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∗ IKJ =MLONHEP>A;�LRQSEFGUT�V�GUL ∗

WYX[ZS\<]_^�`ba�c�d�]feUgDhi]Sjkd�lmdnj�ZS\<]�d
o�p�qUrn]Sjko�p�]SsteUu

a�eUvv�qBpnj�w]�p�]�x�X[]Sp�x6X[]�y�z�{D^f|t}~`��[]S�pngMeUpnl��t|t|U��`b�D^�vMeU��]�d

�������f������t� WYX��d�dnjng[wDl���y_x�]Sy�j�]Sp�]�wiqBy�\<q�w]Su�d�eBx�x�qBgy�jn��y�
��qBp�dnj�qmx�XMeBdnjn��x�w]O��qBpn\_eUjn��qBy[d
qU�kdReU\�vu�]_vMeUjnX[d
qU��p6eUy[wqB\ ��eUu�¡Ddf¢P]S\£��]�ww]�w¤]S��jnX[]Sp
��y

Z
2 qBp£��y

Z
3 ¥ WYX[]�d�]�\<qmw]Su�d

eUp�]���\�\<]Sp�d�]�w<��y<\&gu�jn�§¦¨j©lmv�]�vMeUpnjn��xSu�]kd�lmdnj�]S\<dª����jnX_]OhDxSu�g[d���qBy ¥�« j6eUpnjn��y�3��p�qB\�]OheU\�vu�]�d¬¢
��]��t��s�]�y[]�x�]�d�dReUpnl2eUy[w%d�gD_xS��]Sy�j&x�qBy[wD��jn��qBy[d£��qBp�jnX[]�gy[w]Spnu�l���y�¯®¯eUpn¡�q¬s2vp�q�x�]�d�d6]�d�j�q
��]
p�]Ss�]Sp�dn���u�]t¢A��y2��X��x6X�xfeBd�]°jnX[]S��p���y�steUpn�±eUy�j£\<]feBdngp�]°XMeBd£e³²�����[d���qBpn\ ¥
´ ]Sjnjn��y�³jnX[]
d���µf]�qU�kjnX[]id6eU\�vu�]ivMeUjnX¤��y[xSp�]feBd�]t¢���]�¶[y[w¤jnX[]ix�qBy�s�]Sy��]Sy�j�d�xfeUu���y��d
�pn��y�t��y�¯j�q¯u����tX�j
vXMeBd6]~jnp6eUy[dn��jn��qBy·vX[]Sy[qB\<]SyMe ¥*« j6eU�u�]2eUy[w¸\<]Sj6eBd�j6eU�u�])x�qByD¶[�tgp6eUjn��qBy[d~eUp�]���qBgy[w¹j�q
jn��\<]O¦¨v�]Spn��qmwd�qU�3u���\���jn��y�ºw]Sj�]Spn\���y��dnjn��x¯jnp6e�r»]�xSj�qBpn��]�di��X��x6X¼eUp�]¯d�qBu�gjn��qBy¼qU��y[qByu���y[]feUp
wD�§½¾]Sp�]Sy�jn�±eUu�dnlDdnj�]S\<df¿Y��y2jnX[]
]OheU\�vu�]°qU�ªjnX[]°À�Á�ÂÃ\<q�w]Su¨¢Ae�dnlDdnj�]S\ÄqU� ´ qBjn¡Be�¦¨ÅªqBu�j�]Spnp6e
xSu±eBd6dÆ��d~qB�j6eU��y[]�w¾¢�eUy[wÃjnX[]2v�]Spn��qmwdÆ��y�s�qBu�s�]�]Su�u���vjn��xt¢�X�lmv�]Sp»¦©]Su�u���vjn��x%qBp³\<qBp�]%��]Sy[]Sp6eUu
��gy[xSjn��qBy[d ¥�´ eBdnjnu�l�¢4��]<wD��d�xSg[d6d��pn��]OÇ[l2jnX[]<x�qBy�j�qBgp°qU��e³��]Sy[]Sp6eUu�eUvvp�q�eBx�XÈeUu�u�qf����y�¯j�q
j6eBx6¡�u�]3jnX[]�jnp6eUy[dn��]Sy�jkp�]S�t��\<]3sm�±e°wD�§½�]Sp�]Sy�jn�±eUu4]�É�gMeUjn��qBy[dkqU��Á�gpn��]Sp�d¬ÊDj©lmv�] ¥
Ë~Ì�Í�Î�Ï&Ð ��Ñ��t� a�eUy[wqB\$��eUu�¡�¢w]O��qBpn\_eUjn��qByA¢[]OhDxSu�g[d���qBy³vp�q�x�]�d�d¬¢�jnX[]Spn\<qmwDl�yMeU\���x3u���\���jf¢
vXMeBd6]�jnp6eUy[dn��jn��qByA¢MÁ�gpn��]Sp�dfÊ[]�É�gMeUjn��qBy ¥
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	� ���� � � Â�]Sjnj�]<cSjng[w]<eiv�qBgp3qB�Dr»]Sj3w]°p�]Sy[wDp�]�x�qB\�vj�]<w]°u¨Ê cSs�qBu�gjn��qByídnj�q�x6XMeBdnjn��É�g[]
w¾Ê c�x6XMeUy�jn��u�u�qBy[d³w]³\_eUp�x6X[]�d³eUu�cfeUj�qB��p�]~vu�qBy��c�]�diw[eUy[d

Z
2 qBg

Z
3 ¥�� y[]Æ��qBpn\£gu±eUjn��qBy¼]Sy

j�]Spn\<]�d�w]³p�cfeBxSjn��qBy[d»¦©wD�§½�g[dn��qBy[d�gy��wD��\<]Sy[dn��qByy[]Su�u�]�df¢�w]³vMeUpnjn��xSgu�]�dÆe�s�]�x)]OhDxSu�g[dn��qBy¹]�dnj
vp�qBv�qtd�c�] ¥ À vMeUpnjn��p&w¾Ê ]Oh]S\�vu�]�df¢Pw]�d£x�qBy[wD��jn��qBy[d&y[c�x�]�d�d6eU��p�]�d£]Sj
dngD_d6eUy�j�]�d&w]�p�cSs�]Sp�d��§¦
���u���j�c³wDg¸vp�q�x�]�d�d�g[d�w]³®¯eUpn¡�q¬sºd6qBg[d»¦�rneBx�]Sy�j_d�qBy�j<cSj6eU�u���]�df¢�x�qBy[wDg��dReUy�j	�¯gy[]Æ\<]�d�gp�]
w]
²�����[d ¥�� y~�¨eU��d6eUy�j�xSp�q���jnp�]3u±e<j6eU��u�u�]£w]�d�c�x�XMeUy�jn��u�u�qBy[d�s�]Sp�d�u¨Ê ��yD¶[y�¨¢�y[qBg[d�jnp�qBgs�qBy[d�gy
x6XMeUy��]S\<]Sy�jªw¾Ê c�x6X[]Su�u�]�eUvvp�qBvpn��c�\<]Sjnj6eUy�j�]Sy
cSsm��w]Sy[x�]�w]�d�vX[cSy[qB\<ZSy[]�d�w]�jnp6eUy[dn��jn��qBy°w]
vXMeBd6] ¥�´ ]�d�cSj6eUj�d�dnj6eU�u�]�d�]Sj�\<]Sj6eBdnj6eU�u�]�d���qBy�j���y�j�]Spns�]Sy��p�w]�d�jnp6e�r»]�xSj�qB��p�]�d�wcSj�]Spn\���y��dnj�]�df¢
d6qBu�gjn��qBy[dkw]3dnlDdnj�ZS\<]�d�wD�§½¾cSp�]Sy�jn��]Su�d�y[qByD¦¨u���y[cfeU��p�]�df¢�w]�j©lmv�] ´ qBjn¡Be�¦¨ÅªqBu�j�]Spnp6e�w[eUy[d�u�]�d�xfeBd
u�]�d�vu�g[d�dn��\�vu�]�d ¥�´ ]�d�x�qBy�j�qBgp�d�w¾Ê gy[]�eUvvp�qmx�X[]���cSy[cSp6eUu�]t¢Dv�]Spn\<]Sjnj6eUy�jkw¾Ê ]Sy�tu�qB��]Sp�u�]�p�cO¦
�t��\<]�jnp6eUy[dn��j�qB��p�]�sm�±e�gy°dnlDdnj�ZS\<]�wD�§½�cSp�]Sy�jn��]Su[w¾Ê c�É�gMeUjn��qBy[d�w]�j©lmv�]�Á�gpn��]Sp�df¢td�qBy�jPcSs�qmÉ�g[c�d
]Sy~x�qBy[xSu�g[d���qBy ¥
�*Ð �f� Î ��� � �)� ®¯eUp�x6X[]
eUu�cfeUj�qB��p�]t¢�wcO��qBpn\_eUjn��qBy[dkvp�qmx�]�d�dng[d�w¾Ê ]OhDxSu�g[dn��qByA¢�u���\���j�]&jnX[]Spn\<qU¦
wDlmyMeU\���É�g[]t¢jnp6eUy[dn��jn��qBy�w]�vXMeBd6]t¢[c�É�gMeUjn��qBy)w]�Á�gpn��]Sp�d ¥
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O%]°eUp�]&��y�j�]Sp�]�dnj�]�w¯��y¯\<q�w]Su�d�w]�d�xSpn�����y�³]Ss�qBu�gjn��qBy?qU��d6eU\�vu�]&vMeUjnX[d�qU�ªp6eUy[wqB\!�YeUu�¡md¬¢
��X[]SyÈjnX[]SlÈeUp�]³dng�\���jnj�]�wºj�q2p6eUy[wqB\0u�qmxfeUu�w]O��qBpn\_eUjn��qBy[d���y�s�qBu�sm��y�%v�qtd�dn���u�líd6]Ss�]Sp6eUu
u���y¡Dd ¥ a�qBg�tXu�l%dnv�]feU¡m��y�[¢4�t��s�]Syºe³¶[y��j�]�d6eU\�vu�]_vMeUjnXA¢�d6e�l%qU��dn��µf] N

¢4��qBpn\���y�¯e³y[qBj
y[]�x�]�d6d6eUpn��u�l¹xSu�qtd�]�w¼xSgpns�]t¢�jnX[]2vp�qB�u�]S\ ����u�u���]¯j�qºx�XMeUp6eBxSj�]Spn��µf]?jnX[]?]Ss�qBu�gjn��qBy�qU�°eUy
eBd6d�q�xS�±eUj�]�w¹�¨eU\���u�l

{Yi, i = 1, . . . , N}
qU�°®¯eUpn¡�q¬s¹vp�qmx�]�d�d�]�dÆ��y¼jnX[]2jnX[]Spn\<qmwDl�yMeU\���x

u���\���j�eBd
N → ∞ ¥ WYX��dkp�]�É�g��p�]�d�j�q��tg[]�d�dkeUy[w³j�q
¶[y[w~jnX[]���y�j�]Sp�]�dnjn��y�id�xfeUu���y��d ¥

P y�e�vp�]Ssm��qBg[dPdnjng[wDlRQ4S5T©¢B��]Yx�qBy[dn��w]Sp�]�w
p6eUy[wqB\ ��eUu�¡Dd�qBy�ekd�É�gMeUp�]�u±eUjnjn��x�]t¢�w]O��qBpn\_eUjn��qBy[d
��y�s�qBu�s�]�w¸vMeU��p�d�qU��u���y¡md_eUy[w¹q�x�xSgpnp�]�w·eUj<jnX[]�]Sv�qmx�X[]�d_qU�3o�qB��d�d�qBy�råg\�v vp�qmx�]�d�d�]�d_��y
x�qBy�jn��y�g[qBg[d�jn��\<]2U�d�]�]�d�]�xSjn��qBy³����qBpYe£\<qBp�]�]OheBxSjYw]O¶[y��jn��qBy'V ¥ WYX[]�eUyMeUu�lmd���d��YeBd�xfeUpnpn��]�w
qBgjk��li\<]feUy[dkqU�ªeUy~]Ohmvu���xS��j�\_eUvv��y�[¢M��X��x�X)u�]�wÆj�q�s���]S�ÃjnX[]£dnlmd�j�]S\ eBdke°x�qBgvu���y��qU�
j ��q�]OhDxSu�g[dn��qBy³vp�qmx�]�d�d�]�d ¥
« j6eUpnjn��y�2��p�qB\ e)y�g\&��]Sp_qU��qB�[d�]SpnsBeUjn��qBy[d¬¢ª��]Æ��y�j�]Sy[wÈj�q¯X��y�j<��yºjnX��d°vMeUv�]Sp�jnXMeUj°jnX[]
\<qmw]Su���yWQ4SXT�xfeUy¹��y[w]�]�w·��]�xfeBdnji��y�j�qºe%�p�q�eBw]SpÆxSu±eBd�df¢�jnX[]�gu�jn��\_eUj�]¯��q�eUu���]S��y�¤j�q
vp�qBv�qtd�]�\<]SjnX[qmwdkqU�P����w]£eUvvu���xfeU���u���j©l~x�qBy[x�]Spny��y��jnX[]���qBu�u�qf����y�_É�g[]�dnjn��qBy[df¿

