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9;: ��~�~ ² 6 }�� ¶ · ² *�| <
td��C arclA�i�cd��P�@B��i?A�I �g�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� =

td��C.��C ;=<dAvLd��PU��@�K[PJAgcd��PRcdWUYMsd��A�@ �g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� >
td��C.� t arc:A�i�cd��PrIJA ��LdA�i?hQ��idyx@xYOfOA����v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� ?

td� t (Ri?fOA�WJy.WJY.Ldi?f�@x��idA�IR�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C�n
td� td��C ] @xYOfOA��R�g�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C9t

@BA } ¶ �"C��d|�}D7�� ² * ² � ² 6 }�| 3�@
u?��C F�YMsdL?IePJi?A�IUI �g�v�g�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C�o

E A ¶ � ²^² * ² � ² 6 }�| ¶+F |�} ¶ �"C��d|�}�7��HG�~ ¶+I ~9� � �J7 6 I 3KE

8 ) 7 6 7 6 I |��"C ² · � *L7 6 I � ¶ · ² *�| µ 7¨}�C¾|�} ¶ �"C��d|�}D7��HG�~ ¶)I ~�� � �J7 6 I 3�8
md��C _OYM@BAgyMA�idA�W�K[�3��IJIJLdA�IE�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C�=

md��C.��C ;�WUA�K[PJ@BA�i�P#Y[��PJ<dAgLdi:hQA�WJPUKM��i�PTS�IJYML?WUh�A�IB�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C�=
md��C.� t F#AQ��sd��Y�h�����idy �v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C"M
md��C.� u _�YM@BAgKMIUIeL?@xcdPJ��YMi?I �v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C"M

md� t ]5�:WUIeP#@xYOfOA����v�g�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C"M
md� td��C �K[WU��KMsd��A�I*�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C"M
md� td� t _�PJYOh�<?K.ITPU��hE��K[WU��KMsd��A�I)�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g� C�?
md� td� u qRA�PJA�WU@B��i?��IePJ��hgfdK�P�KBK[i?f�c?K[W�K[@BA�PJA�W�I¡�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥tMn
md� td� o arsOZTA�hQPJ���MAE��Ldi?hQPJ��YMiÝ�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥tMn
md� td� m `«YMi?IePJW�K[��i�PUIj�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥tMn
md� td� = ars?IeA�WJ��K[PJ��YMi?I�Y[��PJ<dAv�:WUIeP#@xYOfOA�� �v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t.t

md� u ]jIJA�h�YMi?fONÇIJ��@xc?��A�W$P�@BYOfOA����v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t.t
md� o _OLd@B@BKMWJS �E�g�v�g�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥tMu

<RQ ² �¡� 6 ·TS : �UG��d��7¨} ³ � ¶ · ² *�| 9'E
=?��C \�K�PJ<?A�@�K�PU��h�K[�3��YMWU@�L?��K[PJ��YMiË�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t.m

=?��C.��C �K[WU��KMsd��A�I*�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t.m
=?��C.� t qrK[PUKBK[i?f�c?KMWUKM@BAQPJA�WUI��g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t.m
=?��C.� u arsOZTA�hQPJ���MAE��Ldi?hQPJ��YMiÝ�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t�=
=?��C.� o `«YMi?IePJW�K[��i�PUIj�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t�=

=?� t \^Y�fdA���I�hQY.@xc:K[WU��IJYMij�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t�>

V A ¶ *LWX7 6 I }�C ² · ² �¡� 6 ·TSd�.�'G��?��7¨} ³ � ¶ · ² * 9UY
MO��C ¯�����PUA�WU��i?y �g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t�?
MO� t V�A�WJ��YOfdI=c?K[WJPJ��PJ��YMiÝ�g�v�g�v�g�v�g�g�E�g�v�g�v�g�g�v�g�v�g�E�g�v�g�g�v�g�v�g�v�g�g�E�g�¥t�?

YB: ¶ 6 � * ��|�7 ¶ 6 | @)Z
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vi ∈ IR

���#<?��h�<ph�K[i¤s:AxidA�y.K�PU���.A�����PJ<?A"��K[��LdAxY[�§��PUIvh�YMi�PUKM��idA�f^YMWUA���I
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wi ∈ IR+

�dPJ<dA������ -��K	=Y[��PJ<dAgsd��YOh��3�

]rIJIJYOhQ��K�PJA�f��#��PJ<�PU<dAvsd��YOh���@BYOfOA��3PJ<dA�WJAv��I�K[��IeYBK"yMW�K[cd<
G = (E, V )

NÇ¯���y?�§t�PQ�dIeL:h�<�PU<?K�P
E��I�PJ<?A�IeA�P�Y[��s?��YOh��OI#K[i?f

(i, j) ∈ V ⇔ j
@�L?IeP�slAgAQNOcd��YM��PJA�f�slAQ��YMWUA

i.
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�ài�¯���y.LdWJAro�PU<dAEAQNOcd��YM��PUK�PU��Y.i�YM��hQ��WUh���A��°@�KMWJ�.A�fBsd��YOh���I«����Y.��K[PJA�I§cdWUA�h�A�fOA�i?hQArY[�
PU<dAvYMidA�I§�#��PJ<
PU<dA�hQWUY.IUIJA�f�c:K�PePUA�WUi
�

Ð�Ï�×
Ð¨Ø



���������
	�������������������
��������	 �"!#�$�"���%�$&'��!(&)��	*�"!+�,��!+�����.-��/����!+�0�1��!+��� M

¯���y.LdWUAgtd�XVXWJA�hQA�fOA�i?h�AvyMW�K[cd<

¯���y.LdWJAgu?��¯?A�K.Ie��sd��AEc?��P�I

×�×�Ù"[U\
]$^
^



> � �"� �"� ���

�� � �� �
� �� � ����

¯���yMLdWUAvo?� �àiO��A�KMIJ��sd��Agcd��PUI

9�� 3�� 3 	 C ² � *¨}�7 �¡�O} ² G 7¨},G�~ ¶ { * ² �
��PxhQYMWUWUA�IJc:Y.i?fdIvPUY^�?i?f¡PU<dA�IJLds?IJAQP

S
Y[�

E
@�K�NO��@B��¦���idy^PU<dA�IJLd@ Y[�=PJ<dA���K[��LdA�I�Y[�=PJ<dA�sd��Y�h��OI

h�YMi�PUKM��i?A�f���i
��K[i?f¤<dYM��fO��idy�cdWUA�hQA�fOA�i:hQABWJA�ITPUWJ��hÁPU��Y.i?IEY[�
G
��\^YMWUAxc?WJA�hQ��IeA���S.�����

xi = IIS(i)
N¨PU<dA

��i?fOA�N���Ldi?hQPJ��YMi^YM�
S
PQ�OPJ<dA�i ∑

i∈S vi =
∑

i∈E vixi,
K[i?f�PJ<?AgcdWJY.sd��A�@�h�K[i�s:Av�#WU��PJPJA�i�K.I

N
UP ) max

x

∑

i∈E

vixi

I�� P��
xi ≤ xj (∀(i, j) ∈ E)

x ∈ {0, 1}|V |

;=<d��I�cdWUYMsd��A�@®��I=h�K[����A�f�PU<dA1����	.���0�"	 ��
 &)��	X&+�/����� ��� � u ���Os:A�h�K[L:IeAE��P�I=IeY.��LOPU��Y.i���I«PJ<dAE@�K�NO��@"Ld@
c?��P NÇ��i^��i?hQ��L?IJ��Y.i�IJA�i:IeA P«PJY�slAgAQNOcd��YM��PJA�f
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KM��IJYx��i?Y��#i�K.I�PJ<dA�0����������� ��� � �
���/��-��/�
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¬RY[PJ��hQArPJ<:K�P�PJ<dA
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S
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αvi

���#<dA�WJA
α ∈ (0, 1)
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∑
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∑
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xjs (∀i)(∀t)
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fi ≤ sg (∀g)
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xjs (∀i)(∀t)(∀j ∈ Ui)
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xit ≤ 1 (∀i)
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min cT x + Q(x)

NeC�P

s.t. Ax = b

x ≥ 0,
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Q(x) = IEω

[
min{ qT (ω)y(ω) | Wy(ω) = h(w) − T (ω)x, y(ω) ≥ 0 }
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KMWJAvfOA��?idA�f
� ��P#��I�KM��IJYxL?IeA���Ld��PUY�hQYMi:Ie��fOA�W��

Pit =
∑

s≤t

pis, Umt =
∑

s≤t

ums,

�#<?��h�<�WUA�IJc:A�hÁPJ���MA���S�WJA�cdWUA�IJA�i�PUI�PU<dA�KMh�hQLd@"Ld��K�PJA�f�c:A�WUh�A�i�PUKMyMAgAQNOcd��YM��PJA�f���WJY.@ sd��YOh��
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t
�
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m
<?K.I=s:A�A�i�AQNOcd��YM��PJA�f���i�PJ<dAg��i�PJA�WJ��K[�

1, . . . , t
�

¬RY[PJ��hQAxPU<?K�PvPJ<?AxY.id��S^�?W�ITPJ��IePUKMyMA���KMWJ��K[sd��A�IEK[WUA"PJ<dA�IePUK[WJPJ��idy���YOhQL?IJA�IEYMi?A�I
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pit = pit

(
pjs, vis, wis, ums, vus, wms

)t

s=1
.
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∑
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[

F2 + αIE
[
F3 + αIE[· · · ] | I2

]
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(∀i)
∑

t

pit ≤ 1
N°m�P

(∀m)
∑

t

umt ≤ 1.
N.=�P

�,G ² 6 G 7¨} ² �XG�* ¶ 7�}��O}�7 ¶ 6 � ¶ 6 |�}�~��'7 6 }�|
�RA�WUARcdWUA�h�A�fOA�i?hQAEhQYMi:ITPUWUKM��i�PUI«K[WUArIJAQP=KMI§��YM����Y���I���¯���WUIeP=Y[��K[���°��K�sd��Y�h��B@"L?ITP=slArA�N�c?��Y.��P�K[sd��AM�

pit ≤ rit (∀i)(∀t),
N M�P

s?LOP��OPUYBs:AgA�N�c?��Y.��P�K[sd��AM��PU<dA�hQA����
WU��yM<�P#Y��MA�W���PUIJA�����@"L?IeP=slAgAQN�PUWUK.hÁPJA�f�h�YM@Bcd��AQPUA���S�s:A���YMWUAM�

rit ≤
∑

s≤t

pi−s (∀i)(∀t).
N.>�P

]#f9ZeK.hQA�i.PRh�A�����AQNOcd��YM��PUK[PJ��YMi?I=<?K9�.ARPUY�s:A�IJ��@x����K[W

(∀i)(∀t)(∀j ∈ Ni)
∑

s≤t

pis − pjs ≤ δ,
N.?�P

PU<dA�WUAgK[WUAgh�K[c:KMhQ��PTS�slYMLdi?f?I=PJYBslA�IJK[PJ��IT�?A�f

(∀t)
∑

i

wit pit ≤ CP
t ,

NeC�n�P

KMi?f��?i?K[����SM�OPU<dAgidAQN�P�hQY.i?IePJW�K[��i.P#��@Bc:Y�IeA�I=��A��MA���A�NdhQ��L?Ie��YMi���YMW=PU<dAgYMclA�i�cd��P�@BAQPJ<?Y�f
∑

s≥t

pis +
∑

s≤t

ums ≤ 1 (∀m)(∀s ∈ UP
m)(∀t).

