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Abstract: A new stabilized finite element method is introduced for the linearized version
of the Navier-Stokes equation (or Oseen equation), containing a dominating zeroth order
term. The method consists in subtracting a mesh dependent term from the formulation
without compromising consistency. The design of this mesh dependent term, as well as the
stabilization parameter involved, are suggested by bubble condensation. Stability is proved
for any combination of velocity and pressure spaces, under the hypotheses of continuity
for the pressure space. Optimal order error estimates are derived for the velocity and the
pressure, using the standard norms for these unknowns. Numerical experiments confirming
these theoretical results are presented.
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Une méthode d’éléments finis stabilisée pour I’équation
d’Oseen avec réaction dominante

Résumé : On introduit une nouvelle méthode d’éléments finis stabilisée pour I’équation
d’Oseen (Navier-Stokes linéarisée) avec un terme d’ordre zéro dominant. La méthode est
obtenue aprés soustraction d’un terme dépendant du maillage & la formulation de Galer-
kin classique, sans compromettre la consistance de la méthode. L’expression de ce terme
et celle du paramétre de stabilisation associé sont déterminées par une technique de type
condensation de la bulle. La stabilité de la méthode est assurée pour tout couple d’espaces
discrets, sous une hypothése de continuité des pressions discrétes. On fourni des estimations
d’erreur optimales pour la vitesse et la pression dans ses normes naturelles. Des expériences
numeériques confirment les résultats théoriques.

Mots-clés : Equation d’Oseen, terme de réaction, méthode stabilisée
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1 Introduction

The Navier-Stokes equation constitutes a major challenge in applied mathematics. Specif-
ically, its numerical solution presents two major difficulties, namely, the need for a com-
patibility condition (the inf-sup condition, see [I7, B]) relating the discrete spaces used to
approximate the velocity field u and the pressure p, and the treatment of the spurious
modes generated by the convective term. For both these aspects, several solutions have
been proposed in the last two decades. The convective terms have been treated by appro-
priate upwinding strategies (cf. [I7, 21}, [[1], and the references therein), or stabilized finite
element methods (cf. [6, [14], among others). On the other hand, the inf-sup condition may
be treated directly (cf. [B, [I7], and the references therein), or circumvented via stabilized
finite element methods (cf. [20, M9, Bl 4, [15] in the context of a Stokes flow).

On the other hand, if we are dealing with the time discretization of the Navier-Stokes
equation, and we choose the “classical” approach (i.e., discretizing in time by time-advancing
finite differences) we have different choices for the scheme (for a resume of these techniques,
see [21]). A common fact of all these techniques is the presence of a zeroth order term of type
+;u, where At is the time step (usually very small), and u is the unknown velocity field. In
the late nineties, several works concerning stabilization procedures for problems with zeroth
order terms (or reaction terms), were proposed (see, e.g., [I8, 24], and the recent paper
[7], where edge stabilization has been proposed for a scalar convection-diffusion-reaction
problem). In particular, in [I3, 16, 2], the connection between stabilized finite element
methods and Galerkin methods enriched with bubble functions was used to derive a new
family of stabilized finite element method, namely, the Unusual Stabilized Finite Element
Method (USFEM), which are particularly suited for treating problems with dominating
reaction.

The purpose of this work is to derive, analyze and test a new stabilized finite element
method, analogous to the one presented in [2], for the Oseen problem with a dominating
reaction term. The method is introduced in Section Bl where the stability of the method is
proved and an error analysis is performed. The error estimates obtained in Section B are
derived, using a suitable mesh dependent norm, for the standard norms for the unknowns,
namely the H'(Q)) norm for the velocity field, and the L?(Q) norm for the pressure. In
Section B we report some numerical experiments that confirm our approximation results.
Finally, somme concluding remarks are made in Section 4.

