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@BADC/E�F$G)HJILKME�NDOQP�RSKUTWV�F/RXTZY[RSKUE�KQ\]P^R]KMTZV
_ F�\a`[\aR]CbEcFd\#e
TWEcYfOUF/gLFd\

h;iST^jkF/R#lmOMP _ KMV

nXP^YfY8TWiaR _ FoiSFbepADFbiSepADF'V=q�GWrts^u+Hwvxe
R]TZyfi]F$z^{W{Z|�H}GW{cYfP^~WFb\

�����/�b���f�^�Z�#� F;KMVL�ZFb\aR]KM~WP^R]F�\]TZOMN[R]KMTZVf\?TZ�WRSADF�Rk��T^� _ KMEcFbVf\]KUTWVfP^O^��TZKUR]Fbi�EcT _ FbOZP^V _ TZ�LR]ADF�RSADi]FbF
� _ KMEcFbVf\]KUTWVfP^O
OUKMVDFbPZi�\aADFbOUOLE�T _ F/O[KMV)R]ADF#e/PW\aF��#ADF/iSF�R]ADF#\]ADF/OMOLKM\�e/OMPZEcY=F _ P^V _ KURS\�E�FbP^V�\]NDia��PWe
F�KM\�FbOUOMKUYDR]KQe^���DTZi�\]E�TtTZR]A
_ P�RpPD��R]ADFd\aF�\]TZOMN[R]KMTZVf\2P _ E�K�R2E)NDO�RSKM\Se/PZOUF�F/gLY8P^Vf\]KUTWVf\�KMV�Y=T���FbiS\cTZ�

ε1/2 �#ADFbi]F ε _ F/VDTZR]Fd\cR]ADF���A8P^OU���  R]AfKMep¡LVDFd\]\�T^��RSADF$\aAfF/OMO¢��£�T^RSA�F
g[YfPZVf\aKMTZV8\�e/TZVtRSPZKUV2RSF/iSE2\¤KMV _ FbY8FbV _ F/VtR#T^�
ε
PZV _ y=TZNfV _ P^iS`�OMP�`WF/i¤R]F/iSE2\

F
g[Y8TWVDF/VtRSKMPZOUOM` _ Fbe/i]FdPZ\]KUVD~2�#KUR]A+i]Fd\aY=Fbe
RmRST
r/
√
ε
�?�#K�RSA

r
R]AfF _ KQ\aRSP^V8e
F�RST�RSADF)y=TZNfV _ P^iS`�T^��RSADF)E�FdP^V

\aNDi]��PZe/FZ��@BAfF)F/gLY8P^Vf\]KUTWV¥T^��R]ADF)R]Afi]FbF
� _ KUE�FbVf\aKMTZV8P^O _ KQ\aYDOQPZe/F/E�F/VtR$e
TWVWRpP^KMVf\x\aNDYfYDOUFbE�F/VtRSPZi]`�y=TZNDV _ P^iS`
OMP�`WF/ip\/��F/gLY=TZVfF/VtR]KQP^OMOU` _ Fbe
iSFbPW\aKMVD~+�#K�RSA¦iSFb\]Y=Fbe�RcR]T

r/ε
OMKM¡ZF���TZi�YDOQP�R]Fd\/�¦§m\]KUVf~+RSADFb\]F�F
g[YfP^V8\aKMTZVf\c��F

TZy[RpP^KMV�\]AfP^iSY�Fb\aR]KME�P^R]Fd\By8F/Rk��FbF/V�R]ADFoRk��TcEcT _ FbOM\XKUV���P^iSKUTWNf\�VDTZiSE2\/�

¨�©Wª?«S¬�­ ��®��W�°¯ NDOUR]KQ\]ebP^OMFoF
g[YfP^V8\aKMTZV±�D²�KUVfFbP^iBFbOMPW\kRSKMe/K�Rk`W�fILADF/OMO�RSADF/TWi]`W�D£�TWNDV _ PZi]`2OQP�`ZFbiS\
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�� ����� � ��� TZN8\��/R]N _ KUTWVf\oOUFd\o\aTWOUN[RSKUTWVf\ _ N EcT _ CbOUF _ F2��TZKUR]Fbi�F/R _ N+YDiSTZyfOUCbEcF _ F�O�� �bOMPW\kRSKMe/K�R��)RSi]K _ KU�
EcFbVf\]KUTWVDVDF/OMOMF OMKUV��dP^KMi]FW� _ P^V8\�OMF�ebPZ\ _ � NfVDF�e/T��WNfF F/V8e/PZ\aR]i��/F _ TZVtR)OQP \aNDi]��PZe/F�E�T�`ZFbVDVDF Fd\kRcF/OMOUKMY[RSK��tNDFW�
h�TWNDi _ Fd\ _ TWVDV��/Fd\$i��/~ZNfOUKMC/iSFb\b��e
Fd\�\]TZOMN[R]KMTZVf\$P _ E�F
R]R]F/VtR _ Fb\ _ �b�ZFbOUTWYDY8FbE�F/VtRS\$E)NDOUR]KU���depADF/OMOUFd\oF/V�YDNfKM\a�
\]PZVfe
Fd\ _ F

ε1/2 �DT��
ε
Fd\kR�O � �/YfPZKM\S\]F/NDi _ F$OQP2e
T��tNDFW�"!�Fb\ _ F/N[g _ �/�WF/OMTZYDY=F/E�F/VtRp\Xe
TWVWRSKUFbVDVDFbVWR _ Fb\BRSF/iSEcFd\

KUV _ �/Y=F/V _ PZVtRS\ _ F
ε
F/R _ Fd\#R]Fbi]E�Fd\ _ F�e/TZNfepAfFb\#OMKUE�KUR]Fd\XF
g[Y=TZVDFbVtR]KMF/OMOUFbEcFbVtR _ �be/i]TWKM\S\SP^VtRS\BFbV

r/
√
ε
�=T��

rFb\aR;OMP _ KQ\aRSP^V8e
FmPZNcy=TZi _�_ F#OQP$\aNDi]��PZe/F#E�T�`ZF/VfVDFZ��#mFXYfOUNf\;OUF _ �/YDOQPZe/F/E�F/VtR�R]iSK _ KUE�FbVf\aKMTZVfVDF/Ofe/TZVtR]KMF/VtR _ Fd\
R]F/iSE�Fb\ _ F)e/TZNfepADFd\XOMKUE�KUR]Fd\mF/gLY=TZVfF/VtR]KMF/OMOUFbE�F/VtR _ �de
iSTZKQ\]\SP^VtRp\BF/V

r/ε
��e
TWEcE�F _ P^Vf\mOUFd\mYDOQP��tNDFd\/�%$xi'&Ze/F

( e/Fb\ _ �b�ZFbOUTWYDY8FbE�F/VtRS\b�[VDTZN8\#TZy[RSF/VDTWVf\ _ Fb\XFb\aR]KME�P^R]KMTZVf\BTWY[R]KME2P^OMFb\BFbVWRSi]FoOMFb\ _ FbN[g�E�T _ CbOUFd\/�

) ­ �d� « ��* � � � #��/�WF/OMTZYDY=F/E�FbVWRp\2E�NfO�RSK��+�bepADFbOUOMFb\b�",;OMPW\kRSKMe/K�R���OUKMV��dP^KMi]FW��@BA��bTZiSKUF _ Fd\�e
T��tNDFd\/�-!�TZNfepAfFb\
OUKME�K�RSFb\
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@BADF�~WTWPZO�T^��RSADF9	:&����"�;�<&����� �=$KQ\XRST?>fV _ P^V PZYDYDiST�g[KUE2P�RSKUTWV�T^��R]AfF�R]Afi]FbF
� _ KUE�FbVf\aKMTZV8P^O±OMKUVfFbP^ixF/OQPZ\a�
R]KQe \]ADF/OMO¤YDiSTZyfOUFbE yL`"P�Rk��TZ� _ KME�F/Vf\]KMTZVfPZO;YDiSTZyDOMF/E Y8Tt\aF _ TZV"RSADF�E�FbPZV \aNDi]��PZe/FZ��l \]ADFbOUO�KM\)P�R]ADiSF/F/�
_ KUE�FbVf\aKMTZV8P^OZTWy[jkFbe
R _ F�>fVDF _ yL`xP�e
TZE�YfPWe�R�TWi]KMF/VtRSF _ \]EcTLTZR]A�\]NDia��PWe
F

S
F/E�y=F _f_ F _ KMV

R
3 P^V _ P#R]ADKQep¡LVDFb\S\

YfP^ipP^E�F
RSF/i
ε
���DTWi

ε ≤ ε0
\]N�@�e
KMF/VtRSOU`2\]E�PZOUO �WR]ADFo\aAfF/OMOfKQ\;RSADF�KME2P^~WF

Ωε T^��RSADF�E2PZVDK���TWO _ S× (−ε, ε) �LKQPR]ADF�PZYDYDOMKMebP�R]KMTZV
Φε : S × (−ε, ε) 3 (P, x3) 7→ P + x3n(P ) ∈ R

3,
�'AZ�BA  

�#ADF/iSF
n(P )

KM\xP�NfVDK�RoVDTWi]E2P^O��ZFde�RSTZiC>8F/O _ TZV
S
�oItRpP^i]R]KMVD~���iSTZE RSADF�RSADiSF/F
� _ KME�F/Vf\]KUTWVfP^O�F��tNfP^R]KMTZVf\�T^�

\kRpP^V _ PZi _ OMKMVDFbPZi)FbOMPW\kRSKMe/K�Rk` ��TZicP¥ADTWE�TZ~ZFbVDF/TWNf\�PZV _ KQ\aTZR]iSTZYDKQe2E2P�RSF/iSKMPZO¢� _ K�D?F/iSF/VtRcE�T _ FbOM\)AfP��ZF y8FbF/V
_ F/iSKU�WF _ y8F/Rk��FbF/VEAbrts^r�P^V _ AbrGFGAIHx\]F/F2KMV"YfP^i]R]KQe
NDOQP^i2J�KML
NPO�QSRBAbr[��zZ{[��z�A�T ��U!VXWZYX[MLCR zWs\T �^]_KZYX`SR�A\abT �
U4K#cMK^d�YXL"eGK#cfR zgFhT � ¯ TW\aR)TZ��RSADF�\]ADFbOUO�E�T _ F/OQ\�iSF/OM`+TWV P

3 × 3
\]`[\kRSF/E T^�XKMVtR]iSKUVf\]KQe2F��tNfP^R]KMTZVf\$TWV

S_ F/Y=F/V _ KUVD~2TWV
ε
�fPZV _ �#i]KUR]F

K(ε) := M + ε2B
�'AZ� z  

�#ADF/iSF
M
KM\�RSADFji6��i�k� :
��l�XTWY8FbiSP^R]TWimTZV

S
P^V _

B
KM\xPmk����#n��"�gocTZY=F/ipP�RSTZid�Cp ��PZOUO�P^y=T��ZF)P^N[RSADTZip\mPZ~ZiSF/F

�#K�RSA"R]ADF _ F�>fVDKUR]KMTZV�TZ��RSADF�E�F/E)yDipP^VDF�TZY=F/ipP�RSTZi
M
� _ K�D?F/iSF/VtR�F
g[YDiSFb\S\]KUTWVf\oT^�

B
e/P^V"y=F2��TZNfV _ KUV"RSADF

OUKUR]FbiSP^R]NDiSFZ���fTZi$~ZFbVDF/ipP^O;\]ADFbOUO;~WF/TWEcF/R]iS`Z��RSADF2E�TW\aR�Y8TWYDNDOQP^i�PZV _ VfP�RSNDiSPZO�E�T _ F/O;KQ\oR]AfF2TZVDF2YDiSTZY=TW\]F _
yt`qJ4KZL
NPO�Q���@BADKQ\oE�T _ F/O _ Fd\]e/i]KMy=Fb\xR]AfF _ KM\]YDOQPZe/F/E�F/VtR�T^��R]ADF�\]ADFbOUO;yL` Rk��T�R]FbVf\aTWiS\oiSF/Yfi]Fd\aFbVWRSKUVf~ RSADF
epAfP^VD~WF)TZ��E�F
RSi]KQecP^V _ epAfP^Vf~ZFcT^��e/NDi]��P^R]NDiSF)TZ�¤RSADF2\aNDi]��PZe/Fc\]NDyDE�KURaRSF _ R]T�P _ KM\]YDOQPZe/F/E�F/VtRb� ¯ TZiSF/T��WF/i
R]ADKQ\#E�T _ F/O±KQ\#FbOUOMKUYDR]KQex��TZi

ε > 0
��\]F/F6R zbT   �srmT���Fb�ZFbib�t��TZi

ε = 0
�DR]ADF$VfP^R]NDiSFoT^��R]ADF$E�FbE�yDipP^VDFoTWY8FbiSP^R]TZi

_ F/Y=F/V _ \�TZV RSADF�~ZFbTZE�F
RSi]` T^�BR]ADF�\aNDi]��PZe/FZ�jp V Y8P^i]R]KQe
NDOQP^id�
M
KQ\�FbOUOMKMY[R]KQe2TZVfOU` P�R$R]AfF�Y8TWKUVtRp\��#ADFbi]F

SKM\cF/OMOMKUY[RSKMeZ� @BADF���TZKUR]F/i)E�T _ F/O#iSF/OMKUFd\�YfPZiaRSOU`�NfY8TWV�e
TWE�YDN[RSP^R]KMTZVf\cE2P _ F�yL`t]_KZYX`�KMVuR�A\abT ��£�NDR)RSADF
�WNfFb\aR]KMTZV TZ� _ F
RSF/iSE�KUVDKMVD~�R]ADFvk���	���E�T _ F/O��BPZ\X�WF/iS`�e
TZVtRSi]T��WF/ip\aKQP^O;�¢\aFbF)KMV YfPZiaRSKMe/NDOQP^i�R]ADFcKUVtRSi]T _ Nfe
R]KMTZV
KUVqR |�T�P^V _�_ KM\Se
Nf\S\]KUTWVf\�KUVqR z^{[�8zWs\T   �

p VwR�A�sbTx��F¥~WKU�WF�R]ADF F
g[YDiSFb\S\aKMTZV T^�oRSADF¥E�TW\aR ~ZFbVDF/ipP^Omy8FbV _ KMVD~ TZY=F/ipP�RSTZi PZYDY=FbP^iSKMVD~�KUV RSADF+| #
F��tNfP�RSKUTWVf\b�tPZV _ ��F�\]ADT���ADT�� RSADFx��TZKUR]Fbi¤y=F/V _ KUVD~cTZY=F/ipP�RSTZi�KM\�OMKUVD¡WF _ �#KUR]A�R]AfKM\�TZY=F/ipP�RSTZi�P^V _ RSNDiSVf\�R]T
y8F$RSADF�E�Tt\kRXVfP^R]NDipP^O�P^V _ \]KUE�YDOMF�y=F/V _ KUVD~ TZY=F/ipP�R]TWiXP^E�TZVf~�R]ADF�TZR]ADFbiS\b�xp VyR rbT���F)P^OQ\aT2~WKU�WF�P�~ZF/VfF/ipP^O
Fb\aR]KME�P^R]F�y8F/Rk��FbF/V$RSADF�| #�\]TZOMN[RSKUTWV�P^V _ P _ KQ\aYfOMPWe
F/E�FbVWR�i]Fde
TWVf\kRSi]N8e�R]F _ ��i]TWE R]ADFB�mTWK�RSF/i�EcT _ FbOt\]TZOMN[RSKUTWV±�
@BADFmiSFb\]NDOUR�T^�zR�A�s\T=iSF _ Nfe
Fd\;RSADF�| # YDiSTZyfOUFbE RST)P���TZiSE�PZO=\]F/iSKMFb\�z�# Yfi]TWyDOUFbE �ZF/iS`�\aKME�KUOQP^i¤R]T�RSADFo�mTWK�RSF/i
EcT _ FbO¢�

p V�RSADFBe/PZ\]F�T^�fYDOQP�RSFb\b��R]ADF#��TZKUR]Fbi�E�T _ F/OD\]YDOMK�Rp\�KUVtR]T�R]AfF�E�FbE�yDipP^VDF�TZY=F/ipP�RSTZi�PZe�RSKUVf~�TWV�R]AfF�\]NDi]��PZe
KQe
e
TZE�Y=TZVDFbVtRS\#TZ��RSADF _ KQ\aYDOQPZe/F/E�F/VtRmPZV _ RSADF�y=F/V _ KUVD~2TWY8FbiSP^R]TWiBPWe�RSKUVD~2TWV�R]ADFoRSiSPZVf\a�WF/ip\aF _ KQ\aYfOMPWe
F/E�FbVWRd�
v�V�R]ADF�TZR]ADFbiXAfPZV _ �DRSADF���TZiS¡ KMVyR�Ad{[�MAIA^�_a�T�\]ADT��X\BR]AfF�F
g[KQ\kRSF/Vfe/F$T^�;P^V�PZ\]`LE�Y[R]TZR]KQe$F
g[YfPZVf\aKMTZV�T^��RSADF
|�# _ KQ\]YDOMPWe
FbEcFbVtR���TWi#YDOQP�R]Fd\Xe
TWVtRSP^KMVDKMVD~cy8TWNDV _ PZi]`�OQP�`ZFbi�R]F/iSE2\BT^��\]ebP^OMF

ε
� � AfF/V�\aN8epA�PZV�PW\a`LE�Y[RST^R]KQe

F
g[YfP^V8\aKMTZVcKM\�P���P^KMOMPZyDOUFW�^��FBebP^V�Fb\aR]KME2P�RSF#R]ADF _ K�D?F/iSF/Vfe/FXy=F
Rk��F/F/VcRSADFm\]TZOMN[R]KMTZVcT^�?R]AfFX�mTWK�RSF/i�E�T _ F/O=P^V _
R]ADF�| # \aTWOUNDR]KMTZV�KUV�F/�WF/iS`�VDTZiSE��

p V RSADKQ\B��TWi]¡?�L��Fx��T[e
N8\BTZNDi#P�R]R]FbVWRSKUTWV RST�RSADF�\]Y8Fde
KQP^O�e/PW\aFx�#ADF/iSFxR]ADFoE�FbPZV�\]NDi]��PZe/F
S
T^��RSADF�\]ADF/OMO

KM\?���"�(� �#�$���/�±R]A8P�R$KM\o�#AfF/V+R]ADF $oP^N8\]\]KMPZV e
Nfi]��P�RSNDiSF)TZ�
S
KQ\$\aR]iSKMe
R]OM`�Y8Tt\aKUR]KM�ZFcTZioF��tNDKM��P^OMF/VtR]OM`��#ADFbV RSADF

YDi]KMVfe/KUYfPZO�e
NDiS��P�R]Nfi]Fd\xPZi]FcF/�WF/iS`L�#ADF/iSF�T^��R]ADF2\SP^E�F�\aKM~ZV±�%p V RSADKQ\$e/PZ\]FZ�?RSADF�E�F/E�yfiSPZVDF)TWY8FbiSP^R]TWi
M
KQ\

F/OMOUKMY[R]KQe �¢\aFbF{RBAbu[��z^r[��G�T   ��lm\�R]ADF y8FbV _ KMVD~¥TZY=F/ipP�RSTZi
B
KQ\�TZ�BTWi _ F/i

4
�#ADKMOUF R]ADF EcFbE�yDipP^VfF2TZY=F/ipP�R]TWi

M
KQ\xT^�¤TWi _ F/i

2
�=R]ADF2��TZKUR]F/i�TZY=F/ipP�RSTZi

K(ε) = M + ε2B
KM\oP|	��"�Go����B
� }���� ����� �k�
���������TZ�;R]ADFcE�F/E)yDiSPZVDF

TZY=F/ipP�R]TWib�)@BADFc��iSPZEcFb��TWi]¡�TZ�x~�L<��YXL"�w���#�^�M��NPO�QP`ML"�SR |Z{�T���TZi�\Se/P^OQP^ixF��tNfP^R]KMTZVf\oebP^V y8F2P _ P^Y[RSF _ R]T
R]ADKQ\X\]K�RSNfP�RSKUTWV±�D�#ADFbi]FxR]AfF$F��tNfP�RSKUTWV�KQ\#P2\]`L\aR]FbE�� !�TWE�yDKMVDKMVD~cR]ADFd\aFoRSFbepADVfK��tNDFd\#�#K�RSA�R]ADFo��TWi]E2P^O±\]F/iSKMFb\
i]F _ Nfe�RSKUTWV�TZ�xRBAdsbT�~ZKM�LKUVD~)R]AfF�\kRSi]Nfe
R]NDiSFoT^��R]ADF�| #:y8TWNDV _ PZi]` OMP�`WF/ip\/�L��FxTWy[RSPZKUV�R]AfFo��TZOMOUT��#KMVD~ci]Fd\aNDOURS\hH
AZ� � F)\]ADT�� R]AfP^RmRSADF�z�# _ KQ\]YDOMPWe
FbEcFbVtRx\]TZOMN[R]KMTZV�TZ��R]ADF��mTWK�RSF/iXF �tNfP�RSKUTWV¥P _ E�KURS\xP e
TWE�YDOUF/R]F)E�NDOU�
RSKM\Se/PZOUFoF
g[YfPZVf\]KUTWV�KMVfe
OMN _ KMVD~�y=TZNfV _ P^iS`�OQP�`ZFbi�RSF/iSE2\#T^��\]ebP^OMF

ε1/2 Nf\]KUVf~�Pc\]KMVD~ZNDOQP^i#Y=F/i]R]Nfi]yfP^R]KMTZV
RSADF/TWi]`�e/OUTt\aFxR]TvR |Z{�T �

�M�������������
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z[�#§�\aKMVD~xR]ADF#iSFb\]NDOUR;KUV�RBAds\T �Z��F�R]ADFbV2\aADT�� R]AfP^R�R]ADFX| # _ KQ\aYfOMPWe
F/E�FbVWR;P _ E�K�Rp\;Poe
TZE�YDOMF
RSF#E�NDOUR]KQ\Se/P^OMF
F/gLY8P^Vf\]KUTWVf\��#KUR]A:z # y8TWNDV _ PZi]` OQP�`ZFbiS\ T^��\Se/P^OMF

ε1/2 OMKU¡WF¥��TZi�R]AfF"z�# _ KM\]YDOQPZe
FbE�F/VtRb�mPZV _ | #
y=TZNDV _ P^iS`2OMP�`WF/ip\�T^��\Se/PZOUF

ε
OUKM¡ZFx��TZi#YfOMP^R]Fb\b�

|D� � F�Nf\aFcRSADFb\]F�F
g[YfP^V8\aKMTZVf\�RST�y=TZNfV _ RSADF _ K�D=Fbi]FbVfe
F�y=F
Rk��F/FbV RSADF2|�# _ KQ\]YDOMPWe
FbEcFbVtRoPZV _ z�# i]F/�
e/TZVf\aR]iSNfe�RSF _�_ KQ\]YDOMPWe
FbEcFbVtRS\xPZ\XKMV R z^{�T�TWi%R GD��z^|bT �x@BAfFb\]F�Fb\aR]KME2P�RSFb\xP^iSF�\aA8P^iSY¥KUV¥R]ADF�\aFbVf\]F$R]AfP^R
RSADF$F/iSi]TWi¤RSF/iSE AfPW\�R]ADF�\SP^E�FoTZi _ Fbi�RSAfP^V�RSADF.>fiS\aRXVDFb~ZOMFbe�RSF _ R]Fbi]E!KUV�R]ADF�PW\a`LE�Y[RST^R]KQe^�
p V R]ADF���TWOUOMT��#KUVf~���F2P^OM��P�`[\�RSPZ¡ZF2PZ\

K(ε)
R]ADF��mTWK�RSF/ioE�T _ F/O � � F2VDT�� YDiSFb\]F/VtRoR]ADF�| #�P^V _ z�#

YDi]TWyDOMF/E2\/�?P^V _ ~ZKM�ZF$RSADF�E2P^KMV�RSADF/TWi]FbE�\b� � F�RSADF/V¥iSFbebP^OMO±RSADF�yfPW\aKQe$iSFb\]NDOURS\XTZ�CR�A�s\T�P^V _ ~WKU�WFoR]ADFcYDOQP^V
T^��R]ADF$YfPZY8Fbib�

����� ���
	��
�����������
���������
��� �!	"��#$�%�
�

@BADF�y=TZNfV _ P^iS`cT^�±RSADF�\]ADF/OMO
Ωε _ F�>fVDF _ KUV+� AZ�BA   AfPW\�R]Afi]FbFxe/TZE�Y8TWVDF/VtRp\�H�l OQP�RSF/ipP^O8y8TWNDV _ PZi]` Γε

0

KUE2PZ~ZF
T^�
∂S × (−ε, ε) yL`¥RSADF PZYDYDOMKMebP�R]KMTZV Φε ��P^V _ NDYDY=F/icP^V _ OMT���Fbio��PZe/Fb\ S

−

+ε
KUE2P^~WFb\$TZ�

S × {−+ε}
� � F

\aNDYfY8Tt\aFmR]AfP^R¤R]AfFmE2P�RSF/iSKMPZO8e
TWVf\aR]KUR]N[RSKUVD~�R]ADFx\aAfF/OMO8KQ\;ADTWE�TZ~ZFbVDF/TWNf\;PZV _ KQ\aTZR]iSTZYDKQe^�tepAfP^ipPZe
R]F/iSK'&/F _ yL`cK�Rp\
Rk��T�²�P^E �me
TLF�@2e/KUFbVtRS\

λ
P^V _

µ
��@BADFmOUTtP _ KMVD~o��TZipe
Fd\;P^YfYDOUKMF _ RST$R]AfFm\aAfF/OMO8P^iSFXiSF/YDiSFb\]F/VtRSF _ yt`�P�\]E�TtTZR]A

�ZFbe
R]TWi}>fFbO _
f
_ F�>fVfF _ TWV

Ωε � � F2\]NDYDY=TW\]F�RSAfP�RoR]AfF�\]ADFbOUO�KQ\xe/OMPZE�Y8F _ PZOUTWVD~ Γε
0

PZV _ ��FcKUE�Y=TW\]F�RSADF
R]ipPZe�RSKUTWV���i]FbFme
TWV _ KUR]KMTZV2TWV

S+ε
P^V _

S−ε
��@BADF _ KM\]YDOQPZe/F/E�F/VtR¤TZ�=RSADF�\]ADFbOUO8KM\�i]FbYDiSFb\]F/VtR]F _ yL`)R]ADF%A
� ��TZiSE

>fF/O _
u
��p V !�P^i]R]Fb\]KQP^V�e/TLTZi _ KUV8P�R]Fd\ {ti} RSADF$YDiSTZyDOMF/E�R]ADFbV��#iSKUR]Fb\






−∂jA
ijk`ek`(u) = f i KUV

Ωε,
Ti(u) = 0

TWV
S

−

+ε,

u = 0
TZV

Γε
0,

�'AZ� |  

�#K�RSA
Aijk` = λδijδk` + µ(δikδj` + δi`δjk)

�8�#ADF/iSF
∂j
KQ\BR]AfF$YfP^i]R]KQP^O _ Fbi]KM��P�RSKU�WFx�#KUR]A�iSFb\]Y8Fde�RBR]T

ti
P^V _

eij(u) = 1
2 (∂iuj + ∂jui)

�#K�RSA
u = uidt

i KUV !�PZiaRSFb\]KMPZV�e
TLTWi _ KMVfP^R]Fb\b�¤v�V�R]ADF�\SP^E�F$�BP�`
f i _ F/VDTZR]FoRSADF

e
TZE�Y=TZVDFbVtRS\�T^�=R]AfFX�ZFde�R]TWi^>fF/O _ KUVcRSADF#yfPZ\]KQ\ ∂
∂ti

��@BAfF#TZY=F/ipP�R]TWi
Ti(u)

KQ\�R]AfF#VfP�RSNDiSPZOLR]ipPZe
R]KMTZVcTZY=F/ipP�R]TWi
TZV�R]ADFo��PWe
Fb\

S
−

+ε
P^YDY=FbPZi]KMVD~�P���RSF/iXKMVtR]F/~WiSP^R]KMTZV�yt` YfP^i]RS\BKMV�R]ADF�PW\]\]T[e
KQP�R]F _ yDKMOMKUVDFdP^iB��TWi]E�H

(u,v) 7→
∫

Ωε

Aijk`eij(u)ek`(u) dt1 dt2 dt3.
�'AZ� G  

@BADKM\�KM\cRSADF¥e
OQPZ\S\aKQe/PZO#YDiSTZyDOMF/E TZ��OMKUVfFbP^i2FbOMPW\kRSKMe/K�Rk`�\aF/R�KUV !�P^i]R]Fd\aKQP^V¦e
TLTZi _ KMVfP�RSFb\cTZV�P"\]ADF/OMO�� \]AfP^Y=F _
_ TZE2P^KMV�T^�

R
3 �;��TZiSV KMVDF��tNfPZOUKURk`{RBAb|bT�KME�YDOMKUFd\BR]AfP^RBR]ADKQ\#YDiSTZyDOMF/E AfPZ\#PcNDVDK �tNDF�\]TZOMN[R]KMTZV�KUV

H1(Ωε)3
�

v�V
Ωε �B��F¥ebP^OMO�(kVfTZiSE�PZOXe
TLTZi _ KMVfP�RSF�\a`[\aR]F/E*)¥P�\a`[\aR]FbE T^�xR]AfF���TZiSE

(xα, x3)
KMV _ Nfe/F _ yL` RSADF

E�PZYDYDKMVD~�� AW��A   �±�#ADFbi]F
xα

KQ\$P�e/TLTZi _ KUV8P�R]F�\]`L\aR]FbE&TZV
S
PZV _

x3
R]ADFcRSiSPZVf\a�WF/ip\aFce
TLTZi _ KMVfP�RSF��¢\aFbFjRBAdsbT

��TZi _ F
RSPZKUOQ\   � � T^RSF�R]AfP^R RSADF _ TZE2P^KMV
Ωε KM\ ��TZOMKQP�R]F _ yL`�RSADF+\]NDi]��PZe/Fb\ Sx3

KME2P^~ZFd\�TZ�
S × {x3}

yL`
R]ADF _ K�D=FbTZE�TZiSYDADKQ\aE��'AZ�BA   � p V¥R]ADFc��TZOMOMT��#KUVD~8�8��F��#KMOMO�PZOU�BP�`[\XK _ F/VtRSK���`�RSADF�EcFdP^V \]NDi]��PZe/F

S0
�#K�RSA¥RSADF

P^yf\aR]ipPZe
RBE2PZVDK���TWO _
S
�

����# ���
�,+-�$��./�
	0�1�����
�

v�V2R]ADFxE�FbPZV \aNfia��PWe
F
S0
�LP)z # _ KQ\]YDOMPWe
FbEcFbVtR�KQ\¤iSF/YDiSFb\]F/VtRSF _ yL`cR]ADFoe
TWNDYDOMFmT^��P9A
� ��TZiSE >8F/O _

zα
PZV _ P

��NDVfe�RSKUTWV
z3
� � F _ FbVDT^RSFXyL`

z = (zα, z3) ∈ Γ(T1S0)×C∞(S0)
\]NfepA�P�e/TZNDYfOUFW�;rmF/iSFZ�

Γ(T1S0)
_ F/VfT^R]Fd\

R]ADF�\]YfPZe/FoT^�zA/�¢��TWi]E >fF/O _ TZV
S0
�;l�\#K�RX�#KMOMO�y8F$TZ��e/TZVf\aRSPZVWR#Nf\]FZ�[��F$\aF/R

Σ(S0) := Γ(T1S0) × C
∞(S0)

R]ADF#\]YfPZe/F�TZ����\]E�TLT^R]A   z�# _ KQ\aYDOQPZe/F/E�F/VtRp\/� ¯ TZiSF�~WF/VDFbiSPZOUOM`Z����F _ F/VDTZR]F�yL`
H

k(S0)
R]ADF#\]YfPZe/F�TZ�ZA/�¢��TWi]E2\

�#ADTW\]F2y8TZR]A e/TZE�Y8TWVDF/VtRp\�y=F/OMTZVD~�RST�R]ADF�ILTZy=TZOMF/� \aYfPWe
F
Hk(S0)

� � F ¡ZFbF/Y R]AfF�VDT^RpP�RSKUTWV
Hk(S0)

��TWi
��NDVfe�RSKUTWVf\b��@�`LYDKQe/P^O?\]YfPZe/Fb\���TWiBz�# _ KM\]YDOQPZe
FbE�F/VtRS\�P^iSF

H
1 ×L2(S0)

PZV _
H

1 ×H2(S0)
� � Fx\]F
R

aαβ
RSADF

243Z��2�5
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EcF/R]iSKMe�RSF/Vf\]TZi#TWV
S
�DPZV _

bαβ
R]AfF�e
NDiS��P�R]Nfi]F�R]FbVf\aTWib��@BADF $xiSF/Fb¡2KUV _ KMe/Fb\XPZi]F�Rk��T^� _ KUE�FbVf\aKMTZV8P^O?��P^iS`tKMVD~

KUV _ KMe/Fb\b�)@BADF2e
TWVtR]ipPZe�RSKUTWV¥yL`�R]AfFcE�F/R]iSKMe)R]FbVf\]TZio`LKUFbO _ \xKQ\aTWE�TZiSYDADKQ\aE2\�y8F/Rk��FbF/V+R]F/V8\aTWio\]YfPWe
Fb\xTWV
S0
�

� F$AfP��WFm��TWi#F
gDP^E�YDOMF
bαβ = aασbσβ

�
@BADF���TZKUR]F/iBTWY8FbiSP^R]TZiBKQ\�R]ADF$TWY8FbiSP^R]TWi

K(ε) : Σ(S0) → Σ(S0)
�#i]KURaRSF/V

K(ε) = M + ε2B.

rXF/iSFZ�
M
KM\�RSADF6i���i6k� :
��#�BTWY8FbiSP^R]TWi _ F�>fVDF _ yt`

{
Mσ = −λ̃Dσγ

ν
ν − 2µDαγ

α
σ ,

M3 = −λ̃bααγν
ν − 2µbβαγ

α
β ,

�#ADF/iSF
λ
PZV _

µ
P^iSFoR]AfF�²�PZE �)e
TLF�@�e
KMF/VtRp\XT^��RSADF�E2P�RSF/iSKMPZO¢�

λ̃ = 2λµ(λ + 2µ)−1 � Dα
KQ\#RSADF�e/T���PZi]KQP^VtR

_ F/iSKU��P^R]KM�ZFoTZV
S0
�8P^V _

γαβ(z) = 1
2 (Dαzβ + Dβzα) − bαβz3

�'AZ� s  
KM\BRSADF�epAfPZVD~ZFxT^��EcF/R]iSKMexRSF/Vf\]TZi#TWV

S0
�

@BADF�TWY8FbiSP^R]TZi
M
KM\�PZ\S\aT[e/KMP^R]F _ �#KUR]A�RSADF�yDKMOUKMVDFdP^i#��TWi]E _ F�>8VDF _ ��TWi�P^VL`

z
PZV _

η
KMV

H
1 × L2(S0)yt`

(z,η) 7→ aM(z,η) =

∫

S

Mαβσδγαβ(z)γσδ(η) dS0,
�'AZ� u  

�#ADF/iSF
Mαβσδ = λ̃aαβaσδ + µ(aασaβδ + aαδaβσ)

�
@BADF$TZY=F/ipP�RSTZi

B
KM\�RSADF9k����ln��"�go$TZY=F/ipP�R]TWi _ F�>fVfF _ yL`

{
Bσ = − 1

3 λ̃b
α
σDαρ

ν
ν − 1

3 λ̃Dαb
α
σρ

ν
ν − 2

3µb
α
σDνρ

ν
α − 2

3µDνb
α
σρ

ν
α,

B3 = 1
3 λ̃DαDαρ

ν
ν + 2

3µDαDνρ
ν
α − 1

3 λ̃c
α
αρ

ν
ν − 2

3µc
β
αρ

α
β ,

�#ADF/iSF
cβα = bναb

β
ν

P^V _

ραβ(z) = DαDβz3 − cαβz3 + bσαDβzσ + Dαb
σ
βzσ

�'AZ�(F  

KM\xRSADF�epAfP^Vf~ZFcT^��e/NDiS��P^R]NDiSF)R]F/V8\aTWib��@BADKQ\oTZY=F/ipP�R]TWi�KQ\$PZ\S\]TLe/KMP^R]F _ �#KUR]A R]ADF�yDKMOMKUVDFdP^io��TWi]E _ F�>fVDF _ ��TWi
P^VL`

z
PZV _

η
KUV

H
1 × H2(S0)

yL`

(z,η) 7→ aB(z,η) =

∫

S

Mαβσδραβ(z)ρσδ(η) dS.
� AW� a  

�DTWiXP)~WKU�WF/V
g ∈ Σ(S0)

�D��F$e
TWVf\aK _ FbiBR]ADF�\]TZOMN[R]KMTZV
z ∈ Σ(S0)

TZ��RSADF$YDiSTZyDOMF/E
{

K(ε)z = g
KMV

S0,

z
∣∣
∂S0

= 0
PZV _

∂rz3(ε)
∣∣
∂S0

= 0.

