�jt¨k�� x�pFm�tvpFq

P1
±A`6xPq�kb��¡�x�p�k�qjmotv¢¥t¨knr�q]p]_(­¯x�so^�q]¢¨�;m�tvx�p���_ pFm�sor _(�Ax�q]s{���]�]s�x]�oZ]_4s�¢v_4k

tvpPm�r4��s���¢v_4kO_ p
knq�sn­²�P��_ _ m&q�pEko�oZ]r4^��{�]_ m1il��_�ko��qjmo_�¦³^ExPqjm�xPp�_ p�mo_ ^
��k4±�`6xPq�k&��¡�x�p�k��]r ^
x�pPmosor ¢ ª _�´jt¨k1mo_ p���_[�Kª q]p�_
��xPp��jt¥m�tvx�p k�q��°k���pPm�_
�j_�k1m���µ]tv¢vt®mor
k�q]s-^
��tv¢¥¢¨���P_�uFq]_4¢v� x�p�uFq]_
�]��p�k{¢v_
�4���jso_E�j_Rkdr4uFq���m�tvx�p�k-�«ª ¬Hq]¢v_ sU¢vt¥p]rR��sotvk�r _Rk
��q]m�x�q�s��«ª q]p rR��xPq]¢¥_4^E_4pPm�q�p]t®­¯xPs�^
_*_ p �j_ qj´�_�m�m�sox�t¨k��jtv^
_ p�k�t¥xPp�k��«ª _4k������ _�±�wOxPq]s	��m�so_*�]¢vq�k��]sor4� tvk4»O��s�
���_*©
¢ ª r4¢v��µAx�s��;m�tvx�pE�j_b��x�p��jt®mot¥xPp�k·��qj´�¢vtv^Et¥m�_Rk·��µ�k�x�soµ���pFm�_4k&_�m·sor�¶�r4��Z]tvkoko��pPmo_4k4»;p]x�q�k·��¡�x�p�k&^
xPpPm�sor�¢Wª _�´jt¨k1mo_ p�� _��Kª q]p�_
r p�_ so��tv_-��iP��pPm�¢¨�E��s�xP�]s�tvr�mor-k�q]s�^���tv¢v¢v����_dp�x�p"knm�soq���m�q]sor-_�mb�]��p�k[¢v_(� �Pk��j_U¢v�
¢¥tvp]r4��s�t¨ko�;m�tvx�p���q]m�x�q�s��Kª q]p~r4��xPqj¦
¢v_ ^
_ pFmEq�p]t®­¯xPs�^
_P»&knxPq�k�q�p]_�� x�p��jt¥m�tvx�p �j_�m§il�A_�z�¹�ºN»&�]_�kn_�� x�p�k�_ so¡�_ s�k�t�¢v_��jx�^���t¥p]_�p]_"��x�^
�AxPsnmo_*����kE�j_
����s�xPtvkd��µ�k�x�soµ���pFm�_4k4»�x�q kntvp]xPp��j_
�jrR��sox��¨m�so_�©��oZ��PuFq]_�t¥m�r s��;motvx�p�m�_4^E�AxPs�_4¢¥¢v_��W��koknq]s���pFmd��t¥p�knt&¢v��k1m���µ]tv¢vt®mor ��± �{_
�]¢vq�k4»F�]��p�kN¢¥_{� �PkN�j_b¢v�(¢¥tvp]r4��s�t¨ko�;m�tvx�p���q]m�x�q�sN�«ª q]p°rR��x�q�¢¥_4^E_4pPm p]x�p°q]p]t¥­¯x�so^E_P»P����sN¢v_6µ�tv��tvkN�]_6¢¨�(k�il^Er m�sot¨k���m�tvx�p
�j_Rkbr4uFq��;mot¥xPp�kb�«ª ¬Hq]¢v_ s4e ��h³»�p]x�q�k6�AxFk�k�r4�jxPp�k�q�p]_�_4knm�tv^��;mot¥xPp��j_���_ mnmo_�r p]_4s��Pt¥_��jr4�A_ p��]��pPmd�]_�¢v�°s�r4��q]¢¨��sot®mor(�j_
¢ ª rR��x�q�¢¥_4^E_4pPmR±�`6xPq�kb�R¡�xPp�k��]q~x�µ�k�_ so¡�_ s�¢v_(µAx�p���xP^
��xPsnmo_ ^
_ pFmb�j_(p�x�m�so_(ko�oZ�r ^��
�Ax�q�sb�j_Rkb��x�p�
���q]s��;mot¥xPp�k��j_
��r4x�^
r�mos�tv_�_�mN�«ª r4��xPq]¢v_ ^
_ pPm·�]¢vq�kHx�qE^
x�tvp�kH��xP^E��¢¥_ ´l_Rk ±�`bx�q�k&tv¢¥¢vq�knm�so_ sox�p�k&� _4k&sor4k�q]¢®m��;m�k&k�q]sH�]¢vq�kntv_ q�sokH� �PkOmo_4knmok4±

� � �4�*������� #%�-��� ��� 	���#9��)�'*�U��������# 	/.102'������

º%_4kErRuPq��;m�tvxPp�kE�j_"¢Wª ��r4s�xF����x�q�knm�t¨uFq]_*�]sox;¡Ftv_ p�p]_ pPm��j_"¢¨��¢vtvp]r4��s�t¨k���m�tvx�p �j_4k
r4uFq��;mot¥xPp�kE�Kª ¬Hq�¢¥_4s8?"� ��qjm�xPq]s
�«ª q]p"r4� x�q]¢v_ ^
_ pFm6knmo��m�tvx�p]p���t¥so_�±]`6x�q�k[so���]�A_ ¢vx�p�k[uFqKª _4p\? � ¢v_4k�r4uFq��;mot¥xPp�k��«ª ¬·q]¢¥_4sbk ª r4� s�tv¡�_ pFm��

∂t









ρ
ρu
ρv
ρw
e









+ ∂x









ρu
ρu2 + p
ρuv
ρuw

(e+ p)u









+ ∂y









ρv
ρuv

ρv2 + p
ρvw

(e+ p)v









+ ∂z









ρw
ρuw
ρvw

ρw2 + p
(e+ p)w









= 0,
�1���

x��
ρ
» ~V =

t
(u, v, w)

»
e
_ m

p
��x�sos�_Rkn�Ax�p��j_ pPm6s�_Rkn�A_R�Âmot¥¡�_4^E_4pPm{©
¢¨�
^���kokn_U¡�xP¢¥q]^
t¨uFq]_�»�©
¢¨�
¡lt¥m�_Rk�k�_(�jq"¶�q]t¨�j_P»�©

¢ ª r4p]_ so��tv_&¡�xP¢¥q�^Et¨uFq]_H_ mO©[¢¨�[�]so_4kokntvx�p%±�`bx�q�k%knq��]�AxPk�_ sox�p�kS¢¨�[¢vx�tP�j_4kK�P���&����sn­²��t®m�k«¡�r sot�
�r _4k4»
p = (γ−1)(e− 1

2
ρV 2)

±

����� �	����� �"!#��$%�"&��('��)��*+&�'�*,!.-0/1*,�2� 34'5*,6�7 897:��&;*<�,��=�'>!?8@7
z x�p�knt¨�jr sox�p�k[q]p�rR��x�q�¢¥_4^E_4pPm{q]p]t¥­¯x�so^E_�� ��s�����m�r4s�t¨knr-����s (

ρ0,
−→
V 0, p0

) »�q�p]_(�A_ m�t¥m�_���_4snmoq]soµ��;mot¥xPp~�j_���_���Z���^E�
��r4s�x]�jilp���^
tvuFq]_-� ��s�����m�r4s�t¨knr{����s (

δρ, δ
−→
V , δp

) ¡�r sot�
�_-���]so\4k�¢vt¥p�r4��sot¨k���m�tvx�p�¢¥_(knijknm�\ ^
_U�«ª r4uFq���m�tvx�p�kA�

∂t ~W + Ax∂x ~W + Ay∂y ~W + Az∂z ~W = ~0,
� � �

oporq1s�t�u2v2u



Q � �)�2->0�6��K+���� + �����2-/�

x�� ~W
_4knm"�jx�p�p]r�����s ~W =

t

(δp − c20δρ,
t
ρ0c0δ

−→
V , δp)

»
c0

� x�sos�_Rkn�Ax�p�� © ¢¨� ��r ¢vr sot¥m�r �j_�¢ ª r4��xPq]¢v_ ^
_ pFm
c20 = γp0/ρ0

_ m6¢¥_Rk[^��;mos�t¨��_Rk[k�il^Er m�sotvuFq]_Rk[� x�p�knmo��pPmo_4k
Ax

»
Ay

»]_ m
Az

knxPpPm6�jxPp]p]r _Rk[����s

Ax=









u0 0 0 0 0
0 u0 0 0 c0
0 0 u0 0 0
0 0 0 u0 0
0 c0 0 0 u0









,Ay=









v0 0 0 0 0
0 v0 0 0 0
0 0 v0 0 c0
0 0 0 v0 0
0 0 c0 0 v0









,Az=









w0 0 0 0 0
0 w0 0 0 0
0 0 w0 0 0
0 0 0 w0 c0
0 0 0 c0 w0









.
�J?"�

�{��p�kU� _��4���jso_
�j_�¢¨��¢¥tvp]rR��sotvko�;mot¥xPp��j_Rk-rRuFq��;mot¥xPp�k-�Kª ¬·q]¢¥_4s���qjmox�q]s(�«ª q]p/r4� x�q]¢v_ ^
_4pPm(q]p]t¥­¯x�so^E_P»«¢ ª r p]_4s��Pt¥_���r�¦
s�xF����xPq�k1motvuFq]_ E �jr 
�p]t¥_-����s E = 1

2
‖ ~W‖2 ¡�r4s�t 
�_{¢ ª rRuFq��;mot¥xPp

∂tE +
�jtv¡ ~F = 0 »j¢¥_{¶�q]´*�«ª r p]_4s��Pt¥_ ~F r mo��pFm��jx�p�p]r

����s

~F = 1

2






t ~WAx
~W

t ~WAy
~W

t ~WAz
~W




 .

|6tvp�knt »]¢ ª r4p]_ so��tv_-��r soxP����x�q�knm�t¨uFq]_{_Rk1mb��xPp�kn_4s�¡�r4_�±

����� � � ��� � !?� $ �"&��('5� ��*�& '5*�! -0/ *<�2� 34'�*<6(7 8@7 �5&;��'5�2*<�,��= '�!?8@7
�{��p�k[¢v_U� �P�js�_d��¢¥q�k6��xP^E��¢¥_ ´l_U�j_-¢¨�E¢¥tvp]rR��sotvko�;mot¥xPp���qjmox�q]s6�«ª q]p�rR��x�q�¢¥_4^E_4pPm�p]xPp�q]p]t¥­¯x�so^E_(knxP¢¥qjmot¥xPp��j_Rk[r4uFq���¦
m�tvx�p�k6�«ª ¬·q]¢¥_4sb� ��so�P�Âm�r4s�t¨knr{����s (

ρ0,
−→
V 0, p0

) »]¢Wª r4uFq���m�tvx�p �1� ��p]xPq�k[�A_ so^
_�mb�«ª xPµjm�_4p]tvs�¢v_Uk�ijk1mo\ ^
_Uknq]tv¡;��pPm��

∂t ~W + ∂x

(

A0x
~W
)

+ ∂y

(

A0y
~W
)

+ ∂z

(

A0z
~W
)

= 0,
�¯� �

x���¢¥_Rk[^��;mosotv� _4k
A0x

»
A0y

_�m
A0z

p]x�p"� x�p�knmo��pPmo_4k[_ p"_4k�������_-_�m6¢v_-¡�_R�Âmo_ q]s ~W
k�x�pFm6�jxPp]p]r4k�����s��

~W =









δρ
ρ0δu+ u0δρ
ρ0δv + v0δρ
ρ0δw + w0δρ

δp/γ̃ + ρ0 (u0δu+ v0δv + w0δw) +
1
2
V 20 δρ









, γ̃ = γ − 1

(~ex, ~ey, ~ez) � z �j_
R3

α0 =
c2
0

γ̃
+

V 2

0

2

β0 =
(
γ
2
− 1

)
V 20 −

c2
0

γ̃







A0x =






0 t~ex 0
γ̃
2
V 20 ~ex − u0

−→
V 0 u0I3 − γ̃~ex

t−→
V 0 +

−→
V 0

t~ex γ̃~ex

β0u0 α0
t~ex − γ̃u0

t−→
V 0 γu0






A0y =






0 t~ey 0
γ̃
2
V 20 ~ey − v0

−→
V 0 v0I3 − γ̃~ey

t−→
V 0 +

−→
V 0

t~ey γ̃~ey

β0v0 α0
t~ey − γ̃v0

t−→
V 0 γv0






A0z =






0 t~ez 0
γ̃
2
V 20 ~ez − w0

−→
V 0 w0I3 − γ̃~ez

t−→
V 0 +

−→
V 0

t~ez γ̃~ez

β0w0 α0
t~ez − γ̃w0

t−→
V 0 γw0






�W�"�

c~��¢vZ]_ q]so_ q�kn_4^E_4pPm4»Ap]xPq�k{��¡�x�p�k6�A_4so�jq�¢v�*�]s�xP�]s�tvr�mor��j_Ek�iF^
r m�sot¥_��j_Rkb^��;mos�t¨��_Rk{uPq�_�p]xPq�k{��¡Ftvx�p�k6�Ax�q]s{¢v_Eknijkn¦
m�\ ^
_ � � �Â±�|6�]����s�_4^
^E_4pPmOtv¢PpKª _4knmO�]x�p��·�]¢¥q�kO��q�kokntPk�tv^E��¢¥_ �j_·­²��tvso_N�j_Nµ]t¥¢¨��p(r p]_4s��Pr�motvuFq]_P± `bx�q�kO��¢v¢vx�p�k%�jr4^ExPpPmos�_4s
uPq�_d� _ ¢¨��_4knm[�AxFk�k�t¥µ�¢¥_{_4p�qjm�tv¢¥t¨ko��pPm�q]p���Z���p]�P_ ^
_ pFm[�]_d¡;��s�t¨��µ]¢v_6moso�P�jt®mot¥xPp]p]_4¢¥¢v_ ^
_ pFm[qjm�tv¢¥t¨k�rd�Ax�q�s�¢¨��k�il^Er m�sotvko�;¦
m�tvx�p �]_4k-r4uFq��;motvx�p�k-�«ª ¬Hq]¢v_ sR±K¬Hp _ ¸A_ m4»%kntHp]xPq�k-� x�p�k�tv�]r sox�p�k{¢v_
��Z���p���_ ^
_4pPmU�j_
¡���sotv��µ]¢¥_Rk{����p�k-¢¥_Rkdr4uFq���m�tvx�p�k
�«ª ¬·q]¢¥_4s �1���<�

G : (Ui)1≤i≤5 =⇒
(

Ũi

)

1≤i≤5
=

(

−U5
ρi
+ γ + 1− ln

(
γ̃ρi

Uγ
1

)

,
U2
ρi

,
U3
ρi

,
U4
ρi

,−U1
ρi

)

,
�JQ"�

��¡�_R�
ρi = U5 −

U22 + U23 + U24
2U1

.