2 The finite element method

First, we present the problem of interest. Let 2 be a bounded open subset of R2, f €
[L2(Q)]?, o a positive real number (typically, ¢ ~ =; where At is the time step in a time
discretization procedure), and a : Q — R? a vectorial function such that V-a = 0 in Q (this
function a may be interpreted as the velocity field in the previous time step). Then, our
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4 G.R. Barrenechea, M.A. Ferndndez € C.I. Vidal

generalized Oseen equation reads: Find (u,p) € [H}(2)]? x L3(Q2) such that

ou — vAu + a-Vu + Vp="f in Q,
V-u=0 in Q, (1)
u=20 on 09,

where L2(Q) % {q € L%(Q) : (¢,1)q = 0}, and (-,-)p denotes the L? inner product in
L?(D) (or in L?(D)?, L*(D)?*2, when necessary). Also, by || |l;..p and |- |;.p we will denote
the H'(D) norm and seminorm, respectively, with the usual convention H°(D)=L?(D).
From now on, let us suppose that (2 is a polygonal domain in R?, and let 7; be a
triangulation of Q constituted by triangles (or quadrilaterals) which are shape regular. Let

hx be the usual element diameter, and denote h Lef max{hg : K € 7,}. We suppose from
now on that A < 1. Now, for £ > 1, let V}, be the space of piecewise polynomial functions
given by

Vi € {vec’@)/v|, € R*(K).VK € T,,} .

Here, R*(K) = P*(K) for triangular elements and R*(K) = {po Fg'/p € Q*(K)} for
quadrilateral elements, where Fi stands for the usual transformation mapping the reference
element K onto K.

Our stabilized finite element method reads: Find (uy,pr) € Vi, X Q such that:

B((un,pn), (v,q)) = F(v.g)  V(v,q) € Vi X Qn, (2)

where V), ' [V, 0 HY(Q)]? and Q) % V; N L2(Q), k,1 > 1, B and F are given by

B((un,pn), (v,9q)) def o(up,v)a + v(Vug, Vv)g + (a-Vug,v)q

- (ph,V-V)Q + (q7v-uh)9 + Z (V-uh,5Kv-V)K

KeT,,
- Z (oup, —vAup +a-Vuy, + Vpp, 7 (ov —vAv —a- Vv —=Vq))k, (3)
KeTy,
F(v,q) def (f,v)o — Z (f,7x(ov —vAv —a- Vv —Vq))k . (4)

KeT,,

Here, the stabilization parameters 7 and 0k are given by

2
e " , (5)
oh3.£(Pek) + —&(Pek)
my
5k < Xa(x)], by min{l, PeX}, (6)

INRIA



Stabilized FEM for the Oseen Equation with Reaction 5

where A > 0, p € [1,+o0], and

Peyc = mjoyh%{ ’ (7)

P} = 7m’“|z|fhK : (8)

la(@)lp = (laal” + Jaz|?)/7 )

i = min{3,Ci} (10)

Ceh Al < Vol Vo€ Vi, (11)
£(A) = max{\,1}. (12)

Remark 1 The design of the stabilization parameter Tx has been suggested by bubble con-
densation, following very closely the arguments given in [3,[1]. The least-squares parameter
Ox is the one from [IJ)]. In the case of a generalized Stokes problem (a = 0) we recover the
method from [4]. Now, in the case of a pure Oseen equation o = 0, we recover the “plus” for-
mulation from [IJ]] with a stabilization parameter which satisfies Tpp < T < 27pp, where
Trr denotes the stabilization parameter proposed in [I])], given by
def hK . 2
TFr = ———— min{1, Pe%}.
2la(z)lp
Remark 2 In [I{l], the orthogonal subscales approach was applied to a related problem con-
taining a Coriolis terms and a zeroth order term. The resulting formulation involves sta-

bilization parameters with free constants to be set. The performance of the method depends
on how these constants are chosen.

2.1 The stability of the method

Throughout all this section (and the following one), C' will denote a positive constant in-
dependent of h (but who may depend on the physical coefficients), whose value may vary
whenever it is written in two different places.

The following lemma provides the positive-definiteness of the stiffness matrix associated
with our method.