�'AZ� r  

@BADF$F
g[KQ\kRSF/Vfe/FxTZ�
z
KM\BYfi]T��WF _ KMVqR z�T �

����� � ����� 	�� ��� � . �

� F�\aF/R
(r, s)

P e/TLTZi _ KUV8P�R]F�\a`[\aR]F/E KMV�R]AfF �LKMe/KUVfK�Rk`"T^�
∂S0

\]NfepA�R]A8P�R
r
KQ\�R]ADF�~ZFbT _ Fb\]KMe _ KM\aRSPZVfe
F R]T

R]ADF)y8TWNDV _ PZi]`W�fP^V _
s
KQ\#R]AfF)P^ipe
OMF/Vf~^R]A�PZOUTWVD~

∂S0
� � F _ F/VfT^R]F�yt`

bss(r, s)
�
brs(r, s)

P^V _
brr(r, s)

R]AfF
e
TZE�Y=TZVDFbVtRS\#TZ��RSADF�e
Nfi]��P�RSNDiSF�RSF/Vf\]TZimKUV�R]AfKM\�e
TLTZi _ KMVfP�RSFo\]`[\kRSF/E���@BAfF$��PZe
R#R]AfP^R

S0
KQ\#F/OMOUKMY[RSKMe$KME�YDOMKUFd\

R]AfP^Rx��F)ebP^V+epAfTtTt\aF�R]ADFcTZiSKUFbVtRSP�RSKUTWV�T^�
S0
\]NfepA�RSAfP�R

bss
PZV _

brr
PZi]F)Y8Tt\aKUR]KM�ZFcP^OMTZVD~

S0
� � F _ F/VDTZR]F

yt`
χ(r)

P
C ∞ e
N[R]� T D���NDVfe
R]KMTZV�VDFbPZi

∂S0
�

�M�������������
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@�Txe
TWVf\kRSi]N8e�R±RSADF�F/g[YfP^Vf\]KMTZV$T^�[RSADF#z # _ KM\]YDOQPZe/F/E�F/VtRb����F�\]NDYDY=TW\]F;RSAfP�R�R]ADF�i]KM~ZAtR]� AfPZV _ \]K _ F
g = gε

_ F/Y=F/V _ \#TZV
ε
PZV _ P _ E�K�Rp\BR]AfF$F
g[YfP^V8\aKMTZV

gε '
∑

k≥0

εkgk,
� AW��Ad{  

�#ADF/iSFx��TZiXP^OMO
k
�
gk ∈ Σ(S0)

�;@BADKQ\#E�FbPZVf\�R]AfP^R#��TZiXPZVt`�ILTZy=TZOMF/�2VDTWi]E TZV
S0
P^V _ PZVt`

N
�[��FoAfP��WF

‖gε −
N∑

k=0

εkgk‖ ≤ CNε
N ,

�#ADF/iSF
CN

KM\#KMV _ FbY8FbV _ FbVWRXTWV
ε
�

��� ©L­ � © �������	� ���
zε k��{�<&��v	����(���$����� � �v�<&��6�# :�Ik��B��i � AW� r  �
 �"�<& 
y ���ob&G�
��&�
��#nt	���n �

gε 	�
����
	<��=��"�go
� AZ�BAb{  ���� &����

zε 
 n�i%�"��	!
��q
b	�=�iC�l� ��������������
���	������m�"�6��� 
 �� �	%� �
ε1/2 �

zε '
∑

k≥0

εk/2

(
ζk/2(xα) + χ(r)Zk/2(

r√
ε
, s)

)
,

� AW��AIA  
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��"�
k � ζk/2 ∈ Σ(S0)

�
	.�"�ln � �����#nI���_�x���
ε

��ln

Zk/2(T, s)
�
	2���������l���_����
��"�(=9n ���� :��
b	��"�go?�"�

T ������ ���� �i4�(=.�"�
s

��lnC	�i6�h���"&����

R
+×∂S0

� �{�� :�������� � ���� ��
I��&��^�g��n s � �<&��l�����l���$����� T 7→ eηT Zk/2(T, s)�
	2k������#n ��nj���
R

+ ���� !
��"�
η < η1


 &��� :�

η1 =

(
3µ(λ̃+ µ)

(λ̃ + 2µ)2

)1/4√
bss(0, s).

� AZ�BAdz  

@BADF0>fip\kRBRSF/iSE
ζ0 KQ\�R]AfF�\aTWOUN[RSKUTWV�TZ��RSADF$E�F/E)yDiSPZVDFxYDi]TWyDOMF/E

{
Mζ0 = g0 KUV

S0,
zα

∣∣
∂S0

= 0,
� AW��Ad|  

�#ADF/iSF
g0 KQ\BR]AfF0>fiS\aRBR]Fbi]E!T^��RSADF�PZ\]`LE�Y[R]TZR]KQe�F/g[YfP^Vf\]KMTZV�T^�

gε �;@BADFo��PWe�RBR]A8P�R#R]AfF$EcFbE�yDipP^VfFoebP^VDVfT^R
\aTWOU�WF���TWi�RSADF2y=TZNDV _ P^iS`¥e
TZV _ K�RSKUTWVf\xTZV

z3
KQ\xR]AfFciSFbPW\aTWV¥��TWi�RSADF2YDiSFb\]F/Vfe/F)TZ�¤RSADF�z # y=TZNDV _ P^iS`�OMP�`WF/i

R]F/iSE2\/�.p V _ FbF _ �?RSADF)R]ADKMi _ e
TWEcY=TZVfF/VtR
M3

KQ\oP^V¥TWY8FbiSP^R]TZi�T^�;TWi _ Fbi
0
KUV
z3
�?�#ADKUOMF

B3
KQ\xT^�;TZi _ Fbi

4
KMV

z3
�;@BADF0>fip\kR#y=TZNDV _ P^iS`�OQP�`ZF/i�R]Fbi]E2\X\SP�RSKM\'>fFd\

Z0
α = 0

yDN[R
Z0

3 6= 0
KMV�~ZFbVDF/ipP^O �

§m\]KUVf~)RSADF$F
g[YfPZVf\]KUTWV �'AZ�BA A   ��FoTZy[RpP^KMV�Fd\kRSKUE2P�RSFb\By=F
Rk��F/FbV
zε P^V _ ζ0 �;�fTZiBF
gDP^E�YDOMF$��Fx~WF
R

‖zε − ζ0‖
H

1×L2(S)
≤ Cε1/4 � AW��AbG  

�#ADF/iSF
C
KM\�KMV _ FbY8FbV _ F/VtR#TZV

ε
�;@BAfKM\�Fb\aR]KME2P�RSF�KME�YDOUKMFb\BKMV Y8P^i]R]KQe
NDOQP^i�R]ADF$e/TZVL�ZFbi]~WF/Vfe/FXi]Fd\aNfO�RBT^�xR G�T�PZV _

KUE�YDiST��ZFd\¤RSADF$iSFb\]NDO�R#KMVqR z^G�T �
@�T¦e
TWVf\kRSi]N8e�R�RSADF F/gLY8P^Vf\]KUTWV�T^�oR]AfF+|�# _ KQ\aYfOMPWe
F/E�FbVWRp\���F+\]NDYDY=TW\]F�R]A8P�R RSADF iSKM~ZAtRa� AfP^V _ \aK _ F

f = fε _ F/Y=F/V _ \oTZV ε KUV+R]ADFc��TWOUOMT��#KUVf~ iSF/~ZNfOMPZi��BP�`lH}p � (xα, x3)
KQ\$P VDTWi]E2PZO�e/TLTZi _ KUV8P�R]Fc\a`[\aR]FbE&TZV

Ωε ��F�\]F
R X3 = ε−1x3
�¤P^V _�_ F�>fVDF�R]ADF��WFbe�RSTZi%>fF/O _

f(ε)(xα, X3) = f ε(xα, x3)
TZV R]ADF�E2P^VfK���TWO _

Ω := S × (−1, 1)
� � F�\aNDYfY8Tt\aFxR]A8P�R

f(ε)
P _ E�K�Rp\BR]ADF$F/g[YfP^Vf\]KMTZV

f(ε) '
∑

k≥0

εkfk,
� AW��A�s  

�#ADF/iSFc��TZi�P^OMO
k
�
fk KM\$KMV _ FbY8FbV _ FbVWR�TZ� ε KUV Ω

��@BADKQ\oAt`LY=T^RSADFb\]KM\oKQ\�\SP�RSKM\'>fF _ KMV+RSADF�e/PW\aF��#ADFbi]F
f
KQ\

KUV _ F/Y=F/V _ FbVtRxTZ�
ε
KMV�RSADF)YfAt`[\]KMebP^O�e/P^i]R]Fd\aKQP^V¥e/TLTZi _ KUV8P�R]Fd\/�}p V�R]ADKQ\oe/PW\aF$RSADF�@�P�`LOMTZiXF/gLY8P^Vf\]KUTWV�T^�

f
P�R

x3 = 0
PZi]TWNDV _ R]ADF$E�K _ � \]NDi]��PZe/Fx`LKMF/O _ \�R]AfF�e
TLF�@�e
KMF/VtRp\BT^��R]ADF$F/gLY8P^Vf\]KUTWV+�'AZ�BAds   �
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 �"�Gov
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ε1/2 �

uε '
∑

k≥0

εk/2

(
vk/2(xα,

x3

ε
) + χ(r)W k/2(

r√
ε
, s,

x3

ε
) + χ(r)ϕk/2(

r

ε
, s,

x3

ε
)

) � AW��Adu  
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C∞ � �(���� �i �x���Bn{���
Ωε 
��ln

W k/2(T, s,X3)
�
	������ ���� �i4�(={���������l���_����
��"�(=

n ���� ���
�	��"�go6�"�
T

 �"�<& �"&��.	�
�i6�2k������ln

η1

b	.�"�¥� AW��A�z   � � &��2� �� �i!	

vk/2 
��ln
W k/2 
� :�x�����(=��#��i%��
��X�"�

X3 = ε−1x3

��#n?	�i��\���<& ��� &��%� �� �i

ϕk/2(R, s,X3)
�
	 ����� ���� �i%�(= �:�������#�����$��
��"��=jn ���� :��
b	��"�goj�"�

R

��ln

&�
b	 	��"�Go�����
� ��"������	 �#��
� �<&��4��n�og��	!�'� �"&�� 	:&����"� �

§XV _ F/i�R]ADF$PW\]\]NDE�Y[R]KMTZV � AW��A�s   �LRSADF�z # i]KM~ZAtR]� AfPZV _ \]K _ F _ F�>fVDF _ yL`
gε = 1

2ε

∫ ε

−ε
f εdx3

P _ E�K�Rp\#P^V
F
g[YfP^V8\aKMTZV�T^��R]AfF$��TZiSE �'AZ�BAb{   �#K�RSA

gk = 1
2

∫ 1

−1 fk(X3)dX3
� p V�R]ADKQ\mebPZ\]FZ�[RSADF�YDiSFbe/KM\]F�e
TWE�YfP^iSKM\]TZV�T^�

R]ADF.>fip\kRBRSF/iSE�\�TZ�
zε PZV _ uε PZOUOMT��X\¤R]T��#i]KUR]F$\]AfP^iSY Fd\kRSKUE2P^R]Fb\�y=F
Rk��F/FbV RSADF$|�# _ KQ\aYfOMPWe
F/E�FbVWR#P^V _ RSADF

z # �mTWK�RSF/i)PZV _ E�F/E)yDiSPZVDF E�T _ FbOM\b� � F _ F�>fVDF
UKLz

RSADF��oKMiSepAfADT�D=� ²�T��ZF _ KQ\aYfOMPWe
F/E�FbVWR�PZ\S\aT[e/KMP^R]F _
�#K�RSA

z
PZ\

UKL
σ z = zσ − x3(θσ(z) + bασzα) + x2

3b
α
σθα(z)

P^V _
UKL

3 z = z3,
�#ADF/iSF

θα(z) = Dαz3 + bβαzβ
P^V _

p = λ(λ + 2µ)−1 ��@BADKQ\ _ KM\]YDOQPZe/F/E�F/VtRx\SP�RSKM\'>fFd\ ei3(U
KL
σ z) = 0

��TWi
P^OMO

z
�

� � ­��¤­ ������� ­�� ���
	�� �\� ���b	��z�<&�
��
f ε 	�
��$�
	 �x��	z�"&��;&�=������"&���	��
	B� AZ�BAds   � 
��lnC����� u(ε)

k��z�"&��s�<&G ���� �'n��"i6����	������l
��
n��
	$�#��
I����i6���_�!��� �"&��?	���
��B��n n ��i�
��"�

Ω
��
 �?	����

gε = 1
2ε

∫ ε

−ε
f εdx3

� � ���
ζε k��9�<&��?	����(���$����� � �?�"&��

i���i�k� :
��#�z�l :� k�����i � AW��Ad|   
 �"�"&j ���ob&G�
��&�
��#n4	���nI�
gε � 
��#n zε k��.�<&��0	����(���$�����|� �8�<&��������"� �� }i6�hnI���±�'AZ� r  
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��&�
��#n?	���nI�
gε
� � &���� 
 �0&�
 �b�%�<&��4��	��$�"i�
�� ��	

‖u(ε) − ζε‖
H1(Ω)2×L2(Ω)

≤ Cε1/4, ‖u(ε) − zε‖
H1(Ω)2×L2(Ω)

≤ Cε1/4,

‖u(ε) − zε‖
H1(Ω)3

≤ Cε1/4 
��#n ‖u(ε) − UKLzε‖
H1(Ω)2×L2(Ω)

≤ Cε3/4.

� AW��A�F  

@BADFb\]F)Fd\kRSKUE2P^R]Fb\�KMEcYfOU`�RSADF�e
TZVL�WF/iS~ZF/V8e
F$iSFb\]NDO�Rp\xT^�}R sL��u�T � � TZR]F)R]AfP^R
ζε _ TLFb\xVDTZRoe/TZVL�ZFbi]~WFoR]T��BP^i _ \

u(ε)
KUV�RSADF

H1(Ω)3
VDTZiSE��;p V RSADF$E�F/E�yfiSPZVDFoVDTZiSE

H1(Ω)2 × L2(Ω)
�DR]AfFoe/TZVL�ZFbi]~WF/Vfe/FmipP�RSFxTWy[RSPZKUVfF _

�#K�RSA�R]ADF+�oKUipepADADT D8� ²±T��WF _ KM\]YDOQPZe
FbE�F/VtR
UKLzε PW\]\]T[e
KQP�RSF _ �#K�RSA zε KM\�R]ADF+y8Fd\kR�Y8Tt\]\]KMyDOUF Nf\aKMVD~�z�#

TZy[jkFde�RS\hHXRSADF�OUFdP _ KMVD~�F/iSi]TWimRSF/iSE2\�KQ\o~ZT��WF/iSVDF _ yL`�YDNfi]F2|�# F�D=Fde�RS\ _ NDFcR]T�R]ADF�YDiSFb\]F/Vfe/F)TZ�¤y=TZNDV _ P^iS`
OMP�`WF/iBVDFbPZiBR]ADF$F _ ~ZFd\/�

p V�FbVDF/iS~Z`2VfTZiSE��[��FxVDF/F _ E�TWi]F�R]Fbi]E2\�R]T�~ZF/RXP^V�TZY[RSKUE2P^O�Fd\kRSKUE2P^R]Fo�#K�RSA RSADF�\SP^E�F
zε H;�fTZOMOUT��#KMVD~

�mTWK�RSF/i2R z^{bT���F _ F�>fVfF$R]ADF�R]ADiSF/F/� _ KME�F/Vf\]KMTZVfPZO±i]Fde
TWVf\kRSi]N8e�R]F _�_ KM\]YDOQPZe/F/E�F/VtRmKMV�VDTZiSE2P^O�e/TLTZi _ KUV8P�R]Fd\
Uzyt`

Uz = U
KLz + U

Compz
�#ADFbi]F

U
Comp
σ z = 0

PZV _
U3z = −x3pγ

α
α(z) +

x2
3

2 pρ
α
α(z).

� AW��A\a  

v�V RSADF$YDAL`[\aKQe/PZO±\aADFbOUO
Ωε �D��F _ F�>fVDFoRSADF$F/VDFbi]~W` Eε

3D[v]
yL`2R]AfF$F��tNfP�RSKUTWV

Eε
3D[v] =

∫

Ωε

Aijk`eij(v)ek`(v) dV,
� AZ�BAbr  

P^V _ ��Fx�#iSKUR]F
a = O(εp)

K�����FoAfP��ZF
cεp ≤ a ≤ Cεp ��TWi c P^V _ C VfTZV1&/F/iST2e
TWVf\kRpP^VtRS\BKMV _ FbY8FbV _ FbVWR�TZV

ε
� � KUR]A�RSADFb\]F$VDT^RpP�RSKUTWVf\/�[��FoAfP��ZF�R]AfF$i]Fd\aNDOURhH
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n��"i6����	������#
��l������
��$������	X�'AZ� |   
��#n
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fεdx3
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E
ε
3D[uε] = O(ε)


��#n
E

ε
3D[uε − Uzε] ≤ CεE

ε
3D[uε],

� AW� zZ{  
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ε
�

@BADKM\oFd\kRSKUE2P^R]Fb\oebP^V y=F2e
TWEcY8P^iSF _ RST RSADF�TZVDFcKMVDK�RSKMPZOUOM`¥~WKU�WF/V yL`|J�KML
NPO�Q KUV R z^{bT �)@BADF�OMFbP _ KUVf~�Fbi]iSTZi
R]F/iSE KQ\B~ZT��WF/iSVDF _ yt` R]ADF�| #:y8TWNDV _ PZi]` OMP�`WF/ip\/�^p RXKUE�YDiST��ZFd\�R]ADF$iSFb\]NDOURBKMVqR zWz\T���TZi#FbOUOMKMY[R]KQe�\]ADF/OMOM\b�

�DTWi�FdPZ\]F�T^�;Nf\]FZ�=RSADFc\aRSPZV _ PZi _ epAfPZVD~ZF�T^�;NDVD¡LVDT��#V
wε = µ−1(x3)u

ε KM\�E2P _ F���\]F/F R zWs\T   �?�#ADF/iSF
µ(x3)

KM\ _ F�>fVDF _ yt`

u = µ(x3)w =

{
uα = wα − x3b

β
αwβ

P^V _

u3 = w3.

� AW� z�A  

@BADF/TWi]FbE AZ� z)KM\BF �WNfKU��P^OMF/VtRB��TZi
uε PZV _ ��TZiBR]AfF�	'&�� ��� ��n _ KM\]YDOQPZe
FbE�F/VtR wε �

����� �
�"	��1��� � �
	���� � � ��� � .������

@BADF�YDi]TLTZ�¤T^��@BAfF/TZiSF/E�AW� z KQ\�y8PZ\]F _ TWV RSADF�i]Fd\aNfO�Rp\�KMV R�A�s\T���TZioR]AfF)��TWi]E2PZO�\]F/iSKUFd\o\aTWOUN[RSKUTWV TZ�¤R]AfF�| #
YDi]TWyDOMF/E�� � F$iSFbebP^OMO�ADF/iSFxR]ADKQ\#~ZFbVDF/ipP^O=��ipP^E�F/��TZiS¡?�

@BADFm>fiS\aR�\kRSF/Y KMV R�A�s\T _ KM\Se/PZi _ \�RSADF+OQP�RSF/ipP^Oxy8TWNDV _ PZi]`�e/TZV _ KUR]KMTZV8\/�xP^V _ \kRSN _ KMFb\�R]ADF"KMVDVDFbi�| #
F��tNfP�RSKUTWVf\B�#iSK�R]R]F/V�KMV RSF/iSE2\#T^��R]ADF�\]ADKU��R]F _�_ KQ\]YDOMPWe
FbEcFbVtR

w
H

{
L(xα, x3; Dα, ∂3)w

ε = −fε KMV
Ωε

T(xα, x3; Dα, ∂3)w
ε = 0

TZV
S

−

+ε

� AW� zWz  

�#ADF/iSF
∂3
KQ\#R]AfF�YfPZiaRSKMPZO _ F/iSKM��P^R]KM�ZF$�#KUR]A¥iSFb\]Y=Fbe�RmR]T

x3
�X@BADF�\Se/PZOUKMVD~

X3 = ε−1x3
P^OMOMT��X\�R]T \aRSP^R]F$RSADF

YDi]TWyDOMF/E � AW� zWz   TWV2R]ADFxE2P^VDKU��TZO _
Ω = S× (−1, 1)

�#KUR]A TWY8FbiSP^R]TWiS\
L(ε)

P^V _
T(ε)

AfP��LKUVD~�R]ADF���TZOMOUT��#KMVD~
Y8T���F/i#\]F/iSKUFd\BF
g[YfP^V8\aKMTZVf\hH

L(ε) = ε−2
∞∑

k=0

εkLk P^V _
T(ε) = ε−1

∞∑

k=0

εkTk,
� AW� zZ|  

�#K�RSA��#ADKMepA¥PZi]F�PW\]\]T[e
KQP�RSF _ R]ADF���TZiSE�PZO�\]F/iSKUFd\
L[ε]

PZV _
T[ε]

�#K�RSA�R]AfF�\]PZE�F�e
TLF�@�e
KMF/VtRp\���\]F/F�@BAfF/TZiSF/E
|D� |)TZ�zRBAds\T   �

n#FbebP^OMO;RSAfP�RcK��
E
PZV _

F
P^iSF2Rk��T���NDVfe
R]KMTZV \]YfPZe/Fb\b��KU�

a[t] =
∑

k≥0 t
kak KM\cP���TZiSE2P^O�\aFbi]KMFb\�KUV t�#K�RSA e
TLF�@�e
KMF/VtRp\

ak ∈ L(E,F )
P^V _

b[t] =
∑

k≥0 t
kbk

KQ\�P���TWi]E2P^O�\aFbi]KMFb\$�#KUR]A e/TLF�@�e
KMF/VtRS\
bk ∈ E

�
R]ADFbV+RSADF���TZiSE2P^O�\]F/iSKUFd\

c[t] = a[t]b[t]
KM\ _ F�>fVDF _ yL`�RSADF2F��tNfP^R]KMTZV

c[t] =
∑

k≥0 t
kck

�#AfF/iSF)��TWi$P^OMO
n
�

cn =
∑n

k=0 a
kbn−k �;@BADKQ\#KQ\�R]ADF�e/OMPW\]\]KMebP^O !�P^N8epAt` YDi]T _ N8e�RB��TZiB��TWi]E2P^O±\]F/iSKMFb\b�

!�TZVf\]K _ F/iSKUVf~ R]AfF ��TWi]E2P^Oo\]F/iSKUFd\
f [ε] =

∑
k≥0 ε

kfk KMV _ Nfe/F _ yt` �'AZ�BAds   �XRSADF | # ��TZiSE�PZOx\]F/iSKMFb\
YDi]TWyDOMF/E��#iSK�RSFb\hH���KMV _ P)��TZiSE2P^O±\]F/iSKUFd\

w[ε] =
∑

k≥0 ε
kwk �#KUR]AqA/�¢��TWi]E >fFbO _ e/TtF�@�e
KMF/VtRS\b�D\aN8epA RSAfP�R

{
L[ε]w[ε] = −f [ε]

KMV
Ω,

T[ε]w[ε] = 0
TWV

Γ
−

+,

� AW� z^G  

�#ADF/iSF
Γ

−

+

P^iSFxR]ADF$NDYfY8FbimP^V _ OMT���Fbi���PWe
Fd\BT^�
Ω
�

@BADF/TWi]FbE2\¤G8��AoP^V _ Gf� |�TZ�sRBAds\T±iSF _ N8e
FXRSADKQ\BYDi]TWyDOMF/E R]T�P�z # ��TZiSE2P^O?\aFbi]KMFb\�YDiSTZyDOMF/E TWV
S0
��@BADF/iSF

F
g[KM\aR$��TZiSE2P^O¤\]F/iSKMFb\$TWY8FbiSP^R]TZip\
V[ε]

�
Q[ε]

�
A[ε]

P^V _
G[ε]

\aN8epA+RSAfP�R)K��
z[ε] =

∑
k≥0 ε

kzk KM\�P���TZiSE�PZO
\aFbi]KMFb\B�#KUR]A�e
TLF�@2e/KUFbVtRS\BKMV

Σ(S0)
\SP�RSKM\a��`LKUVf~)RSADF$F��tNfP^R]KMTZV

A[ε]z[ε] = G[ε]f [ε]
KMV

S0,
� AW� zWs  
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R]ADFbV
w[ε]

_ F�>fVDF _ yL`2RSADF$F��tNfP^R]KMTZV

w[ε] = V[ε]z[ε] + Q[ε]f [ε]
KMV

Ω
� AW� zZu  

KM\X\]TZOMN[RSKUTWV�TZ��� AW� z^G   �;@BAfFo��TZiSE�PZO±\aFbi]KMFb\
A[ε]

�#i]KUR]Fd\

A[ε] = M + ε2A2 + · · · ,
�#ADF/iSF

M
KQ\�R]ADF�E�F/E)yDiSPZVDFcTZY=F/ipP�R]TWib�$@BADF�F/g[PWe�RoF
g[YDiSFb\S\aKMTZV T^�

A2 KQ\�~WKU�WF/V+KUV"@BADF/TWi]FbE Gf� G�TZ�}R�A�s\T �
P^V _ h;iSTZY=TW\]K�RSKUTWV�G8� s�~ZKM�ZFd\�PZV�Fd\kRSKUE2P^R]F$T^��R]ADF _ K�D?F/iSF/Vfe/Foy8F/Rk��FbF/V

A2 P^V _ R]ADF$y=F/V _ KUVf~cTWY8FbiSP^R]TWi B
T^�

R]ADFc�mTWK�RSF/iXE�T _ F/O � ¯ TWi]FbT��ZF/iBRSADFb\]F�TWY8FbiSP^R]TZip\Xe/TZKMVfe
K _ F�TWV�R]ADFc\aYfPWe
F$TZ�;KUVDF/gLR]F/V8\aKMTZVfPZO _ KQ\aYfOMPWe
F/E�FbVWRp\
��R]AfF�z # _ KQ\]YDOMPWe
FbEcFbVtRS\

z
\]NfepA�R]AfP^R

γαβ(z) = 0
  �

p V�RSADFX��TWOUOMT��#KUVf~f�t��F��#KUOMO?Nf\aFmR]ADF���PZe
R¤RSAfP�R�R]ADF���TZiSE2P^O=\aFbi]KMFb\
V[ε]

�
A[ε]

�
Q[ε]

PZV _
G[ε]

\SP�RSKM\a��`cR]ADF
��NDVfe�RSKUTWVfP^O�F��tNfP�RSKUTWVf\

{
L[ε]V[ε]z = −I ◦ A[ε]z,
T[ε]V[ε]z = 0,

PZV _ {
L[ε]Q[ε]f = I ◦ G[ε]f − f ,
T[ε]Q[ε]f = 0,

� AW� zgF  

��TZi�P^OMO
z ∈ Σ(S0)

PZV _
f ∈ C∞(I,Σ(S0))

� rXFbi]F I KM\ R]AfF ebP^VDTWVDKMebP^OXFbE�y=F _D_ KUVD~ I : Σ(S0) 7→
C∞(I,Σ(S0))

�
@BADF�\]Fbe
TWV _ \kRSF/Y"KMV RBAdsbTx��@BAfF/TZiSF/E s[� |   _ FbPZOM\��#K�RSA�y8TWNDV _ PZi]`¥OQP�`ZFbix��TZiSE�PZO;\aFbi]KMFb\b�?p V"~ZFbVDF/ipP^O �

K��
z[ε]

KQ\$P�\]TZOMN[R]KMTZV T^�$� AW� zWs   ��R]ADF2iSFbe/TZVf\aR]iSNfe�RSF _ _ KQ\aYDOQPZe/F/E�F/VtR�� AW� zZu   e/PZVDVDTZR$\SP�RSKM\a��`¥RSADF�e
TWV _ KUR]KMTZV
w[ε] = 0

TZVoRSADF¤OQP�RSF/ipP^O^y=TZNfV _ P^iS`Z��ILKUE�KMOMPZi]OM`�R]TXYDOQP�RSFb\���\]F/FCR z^u[�gAb{D�habT   ��RSADF�epAfPZVD~ZF�TZ�[��PZi]KQP^yfOUF
R = r/εP^OMOUT��X\xRST \kRpP�RSF2R]ADF���TZiSE�PZO¤\]F/iSKUFd\oYDi]TWyDOMF/E�H)��KMV _

ϕ[ε]
�#K�RSA e
TLF�@�e/KUFbVWRp\

ϕk(R, s,X3)
���������l���_����
��"�(=

n ���� ���
�	��"�go 
 �"�"&v :��	��������z� �
R
�f\]NfepA�R]AfP^R

(
L [ε],T [ε]

)
ϕ[ε] = 0

P^V _
w[ε]

∣∣
Γ0

+ ϕ[ε]
∣∣
R=0

= 0,
� AZ� z�a  

�#ADF/iSFcR]ADF2��TWi]E2PZO;\aFbi]KMFb\
L [ε]

PZV _
T [ε]