�	�jo
���
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º%�E¢vtvp]r4��sot¨k���m�tvx�p*p�x�q�k�­¯xPq]sop]t®m6q]p~knijknm�\4^E_Uk�_ ^�µ�¢v��pPm6�]¢¥q�k�� x�^
�]¢v_�´j_UuFq]_U��_4¢¥q�tK_�´j�]sot¥^
r-����s��²� � �

A00∂t
~V + ∂x

(

Ã0x
~V
)

+ ∂y

(

Ã0y
~V
)

+ ∂z

(

Ã0z
~V
)

= 0,
� � �

��¡�_4��»
A00

~V = ~W, Ã0x = A0xA00, Ã0y = A0yA00, Ã0z = A0zA
0
0,







A00 =
ρ0
γ̃






1
t ~V0 α0 − c20/γ

~V0
c2
0

γ
I3 + ~V0

t ~V0 α0 ~V0

α0 − c20/γ α0
t ~V0 α20 − c40/ (γγ̃)




 ,

Ã0x = u0A
0
0 +

p0
γ̃






0 t~ex u0

~ex ~ex
t ~V0 + ~V0

t~ex u0 ~V0 + α0~ex

u0 u0
t ~V0 + α0

t~ex 2α0u0




 ,

Ã0y = v0A
0
0 +

p0
γ̃






0 t~ey v0

~ey ~ey
t ~V0 + ~V0

t~ey v0 ~V0 + α0~ey

v0 v0
t ~V0 + α0

t~ey 2α0v0




 ,

Ã0z = w0A
0
0 +

p0
γ̃






0 t~ez w0

~ez ~ez
t ~V0 + ~V0

t~ez w0 ~V0 + α0~ez

w0 w0
t ~V0 + α0

t~ez 2α0w0




 .

�W�"�

ºK_Rk�^��;mos�t¨��_Rk
Ã0x

»
Ã0y

_�m
Ã0z

knxPpPmEk�il^
r�m�sot¨uPq�_4kUm���p��]tvkEuPq�_*¢v��^���m�sotv� _
Ã00

_4knmEk�il^
r�m�sot¨uPq�_*�jr�
�p]tv_*�AxFknt¥m�tv¡�_�»
��_4¢v�/_�´j�]¢vtvuFq]_~¢ ª tvpPmor s ��m*�j_�� _�m�m�_"­¯xPs�^�q�¢v��m�tvx�pK±N|6tvp�k�tbk�t6p]x�q�k°��xPp�k�tv�jr4s�xPp�kE¢ ª r4p]_ so��tv_~����xPq�knm�t¨uPq�_"�]r 
�p]tv_~����s
E = 1

2

t ~WA00
−1 ~W = 1

2

t ~VA00
~V
»]_4¢¥¢v_-¡�r4s�t 
�_-¢Wª r4uFq���m�tvx�p �

∂tE +
�]t¥¡ ~F = S, �²� �

x���¢v_d¶�qj´�r p]_4s��Pr�motvuFq]_ ~F _ m6¢¥_-m�_ so^
_Uk�x�q]s���_ S k�x�pFm6�jx�p�p]r4k[����s��

~F = 1

2






t ~WA00
−1

A0x
~W

t ~WA00
−1

A0y
~W

t ~WA00
−1

A0z
~W




 =






t ~VÃ0x
~V

t ~VÃ0y
~V

t ~VÃ0z
~V




 , S = −1

2

t ~V
[

∂x(Ã
0
x) + ∂y(Ã

0
y) + ∂z(Ã

0
z)
]

~V.
�n�4� �

º·ª r p�_ so��tv_�pKª _4knmN�jx�p��[����k·��xPp�kn_4s�¡�r4_�±;º%_4k�¶�q��Âmoq��;mot¥xPp�kH��r soxj�jilp���^
t¨uFq]_4k�t¥p]¶�q]_ pFmNk�q]sH¢ ª r p]_4s��Pt¥_���r4s�xF����x�q�knm�t¨uPq�_�±
`6xPq�k[�AxPq]¡�x�p�k[so_ ^���s�uFq]_ s[uFq]_U�Ax�q]s�q]p"rR��x�q]¢v_ ^
_4pPm6q]p]t¥­ xPs�^
_P»jp]xPq�k[so_�mos�xPq]¡�x�p�k�q]p"µ]t¥¢¨��p"r p]_4s��Pr�m�t¨uFq]_dplq]¢ ±
�d��p�kE¢v��k�q]t®mo_�»&p]x�q�k�qjm�tv¢¥t¨k�_ sox�p�k�¢¥_"knijknm�\ ^
_�¢v_��]¢vq�kEk�tv^E��¢¥_ �¯� ���Ax�q]sEp]x�m�so_�ko�oZ�r ^��~mox�qjm
_ p p]x�q�k�sor�­¯r4so��pPm
��s���p��j_ ^
_ pFm���qj´*p]xPq]¡�_ ¢v¢v_4k[¡;��s�t¨��µ]¢v_4k��Ax�q]s�¢v_4k�s�rRknq�¢®m��;mok�moZ]r xPs�t¨uFq]_4k4±

� �������*��	���	�� �A������� ���������
�4�!	�� #%$�������� ��'�� � � @ ���

º%_4kO^
r�moZ]xj�j_4k��]_Nm§il�A_[£-��¢¥_4s�¤ltvp(�]tvko��xPpPm�tvpFq�uFq]tlx�pPm&�jrnyn©6­²��t¥m�¢v_ q]s�k%��s�_4q]¡�_4k%�AxPq]sO¢v_4kOrRuPq��;m�tvx�p�kO�j_[c~��´ ��_ ¢v¢
x�pFmdm�x�q]m�_4kd¢v_4k-uFq���¢vt®mor4k{so_4uFq]t¨k�_4k{�Ax�q]s-k4ª ���]���jm�_4s{����s�­²��t¥mo_ ^
_ pPmU��q]´~�]sox�µ�¢¥\4^E_Rkd�j_°z�|b| _4p�rR��x�q�¢¥_4^E_4pPm-p]xPp
q]p]t¥­¯x�so^
_ e¥�R�j»j��»��j»1?Kh³±�glq]�]�AxFknxPp�k�uFq]_�p�x�q�k&�jt¨k��AxPk�x�p�k��«ª q]p]_[����snmot®mot¥xPp�_ pE�Ax�¢vi�\4�jso_4k��«ª q]p
�jx�^���tvp]_

Ω
�²�jxPpPmH¢¨�

­¯sox�pPmot¥\4s�_
∂Ω

_4knmH¢¨�ds�r q�p]t¥xPpE�j_Rk�­¯sox�pPmot¥\4s�_Rk��]Zlilk�t¨uPq�_4kH�j_[¢ ª x�µjy1_�m
∂Ωphys

_ m·�j_Rk�­¯s�xPpPmot¥\4s�_Rk&��s�m�t 
���tv_ ¢v¢v_4k
∂Ω∞

��_ p
q]p�p]x�^�µ]so_�
�p]tj�j_ �AxP¢¥i�\R�jso_4k �²��Z���� q]p��«ª _ qj´���iP��pFmOq]p�p]x�^�µ]so_�
�p]tj�j_N­²�P��_Rk$��±�wOxPq]s&��Z���uFq]_ �Ax�¢vi�\4�jso_ Ti »;�����A_ ¢vr� ¡�xP¢¥q�^E_d�j_d� x�pPmos��P¢¥_ � x�q � ��_ ¢v¢vq]¢¥_ � »

Vi
��x�soso_4k��Ax�p�����knxPp°¡�x�¢vq]^
_�±j`6x�q�k����]�A_ ¢v¢v_ sox�p�k·­²��� _{_ pFm�so_d�j_ qj´*��_4¢¥¢vq]¢v_4k

¢v_ q]s[t¥pFm�_ s�k�_4�Âmot¥xPp*¢¥xPsokouFqKª tv¢Sk ª ���Pt®m[�«ª q]p]_-k�q]s�­¯�P��_{�Ax�¢vi�r4�jsot¨uPq�_�±lº%��sor q]p]tvxPp*�j_-� _4kN­²�P��_4k F s�_ �Ps�xPq]�A_ pFm ¢¥_RkN­²�P��_4k
tvpPm�_4s�p�_4k F int = F/∂Ω »�¢v_4k·­²����_Rk·�]ZFijk�tvuFq]_Rk Fphys = F ⋂ ∂Ωphys