Lemma 2.1 There exists a constant Cq, depending only on 2, such that

1/2 1/2
B((v,0), (v.)) = CavlVIZa+ Y {Imi*(a- Vv + Vol x + 15V VIR  }
KeT,

for all (v,q) € Vi, x Qp.
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6 G.R. Barrenechea, M.A. Ferndndez € C.I. Vidal

Proof. - From the definition of 75 and the fact that £(Pel.),&(Pe%) > 1, we observe
first that

for all K € 7;,. Now, let (v,q) € Vi, x Qp, , then
1/2
B((v,),(v,q) 2 o |[VI3q + v [VV]Eq + (@ Vv,v)a + > 67V V|2 «
KG'Z’}L

= S RO Mk — 200(v, AV)k + P |AVIE ]
KeTy,

1/2
+ I (2 Vv + Vo)l x } -

Now, integrating by parts we obtain (a- Vv,v)q = 0, and hence

B((v,q),(v,q)) = Y {(0=0"TR) [V[§.x + v IVVI3x + 2007k (v, Av)x
KeTy,

— 1/2 1/2
~ VTR IAVIS & + 7@ VY + VOl i + 1812V VIE x|

> {o-"m) VI x + vIVVIE &k — 2007 |V]o.x | AV]0.x
KG'Z’}L
VTR G2 2 (2. Vv + Vq)| 12 52y v|2
T on IVVlg e + I (@ Vv + Vo, + 0 V- V|5 x
L V2Tch 2 OVTK
> Y {e-crmviac+ (v- 5 ) 19vIRx - 2 vl
KeT, k Y

__ 1/2 1/2
— o |AVIE k + I @ Vv + Va)l x + 1677V vI i }

__  OVTK
= {(a—o%— ) VI
Ket, v
97 -2 -2
VT h YovuTikh
+ (v - DB - 22 ) o

1/2 1/2
+ 172 @ Vv + Vo) d i + 16779 I x |

INRIA



Stabilized FEM for the Oseen Equation with Reaction 7

o?myh3, ovmyh3,

= - — 2
B Z {(U myoh3. + 4v ’y(mkgh%(+4y)) ”VHO,K

KeT,

my> mEyov

_ ~ ool
" <V Cr(myoh3, + 4v) Ck(mkah%(—i—ély)) IV vllo.x
+imd* @ Vv + V)l i + 1679 vI & }

2 2 _
> 5 {20l g o + 2O o

i (mroh? + 4v) myoh?. + 4v

172 @ Vv + Vo)l i + 1677V vId x|

mkh

and it suffices to take v = X and apply Poincaré’s inequality to complete the proof. [
Now, in order to prove our main result in stability, namely the inf-sup condition for B,
we deﬁne the following mesh-dependent norm:

1/2
Iv.a)ll, {||v||m+ > [Ir 2@ Vv + V)l + 167V VIR ] + ||q||3,9} ,
KeT,
(13)
for all (v,q) € Vi, x Qp,.
We now state the main stability result.

Theorem 2.2 There exists a constant 3 = ((o,a,v), independent of h, such that
B t
ap  Blwp).(w.0)
92 (w)eVaxQn W, Dl
for all (u,p) € Vi, x Q.

Proof. - Let (u,p) € Vj, x Q. Since p € L3(), there exists v € [H}(2)]? such that
V-v=—pin Qand ||v|1,0 < C|plloo- Now, let v;, be the Clément interpolate of v (cf.
[17, 0]), which satisfies

= Bl p)ll,

v —villox <Chrllvl1v) (14)
[villi.o < Cllvlia, (15)

where V(K) is the set of elements in 7; who share at least one node with K. Now, since
v and v, vanish on 99 and Q; C CY(f), we can integrate by parts, use the fact that
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8 G.R. Barrenechea, M.A. Ferndndez € C.I. Vidal