NTC.C�P

� 6 · ² ~ I ~ ¶ � 6 · ² �XG * ¶ 7¨}��O}D7 ¶ 6 � ¶ 6 |�}�~��'7 6 }�|
\^K.hQWUYMsd��YOh��OI�h�KMi�s:AEAQNOcd��YM��PJA�f�����PJ<dA�S�K[WUARITP�K[WJPJ��idy�clYM��i�PUI«YMW�YMidA�YM����PUI«idA���yM<�slYMW�I�<?K.I§slA�A�i

A�NOcd��Y.��PUA�f�s:A���YMWUAM�

umt ≤ fm +
∑

n∈Nm

∑

s<t

uns (∀m)(∀t).
NTC9t�P

;=<dAgi�Ld@"s:A�W#Y[�XITP�K[WJPJ��idyxc:Y.��i�PUI���I=slYMLdi:fOA�f���i�A�KMh�<�IeA�hÁPUYMW#KMI���Y.����Y���I��

∑

m∈Sg

fm ≤ sg (∀g).
NTC�u�P

� A��MA���AQNdhQ��L?IJ��Y.i�A�NOcd��Y.��P�K�PU��Y.i�@�K9S�slAg��@BclY.IJA�f�KMI��
∑

s≥t

ums +
∑

s≤t

uns ≤ 1 (∀m)(∀n ∈ UU
m)(∀t).

NTC�oKP
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t.t � �"� �"� ���

]#fdfd��PU��Y.i?K[����S.�OPJ<?Agi�L?@�slA�W#Y[��@�KMhQWUYMs?��YOh��OI�s:A���idyBA�N�c?��Y.��PUA�f�Ie��@�L?��P�K[idA�YML?IJ��S���I#slYMLdi:fOA�f��

(∀t)
∑

m

umt ≤ K.
NTC9m�P

¯���i?K[����S�PJ<dA�h�K[c?K.hQ��PTS�hQY.i?ITPUWUKM��i�P=WJA�KMfdI��

(∀t)
∑

m

wmt umt ≤ CU
t .

NeCD=�P

: ¶ � � ¶ 6 S?|�C��O~ ² ·ª� ¶ 6 |�}�~��'7 6 }�| ;=<dAgcd��K[i�P#����@B��P�K�PU��Y.i���I=�#WU��PJPJA�i^K.I

(∀t)
∑

i

witpit +
∑

m

wmt umt ≤ Ct,
NeC M�P

KMi?f�PJ<dAvPUA�h�<didY.��Y.yM��h�KM�lA�NdhQ��L?Ie��YMi�WUA�KMf?I

(∀m)(∀i ∈ Im) UmT + PiT ≤ 1.
NTC�>�P

8�� 9�� < ��{�| ² ~ Wd�O}D7 ¶ 6 | ¶)F }�C ²�� ~�|�} � ¶ · ² *
]rI�K[i¡A�N�PUA�i?IJ��YMi¡Y[��PJ<dA�hQLdWUWJA�i�PJ��S�L?IJA�fpcdWUYMyMW�K[@�I��
@BYOfOA�� NÇoKPE�1NTCD>KPEWJA�cdWUA�IJA�i�PUIEcdWUYMclA�WU��S&PJ<dA
c?WJY.sd��A�@ ��P���K.I�IJAQP�Ldc���YMW���PJYEA�IePUKMsd����IJ<g��A�K.Ie��sd��A«A�N�c?��Y.��P�K�PJ��YMi"IeA�.L?A�i?h�A�I�PJYRY.sOPUKM��i"<d��yM<�WUA��.A�i�LdA�I
��Y.W=PJ<dA�h�YM@Bc?KMi�S.�

¯?WJY.@ PU<dA�IePJYOh�<?KMIePJ��hBcdWUYMy.WUKM@x@B��idy�PJ<dA�YMWUAQPJ��h�KM��clYM��i.P"Y[�=����A��g��PJ<?��idy�I�KMWJA�idYMP�PJ<:K�P�y.Y�YOf��
]�P��?W�ITP��#PJ<dAp@BYOfOA��E��I�idYMP�K � ��� � �/��������� �$�(&)�/�K�
� ���x�rslA�h�K[L?IJA^PJ<?A¤@�K�PUWJ��N¾@�Ld��PJ��cd��S���idyªPJ<dA
IJA�h�YMi?f^IePUKMyMA�fOA�hQ��Ie��YMi^��KMWJ��K[sd��A�IR��IrITPUYOh�<?KMIePJ��h[����A�IJ��fOA�I��:fOA��?id��idy�W�K[i:fOYM@ËhQY�A���h���A�i.P�I#��Y.WRA�K.h�<
IePJWUL?hQPJLdWUA"KMi?f�clA�WU��YOf¤fOY�A�IEidY[PgIJA�A�@ i:K�PJL?WUKM����Y.WvK�IePJYOh�<?KMIePJ��h�c?WJY.yMW�K[@��gari&PJ<dAxY[PU<dA�Wv<?KMi?f��
IJL?h�<pfO��IePJWU��sdLOPJ��YMi:IEKMWJA"�MA�WJS^fO� ��hQLd��PvPJY�sdLd����f&cdWUYMclA�WU��S.��s:A�h�K[L:IeAxY[��N0u�PrK[i?f�PJ<dABWUA���K�PU��Y.i?Ie<?��c?I
PU<?K�Pv<?K9�.AgPJY�AQNO��IeP��R��ipK�yMA�YM@BAQPUWJ��h�KM���=K9SON0hQ��Y.IJA"IePJWUL?hÁPULdWUA�Ir<?K9�MA�WUA���K�PUA�f^A�hQY.idYM@B��h�K[����K[��LdA�I$PÁ�
KMi?f^��i¤K�PJA�@xclYMW�K[��YMi?A N����§PU<dABhQYMc?c:A�WrcdWU��hQABh�<?K[idy.A�I��:��Pgh�<?K[idy.A�IR��YMWrPJ<dAxidYMPvIJYM��f^sd��YOh���IEK[i:f
@�K.hQWUYMsd��YOh���I$PÁ�

����� � � ��� � ���� � ��� 	 � � ��� � � ��� �
]�s:A�PePUA�W�K[cdc?WJY�KMh�< N¨��WUYM@ PJ<?A�PU<dA�Y.WJA�PJ��h�K[��Ie��fOA�K�P"��A�K.ITP
P�h�K[i©slA�fdYMidA�����PU<dA�i?AQN�PBIUh�<dA�@BK���I
h�YMi?IJ��fOA�WUA�f��

CM�#;=<dAv��Ld����IJA ��LdA�i:hQAvY[��AQNOcd��YM��PUK[PJ��YMi���I��dNOA�f��
tO�#]�����PJ<?AgWUKMi?fOYM@��9KMWJ��K[s?��A�I�KMWJAvWUA�KM����¦�A�f��
ud��_�YM@BA�h�YMWUWJA�hÁPJ���MAEKMhQPJ��YMi?I#KMWJAvclA�WJ��YMWU@xA�f��
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]Ri"��i�PJA�WUA�IePJ��idyrYMs?IJA�WU��K�PJ��YMig��I�PJ<?K[P�PU<dA=YMid��Svc:Y�IJIJ��s?��A«��iO�°��A�K.Ie��sd������PTS�K[WU��Ie��idy��#<dA�i�PU<dA«W�K[i:fOYM@
��KMWJ��K[sd��A�IRK[WUAg�?i?KM����S���idY��#i^��I#PUY�A�NOh�A�A�f�PJ<dAxh�K[c:KMhQ��PTSM�#�RY��«A��MA�W��dPU<d��I�@�K�PU<dA�@�K�PU��h�K[��cdWUYMsd��A�@
��I�-������^��Y.WrPU<dAxsdL?IJ��idA�IJI���slA�h�KML?IJA"��Pg@xA�K[i?IRPJ<:K�PvPJ<dAB@B��idA"��IEWJ��h�<dA�WRPU<?K[ip��Pv�=KMIEAQNOclA�hÁPUA�f N����
PU<dA�sd��Y�h����«A���y.<.P�IBK[WUA�sd��yMy.A�WxPJ<:K[i YMidA�IB��KM��PUA�f���YMW��§��PB��IBslA�h�KML?IJA�PU<dA�WUA���IB@BY.WJA�YMWUA�PJY¡s:A
c?WJYOhQA�IJIJA�f)PÁ�
;=<dA�IJ��@Bcd����hQ��PTS^Y[��PU<dAB@xYOfOA���yM���MA�IEIJYM@BA�<dY.c:ABYM�§cdWUY�����idy�c?WJY.c:A�WePU��A�IEK.I �$��� &+� ��	 ��!+��� ���"YM�

PU<dA�WUA�IJYMLdW�hQA.��K[i?f¤PU<dA�i
��YMipPU<dA�PJWUA�K[PUKMsd������PTS�Y[�=PJ<?A�cdWJY.sd��A�@���;=<d��IgPUWJA�K�PUKMsd������PTS���IgWJA�K���WU@xA�f
s�SBPU<dAE�ÇKMhÁP=PU<?K�P=PJ<?AEWUA�IJLd��PJ��idyx@xYOfOA�����I#K�PT��Y[�àITP�K[yMA�I§IePJYOh�<?K.ITPU��hrcdWUYMyMW�K[@ N0K[i?f�idY[P�K

T
��IePUKMyMA�I

Y.idA�PQ�
ari�PJ<dA�Y[PU<dA�W�<?K[i:f��9PJ<dA�WJA=IJA�A�@5PUYrslA§PU<dWUA�A�c:Y�IJIJ��s?������PU��A�I�KMs:Y.LOP�PJ<dA=IeA�hQY.i?f�IePUK[y.A$� I�fdA�hQ��IJ��Y.i?I��

� ;�YB<?K9�.AgKxh�YM@Bcd��AQPUAvIJAQP�YM��idA��6��KMWJ��K[sd��A�I�����A�P�L?I#IUK9S p2
it