•
x�qBy[wD��jn��qBy[d�]Sy[dngpn��y��²�����[d°dnj6eUj�]�d�eUy[wí]OhDvu���xS��j
��qBpn\<d°qU�kjnX[]ix�qBpnp�]�dnv�qBy[wD��y�¯��yD¦
sBeUpn�±eUy�j�\<]feBdngp�]�d�Y

•
dnj�]feBwDl�¦©d�j6eUj�]�]�É�gMeUjn��qBy[d���y?jnX[]°jnX[]Spn\<qmwDlmyMeU\���x<u���\���j£eBd

N → ∞
¢AeUy[w2jnX[]S��p£d�qU¦

u�gjn��qBy[dk��y�jnX[]3xfeBd�]3qU��²�����[d�dnj6eUj�]�df¢�gj�eUu�d�q���y�dn��jngMeUjn��qBy[d���y�s�qBu�sm��y�_v�]Spn\_eUy[]Sy�j
xSgpnp�]Sy�j�d�Y

•
X�lDwDp�q�wDlmyMeU\���x�eUy[w�jnp6eUy[dn��]Sy�j
]�É�gMeUjn��qBy[df¢4��X[]Sy

N
��d3d�gD_xS��]Sy�jnu�l%u±eUpn��]t¢4l���]Su�wD��y�

jnX�g[d�e°x�qB\�vu�]Sj�]3v��xSjngp�]3qU�PjnX[]3]Ss�qBu�gjn��qBy ¥
²�]Sy[]Sp6eUu���µ¬eUjn��qBy[d�qU��jnX[]Y\<q�w]Su��y

Z
2 xfeUy°��qBu�u�qf� j ��q£yMeUjngp6eUujnp�]Sy[wd ¥ ����p�dnjf¢t��y�\<qmwD�§�Hlm��y�

jnX[]Yx�qBy[dnjnpng[xSjn��qBy�qU��jnX[]Yp6eUy[wqB\ ��eUu�¡ ¥ P©y[w]�]�w¾¢���y�jnX[]�d6É�gMeUp�]Yu±eUjnjn��x�]t¢t��]�w]feUu�j�����jnX_e 4
¦

u�]Sjnj�]Sp�eUu�vXMeU��]Sj ¥ Â�qBy[dn��w]Spn��y�
��y[dnj�]feBw³e�¶[y��j�]�eUu�vXMeU��]SjYqU� l u�]Sjnj�]Sp�dY��d�jnX[]Sy�j6eUy�j6eU\<qBgy�jj�qºx�qBy[dnjnpng[xSjn��y�Èp6eUy[wqB\ �YeUu�¡mdÆ����jnX�qBpn��]Sy�j�]�w¼u���y¡md¬¢���X[qtd�]%e��h]�d³eUp�]2\£gu�jn��vu�]�d~qU�
2kπ

l , k = 0, . . . , l − 1 ¥ WYX[]&xfeBd6] l = 2
x�qBpnp�]�d�v�qBy[wd�j�q_jnX[]&dn��\�vu�]£]OhxSu�g[dn��qBy¯vp�q�x�]�d6dk��y

Z
¢[eUy[w

l = 3
lm��]Su�wd�jnX[]3d6qU¦©xfeUu�u�]�w=Z\[-] ����/,�& ¥

À�y[qBjnX[]Sp�v�qtd�d����u�]�]Ohmj�]Sy[d���qBy���d�j�q3p�]Su±e�h<jnX[]�x�qBy[dnjnp6eU��y�jYjnXMeUj�jnX[]k�YeUu�¡�u���s�]�d���y
Z

2 eUy[w�j�q
w]O¶[y[]&e°dnj�q�x6XMeBdnjn��x3w]O��qBpn\_eUjn��qBy�vp�qmx�]�d�d���y³X���tX[]SpkwD��\<]Sy[d���qBy ¥
P yijnX[]�d�]�É�g[]Su¨¢m��]�dnXMeUu�u�p�]�dnjnpn��xSj�qBgp�d�]Su�s�]�d�j�q&d6qB\<]�vMeUp6eBwD���t\<dY��y

Z
2 eUy[w

Z
3 ¥ P yid6]�xSjn��qBy

�D¢���]�w]O¶[y[]�e
xSu±eBd�d�qU�Kj©��qU¦©wD��\<]Sy[dn��qByMeUuA\<qmw]Su�df¢mj�qB��]SjnX[]Sp�����jnX�p�]Su±eUj�]�wivMeUjnj�]Spny[dY��y
Z

3 ¢

Ô4Ô Ü�^[ïfì»î�_
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��y_j�]Spn\<d�qU�A]OhDxSu�g[d���qBy<vMeUpnjn��xSu�]kdnlDdnj�]S\<d ¥�« ]�xSjn��qBy @ ��d�w]Ss�qBj�]�w<j�q£dnj�q�x6XMeBdnjn��x�p�]Ss�]Sp�dn�����u���j l
qU��jnX[]k®2eUpn¡�qfs°vp�qmx�]�d�d�]�d�qU����y�j�]Sp�]�dnj�eUy[w_j�q�jnX[]�²�����[dª��qBpn\�qU��jnX[]S��p���y�sBeUpn�±eUy�j�\<]feBd�gp�] ¥
P y�d6]�xSjn��qBy_�[¢�jnX[]�y[qByD¦©dnlm\�\<]Sjnpn��x�xSu±eBd�dn��xfeUu�À�Á�Âº\<qmw]Su���d�d�qBu�s�]�w>UF�Hgy[w[eU\<]Sy�j6eUu�d6xfeUu���y�[¢
vXMeBd6]�jnp6eUy[d���jn��qBy[df¢ªxSu±eBd�dn�§¶MxfeUjn��qBy qU��dnj6eU�u�]Æx�qByD¶[�tgp6eUjn��qBy[d�V
jnXp�qBg�tXÈjnX[]³eUyMeUu�lmd���d
qU��e
´ qBjn¡Be�¦¨ÅªqBu�j�]Spnp6e£wD�§½�]Sp�]Sy�jn�±eUu�dnlDdnj�]S\ ¥ WYX[]�x�qBy[xSu�g[wD��y�&d6]�xSjn��qBy_{��t��s�]�d�e��pn��]O�¾qfs�]Spnsm��]S�¹qU�
qBy��qB��y�_p�]�d�]feUp�x�X)eU��qBgj�u±eUpn��]�d�xfeUu�]�wDlmyMeU\���x�df¢y[qBy[]�É�g��u����pn��g\!eUy[w~jnp6eUy[dn��]Sy�j�p�]S�t��\<]�d ¥
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# gp�\_eU��y~qB�Drn]�xSjn��s�]���yÆjnX��d�d�]�xSjn��qBy³��dYj�q�d�X[qf�ÃX[qf�'jnX[]�]Ss�qBu�gjn��qBy�qU�4jnX[]�d6eU\�vu�]�vMeUjnX[d
qU�¾p6eUy[wqB\���eUu�¡Dd�xfeUy<��]Y��png��j»�Hgu�u�l�w]�d�xSpn����]�w<��l�\<]feUy[d�qU�¾vMeUpnjn��xSu�]k]OhxSu�g[dn��qBy�vp�q�x�]�d�d6]�d ¥
ÁY]O��qBp�]SXMeUy[w¾¢Dj�q�e�s�qB��wÆp�]Sv�]Sjn��jn��qBy�eUy[w³xSu�g\<dnl_y[qBj6eUjn��qByA¢Du�]Sj�g[dY]S\�vXMeBdn��µf]�jnXMeUj���]�dnXMeUu�u
qByu�l?w]feUu�����jnX³råg\�v¤®¯eUpn¡�q¬s2vp�q�x�]�d�d6]�d3��y�x�qBy�jn��y�g[qBg[d
jn��\<] ¥~« q³��\�vu���xS��jnu�l?jnX[]<��qBp�w
��� 	�������������� � 	�� � ����u�uªeUu��Ye�lDd�p�]O��]Sp�j�qid�qB\<]
gy[w]Spnu�l���y�³��]Sy[]Sp6eUj�qBp ¥ À�u�d�q¢ N ����u�uªeUu���eflmd
d�j6eUy[wi��qBp�jnX[]3d���µf]�qU��jnX[]3dReU\�vu�]�vMeUjnXA¢[qBpk]�É�g��sBeUu�]Sy�jnu�lÆjnX[]�y�g\£��]Sp�qU�P��j�d�u���y¡Dd ¥

	%$�B &�F'�� M�! M D�� F�M����

P y
Z

1 ¢UjnX[]Ydn��\�vu�]�]OhDxSu�g[d���qBy&\<qmw]Sumx�qB��y[xS��w]�dP����jnX
jnX[]���]Su�uD¡�y[q¬��y)(�o+*<d�lmdnj�]S\ U�d�]�]�] ¥ � ¥
Q-,XT�VO¢D��X��x6X³p�]Svp�]�d�]Sy�j�d�e£Ç[g[xSjngMeUjn��y��eUy[w³]Ss�]Sy�jngMeUu�u�lÆ�tp�qf����y����y�j�]Sp»��eBx�] ¥ WYX��d�dnlDdnj�]S\$��d
x�qmw]�w2��l2eÆd�]�É�g[]Sy[x�]�qU�����yMeUpnl¯sBeUpn�±eU�u�]�d

{τj}
¢
j = 1, . . . , N

¢Aw]Sv�]Sy[wD��y�)qBy¯��X[]SjnX[]Sp
e?vMeUpnjn��xSu�]���d_vp�]�d�]Sy�jÆqBp_y[qBjf¢Y����jnX¼eBdnl�\�\<]Sjnpn��x<råg\�v¹p6eUj�]�d ¥ WYX��d�d�lmdnj�]S\ XMeBd_��]�]Sy
]OhDj�]Sy[dn��s�]Su�l dnjng[wD��]�w ¥ P©y vMeUpnjn��xSgu±eUpf¢kjnX[]~��y�sBeUpn�±eUy�ji\<]feBd�gp�]�XMeBd_��]�]Sy·qB�j6eU��y[]�w¹��y¼e
\_eUjnpn�§h¤d�qBu�gjn��qBy%��qBpn\~¢���qBp£��eU��pnu�l�eUpn���jnp6eUpnl�vMeUp6eU\<]Sj�]Sp�d°eUy[wí��qBgy[w[eUpnl�x�qBy[wD��jn��qBy[d Q @ T ¥
´ eUpn��]id6xfeUu�]�wDlmyMeU\���x�d
XMeBd°eUu�d6q���]�]Sy eUyMeUu�l�µf]�w Q�^f�¢�^S��T©¢�dnX[qf����y�%Á�gpn��]Sp�dfÊ�]�É�gMeUjn��qBy[d
Q�^�T ¥

	%$.	
2 / I M�!"� D��,M;G8D��01! G I�����

24365 ��� ������	���7�:
&N	�� &N	�������� �2	���/R��� � Z%[ ] � �5/,��&
8�]Sp�]
jnX[]�]Ss�qBu�gjn��qBy%qU��jnX[]°p6eUy[wqB\ �YeUu�¡)��d�p�]�dnjnpn��xSj�]�w?j�qijnX[]°jnpn�±eUy�tgu±eUp�u±eUjnjn��x�] ¥ � eBx�X
u���y¡ U�qBp�dnj�]Sv'V�qU�KjnX[]���eUu�¡���d�]S��jnX[]Sp

1
¢
e2iπ/3 qBp e4iπ/3 ¢meUy[wiÉ�g��j�]�yMeUjngp6eUu�u�l�����u�u���]�d6eU��w

j�q���]YqU��j l�v�]�À&¢tÁºeUy[w_Â�¢Bp�]�dnv�]�xSjn��s�]Su�l ¥ WYX��dªx�qBpnp�]�dnv�qBy[wd�j�q�jnX[]�d�qU¦©xfeUu�u�]�w Z%[ ] � �5/,��& ¢
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d���y[x�]kjnX[]Sp�]���d�e£x�qmwD��y�&��l�e
3
¦¨u�]Sjnj�]Sp�eUu�vXMeU��]Sj ¥ WYX[]�d�]Sj�qU� ���!	�� ����������� � U�qBp�p�]feBxSjn��qBy[d�Vª��d