V-v = —p, and obtain

B((u,p), (vn,0)) =0 (u,vp)a + v (Vu,Vvi)a + (a-Vu,vi)g
— (. V-vi)a + Y (V-u,6xVevi)k
KeT,,
— Z (cu—vAu+a Vu+ Vp,7x(ovy, — vAvy —a- Vvp))k
KeTy,
=o(u,vp)a + v (Vu,Vvp)a + (a-Vu,v)qg — (a-Vu,v —vp)q

= > (Vp.v—vi)r + Ipllfe + D (V-u,0kV-va)k

KeTy, KeTy,
— Z (cu—vAu+a-Vu+ Vp, 7 (ovy, — vAvy, —a-Vvy))k.
KeTy,

Hence, using Cauchy-Schwartz one gets

B((uvp)v(vhvo)) > — 0||11||0,Q|\Vh||0,n - V|U|1,Q|Vh|1,ﬂ - ||a~ v11||0,Q||V||0,52
1/2 —1/2

= S @ Va+ V) ol 2 v = vidllou + [Ipl3a
KeTy,

~ S 182V ullo.x 157V vallo.x
KeT,,

- Z ||T11</2(0'11 —vAu+a - Vu+ Vp)|ox
KeTy,
N 2 (ovh — vAV, —a- Vi) [fox - (16)

Now, in each K € 73, we have

4y
= 4+ la(x)|,hik C o
e |2()|p < |alloo.0 if Pel., Pe3 > 1,
h2, hic
8v
— if Pel, > 1,Pe3% < 1,
1 myh neK K an
% | oh? h h - '
K 7 K+|2(X)|” K o o 0hr + alx.o if Pel. < 1,Pe? > 1,
h3, hi
oh? + 2
—E Mk <95 if Pel, Pk < 1,
hK

INRIA



Stabilized FEM for the Oseen Equation with Reaction 9

Thus, denoting generically by -1 the right hand side of ([[7), and applying ([[d) we arrive at

Tk
B((u,p), (vs,0)) > —o|lullo.allvillo,.e — v uli,alvilia — lla- Vullo.alv]ee

hi
— 0 N I a Vut Vp)llox —= Vv + IplEg
> o ,

KG'Z’}L
= 2 18V ullox 195V vallo.x
KeT,,
= > o lulog + v 7R [Aulloq + 17 @ Va+ Vp) ok |
KeTy,
| A vallog + v 2 | AVallog + i la Vvallo.x]

>—C{ollull§q + vhulfg + a Vulfq

1/2
+ 3 Il @va+ V)R + > ||6}</2V-u||3,K}

KeT, KeTy,
2 2 2 h%( 2
Solvillie + vivalio + Ve + D =5 IVIE v
KeT, K

1/2
1/2
+ 3 oy V-vh|3,K} + Ipl2 o
KeTy,

1/2

e 1/2

- { > [l o + v 7 Al o + 7% (2 Vu + w)H%A}
Ke?’h

1/2
‘ { Z [02 7”‘%”3,9 + 127K ||Avh||(2),sz + 7K ||la: VVh|3,K}} .
KeT,,

Now, from inverse inequality (1) a simple computation shows that

VIRIAWIE x < viwlix YW e Vi, (18)

RR n° 5213



10 G.R. Barrenechea, M.A. Ferndndez € C.I. Vidal

and hence, from the definition of §x and 7, the fact that o7x < 1, and ||vp||1,0 < C||v]1,0,
inequality above becomes

B((u,p), (v4,0)) > —-C {o ||U-||o o+ v ot al|Z, Q|U-|1 Q

1/2

1 2 1/2

+ Y Il @vu+ Vp)d e + D l10Y vuna,K}
KeT, KeTy,

'{UHVh”(Q),Q + V|Vh|%,sz + ||V||(2),Q
8v 2 2 2 1z
+ maX{m—k, [alleo,0h, oh} [IVI[T o + A||a||oo,szh|Vh|1,sz}