_�m ¢v_4kH­²�P��_4kN��µ�k�x�soµ���pPmo_4k Fabs = F ⋂ ∂Ω∞
±

wOxPq]sd��Z��PuPq�_U­²�P��_�tvpPmo_ sop]_
aik = Ti

⋂ Tk
»Ap]xPq�kbp]x�m�_ sox�p�k

Sik

¢¨�°^
_4k�q]so_��j_
aik

_ m
~nik

¢¨�°p]x�so^���¢v_(q]p]t¥mo��tvso_*»
x�sotv_ pPmor _��j_ Ti ¡�_ s�k Tk ±�ºK_4kH^ � ^
_4k·�jr�
�p]t¥m�tvx�p�k·k�x�pFmHr�mo_ p��jq�_4k·��q]´(­²��� _4k�­¯sox�pFm�tv\ so_4k4»;¢Wª t¥p��j_�´�¤�� x�sos�_Rkn�Ax�p�����¢vx�s�k
©~q]p]_���_4¢¥¢vq]¢v_ 
���m�tv¡�_*_ p �j_4Z]x�s�k(�]q �jxP^���tvp]_�±O¬·p�
�pK»�p]x�q�k(p]x�mo_ sox�p�k Vi ¢Wª _ p�kn_4^�µ]¢¥_��j_Rk(tvp��jt¨��_4k��j_4k���_4¢¥¢vq]¢v_4k
¡�x�t¨k�t¥p]_Rkb©°¢v�*��_4¢¥¢vq]¢v_ Ti _ m

Pi

k�x�p~�Ar4s�tv^
\�mos�_ �
Pi =

∑

k∈Vi
Sik

±A�6���]�A_ ¢vx�p�kb¢v_�s�rRknq]¢¥m��;mb�Pr xP^Er m�sotvuFq]_�k�q]t¥¡���pFm
�Ax�q�s���Z��PuPq�_-� _ ¢v¢¥q�¢¥_ � ∑

k∈Vi
Sik~nik = 0

±

oporq1s�t�u2v2u
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�d��p�kb��_�m�m�_(����snmot¥_P»]p]x�q�kbknq��]�AxPk�_ sox�p�k�uFq]_U¢v_4k�rR��xPq]¢¥_4^
_ pPm�k�qjmot¥¢vt¨knrRk6k�x�pFm6p]x�p"q�p]t®­¯xPs�^
_Rk »]¢v_�� ��k�q]p]t¥­¯x�so^
_

kn_��jr4�]q]tvko��pFm{��¢¥xPsok[m�so\4kbkntv^
�]¢v_ ^
_ pFm{�]_4k6sor4k�q]¢¥mo�;m�k6uFq]_(p]xPq�kb��¢v¢vx�p�k�_ ´j��xFkn_4s4±�`bx�q�k6p]xPq�k6s�_Rk1mos�_4t¥p��js�xPp�k4»j�Ax�q]s
¢¥tv^
t®mo_ sN¢v_b��x��]mN�]_b� ��¢¨��q]¢ »P��q��4��kHxPq
¢v_4k·^��;mos�t¨��_4k

A0x
»
A0y

»
A0z

_ ´j�]s�tv^
r _Rk·�]��p�k��W�"�HknxPpPm ��xPp�k1m���pFm�_4kH����sN� _ ¢v¢¥q]¢v_�±
wOx�q�s��oZ���uFq]_{��_ ¢v¢vq]¢¥_ Ti »Fp]xPq�kNp]x�mo_ sox�p�k

Ai
x

»
Ai
y

»
Ai
z

¢¥_Rk ���]�]s�x�´jtv^
��m�tvx�p�k·s�_Rkn�A_4��m�tv¡�_4k �j_{� _4kN^��;mos�t¨��_Rk ±jz x�^
^
_
��p]p]xPp���rP»K�AxPq]s���Z���uFq]_*��_4¢¥¢vq]¢v_°¢v_°¡�_R�Âmo_ q]s��j_Rk(tvp���xPp]pFq�_4k ~Wi

_4knm�t¨�j_4pPm�t 
�r�©~q�p]_���x�^�µ]tvp���tvk�x�p/¢vt¥p�r4��tvso_°�j_Rk
¡�_4�Âmo_ q]s�k·�j_6µ���k�_4kH¢¥xj�4��qj´

~ϕij , 1 ≤ j ≤ di
_ m·p�x�q�k·k�q]�]�AxFkn_4s�xPp�k�¢v_b�oZ���^E�°�jt¨k���xPpPmot¥plq���qEp�t¥¡�_R��q��j_6¢Wª tvpPm�_4sn­²�P��_

_ pPmos�_��j_4qj´�� _ ¢v¢¥q�¢¥_Rk ±K¬Hp/^�q]¢¥m�tv�]¢vtv��pPm(¢ ª r4uFq��;mot¥xPp �¯� �{����s-pKª t¥^
�Ax�s�m�_
¢¨��uFq]_4¢¥¢v_
�j_Rkd­¯x�p���m�tvx�p�kU�j_�µ���k�_
~ϕ
»K_�mU_4p

t¥pFm�r �Pso��pPm[m�xPqjmb�«ª ��µAx�s���k�q]s Ti ��q]tvk�����s�����s�m�tv_�»jp]xPq�k[xPµjm�_4p]x�p�k

∫

Ti

~ϕ · ∂
~W

∂t
=

∫

Ti




∑

s∈{x,y,z}

t∂s~ϕ As



 ~W −
∫

∂Ti

~ϕ ·




∑

s∈{x,y,z}

nsAs
~W



 .
�1�P� �

�{��p�k[��_ mnm�_-r4uFq���m�tvx�p �n��� ��»l�Ax�q]s��oZ��PuFq]_{tvpPmor �Pso��¢¥_d�j_d¡�xP¢¥q]^
_-knq�s Ti »lp]xPq�k�s�_4^
�]¢v����xPp�kN¢v_-��Z���^
� ~W
����s[k�x�p

���]�]soxR´jtv^��;mot¥xPp ~Wi

_�m6¢¥_Rk[^��;m�sot¨��_4k
A0x

»
A0y

»
A0z

����s[¢v_ q]s�k����]�]soxR´jtv^��;mot¥xPp�k s�_Rkn�A_R�Âm�tv¡�_4k
Ai
x

»
Ai
y

»
Ai
z

±�wOxPq]s�¢¥_Rk
t¥pFm�r �Pso��¢¥_Rk[��qj´�µAx�s��]k[k�q]s

∂Ti
»]p]xPq�k���xPp�k�tv�jr4s�xPp�k[�j_4k[¶�qj´���_4pPmos�rRkA�

{

∀i,∀k ∈ Vi,
[

(nikx
Ax + niky

Ay + nikz
Az) ~W

]

|aik

' 1
2

(

Pi
ik

~Wi + Pk
ik

~Wk

)

,
�R¡P_4�

Pi
ik = nikx

Ai
x + niky

Ai
y + nikz

Ai
z, Pk

ik = nikx
Ak
x + niky

Ak
y + nikz

Ak
z .

�1��� �

z x�p���_4s�p���pPm(¢¨�~�jt¨ko��sor�m�t¨ko�;m�tvx�p/_ p/m�_4^E��k4»Op]x�q�k(qjm�tv¢vtvk�x�p�kUq]p ko��Z]r ^��~�j_�m1il�A_*k���qjm�_ ¦ ^
xPqjm�xPpK±%ºK_4k(tvp���xPp]pFq]_Rk
~Wi

k�x�pFmb���]�]sox�´jt¥^
r _Rk[��qj´�tvp�knmo��pPmok
tn = n∆t

_ p"q]m�tv¢¥t¨k���pPmbq]p�k���Z]r ^���ko��qjmo_�¦ ^
xPqjm�xPp"©Em�sox�t¨k[���Pk6�j_-mo_ ^
��k4±
¬Hp�k�q]�]�AxFk���pPm�uFq]_{p]x�q�k �jt¨k���xFknxPp�k �j_ ~Wn−1

i

_�m[�j_ ~Wn
i

»F¢v_4k t¥p���x�p]plq]_4k ~Wn+1
i

knxPpPm[���]��s�x�´jt¥^
r _RkNk�q]s ¢¨�(µ��Pkn_
�j_4k[­¯x�p���m�tvx�p�k��]_-µ��Pkn_U�j_ Pi »

∫

Ti

~ϕ ·
~Wn+1

i − ~Wn−1
i

∆t
=

∫

Ti

∑

s∈{x,y,z}

t∂s~ϕ Ai
s
~Wn

i −
∑

k∈Vi

∫

aik

~ϕ · P
i
ik

~Wn
i + Pk

ik
~Wn

k

2
.