�t��s�]Sy���l

AB
p−

�

p+

BA, BC
q−

�

q+

CB, CA
r−

�

r+

AC,
U�� ¥ ^5V

��X[]Sp�]���]�XMe�s�]���y�jnp�qmwDg[x�]�w
��]Sy[]Sp6eUuDp6eUj�]�d ¥ À�u�d�q���]���\�v�qtd�] $��������5/������ ��:
�'/9	��4� � ����/������������
qBy°jnX[]Yd6eU\�vu�]�vMeUjnX[d ¥ WYX��dP\<qmw]Sum�YeBd�¶[p�dnjP��y�jnp�qmwDg[x�]�w°��y Q ��Tm��y°jnX[]�x�qBy�j�]Ohmj�qU��vMeUpnjn��xSu�]�d
����jnX¤]OhDxSu�g[d���qByA¢�eUy[w�e¯²�����[d���qBpn\ x�qBpnp�]�dnv�qBy[wD��y�¯j�q³p�]Ss�]Sp�dn�����u���j©l�XMeBd3��]�]Sy?��qBgy[w���y
Qã{XTA��y)d�qB\<]�xfeBd�]�d ¥
� 365 ���"���: 	�� �-&(	�������� �2	��'/ � ��:5$'& � / � 79��&?: �������>����/,��&��
WYX��d�\<qmw]Su��YeBdY��y�jnp�qmwDg[x�]�w���y>Q4S5T�j�q°eUyMeUu�lmµf]�d�j�q�x6XMeBdnjn��x�w]O��qBpn\_eUjn��qBy[dYqU��e��YeUu�¡_��y�jnX[]
d6É�gMeUp�]ku±eUjnjn��x�]t¢DeUy[w���j�����u�u���]�p�]O��]Spnp�]�w_j�q3�Hp�qB\ y[qf�¼qByÆeBd�jnX[]

{τaτb}
\<qmw]Su ¥ À�d�d�g\���y�

u���y¡Dd�x�qBgy�j�]Sp�xSu�q�x6¡�����d�]&qBpn��]Sy�j�]�w¾¢M��]3jnX[]���qBu�u�qf����y��jnp6eUy[dn��jn��qBy[dkxfeUy�j6eU¡�]�vu±eBx�] ¥

AB
λab

�

λba

BA, BC
λbc

�

λcb

CB, CD
λcd

�

λdc

DC, DA
λda

�

λad

AD,

AC
γac

�

δbd

BD, BD
γbd

�

δca

CA, CA
γca

�

δdb

DB, DB
γdb

�

δac

AC.

O%]�d�jng[wD��]�w�e°p�qBj6eUjn��qBy~��y�sBeUpn�±eUy�jks�]Sp�dn��qBy�qU�PjnX��d�\<qmw]Su¾��X[]Sy




λ+ �	��
= λab = λbc = λcd = λda,

λ− �	��
= λba = λcb = λdc = λad,

γ+ ����
= γac = γbd = γca = γdb.

γ− ����
= δac = δbd = δca = δdb.

�]O¶[y[]�jnX[]�\_eUvv��y�
(A,B,C,D) → (τa, τ b) ∈ {0, 1}2 ¢dng[x�X~jnXMeUj





A → (0, 0),

B → (1, 0),

C → (1, 1),

D → (0, 1).

WYX[]Sy�jnX[]3wDl�yMeU\���x�d�xfeUy~��]���qBpn\£gu±eUj�]�w~��y�j�]Spn\<dkqU�ªx�qBgvu�]�w�]OhxSu�g[dn��qBy~vp�qmx�]�d�d�]�d ¥ WYX[]
]Ss�qBu�gjn��qByiqU��jnX[]kd6eU\�vu�]�vMeUjnX<��d�p�]Svp�]�d6]Sy�j�]�w���l<e�®¯eUpn¡�q¬s°vp�q�x�]�d�d�����jnX_dnj6eUj�]�dnvMeBx�]�jnX[]

Ô4Ô Ü�^[ïfì»î�_
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2N
���yMeUpnl�p6eUy[wqB\�steUpn�±eU�u�]�d

{τa
j }
eUy[w

{τ b
j }
¢
j = 1, . . . , N

¢�j6eU¡m��y�£steUu�g[]
1
�§�Ae�vMeUpnjn��xSu�]

��d�vp�]�d6]Sy�j
eUy[w
0
qBjnX[]Spn����d�] ¥ WYX[]�råg\�v%p6eUj�]�d3j�qÆjnX[]�pn���tX�j U + V�qBp�j�qÆjnX[]°u�]O�HjRU − V�eUp�]�t��s�]Sy���l





λ±
a (i) = τ̄ b

i τ̄ b
i+1λ

∓ + τ b
i τ b

i+1λ
± + τ̄ b

i τ b
i+1γ

∓ + τ b
i τ̄ b

i+1γ
±,

λ±
b (i) = τ̄a

i τ̄a
i+1λ

± + τa
i τa

i+1λ
∓ + τ̄a

i τa
i+1γ

± + τa
i τ̄a

i+1γ
∓.

U�� ¥ �9V

��qBj6eU�u�l�¢�qBy[]kd�]�]�d�jnX[]Pr»g\�v�p6eUj�]�d�qU�Ae��t��s�]Sy�d�]�É�g[]Sy[x�]�eUp�]�u�qmxfeUu�u�l�x�qBy[wD��jn��qByMeUu�u�l<w]O¶[y[]�w
��l�jnX[]£x�qB\�vu�]S\<]Sy�j6eUpnl�d�]�É�g[]Sy[x�] ¥

� 3 Z � � 7�� ��'/,� / ��������
	������� ��&N���3�� �5/,��&
O%]_vp�qBv�qtd6]�eUyí]OhDj�]Sy[dn��qBy¤qU��jnX[]<vp�]�x�]�wD��y�¯\<q�w]Su���qBp°eUy¤eUpn���jnp6eUpnl%j ��qU¦©wD��\<]Sy[dn��qByMeUu
p�]S�tgu±eUpk�tp6eUvX ¥ WKq<jnX��dk]Sy[w¾¢[x�qBy[dn��w]Sp�e°p6eUy[wqB\ ��eUu�¡~x�qB\�v�qtd�]�w~qU��qBpn��]Sy�j�]�w�u���y¡md¬¢DjnX[]
e��h]�dkqU����X��x6X�j6eU¡�]3steUu�g[]�d

ωk = exp(2ikπ/n), k = 1, . . . , n
¢jnX[]

n
¦¨jnX~p�q�qBj�d�qU��gy��j l ¥

WYX[]Sp�]&eUp�]�j©��q<wD�§½�]Sp�]Sy�j�dn��jngMeUjn��qBy[d ¥
� 	 3

n = 2p + 1
��d�qmww ¥ WYX[]Sy~jnX[]��YeUu�¡ixfeUyy[qBj�XMefs�]£e ���&N/ qU��j©��q�dng[x�x�]�d�dn��s�]�u���y¡Ddf¢d�q

jnXMeUj�u�qmxfeUumwD��dnvu±eBx�]S\<]Sy�j�d�qU�M]�wD��]�dPxfeUy
qByu�l���]�v�]Sp»��qBpn\<]�w£��l3]OhDx6XMeUy�t��y��j©��q�dng[x�x�]�d6dn��s�]
u���y¡Dd ¥�´ ]Sj X = {X1, . . . , Xn}

¢kw]Sy[qBj�]�jnX[]�vMeUpnjn��xSu�])j l�v�]�d�s���]S��]�w·eBd�u�]Sjnj�]Sp�dÆqU�3eUy
eUu�vXMeU��]Sjf¢MeUy[w³u�]Sj

{λkl}
��]�jnX[]�jnp6eUy[dn��jn��qBy~p6eUj�]�d ¥ WYX[]3d�]Sj�qU�Pp�]feBxSjn��qBy[d���d�w]O¶[y[]�w³��l

XkX l
λkl

�

λlk

X lXk, k ∈ [1, 2p + 1], k 6= l.

WYX[]�d6]�pngu�]�d�vp�qfsm��w]�eUyÆ]Ohmj�]Sy[d���qBy�qU�AjnX[]
ABC

\<qmw]Su¨¢���X��x6X���]�dnXMeUu�u�wD��d�xSg[d�d���y�w]Sj6eU��u
��y~d6]�xSjn��qBy @ ¥

� � 3 O·X[]Sy
n = 2p

��d3]Ss�]SyA¢4jnX[]��tp6eU\�\_eUp
��d£eUu�j�]Sp�]�w%��X[]Syíj©��q�dng[x�x�]�d�d���s�]�u���y¡md3��qBu�w¾¢
d6q�jnXMeUj�jnX��d�]Su�]S\<]Sy�j6eUpnl~jnp6eUy[dn��jn��qBy2eU\<qBgy�j�d�\<]Sp�]Su�l³j�q�e°p�qBj6eUjn��qBy¯qU��jnX[]���qBu�w~qU��eUy�tu�]
±2π

n

UH��y[dnj�]feBwÈqU��e
π
p�qBj6eUjn��qByÈ��X��x�X ��qBgu�wÈq�x�xSgp°��X[]Sy ]Ohx�XMeUy�t��y�?jnX[]ij©��q?u���y¡md�V ¥

WYX[]�dn��jngMeUjn��qByÆ��d�jnX�g[d�dnu����tX�jnu�l<\<qBp�]�x�qB\�vu���xfeUj�]�w~eUy[w_jnX[]�d�]SjYqU�Kp�]feBxSjn��qBy[dY��d�y[q¬�¼�t��s�]Sy
��l





XkX l
λkl

�

λlk

X lXk, k = 1, . . . , n, l 6= k + p,

XkXk+p
γk

�

δk+1

Xk+1Xk+p+1, k = 1, . . . , n,

U�� ¥ @ V

��X[]Sp�]
k + p

��d�j6eU¡�]Sy¯\<q�wDgu�q
n ¥ P jk��d���qBpnjnX?y[qBjn��y�ijnXMeUj γk UHp�]�dnv ¥ δk V�x�qBy[x�]Spny¯��qBu�wd

p�qBj6eUjn��y����y�jnX[]&x�qBgy�j�]Sp�xSu�qmx�¡m����d�]&wD��p�]�xSjn��qBy UHp�]�dnv ¥ xSu�qmx�¡m����d�]5V�eUy[w³jnXMeUj�jnX[]3y�g\£��]Sp�qU�

ÒHÓ�ÔKÒ�Õ



���������
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u�]Sjnj�]Sp�d�qU��]feBx6X)j l�v�]£��d�y[q�u�qBy��]Sp�x�qBy[d�]Spns�]�w ¥ P y)qBjnX[]Sp���qBp�wdf¢�qmww�\<qmw]Su�dk�t��s�]&pn��d�]&j�q
vgp�]iwD�§½�g[dn��qBy[d£����jnX¤]Ss�]Sy�jngMeUu�wDpn�§��j�df¢���X[]Sy¤]Ss�]Sy¤\<q�w]Su�d°eUp�]<jnpngu�l�p�]feBxSjn��qByD¦©wD�§½�g[dn��qBy
\<qmw]Su�d ¥

	%$��
3 / I M�!"� D��,M;G8D��0�� � D�� F �� M�� ��E�M;G8D�� G�� E	���

2 / L G8J��0��'I ���'L� J��9MNG8D !>G8I���
G D�� I8M �0!>G D#I ���E�E�MNL �


������� �����������������! #"$�	%'&��(���)�+*,&-�).