+ 1Ipl3 0

1/2

1/2

¢ { Z [UHUHOK+V|U|1K+ 7% (a Vu+vp)||3,1<}}
KeT,

1/2
: { > (o lvalldx +vIvalix + IIallio,KWIVhliK]}

KeTy,

1/2
1/2
{|u||m+ > [Imd @ Vu+ Vp) 3 i + 167V -u||3,K]} vl

KeTy,
+ ||P||(2),Q
1/2
1/2(
— Cix { lfo+ > Il (a VU+VP)||3,K} vlle,
KG'Z’}L

where C, and C.. are positive constants depending on o, v, A and ||a|c,q-
Now, applying the fact that |[v||1,o < C'[|p[lo,e, and using the inequality ab < =a® +~b°
in each expression involving a product of norms above, we obtain

B((u,p), (v1,0)) >—— {|“||1sz+ > [Imd @ Vu+ Vp) 3« + 167V -u||%,K]}
KeTy,
{|u||m+ >[I Vqu)naK]}
KeTy,

+ (1= Cuiy — Cri2) ||p||g,sz

-cr {nunm + 3 (IR @ Vut )l g + 18V -u||3,K]}

KeTy,
+ C*Iplgq; (19)

INRIA
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where C* and C** are positive constants, independent of h, if v; and 7, are chosen small
enough.

In this form, if we set (z,q) ef (u+ yvp,p), v > 0, we have by the bilinearity of B,
Lemma BTl and (@) that

B((u,p), (z,9)) = B((w,p), (u,p)) + vB((u,p), (vn,0))

1/2 1/2
> Covulfg + S [In*(@ Vu+ 9p) i + 16779l ]
KGIZ—;L
ok 1/2 1/2
—5C {|u||ig + 3 [ Vu+ Ip) g + 10} V-unaK}}
KGIZ—;L
+7C Pl
2

2 C |||(u,p) |||h ’ (20)

where C' > 0 is independent of h if v is chosen small enough.
Finally, using that h <1 and ||v|j1,0 < C||pllo,, we obtain

2 1/2 1/2
Iz, )l < 21ull? g+ 2> 7% (@ Vu+ Vp)|2 x + 2 D 162V-ul? « + Il o
KeT,, KeT,;,

_ 1/2
+ 292 |Ival2ag + Y mmYPla vvallB ko + Y 1187V vl «
KeTy, KeT,
2
< Cll(wp))?,

which, together with ), finish the proof. O

2.2 Error Analysis
Let k, [ be integers with &,/ > 1. We use the Lagrange interpolation operator I¥ : (C°(Q2))? —

[Vi]?, we denote 1, Lof I¥ (u), define the interpolation error n“ 4' 4 — @1, and we have (cf.

181)

% m,x < ChiT™ Juls ks (21)
if u e H*(K)? for all K € Ty, with 0 < m < 2 and max{m,2} < s < k+ 1. Now, for the

pressure we define pj, as being the Clément interpolate of p. Denoting now by 7P def p—Dn,

where ' )
n p — g (ns Ve € L3(9Q),

we have (cf. [17])

1177 llo,0 < Ch [Iplleg, (22)
P11,k < Ch* = ipllev ) (23)

RR n° 5213



12 G.R. Barrenechea, M.A. Ferndndez € C.I. Vidal

ifpe HY(Q), with 1 <t <1+1.
The main result concerning approximation is now stated.

Theorem 2.3 Let us suppose that the solution (u,p) of [) belongs to (H*1(Q)NH(22))% x

(HY Q)N LE()). Then, there exists C > 0, independent of h, such that the error (e%, eP) dof

(uw —up,p — pr) satisfies
I ell, < C W [ulsna + A llplle) -

def - def __ .
Proof. - Let e} = uy, — 1, and ey = pn — Pn. From the proof of previous theorem, we

see that the suppremum is attained, and then there exists (v,q) € V}, x @}, such that

v, ol < €,

and
Bliter,em)ll, < B((eq,ep), (v,q))-

Using the consistency of the method we obtain

B((ep, ep). (v,a)) = B((n",7"), (v, q)). (24)
Now, for the right hand side of 4] we have by using Schwartz’s inequality we obtain