PZi]F�KMV _ Nfe/F _ yL`+@�P�`tOMTZioF/gLY8P^Vf\]KUTWVf\xKUV
R = 0

PZV _
X3 = 0T^��R]ADF�TZY=F/ipP�RSTZip\

L
PZV _

T
KMV�e
TLTZi _ KMVfP�RSFb\

(R, s,X3)
��P^V _ �#ADF/iSFcR]ADF���TWi]E2PZO;\aFbi]KMFb\

w[ε]
KM\o~WKU�WF/V yt`

� AZ� z^u   � � TZR]FoRSAfP�R
R = 0

e
TZKMVfe/K _ Fd\B�#K�RSA�R]ADF$OQP�RSF/ipP^O�y=TZNDV _ P^iS`
Γ0
�

@BADF/TWi]FbE°s[� | KMV R�A�sbT¤\]ADT��X\XRSAfP�R$RSADF�F
g[KQ\kRSF/Vfe/FcTZ��P���TZiSE2P^O�\aFbi]KMFb\
ϕ[ε]

\aTWOUNDR]KMTZV TZ�x�'AZ� z�a   iSF/OMKUFd\
NDY8TWV e/TZE�YfP^R]KMyDKUOMKURk` e
TWV _ KUR]KMTZVf\xTZV

z[ε]
TWV¥R]AfFcy=TZNfV _ P^iS`

∂S0
��@BADFbi]FcF
g[KQ\kRo��TZiSE2P^O�\]F/iSKUFd\�TWY8FbiSP^R]TWiS\

d[ε]
P^V _

h[ε]
�#AfTW\]F�e
TLF�@�e
KMF/VtRp\ _ F�>fVDF$��TWNDi#R]ipPZe/F$TZY=F/ipP�RSTZip\BTZV�R]AfF�y8TWNDV _ PZi]`

∂S0
�8\]NfepA�R]AfP^RmKU�

z[ε]\]P^R]KQ\ >fFd\�R]ADF$F �tNfP�RSKUTWV
d[ε]z[ε] = h[ε]f [ε]

TZV
∂S0,

� AW� zZr  
R]ADFbV ��F�e/PZV e
TWVf\aR]iSNfe�RBP$��TZiSE2P^O?\aFbi]KMFb\

ϕ[ε]
\]TZOMN[R]KMTZV T^��R]AfF�YDiSTZyfOUFbE �'AZ� z�a   � ¯ TZiSF/T��WF/id��R]ADF8>fip\kR�R]Fbi]E

T^��R]ADFo��TWi]E2P^O�\]F/iSKUFd\
d[ε]

�#i]KUR]Fd\

d0z = (zr, zs, z3, ∂rz3)
∣∣
∂S0

.
� AW� |W{  

@BADKM\xTWY8FbiSP^R]TZixKQ\mRSADF�VfP�RSNDipP^O�#mKMi]KQepADOMF
R$TZY=F/ipP�RSTZixPZ\S\aT[e
KQP�RSF _ �#KUR]A+R]AfF���TZKUR]FbimE�T _ F/O
K(ε)

��TZi
ε > 0

�
lm\xy8F/��TZiSFZ�?RSADFc��TZiSE�PZO�\aFbi]KMFb\

ϕ[ε]
KQ\oe
TZV8\kRSi]Nfe
R]F _ Nf\]KUVf~ ��TWi]E2P^O�\]F/iSKUFd\mTWY8FbiSP^R]TZio\SP�R]KQ\a��`tKMVD~ ��NDVfe�RSKUTWVfP^O

F��tNfP�RSKUTWVf\�T^��R]ADFxRk`LY8F2�'AZ� zIF   KMV�| #:y8TWNDV _ PZi]`2OQP�`ZFbi�\]YfPZe/Fb\o��\]F/FoF �WN8P�R]KMTZV8\x� s[�BA/G   PZV _ � s[�BAbu   KMVmRBAdsbT   �

��©�� � ����� ­ � ����� @BAfF$F��tNfP�RSKUTWVf\
{

A[ε]z[ε] = G[ε]f [ε]
KUV

S0,
d[ε]z[ε] = h[ε]f [ε]

TZV
∂S0,

� AW� |�A  

_ F�>fVfFoR]ADF6 :��n�������n8�l :� k�����i PW\]\]T[e
KQP�R]F _ �#KUR]A�R]AfF�|�#:��TWi]E2P^O±\]F/iSKMFb\�YDiSTZyDOMF/E��

�M�������������
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@BADF�YDiSTLT^��TZ�;@BADF/TWi]FbE AZ�BA$KM\X~ZKM�ZF/V�KMV¥\aFde�RSKUTWVf\Xz��ks[�BILFbe
R]KMTZV¥z�\kRSN _ KMFb\BRSADF�KMVDVDFbiXF��tNfP^R]KMTZVf\#y8PZ\]F _ TZV
P^V"KUVL�WF/ip\aF�T^�BRSADF2E�F/E�yfiSPZVDF2TZY=F/ipP�RSTZid�±�#ADKMOUF�I[Fbe�RSKUTWV�| _ FbPZOM\$�#KUR]A"RSADF2Rk��T^� _ KMEcFbVf\]KUTWVfP^O�y=TZNDV _ P^iS`
OMP�`WF/i#RSF/iSE�\b� p V ILFde�R]KMTZV G���F _ F�>fVfF�P^V _ \aTWOU�WF�P���TZiSE2P^O�\]F/iSKUFd\XYDiSTZyfOUFbE!KMV�Y8T���F/ip\#TZ�

ε1/2 P^V _ \aADT��
\aAfPZi]Y�Fb\aR]KME2P�RSFb\BKMV�I[Fbe�RSKUTWV�sD�

@BADF Yfi]TLT^�XTZ�X@BADF/TWi]FbE AW� z�KM\)~ZKM�ZFbV�KUV \]Fbe
R]KMTZVf\)u�� aD� � F VfT^R]F R]AfP^R�RSADF���TZKUR]Fbi�YDiSTZyDOMF/E �'AZ� r  
P^V _ R]ADFxi]F _ Nfe/F _ YDiSTZyfOUFbE&� AZ� |�A   AfP��WF#R]AfFx\SP^E�FC>8iS\aR�RSF/iSE2\/�;p V�I[Fbe�RSKUTWV�uf�t\aRSPZiaRSKUVD~���i]TWE R]ADFxiSF _ Nfe/F _
YDi]TWyDOMF/E�� AW� |�A   Y=TW\]F _ TWV�R]AfF�E�K _ � \]NDi]��PZe
FW�8��F _ F�>fVDFcP�z�# ��TWi]E2P^O�\aFbi]KMFb\mYDiSTZyDOMF/E KUV+Y8T���F/ip\#TZ�

ε1/2
KUVfe/OUN _ KUVf~ z # y=TZNDV _ P^iS`�OQP�`ZF/ip\b�L\]KMEcKMOQP^iBR]T�RSADF$TZVfF$TZy[RpP^KMVDF _ KUV¥ILFde�RSKUTWV�G���TWiBR]ADF���TZKUR]Fbi#E�T _ F/O �;@BADF
\aTWOUN[RSKUTWV�TZ�±R]AfKM\#Yfi]TWyDOUFbE�P^OMOUT��X\�RST�e/TZVf\aR]iSNfe
R�RSADFxR]F/iSE2\BT^��R]ADF$|�#:F/g[YfP^Vf\]KMTZV KMV�ILFbe
R]KMTZV{FL�;@BADF.>fVfPZO
F/iSi]TWi�Fd\kRSKUE2P^R]Fb\#PZi]Fx~ZKM�ZFbV�KMV¥ILFbe
R]KMTZVvaD�

@BADFxYDi]TLTZ��T^��@BAfF/TZiSF/E AW� GcKM\�~WKU�WF/V�KMV�lmYDY=F/V _ KUg�£ �#ADKMOMFxlmYDY8FbV _ KUg�l KM\ _ Fb�ZTZR]F _ R]T�P�RSFbepADVDKQe/PZO
i]Fd\aNDOUR#VDF/F _ F _ KMV�\aFde�R]KMTZV�uD�

� �u/ 7�,�� -�� /21	��
 7�+?+�� -
��� 3	�x,87�/2+��

� F�e/TZVf\]K _ F/iBRSADF�\aTWOUNDR]KMTZV
z ∈ Σ(S0)

T^��R]ADF$YDiSTZyfOUFbE

{
K(ε)z = g

KMV
S0,

z
∣∣
∂S0

= c∗
P^V _

∂rz3
∣∣
∂S0

= cn,

� z[�BA  

�#ADF/iSF
g ∈ Σ(S0)

�
c∗ = (cr, cs, c3) ∈ C ∞(∂S0)

3 PZV _ cn ∈ C∞(S0)
�X@BADKQ\XKQ\#RSADF�YDiSTZyfOUFbE � AW� r   �#KUR]A

VDTZV�ADTWE�TZ~ZFbVDF/TWNf\oy=TZNDV _ P^iS`+e
TWV _ KUR]KMTZVf\b� p V"R]ADF ��TZOMOUT��#KMVD~���F�\aF/R
c = (c∗, c3) ∈ C ∞(∂S0)

4 ��@BADF
F
g[KM\aR]FbVfe
FoTZ�

z
KM\XP�e/TZVf\]F��tNDFbVfe
FxT^��R]ADF$KMVDF �WN8P^OMK�Rk`

‖γ(z)‖
L2(S0)

+ ‖ρ(z)‖
L2(S0)

≥ C‖z‖
H1×H2(S0)

� z[� z  

��TZiXP^OMO
z ∈ H

1
0 × H2

0(S0)
�8\aFbF4R zbT �

@BADFcTZY=F/ipP�R]TWiS\
M
P^V _

K(ε)
\aYDOMKURoKMVtR]T�\aNDi]��PZe/KMe)P^V _ R]ipP^Vf\]�ZFbiS\]F�YfPZiaRp\/�?�#ADKQepA A8P��ZF$RSADFc��TZOMOUT��#KMVD~

yDOUT[ep¡ _ F/~ZiSF/Fd\�H

deg M =

(
2 1
1 0

) P^V _
deg K(ε) =

(
2 3
3 4

)
.

l#e/e
TWi _ KUVD~XR]T!RBA�T ����F�\]P�`�R]A8P�R
M
KQ\�TZ�DE�NDOUR]K _ Fb~ZiSF/F

(2, 0)
PZV _

K(ε)
TZ�DE�NDOUR]K _ F/~Wi]FbF

(2, 4)
��@BAfF¤��TWOUOMT��#KUVf~

i]Fd\aNDOURX~ZKM�ZFd\�R]ADF�F/OMOUKMY[R]KQe
KURk` Yfi]TWY8FbiaRk`�TZ�
M
KUV�RSADF�e/PW\aFo�#ADFbi]F

S0
KM\#FbOUOMKMY[R]KQe^��@BADKM\Xi]Fd\aNDOURme/PZV�y8Fo��TWNDV _

KUVqRBAbubT�PZV _ R zZrbT �

��� ©L­ � © � � ��� � �\� ���b	��q�<&�
��
S0

�
	q���"�(� �#�$��� � � &��qi6��i�k� :
��l�t������ :
�� �� 
M = (Mα,M3)


I���$�"�go ���

z = (zα, z3) ∈ Σ(S0)
�
	v	��$ :���Go���= ���"��� �#�$���t� �|i%���(�$��n � o  :���

(2, 0)
�"�f�<&��|	�����	�� �'���zo�i6��� ��� ��� o �(�
	
��#n��2�" :���lk��� �o � � &�� � �" �����&G�����j������ :
�� �� z →

(
zr, zs

) ∣∣
∂S0

	�
��$�
	 �x��	{�<&��q����i}�#�B��i6���_���"�Go k������#nI
� �=
�����#n��"������� � �|�� :�������� � �"&����I�� ��#���x� � M


 �"�"& �<&���	���k������ln 
� �= �����ln��"�$������	j�
	9 :��n�������n{� � {0} � 
��#n 
 �&�
����x���� 
z ∈ Σ(S0)

�

‖z‖
Hp+1×Hp(S0)

≤ C
(
‖Mz‖

Hp−1×Hp(S0)
+ ‖(zr, zs)‖Hp+1/2(∂S0)2

)
,

� z[� |  


 &��� :�
p > − 1

2

�
	!
 �Z�G��n6 :� o ����
� ��"�$=6�"�#nI�:��
��ln
C

j������	�� 
���� n � �����#n��"�go����

S0

��#n

p
�

lm\Xe/TZiSTZOMOMPZi]`���Fx�#KMOMO±E2P^KMVDOU` Nf\aFoRSADFx��TZOMOUT��#KMVD~�iSFb\]NDO�R\H
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��� ©L­ � © � � ��� � �\� ���b	��m�"&�
��
S0

�
	m���"�(� �l����� � � ���
g ∈ Σ(S0)


��lnt�B���
cr


��#n
cs

� 
 �9�����l���$������	m� �
C∞(∂S0)

��� &����m�"&��� ��%���I�
	���	2
6����� �����
ζ ∈ Σ(S0)

	�����&v�"&�
��

{
Mζ = g

�"�
S0,

ζr
∣∣
∂S0

= cr

��ln

ζs
∣∣
∂S0

= cs.

ILNDYDY=TW\]FcR]AfP^RoR]ADF�iSKU~WAWR]� A8P^V _ \aK _ F
g = gε KUV �¢zD��A   F/gLY8P^V _ \oKMV Y8T���F/ip\�\]F/iSKMFb\xT^� ε ��\]F/F�� AW��Ad{  k  �� F8>fip\kR#\aFbF/¡cR]AfFo\]TZOMN[RSKUTWV

zε T^��� AZ� r   NDV _ F/i�R]ADF���TZiSE z =
∑

k≥0 ε
kzk �;@BAfKM\�`LKUFbO _ \�RSADFm��TWi]E2PZO?\]F/iSKMFb\

YDi]TWyDOMF/E
K[ε]z[ε] = g[ε]

�¢zD� G  
�#ADF/iSF

K[ε]
KM\$R]ADF6>8VDK�RSF2��TZiSE2P^O¤\]F/iSKMFb\

M + ε2B
P^V _

g[ε]
KQ\$KMV _ Nfe/F _ yL`¥RSADF�F
g[YfPZVf\]KUTWV TZ�

gε ��@BADKQ\
YDi]TWyDOMF/E�KQ\#F��tNDKM��P^OMF/VtRBR]TcR]AfF�e
TZOMOMFbe�RSKUTWV�TZ��F �tNfP�RSKUTWVf\�H

∀ k ≥ 0 , Mzk = −Bzk−2 + gk,
� z[� s  

�#ADF/iSF���FB\aF/R
zk = 0

��TZi
k ≤ 0

��@BADF�YDiSF/�LKMTZNf\�@BADF/TWi]FbE \aAfT��X\�yL`$KMV _ Nfe
R]KMTZV)R]ADFBF
g[KQ\kRSF/Vfe/F�TZ�8\]TZOMN[R]KMTZVf\
T^��RSADFb\]FoF��tNfP^R]KMTZVf\b��rXT���F/�ZFbi���F$e/PZVDVDT^R#\SP�R]KQ\a��`�KUV�~ZFbVDF/ipP^O=RSADFo�#ADTZOMFoy8TWNDV _ PZi]`�e/TZV _ KUR]KMTZV8\

d0zε = cyt`�P�Y8T���F/i#\]F/iSKUFd\�iSF/Yfi]Fd\aFbVWRpP�RSKUTWV T^��R]AfF�\aTWOUN[RSKUTWV±�

� ��� /��G1%7 � � +��l7�/2+���
��0/ 36+?1 �6-	� 
 �
���x- �

lm\�R]AfF¤E�FbPZV)\]NDia��PWe
F
S0
KQ\�FbOUOMKMY[R]KQe^����F¤AfP��WF;��TWi�PZOUOLe
TLTZi _ KMVfP�RSF¤\]`L\aR]FbE P^V _ PZOUO

(ξα) = (ξ1, ξ2) ∈ R
2

bαβξαξβ ≥ c(ξ21 + ξ22)
�#KUR]A

c > 0.

§m\]KUVD~�RSADF���PZe
R$R]AfP^R
r
KQ\xR]ADF2~WF/T _ Fb\]KQe _ KQ\aRSP^V8e
FcR]T�RSADF2y8TWNDV _ PZi]`�TZ�

S0
��KUR$KM\�FbPZ\]`�R]T¥\]ADT�� RSAfP�R���F

AfP��ZF
arr(r, s) = 1

PZV _
ars(r, s) = 0

��TWi�PZOUO
(r, s)

� l�\
s
KQ\)R]ADF�P^ipe�� OMF/VD~ZR]A TWV

∂S0
�¤��F�P^OQ\aT+AfP��ZF

ass(0, s) = 1
��TZimPZOUO

s
� � F$RSALNf\me/TZE�YDN[RSF$R]AfP^RXR]AfF !�ADiSKM\aR]T D=FbO�\a`LE)y8TWOM\X\SP�RSKM\a��`

Γr
rr = Γs

rr = Γr
rs = 0��TZi PZOUO

(r, s)
� ILKMEcKMOQP^iSOU`���F�AfP��WF

Γs
rs(r, s) = 1

2a
ss(r, s)∂rass(r, s)

�
Γr

ss(r, s) = − 1
2∂rass(r, s)

PZV _
Γs

ss(r, s) = 1
2∂sass(r, s)

� p V�YfPZiaRSKMe/NDOMPZiB��FoAfP��WF
Γs

ss(0, s) = 0
�

p V�TZi _ F/i�R]T e/TZVf\aR]iSNfe�R�R]ADF�y=TZNfV _ P^iS` OMP�`WF/ip\/�±��F�AfP��WF�R]T¥E2P^RSepA"R]AfF TZY=F/ipP�RSTZip\
M
PZV _

B
�¥@BADF

R]ipP^Vf\]�ZFbiS\]F�e/TZE�Y8TWVDF/VtR
B3
T^��R]ADF$y=F/V _ KUVf~cTWY8FbiSP^R]TWi

B
KQ\#P^V�TZY=F/ipP�R]TWi�TZ��TWi _ Fbi

4
KMV
z3
�#AfKUOMF

M3
KQ\#P^V

TZY=F/ipP�R]TWiBT^��TWi _ F/i
0
KUV
z3
�;�fTZOMOUT��#KMVD~�R |W{bT �D��FoADFbVfe
F$\]F
R��¢\aFbFoPZOM\]T�R z abT   H

T = ε−1/2r
PZV _ R]ALNf\

∂r = ε−1/2∂T .
�¢|D�BA  

ILF
R]R]KMVD~
K(ε)(r, s; ∂r, ∂s)

RSADF$TZY=F/ipP�RSTZi
K(ε)

KUV�e
TLTWi _ KMVfP^R]Fb\
(r, s)

�D��F _ F�>fVDFoRSADF$TZY=F/ipP�RSTZi
K(ε)

PZ\

K(ε)(T, s; ∂T , ∂s) := K(ε)(ε1/2T, s; ε−1/2∂T , ∂s).
�¢|D� z  

@BADF$TZY=F/ipP�RSTZi
K(ε)

PWe�RS\BTWV RSADF$E2P^VDKU��TZO _

S̆ := [ 0,+∞ [×∂S0.
�¢|D� |  

§m\]KUVD~�R]ADFm@�P�`LOUTWi�F
g[YfPZVf\aKMTZV�KMV
T = 0

T^�?RSADFme
TLF�@2e/KUFbVtRS\;TZ�8RSADFmTWY8FbiSP^R]TWi
K(ε)

�t��Fme/PZV�PZ\S\aT[e
KQP�RSFB�#K�RSA
R]ADKQ\#TZY=F/ipP�RSTZi#P0���� �i6
��M	��� �����	�KMV

ε1/2 �D�#iSK�R]R]FbV K[ε1/2]
�;lm\

M
KQ\#T^��TZi _ F/i

2
�f��FoAfP��WF

K[ε1/2] =
∑

k≥−2

εk/2
K

k/2,
�¢|D� G  

�#ADF/iSF
K

k/2 : Σ(S̆) → Σ(S̆)
P^iSFxTZY=F/ipP�R]TWiS\�KMV

∂T
PZV _

∂s
�DY8TWOU`LVDTWE�KMPZOM\�KMV

T
�

�M�������������
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rXFbi]FW��PZ\�R]AfF���TZiSE�PZO�\aFbi]KMFb\���|f� G   KMVL�ZTWOU�WFb\xY8T���F/ip\�T^�
ε1/2 �±KUR�KM\oV8P�R]NfiSPZO�RST�e
TZV8\aK _ F/ixRSADF�~ZF/VfF/ipP^O

��TZiSE�PZO±\aFbi]KMFb\�YDiSTZyfOUFbE
K[ε1/2] Z[ε1/2] = G[ε1/2],

�¢|D� s  
�#ADF/iSF

Z[ε1/2] =
∑

k≥0 ε
k/2Zk/2 P^V _ G[ε1/2] =

∑
k≥0 ε

k/2Gk/2 P^iSF$��TZiSE2P^O�\aFbi]KMFb\m�#K�RSA e
TLF�@�e/KUFbVWRp\
KUV

Σ(S̆)
�

@BADF0>fip\kR#VDTWV[� &/F/iST)R]F/iSE�KMV�R]ADFo��TWi]E2P^O±\]F/iSKMFb\
K[ε1/2]

KM\�RSADF$TZY=F/ipP�RSTZi
K

−1 H

K−1
T (Z) = −(λ̃+ 2µ) ∂2

TZT , K−1
s (Z) = −µ∂2

TZs
P^V _ K−1

3 (Z) = 0.
��|f� u  

p V�RSADF$TZY=F/ipP�RSTZi
K

−1/2 �[R]ADF�e/TZE�Y=TZVDFbVWR K−1/2
3

_ F/Y=F/V _ \#TZVfOU`�TZV�R]ADF$TWY8FbiSP^R]TZi
M3

H

K−1/2
3 (Z) = −2(λ̃H + µbrr) ∂TZT − 2µbrs ∂TZs,

�¢|D�(F  
�#ADF/iSF

brr
�
brs

P^V _
bss

P^iSFoR]ADF)e
TZE�Y=TZVDFbVtRS\#TZ��RSADF�\]Fbe/TZV _ ��NDV _ P^E�F/VtRSPZO±��TWi]E
brr(0, s)

�
brs(0, s)

PZV _
bss(0, s)

TZV�R]ADF$y=TZNfV _ P^iS` PZV _
H = 1

2 (brr + bss)
KM\#R]ADF$E�FbPZV�e/NDiS��P^R]NDiSF$P^OMTZVD~

∂S0
�

@BADFcKUV��8NDF/Vfe/F)TZ�;R]AfF)TWY8FbiSP^R]TZi
B3

P���R]FbimRSADFcADTZE�TZ~WF/VDK'&bP^R]KMTZV�TWVDOU`¥PZYDY=FbP^ip\XKMV¥RSADF�TZY=F/ipP�RSTZi K0
3

�
@BAfP�R¤KQ\��#AL`���FXE2P^¡WF#P�\]ebP^OMKUVf~xKMV�R]AfFXYDiSTZyDOMF/E ��|D� s   KUV�TZi _ Fbi�R]T$TWy[RSPZKUV2Po��TWi]E2P^OD\]F/iSKMFb\�YDiSTZyfOUFbE'�#KUR]A
P2>fip\aR�TWY8FbiSP^R]TZi¤R]Fbi]E AfP��LKMVD~)PZOUO?VDTWV[� &/F/iST)e/TZE�Y=TZVDFbVWRp\/�LP^V _ RSPZ¡LKUVD~cKMVWRSTcPWe/e/TZNDVtR¤RSADFoKUV��fNDF/V8e
FxT^�±RSADF
TZY=F/ipP�R]TWi

B3
� � F�\aF/R

{
Z̆α[ε1/2] = Zα[ε1/2],

Z̆3[ε
1/2] = ε1/2Z3[ε

1/2],

P^V _
{
Ğα[ε1/2] = εGα[ε1/2],

Ğ3[ε
1/2] = ε1/2G3[ε

1/2].

�¢|D� a  

@BADFb\]Foi]FbOMP^R]KMTZVf\BiSFbP _

∀k ≥ 0,

{
Z

k/2
α = Z̆

k/2
α ,

Z
k/2
3 = Z̆

(k+1)/2
3 ,

PZV _
{
G

k/2
α = Ğ

(k+2)/2
α ,

G
k/2
3 = Ğ

(k+1)/2
3 .

�¢|D� r  

p �=RSADFB��TZiSE2P^OD\]F/iSKUFd\
Z̆[ε1/2]

\aRSPZiaRp\��#K�RSA2PoY8T���F/i
0
TZ�
ε1/2 �^RSADKM\;KUE�YDOMKUFd\�R]A8P�R;RSADFXe
TWi]iSFb\]Y8TWV _ KMVD~���TZiSE�PZO

\aFbi]KMFb\
Z[ε1/2]

\aRSPZiaRp\B�#K�RSA�P)Y=T���F/i −1/2
T^�
ε
�

� F _ F�>fVDFoRSADFo��TZiSE2P^O±\]F/iSKUFd\
K̆[ε1/2]

yL` R]ADFo��TWi]E2P^O�\]F/iSKUFd\BF��tNfP^R]KMTZV

K̆[ε1/2] Z̆[ε1/2] =
(
εKσ[ε1/2] Z[ε1/2] , ε1/2K3[ε

1/2] Z[ε1/2]
)
.

��|f��Ad{  
@BADF$YDiSTZyDOMF/E°�¢|D� s   KQ\�R]ALNf\#F �WNfKU��P^OMF/VtRBR]T�RSADF$YDiSTZyDOMF/E

K̆[ε1/2] Z̆[ε1/2] = Ğ[ε1/2].
��|f��AIA  

@BADFo��TZiSE2P^O�\aFbi]KMFb\
K̆[ε1/2] =

∑

k≥0

εk/2
K̆

k/2

AfPZ\�RSADF/V���TZi >8iS\aR#R]Fbi]E RSADF$TZY=F/ipP�RSTZi
K̆0 �#AfTW\]Foe/TZE�Y=TZVDFbVWRp\B�#i]KUR]FW�L��TZi Z̆ ∈ Σ(S̆)

H

K̆0
T (Z̆) = − (λ̃+ 2µ) ∂2

T Z̆T + 2(λ̃H + µbrr) ∂T Z̆3,

K̆0
s(Z̆) = − µ∂2

T Z̆s + 2µbrs ∂T Z̆3,

K̆0
3(Z̆) = − 2(λ̃H + µbrr) ∂T Z̆T − 2µbrs ∂T Z̆s

+ 1
3 (λ̃+ 2µ) ∂4

T Z̆3 + 4
(
(λ̃+ 2µ)H2 − µK

)
Z̆3,

��|f��A�z  

�#ADF/iSF
K = brrbss − b2rs

KQ\�R]ADF $oPZNf\S\aKQP^V�e
NDiS��P�RSNDi]FxT^�
S0
PZOUTWVD~

∂S0
�

� TZR]F�R]AfP^R�R]ADF���P^iSKMPZyDOMF
s
TWVDOM` P^YDY=FbPZiS\cKMV RSADF�e
TLF�@�e
KMF/VtRp\�T^�mRSADF�TZY=F/ipP�RSTZi

K̆0 P^V _ R]ALNf\2ebP^V
y8F�e
TZV8\aK _ F/iSF _ PW\�P�YfPZiSPZE�F
R]Fbib���fTZi >Dg[F _

s
��RSADF TWY8FbiSP^R]TWi

K̆0 KQ\cP¥\a`[\aR]FbE TZ�BTWi _ KUVfPZi]` _ K�D=Fbi]FbVWRSKMPZO
F��tNfP�RSKUTWVf\BKMV

T
TZV�R]AfF$KUVtR]Fbi]��PZO

[ 0,+∞ [
�
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���������
	���
�����������
���	�������	����� !���"��� �#�$���%	'&����"�(	 Ab|

� � ­��¤­ ������� ­�� 	 ��� � ���
s ∈ ∂S0

�^�g��n � 
��lnq����� c3, cn ∈ R
� � &��� :�m���I�
	���	v
 ����� ����� �����#���������

ϕ̆ ∈
C∞(R+)3

�:�������l���_����
��"�(=jn ���� :��
b	��"�go � 	�������������� � �2�"&�� 	�=b	�� ��i
{

K̆0(ϕ̆) = 0
�"�

[ 0,+∞ [

ϕ̆3

∣∣
T=0

= c3

��#n

∂T ϕ̆3

∣∣
T=0

= cn.

��|f��Ad|  

�{�� :�������� � ���� !
��"� η < η1

 &��� :�

η1
�
	}o � �b���|�"� � AZ�BAdz   � eηT ϕ̆

�
	!k������#nI��nj
b	
T → ∞

�

� � ­�­�� � ²�F
RmN8\#�#i]KUR]F�R]ADF�\]`LE�y=TZO±TZ��RSADF�TWY8FbiSP^R]TZi
K̆0 yL` iSF/YDOQPZe/KUVf~)��TWi]E2PZOUOM` ∂T

yL`
iτ
�#ADFbi]F

τ
KM\�P

e
TZE�YDOMF
g�VtNfE�y=F/id�;@BADKM\#\]`LE�y=TZO��#iSK�RSFb\



(λ̃+ 2µ)τ2 0 2i(λ̃H + µbrr)τ
0 µτ2 2iµbrsτ

−2i(λ̃H + µbrr)τ −2iµbrsτ
1
3 (λ̃+ 2µ)τ4 + b


 ,

��|f��AbG  

�#ADF/iSF
b = 4

(
(λ̃+ 2µ)H2 − µK

) �;@BADF _ F/R]F/iSE�KUV8P^VtR#T^��RSADKQ\#E2P�R]iSKUg KM\

µτ4

(
1

3
(λ̃ + 2µ)2τ4 + 4µ(λ̃+ µ)b2ss

)
.

��|f��A�s  

@BADKM\XY8TWOU`LVDTWEcKQP^O?KMV
τ
A8PZ\

0
PZ\BiSTtTZR#T^��TWi _ F/i

4
�DPZV _

4
e/TZE�YDOMF
g iSTLT^RS\

e
iπ
4

4
√
a, e−

iπ
4

4
√
a, e

3iπ
4

4
√
a

P^V _
e−

3iπ
4

4
√
a,

�#ADF/iSF
a =

12µ(λ̃+ µ)

(λ̃+ 2µ)2
b2ss > 0.

lXE�TZVD~cRSADFb\]F$i]TLTZRS\b�tTWVDOM`�Rk��T)AfP��WFoY8Tt\aKUR]KM�ZFoKME�PZ~ZKMVfP^iS`2YfPZiaRp\�H
e

iπ
4 4
√
a
PZV _

e
3iπ
4 4
√
a
�;@BADFb\]F$iSTtTZRS\BP^iSF

η1(1 + i), η1(1 − i), −η1(1 + i)
PZV _ − η1(1 − i).

�DTZi}>Dg[F _
s
�8e/TZVf\]K _ F/i�VDT�� RSADF�F �tNfP�RSKUTWV

K̆0(ϕ̆) = 0
KUV

R
+ �#lm\ (λ̃H + µbrr) 6= 0

�8��F)e/P^V�RSiSPZVf\a��TZiSE
R]ADKQ\X\]`L\aR]FbE�KMV�P)RSi]KQP^VD~WNDOQP^i#\a`[\aR]FbE��#i]KURaRSF/V

2(λ̃H + µbrr) ∂T ϕ̆T + 2µbrs ∂T ϕ̆s

− 1
3 (λ̃+ 2µ) ∂4

T ϕ̆3 − 4
(
(λ̃+ 2µ)H2 − µK

)
ϕ̆3 = 0,

µ ∂2
T ϕ̆s − 2µbrs ∂T ϕ̆3 = 0,(

1
3 (λ̃+ 2µ)2∂4

T + 4µ(λ̃+ µ)b2ss

)
∂T ϕ̆3 = 0.

��|f��Adu  

� F _ F _ Nfe/Fo��i]TWE R]ADF$OQPZ\aR#F��tNfP^R]KMTZV�R]AfP^R
ϕ̆3
�#iSKUR]Fb\

ϕ̆3 = A1 +A2e
−Tη1(1+i) +A3e

−Tη1(1−i) +A4e
Tη1(1+i) +A5e

Tη1(1+i),
�#ADF/iSF

A1
�
A2
�
A3
�
A4

PZV _
A5

P^iSF$e
TZE�YDOMF
g�VtNfE�y=F/ip\/��lm\X��F$\]F/F/¡
ϕ̆
F
g[Y8TWVDF/VtRSKMPZOUOM` _ Fde
iSFbPZ\]KMVD~�KMV

T
�

��F _ F _ Nfe
FoRSAfP�R
A1 = A4 = A5 = 0

�;§m\]KUVD~cRSADF$y8TWNDV _ PZi]`�e
TZV _ K�RSKUTWVf\BKMV"�¢|D�BAb|   ��F _ F _ Nfe
FxR]A8P�R

ϕ̆3(T ) = e−η1T

(
1

η1
cn sin(η1T ) + c3

(
cos(η1T ) + sin(η1T )

))
.