À�xSjngMeUu�u�l�¢�jnX[]£wD�±eU\<qBy[w�u±eUjnjn��x�]3��qBpn\£gu±eUjn��qBy2qU�ªdnj�qmx�XMeBdnjn��x&w]O��qBpn\_eUjn��qBy[d���y
Z

3 vp�q¬s���w]�d
d6]Ss�]Sp6eUu�dnjnp6eU���tX�j»��qBpn��eUp�w¹��]Sy[]Sp6eUu���µ¬eUjn��qBy¹qU��jnX[]

2
¦©wD��\<]Sy[dn��qByMeUu

{τaτb}
\<qmw]Su ¥ P©y[w]�]�w¾¢

��]Sj©��]�]Sy?j©��qÆy[q�w]�d�jnX[]Sp�]�eUp�]
8 = 23 v�qtd�dn���u�]&u���y¡md�UHjnX[]�r»g\�v[d�qU��jnX[]°d6eU\�vu�]
vMeUjnX'V ¥

´ ]Sj (τa, τb, τc)
��]&jnX[]3s�]�xSj�qBp�qU�ª���yMeUpnl~x�qB\�v�qBy[]Sy�j�d�x�qBpnp�]�dnv�qBy[wD��y�Æj�q�e�wD��dnvu±eBx�]S\<]Sy�j

��y~]feBx6X)wD��p�]�xSjn��qByA¢��X[]Sp�]
eD¢D��eUy[w~x3w]Sy[qBj�]�X[]Sp�]3jnX[]�jnXp�]�]�vMeUpnjn��xSu�]��¨eU\���u���]�d UHu�]Sjnj�]Sp�d�V ¥

/ 021

/ 341

(0, 1, 0)

(0, 1, 1)
(0, 0, 1)

(1, 0, 1)

(1, 0, 0)

(1, 1, 1)

(1, 1, 0)

(0, 0, 0)

5�6 7989:�8<;	=
3
¦¨���yMeUpnl³x�qmwD��y�_qU�Pu���y¡md�qU�PjnX[]��YeUu�¡md�qBy¯e°wD�±eU\<qBy[w~u±eUjnjn��x�]

À�d���y%jnX[]
2
¦©wD��\<]Sy[dn��qByMeUu�\<q�w]Su¨¢4]Su�]S\<]Sy�j6eUpnl%w]O��qBpn\_eUjn��qBy[d£x�qBy[dn��dnj£��y%]OhDx6XMeUy�t��y����]O¦

j ��]�]Sy�y[]S���tX���qBgpn��y�&dn��j�]�d�jnX[]�sBeUu�g[]�qU�¾qBy[]�qU��jnX[]Y���yMeUpnl�x�qB\�v�qBy[]Sy�j�d ¥ Á�l
x�qBy[dnjnpng[xSjn��qBy
jnX��d�\<qmw]Su��t��s�]�dYe�¡m��y[w�qU�A��]�qB\<]Sjnpn��x�w]�x�qBgvu���y�°��]Sj ��]�]SyÆjnX[]�jnXp�]�]kj l�v�]�d�qU�AvMeUpnjn��xSu�]�d ¥
P y �¨eBxSjieUu�u�v�qtd6dn���u�]�]OhD��dnjn��y�íd�j�q�x6XMeBdnjn��x)x�qBgvu���y�¤p�]�dngu�jid�qBu�]Su�lº�Hp�qB\ jnX[])x�qBy[wD��jn��qByMeUu
jnp6eUy[d���jn��qBy~p6eUj�]�d

λ±
a (τb, τc)

¢
λ±

b (τc, τa),
eUy[w

λ±
c (τa, τb)

¢[eBx�x�qBp�wD��y�<j�q°jnX[]�sBeUpn��qBg[d�v�qtd�d��§¦
�u�]&\<qmw]Su�d ¥ ²�]�qB\<]Sjnpn��xfeUu�u�l�jnX[]°x�qBpnp�]�dnv�qBy[wD��y�Æ\£gj6eUjn��qBy[d���qBp�jnX[] 3

¦©wD��\<]Sy[dn��qByMeUu��YeUu�¡
eUp�]�w]Sv��xSj�]�w���y³¶[�tgp�]£� ¥ � ¥

Ô4Ô Ü�^[ïfì»î�_
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5�6 7989:�8�:�= Å�eUpn��qBg[d�]Su�]S\<]Sy�j6eUpnl�jnp6eUy[d»��qBpn\_eUjn��qBy[d�w]Sv�]Sy[wD��y��qBy)jnX[]3vMeUjnj�]Spny[dk��qBpn\<]�w���l
j ��q_d�g[x�x�]�d�dn��s�]�u���y¡Dd ¥ P y��jn�±eUu UHp�]�d�v ¥ ¶[yMeUu V�x�qByD¶[�tgp6eUjn��qBy[dk��y)vu±eU��y UHp�]�dnv ¥ wqBj»¦
j�]�w V�u���y[]�df¿���qBu�w U�e9VO¢��]Sy[w UH�'VO¢Dj ����dnj�]�w~��]Sy[w U�x5V ¥

P y³qBp�w]Sp�j�q°qB�j6eU��y�d�qB\<]�y[qByD¦¨jnpn��s��±eUu4wDl�yMeU\���xfeUuA]O½¾]�xSjf¢D��]�x�qBgvu�]�jnX[]�jnXp�]�]3d�lmdnj�]S\<dYqU�
vMeUpnjn��xSu�]�d¬¢4¡�]�]Sv��y�2��yí\���y[w%jnX[]�v�qtd�d������u���j©l%qU����]Sjnjn��y�2�MeBx�¡?jnX[]

2
¦©wD��\<]Sy[d���qByMeUu

{τaτb}\<qmw]Su¾gy[w]Sp�x�]Spnj6eU��y)x�qBy[wD��jn��qBy[d ¥ WYX��d���d�jnX[]3dng�Drn]�xSj�qU��jnX[]�y[]OhDj�j©��q<vMeUp6eU�tp6eUvX[d ¥


������
 � � *��)������	&����9��� " ����������. *,&-� ��& "9���

8�]Sp�]���]�vp�qBv�qtd�]�e�x�qBgvu���y�
��X��x�X���dªu���y[]feUp�����jnX_p�]�dnv�]�xSjªj�q3jnX[]�x�qB\�vu�]S\<]Sy�j6eUpnl�¶M]Su�wd¬¢
sm�±e
jnX[]���qBu�u�qf����y�<��y�j�]Sy[dn��jn��]�df¿





λ±
a (i) = λ ± 2(τ b

i − τ c
i )µa,

λ±
b (i) = λ ± 2(τ c

i − τa
i )µb,

λ±
c (i) = λ ± 2(τa

i − τ b
i )µc.

« gvv�qtd�]°��qBp&eÆ��X��u�] µc = 0
eUy[w

µa = µb = µ ¥ WYX[]Sy�jnX[]<d�]�É�g[]Sy[x�] {tauc}
p�]S\_eU��y[d

wD��d6qBp�w]Sp�]�w¾¢[��X��x�X)\<]feUy[dkjnX[]3\_eUpn�t��yMeUuKu±e��*qU�
τ c
i

��d 1
2
¥ À�d���qBp�jnX[]3dng�[dnlDdnj�]S\ {τa, τb}

¢
gvij�q&p6eUy[wqB\$x�qBy�jnpn���gjn��qBy[d

(τ c
i −

1
2)µ

¢�jnX[]�jnp6eUy[dn��jn��qByÆp6eUj�]�d
λ±

a

eUy[w
λ±

b

x�qBpnp�]�dnv�qBy[wij�q
e�vMeUpnjn��xSgu±eUp�w]O¶[y��jn��qBy2qU�PjnX[]

{τaτb}
\<q�w]Su ¥ 8�]Sy[x�]t¢[��y~jnX[]�u���\���jf¢M��]&qB�j6eU��y¯e°¡m��y[w~qU�

/�� �����!/ ��� � /
{τaτb}

\<qmw]Su ¥
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P j¾��d4eUu�d6q�]Ohmv�]�xSj�]�w3j�q�p�]�x�q¬s�]SpKjnX[]
τaτb

\<q�w]Su���X[]Sy
qBy[]ªqU�jnX[]ªx�qB\�v�qBy[]Sy�j�d4��dAx�qB\�vu�]Sj�]Su�l
��p�qBµf]Sy
��y
eUy°qBp�w]Sp�]�w£vXMeBd�]t¢Bj6eU¡m��y����qBp�]OheU\�vu�]

τ c
i = 0

��qBp
i = 1, . . . , N ¥ WYX��dPdn��jngMeUjn��qBy��d��Hgu§¶[u�u�]�w³��lix6X[q�qtd���y�<jnX[]���qBu�u�qf����y�_y[qByD¦¨u���y[]feUp�x�qBgvu���y��d





λ±
a (i) = λ ± (τ b

i − τ̄ b
i )(τ c

i − τ̄ c
i )µa,

λ±
b (i) = λ ± (τ c

i − τ̄ c
i )(τa

i − τ̄a
i )µb,

λ±
c (i) = λ ± (τa

i − τ̄a
i )(τ b

i − τ̄ b
i )µc.

	%$�� �*G8J D I�� F � L G8D#I M?E�MNG8D��

À�u�jnX[qBg�tX¸jnX[]SlÈu���s�]���y
Z

2 qBp
Z

3 ¢Yu�]Sj<g[d�]S\�vXMeBd���µf]~jnXMeUjieUu�u�jnX[]�qB�Drn]�xSj�d�x�qBy[d���w]Sp�]�w
jnXp�qBg�tX[qBgj�jnX��d�dnjng[wDl³eUp�]3xSgpns�]�df¢X[]Sy[x�]£qBy[]O¦©wD��\<]Sy[dn��qByMeUu4wDlmyMeU\���xfeUu4dnlDdnj�]S\<d ¥
8�]Sy[x�]t¢D��qBp�eUy�lÆ�t��s�]Sy¯d6eU\�vu�]�vMeUjnX)qU��dn��µf]

N
¢jnX[]Sp�]£eUp�]£j©��q_u���y¡md�p�]O��]Spnp�]�w�j�q_eBdkdn��j�]

1eUy[w
N
¢KeUj���X��x�X � ��:
�'/9	��4�=� ���'/���������� � XMefs�]�j�qÆ��]�dnv�]�xS�§¶M]�w ¥ O%]�d�XMeUu�uªx�qBy[dn��w]Sp£qByu�l

$ ��������/���� ��qBgy[w[eUpnl)x�qBy[wD��jn��qBy[df¿�jnX��d�\<]feUy[d�]�d�d�]Sy�jn�±eUu�u�l�jnX[]°dnlDdnj�]S\!��d �����X	�����	�� � gy[w]Sp
xS��p�xSgu±eUp�v�]Spn\&gj6eUjn��qBy)qU�PjnX[]3dn��j�]�d ¥ Â�qBy[d�]�É�g[]Sy�jnu�l�¢Mx�]Spnj6eU��y)��]�qB\<]Sjnpn��x£É�gMeUy�jn��jn��]�d�u�q�xfeUu�u�l
x�qBy[d6]Spns�]�w�����u�u�p�]S\_eU��y eUu�d�q~�tu�qB�MeUu�u�l�x�qBy[d6]Spns�]�w ¥ �[qBp°]Oh[eU\�vu�]t¢PjnX[]�wD��dnj6eUy[x�]���]Sj©��]�]Sy
jnX[]_j©��q¯]OhDjnp�]S\���jn��]�d UHy[qBj&y[]�x�]�d6d6eUpn��u�l%wD��dnjn��y[xSj�V£qU��e~xSgpns�]�p�]S\_eU��y[d
x�qBy[d�j6eUy�jf¢�d�q�jnXMeUj
xSu�qtd6]�w³xSgpns�]�d�����u�uKdnj6eflixSu�qtd6]�wÆ��qBp�]Ss�]Sp ¥

� � ��� � F �9M	� M  M?E4��� D I�
 M����� !"�����,J F'� �

P y·jnX[]¯d6]�É�g[]Su¨¢�qBgpi��q�eUu�����u�u���]�j�qí¶[y[w¼]OheBxSj³d�xfeUu���y��div�]Spn\���jnjn��y�Èj�qºw]Spn��s�])vXMeBd6]
jnp6eUy[d���jn��qBy2x�qBy[wD��jn��qBy[d¬¢���qBp�w]O��qBpn\_eUjn��qBy?vp�qmx�]�d�d�]�d�qU��jnX[]
xSu±eBd�d�w]O¶[y[]�w)��y2d�]�xSjn��qBy?�D¢¾eBd
N → ∞ ¥
P y%�¨eBxSjf¢4��qBp
jnX[]id6eU¡�]_qU��d�X[qBpnjny[]�d�df¢���]idnXMeUu�u�p�]�dnjnpn��xSj
qBgp�d6]Su�s�]�d&j�q¯xfeBd�]�dnjng[wD��]�d
��X[]Sp�]
jnX[]
d6eU\�vu�]&vMeUjnX[d�XMe�s�]�e�� � � ����� ���X	�����	��'� �R� 	���:
� � ¢��gj�jnX��d���dky[qBj3e��Udn��y[]&É�gMe_y[qBy��
x�qBy[wD��jn��qBy2eBd�x�qB\�\<]Sy�j�]�w���y�d�]�xSjn��qBy�{ ¥
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O%]�dnXMeUu�u�]�d�j6eU�u���dnX�x�qBy[wD��jn��qBy[df¢m��X��x6X³eUp�]�]S��jnX[]Sp�qU�¾��]�qB\<]Sjnpn��xfeUu�yMeUjngp�]�qBp���]feUp�wD��p�]�xSjnu�l
qBy¤jnX[]�jnp6eUy[dn��jn��qByºp6eUj�]�df¢Pj�q)]Sy[d�gp�]_jnX[]ivp�qmx�]�d�d�]�d
qU����y�j�]Sp�]�dnj<eUp�] � � ��������� ��&(� ¿_w]Sj6eU��u�]�w
�MeUu±eUy[x�]�]�É�gMeUjn��qBy[d�X[qBu�w~eUy[wÆjnX[]SlidngD_x�]�j�q°]�É�g��u����p6eUj�]£eUu�u�v�qtd�dn���u�]�xSlDxSu�]�dY��y³jnX[]�dnj6eUj�]
d�vMeBx�] U�d6]�]&] ¥ � ¥ Q�^f|�T�V ¥ P©y¯jnXMeUj3xfeBd�]°e_v�qBj�]Sy�jn�±eUuªwqm]�d�]Ohm��d�j�eUy[w¯jnX[]
��y�steUpn�±eUy�j3\<]feBd�gp�]
xfeUy���]�]OhDvp�]�d�d�]�w³]OhDvu���xS��jnu�l~eBdke<²�����[d�\<]feBdngp�] ¥