�
r2
it

KMi?f
u2

mt

�OPJY�hQY.iO�?WU@��OWJAeZTA�hÁP
YMW=KMfdf�idA��£clY.IUIJ��sd��ARA�N�PJW�KMhÁPU��Y.i?I�� �ài�PJ<d��I=h�KMIJA#PU<dA�WUAEIJ<dY.Ld��f�s:AvK�����@B��P�Y.i�PU<dAri�Ld@"s:A�W«YM�
h�<?K[i?yMA�I N�PJY�K9�MY.��f�KBhQYM@Bcd��AQPUAv��Ld��������id��YMWU@BK[PJ��YMi�WJA�sdLd����fd��idyBYM��PU<dAgcd��K[i)PQ�

� ]�����Y��#��idyBYMi?��S�WJA�yMWUAQPePU��i?y��?W�IePe�àITP�K[yMAEAQNOcd��YM��PUK[PJ��YMi�fOA�h���IJ��YMi?I��O��i�Y.WUfOA�W�PJYB�dN�PU<dA�clY.IUIe��sd�����
��PTS¤Y[�=Ldi?IUK�PU��Ie�?A�fph�KMc?KMh���PTS¤hQYMi:ITPUWUKM��i�PUI��B;=<d��I�<?KMIEPU<dA�KMfO��KMi.P�K[y.A"YM��clA�WU@B��PJPJ��idy^c?K[WJPJ��K[�
fOA�h�WJA�KMIJ��i?y�Y[�
PU<dAEAQNOcd��YM��PUK�PU��Y.i�Y[��@BK.hQWUYMsd��YOh��OI��[�#<?��h�<�@xA�K[i?I�K�h�YMi�PJ��i�LdYML:I«IJA�h�YMi?f��àIePUK[y.A
cdWUYMyMW�K[@��OK[i:f�PU<�L:I��?KBIJ��@Bcd��A�W#c?WJY.yMW�K[@��

� ] � ���0����!+��	.� ��!�Y[��PJ<dAE�?W�ITP�PT��Y�YMcdPJ��YMi?I���PJYBK[����Y��£IJYM@BAR����i?f�Y[��Y.cOPJ��YMi?I«��Y.W«PU<dAEYMclA�i�c?��P
c?K[WJP��[KMi?fgYMPJ<dA�WUI
��YMW�PJ<dA�Ldi?fOA�WJy.WJY.Ldi?fv@B��idAM����P�KMWJ��IeA�I�����Y.W���i?IePUK[i:hQA§��igPU<dA«c?<�SOIJ��h�K[�.i?K�PULdWJA
Y[��PJ<dA�c?WJY.sd��A�@��E��P�IJA�A�@�IgfO� ��hQLd��PgPJY���i?hQWUA�K.IeAxPU<dA�Ie��¦�A�YM�§PJ<?A�cd��P��#��PJ<?YMLOP���i�PJA�W�IJA�hÁPU��i?y
PJ<dAgL?i?fOA�WUyMWUYML?i?f�@B��idAM�

]Ri¤��@Bc:Y.WeP�K[i�PEc?WJY.sd��A�@ �#��PU<&PU<d��Iv@xYOfOA��X��I���<dY���A��.A�W��?PU<?K�Pg��Pv��IEidY[Pg�.A�WUS�K.h�h�LdWUK[PJA�PJY�PJ<dA
�=K9S&@B��id��idy¤��I�fdYMidA.�Xs:A�h�K[L:IeA�PJ<dA�WJA���I"idY[PBK��=K9S�PJY¤��idY��®K[���§PU<dA�W�K[i?fdYM@ A���A�@BA�i�PUI"��i¢YMidA
IJ<dYMP��©;=<dA�i���PJ<?A�IJYM��LOPJ��YMi¢��YMLdi?fªIe<?YMLd��f¢slA�L?i?fOA�W�IePJY�YOf¢idYMPx�����.A�K&�?i?KM�«cd��K[iªsdLOP�KMI"yM������i?y
IJYM@BA¤yMLd��fdK[i:hQA¡K[i?f ��iO��Y.WJ@�K�PU��Y.i6KMs:Y.LOP�WUYMs?L?ITP���h�YMi?IJA�WU��K�PJ���MA^clYM����hQ��A�I�PJY s:A©K[c?cd����A�f£PJYªPJ<dA
A�NOcd��Y.��P�K�PU��Y.i�YM��PJ<?Ag@x��idA.�

����� � 	 ��� � ���

`«L?WJWUA�i�PR@BYOfOA���I#��Y.Wr@B��id��idy�IUh�<dA�fOL?����idy�KMWJAgy.A�idA�WUKM����¦�A�f�L?IJ��idy�ITPUY�h�<:KMIePJ��hgcdWUYMyMW�K[@B@B��idyxPJY�IJAQP
L?c&idA��j@xYOfOA���Ir�#��PJ<�PU<dABKMfO��K[i�P�K[yMA�Y[�§hQY.i?IJ��fOA�WJ��idy�PU<dAxc:Y�IJIJ��s?��A"WUKMi?fOYM@�A��.A�i�PUIRPJY�A���K[slYMW�K�PUA
WUYMs?L?ITP�IUh�<dA�fdLd��A�I���PU<d��I=��I��d@BYMWUA �:AQNO��s?��A�IJYM��LOPJ��YMi:I=@x��i?fO��idy�fO� !lA�WJA�i�P�c:Y�IJIJ��s?��AgIUhQA�i:K[WU��Y�I§��Y.W=PJ<dA
��LdPJLdWUAM�X;=<dArcdWJA�AQNO��ITPU��idyg@BYOfOA���I�K[WUARK[��IJYgyMA�i?A�W�K[����¦�A�fx��i�PJ<dAEIeA�i?IeA�PJ<?K[P§PJ<?ARidA�� @xYOfOA���I«h�KMi�s:A
KMcdcd����A�f�PUY�Kx@x��idA�h�YM@�s?��id��idyBLdi?fdA�WUyMWUYMLdi?f�K[i?f�YMclA�i�cd��P#PJA�h�<didY.��Y.yM��A�I�YMcOPU��@�KM����SM�

ari^PU<dAxY[PJ<?A�WR<:K[i?f�PJ<dA�WJAxK[WUA�IeY.@BA�fO� ��h�Ld��PJ��A�IEL?IJ��idy�ITPUYOh�<?KMIePJ��hgcdWUYMy.WUKM@x@B��idyB��YMWE@B��i?��idy
IUh�<dA�fOLd����idy:� �àiBPU<dA=�?W�ITP�@BYOfOA��°�M��P«fOY�A�I�idY[P§IJA�A�@ PJYgslA�A�KMIJS�K�P§KM����PUY�IeA�P§KMh�h�LdW�K�PJA#fO��IePJWU��sdLdPJ��YMi?I
��Y.W�PJ<dAEWUKMi?fOY.@®A���A�@BA�i�PUI���i�PU<dAvcdWJY.sd��A�@��X;=<dAEIJA�h�YMi?f�@BY�fdA��3��I���Ld��PJAgIJ��@Bcd��AEKMi?f�IJL?h�hQA�IUIe��Ld����S
K9�.YM��fdIRPJ<dABcdWUYMsd��A�@ ZTL:ITPg@BA�i�PJ��YMi?A�f��
s?LOPgPJ<dA�IJYM��LOPJ��YMi¤YMsOP�K[��idA�f&idA�A�fdIEPJY�slA�ITPUL?fO��A�fpfOA�A�c:A�W��

� Ø�»ÇÆ°¿�ß�¹�Ã�»ÇÆ°º¼ßXÅ�À0¿ �ÁÀ0Ã �ª¹9Ã�»�ße¿ �#Å�Ô¼ÈTÆ0È�ÀÇÈT»°¿ÁÄ9ÀÇßTÈXº � ��¿ÁÀ3È��QÈTÀÇÌRÅ�Ã�º¼À
x
¿��
	9À0»ÇÆ
»0Æ°Ã��ÁÈ�É9ÈTßTº¼»°º¼¿ÁÙ9»
Ã�Ù9É�È��QÈTÀÇÌRÀÇÈeÃ�Ô¼º��eÈTÉ

ω
Ö�Æ°¹�ÈeÀÇÈ§º¼»
Ã�QÈTßTÆ0¿ÁÀ

y(ω) ¿��dßT¿ÁÀÇÀ0ÈTßàÆ°º �QÈ�Ã�ßàÆ°º¼¿ÁÙ9»
Æ0¹�ÃUÆ ��Ã�ÂÁÈT»�Æ0¹9È�»°¿ÁÔ¼Ä�Æ0º¼¿ÁÙ (x, y(ω)) ��ÈeÃ�»°º¼Ê9Ô¼ÈÁã
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slA�h�K[L?IJAxPJ<dA�W�K[i:fOYM@ A���A�@xA�i�PUIv��i¤PU<dA�@BYOfOA���KMWJABWUA�K[����¦�A�f&��i¡Y.idA�Ie<dYMP��
�#<?��h�<¡��IvidY[PvPJ<?A���K9S
PU<d��idy.I�<?KMcdc:A�i���i�PU<dArWUA�KM�:��YMWU��f��XaR��hQYML?WUIJAM��K[i�SBY[�
PU<dAEPT�«Y"@BY�fdA���I§cdWUA�IJA�i�PUA�f��#�����li?A�A�f�@BYMWUA
h�YM@BcdLOP�K�PU��Y.i?K[��A"!lY.WeP�I�PJ<?KMi�PU<dA�hQLdWUWUA�i�P#YMidA�I�PJYBs:A�IJYM���MA�f��
;�Y��?i?��IJ<©PJ<?��IxIeA�hÁPU��Y.i¢��iªK�@BYMWUA�YMcdPJ��@x��IePJ��h��ÇKMIJ<d��YMi
����Px��I"��@BclYMWJPUK[i�P�PUY&@BA�i�PU��Y.i�IeA��MA�WUKM�

�
�)� 
 &)�/���"����	.�rPU<?K�P�h�KMi�s:AgA�N�PUWUK.hÁPUA�f���WUYM@�PJ<dAg��fOA�KMI=cdWUA�IJA�i�PJA�f�<dA�WJA.�

� ����KM���3PU<dA�IePJYOh�<?KMIePJ��hrA���A�@BA�i�PUI#KMWJAEYM@B��PePUA�f��OPU<dAvWJA�IeL?��P#��I#K"@BYOfOA���K[����Y��#��idy"A���PJ<dA�W#Ldi?fOA�We�
yMWUYMLdi:f�K[i?f�YMclA�i�cd��PEPJA�h�<?idYM��YMy.��A�I=PJY�hQY�AQNO��ITPEYMcOPU��@�K[����SJN���WJY.@�PJ<dAB¬RVX$clYM��i.PvY[������A��g�
K�P���A�K.ITP
PÁ�
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VXWUA�h�A�fOA�i?hQA�h�YMi?IePJW�K[��i�PUI=K[WUAvIeA�PRKMI���YM����Y���I���¯���W�ITP�YM��KM���°�?Kxsd��Y�h���@�L?IeP�s:AgA�NOcd��Y.��P�K[sd��AM�

pit ≤ rit (∀i)(∀t),
N0t.t�P
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rit ≤
∑

s≤t

pi−s (∀i)(∀t).
N0tMu�P

]#f9ZeK.hQA�i.PRh�A�����I=A�NOcd��Y.��P�K�PU��Y.i�<?K9�.ARPUY�s:A�IJ��@x����K[W

(∀i)(∀t)(∀j ∈ Ni)
∑

s≤t

pis − pjs ≤ δ,
N0t[oKP

PU<dA�h�KMc?KMh���PTS�slYML?i?f�<?K9�MArPJY�slA�IJK[PJ��IT�:A�f

(∀t)
∑

i

(vi + wi)pit ≤ CB
t ,

N°tMm�P

KMi?f��?i?K[����SM�OPU<dAgidAQN�P�hQY.i?IePJW�K[��i.P#��@Bc:Y�IeA�I=��A��MA���A�NdhQ��L?Ie��YMi���YMW#Y.c:A�i�c?��P�@BAQPU<dYOf
∑

s≥t

pis +
∑

s≤t

ums ≤ 1 (∀m)(∀s ∈ UP
m)(∀t).

N0t�=�P

� 6 · ² ~ I ~ ¶ � 6 · ² �XG * ¶ 7¨}��O}D7 ¶ 6 � ¶ 6 |�}�~��'7 6 }�|
\^K.hQWUYMsd��YOh��OI�h�K[i�slA�AQNOcd��YM��PJA�f�����PJ<?A�S�KMWJA�IePUKMWePU��i?yxclYM��i�PUI#Y.WRK�P���A�K.ITP�Y.idAgY[�X��PUI#i?A���yM<�s:Y.WUI

<:KMI=slA�A�i�A�N�c?��Y.��PUA�f�s:A���YMWUAM�

umt ≤ fm +
∑

n∈Nm

∑

s<t

uns (∀m)(∀t).
N0tKM�P

;=<dAgi�Ld@"s:A�W#Y[�XITP�K[WJPJ��idyxc:Y.��i�PUI���I=slYMLdi:fOA�f���i�A�KMh�<�IeA�hÁPUYMW#KMI���Y.����Y���I��

∑

m∈Sg

fm ≤ sg (∀g).
N0t�>�P

� A��MA���AQNdhQ��L?IJ��Y.i�A�NOcd��Y.��P�K�PU��Y.i�@�K9S�slAg��@BclY.IJA�f�KMI��
∑

s≥t

ums +
∑

s≤t

uns ≤ 1 (∀m)(∀n ∈ UU
m)(∀t).

N0t�?�P

;=<dAgi�Ld@"s:A�W#Y[��@�KMhQWUYMs?��YOh��OI§slA���idy�A�N�c?��Y.��PUA�f�Ie��@�Ld��PUKMidA�Y.L?IJ��S���I=slYMLdi?fdA�f��

(∀t)
∑

m

umt ≤ K.
NÇu.n�P

¯���i?K[����S�PJ<dA�h�K[c?K.hQ��PTS�hQY.i?ITPUWUKM��i�P=WJA�KMfdI��

(∀t)
∑

m

wmtumt ≤ CU
t .

N0udC�P
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;=<dAvPUA�h�<di?YM��YMyM��h�KM�3AQNdhQ��L?IJ��Y.i���I��

(∀m)(∀i ∈ Im)
∑

t

umt + pit ≤ 1,
NÇu�t�P

IJ��@x����K[WU��SBPUYBPJ<dAgY.WJ��yM��i?K[�l��Y.WJ@"Ld��K[PJ��YMi
��PU<dAgcd��K[i�PRh�KMc?KMh���PTS�WUA�IePJWU��hQPJ��YMi�WJA�KMfdI��

(∀t)
∑

i

vi pit +
∑

m

vm umt ≤ Ct,
N0uMu�P

KMi?f��OYM��h�YMLdW�IeA.��PJ<dA�fOA�@�K[i?f�hQY.i?IePJW�K[��i.P��

(∀t)
∑

i

vi pit +
∑

m

vm umt ≥ Dt,
N0u[oKP
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∑
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z∗t .
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� AQP�hQY.i?IJ��fOA�W=PJ<dAgi?AQN�P�AQNdK[@Bcd��AM�X¯?YMW�KxYMidA��°@BY.i.PU<�ZTY.s
�OPT��Y"c:K9S�@BA�i.P#Y.cOPJ��YMi?I#KMWJAvy.���.A�i
�
� ¯dY.LdW#c?K9S�@BA�i�PUI��OYMi?h�Avc:A�W��«A�A��3�OY[�	�[tMnMnd�
� �[L:ITP�Y.idAE�?i?K[��c:K9S�@BA�i.P#YM�	��?MnMn?�
]rIJIJLd@B��i?y©PJ<?K[P�slY[PU<£YMcOPU��Y.i?I�KMWJA���A�KMIJ��s?��A^PU<dA ��LdA�ITPU��Y.i ��I�� � <d��h�< ��I�PJ<dA¤s:A�ITP�h�<dYM��hQA��M�

(RiO��YMWJPJL?i?K�PUA���SM����P���IgidYMP�KMIgA�KMIJS&KMI�h�YM@Bc?KMWJ��idy ?MnMn��#��PJ<
200 × 4 = 800

��s:A�h�KML?IeAxPU<dA�WUA���I�K
�es?KMid����PU<?K�P�Y !3A�W�I�C�n 
jYM�
��i�PUA�WUA�IeP§c:A�W«��A�A���
[� ��P«@BA�KMi?I�PU<?K�P=IJK9����idyvPJ<?A��?W�ITP=IJKM��KMWJS.��PJ<?A�WUAR�#�����
slA