��|f��A�F  

@BADF�\aFde
TWV _ F �tNfP�RSKUTWV�KMV �¢|D�BAbu   RSADF/V�\]ADT��X\�R]A8P�R

ϕ̆s(T ) = 2brs

∫ +∞

T

ϕ̆3(T ) dT
��|D�BAha  

KM\BRSADF$NDVDK �tNDF$\aTWOUNDR]KMTZV
ϕ̆s
F/gLY=TZVfF/VtR]KQP^OMOU` _ Fbe/i]FdPZ\]KUVD~8����KMVfP^OMOM`2R]ADF$F �tNfP�RSKUTWV

ϕ̆T (T ) = −µbrs(λ̃H + µbrr)
−1ϕ̆s(T )

+ (λ̃H + µbrr)
−1

∫ ∞

T

(
1
6 (λ̃+ 2µ) ∂4

T ϕ̆3(T ) + 2
(
(λ̃+ 2µ)H2 − µK

)
ϕ̆3(T )

)
dT

��|f��Adr  

`tKMF/O _ \�RSADF$NDVDK �tNDF�\aTWOUNDR]KMTZV�F
g[Y8TWVDF/VtRSKMPZOUOM` _ Fde
iSFbPZ\]KMVD~)TZ��RSADF0>fip\kRXF �WN8P�R]KMTZV�KMV �¢|D�BAbu   �

�M�������������



A/G �M
I���

p V�TZi _ F/i�R]T�\]TZOM�ZF�R]AfF�\a`[\aR]F/E ��|D�BAb|   �#K�RSA�VfTZV[� &/Fbi]Tci]KM~ZAtR]� AfPZV _ \]K _ Fb\b�[��F _ F�>fVDFxRSADF�\aY8PZe
F

T(R+) := { f ∈ C
∞(R+) | ∀ i, k ∈ N, ∀η < η1, eηT∂i

T f ∈ L2(R+) }. ��|D� z^{  

@�TcR]AfKM\B��NfVfe�RSKUTWV�\]YfPWe
Fo��F$PW\]\]T[e
KQP�R]F�R]AfF _ KM\]YDOQPZe/F/E�F/VtRX\aY8PZe
F

T(R+) := { ϕ̆ = (ϕ̆T , ϕ̆s, ϕ̆3) ∈ T(R+)3 }. ��|f� z�A  

p �
Ğ ∈ T(R+)

�t��FmebP^V�e
TWVf\aR]iSNfe�R¤TWV�R]ADF�KUVtRSF/iS��PZO
[ 0,+∞ [

P�\aTWOUNDR]KMTZV2F
g[Y=TZVDFbVtR]KQP^OMOU` _ Fbe/i]FdPZ\]KUVf~$T^�?R]ADF
\a`[\aR]F/E

{
K̆0(Z̆) = Ğ

KUV
[ 0,+∞ [,

Z̆3 = ∂T Z̆3 = 0
��TWi

T = 0,
Nf\aKMVD~+F
g[YDOMKMe/K�R�KUVtRSF/~ZipP^O�iSF/YDiSFb\]F/VtRSP^R]KMTZVXH2\]F/F R]ADF���TZiSE�NDOQP^F�YfP^~WF Gga�KUVfR�A�T ��@BADKQ\cYfP^i]R]KQe
NfOMPZi)\]TZOMN[R]KMTZV
KM\�R]AfF/V F/g[Y8TWVDF/VtR]KQP^OMOM` _ Fbe
iSFbPW\aKMVD~��#KUR]A P^V+F
g[Y8TWVDF/VtRo\aE2P^OMOMF/i�R]AfPZV

η1
�2rXF/V8e
Fc��F)AfP��ZF�R]ADF)��TZOMOUT��#KMVD~

i]Fd\aNDOURhH

��� ©L­ � © � 	 ��� � ���
s ∈ ∂S0

�^�G��n � � ���
Ğ ∈ T(R+) � 
��#n �B��� c3, cn ∈ R

� � &��� :�{���I�
	���	v
 ����� �����

Z̆ ∈ T(R+)
	����(���$�����q� � �<&��2	�=b	�� ��i

{
K̆0(Z̆) = Ğ

�"�
R

+,

Z̆3

∣∣
T=0

= c3

��#n

∂T Z̆3

∣∣
T=0

= cn.

��|f� zWz  

�{�� :�������� � � �%�<&��6 ���o\&�����&�
��#nv	���n � Ğ ∈ C ∞(∂S0,T(R+)
) 
��#n�� �

c3(s)

��ln

cn(s)

� :�

C∞ �����l���$������	
���

∂S0 �
�"&����|�"&�� 	��������������

Z̆
� �$�¢|D� zZz   n ��� �l��	!
��q���B��i6���_�x�'�

C∞(∂S0,T(R+)
) �

� � /2+��#,0-.3�5.,.7�/2+ /�� ,���� �u/ 7�,�� -�� /21	��
 ���	� ��+ �l7�/!+


"��� �
�"	��1��� � �
	���� � �!	"��#$�%�
�

@BADF$TZY=F/ipP�RSTZi
K(ε)

KMV _ Nfe/Fb\#KMV�PcVfP�RSNDiSPZO?��P�` P)��TWi]E2P^O±\]F/iSKMFb\�KUV
ε1/2 yt`�\aF/RaR]KMVD~

K[ε1/2] := M + ε2B =
∑

k≥0

εk/2
K

k/2,

�#K�RSA
K0 = M

�
K2 = B

P^V _
Kk/2 = 0

��TWi
k = 1, 2, 3

PZV _
k ≥ 5

� rmF/Vfe/F)KU�
ζ[ε1/2] =

∑
k≥0 ε

k/2ζk/2

P^V _
g[ε1/2] =

∑
k≥0 ε

k/2gk/2 PZi]F���TZiSE2P^O±\]F/iSKUFd\��#KUR]A�e/TtF�@�e
KMF/VtRS\#KMV Σ(S0)
�[RSADF$F��tNfP^R]KMTZV

K[ε1/2] ζ[ε1/2] = g[ε1/2]
��Gf�BA  

E�PZ¡ZFd\#\aFbVf\aFW�
²±F/R

g[ε1/2]
P^V _

G[ε1/2]
y8F���TWi]E2PZO^\aFbi]KMFb\��#KUR]A$e/TtF�@�e
KMF/VtRS\�KMVoR]AfF¤\aY8PZe
Fd\

Σ(S0)
P^V _

C ∞(∂S0,T(R+)
)

i]Fd\aY=Fbe
R]KM�ZF/OM`Z��@BADFBF��tNfP^R]KMTZVf\B��G8��A   PZV _ ��|D� s   `LKUFbO _ R]AfF�F �tNfP�RSKUTWVf\�R]Txy8FX\SP�RSKM\'>fF _ yL`
ζ[ε1/2]

PZV _
Z[ε1/2]KUV�R]AfF$KUVtR]Fbi]KMTZiBTZ��RSADF _ TZE2PZKUVf\b��@BADFo~ZTtP^O�KQ\BVDT��.RSTcE2P^RSepA�R]ADFd\aFx��TWi]E2P^O±\]F/iSKMFb\#P^OMTZVf~�RSADF$y8TWNDV _ PZi]`W�

v�V¥RSADF�y8TWNDV _ PZi]`
∂S0

���#ADKMepA"e
TWi]iSFb\]Y=TZV _ RST�RSADF2\aF/R
T = 0

KUV
S̆
�±��FcebP^V _ F�>fVfF)RSADFc��TZOMOUT��#KMVD~

��TZiSE�PZO±\aFbi]KMFb\b�L�#K�RSA�e
TLF�@�e
KMF/VtRp\#KUV
C ∞(∂S0)

H

ζ[ε1/2]
∣∣
∂S0

:=
∑

k≥0

εk/2ζk/2
∣∣
∂S0

P^V _
Z[ε1/2]

∣∣
∂S0

:=
∑

k≥0

εk/2Zk/2
∣∣
T=0

.
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���������
	���
�����������
���	�������	����� !���"��� �#�$���%	'&����"�(	 Ads

¯ TZiSF/T��WF/id����F�ebP^V _ F�>fVDF�R]AfF�iSF/FbVWRSiSPZVtR�VDTZiSE2P^O _ F/iSKU��P^R]KM�ZF TZ�#R]ADF���TZiSE2P^OB\aFbi]KMFb\
ζ[ε1/2]

KMV RSADF
�tKQe
KMVDKURk` TZ�

∂S
yL`2RSADFo��TZiSE�NDOQP

∂rζ[ε1/2] :=
∑

k≥0

εk/2∂rζ
k/2.

£�NDR�RSADF�iSF/OQP�RSKUTWV
T = ε−1/2r

P^OMOUT��X\XR]T _ F�>fVfF�R]AfFcPWe�R]KMTZV T^�
∂r
TWV�R]ADF)��TZiSE2P^O�\aFbi]KMFb\

Z[ε1/2]
yt`�RSADF

��TZiSE�NDOQP
∂rZ[ε1/2] := ε−1/2∂T Z[ε1/2] =

∑

k≥−1

εk/2∂T Z(k+1)/2(T, s).

p ����F$\aF/R
ζ
−1/2
3 = 0

�D��FxRSAtN8\#e/P^V�e
TWVf\]K _ FbiBR]ADF�\]NDE

∂rζ3[ε
1/2]

∣∣
∂S0

+ ∂rZ3[ε
1/2]

∣∣
T=0

=
∑

k≥−1

εk/2
(
∂rζ

k/2
3

∣∣
∂S0

+ ∂TZ
(k+1)/2
3

∣∣
T=0

)
.

��Gf� z  

ILNDYDY=TW\]F$~ZKM�ZFbV���TWi]E2P^O±\]F/iSKMFb\BKMV
ε1/2

c∗[ε
1/2] =

∑

k≥0

εk/2c
k/2
∗

P^V _
cn[ε1/2] =

∑

k≥0

εk/2ck/2
n ,

��Gf� |  

�#ADF/iSFc��TZi�PZOUO
k
�
c

k/2
∗ = (c

k/2
r , c

k/2
s , c

k/2
3 ) ∈ C ∞(∂S0)

3 ��PZV _ ck/2
n ∈ C∞(∂S0)

� � F2�#iSK�RSF
c[ε1/2] =∑

k≥0 ε
k/2ck/2 �#KUR]A ck/2 = (c

k/2
∗ , c

k/2
n )

�
@BADFo��TZiSE2P^O±\]F/iSKUFd\�YDi]TWyDOMF/E \aRSP^R]Fb\#PW\���TZOMOUT��X\hH���KUV _ (

ζ[ε1/2],Z[ε1/2]
) \]TZOMN[RSKUTWV�TZ��RSADF$F��tNfP^R]KMTZVf\





K[ε1/2] ζ[ε1/2] = g[ε1/2],
K[ε1/2] Z[ε1/2] = G[ε1/2],

ζ[ε1/2]
∣∣
∂S0

+ Z[ε1/2]
∣∣
T=0

= c∗[ε
1/2],

∂rζ3[ε
1/2]

∣∣
∂S0

+ ∂rZ3[ε
1/2]

∣∣
T=0

= cn[ε1/2].

��Gf� G  

§m\]KUVD~oRSADFXYDiSF/�LKMTZNf\;F��tNfP�RSKUTWVf\�P^V _ R]ADFXiSF/OQP�RSKUTWVf\#��|f� r   �ZR]ADFm\]`[\kRSF/E ��Gf� G   KM\�F �tNDKU��PZOUFbVWR�RST$R]AfF#��TZOMOUT��#KMVD~
YDi]TWyDOMF/E�H$��KMV _ ��TWi]E2P^O�\]F/iSKUFd\

ζ[ε1/2] =
∑

k≥0 ε
k/2ζk/2 P^V _ Z̆[ε1/2] =

∑
k≥0 ε

k/2Z̆k/2 \aTWOUN[RSKUTWVf\oT^�
R]ADFo��TWOUOMT��#KUVf~cF �tNfP�RSKUTWVf\/�t��TWiXP^OMO

k ≥ 0
�






M(ζk/2) = −B(ζ(k−4)/2) + gk/2 KMV
S0,

K̆0(Z̆k/2) = −∑k
`=1 K̆`/2(Z̆(k−`)/2) + Ğk/2 KMV

S̆,

ζ
k/2
r

∣∣
∂S0

+ Z̆
k/2
T

∣∣
T=0

= c
k/2
r ,

ζ
k/2
s

∣∣
∂S0

+ Z̆
k/2
s

∣∣
T=0

= c
k/2
s ,

ζ
k/2
3

∣∣
∂S0

+ Z̆
(k+1)/2
3

∣∣
T=0

= c
k/2
3 ,

∂rζ
k/2
3

∣∣
∂S0

+ ∂T Z̆
(k+2)/2
3

∣∣
T=0

= c
k/2
n .
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p V�R]ADF���TZOMOUT��#KMVD~8�D��FcP^OM��P�`[\#\]F
R�R]ADF$RSF/iSE2\m�#KUR]A�VDFb~WP^R]KM�ZF�KMV _ KQe
Fd\#R]T�&/Fbi]T8� � F��#KMOMO�\]F/F�VfT�� ADT�� RSADF
YDi]TWY8FbiaRSKUFd\BT^��R]ADF$TWY8FbiSP^R]TZip\

M
P^V _

K̆0 `tKMF/O _ Pc\]TZOMN[RSKUTWV�TZ��RSADF�\a`[\aR]FbE°��G8� s   �
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�

@BADF$~ZTtP^O?T^��R]ADKQ\X\]Fbe�RSKUTWV�KQ\BRSTcYfi]T��WFmRSADFo��TZOMOUT��#KMVD~�iSFb\]NDO�R\H

��� ©L­ � © � � ��� � �\� ���b	��!�"&�
��
S0

�
	!���"�(� �#�$��� � � ���
g[ε1/2] =

∑
k≥0 ε

k/2gk/2 
C���� �i�
��X	��� �����	 
 �"�<&|���\��� �
�z�������_��	0�"�

Σ(S0) � G[ε1/2] =
∑

k≥0 ε
k/2Gk/2 
 ���� �i�
��X	��� �����	 
 �"�"&|���\��� �������_��	0�"�

C ∞(∂S0,T(R+)
)
�


��#n
c[ε1/2] =

∑
k≥0 ε

k/2ck/2 
 ���� �i�
�� 	��� �����	 
 �"�"& ���\��� �������_��	��"�
C ∞(∂S0)

4
� � &����t�<&��� :�9���I�
	���	?


����� �����9�����\�l��� (
ζ[ε1/2],Z[ε1/2]

) � � ���� �i6
��s	��� �����	 
 �"�<&t���\���E�������_��	��"�
Σ(S0)


��#n
C∞(∂S0,T(R+)

)
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� � ­�­�� � � F�\]ADT�� RSADF2iSFb\]NDO�R�yL`¥KMV _ N8e�R]KMTZV�� @BADF�i]FbOMP^R]KMTZVf\2�¢|D� r   \]ADT�� RSAfP�R$RSADF�>fip\kRoR]Fbi]E2\$TZ�¤RSADF
��TZiSE�PZO±\aFbi]KMFb\

Ğ[ε1/2]
�#iSKUR]F

Ğ0 = 0
P^V _

Ğ1/2 = (0, G0
3).

� F _ KM�LK _ FoR]ADF$F �WN8P�R]KMTZV8\x��Gf� s   KMVtR]TcRk��T�YfPZiaRp\�H

∀k ≥ 0,






K̆0(Z̆k/2) = −∑k
`=1 K̆`/2(Z̆(k−`)/2) + Ğk/2 KMV

S̆,

Z̆
k/2
3

∣∣
T=0

= c
(k−1)/2
3 − ζ

(k−1)/2
3

∣∣
∂S0

,

∂T Z̆
k/2
3

∣∣
T=0

= c
(k−2)/2
n − ∂rζ

(k−2)/2
3

∣∣
∂S0

,

��Gf� u  

��TZiBR]AfF$y8TWNDV _ PZi]`�OQP�`ZFbi�R]F/iSE2\/�DPZV _

∀k ≥ 0,






M(ζk/2) = −B(ζ(k−4)/2) + gk/2 KMV
S0,

ζ
k/2
r

∣∣
∂S0

= c
k/2
r − Z̆

k/2
T

∣∣
T=0

,

ζ
k/2
s

∣∣
∂S0

= c
k/2
s − Z̆

k/2
s

∣∣
T=0

,

��Gf�(F  

��TZi�RSADF¥RSF/iSE2\�KMV
Σ(S0)

� � T^RSF¥RSAfP�R�RSADFb\]F¥Rk��T ~Wi]TWNDYf\2TZ��F��tNfP�RSKUTWVf\�PZi]F¥OMKMVD¡ZF _ yt`¦RSF/iSE�\ TZV RSADF
y8TWNDV _ PZi]`

∂S0
�

�DTZi
k = 0

�LR]AfFb\]FxF �tNfP�RSKUTWVf\B�#i]KUR]F





K̆0(Z̆0) = 0
KUV

S̆,

Z̆0
3

∣∣
T=0

= 0,

∂T Z̆
0
3

∣∣
T=0

= 0

P^V _





M(ζ0) = g0 KMV
S0,

ζ0
r

∣∣
∂S0

= c0r − Z̆0
T

∣∣
T=0

,

ζ0
s

∣∣
∂S0

= c0s − Z̆0
s

∣∣
T=0

.
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§m\]KUVD~+@BADF/TWi]FbE |D� z[��RSADF6>fip\kR)~ZiSTZNDY"T^�XF �tNfP�RSKUTWVf\$KMEcYfOUKMFb\�R]AfP^R
Z̆0 = 0

��@BADFbTZiSF/E�z[� z�\aADT��X\$R]AfP^R
R]ADFbi]FoF
g[KQ\kRp\

ζ0 ∈ Σ(S0)
\]TZOMN[R]KMTZV�T^��R]AfF�\aFde
TZV _ ~ZiSTZNfY±�

�DTZi
k = 1

�LR]AfF$F��tNfP�RSKUTWVf\o��G8� u   P^V _ ��G8� F   �#iSKUR]FZ�fNf\aKMVD~
Z̆0 = 0





K̆0(Z̆1/2) = Ğ1/2 KUV
S̆,

Z̆
1/2
3

∣∣
T=0

= c03 − ζ0
3

∣∣
∂S
,

∂T Z̆
1/2
3

∣∣
T=0

= 0,

PZV _




M(ζ1/2) = g1/2 KMV
S0,

ζ
1/2
r

∣∣
∂S0

= c
1/2
r − Z̆

1/2
T

∣∣
T=0

,

ζ
1/2
s

∣∣
∂S0

= c
1/2
s − Z̆

1/2
s

∣∣
T=0

.

��Gf� r  

@BADF/TWi]FbE |D� zm\]ADT��X\�R]ADF#F/g[KM\aR]FbVfe
F�T^�
Z̆1/2 ∈ C ∞(∂S0,T(R+)

) \SP�RSKM\a��`LKUVD~�R]AfF >fiS\aR�~ZiSTZNDY�T^�8F �tNfP�RSKUTWVf\
��R]AfF�R]Fbi]E

ζ0 y=F/KMVD~ _ F/R]Fbi]E�KMVDF _   ��P^V _ @BADFbTZiSF/E z[� z2\]ADT��X\BR]AfF�F
g[KQ\kRSF/Vfe/F�T^�
ζ1/2 ∈ Σ(S0)

\]P^R]KQ\k��`LKMVD~
R]ADF�\]Fbe/TZV _ ~ZiSTZNDY�T^��F��tNfP^R]KMTZVf\b�
²±F
R#Nf\B\]NDYDY=TW\]FxR]AfP^R

ζ`/2 ∈ Σ(S)
P^V _

Z̆`/2 ∈ C ∞(∂S0,T(R+)
) P^iSF _ F/R]Fbi]E�KMVDF _ ��TZi

` = 0, . . . , k− 1�#ADF/iSF
k
KM\�P^V)KUVtRSF/~ZFbib��\]NfepA$RSAfP�R�R]AfF�F �WN8P�R]KMTZV8\���Gf� u   PZV _ ��Gf�(F   P^iSF�\SP�R]KQ\'>fF _ NfY�R]T�R]AfF�TWi _ Fbi

k
��@BAfPZVD¡[\

R]ToR]AfFm\kRSi]N8e�R]Nfi]F#TZ�8RSADF#TZY=F/ipP�RSTZip\
K̆`/2 ��TWi ` ≥ 0

P^V _ Nf\]KMVD~oR]ADF _ F�>fVfK�RSKUTWVcTZ�8RSADFm\]YfPZe/F
T(R+)

�W��FX\]F/F
R]AfP^R;R]ADFmi]KM~ZAtRa� AfPZV _ \aK _ FXTZ�=RSADFXKMVDVDFbi;F��tNfP^R]KMTZV2T^����G8� u   KQ\¤P^V�FbOUFbEcFbVtR¤T^�

C∞(∂S0,T(R+)
) ��@BADF/TWi]FbE

|D� z�RSADF/V�\]ADT��X\�R]ADF$F/g[KM\aR]FbVfe
FoT^�
Z̆k/2 KMV RSADF�\]YfPZe/F C∞(∂S0,T(R+)

) �
@BADF/TWi]FbE zD� z�RSADF/V \]ADT��X\�RSADFmF/g[KM\aR]FbVfe
FXTZ��P�\]TZOMN[R]KMTZV

ζk/2 ∈ Σ(S0)
T^��RSADFmF �WN8P�R]KMTZV8\X��G8� F   @BADKQ\�\]ADT��X\

R]ADF$KMV _ Nfe
R]KMTZV�AL`LY8TZR]ADFd\aKQ\#P�RBR]AfF$iSPZVD¡
k
P^V _ e
TWVfe
OMN _ Fd\�R]ADF$Yfi]TLT^�k�

p V¥RSADF)Yfi]Fb�tKMTZN8\XYDiSTLT^�k�=R]ADF���PZe
R�RSAfP�R
Z̆0 = 0

KME�YDOMKUFd\�N8\aKMVD~+�¢|D� r   R]AfP^R
Z

−1/2
3 = 0

PZV _
Z0

α = 0
�

@BADF0>fip\kR#y=TZNDV _ P^iS`�OMP�`WF/i�R]Fbi]E KM\#AfF/Vfe/F
Z0 = (0, Z0

3 )
�;@BAtN8\B��FoAfP��WF

ζ[ε1/2] = ζ0 +
∑

k≥1

εk/2ζk/2 P^V _
Z[ε1/2] = (0, Z0

3 ) +
∑

k≥1

εk/2Zk/2.
��G8��Ad{  
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� F2\aR]N _ ` VDT��
6
~ZF/VfF/iSKMece/PW\aFd\mE�F/VtRSKUTWVDF _ KUV"@�P^yDOMFjA)��TZixRSADFc��TZiSE�PZO�\aFbi]KMFb\xiSKU~WAWR]� A8P^V _ \]K _ Fb\xKMV RSADF

YDi]TWyDOMF/E ��G8� G   ���DTZiBe
FbiaRpP^KMV�e/PW\aFd\;��F�e/PZV�\aAfT���RSAfP�R#\]TZE�F >fip\kR�R]Fbi]E2\���PZVDKQ\aA�PZV _ R]AfFx\aR]iSNfe�RSNDiSFXT^��RSADF
��TZiSE�PZO±\aFbi]KMFb\ (

ζ[ε1/2],Z[ε1/2]
) KM\BVDTZR#R]ADF�\SP^E�F$PZ\$��Gf�BAb{   �

§m\]KUVf~�R]AfF�OMKUVfFbP^iSKURk`)TZ��R]ADFxYDiSTZyDOMF/E��t��F�TZVDOM`2e
TZV8\aK _ F/i�i]KM~ZAtR]� AfPZV _ \]K _ Fd\;��TWi]E2PZO8\]F/iSKUFd\;T^��RSADF���TZiSE
g[ε1/2] = g0 � G[ε1/2] = G0 P^V _ c[ε1/2] = c0 = (c0r , c

0
s, c

0
3, c

0
n)
PZV _ ��F)\aR]N _ `�\]Nfe/e/Fb\S\aKM�ZFbOU`�R]AfFcebPZ\]Fb\

�#ADF/iSFoTZVDOM`�TZVfFoe/TZE�Y=TZVDFbVWR _ TtFd\BVDT^R#��P^VfKM\]A�KUV�R]AfFb\]F���TWi]E2PZO±\aFbi]KMFb\b�
� TZR]F�R]A8P�R�KMV PZOUO¤ebPZ\]Fb\b�?R]ADF2Yfi]TLT^��T^�#@BADF/TWi]FbE&Gf�BA�\aADT��X\xRSAfP�R

Z̆0 KQ\ &/Fbi]T8� � F�\]NDE�E�PZi]K'&/FcRSADF
i]Fd\aNDOURS\Xyt`�R]AfF$��TZOMOUT��#KMVD~�RpP^yDOMFZ�#@BADF >8iS\aR#R]ADiSF/F)e
TZOMNDE�Vf\m~ZKM�ZFoR]AfF�F
g[YDiSFb\S\aKMTZV�T^��RSADF�iSKU~WAWR]� A8P^V _ \]K _ Fd\
��TZiSE�PZO�\aFbi]KMFb\b�±P^V _ R]AfFcOQPZ\aRoRk��T�~ZKM�ZF)R]AfF2F
g[YDiSFb\S\aKMTZV¥TZ�¤RSADF4>fiS\aRoR]Fbi]E2\oKMV RSADF�F
g[YfP^V8\aKMTZVf\xTZ�

ζ[ε1/2]P^V _
Z[ε1/2]

TZ��RSADF�\aTWOUNDR]KMTZV±�

g[ε1/2] G[ε1/2] c[ε1/2] Z[ε1/2] ζ[ε1/2]

g0 0 0 (0, Z0

3
) + · · · ζ0 + · · ·

0 (G0
α, 0) 0 (0, ε1/2Z

1/2

3
) + · · · ε ζ1 + · · ·

0 (0, G0

3
) 0 (0, Z0

3
) + · · · ε1/2ζ1/2 + · · ·

0 0 (c0α, 0, 0) (0, Z0

3
) + · · · ζ0 + · · ·

0 0 (0, c0
3
, 0) (0, Z0

3
) + · · · ε1/2ζ1/2 + · · ·

0 0 (0, 0, c0n) (0, ε1/2Z
1/2

3
) + · · · ε ζ1 + · · ·

�����	��

����������������������� �!��"��$#��&% �'�)(��&*,+-(��."/����#)0'�1���2�)�3��"��4��(657"���8�"�9&*�:;#1(�:<��#>=

�DTWixF/gDP^E�YDOMFcKMV+R]ADF2e/PW\aFc�#ADFbi]F
g0 = 0

�
G0 = (G0

α, 0)
P^V _

c0 = 0
�±��F)A8P��ZF

Ğ0 = Ğ1/2 = 0
�

ItR]N _ `tKMVD~ \]Nfe/e/Fb\S\aKM�ZFbOU`"RSADF�F��tNfP^R]KMTZVf\���Gf� a   P^V _ ��Gf� r   �B��F�FbPZ\]KMOU` \]F/F�RSAfP�R
ζ0 = 0

�
Z̆1/2 = 0

PZV _
ζ1/2 = 0

�;p V�~ZFbVDF/ipP^O?��FoAfP��ZF
Z̆1 6= 0

y=FbebP^Nf\]FoR]ADKQ\BOQP�RaRSF/i#RSF/iSE \SP�R]KQ\'>fFb\

K̆
0(Z̆1) = Ğ1 = (G0

α, 0)
KMV

S̆
PZV _

Z̆1
3

∣∣
∂S

= ∂T Z̆
1
3

∣∣
∂S

= 0.

@BADKM\XKUE�YDOMKUFd\�R]AfP^RXKUV�~WF/VDFbiSPZO
ζ1 6= 0

�;@BAtN8\�R]ADF$F/gLY8P^Vf\]KUTWV�KQ\BT^��R]AfFo��TZiSE

ζ[ε1/2] = ε ζ1 +
∑

k≥3

εk/2ζk/2 P^V _
Z[ε1/2] = (0, ε1/2Z0

3 ) +
∑

k≥2

εk/2Zk/2.

@BADF$T^RSADF/iXebPZ\]Fb\BP^iSF$\kRSN _ KMF _ \aKME�KUOQP^iSOM`¥��\]F/F6RBA/G�T±��TWi _ F
RpP^KMOM\   �

? @��#,87 � �z, ��� �^/2- ,���� �u/ 7�, �x- � /21	��
 ��� ��� � ,./0,.7�5 �

� F2e/TZVf\]K _ F/i�R]ADF�\aTWOUNDR]KMTZV
zε T^�;RSADFcF��tNfP�RSKUTWVf\�� AW� r   KMV¥RSADF2e/PZ\]F��#AfF/iSF g = gε \SP�RSKM\'>fFd\)�'AZ�BAb{   �

§m\]KUVD~oRSADF#iSFb\]NDO�Rp\�T^�8R]ADFmYDi]Fb�LKUTWNf\�\aFde�RSKUTWV±��R]AfF/iSF#F
g[KM\aR�Rk��T���TWi]E2PZOD\aFbi]KMFb\
ζ[ε1/2]

P^V _
Z[ε1/2]

\]P^R]KQ\k��`LKMVD~
R]ADF�F��tNfP�RSKUTWVf\ ��Gf� G   �#KUR]A ��TZiSE�PZO�\]F/iSKUFd\$iSKU~WAWR]� A8P^V _ \]K _ Fd\

c[ε1/2] = 0
�
G[ε1/2] = 0

P^V _
g[ε1/2]

RSADF
��TZiSE�PZO±\aFbi]KMFb\�KMV _ Nfe/F _ yL`�RSADF$F
g[YfPZVf\aKMTZV � AW��Ad{   �

� TZR]F�RSAfP�Rx��TZi
k ≥ 0

�=R]AfF)\]NDE
ζk/2 + Zk/2 _ TLFb\mVDT^RoE2P^¡ZF)\aFbVf\aFW�?y8Fde/P^N8\aF$RSADF)R]F/iSE2\ ζk/2 P^V _

Zk/2 P^iSF�VDTZR;T^�8R]ADF#\SP^E�FBVfP�RSNDi]F#PZV _ OMKM�ZFb\�TWV _ K�D?F/iSF/VtR�E�PZVDKU��TZO _ \/�;rXT���F/�WF/i�R]ADFX\]NDE ζk/2 +χ(r)Zk/2
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E�PZ¡ZFd\#\aFbVf\aF$PZV _�_ F�>fVDFd\XP^V�F/OMF/E�FbVWR#TZ�
Σ(S0)

� p V RSADKQ\X\aFde�RSKUTWV���F$YDiST��ZFXRSAfP�R#RSADF$F
g[YfPZVf\]KUTWV

∑

k≥0

εk/2
(
ζk/2 + χ(r)Zk/2

) � s[�BA  

KM\#PZV�PW\a`LE�Y[R]TZR]KQexF
g[YfP^V8\aKMTZV�T^��RSADF$\aTWOUNDR]KMTZV
zε T^��R]ADF$Yfi]TWyDOUFbE�� � T^RSKMe/F�RSAfP�R#��F$e
TZNfO _ P^OQ\aTcE2P^¡WFmRSADF

EcTWi]Fo~WF/VDFbiSPZO?PW\]\]NDE�Y[RSKUTWV
gε '

∑

k≥0

εk/2
(
gk/2 + χ(r)Gk/2

)
,

P^V _ \]KUE�KMOMPZi]OM`�R]ADF _ P�RSPcTWV RSADF$y8TWNDV _ PZi]` E�P�` F
g[YfP^V _ KMV�Y8T���F/ip\�T^�
ε1/2 �

�DTWi
N ∈ N

��F _ F�>8VDFoR]ADF�z�# _ KQ\aYDOQPZe/F/E�F/VtR

zN (ε) :=

N∑

k=0

εk/2
(
ζk/2 + χ(r)Zk/2

)
∈ Σ(S0).

� s[� z  

� FoRSAtN8\#AfP��ZF
zN (ε) = θN (ε) + χ(r)ΛN (ε)

�#KUR]A

θN (ε) :=
N∑

k=0

εk/2ζk/2 PZV _
Λ

N (ε) :=
N∑

k=0

εk/2Zk/2.