�1�
?"�

ºK_
ko��Z]r ^���_ p�m�_4^
��k-_4knmU_�´j�]¢vtv� t®mo_�»K��t¥p�k�t »«��Z���uFq]_E���Pk-�j_Em�_4^
��k-p]_
so_4uFq]tv_ s�m-uFq]_
¢Wª tvpF¡�_ s�k�t¥xPp��«ª q]p]_
^��;mos�t¨��_
��´�������s�µ]¢vxj��¢¥xj�4��¢v_�knil^
r�mos�t¨uFq]_ �jr 
�p]tv_ �AxPk�t®mot¥¡�_ �j_�mo��t¥¢v¢¥_

(5di × 5di)
»[xPq ¢v_�µ]¢vxj� ��´��

(jl)
_4knm�r4�P��¢v_�©

∫

Ti
~ϕij · ~ϕil

±]z xP^E^
_d��p]p]x�p�� r�»F¢¥_Rk���xPp��jt¥m�tvx�p�k���q]´
µAxPso��k knxPpPm m�s���t¥mor _4k��j_{^���p�t¥\4s�_6­²��t¥µ�¢¥_P±lw�x�q]s�¢v_4k r4uFq���m�tvx�p�k
�j_
¢ ª ��r soxP�P��x�q�knm�t¨uPq�_E�jr4s�tv¡;��pPm(�j_4kUr4uFq���m�tvx�p�kU�«ª ¬Hq]¢v_ s*»K¢v�"� x�p��jt¥m�tvxPp �]ZFijk�tvuFq]_°��qj´�µ�xPso��k-� x�sos�_Rkn�Ax�p���©�q]p]_
��x�p��]t®mot¥xPp�sor�¶�rR�oZ]t¨k�ko��pFm�_d�Ax�q]s�¢Wª r4� x�q]¢v_ ^
_ pFm�_�m��AxPq]s[¢v_4k[�A_ s�m�q�s�µ���m�tvx�p�k[��� x�q�knm�t¨uFq]_4k4±j|6tvp�kntKp]x�q�k[k�q]�]�AxPk�_ sox�p�k
uPq%ª ��q�p]tv¡�_4��qE�j_ m�xPqjm�_[tvpPm�_4sn­²�P��_�sor�¶�rR�oZ]t¨kok���pPm�_

aik
���]����s�m�_4p���pFm&©{¢v�d� _ ¢v¢¥q]¢v_ Ti »�¢ ª r4��xPq]¢v_ ^
_ pFm&�Ax�s�m�_4q]s&k�x�¢vqjmot¥xPp

�j_4k�r4uFq��;mot¥xPp�k��«ª ¬·q]¢¥_4s6¡�r sot 
�_dq�p]_(��x�p��jt®mot¥xPp"�j_U��¢vtvkokn_4^
_ pPm6�j_U^���p]tv\ so_U�jtvko��so\�mo_�» +J#.�
#:�

���
	���
���
��
	��
������
�����������	�� ����!�" �$#&%�'(��!���������	��)����"*����!�",+ ∀aik ∈ Fphys, ~nik · ~V 0i = 0.
�1�4� �

|6q�p]tv¡�_R��q��j_Rk(tvpPm�_4sn­²�P��_4k(sor�¶�rR�oZ]t¨kok���pPm�_Rk »Kp]xPq�k(qjm�tv¢¥t¨k�x�p�k��j_Rk���_4¢¥¢vq]¢v_4k(^
t¥sox�tvs�k 
���m�tv¡�_4k4±O|6tvp�k�t ��q/p�t¥¡�_R��q��jq
� ��¢¨��q]¢A�jq�¶�q]´��]��p�k·¢ ª r4uFq��;mot¥xPp �1�
?"�Â»P¢v_6m�_ so^
_ ~Wk

_Rk1m��jr�
�p]tv_{�j_b¢¨�U^���p�t¥\4s�_bk�q]t¥¡���pFm�_0�
δρk = δρi

»
δpk = δpi

»
_�m

δ~Vk = δ~Vi − 2(~nik · ~Vi)~nik

�W��_�uFq]t�k�tv��p]t 
�_�uFq]_*¢¨�~¡�xPsnmot¨��t¥m�r 
A�Âm�tv¡�_
δ~Vk

�AxPkokn\R�j_°¢¨��^ � ^
_�� x�^
�AxPko��pFm�_
mo��p���_ pFm�tv_ ¢v¢¥_*uFq]_

δ~Vi
_ m�q]p]_���x�^
�AxFk���pPm�_�p�x�so^
��¢¥_°x��]�AxPk�r _��Â±O¬Hp qjmotv¢¥t¨k���pPm�¢ ª ZliF�Ax�m�Z]\Rkn_*�]_°¢ ª rRuFq��;mot¥xPp �n� � ��»

p]x�mos�_U��xPp��jt¥m�tvx�p"k4ª rR��sot®m�_ p�m�_4s�^
_U�]_ ~W
k�x�q�k�¢¨��­¯x�so^
_

����	���
��(
���	 "�%�-���%�'/.�
����10�	�����+
Pk
ik

~Wn
k |aik

= Pi
ik





1 0 0

0 I3 − 2~nik
t~nik 0

0 0 1





︸ ︷︷ ︸

Hik

~Wn
i |aik

�1��� �

|6q p�t¥¡�_R��q �«ª q]p]_�tvpPm�_4sn­²�P��_���µ�knxPs�µ���pPmo_
aik

»�q�p �]r4��_4pPm�s����P_°_4knmEqjm�tv¢¥t¨k�r*�AxPq]sE��xPp�k�_ s�¡P_ s(q�p]tvuFq]_4^
_ pPm
¢¥_Rk
x�p��j_Rk6knxPsnm���pPmo_4k4±]|%¡;��pPm6¢¨���jtvko��sor�motvko�;motvx�p�_4p�m�_4^
��k »�q]p��jr4� _ pPmoso����_U��¢¨��kok�tvuFq]_U��xPp�k�tvknm�_4so��t®m6©
�]s�_4p��jso_-q]p"¶�qj´
��µ�k�x�soµ���pFm

Fik

knxPq�k�¢¨�
­¯x�so^
_
Fik =

(
Pi
ik

)+ ~Wi

»�x�q~�Ax�q�s6m�x�q]m�_�^
��m�sotv� _(�]tv����x�p���¢vtvko��µ]¢v_
Q = S−1DS

��¡�_4�
D

�	�jo
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�jt¨���Px�p���¢¥_P»
Q+ = (Q+ |Q|)/2 _�m |Q| = S−1|D|S » |D| ��xPs�so_4k��Ax�p��]��pFm[©�¢¨��^��;mos�t¨��_U�jtv����xPp���¢v_d�jx�pFm�¢¥_Rk mo_ so^
_4k

k�x�pPmE¢¥_Rk�^
xj�jq�¢¥_Rk��j_4k�¡;��¢¥_4q]s�k(�]sox��]so_4k4±O`6xPq�k���¢¥¢vx�p�k��]sor4k�_ pFm�_ sE�j_4qj´ ��xPp��jt¥m�tvx�p�k���µ�k�x�soµ���pPmo_4k(�AxPkokntvµ]¢v_4k�uFq]t
qjmot¥¢vtvk�_ pFm{¢¨��^���m�sotv� _