����9��� � "$" �$�����)���9�	�

�MqBp
2
¦©wD��\<]Sy[dn��qByMeUu4�YeUu�¡md¬¢[��X[]Sy~jnX[]&dn��µf]

n
qU��jnX[]£eUu�vXMeU��]Sjk��d�qmww¾¢MeBd�eUu�p�]feBwDl³y[qBjn��x�]�w

��y?d�]�xSjn��qBy%� ¥ �D¢¾jnX[]Sp�]
��d3eiwDgMeUuPv�qB��y�j3qU��sm��]S� dRe�lm��y�³jnXMeUj�e n
¦©dnv�]�xS��]�d�vMeUpnjn��xSu�]�dnlmd�j�]S\

\<q¬s�]�d���y¸e2qBy[]O¦©wD��\<]Sy[dn��qByMeUu�u±eUjnjn��x�]t¿ÆjnX[]Sp�]Æ��d�]OheBxSjnu�lºqBy[]ÆvMeUpnjn��xSu�]³v�]Sp<dn��j�]³eUy[wºjnX[]
jnp6eUy[d���jn��qBy�p6eUj�]�d

λkl x�qBpnp�]�dnv�qBy[w_j�q
]Ohx�XMeUy��]�d�qU�4e£vMeUpnjn��xSu�] k
����jnXÆe£vMeUpnjn��xSu�]

l
��]Sj ��]�]Sy

eBwUr�eBx�]Sy�jªd���j�]�d ¥ P y�eks�]Spnl
wD�§½�]Sp�]Sy�j�x�qBy�j�]OhDjf¢tjnX��dP\<qmw]SuD��eBdPvp�qBv�qtd�]�w°��y Qã{XT©¢U�Hp�qB\ ��X��x�X
��]3]OhDjnp6eBxSjkd�qB\<]�p�]�dngu�j�dkp�]Su±eUj�]�w³j�q�qBgp�j�qBv��x ¥
� v�j�q³e_dnu����tX�j3eU�g[d�]&��y)jnX[]
y[qBj6eUjn��qByA¢���]£u�]Sj Xk

i ∈ {0, 1}
w]Sy[qBj�]
jnX[]&���yMeUpnl�p6eUy[wqB\

steUpn�±eU�u�]³p�]Svp�]�d�]Sy�jn��y��jnX[]³qmx�xSgvMeUjn��qBy¹qU��dn��j�]
i
��l e¯u�]Sjnj�]Sp_qU��j©lmv�]

k ¥ WYX[]~dnj6eUj�]³qU�jnX[]
dnlDdnj�]S\ ��d�p�]Svp�]�d�]Sy�j�]�w2��l³jnX[]
eUpnp6efl
X

����
= {Xk
i , i = 1, . . . , N ; k = 1, . . . , n}

qU��d���µf]
N × n ¥ WYX[]Sy~jnX[]���y�sBeUpn�±eUy�jk\<]feBdngp�]3qU�PjnX[]3eBd�d�qmxS�±eUj�]�w~®2eUpn¡�qfsÆvp�qmx�]�d�d���d��t��s�]Sy~��l

P
(
X

)
=

1

Z
exp

[
−H

(
X

)]
,

U @ ¥ ^5V

��X[]Sp�]
H

(
X

)
=

∑

i<j

∑

k,l

αklXk
i X l

j ,
U @ ¥ �9V

eUy[w

αkl − αlk = log
λkl

λlk
,

vp�q¬s���w]�w~jnXMeUj�jnX[]���qBu�u�qf����y��x�qBy[wD��jn��qBy�X[qBu�wd
∑

k 6=l

αklNk = 0.
U @ ¥ @ V

P y[w]�]�w¾¢Me
j l�v��xfeUuA�MeUu±eUy[x�]&]�É�gMeUjn��qBy�p�]feBwd

P [. . . , Xk
i = 1, X l

i+1 = 1, . . .]

P [. . . , X l
i = 1, Xk

i+1 = 1, . . .]
=

λlk

λkl
= exp(αlk − αkl),

U @ ¥ � V

ÒHÓ�ÔKÒ�Õ



���������
	�������*�-���������	����������*�!�%��	��%$'& � )+	9���9�"�!� .+	���/9��� 0�	�&?3�� 	��'/ 6 79�&;:,������� < ��/,�&4� ^t^

eUy[w°p�]Su±eUjn��qBy U @ ¥ @ V�vp�q�x�]�]�wd�wD��p�]�xSjnu�l&��p�qB\ ]SyD��qBp�xS��y�3jnX[]�eU��q¬s�]�\<]feBdngp�]�j�q���]Y��y�steUpn�±eUy�j
��l�jnp6eUy[d�u±eUjn��qBy ¥

����9��
 ���)��� �9�����)���9�	�

O·X[]Sy¤jnX[]ixfeUp�wD��yMeUu�qU�kjnX[]³eUu�vXMeU��]Sj°��d
]Ss�]SyA¢�d6e�l
n ����
= 2p

¢ªjnX[]�dn��jngMeUjn��qByÈ��d&p�]Sy[w]Sp�]�w
ei���j�\<qBp�]<��y�s�qBu�s�]�w�wDg[]<v�qtd�d����u�]&p�qBj6eUjn��qBy[d&qU�Yx�qBy[d6]�xSgjn��s�]���qBu�w]�w2u���y¡md ¥ WYX[]Sp�]<��d�y[q
u�qBy��]Sp�x�qBy[d�]SpnsteUjn��qBy_u±e�� ��qBp�]feBx6X_u�]Sjnj�]Sp�y�g\£��]Spf¢DeUy[w_qBy[]�dnX[qBgu�w<��y[dnj�]feBw<��y�jnp�q�wDg[x�]kjnX[]
É�gMeUy�jn��jn��]�d

∆k ����
= Nk+p − Nk, k = 1, . . . , p − 1,
��X��x6X�p�]Svp�]�d�]Sy�j�jnX[]YwD�§½¾]Sp�]Sy[x�]�dP��]Sj ��]�]Sy<v�qBvgu±eUjn��qBy[d�qU��u���y¡Dd�����jnX<qBvv�qtd���j�]�wD��p�]�xSjn��qBy[d ¥
®¯qBp�]�qfs�]Spf¢�eBdke
pngu�]t¢[d�qB\<]�y[qByD¦¨jnpn��sm�±eUu4xSlDxSu�]�d���y³jnX[]3d�j6eUj�]O¦©dnvMeBx�]£eUp�]�y[qBj��MeUu±eUy[x�]�w U�d�]�]
¶[�tgp�] @ ¥ @ VO¢Pgyu�]�d�d
jnp6eUy[dn��jn��qByºp6eUj�]�d°d6eUjn��d»��l%eBwwD��jn��qByMeUu�x�qBy[wD��jn��qBy[d ¥ WYX��d
�t��s�]�d
pn��d�]�j�q
jnX[]�y[]OhDj�jnX[]�qBp�]S\ ¥

(a)
(b)

(c)

5�6 798���8���= � u�]S\<]Sy�j6eUpnl~xSlDxSu�]�df¿P��qBu�w U�e9VO¢ @ ¦¨u���y¡�\<qBjn��qBy UH�'VO¢d�É�gMeUp�]�u�q�qBv U�x5V ¥

� �)� &9�!��� ����9� Z ����:
���
n = 2p

	��'/�$��������/���� � ��:
�'/9	��4� � ���'/���������� ��� 5 � �� ��� � � ����� ��
� � p�]Ss�]Sp�dn���u�] � ��	��'/ ��� &�� � � ��� � ����&�&N���8� ��7 � ���'/������������-	�� ��� �%$ ����� / ���>�������!	9� ����	��'/ ���
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(i)

l+p−1∏

k=l

γk

δk+1
= 1,∀l = 1, . . . , n

(ii)
λkl

λlk

λk+p, l

λl, k+p
= 1, ∀k, l = 1 . . . n, k 6= l,

(iii)
∑

l 6=k+p

∆l log
λkl

λlk
= 0, k = 1, . . . , n.

WYX[]3p�]�dngu�j�p�]Su���]�dkqBy³jnX[]�y[]OhDj�u�]S\�\_e ¥
� ��� ��� ���
���� �R�����\� 	����%�!� $ ��������/���� � ��:
�'/9	��4�-� ����/������������ � � � ��� �+� ����	�����	�� �#�R� 	���:
� � �
	��
	 � � � ��� ��������7�������� �4� � � � 2 3 	���/ � � � � 3 �K��� ���>��� �K����& &(� �8����7R� ��&(	������������,� $'�"�2: ���K�
��&(/��

(iv)





αkl − αlk = log
λkl

λlk
, k = 1, . . . , n, l 6= k + p ;

αk+1, k+p+1 − αk, k+p = log
γk

δk+1
, k = 1, . . . , n ;

(v)
��� �� � � 7�� ����-	 � ��������	��'�

α ∈ R
��: �� ��� 	��

αkl + αk+p,l = αlk + αl,k+p = α, ∀k, l = 1, . . . , n ;

(vi)

p−1∑

l=1

(αkl − αlk)∆l = 0, k = 1, . . . , n.

� �!&-&�%�� O%]&qByu�livp�]�d6]Sy�jkjnX[]3\_eU��y)dnj�]Sv[d ¥ Â�qBy[wD��jn��qBy (iv)
��y�jnX[]3u�]S\�\_e<x�qB\<]�d���p�qB\!e

�MeUu±eUy[x�]_]�É�gMeUjn��qBy�qU��j©lmv�]=U @ ¥ � V ¥ WYX[]�xfeBd�] l = k + p
x�qBpnp�]�dnv�qBy[wd3j�q~eBwUr�eBx�]Sy�j���qBu�w]�w

u���y¡Ddf¢[eUy[w¾¢Me���j�]Sp�d�]Sjnjn��y�

U(k, i) ����
=
∑

l

∑

j>i+1

(
αk+1, l + αk+p+1, l − αkl − αk+p, l

)
X l

j ,

V (k, i) ����
=
∑

l

∑

j<i

(αl, k+1 + αl, k+p+1 − αlk − αl, k+p)X l
j ,
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]�É�gMeUjn��qBy U @ ¥ � V�XMeBd�j�q���]�p�]Svu±eBx�]�w~��l

P [. . . , Xk
i = 1, Xk+p

i+1 = 1, . . .]