§m\]KUVf~)RSADF$Fb\aR]KME2P�RSF��¢z[� z   ��F$\aFbFoR]AfP^RB��F$AfP��WF

〈K(ε)η,η〉
L2(S0)

3
≥ Cε2‖η‖2

H1×H2(S0)

� s[� |  

��TZiBP^OMO
η ∈ Σ(S0)

\SP�R]KQ\a��`tKMVD~�R]ADFxy8TWNDV _ PZi]`2e/TZV _ KUR]KMTZV8\
η
∣∣
∂S0

= 0
P^V _

∂rη3
∣∣
∂S0

= 0
�;p V2RSADFx��TZOMOUT��#KMVD~

C
_ FbVDT^RSFb\#PZOU�BP�`[\�P�e/TZVf\aRSPZVWR#KMV _ FbY8FbV _ F/VtRXTZ�

ε
��§m\]KUVD~�RSADKQ\#Fb\aR]KME2P�R]Fo��F$\aADT�� R]ADFo��TWOUOMT��#KMVD~)iSFb\]NDOURhH

� � ­��¤­ ������� ­�� � ��� �M�� !
��"�
N ∈ N � 
 �.&�
����!�<&��4��	��$�"i6
�� �

‖zε − zN (ε)‖
H1×H2(S0)

≤ C εN/2−9/4.
� s[� G  

� � ­�­�� � §�\aKMVD~cR]ADF$Yfi]TLT^��T^��@BADF/TWi]FbE Gf�BAZ�[��F$\aFbF�RSAfP�R#RSADFoR]Fbi]E
zN (ε)

\SP�RSKM\'>fFb\

zN (ε)
∣∣
∂S0

= 0
F
R

∂rz
N
3 (ε)

∣∣
∂S0

= εN/2∂rζ
N/2
3

∣∣
∂S0

.
� FoRSAtN8\ _ F�>8VDFxR]ADFo��TWOUOMT��#KUVf~cFbOUFbE�F/VtR#T^�

Σ(S0)
H

tN :=

(
0

−
(
∂rζ

N/2
3

∣∣
∂S0

)
rχ(r)

)
.

p RxKQ\oe
OMFbP^i�R]A8P�RxR]ADF)R]Fbi]E
zN (ε) := zN (ε) + εN/2tN \]P^R]KQ\ >8Fb\mR]ADFcADTZE�TW~ZF/VfF/TZN8\%#�KUiSKMepAfOUF/R�y=TZNDV _ P^iS`

e
TZV _ K�RSKUTWVf\
zN (ε)

∣∣
∂S0

= 0
PZV _

∂rz
N
3 (ε)

∣∣
∂S0

= 0
� � F�R]ALNf\�ebP^V�P^YfYDOU` Fb\aR]KME2P�RSF¥�¢s[� |   R]T�R]AfF�R]Fbi]E

zε − zN (ε)
PZV _ ��FoAfP��WFmRST2Fb\aR]KME2P�R]FxRSADFoR]Fbi]E

K(ε)
(
zε − zN (ε)

) �
@BADFo��TZiSE2P^O�\aFbi]KMFb\

ζ[ε1/2]
\SP�RSKM\'>fFb\�RSADF$F��tNfP^R]KMTZV

K[ε1/2] ζ[ε1/2] = g[ε1/2]
�;@BALNf\���TZi

N ∈ N
��F$AfP��ZF

K(ε)θN (ε) − gε = O(ε(N+1)/2),
�#ADF/iSF O(ε(N+1)/2)

_ FbVDT^RSFb\±PZVxFbOUFbE�F/VtR�T^�
Σ(S0)

y=TZNDV _ F _ KMV$P^VL`X��NDV8e�R]KMTZV8P^O^VDTWi]E TZV
S0
yL`
CNε

(N+1)/2
�#ADF/iSF

CN
KM\#KMV _ FbY8FbV _ FbVWRXTZ�

ε
� � F _ F _ N8e
FoR]A8P�RX��FxA8P��ZF

K(ε)
(
θN (ε) + εN/2tN

)
− gε = O(εN/2).

� s[� s  
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¯ TZiSF/T��WF/id�Z��TWi
y ∈ Σ(S0)

\SP�RSKM\a��`LKUVf~)RSADF$ADTWEcTW~ZFbVDF/TWNf\¤y=TZNfV _ P^iS` e/TZV _ KUR]KMTZV8\/�[��FoAfP��ZFxR]AfF$i]FbOMP^R]KMTZV
∣∣∣〈K(ε)

(
χΛN (ε)

)
,y〉

L2(S0)
3
− 〈K(ε)

(
Λ

N (ε)
)
, χy〉

L2(S0)
3

∣∣∣ ≤ C e−β/
√

ε‖y‖
H1×H2(S0)

,
� s[� u  

�#ADF/iSF
η1 > β > 0

�m@BADKQ\miSF/OQP�RSKUTWV�KM\ _ NDF)R]T2RSADF���PWe�RmRSAfP�RxR]AfF)\]NDYDY=TZi]RmT^�
∂rχ(r)

OUKMFb\�KUV+P^V¥TWY8FbV \aF/R
(ρ1, ρ2)× ∂S0

T^�
S0
�#KUR]A

0 < ρ1 < ρ2
��lm\¤R]ADKQ\ _ TZE2PZKUV2KQ\�P^RBP _ KM\aRSPZVfe
F�T^�

∂S0
KUV _ F/Y=F/V _ F/VtR�TZ�

ε
P^V _

PZ\�R]AfFoR]F/iSE2\
Z
(

r√
ε
, s
) P^iSFoNDVDKU��TZiSE�OU`�F
g[Y8TWVDF/VtRSKMPZOUOM` _ Fde
iSFbPZ\]KMVD~)�#KUR]A�iSFb\]Y8Fde�RBR]T

T = r√
ε

�D��F$~ZF
RBRSADF
F
g[Y8TWVDF/VtRSKMPZO?R]F/iSE KMV"�¢s[� u   �
§m\]KUVD~�R]AfF�\Se/PZOUKMVD~ ��|D� a   PZV _ RSADF _ F�>fVfK�RSKUTWV���|f� z   ����F�AfP��ZF)KUV e
TLTZi _ KMVfP�RSFb\

(T, s)
��TZi$PZOUO

y
\]P^R]KQ\k��`LKMVD~

R]ADF$ADTWE�TZ~ZFbVDF/TWNf\�y8TWNDV _ PZi]`�e/TZV _ K�RSKUTWVf\/�

〈K(ε)
(
Λ

N (ε)
)
, χy〉

L2(S0)3
=

1√
ε
〈K̆(ε)

(
Λ̆

N (ε)
)
, y̆〉

L2(S̆)3
,

� s[�(F  

�#ADF/iSFo��F$\]F
R
y̆(T, s) := χ(ε1/2T )

(
yT , ys, ε

1/2y3
)
(ε1/2T, s),

P^V _ �#ADFbi]F

Λ̆
N (ε) =

N∑

k=0

εk/2Z̆k/2 + ε(N+1)/2(0, Z̆
(N+1)/2
3 ).

� T^RSFoR]AfP^R#R]ADF$\Se/PZOMPZi�Yfi]T _ Nfe
RXKUV�� s[�(F   E2P^¡ZFd\B\aFbVf\aF$\]KUV8e
F
y̆
AfPW\#e
TZE�YfPWe�RX\]NDYDY=TZi]Rb�

p R¤KM\�e
OMFbPZi�R]AfP^R;R]ADFx@�P�`LOMTZi�F
g[YfPZVf\]KUTWVcKMV
T = 0

T^�?RSADFXTZY=F/ipP�RSTZi
K̆(ε)

e
TWi]iSFb\]Y=TZV _ \�RST$R]AfF#��TZiSE2P^Of\]F/iSKUFd\
K̆[ε1/2]

�)l�\�R]ADFc��TZiSE2P^O�\]F/iSKUFd\
Z[ε1/2]

\SP�RSKM\'>fFd\mRSADF�F��tNfP^R]KMTZV
K̆[ε1/2] Z̆[ε1/2] = 0

� � FcR]ALNf\ _ F _ Nfe/F
R]AfP^R

〈K(ε)
(
Λ

N (ε)
)
, χy〉

L2(S0)
3

= O(εN/2)‖y̆‖
H1×H2(S̆)

.

£�` _ TZKMVD~cR]ADF�epA8P^VD~WFxTZ��e/TtTWi _ KUVfP^R]Fd\/�L��FxFdPZ\]KUOM` \]F/FxR]A8P�R

‖y̆‖
H1×H2(S̆)

≤ Cε−1/4‖y‖
H1×H2(S0)

.
��KMVfPZOUOM`Z�D��FoAfP��ZF

〈K(ε)
(
Λ

N (ε)
)
, χy〉

L2(S0)
3

= O(εN/2−1/4)‖y‖
H1×H2(S0)

.
� s[� a  

$xi]TWNDYDKMVD~cR]TZ~WF
RSADF/i�R]AfF$F��tNfP�RSKUTWVf\$�¢sD� s   �±� s[� u   P^V _ � s[� a   �[��F$TZyDRSP^KMV�R]AfP^R#��TZi
y ∈ Σ(S0)

�D��FoAfP��ZF

〈K(ε)
(
zε − zN (ε)

)
,y〉

L2(S0)
3

= O(εN/2−1/4)‖y‖
H1×H2(S0)

.

lm\ (
zε−zN (ε)

) ∣∣
∂S0

= 0
P^V _

∂r

(
zε−zN (ε)

) ∣∣
∂S0

= 0
����F�e/PZV�P^YfYDOU`oRSADKQ\�Fd\kRSKUE2P�RSF¤RST

y = zε−zN (ε)
�

§m\]KUVD~�� s[� |   ��FxTWy[RSPZKUV
‖zε − zN (ε)‖

H1×H2(S0)
≤ C εN/2−9/4.

£�NDR���F2AfP��WF ‖zN (ε) − zN (ε)‖
H1×H2(S0)

= O(εN/2)
��P^V _ ADF/V8e
F�R]AfF�YDiSF/�LKUTWNf\oFb\aR]KME2P�RSF�\]ADT��X\xRSADF

YDi]TWY8Tt\aKUR]KMTZV��

@BADKM\;YDi]TWY8Tt\aKUR]KMTZV)~ZKM�ZFd\�P�iSTZNf~ZA�Fd\kRSKUE2P^R]FB��TZi�RSADF _ K�D=Fbi]FbVfe
F
zε−zN (ε)

� � F _ F _ Nfe
F#VfT�� R]AfFB��TZOMOUT��#KMVD~
i]Fd\aNDOURhH

��� ©L­ � © � � ��� � ���
zε k��C�"&�� 	��������������9� �#� AW� r  �
 �"�"&9
0 ���ob&G�
��&�
��ln0	���n � 	�
��$�
	"��=��"�Go��'AZ�BAb{   � 
��ln0����� zN (ε)n ��� �#��njk�=�� s[� z   � �Z�� 2
��"�

N ∈ N � 
 �0&�
 �b�%�<&��!��	����"i6
�� ��	 �

‖zε − zN (ε)‖
H

1×H2(S0)
≤ C εN/2−1/4 
��#n ‖zε − zN (ε)‖

H
1×L2(S0)

≤ C εN/2+1/4.
� s[� r  

�M�������������
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@BADKM\m@BADF/TWi]FbE KUE�YDOMKUFd\X@BADFbTZiSF/E AW��AW�
� � ­�­�� � @BADFoFd\kRSKUE2P�RSF��¢sD� G   \]ADT��X\�RSAfP�RB��T

N ∈ N
�D��FoAfP��ZF

‖zε − zN+6(ε)‖
H1×H2(S0)

≤ CεN/2+3/4.
@BAtN8\B��F$AfP��WF

‖zε − zN (ε)‖
H

1×H2(S0)

≤
N+6∑

k=N+1

εk/2
(
‖ζk/2‖

H1×H2(S0)
+ ‖χZk/2‖

H1×H2(S0)

)
+ CεN/2+3/4.

�¢sD��Ad{  

�DTZi
k ≥ 0

�?R]ADF)R]Fbi]E2\ ‖ζk/2‖
H1×H2(S0)

P^iSF�y=TZNDV _ F _ yL`�e/TZVf\aRSPZVtRS\�KUV _ F/Y=F/V _ FbVtRoTZ�
ε
� ¯ TZiSF/T��WF/iX��F

\aFbF�RSAfP�R#��TWiXP%>Dg[F _ e
TWEcY=TZVfF/VtR
i
P^V _ ��TWiXP^OMO

k ≥ 0
�[��FxA8P��ZF�R]ADF$Fd\kRSKUE2P�RSFb\

‖χZk/2
i ‖

L2(S0)
≤ C ε1/4, ‖χZk/2

i ‖
H1(S0)

≤ C ε−1/4 PZV _ ‖χZk/2
i ‖

H2(S0)
≤ C ε−3/4.

�¢sD��AIA  
h;OUNf~Z~ZKMVD~cR]AfFb\]F$Fb\aR]KME�P^R]Fd\BKUVtR]T�� s[�BAb{   �D��Fo~WF
R

‖zε − zN (ε)‖
H

1×H2(S0)
≤ CNε

N/2−1/4,
�¢sD��A�z  

�#ADF/iSF
CN

KM\XP�e/TZVf\aRSPZVWR#KMV _ FbY8FbV _ F/VtRXTZ�
ε
�;@BADKQ\X\aAfT��X\¤RSADF$iSFb\]NDO�Rd�

ILKUE�KMOMPZi]OM`���F�TZy[RpP^KMV¥KUVfF��tNfP^OMKUR]KMFb\�T^��R]AfF���TZiSE��¢sD��Ad{   ��TWimRSADF�VDTWi]E
H

1 × L2(S0)
P^V _ e
TZV8e
OMN _ F�N8\aKMVD~

�¢s[�BA A   �

§m\]KUVf~�R]AfF�YDiSF/�LKMTZNf\�@BADFbTZiSF/E��W��F�ebP^V e/TZE�YfPZi]F
zε �#K�RSA�R]AfFx\]TZOMN[R]KMTZV T^��R]AfF�E�F/E)yDipP^VDF�YDi]TWyDOMF/E��

� � ­��¤­ ������� ­�� � �
	 � ���
g ∈ Σ(S0)

�"�ln � �����#nI���_�4� �
ε � 
��#nt����� ζ ∈ Σ(S0)


��ln
zε ∈ Σ(S0)

k��{�"&��
	����(���$������	!�'� �"&��x�l :� k�����i!	

{
M(ζ) = g

�"�
S0,

ζα
∣∣
∂S0

= 0.


��#n
{

K(ε)zε = g
�"�

S0,

zε
i

∣∣
∂S0

= ∂nz
ε
3

∣∣
∂S0

= 0,

�"&���� 
 �.&�
����!�<&��%��	��$�"i�
�� �
‖zε − ζ‖

H1×L2(S0)
≤ C ε1/4.

�¢sD��Ad|  

� � ­�­�� � @BADFoYDiSF/�LKMTZNf\#@BAfF/TZiSF/E ��TWi
N = 0

P^V _ RSADF
H

1 × L2(S0)
VfTZiSE�`LKUFbO _ \

‖zε − ζ0 − χZ0‖
H

1×L2(S0)
≤ Cε1/4.

lm\
ζ = ζ0 ��FxR]ALNf\ >fV _

‖zε − ζ‖
H

1×L2(S0)
≤ ‖χZ0

3‖L2(S0)
+ Cε1/4,

P^V _ R]AfFxF �tNfP�RSKUTWV � s[�BA A   \]ADT��X\�R]AfF$i]Fd\aNDOURb�

� �6/2- � �	
 � �x-!7 � � �P/ 
^34,87�/2+ /�� , ��� -�� 1%365 � 1 �}-0/ � 
 � �

� F�\kRSN _ ` VDT��'RSADF�YDiSTZyfOUFbE � AW� |�A   � � TZR]F2RSAfP�R�R]ADKQ\$YDiSTZyDOMF/E KM\)e
OMTW\]F�R]T�RSADF ��TZKUR]F/i$F �tNfP�RSKUTWVf\
� AZ� r   �;p V YfPZiaRSKMe/NDOMPZib�ZR]ADF8>fip\kR�R]Fbi]E

(A0, d0)
KMV � AW� |�A   KM\�F��tNfPZOfRST�RSADF}>8iS\aR¤RSF/iSE

(K0, d0)
T^��RSADFo�mTWK�RSF/i

TZY=F/ipP�R]TWi#P^V _ KM\XVDTZV�KUVL�WF/i]R]KMyDOUFW��lm\#y=F
��TWi]FW�[��FoKMVWRSi]T _ N8e
F�z #:y=TZNfV _ P^iS`�OQP�`ZFbiS\¤R]T�\]TZOM�ZF�R]ADF$Yfi]TWyDOUFbE��
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���	�������	����� !���"��� �#�$���%	'&����"�(	 z�A

�$��� �/. �
./�
���
� . ��� ./�
� �%��	��1��� � �
	���� � ��� � �
.!���"� �
p V¥R]AfF)��TWOUOMT��#KMVD~f�?��F _ FbVDT^RSF)yL`

f [ε1/2]
RSADFc��TZiSE2P^O�\aFbi]KMFb\�KUV _ Nfe
F _ yL`�R]AfFcF/g[YfP^Vf\]KMTZV �'AZ�BAds   � � TZR]KQe
F

R]AfP^R)F/�WF/iS`¥��TWi]E2P^O�\aFbi]KMFb\�KUV Y=T���F/ip\$T^�
ε
KM\cP^OQ\]T¥P���TZiSE2P^O�\]F/iSKMFb\$KMV Y=T���FbiS\$TZ�

ε1/2 � � F _ F/VDTZR]F2��TWi
F
gDP^E�YDOMF�yL`

A[ε1/2]
RSADF���TZiSE�PZO�\]F/iSKMFb\

A[ε]
�LKUFb��F _ PZ\�P���TWi]E2PZOB\]F/iSKMFb\)KUV

ε1/2 ��P^V _ ��F�Nf\]F�\]KUE�KMOMPZi
VDT^RpP�R]KMTZV8\���TZiBR]AfFo��TZiSE�PZO±\aFbi]KMFb\�TZ��RSADF$YfP^ipP^~WiSPZYDA�����[��
� �
	���`X`XO�Q O�
M�PVGNPL<KZ`M����²�F
R

ζ[ε1/2] =
∑

k≥0 ε
k/2ζk/2 y=FxP���TZiSE�PZO8\]F/iSKUFd\;�#KUR]A�e
TLF�@�e
KMF/VtRp\¤KMV Σ(S0)

�
� F�e/TZVf\]K _ F/iBR]AfFxF �tNfP�RSKUTWV �¢\aFbF�� AZ� |�A  k 

A[ε1/2] ζ[ε1/2] = G[ε1/2] f [ε1/2]
�¢uD�BA  

�#ADKMepA�E�FbPZVf\

∀n ≥ 0,

n∑

`=0

A`/2ζ(n−`)/2 =

n∑

`=0

G`/2f (n−`)/2,

�#ADF/iSF
A`/2 = 0

�#ADFbV
`
KQ\#T _D_ �

p V TWi _ FbiXRST _ F�>fVDF)R]ADFcF��tNfP^R]KMTZVf\xPZe
R]KMVD~ TWV z�#'y=TZNDV _ P^iS`�OMP�`WF/iXRSF/iSE2\/����F�E2P^¡WF�RSADFcepA8P^VD~WF�T^�
��PZi]KQP^yfOUF

(r, s) 7→ (T, s)
�#K�RSA

T = ε−1/2r
KMV�R]ADF ��TZiSE2P^O�\]F/iSKMFb\

A[ε1/2]
�{p V�e
TLTZi _ KMVfP�RSFb\

(T, s)
��R]AfF

TZY=F/ipP�R]TWiS\
Ak epAfP^Vf~ZF2RST¥TZY=F/ipP�RSTZip\ _ F/Y=F/V _ KUVf~ TZV ε KMV�R]AfF ��P^iSKMPZyDOMF (T, s)

� � F _ F�>fVDF
A

(k)(ε)
R]AfF

TZY=F/ipP�R]TWi#PZe�RSKUVf~cTWV
S̆
yL`2RSADF$F��tNfP^R]KMTZV

∀ k ≥ 0, A
(k)(ε)(T, s; ∂T , ∂s) := Ak(ε1/2T, s; ε−1/2∂T , ∂s).

� T^RSF�RSAfP�RxR]AfFb\]F)TWY8FbiSP^R]TZip\me/TZVtRSPZKUV8\mVDFb~WP^R]KM�ZF�Y=T���FbiS\�T^�
ε1/2 � _ FbY8FbV _ KMVD~�TZV�RSADF _ F/~Wi]FbF�T^� Ak �$@BADF

@�P�`LOMTZi;F/gLY8P^Vf\]KUTWVf\;TZ��R]ADFxe
TLF�@�e/KUFbVWRp\¤TZ��R]ADFd\aF�TZY=F/ipP�RSTZip\�KUV
T = 0

`LKUFbO _ ��TWi]E2PZO=\]F/iSKUFd\
A

(k)[ε1/2]
�#KUR]A

TZY=F/ipP�R]TWi#e
TLF�@�e
KMF/VtRp\BKUV���P^iSKMPZyDOMFb\
(T, s)

� � FoRSADF/V�AfP��WFmRSADFo��TZOMOMT��#KUVD~�iSFb\]NDOURhH

�¤© � � ��� � � � &�� � 
�=����� ?������
���	�������	4�"�
T = 0

�'�4�"&��?���h��� ����������	�� �%�<&��?������ :
�� �� �	
A

(k)(ε)
n ��� �l��	

������ :
�� �� �	
A

k,`/2 
 ���$�"�go ���
S̆ � �����(=��#��i%��
�� 	!�"� T � 	�����&��<&�
��

∀ k ≥ 0 A
(k)[ε1/2] =

∑

`≥−(k+2)

ε`/2
A

k,`/2.
�¢uD� z  

� &���� ����
��$�����

A[ε1/2] :=
∑

k≥0

εk
A

(k)[ε1/2]
�¢uD� |  

�"&����qn ��� �#��	2
}���� �i�
��X	��� �����	

A[ε1/2] :=
∑

n≥−2

εn/2
A

n/2 
 �"�<&
A

n/2 =

n+2∑

k=0

A
k,(n−2k)/2.

�¢uD� G  

� � ­�­�� � @BADF¥F��tNfP^R]KMTZV ��uf� z   KM\�P�e
TWVf\aF �tNDF/Vfe/F�T^�oR]AfF¥Fb\aR]KME2P�R]F T^�xR]ADF _ F/iSKU��P�RSKU�WF�TZi _ F/ip\�T^�oRSADF
TZY=F/ipP�R]TWiS\

Ak ��\]F/F�F��tNfP�RSKUTWV.��G8� zWs   TZ�2R�A�s\T   H�@BADF�e/TZE�Y=TZVDFbVWRp\�TZ�#R]ADF�TZY=F/ipP�R]TWiS\
Ak P^iSF P�RcE�TW\aR)T^�

_ F/~Wi]FbF
k + 2

�
@BADF���PWe�R�R]AfP^R��¢uD� |   KMV _ FbF _+_ F�>fVfFb\xP2��TZiSE2P^O�\aFbi]KMFb\mKM\mR]AfF/V FdPZ\]KUOM`�\aFbF/V¥yL`�K _ F/VtR]KU��`LKUVf~ RSADF)Y=T���F/ip\XT^�
ε1/2 KUV��¢uD� |   �

@BADF;��TWi]E2PZOt\]F/iSKUFd\
A[ε1/2]

e/TZiSi]Fd\aY=TZV _ \?R]TmR]ADF�R]AfF;��TZiSE2P^OL\aFbi]KMFb\
K[ε1/2]

��TWi±R]AfF���TZKUR]Fbi�E�T _ F/O � � F
R]ALNf\±e/TZVf\]K _ F/i�RSADF�YDiSTZyDOMF/E�H±��KUV _ P���TZiSE�PZOZ\]F/iSKUFd\

Z[ε1/2]
�#KUR]A�e
TLF�@2e/KUFbVtRS\�KMVoR]ADF;\]YfPWe
F

C∞(∂S0,T(R+)
)

\aNfepA�R]A8P�R
A[ε1/2] Z[ε1/2] = 0.

��uf� s  

�M�������������
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lm\���TZi$RSADF���TZKUR]Fbi�E�T _ F/O ����F�E2P^¡WF P¥epAfPZVD~ZF2TZ�#NDVD¡LVDT��#V�KMV TZi _ F/ioRST TWy[RSPZKUV P�VfF/� ��TZiSE2P^O�\]F/iSKMFb\
YDi]TWyDOMF/E �#KUR]A P+��TZiSE�PZO#\aFbi]KMFb\cTZY=F/ipP�RSTZicAfP��LKUVf~ PZOUOBKURS\4>fip\kR�e/TZE�Y8TWVDF/VtRp\)VfTZV &/F/iST�H � F _ F�>fVDF�RSADF
��TZiSE�PZO±\aFbi]KMFb\

Ă[ε1/2]
yL`2R]AfF$F��tNfP�RSKUTWV �¢\aFbF2��|D�BAb{  k 

Ă[ε1/2] Z̆[ε1/2] =
(
εAσ [ε1/2] Z[ε1/2] , ε1/2A3[ε

1/2] Z[ε1/2]
)
.

�¢uD� u  

�#ADF/iSF
Z̆[ε1/2]

PZV _
Z[ε1/2]

PZi]F�OUKMVD¡WF _ yL`2��|f� a   ��@BADF�YDi]TWyDOMF/E ��uf� s   KQ\�ADF/Vfe/F�F �tNDKU��PZOUFbVWR�R]T�R]AfF�YDiSTZyfOUFbE

Ă[ε1/2] Z̆[ε1/2] = 0.
��uf� F  

� T�� ��FoAfP��ZFIH

� � ­��¤­ ������� ­�� � ��� � &�� ������ �
�� �� 
Ă0 �
	}�"&��8	�
�i6� 
b	}�<&�� ������ :
�� �� K̆0 nI� �s�#��n%�"���¢|D�BAdz   ��� �2��
� ��$�������B
� 

�"&��%������ :
�� �� 
Ă0 	�
��$�
	 �z��	 � &����� :��i |D� z �

� � ­�­�� � @BADF.>fip\aR#R]F/iSE2\BT^��R]ADFo��TWi]E2P^O±\]F/iSKMFb\
A[ε]

�#i]KUR]F

A[ε] = ε−1
A

−1 + ε−1/2
A

−1/2 + A
0 + · · · ,

�#K�RSA±�DNf\]KUVf~)RSADFo��PZe
R#R]AfP^R
A1 = 0

�

A
−1 = A

0,−1, A
−1/2 = A

0,−1/2 P^V _
A

0 = A
0,0 + A

2,−2.
�¢uD� a  

lm\
A0 KM\�R]ADF�EcFbE�yDipP^VfF�TZY=F/ipP�R]TWib�b��F�A8P��ZF�R]A8P�R A

0,−1 = K
−1 ~ZKM�ZFbVoKUV �¢|D� u   ��ILKMEcKMOQP^iSOU`W�/RSADF;RSiSPZVf\a�WF/ip\aF

e
TZE�Y=TZVDFbVtR A0,−1/2
3

KQ\BR]ADF�\SP^E�F$PZ\ K−1/2
3

~ZKM�ZFbV�yL` �¢|D�(F   �
¯ TZiSF/T��WF/id�Z��iSTZE RSADF$F
g[YDiSFb\S\]KUTWV T^�

A2 ��\]F/F , �tNfP^R]KMTZV���G8� |tz   T^�xR�A�s\T   ��FoAfP��WF

A2,−2
3 (Z) =

1

3
(λ̃ + 2µ) ∂TTTTZ3.

�¢uD� r  

§m\]KUVD~��¢uD� u   �f��FxR]AfF/V�e
TWEcYfN[R]F _ KMiSFbe�RSOU`�R]ADF$F/gLYfi]Fd\]\]KUTWV TZ�
Ă

0 �#AfKMepA�KM\XF��tNfP^O?RST
K̆

0 �

� �"�
	�� KZ�X`X[lVMQ ���lKM`M[ML
NPL<KM`Z��� p �
ζ[ε1/2] =

∑
k≥0 ε

k/2ζk/2 KM\;P���TWi]E2P^OD\]F/iSKMFb\��#KUR]A2e
TLF�@�e/KUFbVWRp\�KUVcRSADF
\aYfPWe
F

Σ(S0)
�f��F�ebP^V�e
TZV8\aK _ F/i�RSADFo��TZiSE2P^O±\]F/iSKUFd\x�¢\aFbF�� AW� |�A  k 

d[ε1/2] ζ[ε1/2] =
∑

n≥0

εn/2
( n∑

`=0

d`/2ζ(n−`)/2
)
,

��uf��Ad{  

�#K�RSA�e/TLF�@�e
KMF/VtRS\BKMV�R]ADF�\]YfPWe
F
C∞(∂S0)

4 �
� K�RSA¥RSADF���TWi]E2P^O�\]F/iSKUFd\

d[ε1/2]
KQ\xPZ\S\aT[e
KQP�RSF _ P���TWi]E2PZO�\]F/iSKUFd\

D[ε1/2]
�#KUR]A TWY8FbiSP^R]TWime
TLF�@�e/KUFbVWRp\

TZV
S0

\]NfepA R]AfP^R
d[ε1/2]z =

(
D[ε1/2]z

) ∣∣
∂S0

��TWi�P^OMO
z ∈ Σ(S0)

��\]F/F2h¤i]TWY8Tt\aKUR]KMTZV�s[� G¥P^V _ , �tNfP^R]KMTZV
��uD�BA   TZ�xRBAds\T   �;l�\#y=F
��TZiSFo��F _ F�>fVDFoRSADF$TZY=F/ipP�RSTZip\

D
(k)(ε)

TWV
S̆ := R

+ × ∂S0
yt`

∀ k ≥ 0 D
(k)(ε)(T, s; ∂T , ∂s) := Dk(ε1/2T, s; ε−1/2∂T , ∂s).

lm\#KMV�²±F/E�E2P�uD�BAZ�[��FoAfP��ZF�R]ADF$F/g[YfP^Vf\]KMTZV

∀k ≥ 0, D
(k)[ε1/2] =

∑

`≥−(k+1)

ε`/2
D

k,`/2.
��uf��AIA  

rXF/V8e
F$��FoebP^V _ F�>8VDFoR]ADFo��TWi]E2PZO±\aFbi]KMFb\

D[ε1/2] =
∑

k≥0

εk
D

(k)[ε1/2] =
∑

k≥−1

εn/2
D

n/2 �#K�RSA
D

n/2 =

n+1∑

k=0

D
k,(n−2k)/2.
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@BADFo��TZiSE2P^O�\]F/iSKUFd\
d[ε1/2] =

∑
k≥−1 ε

k/2dk/2 �#KUR]A�TZY=F/ipP�RSTZip\#e
TLF�@�e
KMF/VtRp\ dk/2 : Σ(S̆) → C∞(∂S0)
4 �

KM\BRSADF/V _ F�>fVDF _ yL`
d[ε1/2] Z =

(
D[ε1/2] Z

) ∣∣
T=0

,

��TZi
Z ∈ Σ(S̆)

� p V�R]AfF ��TWOUOMT��#KUVf~+��F��#iSKUR]F
dk/2 =

(
d

k/2
T , d

k/2
s , d

k/2
3 , d

k/2
n

) R]AfF�e/TZE�Y=TZVDFbVWRp\cT^�XRSADF
TZY=F/ipP�R]TWiS\

dk/2 �
� F)AfP��ZF

D0z = (zr, zs, z3, ∂rz3)
��§�\aKMVD~2RSADFcTZi _ F/ip\#T^� _ Fbi]KM��P�RSKU�WF�T^��RSADF�TWY8FbiSP^R]TZip\

Dk �?��F�\]F/F
R]AfP^R#R]ADFo��TWi]E2P^O±\]F/iSKMFb\

d[ε1/2]
�#iSKUR]Fb\

d[ε1/2] = ε−1/2d−1/2 + d0 + · · · ,
�#K�RSA

d−1/2Z = (0, 0, 0, ∂TZ3)
∣∣
T=0

PZV _
d0Z =

(
Zr, Zs, Z3, d

0
n(Z)

) ∣∣
T=0

.
��uf��A�z  

@BADFo��TZiSE2P^O±\]F/iSKUFd\�y8TWNDV _ PZi]`�F �tNfP�RSKUTWV9>fV8P^OMOU`��#iSKUR]Fb\hH

d[ε1/2] ζ[ε1/2] + d[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2].
��uf��Ad|  

p V�TZi _ F/i�R]T2TWy[RSPZKUV�F��tNfP^R]KMTZVf\�TWV
Z̆[ε1/2]

�D��F _ F�>8VDFoR]ADFx��TWi]E2P^O±\]F/iSKMFb\
D̆[ε1/2]

P^V _
d̆[ε1/2]

yL`

D̆[ε1/2] Z̆[ε1/2] := D[ε1/2] Z[ε1/2],
PZV _

d̆[ε1/2] Z̆ =
(
D̆[ε1/2] Z̆

) ∣∣
T=0

.
��uf��AbG  

§m\]KUVD~cRSADF$F��tNfP^R]KMTZVf\$�¢|D� r   �[��F�e
TWE�YDN[R]FxRSAfP�RX��FoAfP��ZF

d̆[ε1/2] =
∑

k≥−2

εk/2d̆k/2 = ε−1d̆−1 + ε−1/2d̆−1/2 + d̆0 + · · · ,

�#K�RSA
d̆−1

n Z̆ = ∂T Z̆3

∣∣
T=0

�
d̆−1
3 Z̆ = 0

PZV _
d̆
−1/2
3 Z̆ = Z̆3

∣∣
T=0

� ¯ TZiSF/T��WF/i¤��F$AfP��WF

d̆−1
T Z̆ = d̆−1

s Z̆ = d̆
−1/2
T Z̆ = d̆−1/2

s Z̆ = 0, d̆0
T Z̆ = Z̆T

∣∣
T=0

PZV _
d̆0

sZ̆ = Z̆s

∣∣
T=0

.

$xi]TWNDYDKMVD~�R]TW~ZF/R]ADFbioR]ADF�F �tNfP�RSKUTWVf\���uf��A   �B��uf� s   P^V _ ��uf��Ad|   ��F _ F�>8VDF2R]AfF�YDiSTZyDOMF/E�H���KMV _ P���TZi]�
E�PZO�\]F/iSKUFd\

ζ[ε1/2] =
∑

k≥0 ε
k/2ζk/2 �#K�RSA e
TLF�@�e/KUFbVWRp\�KMV

Σ(S0)
P^V _ P���TZiSE2P^O�\]F/iSKUFd\

Z[ε1/2] =
∑

k≥0 ε
k/2Zk/2 �#K�RSA�e/TLF�@�e
KMF/VtRS\BKMV�R]ADF�\]YfPWe
F

C ∞(∂S0,T(R+)
) \SP�RSKM\a��`LKUVD~cRSADF$i]FbOMP^R]KMTZVf\






A[ε1/2] ζ[ε1/2] = G[ε1/2] f [ε1/2],

A[ε1/2] Z[ε1/2] = 0,

d[ε1/2] ζ[ε1/2] + d[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2].