Ai
0

�jx�p�p]r _4kb����s �²�"�6�4��¢¨��q]¢vr _Rkb�]��p�kb¢¨�°��_4¢¥¢vq]¢v_��«ª tvp��jt¨��_�tW±A�b���]�A_4¢¥xPp�kbuFq]_�¢v�°^
��m�sotv� _
Ai
0_4knm(q]p�_�^��;mos�t¨��_°knil^
r�mos�t¨uFq]_°�jr 
�p]tv_°�AxPk�t®mot¥¡�_P»%��tvp�k�tH_4¢¥¢v_�_Rk1m��jtv����xPp���¢vtvko��µ]¢v_
�]��p�k(q]p]_�µ���k�_
x�s�m�Z�x�p]xPs�^
r _E_ m

��_Rk�¡;��¢v_ q�sok(�]sox��]so_4k�knxPpPm�mox�qjmo_4k��AxFknt¥m�tv¡�_4k4±%}§¢�_�´jt¨k1mo_
P ∈ O (IR) _�m

D
�jt¨���Px�p���¢¥_*©~¡���¢v_ q]s�k(��xFknt¥mot¥¡�_RkUm�_4¢¥¢v_4k

uFq]_
Ai
0 =

tPDP
»]p]x�q�k�p]x�mo_ sox�p�k √

D
¢¨�E^
��m�sot¨��_U�jtv����xPp���¢v_d�]x�pPm6¢v_4k[m�_ so^
_4k6knxPpPm�¢v_4k�so�P��tvp]_4k��j_U� _ qj´��j_

D
_ m

√

Ai
0 =

tP
√

DP
±]z x�p�knt¨�jr sox�p�kN©��]s�rRkn_4pPm ¢¨�(^��;mos�t¨��_ √

Ai
0

−1
Pi
ik

√

Ai
0 =

√

Ai
0

−1
P̃i
ik

√

Ai
0

−1 »l� _�m�m�_{^��;mos�t¨��_b_Rk1m
k�iF^
r m�sotvuFq]_���s�
�� _���q�� ��s�����m�\ so_�k�il^Er m�sotvuFq]_E�j_ √

Ai
0

_�mU�j_
P̃i
ik

»S_ ¢v¢v_�_4knm-�]x�p����]tv����x�p���¢vtvko��µ]¢v_�±«z _4kduFq]_ ¢¨uFq]_4k
sor4k�q]¢®m��;m�k�p�x�q�k[�A_4s�^
_�m�m�_4pPmb�«ª tvpPm�soxj�jq�t¥so_-¢¥_Rk��j_4qj´���x�p��jt®mot¥xPp�k���µ�knxPs�µ���pPmo_4k�k�q]tv¡;��pPm�_RkA�

1 � ��� '(��	��

���
���	)0��(� ��"���0�	���� + Pk
ik

~Wn
k =

√

Ai
0

∣
∣
∣
∣

√

Ai
0

−1

Pi
ik

√

Ai
0

∣
∣
∣
∣

√

Ai
0

−1
~Wn−1

i .
�n�gQ �

2 � ��� '(��	��

���
���	)0��(� ��"�� 0
	�����+ Pk
ik

~Wn
k =

√

Ai
0

∣
∣
∣
∣

√

Ai
0

−1

Pi
ik

√

Ai
0

∣
∣
∣
∣

√

Ai
0

−1 ~Wn−1
i + ~Wn+1

i

2
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�n� � �
z _4kb�]_ qj´~��xPp��jt¥m�tvx�p�kbk�x�pFm{��kokn_��U��s�xj��Z]_Rk ±

�
tv_ p�uFqKª q]p~�A_4q~�]¢vq�k{��xP^E�]¢v_�´j_�©�t¥^
�]¢vr ^
_ pFm�_4sb����s{knxPp~� ��so�P�Âmo\ so_

¢vxj� ��¢¥_4^E_4pPm�t¥^
�]¢vtv� t®mo_�»�¢¨� �j_ qj´jtv\ ^
_���xPp��jt¥m�tvx�p �A_ so^E_ m��«ª x�µjmo_ p]tvs�q]p2ko�oZ�r ^�������snmox�qjm���_4pPm�sor�_ p m�_4^
��k*_ m
�«ª x�s��jso_6�U� _buFq]t�p%ª _Rk1m ����k·¢v_b� �Pk·�]_6¢¨�-��s�_4^Etv\ so_�±P¬Hp�­²��t¥m��]��p�k·¢v_4k �jt¥¸Ar so_ pFmok � �Pk&mo_4knmok uPq�_6p]x�q�k·�]s�rRkn_4pPm�_4s�xPp�k4»
p]xPq�k���¡�x�p�k�xPµjm�_4pFq"�A_ q~�j_U�]t®¸Sr so_ p�� _4k[_4pPmos�_U� _4k��]_ qj´�^
r�moZ]xj�j_Rk ±

w�x�q]s6�oZ��P��q]p�_-�j_-� _4k[� x�p��jt¥m�tvx�p�k[��µ�k�x�soµ���pFm�_4k p]x�q�k[�jr 
�p�tvkoknxPp�k�q]p]_-r p]_4s��Pt¥_-��r soxP�P��x�q�k1motvuFq]_d�jtvko��so\�mo_
Fn
1,2����s

Fn
1 =

1

2

∑

i

∫

Ti

t ~Wn
i Ai
0

−1 ~Wn
i +

t ~Wn+1
i Ai

0

−1 ~Wn−1
i

−∆t

4

∑

aik∈Fabs

∫

aik
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Ai
0

−1 ~Wn
i

)

Mik

(

Ai
0

−1 ~Wn
i

)

−
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Ai
0

−1 ~Wn−1
i

)

Mik

(

Ai
0

−1 ~Wn−1
i

)

,

Fn
2 =

1

2

∑

i

∫

Ti

t ~Wn
i Ai
0

−1 ~Wn
i +

t ~Wn+1
i Ai

0

−1 ~Wn−1
i

+
∆t

4

∑

aik∈Fabs

∫

aik

t (

Ai
0

−1 ~Wn−1
i

)

Mik

(

Ai
0

−1
(

~Wn−1
i + ~Wn+1

i
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,

�n�4� �

�R¡�_R��»
Mik =

√

Ai
0

∣
∣
∣
∣

√

Ai
0

−1

P̃i
ik

√

Ai
0

−1
∣
∣
∣
∣

√

Ai
0.

ºK_Rkd¡���sotv��m�tvx�p�kd�j_
Fn
1

_�m(�j_
Fn
2

�Ax�q]s-q�p ����kU�j_Em�_ ^
��kU�]so_ p]p]_4pPm(�j_Rk{­¯xPs�^
_Rkdtv�]_ pPmotvuFq]_Rk-_�m(k4ª r4��sotv¡�_ pPm �²¡�x�tvs
��p�p]_�´j_
� �<�

F
n+1

1,2 − F
n
1,2 =

	�

���

−
∆t

2

∑

aik∈F
int

∫

aik

t (

A
i
0

−1 ~W
n
i

)

(P̃k
ik − P̃

i
ik)
(

A
k
0

−1 ~W
n+1

k

)

+
t (

A
i
0

−1 ~W
n+1

i

)

(P̃k
ik − P̃

i
ik)
(

A
k
0

−1 ~W
n
k

)

−
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4

∑

aik∈F
abs

∫

aik

t (√

Ai
0

−1 (

~W
n−1

i + ~W
n+1

i

))
∣
∣
∣
∣

√

Ai
0

−1

P̃ik

√

Ai
0

−1
∣
∣
∣
∣

(√

Ai
0

−1 (

~W
n−1

i + ~W
n+1

i
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.