B((n",n"),(v,q)) =o(n",v)a + v(Vn",Vv)a + (a- V1", v)q

— ",V V) + (6. Ve + Y (V" 0xV-v)k
KeTy,

— Z (on®* —vAR" +a V' + VP 7k (ov — vAv —a- Vv — Vq)) g
KeT,,
: { o olnl5x + vk + lla-Vatls x + 1715« + IV-1"15x
KG'Z’}L
1
1/2 1/2 2
18KV s + 17 (o™ = vAn® + 2 Vi + V) £ i}

{ Yo olvigk + vIVEk + IVIGx + IV-vIEx + lallf x
KeTy,

1
ISVl + 20w — vy — v - Vo))

INRIA
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Now, applying inequality ([8) for the —1*7x | Av||§ j term and 675 < 1, previous inequality
becomes

B((n*, 1), (v,q)) < C { S ol + vinix + llaVoRlg x + 17715 x + IV-n215 x

KeT,,
1/2

+ 167V I3 & + TR 10115 + VTR AN |3 &
1
+ 7k lla V|3 x + TRV I5 k) 2

1/2
{ Yo e+ D) IVIE K + v+ DIVE K + llald i + 157V VIE &
KeT,,

1
1/2 2
+ VIR g + v IVE & + 7@ v + Va) I3 i}

1
<C {maX{m v, ||all alloc.0h, > [H??“II%,K + Tk + 1715k
KeTy,

1
2

+ el An® I3 s+ bR x|}

1/2
-{max{o, v 1} 3 IV + B+ el + 16329 vI3
KeTy,

1
1/2 2
VI3 i + IV + Imi (2 Vv + V)13 x| }

Now, the second term in the product above is smaller than C'|(v,q)|, and hence it is
bounded by a constant. Therefore, applying interpolation inequalities [£1I), [22) and @3)
we arrive at

B((n",7"), (v.4)) < Co, u,a>{ S [0 + 1 s+ HklAIE k]
KGIZ—;L

1
+nP 5.0 + P2 1P1 o} ?
< C(h* [ulps1,0 + B pllLe) - (25)

RR n° 5213



14 G.R. Barrenechea, M.A. Ferndndez € C.I. Vidal

Finally, applying triangle inequality and H) we arrive at

™, el < liteis, el + I™,nP)l,

C
< 3 (A" [alkr1.0 + A lplia)

1

2

1/2 1/2

+ {muﬁﬂ +Ra+ S N6V MRk + P @ v +Vnp>||3,K}
KeT,,

C
< 3 (A" [alkr1.0 + A plia)

h2 h2 2
+C {||n“| Yot P30 + lallcahn®} o + lall 0"} o+ — Inplf,g}

C 1
< 3 (h* [ulps1,0 + B plie) + C {||77u||%,sz + ||77PH3,Q + h? |77p|isz}2 )

and the proof follows by applying interpolation inequalities 1)), 2) and @3) once again.[]

Remark 3 We observe that the estimate given by previous theorem implies an error estimate
in the natural norms of u and p, (the H'(Q)2?-norm for the velocity and the L*(2)-norm for
the pressure), that are optimal in order and regularity. In next section we will show that the
errors are not too much affected by the physical coefficients. [J

3 Numerical experiments

We use as domain the square (0,1) x (0, 1), and we set f to be such as the exact solution of
our problem () is given by

up(x1,22) = —256 x%(:z:l - 1)2x2(:172 —1)(2z2 — 1),
uz (71, 2) = —u1(w2,71),
p(z1,22) = 150 (21 — 0.5)(z2 — 0.5) .

First, we report the diffusive dominated case with 0 = 1,v =1, a = (1,1) and A = 0.
The results are depicted in Figures [l and B, using P'/P! and Q'/Q" finite elements. We
recover optimal orders of convergence for velocity and pressure.