P [. . . , Xk+1
i = 1, Xk+p+1

i+1 = 1, . . .]
=

γk

δk+1

= exp
[
αk+p+1, k+1 − αk, k+p − U(k, i) − V (k, i)

]
,

��X��x6X~u�]feBwd�j�q°��\�v�qtd�]3x�qBy[wD��jn��qBy
(v) ¥

W4q�j6eU¡�]���y�j�qkeBx�x�qBgy�j�jnX[]P��y�steUpn�±eUy[x�]ª��l�jnp6eUy[d�u±eUjn��qByA¢�u�]Sj
σ
w]Sy[qBj�]�eYxS��p�xSgu±eUpKv�]Spn\£gj6eUjn��qBy

σ
eU\<qBy�<jnX[]3��y[wD��x�]�df¢[dng[x6X~jnXMeUj

σ(i) = 1 + i mod (N) ¥ Â�qBy[dn��w]Sp

Hσ(X) =
∑

1≥k,l≥N

∑

i<j

αklXk
σ(i)X

l
σ(j),

jnX[]�p�]�d�gu�jn��y��]Sy[]Spn�tlÆqB�j6eU��y[]�w)e���j�]Sp�eUvvu�l���y�_v�]Spn\&gj6eUjn��qBy
σ ¥ WYX[]Sy

Hσ(X) = H(X) +

N∑

k=1

Xk
1

N∑

l=1

(αkl − αlk)N l,

��X[]Sp�]
N l ��d�jnX[]
y�g\£��]Sp3qU��u���y¡md l ¥£« ��y[x�] N l+p − N l ¢ l = 1, . . . , p

��d�x�qBy[d�]Spns�]�w UH�gj
N l ��d�y[qBj�VO¢[jnX[]�pngu�] (v)

u�]feBwd�j�q°jnX[]3jnp6eUy[dnu±eUjn��qByMeUuK��y�sBeUpn�±eUy[x�]£��y³jnX[]���qBpn\ÄqU�
(vi) ¥

À�d�j�qÆp�]Ss�]Sp�dn�����u���j l�¢PqBy[]<xfeUy�x�X[]�x6¡?jnXMeUj
(i)

eUy[w
(ii)

eUp�]°y[]�x�]�d�d6eUpnl2j�q~]�É�g��u����p6eUj�]�jnX[]
xSlDxSu�]�d
w]Sv��xSj�]�w���yí¶[�tgp�] @ ¥ @ ¥ ®)qBp�]�q¬s�]Spf¢PjnX[]�xSlDxSu�]_x�qBy[wD��jn��qByº��\�v�qtd�]�wí��l�e)xS��p�xSgu±eUp
v�]Spn\£gj6eUjn��qBy���d�]OheBxSjnu�l
�t��s�]Sy���l

(iii) ¥ P y[w]�]�w¾¢tjnX��dªxSlDxSu�]Y��dPv�]Sp»��qBpn\<]�w���l&jnp6eUy[dnv�qBpnjn��y�qBy[]�vMeUpnjn��xSu�]YjnXp�qBg�tX�jnX[]�dnlDdnj�]S\.�Hp�qB\ dn��j�]
1
j�q�dn��j�]

N
¿�wDgpn��y��jnX��d�qBv�]Sp6eUjn��qByA¢mekj6eU�t��]�w

vMeUpnjn��xSu�]
Xk ����u�uP]Sy[x�qBgy�j�]Sp�jnX[] N l vMeUpnjn��xSu�]�d�x�qBpnp�]�dnv�qBy[wD��y�ij�qieUu�u�qBjnX[]Sp�dnv�]�xS��]�d l 6= k

eUy[w¯jnX[]
p�]�dngu�jn��y�³jnp6eUy[dn��jn��qBy?��]S���tX�j���d�jnX[]Sy2�t��s�]Sy?��l ∏

l 6=k,k+p

[
λkl

λlk

]N l ¢���X��x6X?��y2jngpnyA¢

��líg[d���y�
(ii)

¢�eU\<qBgy�j�d<j�q2x�qBy[wD��jn��qBy
(iii)

e���j�]Sp�j6eU¡���y�?jnX[]Æu�qB��eUpn��jnX\ ¥ WYX[]�d6]ÆjnXp�]�]
x�qBy[wD��jn��qBy[d�eUp�]£��y³��eBxSj�dngD_xS��]Sy�j�j�q_w]Sj�]Spn\���y[]&jnX[]3vMeUp6eU\<]Sj�]Sp�d

{αkl}
��y)qBp�w]Sp�j�q_d6qBu�s�]

(iv), (v), (vi)
¢�jnX�g[d�]Sy[dngpn��y��p�]Ss�]Sp�dn�����u���j©l ¥

� � E � �#I�� �5E ��E � G�� E	����� ��� �����XE ��! M�D E	��� E	��� F4! G8I�� D��0! MNL  M�! M?E

À�d�eUyÆ��u�u�g[dnjnp6eUjn��qByA¢��]�����u�u�vp�]�d�]Sy�jke
w]Sj6eU��u�]�w�eUyMeUu�lmd���d�qU��jnX[]�jnX[]Spn\<q�wDlmyMeU\���x�]�É�g��u����D¦
pn��g\Ädn��jngMeUjn��qBy~��y³jnX[]3xfeBd�]�qU�PjnX[]3À�Á�Â¹\<q�w]Su ¥

Ô4Ô Ü�^[ïfì»î�_
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O·��jnX³jnXp�]�]�vMeUpnjn��xSu�]�d�dnv�]�xS��]�d¬¢DjnX[]���qBpn\
H
qU�+U @ ¥ �9V�x�qB\<]�d�j�q

H({X}) =
∑

i<j

αabAiBj + αbcBiCj + αcaCiAj,
UH� ¥ ^5V

��X[]Sp�]3jnX[]3x�qBy[dnj6eUy�j�d
αab, αbc, αca j6eU¡�]�jnX[]�steUu�g[]�d

αab = log
p+

p−
, αbc = log

q+

q−
, αca = log

r+

r−
,

eUy[w~jnX[]�x�qBy[dnjnp6eU��y�j�d2U @ ¥ @ V�y[qf�'��]�x�qB\<]

NA

NB
=

αbc

αca
,

NB

NC
=

αca

αab
,

NC

NA
=

αab

αbc
.

UH� ¥ �9V

� $�B �KL �0 M D�� � D I�� G E�� � /�� G 4E � F�F �����KJ���E�MNG8D��

P y
jnX[]�]OheU\�vu�]�qU�MjnX[]�À�Á�Â�\<q�w]Su Qã�XT©¢t��]YXMe�s�]�eUjPXMeUy[w<eUy�]Ohmvu���xS��j�eUyMeUu�lmjn��x�]Ohmvp�]�d6dn��qBy
��qBpªjnX[]���y�steUpn�±eUy�j�\<]feBdngp�] ¥ P y��¨eBxSjf¢�qBgp�xSu±eU��\���d�jnXMeUj�]�É�gMeUjn��qBy[d���y�jnX[]�jnX[]Spn\<qmwDl�yMeU\���x
u���\���j�xfeUy³��]�w]Spn��s�]�wÆ��lig[dn��y�<e
\<]SjnX[q�wÆvp�qBv�qtd�]�wi��y Q4S5T¾��qBp�jnX[]�d6É�gMeUp�]�u±eUjnjn��x�]�\<qmw]Su¨¢
��X��x6X_e�vpn��qBpn� /,�5���+�'��� � � �:
��� �"	�� �-� 7�$'&;������� 35�'� �+& � / 7,� qU��jnX[]���y�sBeUpn�±eUy�j�\<]feBdngp�]t¢t��X��x�X
��d�\<qtdnj3qU��jnX[]°jn��\<]°gy�jnp6eBxSj6eU�u�] ¥ WYX[]�eUvvp�q�eBx�X�x�qBy[dn��d�j�d���y2x�qBy[wD��jn��qBy��y��jnX[]°\<qBjn��qBy
qU��e~j6eU�t��]�w¤vMeUpnjn��xSu�]_����jnX¤p�]�dnv�]�xSj&j�q2eBwD\���d�dn���u�]ix�qByD¶[�tgp6eUjn��qBy[d ¥ O%]�dn¡�]Sj�x6Xº����jnX[qBgj
vp�qmqU�PjnX[]�\_eU��y~u���y[]�d�qU�ªeUpn�tg\<]Sy�j���y~jnX[]�xfeBd�]3qU�PjnX[]�À�Á�Â·\<qmw]Su ¥
�MqBp£jnX[]_dReU¡�]_qU�kdnX[qBpnjny[]�d�d¬¢

(A,B,C)
����u�u�w]Sy[qBj�]�jnX[]

3N
¦©wD��\<]Sy[dn��qByMeUuY��qBu�]feUyís�]�xSj�qBp

{(Ai, Bi, Ci), i = 1, . . . , N} ¥
Â�qBy[d���w]SpªjnX[]�dnj�]feBwDl�dnj6eUj�]Y��]SXMe�sm��qBgp�eBd

t → ∞
eUy[w�u�]Sj

qa
i

w]Sy[qBj�]�jnX[]�p6eUy[wqB\ steUpn�±eU�u�]
p�]Svp�]�d6]Sy�jn��y��jnX[]�x�qBy[wD��jn��qByMeUumvp�qB�MeU���u���j©l£qU�m¶[y[wD��y��e�vMeUpnjn��xSu�]

Ai
qBy£dn��j�]

i
¢U�t��s�]Sy

(B,C) ¥P j���d�v�qtd�dn���u�]t¢[eUu�jnX[qBg�tX�wD�§_xSgu�jf¢Mj�q<dnX[q¬��jnXMeUj

P (A | B,C) =

N∏

i=1

[
Aiq

a
i + Ai(1 − qa

i )
]
,

��X[]Sp�]3jnX[]3x�qBy[wD��jn��qByMeUu4]�É�g��u����pn��g\ qU�Pj©lmv�]
A
vMeUpnjn��xSu�]�dkd6eUjn��dn¶M]�d

qa
i+1

qa
i

=
λ+

a (i)

λ−
a (i + 1)

,
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����jnX)x�qBy[wD��jn��qByMeUuKp6eUj�]�d��t��s�]Sy~��l




λ+
a (i) = p+Bi + r−Ci + ΓBiCi,

λ−
a (i + 1) = p−Bi + r+Ci + ΓBiCi,

jnX[]�d6]�]OhDvp�]�d�dn��qBy[d���]S��y�¤dn��\���u±eUp�j�q�jnX[]~��qBpn\ qU� U�� ¥ �9V<��y¸jnX[] {τaτb}
\<qmw]Su ¥ Γ

��dÆe
y[qByD¦¨µf]Sp�qÆÉ�gMeUy�jn��j l�j6eU¡m��y�_��y�j�q³eBx�x�qBgy�j�jnX[]
]OhxSu�g[dn��qBy2eUj�dn��j�]

i
��y¯jnX[]3��qBu�u�qf����y�³d�]Sy[d6]t¿

��X[]Sy
BiCi = 1

jnX[]Sy2y[]�x�]�d�d6eUpn��u�l
Ai = 1 ¥ WYX[]
vp�qmqU��p�]Su���]�d�qBy)jnX[]
x�qBy�s�]Spn��]Sy[x�]<qU��eUy��j�]Sp6eUjn��s�]3p�q�x6¡���y�B¦©d�x6X[]S\<] ¥

Á�lijnX[]���qmqBu�]feUy~yMeUjngp�]3qU�
Bi
eUy[w

Ci
¢xfeUy~��pn��j�]

log
qa
i+1

qa
i

= αcaCi − αabBi,
UH� ¥ @ V

����jnX�j©��q�eUyMeUu�qB��qBg[d�]�É�gMeUjn��qBy[d���qBp
B
eUy[w

C
dnv�]�xS��]�d ¥

� ���4Ñ4� � Ì ���f� ���f��� ������� O%]���y�jnp�q�wDg[x�]£jnX[]3d�qU¦©xfeUu�u�]�w ��:
�'/9	��R��� ��	�&#�� 	�&;����7 w]O¶[y[]�w~��l

αbc =
α

N
+ o

( 1

N

)
, αca =

β

N
+ o

( 1

N

)
, αab =

γ

N
+ o

( 1

N

)
,

��X[]Sp�]
α, β, γ

eUp�]�jnXp�]�]�v�qtd���jn��s�]�p�]feUuKx�qBy[dnj6eUy�j ¥
� � ���F�����	� Ì�
 �K�D��� Ð �4� « ]Sjnjn��y�Æ��p�qB\Äy[q¬� qBy

x ����
= i/N
¢���qBp

1 ≤ i ≤ N
¢¾qBy[]°xfeUy?dnX[q¬�

jnXMeUjkjnX[]���]feU¡Æu���\���j�d

ρa(x) = lim
N→∞

qa
xN , ρb(x) = lim

N→∞
qb
xN , ρc(x) = lim

N→∞
qc
xN

]OhD��dnjkeUy[w~dReUjn��d»�Hl�jnX[]�dnlDdnj�]S\ qU�Pw]Sj�]Spn\���y��d�jn��x£wD�§½¾]Sp�]Sy�jn�±eUu4]�É�gMeUjn��qBy[d




∂ρa

∂x
= ρa(βρc − γρb),

∂ρb

∂x
= ρb(γρa − αρc),

∂ρc

∂x
= ρc(αρb − βρa),

UH� ¥ � V

����jnX�jnX[]�xSpng[xS�±eUu4x�qBy[dnjnp6eU��y�j�dkwDg[]�j�q�jnX[]�v�]Spn��qmwD��x���qBgy[w[eUpnl³x�qBy[wD��jn��qBy[d

