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Shallow water scaling

Viscous hydrostatic model

Navier Stokes equations for incompressible free surface flows
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�GJL;:Mbe JLW�JR7�;
9�N�prJRQqpq_�Fc;:P#f:_cHd;c� � ;�f
pT_aQq9 JR7(_�J#JR7b;¨;:�GJR;:M(HdQqWYM5Wa��JR7�;<�GQqM�;
JLQqf�HLf�7�;:9<;¨JRW JL7�;�9tN�prJRQqpT_�FY;:P#f3_YHR;
QTH]�Y;3PRF�Mb_aJRN�P�_ap�����J#QqH#_YM�WaJL7�;:P©_aPLwYNb9¨;3M-J?��WYP©QrJLH#f�7�WcQqf:;Y���¾Mn�´_Yf
JAJL7�;<WYM�pqF�eIQ��i;3PR;3Mbf
;<��QrJR7nJR7�;
f:pq_cHRHRQTf:_ap-f:_cHd;�_aPLQqHR;3H*QrM�JR7b;�eI;:¢bM�QrJRQqWYM¨Wa��JL7�;
\]Qr�b�bH	;3S-N�QqprQq��PLQrN�9�JL7b_�J�_Y`�`(;2_aP�H*QqM�JL7�;�9<Qqf:PRW-HRf:WY`�QTf
QqM-JR;3PR`�PL;
J�_�JLQrWcM WY�0JR7�;�D�_aQqMcJR����;3Mb_aM-JAHRFIHKJL;:9����¾MbeI;3;3e JR7b;t9<WIeIQ�¢(;3e�\]Qq���bHA;3S-N�QqprQq��PLQrN�9 QqM-�cWYpq�Y;2H
_aJ�JR7�;#HL_a9<;]JRQq9¨;]JL7�;#��_aJR;3P�7b;:QqwY7-J�Wa�*JL7�;#pT_�FY;:P�_aM(e�JL7�;]JRWaJ�_ap���_�JL;:P�7�;:QqwY7-J�Wa� JR7�;©�(W��#�0@�WYPL;
`bPR;2f
QTHd;3prF�_YMbe5��Q�JL75PL;3HR`i;3f J©JLW�JL7�;�M�WYJL_�JLQrWcMbH©QqM _ k"b�JL7�;z\]Qq���bH#;2ScNbQrpqQr�bPRQqN�9 ��WcP©JR7�;�pT_�FY;3P:W QqH
MbW�� \ ) S * 2 . 2�� U / '�) S * 2 . U� S * 2 . U�� S � N -�) S * 2 . U� S * 2 . U U 2
��7b;:PL;

� S * 2 . U / 
 ; =1>@IA C ' @ S * 2 . UE Q
6�7b;�M�;:� M�WcM�f
WYM(Hd;3PR��_�JLQr�c;©`�PR;2HRHRN�PL;#HdWcN�PLf:;]JR;:PL9 QqHAeIQqHLf
PL;
JLQr£3;3e�JR7bPRWcN�wY7¦_<9<QrMb9¨WIe�pqQr9<QrJR;3P
JRW
;3MbHRN�PR;]JL7�;#PRWc��NbHdJRM�;2HRH�WY� JL7�;�HRf�7b;:9<;

� �)�� / 
� 0
� S��
	�
� � ������ U �9 � .�� � #��

� � � ��� ��� �� 	�
� � � �� � ��� �
N � � � �� 	�
� � � ���� 2 � � � �� 	�
� � � ���� N � � ��� � � �� 	�
� � � �� � � � � �


� Q4 lb� 5"7
��� � 	 �	" ��� �/#���� � � ��
U� �/����� ���2
 �
6�7bQqH�Qq9<`�prQTf
QrJAHdJR;3` eIWG;2H�M�WaJ
_��i;2f J�JR7b;�eIQqHLf
PL;
JL;©��_aJR;:P�7�;3Qrwc7-JLH3��6�7�;:PL;
��WcPR;' � M C)�� / ' � M ��)�� Q 4 lb� k 7
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	��
������������	����
��������������� �"!��#� k 5
6�7b;§f
Wc9<`�NIJL_aJRQqWYM#WY�IJR7�;�M�;:���c;:pqWIf
QrJRQq;3H - � M C)�� pq;3_ce�H�JLW
JL7�;§f:WY9<`�NIJ�_�JRQqWYMtWa�b_�JLPRQTeIQT_awYWcMb_ap \�� \
pqQqM�;3_YP
HdFIHdJR;:9