��uf��A�s  
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	���� � �!	"��#$�%�
�
� F�VDT��!YDiST��ZF�R]AfP^R2R]ADF¥\]`[\kRSF/E}�¢uD�BAds   P _ E�K�Rp\�P�\]TZOMN[R]KMTZV±�.@BAfF�E�F/R]ADT _ KQ\2e
OMTW\]F�RST"R]ADF�Yfi]TLT^�oT^�
@BADF/TWi]FbE�Gf�BAZ�

��� ©L­ � © � � �
	 � �\� ���b	��j�"&�
��
S0

�
	j���"�(� �l����� � 
��ln{����� f [ε1/2]
k�� 
!���� �i6
��z	��� �����	 
 �"�"& ���h���E����������	?�"�

C∞(I,Σ(S0)
) � � &����j�<&��� :�0�:�I�
	���	C
!����� �����Z���� �i6
��_	��� �����	

ζ[ε1/2]

 �"�<&9���\���E����������	C�"� �"&��C	$��
 ���

Σ(S0)
��#n|
v����� ����� ���� �i�
���	��� �����	
Z[ε1/2]


 �"�<&y���h���E����������	6�"�t�"&���	$��
 ���
C ∞(∂S0,T(R+)

) 	�
��$�
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� � ­�­�� � � Fc\]F
R
g[ε1/2] := G[ε1/2]f [ε1/2]

PZV _
c[ε1/2] := h[ε1/2]f [ε1/2]

�$@BADF�e
TLF�@�e
KMF/VtRp\
gk/2 P^V _

ck/2 P^iSF;RSALNf\�KMV Σ(S0)
PZV _

C∞(∂S0)
4 iSFb\]Y8Fde�R]KM�ZFbOU`W� � T^R]F�R]A8P�R

c0 = 0
y=Fbe/PZNf\]F

h0 KM\�R]ADF &bF/iSTXTZY=F/ipP�RSTZi
��\]F/F�@BADFbTZiSF/E s[� |�P^V _ , �tNfP^R]KMTZV���uf��A   TZ�xRBAdsbT   �
@BADF$OMPW\kR#F �WN8P�R]KMTZV�T^�B��uf��A�s   KM\XF��tNDKM��PZOUFbVtR�RST

d[ε1/2] ζ[ε1/2] + d̆[ε1/2] Z̆[ε1/2] = h[ε1/2] f [ε1/2].
@BADKM\X�#i]KUR]Fd\/�L��TWi

k ≥ −2
�

k∑

`=0

d`/2(ζ(k−`)/2) + d̆−1(Z̆(k+2)/2) + d̆−1/2(Z̆(k+1)/2) +

k∑

`=0

d̆`/2(Z̆(k−`)/2) = ck/2.

§m\]KUVD~cRSADF$F
g[YDiSFb\S\aKMTZV8\�TZ��RSADF0>fip\kR#TWY8FbiSP^R]TZip\b�W��F$~ZF/RhH

ζk/2
r

∣∣
∂S0

+

k∑

`=1

d
`/2
r (ζ(k−`)/2) + Z̆

k/2
T

∣∣
T=0

+

k∑

`=1

d̆
`/2
T (Z̆(k−`)/2) = c

k/2
T ,

P^V _

ζk/2
s

∣∣
∂S0

+

k∑

`=1

d
`/2
s (ζ(k−`)/2) + Z̆k/2

s

∣∣
T=0

+

k∑

`=1

d̆`/2
s (Z̆(k−`)/2) = ck/2

s ,

��TZiBR]AfF�\aNDi]��PZe/KMeoe/TZE�Y8TWVDF/VtRp\/���DTWiBR]ADFoRSiSPZVf\]�ZF/ip\]F�e
TWE�Y8TWVDF/VtRS\B��Fo~ZF/R

ζ
k/2
3

∣∣
∂S0

+
k∑

`=1

d
`/2
3 (ζ(k−`)/2) + Z̆

(k+1)/2
3

∣∣
T=0

+
k∑

`=0

d̆
`/2
3 (Z̆(k−`)/2) = c

k/2
3 ,

P^V _ \]KUE�KMOMPZi]OM`Z�

∂rζ
k/2
3

∣∣
∂S0

+

k∑

`=1

d`/2
n (ζ(k−`)/2) + ∂T Z̆

(k+2)/2
3

∣∣
T=0

+

k∑

`=−1

d̆`/2
n (Z̆(k−`)/2) = ck/2

n .

� T^RSF RSAfP�R�R]ADFd\aF OQPZ\aR Rk��T F��tNfP^R]KMTZVf\�F
g[YDiSFb\S\
Z̆

(k+1)/2
3

∣∣
T=0

PZV _
∂T Z̆

(k+2)/2
3

∣∣
T=0

�#K�RSA iSFb\]Y8Fde�R�R]T
R]F/iSE2\xT^�¤OMT���FbimTWi _ Fbi�KMV

k
� ¯ TZiSF/T��WF/id�fRSADFb\]F�Rk��T�RSF/iSE2\xe/TZiSi]Fd\aY=TZV _ RST RSADFcy8TWNDV _ PZi]`�e
TWV _ KUR]KMTZVf\x��F

e/P^V�KME�Y8Tt\aF��#ADF/V¥\]TZOM�LKUVD~���TWi#R]AfF�TZY=F/ipP�RSTZi
Ă0 �#��KMVfPZOUOM`Z�8R]ADF���TZiSE�PZO�\]F/iSKUFd\ ζ[ε1/2]

P^V _
Z[ε1/2]

\]TZOM�ZF
R]ADF$iSF _ N8e
F _ ��TZiSE2P^O±\]F/iSKUFd\�YDi]TWyDOMF/E �¢uD�BAds   KU����TWi

k ≥ 0
��FoAfP��WF H

Ă0(Z̆k/2) = −∑k
`=1 Ă`/2(Z̆(k−`)/2)

KMV
S̆,

Z̆
k/2
3

∣∣
T=0

= c
(k−1)/2
3 −

∑k
`=1 d̆

(`−1)/2
3 (Z̆(k−`)/2) −

∑k−1
`=0 d

`/2
3 (ζ(k−1−`)/2),

∂T Z̆
k/2
3

∣∣
T=0

= c
(k−2)/2
n −∑k

`=1 d̆
(`−2)/2
n (Z̆(k−`)/2) −∑k−2

`=0 d
`/2
n (ζ(k−2−`)/2),

��uf��Adu  

P^V _

M(ζk/2) = −
∑k

`=1 A`/2(ζ(k−`)/2) + gk/2 KUV
S0,

ζ
k/2
r

∣∣
∂S0

= c
k/2
r −∑k

`=1 d
`/2
r (ζ(k−`)/2) − Z̆

k/2
T

∣∣
T=0

−∑k
`=1 d̆

`/2
T (Z̆(k−`)/2),

ζ
k/2
s

∣∣
∂S0

= c
k/2
s −∑k

`=1 d
`/2
s (ζ(k−`)/2) − Z̆

k/2
s

∣∣
T=0

−∑k
`=1 d̆

`/2
s (Z̆(k−`)/2),

��uf��A�F  

�#ADF/iSFo��F$P^~Wi]FbFmRSAfP�R
c`/2 � ζ`/2 P^V _ Z`/2 PZi]F &/Fbi]Tc��TWi ` ≤ 0

�
@BADF)FbV _ TZ�;R]AfF)YDiSTLT^�;KQ\o\aKME�KUOQP^i�R]T�R]ADFcYDiSTLT^�;T^��@BADF/TWi]FbE G8��AW�?Nf\aKMVD~�R]ADF)R]AfF/TZiSF/E2\oz[� z�PZV _ |f� z P^V _
R]ADFo��PWe�R#R]A8P�R

A
0 = K

0 �
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���	�������	����� !���"��� �#�$���%	'&����"�(	 zZs

�$��� � �"�1� ��	���� �"��� ��./� ./�
� + �"��.!�
	0� �"� �
�

� � ­��¤­ ������� ­�� � ��� � ��� (
ζ[ε1/2],Z[ε1/2]

) k��}�<&��8	����(���������{� �8�"&��s�# :�Ik�����i �¢uD�BAds   o � �b���{k�= � &����� :��i uD� |

��#n (

ζ ′[ε1/2],Z ′[ε1/2]
) �"&�� 	����(��������� �'� �"&�� 	�=b	�� ��i






K[ε1/2] ζ′[ε1/2] = G0 f [ε1/2],

K[ε1/2] Z ′[ε1/2] = 0,

d0 ζ′[ε1/2] + (d0
T , d

0
s, d

0
3, ε

−1/2d
−1/2
n )Z ′[ε1/2] = 0,

��uf��A\a  

o�� �����qk�= � &����� :��i G8��A � � &���� 
 �.&�
����

ζ[ε1/2] − ζ ′[ε1/2] = ε e1 +
∑

k≥3

εk/2ek/2,


��#n

Z[ε1/2] − Z ′[ε1/2] = (0, ε1/2E
1/2
3 ) +

∑

k≥2

εk/2Ek/2


 &��� :�
ek/2 ∈ Σ(S0)


��ln
Ek/2 ∈ C∞(∂S0,T(R+)

) �

� � ­�­�� �&� F�\aF/R
g[ε1/2] = G[ε1/2] f [ε1/2]

P^V _
c[ε1/2] = h[ε1/2] f [ε1/2].

� F$FdPZ\]KUOM` \]F/FxR]AfP^RX��FoAfP��WF
c0 = 0

�
c1/2 = 0

PZV _
g1/2 = 0

�
!�TZE�YfP^iSKMVD~�R]ADF�YDi]TLTZ��\#T^�;@BADFbTZiSF/E2\BGf�BA�P^V _ uf� |f�f��F�\aFbF$R]A8P�RXRSADF$Rk��T�\aTWOUN[RSKUTWVf\#AfP��WFoR]ADF)\]PZEcF2>fiS\aR
R]F/iSE2\

Z̆0 = 0
P^V _

ζ0 \]TZOMN[R]KMTZV�T^��R]ADF�\]`[\kRSF/E

M(ζ0) = G0f 0 =
1

2

∫ 1

−1

f0dx3
KUV

S0,
P^V _

ζr
∣∣
∂S0

= ζs
∣∣
∂S0

= 0.

�DTZi
k = 1

�LR]AfF$F��tNfP�RSKUTWVf\o��uf��Adu   �#i]KUR]FIH

Ă
0(Z̆1/2) = 0

KMV
S̆, Z̆

1/2
3

∣∣
T=0

= −ζ0
3

∣∣
∂S0

,
PZV _

∂T Z̆
1/2
3

∣∣
T=0

= 0,

P^V _ Nf\aKMVD~
K̆0 = Ă0 �t��Fo\aFbFXR]A8P�RBR]ADKQ\B\a`[\aR]FbE KM\�K _ F/VtR]KQe/PZO8RST�RSADF.>fip\kRB\a`[\aR]F/E TZ����G8� r   �#KUR]A R]ADFoiSKU~WAtRa�

AfP^V _ \]K _ Fb\
Ğ0 = 0

PZV _
c03 = 0

� � F _ F _ Nfe
F�R]AfP^RmR]AfF�R]Fbi]E
Z̆1/2 \]TZOMN[R]KMTZV�T^��RSADF�YDiSF/�LKMTZNf\�\a`[\aR]FbE!KQ\

R]ADF�\SP^E�Fx��TZi#y=T^RSA�\]TZOMN[RSKUTWVf\BT^�B��uD�BAds   P^V _ ��uf��A\a   �
@BADF$F��tNfP^R]KMTZVf\o��uf��A�F   R]AfF/V��#i]KUR]F

M(ζ1/2) = 0
KUV

S0, ζ1/2
r

∣∣
∂S0

= −Z̆1/2
T

∣∣
T=0

,
P^V _

ζ1/2
s

∣∣
∂S0

= −Z̆1/2
s

∣∣
T=0

,

P^V _ ��F �WF/iSK���`+R]A8P�RcR]ADF�F��tNfP�RSKUTWVf\���Gf�(F   ��TZi
k = 1

PZi]F2RSADF�\]PZEcFW�+@BADF R]Fbi]E
ζ1/2 \aTWOUN[RSKUTWV T^�#RSADKQ\

\a`[\aR]F/E KM\BRSADF/V�e/TZE�E�TZV�KUV�y=T^R]A���TWi]E2P^O±\]F/iSKMFb\
ζ[ε1/2]

P^V _
ζ′[ε1/2]

�
�DTZi

k = 2
�LR]AfF$F��tNfP�RSKUTWVf\o��uf��Adu   �#i]KUR]F

Ă0(Z̆1) = −Ă1/2(Z̆1/2)
�#KUR]A

Z̆1
3

∣∣
T=0

= −d̆0
3(Z̆

1/2) − ζ
1/2
3

∣∣
∂S0

PZV _
∂T Z̆

1
3

∣∣
T=0

= −d̆−1/2
n (Z̆1/2) − ∂rζ

0
3

∣∣
∂S0

,
P^V _ R]AfFxF �tNfP�RSKUTWV ��Gf� u   PZ\S\]TLe/KMP^R]F _ �#KUR]A�R]ADF$Yfi]TWyDOUFbE°��uf��A\a   �#iSK�RSFb\

K̆
0(Z̆ ′1) = −K̆

1/2(Z̆ ′1/2), Z̆ ′1
3

∣∣
T=0

= −ζ ′1/2
3

∣∣
∂S0

PZV _
∂T Z̆

′1
3

∣∣
T=0

= −∂rζ
′0
3

∣∣
∂S0

.
@BADF$YDiSTZY=TW\]K�RSKUTWV KQ\XP�e
TZV8\aF �WNfF/Vfe/F�TZ��RSADFo��TZOMOUT��#KMVD~ci]Fd\aNfO�Rd�DYDiST��ZF _ KUV�lXYfY8FbV _ KUg�l!H

�M�������������



z^u �M
I���

�¤© � � ��� � � � &��2������ :
�� �� �	
Ă1/2 
��#n K̆1/2 
� :�.�<&��8	�
�i6� � �<&��0������ :
�� �� d̆0

3

�
	8�"&�� �h�� :�������� :
�� �� � 
��ln
�"&��%������ :
�� �� 

d̆
−1/2
n


  ��"� ��	
d̆−1/2

n (Z̆) = c2∂TT Z̆3

∣∣
T=0

.
��uf��Adr  


 &��� :�
c2 > 0

�
	!
j������	�� 
���� n � �����#n��"�go����_�(=9���m�"&�� � 
�i��4���\��� �������_��	
λ

��ln

µ
�

@BADFBTZY=F/ipP�R]TWi��¢uD�BAbr   y=F/KMVD~oVDT^R�F��tNfPZOtR]T�R]ADF &/Fbi]T�TZY=F/ipP�RSTZid�bRSADF�R]Fbi]E2\
Z̆1 P^V _ Z̆ ′1 _ T _ K�D=Fbi�KUVc~ZFbVDF/ipP^O �

@BADKM\XKUE�YDOMKUFd\�R]AfP^R#R]ADFoRSF/iSE2\
ζ1 PZV _ ζ′1 P^OQ\aT _ K�D=Fbib�;@BADKQ\#YDiST��ZFd\;RSADF$YDiSTZY=TW\]K�RSKUTWV±�

� � �9-���� �g147 � � +��l7�/2+���
 �Z/2- � �	
 � � -27 � � �P/ 
^34,87�/2+

� F�i]Fde/PZOUO[RSADF _ F�>fVDKUR]KMTZV�TZ�?R]ADF#RSADiSF/F
� _ KME�F/Vf\]KUTWVfP^Ofy8TWNDV _ PZi]`)OMP�`WF/i¤\]YfPZe/Fb\X�'R�AIA^�Iaf��A�s\T   H�l#��R]Fbi;RSADF
epAfP^VD~WFBT^�=e/TLTZi _ KUV8P�R]F

R = ε−1r
KMV�PxVDFbKU~WALy8TWi]ADTLT _ T^�

Γ0
�ZR]ADFXe/TtTWi _ KUVfP^R]F#\]`L\aR]FbE

(R,X3, s)
KM\ _ F�>fVDF _

TZV�RSADFoE2P^VDKU��TZO _
Σ+ × ∂S0

�#AfF/iSF
Σ+ := R

+ × I 3 (R,X3)
KM\BPc\aFbE�K�� \kRSi]KMY±��²±F/R

H(Σ+)
y8F�R]AfFo\]YfPWe
F

T^�
C ∞ ��NDVfe
R]KMTZVf\

ϕ
TWV�R]ADFc\aFbE�K�� \kRSi]KMY

Σ+ F
gDe
FbY[RmKMV�R]AfF�VDTWV�i]Fb~ZNDOQP^i#Y=TZKMVtRS\
(R = 0, X3 = −+1)

�=PZV _
\aNfepA�R]A8P�R

ϕ
KQ\#F/gLY=TZVfF/VtR]KQP^OMOU` _ Fbe
iSFbPW\aKMVD~c�#K�RSA

R
KUV�RSADFo��TZOMOUT��#KMVD~�\aFbVf\]F H

∀ i, j, k ∈ N, eδRRk ∂i
R∂

j
X3
ϕ ∈ L2(Σ+),

�#ADF/iSF
δ > 0

KQ\$P�i]FdP^O�\kRSi]KQe�RSOU` OUFd\]\�R]A8P^V+R]ADF�\]E2P^OMOUFd\kRoh�P^YD¡WT��tKQepA[� �fP _ OUF)F
g[Y=TZVDFbVWR��¢\aFbF RBAbF\T   �4p V+R]AfF
VDF/KM~ZALy=TZiSADTLT _ T^�8R]ADFBRk��Txe/TZiSVDF/ip\�T^�fRSADFX\]F/E�K�� \aR]iSKUY±����FBKUE�Y=TW\]F�R]ADFB��TWOUOMT��#KUVf~�H±KU�

ρ
_ FbVDT^RSF�RSADF _ KQ\kRpP^Vfe/F

KUV
Σ+ R]T2PcY8TWKUVtR

(R = 0, X3 = −+1)
�D��Fo\]NDYDY=TW\]FxR]AfP^RXFbPWepA

ϕ
KUV

H(Σ+)
\]P^R]KQ\ >fFd\

∀ i, j ∈ N, i+ j 6= 0, ρi+j−1 ∂i
R∂

j
X3
ϕ ∈ L2(Σ+).

� FoRSADF/V _ F�>fVDFoR]AfF�e
TZiSiSFb\]Y8TWV _ KMVD~ _ KQ\]YDOMPWe
FbEcFbVtRm\aYfPWe
F

H(Σ+) :=
{
ϕ = (ϕR, ϕs, ϕ3) ∈ H(Σ+)3

}
.

p V�R]ADKQ\X\]Fbe�RSKUTWV±�[��Foe/TZVf\aR]iSNfe
R�RSADiSF/Fx��TZiSE2P^O±\]F/iSKUFd\�H
l ��TZiSE�PZO±\aFbi]KMFb\

v[ε1/2] =
∑

k≥0 ε
k/2vk/2 �#KUR]A�e
TLF�@2e/KUFbVtRS\

vk/2(x1, x2, X3) ∈ C
∞(I,Σ(S0)

)
,

P���TWi]E2PZO±\aFbi]KMFb\
W [ε1/2] :=

∑
k≥0 ε

k/2W k/2 �#KUR]A�e
TLF�@2e/KUFbVtRS\

W k/2(T, s,X3) ∈ C
∞(I × ∂S0,T(R+)

)
,

P^V _ P)��TZiSE2P^O�\aFbi]KMFb\
Φ[ε1/2] =

∑
k≥0 ε

k/2
Φ

k/2 �#K�RSA�e
TLF�@�e
KMF/VtRp\

Φ
k/2(R, s,X3) ∈ C

∞(∂S0,H(Σ+)
)
,

\aTWOUN[RSKUTWVf\cP¥RSADF�|�#!��TZiSE2P^OB\aFbi]KMFb\)F��tNfP^R]KMTZVf\)KUV�R]AfF�e/TZiSi]Fd\aY=TZV _ KUVD~+e
TLTZi _ KMVfP�RSFb\b�;P^V _ \]P^R]KQ\k��`LKMVD~¥RSADF
y8TWNDV _ PZi]` e/TZV _ K�RSKUTWVXH

v[ε1/2]
∣∣
Γ0

+ W [ε1/2]
∣∣
T=0

+ Φ[ε1/2]
∣∣
R=0

= 0.

@BADFb\]F2RSADi]FbF2��TZiSE2P^O¤\]F/iSKMFb\�PZi]F�e/TZVf\aR]iSNfe�RSF _ Nf\]KUVf~�R]ADF���TZiSE�PZO¤\]F/iSKUFd\$i]F _ Nfe
R]KMTZV�T^�0RBAdsbT ��P^V _ RSADF
��TZiSE�PZO�\]F/iSKMFb\�TZy[RpP^KMVDF _ yL`¥@BADFbTZiSF/E uD� |D�o@�T RSADKM\oPZKUE��?��F _ F�>fVDF)R]ADF�PZe
R]KMTZV¥TZ�;R]ADFcTZY=F/ipP�RSTZim��TZiSE�PZO
\aFbi]KMFb\

V[ε1/2]
P^V _

Ψ[ε1/2]
��\]F/Fo@BADF/TWi]FbE�s[� |$T^�sRBAdsbT   TZV R]ADF$z # y8TWNDV _ PZi]`�OQP�`ZFbi;��TZiSE2P^O?\aFbi]KMFb\b�WRSP^¡LKMVD~

��PZOUNfFb\�KUV
C∞(I × ∂S0,T(R+)

) �o�DiSTZE VDT�� TWV±�
ζ[ε1/2]

P^V _
Z[ε1/2]

P^iSF�R]AfF���TZiSE2P^O�\aFbi]KMFb\m~ZKM�ZFbV¥yL`
@BADF/TWi]FbE uD� |D�
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���	�������	����� !���"��� �#�$���%	'&����"�(	 zIF

� ��� � ��� � .!	 � �$.!���"� ��� .!�
� �%�"	������ � �
	���� �

� �
	��.KZ`M��NlQ#� �_NPL<KM` K��
v[ε1/2]

� � F _ F�>fVDFxR]ADFo��TWi]E2PZO±\aFbi]KMFb\

v[ε1/2] = V[ε1/2] ζ[ε1/2] + Q[ε1/2] f [ε1/2],

�#K�RSA�e/TLF�@�e
KMF/VtRS\BKMV�R]ADF�\]YfPWe
F
C∞(I,Σ(S0)

) �;l�\
ζ[ε1/2]

KM\#\]TZOMN[RSKUTWV�TZ��RSADF$F��tNfP^R]KMTZV

A[ε1/2] ζ[ε1/2] = G[ε1/2] f [ε1/2],

��FoFbPW\aKMOM` \aFbFoNf\aKMVD~�� AW� zgF   R]A8P�RX��FxA8P��ZF

L[ε1/2] v[ε1/2] = −f [ε1/2]
P^V _

T[ε1/2] v[ε1/2] = 0.

� �"�
	��.KZ`M��NlQ#� �_NPL<KM`�K��
W [ε1/2]

� p V$TZi _ F/i�RST _ F�>fVDF�RSADF���TZiSE2P^Ot\aFbi]KMFb\
W [ε1/2]

����F�E2PZ¡ZF�R]AfF�epAfPZVD~ZF
T^����PZi]KQP^yDOMFxKUV�R]AfFxTWY8FbiSP^R]TWi¤��TWi]E2P^O±\]F/iSKMFb\

V[ε1/2]
�;n#FbebP^OMO?R]AfP^RBR]ADF$TWY8FbiSP^R]TZip\

Vk/2 ��P^VDKQ\]A�KU� k KM\BT _D_ �p ����F _ F/VDTZR]F2yL`
Vk(r, s,X3; ∂r, ∂s)

R]ADF2TWY8FbiSP^R]TWi
Vk ��Y=TZOM`LVDTZE�KQP^O�KMV X3

��KMV+RSADF�e
TLTWi _ KMVfP^R]F2\a`[\aR]FbE
(r, s,X3)

�[RSADF/V���F�\aF/RB��TZiXP^OMO
k ≥ 0

�

V
(k)(ε)Z = V

k(ε1/2T, s,X3; ε
−1/2∂T , ∂s)(Z),

�#ADF/iSF
Z
KQ\�PqA/�¢��TWi]E >8F/O _ TZV R]ADF E�PZVDKU��TZO _

S̆
��lm\�KUV ²�F/E�E2P�uD�BA)RSADF e/TZiSi]Fd\aY=TZV _ KUVD~���TZiSE2P^O¤\]F/iSKMFb\

V
(k)[ε1/2]

TWy[RSPZKUVDF _ yL` @�P�`LOUTWiBF
g[YfP^V8\aKMTZV�KUV
T = 0

T^��R]ADF�e/TLF�@�e
KMF/VtRS\B�#iSKUR]F

V
(k)[ε1/2] =

∑

`≥−k

ε`/2
V

k,`/2,
� FL�BA  

�#ADF/iSFmRSADFoTZY=F/ipP�RSTZip\
V

k,`/2 PZi]F�Y8TWOU`LVDTWE�KMPZO=KMV T P^V _ X3
P^V _ PZe
RBTWV

Σ(S̆)
��\]F/F�R�A�s\T   � � F _ F�>fVDFxRSADF

��TZiSE�PZO±\aFbi]KMFb\
V [ε1/2]

yL`�RSADF$F��tNfP^R]KMTZV

V [ε1/2] :=
∑

k≥0

εk
V

(k)[ε1/2] =
∑

n≥0

εn/2
V

n/2,
�#KUR]A

V
n/2 =

n∑

k=0

V
k,(n−2k)/2.

� FL� z  

§m\]KUVD~cRSADF _ F�>fVfK�RSKUTWV�TZ�±R]ADF�\]YfPWe
F
T(R+)�

��F$\]F/F�R]AfP^RBR]ADFx��TZiSE2P^O�\]F/iSKUFd\
V [ε1/2]

AfPW\�TZY=F/ipP�R]TWi�e/TLF�@��
e
KMF/VtRS\

V
n/2 : C

∞(∂S0,T(R+)
)
→ C

∞(I × ∂S0,T(R+)
)

Y8TWOU`LVDTWEcKQP^O�KMV
T
PZV _

X3
� � F$A8P��ZF

V
0Z = Z

� � F$VDT�� _ F�>8VDFoR]ADFo��TWi]E2PZO±\aFbi]KMFb\

W [ε1/2] := V [ε1/2] Z[ε1/2],

�#K�RSA�e/TLF�@�e
KMF/VtRS\BKMV�R]ADF�\]YfPWe
F
C∞(I × ∂S0,T(R+)

) �

� �"�"�
	��.KZ`M��NPQ_� �_NPL<KZ`qK��
Φ[ε1/2]

��n#Fde/PZOUOfR]AfP^RB@BADFbTZiSF/E s[� |$KMV{R�A�s\T?`tKMF/O _ \¤R]ADF�F
g[KQ\kRSF/Vfe/FmT^��P$��TZiSE�PZO
\aFbi]KMFb\

Ψ[ε]
E2PZYDYDKMVD~

Σ(S0)
R]T�RSADF�\aY8PZe
FxT^��R]Afi]FbF
� _ KUE�FbVf\aKMTZV8P^O?y8TWNDV _ PZi]` OMP�`WF/ip\

C∞(∂S0,H(Σ+)
) �

� F.>fip\aR�VDTZR]F�R]AfP^RB��F�ebP^V�e
TZV8\aK _ F/i�R]AfFm��TWi]E2P^O�\]F/iSKUFd\
Ψ[ε1/2]ζ[ε1/2]

�#K�RSA y=TZNDV _ P^iS`2OMP�`WF/i�e/TLF�@��
e
KMF/VtRS\b� � F$VfT�� _ F�>fVDFxR]ADF�PWe�RSKUTWV�TZ��RSADFo��TZiSE2P^O±\]F/iSKUFd\

Ψ[ε1/2]
TZV�R]ADFo��TWi]E2PZO?\]F/iSKMFb\

Z[ε1/2]
�

@BADFx��TZiSE2P^O�\aFbi]KMFb\
Ψ[ε1/2]

e/TZVtRSPZKUVf\�TWVDOU`�RSF/iSE2\BKUV�F/�WF/V Y=T���F/ip\¤TZ�
ε1/2 P^V _ ��F�A8P��ZF���\]F/Fxh;i]TWY8TZ�

\aKUR]KMTZV¥s[� GcKUVqRBAds\T  

∀ k ≥ 0, Ψkz =
∑

j∈Fk

(P k
j z)

∣∣
∂S0

ϕk,j

�M�������������



z�a �M
I���

�#ADF/iSF
Fk

KQ\XP4>fVDKUR]F)\aNDy8\aF/RXT^�
N
��@BADF�e/TtF�@�e
KMF/VtRS\

ϕk,j(R, s, x3)
P^iSFoKUV�RSADF�\aY8PZe
F

C∞(∂S0,H(Σ+)
)

P^V _ RSADFcTZY=F/ipP�R]TWiS\
P k

j

RSPZ¡ZF)��PZOUNfFb\�KUV
C∞(S0)

PZV _ P^iSF�TZ�¤TZi _ F/ixP�RxEcTt\kR
k
KMV
∂r
�olm\xKMV¥RSADF)OMF/E�E2P

uD�BAZ�[��F _ F�>fVDFo��TWiXP^OMO
Z ∈ Σ(S̆)

�

P(k)
j (ε)Z = P k

j (ε1/2T, s; ε−1/2∂T , ∂s)(Z),

P^V _ RSADF�PW\]\]T[e
KQP�RSF _ ��TZiSE2P^O=\aFbi]KMFb\ P(k)
j [ε1/2]

P���RSF/i�F
g[YfP^V8\aKMTZV2TZ��R]ADFxe
TLF�@�e
KMF/VtRp\¤P^iSTZNfV _
T = 0

��lm\
P k

jKM\#TZ��TWi _ Fbi
k
KMV
∂r
��F$e/PZV _ F�>fVDFxRSADFo��TZiSE2P^O±\]F/iSKUFd\

ψ[ε1/2]
�#KUR]A�TZY=F/ipP�RSTZi#e
TLF�@2e/KUFbVtRS\

ψk/2 : C
∞(∂S0,T(R+)

)
→ C

∞(∂S0,H(Σ+)
)
,

yt`�R]ADF$F �WN8P�R]KMTZV"��iSFbebP^OMO?R]AfP^R#R]ADF
Fk

P^iSF}>8VDK�RSF�\aF/RS\  

ψ[ε1/2]Z =
∑

k≥0

εk
∑

j∈Fk

(
P(k)

j [ε1/2]Z
) ∣∣

T=0
ϕk,j

=
∑

n≥0

εn/2
n∑

k=0

∑

j∈Fk

(
Pk,(`−2k)/2

j Z
) ∣∣

T=0
ϕk,(`−2k)/2.

� FoRSADF/V _ F�>fVDFoRSADFo��TZiSE2P^O±\]F/iSKUFd\
Φ[ε1/2]

�#K�RSA�e/TLF�@�e
KMF/VtRS\BKMV
C∞(∂S0,H(Σ+)

) yL`

Φ[ε1/2] := Ψ[ε1/2] ζ[ε1/2] + Θ[ε1/2] f [ε1/2] + ψ[ε1/2] Z[ε1/2].

�#ADF/iSF
Θ[ε]

KM\#R]ADFo��TWi]E2P^O�\]F/iSKUFd\B~ZKM�ZFbV�yL` @BADFbTZiSF/E!sD� |)T^� RBAds\T �

� ��# ���
	��
� �������
���������
��� �%�"	������ � �
	���� �-��� � �
.������

p V�RSADF�e
TLTWi _ KMVfP^R]Fo\a`[\aR]F/E
(T, s,X3)

�f��F _ F�>fVDFoR]AfF$TZY=F/ipP�R]TWi (
L(ε),T (ε)

) yL`lH

{
L(ε)(T, s,X3; ∂T , ∂s, ∂X3

) := L(ε1/2T, s, εX3; ε
−1/2∂T , ∂s, ε

−1∂X3
)
P^V _

T (ε)(T, s,X3; ∂T , ∂s, ∂X3
) := T(ε1/2T, s, εX3; ε

−1/2∂T , ∂s, ε
−1∂X3

).