Next, we have considered the reaction-convection dominated case with ¢ = 102, v = 1073,
a=(1,1) and A = 0 and A = 0.5. Figures B to @l show the convergence history, and they
agree with the theoretical results. We recover an optimal order of convergence for the
pressure. However, a quasi-optimal h*/2 order of convergence is observed for ||u — uy,||o.o-
This well known fact in SDFEM-like stabilized methods (cf. [22, T2, 25], specially refer to
the introduction in [23]) is recovered by our method. On the other hand, we notice that
the div-div term, ) ;.- (V- u,0xV - v)k, does not provide a significant improvement of
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sequel we will consider only A = 0 in our
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Figure 4: P! convergence history: o = 100, v = 1073, a = (1,1), A = 0.5

Now, we address the study of the sensitivity of the error to the physical coefficients. To
this purpose, we use a uniform 40 x 40 mesh (= 3200 P'/P! elements), and we measure the
errors in velocity and pressure.
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Figure 5: Q' convergence history: o = 100, v = 1072, a = (1,1), A =0
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Figure 6: Q! convergence history: o = 100, v = 1073, a = (1,1), A= 0.5

First, we fix v = 1072 and a = (1,1) and make o grow. The results are shown in Table
M, where we see that the velocity error remains bounded while o grows and that the pressure
error presents a good behavior even for very large values of o.
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o | lu—wuploo |lu—unllio | llp—prloa
0.1 | 5.5269 x 103 0.7425 9.9611 x 102
1 5.1536 x 103 0.7397 9.5769 x 102

10 | 4.4729 x 1073 0.7322 0.1079
100 | 3.4800 x 103 0.7238 0.1316
10° | 3.3633 x 10~ 3 0.7245 0.1427
10% | 3.3666 x 1073 0.7252 0.1443

Table 1: Behavior of the Finite Element error when o grows

v [u—uplloe | [u—upllie | llp—prloe
1 5.7078 x 10~ 0.7204 5.3583 x 102
0.1 5.4621 x 1073 0.7207 5.8640 x 102

0.01 | 9.2784 x 1073 0.7234 0.1095
1073 | 3.4800 x 1073 0.7238 0.1316
10-% | 2.6934 x 1073 0.7278 0.1320
107> | 2.6781 x 1073 0.7285 0.1320
1076 [ 2.6774 x 1073 0.7286 0.1320

Table 2: Behavior of the Finite Element error when v decreases

a [u—uplloe lu—upllie | [Ip—prlloo
(0.1,0.1) | 9.3554 x 103 0.7248 0.1383
(1,1) | 3.4800 x 1073 0.7238 0.1316
(5,5) 2.8497 x 1073 0.7253 0.1150
(10,10) | 3.0116 x 1073 0.7261 0.1108
(20,20) | 3.2770 x 1073 0.7274 0.1190
(40,40) | 3.5450 x 1073 0.7289 0.1737

Table 3: Behavior of the Finite Element error when |a| grows

Next, we fix 0 = 100 and a = (1,1), and make the viscosity v decrease. The results
are shown in Table B, where we see that both errors are not singnificantly affected by the
viscosity.

Finally, we fix o = 100 and v = 1073, and let |a| grow. We observe, in Table [, that the
error in velocity remains bounded, while the error in pressure remains bounded for a quite
large range of local Péclet numbers Lﬂh’{ Numerical experiences beyond that range of
Péclet numbers, have shown that the pressure error grows. This is reasonable since we are
already dealing with relatively high Reynolds number.
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4 Conclusion

In this paper we have introduced and analyzed a new stabilized finite element method for
the Oseen’s equations containing dominating reaction terms. The method is obtained by
subtracting a mesh dependent term to the standard Galerkin formulation without compro-
mising consistency. The stabilization parameter is suggested by bubble condensation and it
is completely determined from the data of the problem. The error estimates provide opti-
mal convergence rate for velocity and pressure in its natural norms. The reported numerical
experiments confirm the approximation results and point out that the performance of the
method is not dramatically affected by the physical coefficients.
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