ρu(x + 1) = ρu(x), ∀u = a, b, c.
UH� ¥ {9V
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� �!&-&�%�� « j6eUpnjn��y�i��p�qB\ UH� ¥ @ VO¢¾qBy[]°eUvvu���]�d�jnX[]£u±ef� qU��u±eUpn��]£y�g\£��]Sp�d3eUy[w¯]Spn��qmwD��x&jnX[]�qU¦
p�]S\<d�j�q�råg[d�jn�§�Hl�jnX[]£eUvvp�q�hD��\_eUjn��qBy)qU��¶[y��j�]3dng\<d���l³a���]S\_eUyy~��y�j�]S�tp6eUu�df¢�eBd

N → ∞ ¥

P j<��dieU\£g[dn��y�¤j�q�d�]�]~jnXMeUj UH� ¥ � V°��]Su�qBy��d�j�q%jnX[]�xSu±eBd6d_qU����]Sy[]Sp6eUu���µf]�w ´ qBjn¡Be�¦¨ÅªqBu�j�]Spnp6e
d�lmdnj�]S\<d ¥ WYX[]�qBpn���t��yMeUu ´ qBjn¡te�¦¨ÅªqBu�j�]Spnp6e�\<qmw]Su[��eBd�jnX[]�dn��\�vu�]�dnjª\<qmw]SuMqU��vp�]�w[eUj�qBp»¦¨vp�]Sl
��y�j�]Sp6eBxSjn��qBy[df¢�vp�qBv�qtd�]�w%��y[w]Sv�]Sy[w]Sy�jnu�lí��l ´ qBjn¡Be U»^ ,t�t{9V£eUy[w�ÅªqBu�j�]Spnp6e U»^ ,t�t}9VO¢�d�]�]���qBp
��y[d�j6eUy[x�] Q�^ @ T ¥ ��qBy[]SjnX[]Su�]�d�df¢���y?qBgp�xfeBd6]£jnX[]
��qBpnu�w¯��d�u�]�d�d�xSpngMeUuªeUy[w¯eUu�uPvMeUpnjn��xSu�]
j©lmv�]�d
eUp�]�qBy¯eUy�]�É�gMeUu���qmqBjn��y� ¥�¥�¥��
WYX[]���qBpn\ qU� UH� ¥ � V�u�]Sy[wd£��j�d�]Su§��j�q)eÆd�qBu�gjn��qBy���y?j�]Spn\<d&qU�Ydnv�]�xS�±eUu���gy[xSjn��qBy[d ¥ WYX[]�¶[p�dnj
d�j�]Sv³��d�j�q�p�]S\_eUpn¡ijnX[]3]Ohm��d�j�]Sy[x�]3qU��j ��q_u�]Ss�]SuAdngp»��eBx�]�d

ρa + ρb + ρc = 1,
UH� ¥ }9V

ρα
aρβ

b ργ
c = κ,

UH� ¥ S�V

��X[]Sp�]�UH� ¥ }9VA��qBu�u�qf��dªeUjPqBy[x�]���p�qB\ UH� ¥ �9V�eUy[w κ
��d�e�x�qBy[dnj6eUy�jªqU�M\<qBjn��qBy°j�q���]�w]Sj�]Spn\���y[]�w ¥

� dn��y� UH� ¥ }9V�j�q�]Su���\���yMeUj�] ρc
¢D��]�p�]S��pn��j�] UH� ¥ S�V�eBd

ρα
aρβ

b (1 − ρa − ρb)
γ = κ.

UH� ¥ � V

WYX[]�x�XMeUy��]YqU���gy[xSjn��qBy[d
u = ρa+ρb

eUy[w
v = βρa−αρb

¢�lm��]Su�wd4jnX[]ª¶[p�dnj�qBp�w]Sp4y[qByu���y[]feUp
wD�§½¾]Sp�]Sy�jn�±eUu�]�É�gMeUjn��qBy

du

dx
= (1 − u)v(u)

UH� ¥ ,9V
��X[]Sp�]

v(u)
d6eUjn��dn¶M]�d�jnX[]3]�É�gMeUjn��qBy

(αu + v)α(βu − v)β(1 − u)γ = κ(α + β)α+β UH� ¥ ^f|9V

�MqBpn\_eUu�u�l�¢
u(x)

xfeUy³��]�]OhDvp�]�d�d�]�w�eBd

x =

∫ u(x)

u(0)

du

(1 − u)v(u)
.

UH� ¥ ^t^5V

P j&eUvv�]feUp�d£jnXMeUj&jnX[]<p6eUjn��qtd
��y UH� ¥ �9V&eUp�]<p6eUjn��qByMeUu���qBp
eUu�uª¶[y��j�] N
¢4�gjf¢�d���y[x�]<��]�XMe�s�]

u�]Sj
N,NA, NB ,→ ∞

¢�jnX[]Sl�\����tX�j���]�x�qB\<]�eUpn���j6eUpnl�p�]feUu�y�g\&��]Sp�dY��yÆjnX[]���y�j�]SpnsteUu
[0, 1] ¥O·X[]Sy¤jnX[]Sl�eUp�]_p6eUjn��qByMeUu¨¢\UH� ¥ ,9V3��d°e~v�qBu�l�y[qB\��±eUuY]�É�gMeUjn��qByA¢ªeUy[w�jnX[]Sy u(x)

��d&��y¤d�qB\<]

ÒHÓ�ÔKÒ�Õ
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d6]Sy[d�]4råg[dnjªe����j�\<qBp�]Y��]Sy[]Sp6eUujnXMeUj�eUy°X�lmv�]Sp�]Su�u���vjn��x��Hgy[xSjn��qByA¢�dn��y[x�]t¢�e���j�]SpPd6qB\<]YeUu���]S�p6eD¢
��]£eUp�]�u�]O��j�����jnX~��y�j�]S�tp6eUu�d�qU��jnX[]���qBpn\

∫ √[
s2 − a2(1 − s)

− p

q
]
ds,

��X[]Sp�]
p
eUy[w

q
dnj6eUy[w���qBp�v�qtdn��jn��s�]&��y�j�]S��]Sp�d ¥ WYX[]
vMeUpnjn��xSgu±eUp3xfeBd�] α = β = γ

��d�p6eUjnX[]Sp
d���\�vu�]t¢[dn��y[x�]�jnX[]Sy

(
du

dx

)2

= (1 − u)[u2(1 − u) − κ],

d�X[qf����y�
u
j�q<��]3e°dnj6eUy[w[eUp�w���eBx�qB��K]Su�u���vjn��x���gy[xSjn��qBy ¥

�MqBpYeUy�l_�t��s�]Sy
κ
¢mjnX[]�dnlDdnj�]S\ UH� ¥ � V�eBwD\���j�d�qU�4e£gy��É�g[]�d�qBu�gjn��qBy ¥ P©y�vMeUpnjn��xSgu±eUpf¢DjnX[]Sp�]���d

	�& �K	���� e�w]S��]Sy[]Sp6eUj�]&d�qBu�gjn��qBy�xSpng\£�u�]�w�j�q°jnX[]�¶h]�w³v�qB��y�j

ρ̃a =
α

α + β + γ
, ρ̃b =

β

α + β + γ
, ρ̃c =

γ

α + β + γ
,

UH� ¥ ^f�9V

eUy[w�x�qBpnp�]�dnv�qBy[wD��y�_j�q�jnX[]�x�qBy[dnj6eUy�j

κ̃ �	��
=
ααββγγ

(α + β + γ)α+β+γ
.

UH� ¥ ^ @ V

WYX[]�vgpnv�qtd�]�qU�4jnX[]�y[]OhDj�vMeUp6eU�tp6eUvX���d�j�q�wD��d6xSpn��\���yMeUj�]���]Sj ��]�]Sy�d�qBu�gjn��qBy[d�qU�+UH� ¥ � V�eUy[w
UH� ¥ {9VO¢[��y~qBp�w]Sp�j�q�p�]Su±eUj�]�jnX[]S\ j�q�eBwD\���d�dn���u�]�u���\���j»¦¨v�qB��y�j�d�qU�

ΦN
¢[eBd

N → ∞ ¥

� $.	 �8E �� M  M?E4��� �JAD I��0!"� D�E �0%��� F�M;G8I � D#I � ������� E�F � D��,M?E�MNG8D

W4q�xfeUj�x6X2e<p�qBg�tX¯É�gMeUu���j6eUjn��s�]&��y[dn���tX�j���y�j�q�jnX[]&d6qBu�gjn��qBy¯qU�\UH� ¥ � VO¢¾e<dnj6eUy[w[eUp�w2eUvvp�q�eBx�X
p�]Su���]�d&qByíeÆu���y[]feUpn��µ¬eUjn��qByºqU��jnX[]_pn���tX�j»¦¨XMeUy[w¤dn��w]_eUp�qBgy[w�jnX[]°¶hD]�w%v�qB��y�j UH� ¥ ^f�9V ¥ WYX��d
lm��]Su�wdke
u���y[]feUpkwD�§½¾]Sp�]Sy�jn�±eUu�dnlDdnj�]S\~¢D��X[qtd�]�\_eUjnpn�§h

1

α + β + γ




0 −αγ αβ
βγ 0 −αβ
−βγ αγ 0


 ,

XMeBdijnXp�]�]2]S����]Sy�steUu�g[]�d
0
eUy[w

λ± = ±i
√

αβγ(α + β + γ)
¢keUy[w·jnX[])jnp6e�r»]�xSj�qBpn��]�d~eUp�]

u�qmxfeUj�]�w�qBy?eUy)]Su�u���v[d6qB��w ¥ Á�gjf¢�dn��y[x�]£jnX[]
eU��qfs�]
]S����]Sy�steUu�g[]�d�eUp�]3vgp�]Su�l~��\_eU�t��yMeUpnl�¢���j���d
��]Su�u�¡�y[q¬��yijnXMeUjYy[q°x�qBy[xSu�g[dn��qBy³xfeUyÆ��]�wDp6e���y�eBd���qBp�jnX[]�qBpn���t��yMeUu¾dnlDdnj�]S\~¢m��X��x�XÆ\����tX�j
��]�qU�ªe°É�g��j�]3wD�§½¾]Sp�]Sy�jkyMeUjngp�] ¥
8�qf��]Ss�]Spf¢���j���dkvu�]feBd6eUy�j�j�q�d6]�]£jnXMeUj�jnX[]&\<q�wDgu�g[d�qU��jnX[]
y[qByµf]Sp�qÆ]S����]Sy�steUu�g[]�d�vu±e�lDd���y
�¨eBxSjke°xSpng[xS�±eUuKp�qBu�]&eBd�dnX[qf��y���y³jnX[]�y[]Ohmj�jnX[]�qBp�]S\ ¥
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� �)� &9�!������� �9��� ��
s ����
= α + β + γ

	��'/
η ����
=

s

3

� 5 � ��&;� �2���
Φ ����
= lim

N→∞
ΦN

�!� ����� Z\[-]
����/ ��&\� � /,�� ����2��� � ������ 	��'/ ��� ��� �>� �=	 ��� � ���'/ ��� /,���R$ �
	����>��� 	�������������� $ � ���'������'��� �
5 ����� �2� 7������-	 ���������� 	�& ��	�&?: �

ηc
����
=

2π

3
√

ρ̃aρ̃bρ̃c

,

��: �� ��� 	�� � �
η > ηc

��� ��� ��� ��� � 	�� � �&(����� / �'�����!/,� 7,������ 	�� � ��� 	���� ������������� � � �	� � � 3 �	���� �
�
�4��� � 7 �	� ��� 3 � �8����� $��������/

T (κp) = 1
p

�
p ∈ {1, . . . , [ η

ηc
]}

� 5 � � ��� &�� 	9/���� � ��� �&(�2����	 ��& �
Φ� ����� ��� $ ���'/��

 ������� ��� ��� ��� �-���!	���� ������� � 	���������	�� � / �8�����
κ1
� �

η > ηc �
 ��� ��� ��� ��/,� 7,������ 	�� � ������� ������� ��������7 �!� ��� � ������7�& � $���� �'� ��� � 2 � 3 � �

η ≤ ηc
�

WYX[]Ævp�qmqU����y�s�qBu�s�]�d�e)��qBp�]�dnj<qU��j�]�x�Xy��xfeUu���jn��]�dÆeUy[wº��]~qByu�lºdn¡�]Sj�x6X jnX[]Æ\_eU��y u���y[]�d<qU�
eUpn�tg\<]Sy�j ¥ WYX[]�¶[p�d�j�dnj�]Sv~��d�j�q�dn����j�x6X~j�q�v�qBu±eUp�x�q�qBp�wD��yMeUj�]�d





ua
����
= ρ̃a −

α

s
= r cos θ

ub
����
= ρ̃b −

α

s
= r sin θ.

a�]S��pn��j�]�UH� ¥ S�V�eBd
H(r, θ) = log κ,

UH� ¥ ^S� V
����jnX

H(r, θ) ����
= α log
[
r cos θ +

α

s

]
+ β log

[
r sin θ +

β

s

]
+ γ log

[γ

s
− r(cos θ + sin θ)

]
,

eUy[w¸u�]Sj
r(θ, κ)

��]³jnX[])dn��y�tu�]~p�qmqBj_��y
r
qU� UH� ¥ ^S� V ¥ WYX[]Sy θ

d6eUjn��dn¶M]�d_jnX[])wD�§½�]Sp�]Sy�jn�±eUu
]�É�gMeUjn��qBy

dθ

dx
= G(θ, κ),

UH� ¥ ^f{9V
��X[]Sp�]

G(θ, κ) �	��
=
1

s

[
β(α + γ) cos θ + αβ sin2 θ + α(β + γ) sin2 θ

]

+ r(θ, κ) cos θ sin θ
[
(β + 2α + 2γ) cos θ + (α + 2β + 2γ) sin θ

]
.