� FL� |  

�#ADF/iSF (
L,T

) KM\�R]ADF | #�FbOMPW\kRSKMe/K�Rk`+TZY=F/ipP�R]TWi$TZV
Ωε � � F�R]AfF/V _ F�>fVDF2RSADF2Rk��T¥e
TZiSiSFb\]Y8TWV _ KMVD~���TZiSE�PZO

\aFbi]KMFb\ (
L[ε1/2],T [ε1/2]

) KMV Y=T���FbiS\XT^�
ε1/2 yL`�F/g[YfP^V _ KUVD~�R]ADF�e
TLF�@�e/KUFbVWRp\mTZ��R]ADKQ\�TZY=F/ipP�R]TWimKMV T = 0P^V _

X3 = 0
��p RXKQ\#e
OMFbPZiBR]AfP^R#��F$AfP��WF�TWY8FbiSP^R]TWiS\�T^��TZi _ F/i

2
�[Y8TWOU`LVDTWEcKQP^O�KMV

T
PZV _

X3

L
k/2 : C

∞(I × ∂S0,T(R+)
)
→ C

∞(I × ∂S0,T(R+)
)
,

P^V _
T

k/2 : C
∞(I × ∂S0,T(R+)

)
→ C

∞(∂S0,T(R+)
)
,

\aNfepA�R]A8P�R
L[ε1/2] = ε−2

∑

k≥0

εk/2
L

k/2 PZV _
T [ε1/2] = ε−2

∑

k≥0

εk/2
T

k/2.

p V�RSADFB\]PZEcF��BP�`Z��R]AfF�epAfPZVD~ZF�T^�8��PZi]KQP^yfOUF
(r, s, x3) 7→ (R, s, ,X3)

�#ADFbi]F
R = ε−1r

KMV)R]ADF�TZY=F/ipP�RSTZi
(L,T)

`tKMF/O _ \���TWi]E2P^O±\]F/iSKMFb\ (
L [ε],T [ε]

) ��\]F/FoRSADF$F��tNfP^R]KMTZV"�¢sD� s   KMVqR�A�s\T   �
� F;R]ALNf\�AfP��WF�R]ADF¤|#e/TZNDYfOUFd\�T^�t��TZiSE2P^OZ\]F/iSKUFd\�H (

L[ε1/2],T[ε1/2]
) � (

L[ε1/2],T [ε1/2]
) P^V _ (

L [ε1/2],T [ε1/2]
)

e
TZiSiSFb\]Y8TWV _ KMVD~�R]T�RSADF�F
g[YfPZVf\]KUTWV KMV�Y=T���FbiS\$TZ�
ε1/2 T^�BRSADF�TZY=F/ipP�RSTZi (L,T) KMV"R]ADF2RSADiSF/F e/TtTWi _ KUVfP^R]F\a`[\aR]F/E2\#PW\]\]T[e
KQP�R]F _ �#KUR]A�R]AfFoR]ADiSF/F$¡LKMV _ TZ��RSF/iSE2\/�

243Z��2�5



���������
	���
�����������
���	�������	����� !���"��� �#�$���%	'&����"�(	 z^r

��� ©L­ � © ��� ��� � &��2���� �i6
�� 	��� �����	
v[ε1/2] � W [ε1/2]


��#n
Φ[ε1/2]

������	��� ������ ��nm�"� �<&��%�l :���\�����G	 	���k��
	������������|�� :��i �<&���	����(��������� (

ζ[ε1/2],Z[ε1/2]
) �'���"&��4�l :� k�����i ��uf��A�s   � 
� :�v	����(���$������	v�'�j�<&��!�����"��� 
 �"�go� ����
��$������	 � �<&��z���� �i6
��M	��� �����	 v[ε1/2]

	�
����
	 �z��	
(
L[ε1/2],T[ε1/2]

)
v[ε1/2] = −

(
f [ε1/2], 0

) � FL� G  

�"&��s���� �i�
��X	��� �����	
W [ε1/2]

	�
����
	 �z��	
(
L[ε1/2],T [ε1/2]

)
W [ε1/2] = 0,

�$F[� s  


��#n?�"&��s���� �i�
��X	��� �����	
Φ[ε1/2]

	�
��$�
	 �x��	
(
L [ε1/2],T [ε1/2]

)
Φ[ε1/2] = 0.

�$F[� u  

�{�� :�������� � 
 �.&�
����%�"&��  :����
��$�����

v[ε1/2]
∣∣
Γ0

+ W [ε1/2]
∣∣
T=0

+ Φ[ε1/2]
∣∣
R=0

= 0.
�$F[� F  

� � ­�­�� � @BADFoF �WN8P�R]KMTZV"�$F[� G   KM\#e/OUFdP^iSOU`�\SP�RSKM\'>fF _ �
@BADFx��TZiSE�PZO=\]F/iSKMFb\

Z[ε1/2]
\]P^R]KQ\ >8Fb\�R]ADFoF �WN8P�R]KMTZV ��uf� s   �;£�N[R#yt` _ F�>fVDKUR]KMTZV��LR]ADFx��TZiSE2P^O�\]F/iSKUFd\

A[ε]
PZV _

V[ε]
\]P^R]KQ\k��` RSADF9>8iS\aR)~Wi]TWNDY�T^�mF �tNfP�RSKUTWVf\�KMV �'AZ� zIF   �"£�` _ TWKUVD~ R]ADF�epAfPZVD~ZF�TZ�m��P^iSKMPZyDOMF

(r, s, x3) 7→
(T, s,X3)

PZV _ yL`�F/gLY8P^V _ KMVD~�RSADF)e/TtF�@�e
KMF/VtRS\#KMV
T = 0

PZV _
X3 = 0

�f��F�\aFbF$R]A8P�RX��TWi�P^OMO A/�¢��TWi]E >fF/O _
Z
TWV RSADF$E2P^VDKU��TZO _

S̆
�D��FoAfP��WF

L[ε1/2] V [ε1/2]Z = −I ◦ A[ε1/2]Z
P^V _

T [ε1/2] V [ε1/2]Z = 0,
P^V _ R]AfKM\#e/OUFdP^iSOU` \]ADT��X\�R]AfF$F��tNfP�RSKUTWV � FL� s   Nf\]KUVf~)RSADF$iSF/OQP�R]KMTZV

W [ε1/2] = V [ε1/2] Z[ε1/2]
�

n#FbebP^OMOWRSAfP�R�RSADF���TZiSE�PZO[\aFbi]KMFb\
Ψ[ε]

P^V _
Θ[ε]

\SP�R]KQ\a��`oR]ADFBF��tNfP^R]KMTZVf\���\]F/F�RSADFBF��tNfP�RSKUTWVf\��¢s[�BA/G   PZV _ � s[�BAbu  
T^� R�A�s\T   �

{ (
L [ε],T [ε]

)
Ψ[ε] = 0,(

Ψ[ε] − d[ε]
) ∣∣

R=0
+ V[ε]

∣∣
Γ0

= 0,
� FL� a  

P^V _
{ (

L [ε],T [ε]
)
Θ[ε] = 0,(

Θ[ε] + h[ε]
) ∣∣

R=0
+ Q[ε]

∣∣
Γ0

= 0,
� FL� r  

�#ADF/iSF�RSADF)��TZiSE�PZO�\]F/iSKMFb\
d[ε]

KM\oP ��TZiSE2P^O�\aFbi]KMFb\��#K�RSA+TWY8FbiSP^R]TWi�e
TLF�@2e/KUFbVtRS\mRSP^¡LKMVD~���PZOUNfFb\�KUV+R]ADF)��TZNfi
_ KUE�FbVf\aKMTZV8P^O�\]YfPZe/F$T^��i]KM~ZK _�_ KQ\aYDOQPZe/F/E�F/VtRp\#TZV�R]AfF�\aFbE�K�� \kRSi]KMY���\]F/F�@BAfF/TZiSF/E s[� |�T^� R�A�s\T   �B@BADKM\#��TZiSE�PZO
\aFbi]KMFb\BKQ\#iSF/OQP�R]F _ RST

d[ε]
yL`�R]AfF$i]FbOMP^R]KMTZVf\

di[ε] = di[ε]
��TWi

i = 1, 2, 3
P^V _

dn[ε] = ε−1d4[ε] − brrd1[ε] −
bsrd2[ε]

�¢\aFbFxR]ADF$F �WN8P�R]KMTZV"��uf��A   T^� R�A�s\T   �;l \aKME�KUOQP^i#iSF/OQP�RSKUTWV ADTWO _ \B��TZi
h[ε]

P^V _
h[ε]

�
£�` _ TZKMVD~�R]ADF2epAfPZVD~ZF)T^����PZi]KQP^yDOMF

(r, s) 7→ (T, s)
KMV+R]ADF2F �WN8P�R]KMTZV¦�$F[� a   ��P^V _ Nf\]KUVf~ RSADF _ F�>fVfK�RSKUTWV TZ�

R]ADF$TWY8FbiSP^R]TZi���TWi]E2P^O±\]F/iSKMFb\
ψ[ε1/2]

�D��F.>fV _ R]AfP^RhH
{ (

L [ε1/2],T [ε1/2]
)
ψ[ε1/2] = 0,(

ψ[ε1/2] − c[ε1/2]
) ∣∣

R=0
+ V [ε1/2]

∣∣
Γ0

= 0,

�$F[��Ad{  

�#ADF/iSFcR]ADF���TWi]E2P^O;\]F/iSKMFb\
c[ε1/2]

KQ\oTZy[RpP^KMVDF _ yL` _ TWKUVD~�RSADF�epAfP^Vf~ZFcT^�B��PZi]KQP^yfOUF
(r, s) 7→ (T, s)

KMV R]ADF
e
TLF�@�e
KMF/VtRp\BT^��R]ADFo��TWi]E2P^O�\]F/iSKUFd\

d[ε]
�

@BADFo��TZiSE2P^O±\]F/iSKUFd\
c[ε1/2]

KM\�RSAtN8\#i]FbOMP^R]F _ RST�R]ADFo��TWi]E2P^O±\]F/iSKMFb\
d[ε1/2]

KMV�R]ADF�\SP^E�Fo�BP�`�PZ\�R]AfFo��TZiSE�PZO
\aFbi]KMFb\

d[ε1/2]
KM\BiSF/OQP�RSF _ R]T�RSADFo��TZiSE2P^O�\aFbi]KMFb\

d[ε1/2]
��p V�YfP^i]R]KQe
NDOQP^i�RSADF$F��tNfP^R]KMTZVf\

d[ε1/2] ζ[ε1/2] + d[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2],
P^V _

d[ε1/2] ζ[ε1/2] + c[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2],
�$F[��AIA  

�M�������������
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I���

P^iSF�F �WNfKU��P^OMF/VtRd��@BADKQ\�OQPZ\aR�F �tNfP�RSKUTWV)KQ\�R]ALNf\�\SP�RSKM\'>fF _ ��TZi�RSADFB��TZiSE2P^O[\aFbi]KMFb\
ζ[ε1/2]

P^V _
Z[ε1/2]

\]TZOMN[RSKUTWVf\
T^��@BADF/TWi]FbE�uD� |D�
lXYDYDOM`LKUVf~¥R]AfF F��tNfP^R]KMTZV.� FL� a   RST¥R]AfF���TZiSE2P^O�\aFbi]KMFb\

ζ[ε1/2]
��R]ADF�F��tNfP^R]KMTZV.�$F[� r   R]T R]ADF ��TZiSE2P^O�\]F/iSKMFb\

f [ε1/2]
P^V _ R]ADF F��tNfP^R]KMTZV'� FL�BAb{   R]T�R]ADF ��TZiSE�PZOx\]F/iSKMFb\

Z[ε1/2]
�xP^V _ \]NDE�E�KUVf~ RSADF+F/g[YDi]Fd\]\]KMTZVf\�\]T

TZy[RpP^KMVDF _ �[��F0>fV _
(
L [ε1/2],T [ε1/2]

)
Φ[ε1/2] = 0,

P^V _ R]AfKM\#\]ADT��X\$�$F[� u   �¤ILKME�KUOQP^iSOU` ��F$TWy[RSPZKUV

Φ[ε1/2]
∣∣
R=0

+ v[ε1/2]
∣∣
Γ0

+ W [ε1/2]
∣∣
Γ0

− d[ε1/2] ζ[ε1/2] + h[ε1/2] f [ε1/2] − c[ε1/2] Z[ε1/2] = 0,
Nf\aKMVD~2RSADF _ F�>fVDKUR]KMTZV T^�

v[ε1/2]
P^V _

W [ε1/2]
�m@BADF�F��tNfP�RSKUTWV �$F[��AIA   RSADF/V \]ADT��X\�� FL�(F   �X@BADKM\�F/V _ \#RSADF

YDi]TLTZ��T^��R]AfF�@BADF/TWi]FbE��

� ��� � �"�1� ��	���� �"��� ��./� ./�
� + �"��.!�
	0� �"� �
�

� F e/TZE�YfPZi]F�VDT�� R]ADF?>fiS\aR$R]Fbi]E2\$TZ��RSADF2��TWi]E2P^O�\aFbi]KMFb\
v[ε1/2]

�
W [ε1/2]

P^V _
Φ[ε1/2]

�#K�RSA"R]ADF?>fiS\aR
R]F/iSE2\BKUV�RSADF$F
g[YfPZVf\aKMTZV�T^��R]ADF���TZKUR]FbiBEcT _ FbO¢�

� � ­��¤­ ������� ­�� � ��� � ���
v[ε1/2] � W [ε1/2]


��ln
Φ[ε1/2]

k����<&�� ���� �i�
�� 	��� �����	�nI� �s�#��n �"� �"&��4�l :���\�����G	
	���k�	������$����� � � &�� �s �	��z� �� �i%	 �'� �"&���	��2	��� �����	 
  ��"� �

v[ε1/2] = ζ0 + ε1/2ζ1/2 + O(ε),
� FL�BAdz  

W [ε1/2] =






WT [ε1/2] = ε1/2(Z
1/2
T −X3∂TZ

0
3 ) +O(ε),

Ws[ε
1/2] = ε1/2Z

1/2
s +O(ε),

W3[ε
1/2] = Z0

3 + ε1/2Z
1/2
3 +O(ε),

�$F[��Ad|  


��#n

Φ[ε1/2] = εΦ1 + O(ε3/2).
�$F[��AbG  

� ���
ζ ′[ε1/2]


��#n
Z ′[ε1/2]

k��2�<&��2	����(���$�����q� �0�<&��z���� �i6
��X	��� �����	 �l :� k�����i ��uD�BAha  �� 
 �0&�
����

ζ0 = ζ ′0, ζ1/2 = ζ ′1/2, Z0 = Z ′0, Z
1/2
T = Z ′

T
1/2 
��#n

Z1/2
s = Z ′

s
1/2,

k����
Z

1/2
3 6= Z ′

3
1/2 �"� og���l�� �
�� �

@BADKQ\mh;iSTZY=TW\]KUR]KMTZV¥KQ\�P�e
TWVf\aF �tNDF/Vfe/F�T^�;h¤i]TWY8Tt\aKUR]KMTZV uf� G�P^V _ R]ADF)F
g[YDiSFb\S\aKMTZV�TZ��R]ADFcTZY=F/ipP�RSTZip\
Vk

KUV���P^iSKMPZyDOMFb\
(T, s,X3)

�¤ILF/F�RBA/G�T±��TWiB��NDi]R]ADFbi _ F
RpP^KMOM\b�

� @��#,87 � �z, ��� �^/2- ,���� , �?-���� �G1%7 � � +��l7�/2+���
 ��� ��� � ,./ ,87�5 �

� Foe
TWVf\]K _ Fbi;RSADFx\]ADKU��R]F _ _ KQ\aYfOMPWe
F/E�FbVWR
wε \]TZOMN[RSKUTWV2T^�±RSADF�F �tNfP�RSKUTWVf\m�'AZ� zZz   � � F _ F/VDTZR]FxyL` w(ε)R]ADF�e/TZiSi]Fd\aY=TZV _ KUVD~ _ KQ\aYfOMPWe
F/E�FbVWR#KMV

Ω
�D\aTWOUN[RSKUTWV�TZ��RSADF$F��tNfP^R]KMTZVf\o�¢\aFbF�� AZ� z^|  k  H

(L(ε),T(ε)) w(ε) = (−f(ε), 0)
KMV

Ω × Γ
−

+

P^V _
w(ε) = 0

TWV
Γ0.

��aD�BA  
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���	�������	����� !���"��� �#�$���%	'&����"�(	 |�A

�$��� � � � �
.�� � ����� � ��� �����������

� K�RSA�R]ADFx��TZiSE2P^O±\]F/iSKUFd\ _ F�>8VDF _ KMV RSADF$YDiSF/�LKUTWNf\#\]Fbe�RSKUTWV±�[��Fo\]F
R#��TWiXP^OMO
N ∈ N

�

w[N ](ε)(x1, x2, X3) :=

N∑

k=0

εk/2
(
vk/2(x1, x2, X3) + χ(r)W k/2(ε−1/2r, s,X3) + χ(r)Φk/2(ε−1r, s,X3)

)
.
��aD� z  

@BADKM\ _ F�>fVfFb\#P^V�F/OMF/E�FbVWRXTZ�
H1(Ω)3

� � F$�#iSK�RSFoK�R

w[N ](ε) = v[N ](ε) + χ(r)W [N ](ε) + χ(r)Φ[N ](ε),
��af� |  

�#K�RSA�Fb�LK _ FbVtRXVDT^RpP�R]KMTZV8\/��§m\]KMVD~��$FL�(F   ��F�\aFbFxR]AfP^R

∀N ∈ N w[N ](ε)
∣∣
Γ0

= 0,
TZi

w[N ](ε) ∈ V (Ω),

�#ADF/iSF
V (Ω) =

{
u ∈ H1(Ω)3 |u

∣∣
Γ0

= 0
} KQ\#R]AfF)��P^iSKQP�R]KMTZV8P^O�\]YfPZe/F�PZ\S\]TLe/KMP^R]F _ �#KUR]A¥R]ADFc|�# YDi]TWyDOMF/E��

� F�\]F
R
ãε
3D

R]ADF$yfKUOMKUVfFbP^iB��TWi]E _ F�>8VDF _ yL`�R]AfFo��TZiSE�NDOQP

ãε
3D(w,v) :=

∫

Ωε

Aijk` ẽk`(w)ẽij(v) dV,
��af� G  

�#ADF/iSF
ẽij(v) = eij

(
µ−1(x3)v

) �#K�RSA
µ(x3)

R]ADF�\aAfK���RSF/i _ F�>fVfF _ KMV � AW� z�A   �"@BADKQ\�yfKUOMKUVfFbP^i���TZiSE�e
TZi]�
i]Fd\aY=TZV _ \XRST RSADF�F/VDFbi]~W`"�'AZ�BAbr   ��TZi$\]ADKU��R]F _ _ KQ\aYfOMPWe
F/E�FbVWRp\/� � F _ F/VDTZR]FcyL`

ã3D(ε)
R]ADF2e
TWi]iSFb\]Y=TZV _ KMVD~

yDKUOMKMVDFbPZiB��TZiSE�TZV
V (Ω)

�
� F$A8P��ZF�R]ADFo��TWOUOMT��#KUVf~���TZiSV Fd\kRSKUE2P^R]F2��\]F/F�\]Fbe
R]KMTZV�GcTZ�xR(FhT   H

∀v ∈ V (Ω), ‖v‖
H1(Ω)3

≤ ε−1C‖eij(xα, εX3; Dα, ε
−1∂X3

)(v)‖
L2(Ω)

,
��aD� s  

�#ADF/iSF
C
KM\$KMV _ FbY8FbV _ FbVWRcTZV

ε
� ¯ TWi]FbT��ZFbib�?RSADF�TZY=F/ipP�RSTZi

µ(ε)
PZe
RS\$TWV

V (Ω)
PZV _ KQ\$KUVL�WF/i]R]KMyDOUF2�#KUR]A

y8TWNDV _ F _ KMVL�ZFbiS\]F�KMV
ε
H � F$AfP��WF

∀v ∈ H1(Ω), c‖v‖
H1(Ω)3

≤ ‖µ(ε)v‖
H1(Ω)3

≤ C‖v‖
H1(Ω)3

,
��aD� u  

�#ADF/iSF
c
PZV _

C
P^iSF$e
TWVf\kRpP^VtRS\�KMV _ FbY8FbV _ F/VtRXTWV

ε
��§m\]KMVD~¥��af� s   PZV _ ��aD� u   ��F.>fV _

∀v ∈ V (Ω), ‖v‖2

H1(Ω)3
≤ ε−2C0ã3D(ε)(v,v),

��af� F  

�#ADF/iSF
C0

KQ\#KMV _ FbY8FbV _ F/VtRXTWV
ε
�

�$��# � ��� ���"�
.!���"�

ILKUE�KMOMPZi]OM`2RST�R]ADF$\]Fbe�RSKUTWV�G�PZV _ h;i]TWY8Tt\aKUR]KMTZV�s[�BAZ�[��F.>fip\kR#~ZKM�ZFxRSADF$i]TWND~ZA�Fb\aR]KME2P�R]FIH

�¤© � � �
	 � � 
 �"�"&v�"&��2�l��� 
��$������	!�'�0�"&�� �l :���\�����G	 	������������ � 
 �0&�
����

‖w(ε) − w[N ](ε)‖
H1(Ω)3

≤ CεN/2−4.
��aD� a  

� F _ TcVDTZR�~WKU�WFXR]AfFxYfi]TLT^��T^�±RSADKM\BOMF/E�E2PD�[PW\�KURBKM\��ZFbi]`�e/OUTt\aFmR]T)R]ADFoYDiSTLT^�±TZ��h;iSTZY=TW\]K�RSKUTWV�s[�BAoP^V _
�ZF/iS`�R]FdepADVDKQe/P^OX�¢\aFbFjRBAb{D��A/G�T���TZi$\]KUE�KMOMPZi$e/P^OQe
NfOMP^R]KMTZVf\   � � F�Nf\]F�RSADFc��TZiSE�PZO�\aFbi]KMFb\�F��tNfP^R]KMTZVf\o\SP�R]KQ\'>fF _
yt`�R]ADFo��TWi]E2P^O±\]F/iSKMFb\#P^V _ RSADF��mTWi]V�KUVfF��tNfP^OMKURk`2R]T2e
TWVfe
OMN _ FW�

�M�������������



|Wz �M
I���

²±F/R
v[ε1/2]

�
W [ε1/2]

PZV _
Φ[ε1/2]

y8FoRSADFx��TZiSE�PZO�\aFbi]KMFb\ _ F�>fVDF _ KMV RSADFoYDiSF/�LKUTWNf\B\aNfyf\aFde�RSKUTWVf\/� � F
FbPZ\]KMOU` \]F/FxRSAfP�R

∀ k ≥ 0, ‖vk/2‖
H1(Ω)

≤ C .

ILKUE�KMOMPZi]OM`Z�[N8\aKMVD~cR]ADF$F/g[Y8TWVDF/VtR]KQP^O _ Fbe/P�` T^��RSADF$y=TZNDV _ P^iS`�OMP�`WF/i�R]Fbi]E2\b�[��FoAfP��WF

‖χW k/2‖
L2(Ω)

≤ C ε1/4,

‖χW k/2‖
H1(Ω)

≤ C ε−1/4,

P^V _ ‖χΦ
k/2‖

L2(Ω)
≤ C ε1/2,

‖χΦ
k/2‖

H1(Ω)
≤ C ε−1/2,

��aD� r  

�#ADF/iSF RSADF�e
TWVf\kRpP^VtRS\
C
PZi]F�KMV _ F/Y=F/V _ F/VtR2TZV

ε
� §�\aKMVD~ R]AfF�Yfi]Fb�tKMTZN8\�OMF/E�E2PD�;��F�~ZF/R)RSADF���TZOMOUT��#KMVD~

i]Fd\aNDOURhH

��� ©L­ � © � 	 ��� � ���
w(ε)

k��j�"&��9	'&�� ��� ��nqn��
	$�l��
 ����i������0	��������������E�'�?�<&��j�"&� :�����'n��"i�����	������#
�� ������
���������	 �
��#n?�����
w[N ](ε)

k��2�<&�� � �(���� �i �x���Bn9n ��� �l��n6�"�+��aD� |   � � &���� 
 �.&�
���� �

∀N ≥ 0, ‖w(ε) − w[N ](ε)‖
H1(Ω)3

≤ CεN/2.
��af��Ad{  

� � ­�­�� � ²�F
R
N ≥ 0

��§�\aKMVD~�R]AfF$Fb\aR]KME�P^R]F2��af� a   �[��F$~ZF/R

‖w(ε) − w[N+10](ε)‖
H1(Ω)3

≤ CεN/2+1,
�#ADF/Vfe/F

‖w(ε) − w[N ](ε)‖
H1(Ω)3

≤
N+10∑

k=N+1

εk/2
(
‖vk/2‖

H1(Ω)3
+ ‖χW k/2‖

H1(Ω)3
+ ‖χΦk/2‖

H1(Ω)3

)
+ CεN/2+1.

@BADF$YDiSF/�LKUTWNf\�Fb\aR]KME2P�R]Fd\BT^��R]ADFoRSF/iSE2\BKUV
ε
`LKMF/O _ \BR]AfF$i]Fd\aNDOURb�

n#FbebP^OMO?R]AfP^R#R]ADF�| # _ KQ\aYfOMPWe
F/E�FbVWR
u(ε)

PZV _ R]ADF�\]ADKU��R]F _�_ KM\]YDOQPZe
FbE�F/VtR
w(ε)

P^iSFoi]FbOMP^R]F _ yL`

uσ(ε) = wσ(ε) − εX3b
α
σ(x1, x2)wα(ε)

P^V _
u3(ε) = w3(ε).

��aD�BA A  

� F _ F _ Nfe
F)R]AfP^Rx��F�A8P��ZF)P�\aKME�KUOQP^ioPZ\]`LE�Y[R]TZR]KQe�F
g[YfPZVf\]KUTWVf\#��TWimRSADFc| # _ KM\]YDOQPZe/F/E�F/VtRb� ¯ TWi]FbT��ZFbib�fPW\
R]ADFx\aADKU��R]Fbi _ K�D?F/ip\���iSTZE R]ADF�K _ F/VtR]KURk`�yt`�PoRSF/iSE TZ��TZi _ F/i

ε
TZ�±TZi _ F/i;TZ� _ F/iSKU��P^R]KMTZV�&/Fbi]T8�Z��F _ F _ Nfe/F#R]AfP^R

R]ADF)R]Fbi]E2\�T^�¤TWi _ Fbi
0
P^V _

1
KUV
ε1/2 P^iSF�F��tNfPZOM\m��TZi w(ε)

P^V _
u(ε)

�o@BALNf\mR]AfF)YDiSTZY=TW\]KUR]KMTZV F[� z�KM\mR]ADF
\]PZEcFx��TWiBR]ADFd\aF _ KQ\]YDOMPWe
FbEcFbVtRS\b�

� TZR]F$F/�WF/VtR]N8P^OMOU`�RSAfP�RXNf\]KMVD~2²±F/E�E2P�aD�BA��#iSKURaR]FbV�KUV
Ωε �DP^V _ N8\aKMVD~�Fb\aR]KME2P�R]Fd\BT^��R]ADFoRSF/iSE�\BTZ��RSADF

F
g[YfP^V8\aKMTZV2KMV YDAL`[\]KMebP^Of��PZi]KQP^yDOMFb\b�t��F�TZy[RpP^KMV�R]ADFxE�NDOUR]KQ\Se/P^OMFmF/g[YfP^Vf\]KMTZV���TZi�R]AfF�\]ADK���RSF _�_ KM\]YDOQPZe/F/E�F/VtR�KMV
Ωε �;@BADKQ\#\aADT��X\B@BADFbTZiSF/E AW� zD�

��KUVfPZOUOM`Z�fNf\aKMVD~2@BADFbTZiSF/E af� z)P^V _ h;iSTZY=TW\]KUR]KMTZV�P^V _ FL� z[�[��FoFbPZ\]KMOU` \]ADT��.h¤i]TWY8Tt\aKUR]KMTZV AZ� |D�

� � � � +?147 � ����� -./!/�� / � 
 ��� � � ����?

��� � F|>fip\kR e/TZE�YfP^iSF�R]AfF¥TZY=F/ipP�RSTZip\
Ă1/2 P^V _ K̆1/2 � � F¥AfP��WF�R]ADF���TWOUOMT��#KMVD~�Fb\aR]KME2P�R]F���\]F/F

h;i]TWY8Tt\aKUR]KMTZV�Gf� z)T^�xR�A�s\T   H

deg A3 ≤
(

4 5
5 4

)
.

��af��A�z  

¯ TZiSF/T��WF/id�ZRSADF$TZY=F/ipP�RSTZip\
Ak P^iSFoT^��TZi _ F/iXP^RBE�Tt\kR k + 2

��TWi
k ≥ 4

�
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§m\]KUVf~)RSADF _ F�>fVDKUR]KMTZV���uf� u   T^��RSADFo��TZiSE2P^O±\]F/iSKUFd\
Ă[ε1/2]

�D��FxA8P��ZFZ�[\]KUE�KMOMPZi]OM`2RST��¢uD� |   H

Ă[ε1/2] =
∑

k≥0

εk
Ă

(k)[ε1/2],
��af��Ad|  

�#K�RSA
Ă

(k)[ε1/2] Z̆[ε1/2] =
(
εA(k)

σ [ε1/2] Z[ε1/2] , ε1/2A(k)
3 [ε1/2] Z[ε1/2]

)
,

��af��AbG  

�#ADF/iSFcR]ADF2��TWi]E2PZO;\aFbi]KMFb\
Z[ε1/2]

PZV _
Z̆[ε1/2]

PZi]F�iSF/OQP�R]F _ yL`¦��|D� a   � §m\]KUVf~ ��aD�BA/G   P^V _ ��uf� z   ����F�\]F/F
R]AfP^RX��FoAfP��WF

∀ k ≥ 0, Ă
(k)[ε1/2] =

(∑
`≥−(k+1) ε

`/2Ăk,`/2
σ ,

∑
`≥−(k+2) ε

`/2Ăk,`/2
3

)
.

§m\]KUVD~���aD�BAb|   ��F$\aFbFoR]AfP^R

Ăσ [ε1/2] =
∑

k≥0

∑

`≥0

ε(2k+`−k−1)/2Ăk,(`−k−1)/2
σ =

∑

n≥−1

εn/2
n+1∑

k=0

Ăk,(n−2k)/2
σ ,

�#ADF/iSF$��F$N8\aF _ R]ADF$��PWe�RXRSAfP�R Ăk,`/2
σ = 0

��TZi
` ≤ −(k + 1)

�#ILKMEcKMOQP^iSOU`W�[��TZi#RSADF$RSiSPZVf\a�WF/ip\aF$e/TZE�Y8TWVDF/VtR
��F$\]F/FxR]AfP^R

Ă3[ε
1/2] =

∑

n≥−2

εn/2
n+2∑

k=0

Ăk,(n−2k)/2
3 .

p V�Y8P^i]R]KQe
NDOQP^id�L��FoAfP��WF�RSAfP�R

Ă1/2
σ = Ă0,1/2

σ + Ă1,−1/2
σ + Ă2,−3/2

σ

PZV _ Ă1/2
3 = Ă0,1/2

3 + Ă1,−1/2
3 + Ă2,−3/2

3 + Ă3,−5/2
3 .

��af��A�s  

ILKUE�KMOMPZi]OM`Z�L��TWiBR]ADF�e/TZE�YDN[RpP�RSKUTWV�TZ��RSADF$TZY=F/ipP�RSTZi
K̆1/2 �D��FoAfP��ZF

K̆1/2
σ = M̆1/2

σ + B̆−3/2
σ

PZV _ K̆1/2
3 = M̆1/2

3 + B̆−3/2
3 ,

��af��Adu  

�#ADF/iSF�R]ADF�TWY8FbiSP^R]TZip\
M̆k/2 P^V _ B̆k/2 P^iSF _ F�>fVfF _ PZ\�y=F
��TWi]F���iSTZE�RSADF�TZY=F/ipP�RSTZip\

M
PZV _

B
�.@BADF

F��tNfP�RSKUTWVf\���aD�BAds   \]ADT��X\xR]A8P�R���TWi
k ≥ 4

��R]ADF�TWY8FbiSP^R]TWiS\
Ak YDOQP�`¥VDT�iSTZOMF2KMV+RSADF e/TZE�YDN[RpP�R]KMTZV"TZ��RSADF

TZY=F/ipP�R]TWi
Ă1/2 �

lm\
A3

3

KM\mTZVDOM`�T^��TZi _ FbimG�KMV
z3
�¢\aFbF���af��A�z  k  �?��F�A8P��ZF Ă3,−5/2

3 = 0
�m@BAfF�TZY=F/ipP�RSTZi

A1 y=F/KMVD~�RSADF
&/F/iST TWY8FbiSP^R]TWib�=��F)AfP��ZF Ă1,−1/2

σ = Ă1,−1/2
3 = 0

�ol�\
A0 KM\�R]AfF)E�F/E)yDipP^VDF)TZY=F/ipP�R]TWib�=KURxKQ\oe
OMFbP^imR]AfP^R

Ă0,1/2
σ = M̆1/2

σ
P^V _ Ă0,1/2

3 = M̆1/2
3

�
� T��:Nf\]KUVf~2R]ADF)F
g[YDiSFb\S\aKMTZV�TZ��R]ADF)TZY=F/ipP�R]TWiS\

A2 ��\]F/F)@BADF/TWi]FbE!G8� G2TZ�CR�A�s\T   P^V _
B2 �=��F�e/TZE�YDN[RSF

_ KUiSFbe
R]OM`2R]A8P�R Ă2,−3/2
σ = B̆−3/2

σ = 0
P^V _

Ă2,−3/2
3 Z̆ = B̆−3/2

3 Z̆ =
2

3
λ̃Γr

ss(0, s) ∂TTT Z̆3.