ºK_b�]s�_4^
t¥_4sHmo_ so^
_b��x�soso_4k��Ax�p��E©U¢ ª ��p���¢vx��Pq]_��jt¨ko��so_�m �jq�m�_ so^
_bk�x�q]s���_6�j_b¢ ª rRuPq��;m�tvx�p �1�R�"�Â±FºK_bk�_4� x�p��Em�_4s�^
_6_Rk1m
p]r4�P�;mot®­«_�m ��xPs�so_4k��Ax�p��E©-¢ ª ��µ�k�x�so�jm�tvx�pEr p�_ so��r�motvuFq]_6�j_6p]xFk·� x�p��jt¥m�tvx�p�k·��qj´E¢vt¥^
t¥m�_RkN��µ�k�x�soµ���pPm�_Rk ±�`bx�q�k·�Ax�q]¡Px�p�k
r �F��¢v_ ^
_ pFmds�_4^
��souFq]_4s{uFq]_�¢v_4kd����sox�t¨kbsor�¶�rR�oZ]t¨kok���pPm�_RkbpKª t¥pj¶�q]_ pFm-���Pkdk�q]sd¢¥_Eµ]tv¢v��p�r p]_4s��Pr�motvuFq]_P± �{_E�]¢vq�kdp]x�q�k
��¡�x�p�k-¢v_�s�rRknq]¢¥mo��m �²¡�x�tvs(��p]p�_�´j_°�"�duFq]_

Fn
1,2

k�x�pPm��j_Rk-­¯x�so^E_RkUuFq��P�jso��m�t¨uFq]_4kU�jr 
�p]tv_4k(�AxPk�t®mot¥¡�_RkU�j_
mox�qjmo_4kU¢v_4k
tvp���xPp]pFq]_Rk[pFq�^Er4s�t¨uFq]_4k

( ~Wn−1
i , ~Wn

i )
k�x�q�k[q]p]_(��xPp��jt¥m�tvx�p"�j_-m1iF�A_�z�¹&º�uPq���k�t¥^
_ pFm�t¨�j_ pPmot¨uPq�_ �

∀i, ∀aik, ∆t (2λiαi + βikρik) <
2Vi
Pi

,
x � � ��� �

oporq1s�t�u2v2u
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• αi

_�m
βik

knxPpPm6�j_Rk�� xl_ �°��tv_ pFmok��]_-sor �Pq]¢v��s�t¥m�rd�Ax�s�mo��pPm6k�q]s�¢¥_Rk�­¯xPp��Âmot¥xPp�k��j_Uµ���k�_4k���Z]x�t¨kntv_4k4±
• λi =

∑

s∈x,y,z ρ
(
Ai
s

)
=
∣
∣ui0
∣
∣+

∣
∣vi0
∣
∣+

∣
∣wi
0

∣
∣+ 3ci0

±

• wOxPq]s�q]p]_UtvpPmo_ s�­²����_-sor�¶�rR�oZ�tvkok���pPmo_ �
ρik = ρ

(
Pi
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)
=
∣
∣
∣~V i
0 · ~nik

∣
∣
∣+ ci0

±

• wOxPq]s�q]p]_UtvpPmo_ s�­²����_U��µ�knxPs�µ���pPmo_	�
ρik = 0

�Ax�q]s
Fn
2

_�m
ρik = ρ

(
Pi
ik

)
=
∣
∣
∣~V i
0 · ~nik

∣
∣
∣+ ci0

�AxPq]s
Fn
1

±

• wOxPq]s�q]p]_UtvpPmo_ s�­²����_-tvpPmo_ sop]_ �
ρik = sup

(

ρ
(
Pk
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)
√

ρ
(
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0A

i
0

−1
)

, ρ
(
Pi
ik

)
√

ρ
(

Ai
0A

k
0

−1
)) ±

¬Hp�
�p »Sp]x�q�k{�AxPq]¡�x�p�k{s�_4^
��souFq]_4s{uFq]_E�]��p�kb¢v_E�4��k{�Kª q]p�r4� x�q]¢v_ ^
_ pFmdq]p]t¥­¯x�so^
_
Pi
ik = Pk

ik

_�mU�jx�p���p]xFk{�]_ qj´
r p]_ so��tv_4k[��r4s�xF����x�q�knm�t¨uPq�_4k

Fn
1,2

knxPpPm6�jr4� s�xPtvkok���pPmo_4k �¯_�m6^ � ^
_4k[_�´]�P�Âm�_4^
_ pPm6��xPp�k�_ s�¡Pr _4k _ p�¢ ª ��µ�kn_4p���_-�]_-� x�p��jt¥¦
m�tvx�p"��µ�knxPs�µ���pPmo_4k �Â»lp]x�m�so_-ko��Z]r ^��E_4knm6�]x�p��dp]xPp"�jt¥¸Aq�k�t¥­&_�mbknmo��µ]¢¥_Uk�x�q�k�q�p]_(��x�p��]t®mot¥xPp"�j_dm1il�A_�z�¹�ºN±

� � �(# �O��#«��#

� ��� � �5&�!�'+-,*<3 &��('��
| � _6y1xPq]s4»Ap]xPq�kb�AxFk�k�r4�]x�p�k6q�p]_�tv^E��¢¥r4^E_4pPm��;m�tvx�p�_4pV? � ����s���¢v¢v\ ¢v_��j_�p]x�m�so_�k���Z]r4^
�*qjm�tv¢¥t¨ko��µ]¢v_��Ax�q]sbmox�qjm

m§il�A_(�«ª rR��xPq]¢¥_4^
_ pPmR±�`6xPq�k���¢v¢vx�p�k[�]sor4kn_4pPmo_ s��]¢¥q�kntv_ q]s�k�� �Pk�m�_Rk1m�k6� � _ m ?"���]��p�k6�jt®¸Sr so_ pFmok�µ]qjm�k��
��� ��¢vtv�]_ s�p]x�m�so_d^
r�moZ]xj�j_(k�q]s6�j_4k6� �Pk mo_4knmok[m�s����]t®mot¥xPp]p]_ ¢¨k4±
� ¬H�]sox�q]¡�_4s[p]x�m�so_-^Er m�Z]xj�]_Uk�q]s6�j_Rk�� �Pk�m�_4knmok6� x�^
�]¢v_�´j_4k4±
� Y%_Rk1mo_ s�¢v_4k[�A_4sn­¯xPs�^���p���_4k[�j_Up]x�m�so_-� xj�j_�? � ����so��¢¥¢v\ ¢v_�±

Y%xPqjmH_4p
r�mo��pPmNk�q�� � t¥p���mNknq�sH¢¥_6k�q;y1_�mR»�p�x�q�kH�Ax�q]¡�xPp�k&�]s�rR��t¨kn_4sHuFq]_�¢¥_RkH�4��¢¨��q]¢¨k ?"� knxPpPmHsor4��¢¥t¨k�r4k&k�q]sHq]p�� ¢¥q�knmo_ s·�j_
�gQUw z �A_ pPmot¥q�^5�Uµ]tv�]sox �W�U£-Z�������s�xj� ����¡�_4�-�b£dµ°�]_�^
r4^ExPt¥so_6���d�6|{c/±lºK_b��xj�j_�_Rk1mN�]sox��Pso��^
^
r[_ p°¹]x�s�m�s���p
���E_�m{¢ ª tv^
�]¢vr ^
_ pFmo�;motvx�p�c~wH}�z
	 �j_Ec~w·}�_4knm{qjm�tv¢vtvk�r _P±AºK_Rk�m���µ]¢v_4��qj´�sor4�4���]t¥m�q]¢¨�;mot®­²k{uFq]t�knq�t¥¡lsox�pPmbsor4k�q]^
_ sox�p�k
¢¥_Rk6�A_4sn­¯x�so^���p�� _4k6�j_�p]x�m�so_���xj�]_��R¡�_R�

Np

¢v_(p�x�^�µ]so_��j_��]soxj��_Rk�k�_ q]s�k »Kª �b¬·¬·º·ªS¢¥_(mo_ ^
��k6mox�mo��¢O�j_�¢ ª _�´jr4� qjm�tvx�p
�jq���xj�]_�»]ª z�wNa(ª�¢v_[m�_4^
��k z�wNa �j_�¢ ª _ ´lrR��qjmot¥xPp
�jq°��xj�j_P»jª��
z�w·a�ª�¢v_��Ax�q]s���_4pPmo����_[�jq
m�_4^E��k z�w·a ����sHs����]�AxPsnm
��q*m�_ ^
��k�mox�m���¢S_�m

S (Np)
¢ ª �P� ��r4¢¥r4so��m�tvx�p*�jq"��xj�]_d�4��¢¨��q]¢vr{����s[so���]�Ax�s�m���q°mo_ ^
��k[sor _4¢A_4p*­¯x�p���m�tvx�p��jq�p]x�^�µ�s�_

�j_-��s�xj� _4kokn_4q]sok4±

� ��� 
 � ���<$�&��"&��('5�,������!�7,��� !?��'+-,��� *,7 � �

ºK_�µ]qjmU�j_E��_��]so_ ^
tv_ sd�4��k6mo_4knmd_4knm-�«ª tvpPmos�x]�jq]tvs�_�q]p�m�_ so^
_�k�x�q�so� _��]��p�kbp]xFkbrRuPq��;m�tvx�p�kb��xPq]s{xPµjm�_4p]t¥sdq]p]_
knxP¢¥qjmot¥xPp�k�t¥^
�]¢v_�uFq]_�p]x�q�kb��¡�x�p�k 
�´lr4_��]s�rR��¢¨��µ]¢v_ ^
_ pFmb_�m-��tvp�k�t%¡�r4s�t 
�_4s6¢¨�°�]s�rR��t¨kntvx�p��j_�p�x�m�so_�ko�oZ�r ^��]±Aw���sb¢¨�
�]s�rRkn_4p���_U�jq�m�_ so^
_Uk�x�q]s���_P»l¢ ª rRuPq��;m�tvx�p �1�P� ���j_4¡lt¥_4pPm

∫

Ti

~ϕ · ∂
~W

∂t
=

∫

Ti




∑

s∈{x,y,z}

t∂s~ϕ As



 ~W −
∫

∂Ti

~ϕ ·




∑

s∈{x,y,z}

nsAs
~W



+

∫

τi

~H · ~ϕ,

�R¡�_R� ~H ¢Wª _�´j�]so_4kok�t¥xPp��jq�mo_ so^
_Uk�x�q]s���_P±j|6q"p�t¥¡�_R��q"�jq~ko�oZ]r4^��]»jp]xPq�k6���]�]soxR´jtv^
x�p�k�¢v_4k�t¥pFm�r �Pso��¢¥_Rk��AxPsnm���pPm6k�q]s
~H ��s�
�� _b�(q]p]_{­¯x�so^�q]¢¥_d�j_-£-��q�k�k © �-�Ax�tvpPm�k ±lw�x�q]s[� _{�4��k·mo_4k1mR»F¢v_bm�_4s�^
_dknxPq]so� _6_4knm5
]´jrd�j_bm�_4¢¥¢v_{^���p]tv\ so_{uFq]_
¢v�
k�x�¢vqjm�tvx�p�_�´]�P�Âm�_Uk�x�t¥m��







δρ
δu
δv
δp






=







ρ0
−u0
−v0
p0







B cos (wt) exp
(
−A

(
x2 + y2

))
,

�R¡�_R��»

A =
ln (2)

288
, B = 0.1, T = 80→ w = 0.025π.

`6x�q�k&s�rR��¢vtvk�x�p�k&��_�� �PkOmo_4knm·k�q]sH�]_ qj´�^���tv¢¥¢¨���P_4k�p]x�p
knm�soq��Âmoq]s�rRk�_4p�m�sotv��p]��¢v_4k��²��xPq]sH¢v_[�]so_ ^
t¥_4s ��?]�R�%�;�{knxP^E^
_ mok
_�m:Q�?��P���bm�sotv��p]��¢v_4k����Ax�q]s·¢¥_b�j_ q]´ltv\ ^
_0�P����������k�x�^
^
_�m�kH_�mb���R�%�����bm�sotv��p]��¢v_4k �Â±�ºK_4k·��s���p��j_4q]sokH�j_�¢ ª r4��xPq]¢v_ ^
_ pFm
knxPpPm��

ρ0 = 1, u0 = v0 = 0.5/
√
2, p0 = 1/γ, c0 = 1.
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`bx�q�kdt¥^
�AxFknxPp�kbp]x�m�so_��]_ qj´jtv\ ^
_E� x�p��jt¥m�tvx�p���µ�knxPs�µ���pPmo_���qj´~p]tv¡�_4��qj´��j_Rkb­¯sox�pPmotv\ s�_Rk{�jq �jxP^���tvp]_�uFq]t&_Rk1m
q]p~� ��s�sord�]_U� ��m�r

[−100, 100]× [−100, 100] ±

º%_�m�_4^
��k0
�p���¢��oZ]xPt¨knt ��xPs�so_4k��Ax�p�� ©��j_4qj´/�Ar sot¥xj�]_4kU�Ax�q�s(¢¨��knxP¢¥q]m�tvx�p/_ ´]���Âmo_�±Oº%� 
��Pq]so_ �1���U� x�sos�_Rkn�Ax�p��
© ¢ ª r4¡�x�¢vqjmot¥xPp �]_"¢ ª _ sos�_4q]s

L2
_ p �]so_4kokntvx�p ����s�s����]�AxPsnm�© ¢¨�/k�x�¢vqjmot¥xPp _ ´]���Âmo_~��q � x�q]s�k
�]q mo_ ^
��k°��xPq]s�¢v_4k

�j_4qj´~^���t¥¢v¢v����_Rk »�x�p�s�_ m�sox�q]¡�_�¢¥_�sor4k�q]¢¥mo��md��¢¨�Pk�k�tvuFq]_��«ª q]p]_
��sox�t¨k�ko��p�� _(¢¥tvp]r4��t¥so_�±Sº%� 
���q]so_ � � �b� x�sos�_Rkn�Ax�p��~©*¢¨�
��xP^
����s���t¨knx�p
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∣
∣
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∣
∣
∣
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Ãs

»%_ p�tvpPm�r4��s���pPm(����s(����s�mot¥_Rk-p�x�q�k(x�µjmo_ p]x�p�k
�
9̃
� �d�]± �b_d�]¢vq�k ¢¨�(^��;mos�t¨��_

P̃i
ikHik

_4knm[��pFm�t¨knil^
r�mos�t¨uFq]_�»F�]x�p�� �
1̃0
� �d�]±F¬·p*qjmot¥¢vt¨k���pPm�¢ ª _ ´j�]s�_Rk�k�tvx�p°�j_

Mik

_ m�_ p
so_ ¡�_ p���pPm6©E¢¨�E¡;��sot¨��µ]¢v_ ~W

»]p]xPq�k[xPµjm�_4p]x�p�k[¢v_-sor4k�q]¢¥mo��m��1�4� �Â±

¥

����� � �<��7��+7 �

`bx�q�k
��¢v¢¥xPp�kE©���s�rRkn_4pPm
�jr4^ExPpPmos�_4sEuFq]_
Fn
1,2

knxPpPmEµ�t¥_4p�kE�]_4k�­ xPs�^
_Rk�uFq��P�js��;m�t¨uFq]_4k��]r 
�p]tv_4kE�AxPk�t¥m�tv¡�_4kE�j_
m�xPqjm�_RkN¢¥_RkNt¥p�� x�p]plq]_4kNpFq�^Er4s�t¨uFq]_4k ( ~Wn−1

i , ~Wn
i

) k�x�q�kN¢v����x�p��jt®mot¥xPp°�j_6m1il�A_-z�¹&º��jx�p]p�r _b����s � ��� �Â±FwOx�q�s � _ ¢¨�
p]xPq�k[qjmot¥¢vtvk�_ sox�p�k�¢v_4k6�jr 
�p�t®mot¥xPp�k6knq]tv¡;��pPmo_4kA�
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