´ ]Sjnjn��y� T (κ)
��]�jnX[]�v�]Spn��q�w³qU�PjnX[]3qBpn���jf¢��]�XMe�s�]

T (κ) =

∫ 2π

0

dθ

G(θ, κ)
.
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WYX[]
d�]�x�qBy[w)��\�v�qBpnj6eUy�j3dnj�]Sv¯p�]Su���]�d�qBy¯jnX[]&\<qBy[qBj�qBy��x&��]SXMe�sm��qBgp�qU�
T (κ)

����jnX2p�]�dnv�]�xSj
j�q°jnX[]3vMeUp6eU\<]Sj�]Sp

κ
¢lm��]Su�wD��y�<jnX[]���y[]�É�gMeUu���j©l

T (κ) ≥ T (κ̃).

# �[d6]Spns���y�<jnXMeUj
r(θ, κ̃) = 0, ∀ θ ∈ [0, 2π],

��]3xfeUy~��pn��j�]t¢��l>UH� ¥ ^f{9VO¢ T (κ̃)
eBdke°x�qBy�j�qBgpk��y�j�]S�tp6eUu�qBy³jnX[]�gy��jkxS��p�xSu�]t¢yMeU\<]Su�l

T (κ̃) = −4is

∮

Γ

1

z2[γ(β − α) − 2iαβ] + 2z[2αβ + γ(α + β)] + γ(β − α) + 2iαβ
,

qBpf¢[e���j�]Sp�e°dn��\�vu�]£xfeUu�xSgu�g[df¢

T (κ̃) = 2π

√
s

αβγ
,

��X��x6X~u�]feBwd�vp�]�xS��d6]Su�lij�q°jnX[]£xSpn��jn��xfeUuAsBeUu�g[]
ηc
eUyy[qBgy[x�]�w~��y³jnX[]�jnX[]�qBp�]S\ ¥

� &+� F'����� L
E�M�� ���

WYX��d�vMeUv�]Spk��d�jnX[]&x�qBy�jn��y�gMeUjn��qBy%qU� Q4SXT©¢[�gj���d�x�]Spnj6eU��yu�l)eUy���y�j�]Spn\<]�wD�±eUj�]�dnj�]Sv ¥ �[qBp�jnX[]
dReU¡�]�qU��d�X[qBpnjny[]�d�df¢U��]YwD��w&p�]�dnjnpn��xSj�qBgp�d�]Su�s�]�d�j�q�jnX[]�jnX[]Spn\<qmwDl�yMeU\���x�d�qU�MjnX[]�À�Á�Â%\<qmw]Su ¥
À�xSjngMeUu�u�l�¢�qBgp���q�eUu���dkj�qÆeUyMeUu�l�µf]&jnX[]°wDl�yMeU\���x�d�qU�ªp6eUy[wqB\ xSgpns�]�d�]Ss�qBu�s���y�Æ��y

Z
m UHy[q

d�vMeUjn�±eUuªx�qBy[dnjnp6eU��y�j�d�V�qBp���y
Z

m
+

¢¾��X[]Sy?jnX[]Sl¯��eUpnv%gy[w]Sp�jnX[]<eBxSjn��qByíqU��d�qB\<]�dnj�qmx�XMeBd�jn��x
w]O��qBpn\_eUjn��qBy~�tp6eU\�\_eUp ¥
P y Qã}XT©¢�jnX��d�vp�qUrn]�xSj�����u�uP��]
xfeUpnpn��]�w?qBgj���y)jnX[]&��p6eU\<]S��qBpn¡2qU��u±eUpn��]°d�xfeUu�]°wDl�yMeU\���x�d���qBp
]OhxSu�g[dn��qBy~vp�qmx�]�d�d�]�d¬¢DeUy[w~��j�����u�u¾\_eU��yu�l~eBwwDp�]�d�d�jnX[]�v�qB��y�j�dku���dnj�]�w³X[]Sp�]fe���j�]Sp ¥
�*Ð � ÌiÐ �í��� Ì ��� Ð Ñ Í �4� ���H� Ì�
 ��� ���H�4� � ��� WYX[]kjnpn��x6¡<j�q£w]Spn��s�]�u���\���jn��y�
wD�§½¾]Sp�]Sy�jn�±eUu
d�lmdnj�]S\<d�eU\<qBgy�j�d�]�d�d�]Sy�jn�±eUu�u�l�j�q3��pn��jn��y�
x�qBy[wD��jn��qByMeUuMÇMqf�¼]�É�gMeUjn��qBy[d�qBy_dng��j6eU�u�]kdReU\�vu�]
vMeUjnX[d¬¢]Ss�]Sy³��y³jnX[]�vp�]�d6]Sy[x�]3qU�4vMeUpnjn��xSu�]3xSgpnp�]Sy�j�d ¥ WYX[]�d�]�]�É�gMeUjn��qBy[d���y�s�qBu�s�]��Hgy[xSjn��qByMeUu�d
qU��®2eUpn¡�qfs%eUy[w2jnX[]Sl?]SyBr»q¬l¯dnv�]�xS�±eUu���]feUjngp�]�d3]Sy[x�qBgy�j�]Sp�]�wí��y%\_eUy�l2d�lmdnj�]S\<d ¥ P j�\����tX�j
eUu�d6q���]ª��y�j�]Sp�]�d�jn��y��j�q�y[qBj�]�jnXMeUjK\<qtdnjPqU�[jnX[] ´ qBjn¡Be�¦¨ÅªqBu�j�]Spnp6e�]�É�gMeUjn��qBy[d�xfeUy
��]�]OhDvu±eU��y[]�w
��y³jnX[]3u����tX�jkqU�PjnX[]��¨eU\<qBg[d�gpny[dkqU� � Xp�]SyD��]�dnj ¥
� �K�� Ì �f��� �4���F��� Ð � WYX[]Sp�]
]OhD��dnj�d�e_�tu�qB�MeUu���y�j�]Spnvp�]Sj6eUjn��qBy%��l~\<]feUy[d�qU��e_�Hp�]�]
]Sy[]Spn�tl
��gy[xSjn��qByMeUu�����jnX)j ��qÆx�qB\�v�qBy[]Sy�j�df¿YjnX[]
]Sy�jnp�qBv�l¯qU�ªjnX[]&d�lmdnj�]S\~¢�eUy[w�jnX[]
eUu���]S�p6eU��x�eUp�]fe
]Sy[xSu�qtd6]�w_��l<jnX[]�xSgpns�] ¥ P j�jngpny[dYqBgj�jnXMeUj�jnX[]�x�qBy�j�]Sy�jn��qBy³��]Sj ��]�]SyÆjnX[]�d�]�j©��q
É�gMeUy�jn��jn��]�d
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lm��]Su�w¾¢�e���j�]Spij6eU¡���y�ºu���\���j�d
limt → ∞ limN → ∞

UH��y¹jnXMeUj³qBp�w]Sp�VO¢�]S��jnX[]Sp³dnjnp�]Sj�x�X[]�w
w]Sj�]Spn\���y��d�jn��x£xSgpns�]�d�qBpkÁ�p�q¬��y�±eUy)qB�Drn]�xSj�d���X[]Sy~jnX[]3d�xfeUu���y�_��d�qU�Px�]Sy�jnp6eUuKu���\���j»¦¨j l�v�] ¥
� �U� �K��� Ì ���2� Ì � � � Ì # gp
xSu±eU��\ ��d&jnXMeUj&jn��\<]O¦©w]Sv�]Sy[w]Sy�j���]SXMe�sm��qBgp�xfeUyí��]�jnp�]feUj�]�w
eUu�qBy�2jnX[]Æd6eU\<]���w]feBdf¢�gvºj�q¯j�]�x�Xy��xfeUu�dng�jnu�]Sjn��]�d¬¢���lí\<]feUy[d�qU��e~y�g\<]Spn��xfeUukd�x6X[]S\<]
�MeBd6]�w<qBy<jnX[]�x�qBy[d�]SpnsteUjn��qBy�qU��vMeUpnjn��xSu�]kxSgpnp�]Sy�j�d ¥ WYX��dªd�X[qBgu�w<lm��]Su�w_e�dnlDdnj�]S\ qU�¾Á�gpn��]Sp�d
]�É�gMeUjn��qBy[df¢ª]OhDj�]Sy[wD��y�2jnX[qtd�]iqB�j6eU��y[]�wº��y Q4SXT���qBp&jnX[]idnlm\�\<]Sjnpn��x

{τaτb}
\<qmw]Su¨¢P��X��x�X

XMeBw~jnX[]���qBpn\




∂ρa(x, t)

∂t
= D

∂2ρa(x, t)

∂x2
− 2Dη

∂

∂x

[
ρa(1 − ρa)(1 − 2ρb)

]
(x, t),

∂ρb(x, t)

∂t
= D

∂2ρb(x, t)

∂x2
+ 2Dη

∂

∂x

[
ρb(1 − ρb)(1 − 2ρa)

]
(x, t).
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&(	�������� ¢ � ¥ o�X�lDd ¥ À&¿�®2eUjnX ¥
²�]Sy ¥ ¢M�t} U»^ , , @ VO¢vv ¥ ^S� , @ ��^f{D^5S ¥

Q ��T�����*2+-#&���3�A =�B>7��CAD.�FE���B�,�1�AG1D&!&��H�JI����K#&��!) =�A�L��8'#�9M��¢ ��$ ��� ��	���� ��:,�
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´ ]Sjnj ¥ ¢'S��=U»^ , ,t{9VO¢vv ¥ �t| � �m�D^t^ ¥

Qã{XT����.*,+�#&�����&OP��Q1#&RS���T�.�)��Q�D&!&�J+&��U����#.��!) V���L��8'#�9M��¢ ) �
	���� �#� $�	��!	9�������
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{ � U»^ , , � VO¢[v ¥ �9SB}U� ¥

Qã}XTWG=�%C$#3�.D.�����X#&��!<���KC0���-E��3�I������¢ ���������
	������� /,����������	����������R�!�2�!	���/9��� �K	�&?3��
	��'/ � 79�&;:,������� � �5/,��&?���+)+	��� � � � � � � ��� ���	�� ���=	���/ /����'	�������� ���

Z
2 	��'/

Z
3 ¥ P y

vp�]SvMeUp6eUjn��qBy ¥
Q4S5TWG=��C
#3�.D.���3�Y#&��!Z�1�[C0���-E����
I������¢ � ���'	��2��� 	�&�0 ���'/�����7�� �!� .�	��'/9��� 0 	�&?3��
	��'/%6 79�&;:,�������R< ��/,�&4� ��)+	��� � � 5 ����������/ ����	��2��� &?���2���#���

Z
2 ¢ ��qBgpnyMeUu[qU� « j6eUjn��d�jn��xfeUu

o�X�lDdn��x�df¢A^t^S� U��t|t|U� VO¢Mvv ¥ �t� ,/�m�t}t| ¥
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Q � T��=�;Q�#&���3�������
	�¢ � ��:
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jn��qBy�]�w ¥ ¢[�t|t|D^ ¥

Q-,XT�����Q1#&��!$#&�B�[G=�%>&#&�����/�T��#&��!YO5���.IJ#.��	�¢ � ���'	��2������ 	�&?����7>�!� 7�� � �8����7=� �'� ���
�
�	9����� ¢[oªX�lDd ¥ ak]Ss ¥´ ]Sjnj ¥ ¢M{t} U»^ , � }9VO¢vv ¥ ��� ,/� � ,t� ¥
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