@BADKM\XF/�ZFbVtR]NfPZOUOM`�\aAfT��X\�R]AfP^R
K̆1/2 = Ă1/2 �

� � � F�VDT��'e/TZE�YDN[RSFcR]ADF�TZY=F/ipP�RSTZi
d̆0
3

TWixF �tNDKU��PZOUFbVWRSOU`�RSADF�TZY=F/ipP�RSTZi D̆0
3

��\]F/F���uf��AbG  k  � � F�AfP��ZF
R]AfP^R

D̆[ε1/2] =
∑

k≥0

εk
D̆

(k)[ε1/2],

�#ADF/iSF$R]AfF$��TZiSE2P^O�\]F/iSKUFd\
D̆(k)[ε1/2]

P^iSF�PZ\S\aT[e
KQP�RSF _ �#KUR]A�R]AfF$��TZiSE2P^O�\]F/iSKMFb\
D(k)[ε1/2]

yt`�R]AfF���TZiSE�NfOMP
D̆(k)[ε1/2]Z̆[ε1/2] = D(k)[ε1/2]Z[ε1/2]

�

�M�������������
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lm\BRSADF$TZY=F/ipP�RSTZip\
Dk

3

PZi]FxT^��TZi _ FbiBP^RXE�TW\aR
k
KMV
r
�f��FoAfP��ZFoPZ\BKMV�²±FbEcE2P�uD�BA H

D̆3[ε
1/2] =

∑

n≥−1

εn/2D̆n/2
3

�#KUR]A D̆n/2
3 =

n+1∑

k=0

D̆k,(n−2k)/2
3 .

� FoRSAtN8\ _ F _ Nfe
FxR]A8P�R
D̆0

3 = D̆0,0
3 + D̆1,−1/2

3 .

lm\
D1

3

KM\xRSADF &/Fbi]T�TWY8FbiSP^R]TZid����F _ F _ N8e
F�R]A8P�R D̆1,−1/2
3 = 0

� ¯ TWi]FbT��ZFbixPW\
D0

3z = z3
����FcA8P��ZFcR]AfP^R

D̆0,0
3 = 0

�;@BADKQ\#\]ADT��X\�R]AfP^R
d̆0
3z = z3

�
	 �o� F)e/TZE�YDN[RSF�VDT�� R]ADF)TZY=F/ipP�RSTZi D̆−1/2

n
�mlm\mR]ADF�TZY=F/ipP�R]TWiS\

Dk
n

PZi]F�TZ� _ F/~Wi]FbF�T^� _ Fbi]KM��P�R]KM�ZF)P�R
EcTt\kR

k + 1
KMV
r
�f��FoAfP��WFx�#KUR]A�Fb�tK _ FbVWR#VDTZRSP^R]KMTZVf\hH

D̆n[ε1/2] =
∑

`≥−2

ε`/2D̆`/2
3

�#KUR]A D̆`/2
n =

`+2∑

k=0

D̆k,(`−2k)/2
3 .

� F _ F _ Nfe/FoR]AfP^R
D̆−1/2

n = D̆0,−1/2
n + D̆1,−3/2

n .

£�NDR�K�R$KQ\$e
OMFbP^ioRSAfP�R D̆0,−1/2
n = 0

�±Nf\]KUVf~
D0

nz = ∂rz3
�2@�T�e
TWE�YDN[R]FcRSADF2TZY=F/ipP�RSTZi D̆1,−3/2

n
�±��FcTWVDOM`

VDF/F _ R]T�¡LVDT��:R]ADF�R]Fbi]E2\x�#K�RSA z _ F/iSKU��P^R]KM�ZFb\mKUV
r
PZe
R]KMVD~ TWV

z3
KMV¥R]AfF)F/gLYfi]Fd\]\]KUTWV�T^��RSADF)TWY8FbiSP^R]TWi

d2
n��\]F/F�@BADFbTZiSF/E s[� |cKUVqRBAds\T   �

� F$�#KMOMO�\aAfT�� OQP�R]Fbi�R]ADFo��TWOUOMT��#KUVf~cF �tNfP�RSKUTWV±�L��TZi
z ∈ Σ(S0)

H

d2
nz =

(
c2∂rrz3 + Pz

) ∣∣
∂S0

,
��af��A�F  

�#ADF/iSF
c2
KQ\#P)VDTZV1&/Fbi]T�e
TWVf\kRpP^VtR _ F/Y=F/V _ KUVD~�TWVDOU`2TWV

λ
PZV _

µ
�DPZV _

P
KQ\�PZV�TWY8FbiSP^R]TWi¤RpP^¡LKUVf~)��P^OMNDFd\�KMV

C∞(S0)
\aNfepA�R]A8P�RXKMV�e/TLTZi _ KUV8P�R]Fd\

(r, s)
�f��F$AfP��WF

Pz = P rzr + P szs + P 3z3,

�#ADF/iSF
P r PZV _ P s PZi]FxTZY=F/ipP�RSTZip\�T^��TWi _ F/imzcPZe
R]KMVD~�TZV zr

PZV _
zs
i]Fd\aY=Fbe
R]KM�ZFbOU`W�DP^V _ �#ADF/iSF

P 3z3 = p3
1(r, s)∂rsz3 + p3

2(r, s)∂ssz3 +Q3z3,

�#K�RSA
Q3 P^V _ TZY=F/ipP�RSTZiBT^��TZi _ F/i AoKMV z3

P^V _
p3
1

�
p3
2

��NDVfe�RSKUTWVf\#TZ��R]AfF$��PZi]KQP^yfOUFd\
(r, s)

�
@BADF$F��tNfP^R]KMTZV"��af��A�F   \aADT��X\�RSAfP�R

D̆(1)
n [ε1/2](Z̆) = ε−3/2c2∂TT Z̆3 +

∑

`≥−2

ε`/2D̆1,`/2
n (Z̆).

� F _ F _ Nfe/FoR]AfP^R
D̆1,−3/2

n (Z̆) = c2∂TT Z̆3.
P^V _ R]AfKM\B`LKMF/O _ \BR]AfF$i]Fd\aNDOURb�
� � ­�­��#­ ��� 	 � � ��� � §m\]KUVD~cRSADFoYDi]TLTZ��T^��@BADF/TWi]FbE s[� |�TZ�zRBAds\T �LR]AfFxTWY8FbiSP^R]TWiS\

Ψ2 P^V _ d2 P^iSFo\aNfepA R]AfP^R
K��

z ∈ Σ(S0)
�
ϕ := Ψ2z − d2z

KM\BRSADF$NDVDK �tNDF$\aTWOUNDR]KMTZV�T^��R]ADF$YDiSTZyfOUFbE




L 0ϕ = −L 1Ψ1z
KUV

∂S0 × Σ+,
T 0ϕ = −T 1Ψ1z

TWV
∂S0 × γ+ × γ−,

ϕ
∣∣
R=0

+ V2z
∣∣
Γ0

= 0,
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�#K�RSA
Ψ2z ∈ C∞(∂S0,H(Σ+)

) ��\]F/FcR]ADF�y=F/~WKUVDVfKUVD~�T^�BILFbe
R]KMTZV"u   P^V _
d2z

KUV+R]ADF2\]YfPZe/Fc\]YfPZVDVDF _ yL`
R]ADFoG�i]KM~ZK _ _ KM\]YDOQPZe
FbE�F/VtR�KMV�e
TLTZi _ KMVfP�RSFb\

(R, s,X3)
��\]F/F�R]ADF$F �WN8P�R]KMTZV �¢sD� a   TZ�zRBAds\T   � rmF/iSFZ�

γ
−

+

_ F/VDTZR]F
R]ADFoRk��T�NDYDY=F/imPZV _ OMT���F/iBOUKMVDFd\ {X3 = −+1} TZ� Σ+ ��@BADF$TWY8FbiSP^R]TWi V2 �#i]KUR]Fd\$��\]F/F6RBAds\T   H

V2
σ(z) =

X2
3

2
pDσγ

α
α(z)

P^V _
V2

3(z) =
X2

3

2
p
(
ρα

α(z) − pbααγ
β
β (z) − 2bβαγ

α
β (z)

)
.

lm\cKUV R]ADF�YDiSTLT^�XT^�m@BAfF/TZiSF/E sD� | T^�2RBAdsbTB��F�\]YDOMK�RcR]ADF�\]TZOMN[R]KMTZV
ϕ
T^�XRSADF�YDi]Fb�LKUTWNf\�\]`[\kRSF/E�KMVWRST¥RSADF

\aTWOUN[RSKUTWV�TZ�





L 0φ = −L 1Ψ1z
KUV

∂S0 × Σ+,
T 0φ = −T 1Ψ1z

TWV
∂S0 × γ+ × γ−,

φ
∣∣
R=0

= 0,

��af��A\a  

P^V _ R]AfFo\]TZOMN[RSKUTWV�TZ��RSADF�\a`[\aR]FbE




L 0φ = 0
KMV

∂S0 × Σ+,
T 0φ = 0

KMV
∂S0 × γ+ × γ−,

φ
∣∣
R=0

+ V2z
∣∣
Γ0

= 0.

��af��Adr  

§m\]KUVD~xRSADF#F
g[YDiSFb\S\aKMTZV�T^�=R]ADFBTZY=F/ipP�RSTZi
Ψ1 ��\]F/F�R]AfF#F��tNfP�RSKUTWV�� s[�BAb|   TZ�ZRBAds\T   �W��F#\]F/F�R]AfP^R�R]ADF#iSKU~WAtRa� AfP^V _

\aK _ FxT^����aD�BAha   KM\BP)OUKMVDFdP^iBe
TZE)yDKMVfP�RSKUTWV T^��F/OMF/E�F/VtRS\�TZ�
C∞(∂S0,K(Σ+)

) �#ADTt\aFxe
TLF�@�e
KMF/VtRp\�PZi]FmR]ipPZe/Fb\
TZV

∂S0
TZ��TZY=F/ipP�R]TWiS\mPZe�RSKUVf~�TZV

Σ(S0)
�#K�RSA _ F/~Wi]FbFb\mT^� _ F/iSKM��P^R]KM�ZF�P^RmE�TW\aRmF��tNfPZO±RST

2
KMV
zσ
P^V _

1
KMV

z3
�;@BALNf\�R]ADF$e
TWi]iSFb\]Y=TZV _ KMVD~�Y8P^i]RS\�T^��R]ADFoTZY=F/ipP�RSTZip\

Ψ2 P^V _ d2 PZi]F�TZVDOM`�KMVt�WTZOM�ZF _ KUV�R]AfF _ F�>fVDKUR]KMTZV�T^�
R]ADF$TWY8FbiSP^R]TZi

P
T^��R]ADF$F �WN8P�R]KMTZV"��af��A�F   �

ILKUE�KMOMPZi]OM`�R]AfFo\]TZOMN[RSKUTWV T^����aD�BAbr   \]YDOMK�Rp\�KUVtR]T)R]AfFo\]NDE�TZ�±R]AfFo\]TZOMN[RSKUTWVf\�T^��\]`[\kRSF/E2\��#K�RSA�TWVDOU`2TWVDFo\aKMVD~ZOMF
VDTZVc��P^VDKQ\aAfKUVD~oe
TWE�Y8TWVDF/VtR�KUV)R]ADFBiSKU~WAtRa� AfP^V _ \aK _ FW��Y8TWOU`LVDTWEcKQP^OLKMV

X3
��@BADFBF/gLYfi]Fd\]\]KUTWV�T^�

V2 \aAfT���R]AfP^R
KUV+R]ADF�e/TLTZi _ KUV8P�R]F�\]`L\aR]FbE

(r, s)
�±TZVfOU`

V 2
3 z

e
TWVWRpP^KMVf\ _ F/iSKM��P^R]KM�ZFd\�TZ��TWi _ Fbi
2
KMV
z3
�c@BAfF�e/TZE�Y=TZVDFbVWRp\

V 2
r z

P^V _
V 2

s z
TWVDOM`�F/VtR]Fbi#KUVtRST�R]ADF$F/gLYfi]Fd\]\]KUTWV TZ�

P
��p V�R]ADF�e/TLTZi _ KUV8P�R]Fo\]`L\aR]FbE

(r, s)
�f��FoAfP��ZF

V 2
3 z =

X2
3

2
p∂rrz3 + Op(z)

�#ADF/iSF
Op(z)

_ FbVDT^RSFb\�PZV+TWY8FbiSP^R]TWi$T^�BTZi _ F/i
2
�#KUR]A _ Fbi]KM��P�R]KM�ZF�TZ�BTWi _ F/i�A2KUV

r
TZV

z3
� � F�\aFbF/¡�RSADF

\aTWOUN[RSKUTWV�T^�fR]ADF#\]`L\aR]FbE:T^�DRSADF¤��TWi]E���aD�BAbr   �#KUR]A)P�Y=TZOM`tVfTZE�KMPZOWiSKM~ZAtRa� AfP^V _ \aK _ FW�^P^V _ ��F�Nf\aF�R]AfF�\]YDOMK�R]R]KMVD~
T^�¤RSADF�TZY=F/ipP�RSTZi

(L 0,T 0)
KMVtR]T�R]ADF�TZY=F/ipP�RSTZip\

(L 0
s ,T

0
s )

P^V _
(L 0

R,L
0
3 ,T

0
R ,T

0
3 )

�¢\aFbFcR]ADF�F��tNfP^R]KMTZV
�¢s[� u   T^�6R�A�s\T   � � F \aAfT�� �¢\aFbF \aFde�RSKUTWV.uD�BA�T^�6R�A�z\T   R]AfP^R�R]AfF/iSF¥F
g[KQ\kR

(ϕ2
R, ϕ

2
3) ∈ H(Σ+)2

P^V _ Rk��T
e
TZV8\kRpP^VtRS\

c
P^V _

c′
\]NfepA�R]A8P�R





(L 0
R,L

0
3 )(ϕ2

R, ϕ
2
3) = 0

KMV
Σ+,

(T 0
R ,T

0
3 )(ϕ2

R, ϕ
2
3) = 0

TZV
γ+ × γ−,

ϕ1
R

∣∣
R=0

+ cX3 = 0,

ϕ1
3

∣∣
R=0

− c′ = X2
3 .

��af� zZ{  

@BADF�e
TLF�@�e/KUFbVWRp\
c
P^V _

c′
PZi]FxR]AfF�e
TLF�@�e
KMF/VtRp\#T^��R]ADF$iSKU~WK _�_ KQ\aYfOMPWe
F/E�FbVWRp\

Z
4 F
R

Z
3 �¢\aFbF6R�A�z\T�P^V _ RSADF

F��tNfP�RSKUTWV�� s[� a   T^�MRBAds\T   ���DTWi�YfP^iSK�Rk`oiSFbPW\aTWVf\±KMV
X3
��R]ADFBe
TLF�@2e/KUFbVtRS\�T^�

Z
1 KQ\/&/F/iSTf��PZV _ RSADF _ KM\]YDOQPZe/F/E�F/VtR

Z
2 KM\BVDTZRXKUVL�WTZOM�ZF _ � � F�e/PZV�\]ADT��.RSAfP�R#RSADF�e
TLF�@2e/KUFbVtR c′ KM\BVfTZV &/Fbi]T���\]F/F$OMF/E�E2P�uD�BAxKMVqR�A�z\T   �

� F�e/TZVf\aR]iSNfe
R#R]ADF�\]TZOMN[R]KMTZV
φ
T^�#��af��Adr   _ F/Y=F/V _ KUVf~�TZV�R]AfF$R]Fbi]E

p∂rrz3
KMV�R]AfF�TZY=F/ipP�RSTZi

V2 yL` E)NDOUR]KU�
YDOU`LKMVD~cR]ADF$\]TZOMN[R]KMTZV�T^�B��aD� z^{   �#KUR]A − 1

2p∂rrz3
� � FxR]ALNf\ _ F _ Nfe/FxR]AfP^R

d4
nz = − 1

2c
′p∂rrz3 + Pz

�[�#ADF/iSF
P
\SP�RSKM\'>fFb\�RSADF�e
TWi]iSFbe
R�TWi _ FbiXe
TWV _ KUR]KMTZVf\b� � F$~WF
RBR]ADF$iSFb\]NDOUR#yt`�\aF/RaRSKUVD~

c2 = − 1
2c

′p 6= 0
�

� � � � +?147 ��� ��� -./!/�� / � � ���x/!-�� � ) � �

���¤� F >fip\aR�e/TZE�YDN[RSF�R]ADF#FbVDF/iS~Z`$VDTWi]E TZ�
uε � � F _ F�>8VDF�R]ADF#FbVDF/iS~Z`o��TWi�R]ADF#\]ADK���RSF _�_ KQ\aYfOMPWe
F/E�FbVWR\H

Ẽε
3D[w] =

∫

Ωε

Aijk` ẽij(w)ẽk`(w)dV,

�M�������������



|Zu �M
I���

�#ADF/iSF
ẽij(w)

KQ\ _ F�>fVDF _ PZ\
ẽij(w) = eij(µ

−1(x3)w)
KQ\�R]ADF$\aR]ipP^KMV�R]FbVf\]TZiBPZ\S\aT[e
KQP�RSF _ �#K�RSA RSADF$\aADKU��R]F _

_ KM\]YDOQPZe/F/E�F/VtRb� � F)AfP��WF
Ẽε

3D[wε] = Eε
3D[uε]

�o@BAfF�F
g[YfPZVf\]KUTWV¥T^��RSADF)TWY8FbiSP^R]TWi
ẽij

TWV
Ωε KQ\x~ZKM�ZF/V�KMV

h;i]TWY8Tt\aKUR]KMTZV�|D� z)T^�xR�A�s\T �
§m\]KUVf~)RSADF$Y=TW\]K�RSKU�LKURk` T^��R]ADF$iSKM~ZK _ K�Rk`�R]F/V8\aTWib�[��FoAfP��ZF�R]AfP^R

c‖ẽij(w
ε)‖2

L2(Ωε)
≤ Ẽε

3D[wε] ≤ C‖ẽij(w
ε)‖2

L2(Ωε)
,

��af� z�A  

��TZiXe
TWVf\aRSP^VtRp\
c
PZV _

C
KMV _ F/Y=F/V _ F/VtRXTZV

ε
�

n#FbebP^OMO���\]F/Fo@BADF/TWi]FbE G8� G)T^�sRBAdsbT   �LR]AfP^R�RSADFoTZY=F/ipP�R]TWiS\
V1 P^V _ V2 T^�±RSADFx��TZiSE�PZO=\]F/iSKMFb\ V[ε]

�#iSK�RSF

V1z =

{
−X3θσ(z)

−X3pγ
α
α(z)

P^V _
V2z =

{
X2

3

2 Dσγ
α
α(z)

X2
3

2 p
(
ρα

α(z) − pbααγ
β
β (z) − 2bβαγ

α
β (z)

)
��af� zWz  

�#ADF/iSF
p = λ(λ+ 2µ)−1 �;@BADFo��TZOMOMT��#KUVD~cOMF/E�E2P�YDi]Fde
KQ\aF�R]AfF0>fiS\aRXYfPZiaR#T^��h;iSTZY=TW\]K�RSKUTWVvF[� zD�

�¤© � � �
	 ��	 
 �"�"&v�"&��2�l��� 
��$������	!�'���x :�����b	��"�$�����|FL� z � 
 �0&�
 �b�

v1 = ζ1 + V1ζ0 =

{
ζ1
σ −X3(Dσζ

0
3 + bασζ

0
α),

ζ1
3 −X3pγ

α
α(ζ0),

��af� zZ|  


��#n?�"�|�<&��4���h�� :n��"�l
�� �2	�=b	�� ��i
(T, s,X3) �

W 1 =




Z1
T −X3∂TZ

1/2
3

Z1
s −X3∂sZ

0
3

Z1
3 −X3p∂TZ

1/2
T +X3pb

α
α(0, s)Z0

3 +
X2

3

2 p∂TTZ
0
3


 .

��af� z^G  

� � ­�­���­�� �¤© � � � 	 �
	 � @BADF�F��tNfP^R]KMTZV:��af� zZ|   KM\�e/OUFdP^i�Nf\]KUVf~+RSADF _ F�>fVDKUR]KMTZV T^�
v[ε1/2]

P^V _ RSADF
F
g[YDiSFb\S\aKMTZV�T^�

V1 �
� T�� N8\aKMVD~cR]ADFo��TWi]E2PZO±\aFbi]KMFb\$� FL� z   �D��FoAfP��ZF

W 1 = V
0Z1 + V

1/2Z1/2 + V
1Z0,

��af� zWs  
�#K�RSA

V
0 = V

0,0, V
1/2 = V

0,1/2 + V
1,−1/2 P^V _

V
1 = V

0,1 + V
1,0 + V

2,−1.
£�NDR�Nf\]KMVD~mRSADF _ F�>fVfK�RSKUTWV�T^�fR]ADF�TZY=F/ipP�RSTZip\

V
k,n ����F¤FbPW\aKMOM`o\]F/F�R]A8P�R

V
0 = V

0,0 KM\�R]AfF�K _ F/VtRSK�Rk`$TWY8FbiSP^R]TZid�
ILKUE�KMOMPZi]OM`Z�[N8\aKMVD~cR]ADF$F/g[YDi]Fd\]\]KMTZV TZ�

V1 P^V _ V2 ��F$\aFbFoR]AfP^R

V
1,−1/2Z =






−X3∂TZ3,

0,

−X3p∂TZT ,

V
2,−1Z =






X2
3

2 p∂TTZT ,

0,
X2

3

2 p∂TTZ3,
P^V _

V
1,0Z =





−X3(b
r
r(0, s)ZT + bsr(0, s)Zs),

−X3(∂sZ3 + brs(0, s)ZT + bss(0, s)Zs),

−X3p(∂sZs + Γα
αr(0, s)ZT + Γα

αs(0, s)Zs − bαα(0, s)Z3),
P^V _ R]AfKM\#\]ADT��X\�R]AfF$i]Fd\aNDOURb�

� F$VfT�� ~ZKM�ZFoFd\kRSKUE2P�RSFb\#e/TZiSi]Fd\aY=TZV _ KUVD~�R]T¥��aD� r   TZV�R]ADF$YfAt`[\]KMebP^O±\]ADF/OMO �

243Z��2�5



���������
	���
�����������
���	�������	����� !���"��� �#�$���%	'&����"�(	 |gF

�¤© � � �
	 � ��� �\�I����	��}�<&�
��
ζ ∈ Σ(S0)


��ln
Z ∈ C ∞(∂S0,T(R+)


� :� oI���#�� ���� � �"�#nI� �����#n ����� �'� ε � �#���
�h�� :��� � n��
	$�#��
I����i6���_�C
��#n�� � k������#nI
� �=6��
�= �� !� �� �i  :��	$��������� �����(= � � &���� 
 � &�
 �b�

‖ζ‖
L2(Ωε)

= O(ε1/2), ‖Z‖
L2(Ωε)

= O(ε3/4),

‖∂αζ‖
L2(Ωε)

= O(ε1/2),

��ln ‖∂αZ‖

L2(Ωε)
= O(ε1/4).

� ���
v ∈ C ∞(I,Σ(S0)

)
� W ∈ C∞(I×∂S0,T(R+)

) 
��#n
Φ ∈ C∞(∂S0,H(Σ+)

) k��Cog���#�� ����.�#��� �\�� :�
� �� �i!	%�"�#n � �����ln �����8�'�

ε
���� � :��	������ln��"�Go�� � �<&��4�<&G ����6��=�����	�� �4� �� �i%	 �# :��	����_� �"�q�"&��?�:����
���	������ � �

wε
�

� &���� 
 �.&�
����

‖v‖
L2(Ωε)

= O(ε1/2), ‖∂αv‖
L2(Ωε)

= O(ε1/2),

��#n ‖∂3v‖L2(Ωε)

= O(ε−1/2),

‖W‖
L2(Ωε)

= O(ε3/4), ‖∂αW ‖
L2(Ωε)

= O(ε1/4),

��ln ‖∂3W ‖

L2(Ωε)
= O(ε−1/4),


��#n

‖Φ‖
L2(Ωε)

= O(ε),

��#n ‖∂iΦ‖

L2(Ωε)
= O(1).

§m\]KUVf~�R]ADFd\aFxRk��TcOMF/E�E2PZ\b�Dh;iSTZY=TW\]KUR]KMTZV{FL� z)PZV _ h;i]TWY8Tt\aKUR]KMTZV�|D� z)T^� R�A�s\T�~WKU�LKMVD~cR]ADF$F/gLY8P^Vf\]KUTWVf\BT^�
R]ADF$TWY8FbiSP^R]TZip\

ẽij
�[KURXKM\XVDT^R#AfPZi _ R]T2YDiST��ZF�R]A8P�R

‖ẽαβ(v0 + ε1/2v1/2 + εv1)‖
L2(Ωε)

= O(ε1/2),

�#ADF/iSFo��FoNf\]FoR]ADFo��PWe�RBR]A8P�R
ζ0 6= 0

� ¯ TWi]FbT��ZFbib�W��TZiXPZOUO
k ≥ 3

�

‖ẽαβ(εk/2vk/2)‖
L2(Ωε)

≤ O(ε(k+1)/2).

ILKMEcKMOQP^iSOU`W�[�#i]KUR]KMVD~cR]ADF$F/g[YfP^Vf\]KMTZV�T^�
ẽij

KMV�e
TLTZi _ KMVfP�RSFb\
(T, s,X3)

`LKMF/O _ \

‖ẽαβ(W 0 + ε1/2W 1/2 + εW 1)‖
L2(Ωε)

≤ O(ε3/4),

P^V _ ��TZiXPZOUO
k ≥ 3

�
‖ẽαβ(εk/2W k/2)‖

L2(Ωε)
≤ O(ε(2k+1)/4).

¯ TZiSF/T��WF/id�W��FoAfP��ZF���TZimPZOUO
k ≥ 2

‖ẽαβ(εk/2
Φ

k/2)‖
L2(Ωε)

≤ O(εk/2).

§m\]KUVf~�RSADF$�oKUipepADADT D8� ²±T��WFX\kRSi]Nfe
R]NDiSFxT^�±RSADF}>8iS\aR�RSF/iSE2\�TZ�±R]AfF���TWi]E2PZO=\]F/iSKUFd\
V[ε]

�[��Fx\aFbFc�¢\aFbF%RBA/G�T
��TZiB��NDi]R]ADFbi _ F/RSP^KMOQ\   R]A8P�RXNDV _ F/iBR]AfF�e
TZV _ K�RSKUTWV

ζ0 6= 0
�

‖ẽα3(v
0 + ε1/2v1/2 + εv1 + ε3/2v3/2)‖

L2(Ωε)
= O(ε3/2),

�#ADKUOMFo��TZiXPZOUO
k ≥ 4

�
‖ẽα3(ε

k/2vk/2)‖
L2(Ωε)

≤ O(ε(k−1)/2).

ILKUE�KMOMPZi]OM`Z�[��F$e
TWEcYfN[R]FoRSAfP�R

‖ẽα3(W
0 + ε1/2W 1/2 + εW 1)‖

L2(Ωε)
≤ O(ε5/4),

P^V _ ��TZiXPZOUO
k ≥ 3

‖ẽα3(ε
k/2W k/2)‖

L2(Ωε)
≤ O(ε(2k−1)/4).
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�DTZiBRSADF�|�# y8TWNDV _ PZi]`2OQP�`ZFbi�RSF/iSE2\/�[��F$~ZF/R���TWiXP^OMO
k ≥ 2

�

‖ẽα3(ε
k/2

Φ
k/2)‖

L2(Ωε)
≤ O(εk/2).

��KUVfPZOUOM`Z�D��TZiBR]AfFoR]ipP^Vf\]�ZFbiS\]F�\aR]ipP^KMV±�[��FxTWy[RSPZKUV�R]AfF$Fb\aR]KME�P^R]Fd\

‖ẽ33(v0 + ε1/2v1/2 + εv1)‖
L2(Ωε)

= O(ε1/2)

P^V _ ��TZiXPZOUO
k ≥ 3

� ‖ẽ33(εk/2vk/2)‖
L2(Ωε)

≤ O(ε(k−1)/2)
�¤ILKMEcKMOQP^iSOU`W�[��F$AfP��WF

‖ẽ33(W 0 + ε1/2W 1/2 + εW 1)‖
L2(Ωε)

≤ O(ε3/4)

P^V _ ��TZi
k ≥ 2

�

‖ẽ33(εk/2W k/2)‖
L2(Ωε)

≤ O(ε(2k−1)/4)
P^V _ ‖ẽ33(εk/2

Φ
k/2)‖

L2(Ωε)
≤ O(εk/2).

$xi]TWNDYDKMVD~�R]TW~ZF
RSADF/ixRSADF2YDiSF/�LKUTWNf\oFb\aR]KME2P�RSFb\$P^V _ Nf\]KMVD~�@BADF/TWi]FbE aD� z ��TZi�P�\aN�@2e/KUFbVtR]OM`¥OMPZi]~WF
N
�

��F$\]F/FxR]AfP^R
‖ẽαβ(wε)‖

L2(Ωε)
= O(ε1/2),

�#ADF/iSFxR]ADF$E2P^KMV�e
TWVWRSi]KMyDN[RSKUTWV�e/TZE�Fb\���iSTZE R]ADF.>fip\kR#RSF/iSE
ζ0 6= 0

�;ILKME�KUOQP^iSOM`Z�

‖ẽα3(w
ε)‖

L2(Ωε)
≤ O(ε),

�#ADF/iSF;RSADFBE�PZKUVce
TWVWRSi]KMyDN[RSKUTWV�e
TWE�Fb\���i]TWE RSADFx>fip\kR�|�#¦y8TWNDV _ PZi]`oOQP�`ZFbi±R]Fbi]E
Φ1 ��RSADKQ\�R]F/iSE E2P�`o��PZVDKQ\aA

F/�ZFbV�KU�
ζ0 6= 0

�DPZ\BKUR _ FbY8FbV _ \#TWVDOU` TZV�R]ipPZe
Fd\BT^�
ζ0 H;\aFbFxR]ADF$F �WN8P�R]KMTZV"�¢sD��Ad|   T^�xR�A�s\T   � ,;�WF/VtR]NfPZOUOM`Z�

‖ẽ33(wε)‖
L2(Ωε)

= O(ε1/2),

�#ADF/iSFxR]ADF$E2P^KMV�e
TWVWRSi]KMyDN[RSKUTWV�e/TZE�Fb\���iSTZE
ζ0 �;@BAfFb\]FxFd\kRSKUE2P^R]Fb\m\aADT��.R]ADF$iSFb\]NDOURb�

� ��� F�YDiST��ZFmVDT���R]AfFx\]Fbe/TZV _ Fd\kRSKUE2P^R]FxKUV � AZ� z^{   �;²±F/R
Wz

y=FxR]ADFxTZY=F/ipP�RSTZi�e
TZiSiSFb\]Y8TWV _ KMVD~$R]T
UzR]ADiSTZND~WA RSADF�\]ADK���RSF/id�[R]A8P�R#KM\

Wz = µ−1(x3)Uz
� � F$VDT�� YDiST��ZF�R]A8P�R

Ẽ3D[wε − Wzε] ≤ CεẼ3D[wε]

P^V _ R]AfKM\#\]ADT��X\�R]AfF$i]Fd\aNDOURb�
n#FbebP^OMO�R]AfP^R$�#K�RSA

zε ��F2PW\]\]T[e
KQP�R]F�Rk��T���TWi]E2P^O�\]F/iSKUFd\ ζ′[ε1/2]
P^V _

Z ′[ε]
~WKU�WF/V yL` @BAfF/TZiSF/E G8��AW�

§m\]KUVD~�h;iSTZY=TW\]KUR]KMTZV{FL� z[�[KURXKM\#FdPZ\]`�R]T2YDiST��ZFmR]AfP^RX��FoAfP��WF$P^V�PZ\]`tE�Y[RST^RSKMexF
g[YfPZVf\]KUTWV

wε − Wzε '
∑

k≥0

εk/2
(
ek/2 + χ(Ek/2 + Φ

k/2)
)
,

�#ADF/iSFo��FoAfP��WF
e0 = e1/2 = 0

P^V _
e1 = ζ1,

�#ADF/iSF
ζ1 = ζ1 − ζ′1 �8P^V _ \]KUE�KMOMPZi]OM`

E0 = 0, E1/2 =




0
0

Z
1/2

3



 P^V _
E1 =




Z1

T − x3∂TZ
1/2
3

Z1
s

Z1
3




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�#ADF/iSF
Z

k/2
3 = Z

k/2
3 − Z ′

3
k/2 ��TWi k = 1

P^V _
2
�;lm\By=F
��TWi]FW�D��Foe/TZE�YDN[RSFxR]AfP^R

‖ẽαβ(e0 + ε1/2e1/2 + εe1)‖
L2(Ωε)

≤ O(ε3/2)

P^V _
‖ẽαβ(E0 + ε1/2E1/2 + εE1)‖

L2(Ωε)
≤ O(ε5/4).

¯ TZiSF/T��WF/i���FoAfP��WF
‖ẽα3(e

0 + ε1/2e1/2 + εe1)‖
L2(Ωε)

≤ O(ε5/2)

P^V _
‖ẽα3(E

0 + ε1/2E1/2 + εE1)‖
L2(Ωε)

) ≤ O(ε7/4).

,;�ZFbVWRSNfP^OMOM`Z�[��F$AfP��ZF

ẽ33(e
0 + ε1/2e1/2 + εe1) = 0

PZV _
ẽ33(E

0 + ε1/2E1/2 + εE1) = 0.

� F�e/TZVfe/OUN _ FoPW\By8F/��TZiSFoNf\aKMVD~�@BADFbTZiSF/E af� z�R]A8P�R

Ẽε
3D[wε − Wzε] ≤ O(ε2) = O(εẼε
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