��������
�

� C ��� C � 0 ����� 0
� 9 � � � � � � � � � � ���0 � � � � � � � � � 0��� � � � � � � � � � � > P C � �0 ����� 0 � > � � > �

���������
�

��������
�

- � M CC � ���
���
���- � M C> �

���������
�

/
���������
�

�
� M ��C � ���
���
���

�
� M ��> �

� ��������
�
2 4 lb� u 7

��7b;:PL;

� C � / ' � M CC � + E�L 
 * �' � M CC � + ' � M C9 � + � 
 * � 2
� )�� / ' � M C)�� + E�L 
 * � 8 [' � M C)�� + ' � M C)IM C � � + [' � M C)�� + ' � M C)3P C � � F W / E Q
Q Q \ N [ 2
� > � / ' � M C> � + E�L 
 * �' � M C> � + ' � M C> P C � � 2 4 lb� l 7
��)�� / N E�L 
 * �' � M C)�� + ' � M C)IM C � � W / [ Q Q Q \ N [ 2 4 lb� j 7
� )�� / N E�L 
 * �' � M C)�� + ' � M C)3P C � � W / E Q
Q Q \ Q 4 lb� 	 7

� ;¨M�WaJLQqf:;�JL7b_�J]JR7bQqH©9�_�JLPRQr�¦QqH#_�@���9<_aJRPLQ���Q�� ;Y�#JL7�;�eIQq_YwYWcMb_ap*JR;:PL9�H©_aPL;¨HdJRPLQqf
JRpqF¦`(W-HdQrJRQq�Y;c�ªJR7�;
WYJR7�;3PVWcM�;3H�_aPL;?HdJRPLQqf
JRpqF¨Mb;:wc_aJRQq�Y;?_YMbe¨JR7b;]eIQT_awcWYMb_YpIJR;3PR9�H�_aPL;?HdJRPLQqf
JRpqF<e�WY9<QrM(_aM-J3��6�7�;3PR;:��WYPL;�JR7�;
9�_aJRPLQ��zQTH�QqM-�c;:PRJRQq��pq;Y�

��� � � ��
�� "*������"$
@
��W����" � ��
�����" ��" � ��#2����#2� �U"*�	�����	"*������
�� ��"$� "
� ;?;:�I7�Qr�bQ�J�QrM�JR7�QTH�Hd;2f JRQqWYM<JL7b_�J�JR7b;AeIQTHRf:PR;:JR;A9tN�prJRQqpq_�Fc;:P§�-QqM�;:JRQTf?HLf�7�;:9<;?;3MbHRN�PR;2H�JL7�PR;3;?;2HRHR;:M-JRQT_ap
`bPRWc`(;3PdJLQr;2H©Wa�VJL7�;zf:WYM-JRQqMGN�WYNbH©9�N�prJRQqpq_�Fc;:P©9<WGe�;:p�� 	
����� JR7�;�`iWcHRQ�JLQr�GQrJKF�WY�§JL7�;���_aJR;3P#7�;:QqwY7-J3�*JR7�;
`bPR;2Hd;3PR��_�JLQrWcMzWY� JL7�;#pq_Y�Y;#_�J�PL;3HdJ�;3S-N�QqprQq��PLQrN�9 _aMbe�JL7�;�_awcPR;3;:9<;:M-J��(;:JK�§;3;:M JR7�;�HRWYpqNIJLQrWcMbH�Wa�	JR7�;
9<WcM�WYpT_�FY;3P	_YMbet9�N�prJRQqpq_�Fc;:P�DI_aQqM-Jd����;:Mb_YM-J	9<WIeI;:pTH0��7�;3M�JL7�;:PL;�QqH0MbWA��PLQTf JRQqWYM¨WYM�JR7b;��(WYJdJRWc9��	6�7�;
`bPRWGWa�´H�_YPR;��Y;3PRF�HdQq9<QrpT_aP0JLW©JR7�;
f:pq_cHRHRQqf3_apG9<WYM�Wcpq_�Fc;:P0f:_cHd;�_aM(et��WcP0JR7�;
e�;
JL_YQrpTH3�Y��;�PL;
��;3P0JR7�;�PL;3_ceI;:P
JLW�_ k�b��
�
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8�0���� � ���1	 � � �#�
��� �m!Z� �Z�303� � 	��"� ��.H�303� � �����3���k�:��. � �X�10�� !�	 � ��� �#� � ��	����#� 	�� � ��� � 	��
�����#� � �50�� �H�
��� � � �#����� � �303� �����T��� "B��� 	�� 	�� � �2. �303� 8V��� ��� 0���	 "&0 � .���� �m� �:0Z�
�������&�
Z � � ��. � [AHVJL7�;©�GQqHLf
WcNbH§HRWYNbPLf:;?JL;:PL9 JL_a�c;3H�`�pT_Yf:;AQqM�JL7�;©9¨Wc9<;:M-JRN�9 ;3S-Nb_�JLQrWcM�JL7�;©Qr9<`�pqQqf:Q�J
HdJR;3`
e�W-;2H0M�WaJVf:WYMbf:;:PLMtJL7�;���_�JR;3P�7�;:QqwY7-J�H:�	¤
;:M(f
;�QrJ�QqH�;3M�WYNbwY7�JRW#`�PLW��Y;§JR7b_aJ�JR7�;�¢(M�Q�JL;
�YWcprNb9¨;�HRWYpq�Y;3P
`bPR;2Hd;3PR�c;3HVJR7�;#`iWcHRQ�JLQr�GQrJKFzWY�*JR7b;#��_aJR;:P�7�;3Qrwc7-J3�
6�7b;�Qqe�;3_�WY�	JL7�;�`�PLWGWa�0QqH
JR7�;3M¦JRWz;
�I7�Qq��Q�J?JR7b_aJ
JR7�;¨eIQTHRf:PR;:JR;#9<Qqf:PRW-HRf:WY`�QTf#eI;3MbHdQrJKF Wa��`b_aPRJRQTf
pq;�_�J
JLQr9<; * � M �� QqH3�ª��WYP©_apqp � �µ_zf:WYMG�Y;:��f:WY9t�bQrMb_aJRQqWYM�WY��JR7b;<\]Qq���bH];3S-N�QqpqQr��PLQqN�9�H]_aJ?JLQr9<; * � _aM(e���WYPJL7�;¨M�;:QqwY7G�iWYN�PLQrMbw�`iWYQqM-JLH3� � ;¨PL;
��;:P]JLWT_ kcb0��WYP]JL7�;�eI;
J�_aQqpqH3�t6�7�;<_Ye�_Y`IJL_aJRQqWYM¦JLW JR7�;¨9tN�prJRQqpT_�FY;:P
f3_YHR;©QqH?;3_YHRFY� �µ;:J?NbH�M�WYJRQTf
;#JL7b_�J�JL7�; � ² � f:WYMbeIQrJRQqWYM 4 lb� 
 7 QTH
_<pqQ�JRJRpq;t9<WYPL;©PR;2HKJLPRQTf JLQr�c;©JR7b_aJ
JR7�;f:pq_cHRHRQTf:_ap09<WYMbWYpT_�FY;:P � ² ��f
WcMbeIQrJRQqWYMn�AHR;:;Z_ k"b��AHRQrM(f
;�QrJtf
WYM-J�_aQqMbH]JR7�;z�Y;:pqWIf
QrJKF�Wa��JR7b;�ScNbQqf��c;3HdJ
pT_�FY;3P3�
�
	 ¬G° } ¬ � ��)<' S 03� !�	 � ��� ��� � ��	����#�
	�� � ��� � 	��
�����#� � � � � � � ��� � � ������� � �10�� � � ���
	 �������k� � � ��� � � � � � ����#	 ��� �m!H� �H�303� �
���I� ���O� � � � � W / [ Q Q
Q \ � '�)�� / '�) 2-V)�� /10 Q 4 lb� a 7� � � � 	�� �303� �"�#� � .m�k	���� 	 ��� � � � �@8^	��10K	���	��
	 ��� !���� � - �)�� / - �� ����! ' � )�� / � ) � �� ? � � �:0K�10����= � ) / [ F����10�� � �������
	 ��� �2.:�303� !�	 � �#� �#� �	��	������ 	�� � �����
	��
������� � �:03�&� � 	 �

� W / [ Q
Q Q \ � ' � )�� /�� ) � �� 2- �)�� / - �� 2
8�0���� � S - �� 2 � �� U 	 � �303� � ��� ���
	 ��� �2. �10�� ��� � ��� 	�� ��� ����	���� ������������� ��	����#�
	�� � �:03�&�H� � � � .��#� � � 	BA � �8^	��30�	���	��
	 ��� !I��� � S - �� 2 � �� U �
Z � � ��. � 6�7�;�`�PLW-WY����WYP JR7b;�`bPR;2Hd;3PR��_�JLQrWcM�Wa�bJR7�;�pT_a�Y;�_�J0PL;3HdJ	;2ScNbQrpqQr�bPRQqN�9gQTH0WY�G�GQrWcNbH:� =
;:�c;:PRJR7�;3pr;2HRH
MbWaJRQTf
;©JL7b_�J�JL7�;teIQTHLf
PL;
JR;#pT_a�c;#_�J
PL;3HdJ 4 lb� a 7 QTH�WcM�prF _<`b_aPRJRQTf
Nbpq_YP�f3_YHR;#Wa�	JR7�;�f
WYM-JLQrMGN�WcNbH�pq_Y�Y;#_�JPL;3HdJtHdJR;3_ceIF HKJ�_�JR; 4 u�� 5 a 7 ���¾MbeI;3;3e5JL7�;�f:WYM-JRQqMGN�WYNbH�pq_Y�Y;�_�J�PR;2HKJt;2S-N�QrpqQq��PRQqN�9�QqH�JR7�;zPR;2HdN�prJtWY��_�(_apT_aMbf:;��(;:JK�§;3;:M¦JK��W�JL;:PL9<HA��7�Qqpr;tJR7�;¨eIQTHRf:PR;:JR;t9�N�prJRQqpq_�Fc;:P?HLf�7�;:9<;�`�PR;2Hd;3PR�c;3H�JL7�QTH?;2ScNbQrpqQr�bPRQqN�9
WcM�pqF�Q��	JR7b;3HR;©JK�§W�JR;3PR9�H���_aMbQqHR7 HR;:`(_aP�_�JR;3prFc�
6�7b;
`�PLW-WY��Wa�ªJR7�;]Hd;2f
WcMbe¨PR;2HdN�prJ���WcprpqW��
H0��PLWY9 JK�§W#�´_cf J�H 4 Q 7 JL7�;AHRWYNbPLf:;�JR;:PL9 ��_YM�QTHd7�_aJV;3_cf�7�JLQr9<;HdJR;3`¦��WYPA�(WYJR7�HLf�7�;39¨;2H:� 4 QqQ 7 JR7b;��bNI�I;2H
Wa��JL7�;t9�N�prJRQqpq_�Fc;:P?HLf�7�;:9<;t_YPR;tWY�IJ�_aQqM�;3e��GF�9tN�prJRQq`�pqFGQrM�wJL7�;©�bNI��Wa�	JR7�;�f:pq_cHRHRQqf3_apµDI_YQrM-Jd����;:M(_aM-J��-QqM�;:JRQTf#HRf�7�;39<;]�GF�JL7�;�f
WcMbHdJL_aM-J�H � ) �
� � ��� ���0���§�t� ��� � ��� ��� ���t����� � � � ���0����� ���0�����
� �

� ;©f
WYM(HdQTeI;:P§JR7b;]f3_YHR;?Wa�	_�e�_Y9 ��PL;3_a�<WcMz_��i_�J��(WYJdJRWc9��06�7bQqH�;
��_Y9¨`bpr;]QqH�NbHR;3e�QrM _ 5 j"bªJRW<f
Wc9��`(_aPL;<JR7�; f
pT_YHLHdQTf:_Yp§DI_aQqM-Jd����;:Mb_YM-JtHdFIHdJR;:9 4 ub� 5c7 � 4 ub� k 7 � JR7�;��-QTHLf
WYN(HtDI_aQqM-Jd����;:Mb_YM-J�HdFIHdJR;39 4 u�� u 7 �4 u�� l 7 _aM(e¦JR7b;�=?_��GQr;3Pd�KD-JLWY�Y;2H
;2ScN(_�JRQqWYM(H 4 kI� 5"7 � 4 kI� u 7 � � ;¨QqMbf:prNbe�;�QrMnJR7�QTH#f
Wc9<`b_aPLQqHRWYMnWYN�P©M�;3�9�N�prJRQqpq_�Fc;:PADI_YQrM-JR����;3Mb_aM-JA9<WIeI;3p 4 u�� kau 7 � 4 u�� k�a 7 � � ;¨_apTHdWz9¨;3M-JRQqWYM¦JL7�;�HRWYpqNIJRQqWYM¦WY��JR7�;¨7�Wc9¨WcwY;:�Mb;:WYN(H©D�_aQqMcJR����;3Mb_aM-J#HdFIHdJR;39 � 	
����� JL7�;�f
pT_YHLHdQTf:_Yp0D�_aQqMcJR����;3Mb_aM-J#HdFIHdJR;39 4 ub� 5c7 � 4 u�� k 7 ��QrJR7 _z£3;:PLW
' Á e�' À
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��PLQTf JRQqWYM�f
WG;:��f:Qr;3M-J��VHdQqMbf
;©QrJ
QqH
�Y;:PLF�f
pT_YHLHRQqf3_apªQrM JL7�;tDI_aQqM-Jd����;:Mb_YM-J�pqQrJdJR;3PL_aJRN�PL;Y�

6�7b;¦9<_YQrM `b_YPL_Y9<;
JR;3PLH¨WY�]JL7�;�f
Wc9<`�NIJL_aJRQqWYM�_aPL; JR7�;���WYpqprW���QqM�w �¦�GQTHRf:WcHRQ�JKF L / 0 Q 0 [Y��wYP�_��GQ�JKF; / E Q 0 � 6�7�; eb_a9 QTH�pqWIf:_aJR;3e$_�J¨JR7�; 9<Qqe�e�pr; Wa�
JL7�;�f
WY9<`�N�JL_�JLQrWcMb_ap�eIWc9<_YQrM*� 6�7b;���_�JL;:P¨QqHQqM�QrJRQT_apqprF�_aJ]PL;3HdJ#_aMbe�JR7�;¨pr;:� J�_aMbe�PRQqwY7-J©��_aJR;:P]7�;3Qrwc7cJ�H©_aPL;tPL;3HR`(;2f JRQq�Y;3prF�;2ScN(_ap	JRW�JK�§W _aMbe�WYM�;
9<;:JR;:P2� � ;�eIQTHLf
PL;
JRQq£:;¨JL7�;<7�WYPLQr£3WYM-JL_Yp�eIWY9�_aQqM5��Q�JL7�JK��W�7-NbMbeIPL;3en`(WcQrM-JLH#_YMben�§;<`i;:PR��WYPL9 JR7�;
f:WY9<`�NIJ�_�JLQrWcM ��QrJR7�JR7�PL;:;c�(HRQ�� WYP�JL;:M¦pT_�FY;:P�H�QqM�JR7�;�9tN�prJRQqpq_�Fc;:P?DI_YQrM-JR����;3Mb_aM-J?f:_cHd;c��JL;:M¦pT_�FY;:P�H�QqM
JL7�;�=?_��GQq;:PR�¾DGJRWY�c;3H�f:_cHd;c�06�7b;©HRQq9tN�pT_�JLQrWcMzJLQr9<;#QTH�;3S-Nb_YpªJRW 5 l�HR;3f
WcMbe�H3�
����� 	 �	"�� "*� 
 �:� ��� ����
 �T���6
 "
² QqPLHdJRpqF���;#f�7�;3f��<JL7b_�J
QqM JR7�;#£3;:PLWt��PLQqf
JRQqWYM�f:_cHd;#_aM(e���WcP
f
WYMG�c;:M�Qq;:M-J�QrM�QrJRQT_ap e�_�J�_tJL7�;©9tN�prJRQqpT_�FY;:P
9<WIeI;3p�f:WYQqMbf
QTeI;3H���QrJR7�JL7�;�9<WcM�WYpT_�FY;3P�DI_aQqM-Jd����;:Mb_YM-Jt9<WGe�;:pTH 4 f
pT_YHLHdQTf:_YpVWYP¨�GQqHLf
WcNbH 7 _YH��§; _aMI�MbWYN�Mbf:;3enQrM5JL7�;�`�PL;:�GQrWcNbH#DG;3f
JRQqWYMµ��6�7�;�PL;3HRN�prJ#QqH©Wc�IJL_YQrM�;2e���QrJR7�_YMn;3PRPLWYP©Wa�§JR7�;�WcPLe�;:P©Wa��JR7�;
f:WY9<`�NIJL;:P�_Yf3f
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