200× (1 + 10%) = 220
K�P#PU<dA�A�i:f�YM��PJ<dA�IJA�h�YMi?f���A�A��3�?KMi?f�K�P#PU<d��IR@BYM@BA�i�P���PR��I�c:Y�IJIJ��s?��A

PUYB@BKM�MAvK"IJA�h�YMi?f�fOA�clY[P=��Y.W
220 + 200

�OIeYBK�P=PJ<?AEA�i?f�Y[��PU<dAEPJ<d��W�f���A�A���PJ<dAvs?KMid���#������WUAQPULdWJi��
440 × 1.1 = 484

��aR�=h�YMLdW�IeA.��K[y�K[��i
�
Y.idA�Ie<?KM����IUK9�MAx��i¤PU<dA�s?KMid��PU<d��I�K[@BYMLdi�Pgcd��L?IvPU<dABPJ<d��W�f
IUK[��K[WUSM��y.AQPePU��i?ypK�PJY[P�K[�#IJLd@ Y[����M[m.tO��PJ<�L?IBK�PxPJ<?A�A�i?f¢YM��PJ<?A�@BYMi�PU<
�XPJ<?A��?i:K[�#K[@BYML?i.PB�#�����
h�YMi?IJ��ITP#Y[�	�"?�mMtO��PJ<:K�P���P���I�MmMt�Y��MA�W§PU<dA�IeA�hQY.i?f�Y.cOPJ��YMi��
;=<dAxcdWUA�h�A�fO��idy�c?WJYOhQA�fOLdWUA"h�YM@Bc?K[WUA�I�PJ<dABK[@BY.Ldi�PEK�PEPJ<?A"A�i?f�YM�XPJ<dAB@BYMi�PJ<��ls?LOPrPU<dA�IJKM@BA

h�K[i�slAvfOYMidAE@BA�K.IeLdWUA�f���i 	 ����� � � � �0�"!#� ��� �ài�PJ<d��I=h�KMIJAR��P=��I�idA�hQA�IUIUK[WUS�PJYBhQY.i��MA�WJP§slY[PU<�Y.cOPJ��YMi?I
PUYxPJ<dA���W*&+�/������!U	 � �����U�.�

� � <?K�P���IBPU<dA^PUY�f?K9S � IBA ��Ld����K[��A�i�P�K[@BY.Ldi�P���YMWBPJ<?A��"?.nMnpK�P�PU<dA^A�i?f¾YM�rPU<dA�@BYMi�PU< ����P
hQY.WJWUA�IJc:Y.i?fdIvPUY^PJ<?A�K[@BYML?i.P"Y[�#@BYMidA�S

x
IeL?h�<¡PU<?K�P���������P���I�cdLOPx��i¢PJ<dA�s:K[id�¤��YMW�PJ<dA�o

c:A�WJ��YOfdI��d��P���I=yMY.��i?y�PUY�s:AvPUWUKMi?IT��Y.WJ@BA�f���i.PUY��"?Mn.nd��PJ<:K�P���P��

(1.1) × (1.1) × (1.1) × (1.1) × x2
︸ ︷︷ ︸����������������� �!����"

︸ ︷︷ ︸�#�$�����!�!����" �
︸ ︷︷ ︸��%'& ��()�!����"*��+,(,& +'-

︸ ︷︷ ︸��+,(/.#�0��%'�213.4+��5%

= 900

PJ<dA�i
x .6+,�87'�:9;13��+�� =

900

(1.1)4
= 614.71

� ¯dY.����Y��#��i?y"PU<dA�IUK[@BAvWJLd��AM�O��P���I=c:Y�IJIJ��s?��AEPJY�h�YMi��MA�WeP=A�K.h�<<�Mt[n.n�IUK[��K[WUSBPJY���I#hQYMWUWUA�IJc:Y.i?fO��idy
PJYOfdK9S � I#K[@BYMLdi�P=PJYBy.AQP��

x ��.6=,� 7'�:9;13��+���� =
200

(1.1)
+

200

(1.1)2
+

200

(1.1)3
+

200

(1.1)4
= 635.35

;=<dAgWUA�IJLd��P��dYM��h�YMLdW�IeA.�O��I#PJ<dA�IUK[@BAM��PU<dAg��YML?W#c?K9S�@xA�i�PUI �OYMcOPU��Y.i���I=PJ<?Ags:A�ITP��§��Y���A��.A�W��.PU<?K�P
��I§PJ<dAvhQL?IePJY.@�K[WUS"�=K9S�PUYxh�YM@Bc?KMWJA#PU<d��I«����i?f�YM�
i�Ld@�slA�W�I�NÇYMW�cdWUY[ZTA�hQPUI��.Y.W«s?L?Ie��idA�IJI$PÁ��K[i?f���i�PJ<dA
��KM��LdA"YMsOP�K[��idA�f&��Ivh�K[����A�f�PJ<dA !+��	 &)� �
����!U	��"�"���U� N0¬RVX PE�#<d��h�<¤h�KMi�slAxKM��IJY�Ldi:fOA�W�ITPUY�Y�f&KMIrPJ<dA
@B��id��@�Ld@ cdWJ��hQAvY.idAgIe<dY.Ld��f�K.h�h�A�cOP=��YMW
�JIJA�������idy �rPJ<d��I
�e��fOA�K �rY.W
�Tc?WJYMZTA�hÁP ���
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