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: 9#Z@H/]�S_WYUbWaPRZ^\!Zb��WaE�J c JI\�`aP�Wmd��¤Z^j
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= 6

�0�b��J�h_]-JIjYP[H/JI\zW�UbT c UbWYU^`f�$�9�'�9� |^y
�@� 9#Z@H/]�S_WYUbWaPRZ^\�PR\�q�Jv`mWYZ^\�H/Z c JfT&VtWaPRH/JC`eWaJI]

= 12
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σ = 0.2
�'|�I
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= 12

�@�^�CJIh_]0JfjaPRH/JI\zWYU^T c UXW�U^`f�
σ = 1
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H/Z c JfTtZ^�k�^Z^TVUXWYP[TRP[Wmd
σ
�'DFE�J�U^P[H PR`�WaZ���\ c

σ
`aS�g�E©WYE�UXWCWaE�JMgIU^T[T�Z^]_WYP[Z@\©]�jYPRgIJf`�gIZ^H/]�S_WYJ c ¡BP[WaE

WYE�PV`C�@Z^TVUXWYP[TRP�Wmd!��W'WYE�J��-Jf`eW'WaE�JMJIH/]�PRjYPRgfUbT c UXW�U��FWaE0UXW9PR`'U���\�P[WaJM\QS�H$�-JIj'Zb�
gIUbTRT	Z^]_WYP[Z@\¯]�jYPVg�Jf`
¡BE�PRg�EpU^jaJ9WYjYU c J c Z^\�WaE�J$H�UbjY�^JIWf� G
S_W�P�W�PR`C¡#JfT[Tt�Q\�ZX¡B\©WaE0UXW�WYE�PV`�PV`�\�Z^WC]-Z@`Y`ePR��TRJ$PR\p]�j�U^g�WaPVg�J^�
o gIUbTRTkZ@]_WaPRZ^\¢Zb� c P�
-JfjaJf\zW�H/UbWaS�jYP[WaPRJf`�Z@j c P�
-JfjaJf\@WM`mWYjaPR�^Jv`'�^PR�^J c P�
-JfjaJf\@W�P[H/]�TRP[J c �^Z@TRUbWaPRT[P[WaPRJf`��
WYE�PV`�PV`9WaE�J�¡#JfT[T#�Q\�ZX¡B\¢�^Z^TVUXWYP[TRP[Wmd}`aHMPRTRJ ��� {Q�ty�� � �pNQZ©WaE�J!G
TRU@g��@�mN_g�E�Z@T[Jv`�HMZ c JfT ¡BP[WaE:gIZ^\�`eWYU^\zW�@Z^TVUXWYP[TRP�Wmd c ZQJf`�\�ZbW�]�jYZX�QP c J�U�`YUXWYPR`e� U^g�WaZ@jad�JIh_]�TRU^\�UXWYP[Z@\�Z^�	WaE�J�]�jaPVg�Jv`BZ^��`aJIjY�^J c Z@\!WaE�J�H�U^ja�@J�Wf�
DFE�JI\}U�TRU^ja�@J��XUbjYP[JIWmd�Z^� J�hQWYJI\�`aP[Z@\�`CZb�7WaE�JM`eWYU^\ c Ubj c G
TVU^g��©N_g�E�Z^TRJf`CH/Z c JIT7Ub]�]0JvUbjYJ c �0WaE�J/UbPRH
Z^� UbTRT>WYE�Jf`aJ$H/Z c JITV`C�0JfP[\���WaZ�ZX�^JIj�g�Z@H/JCWYE�J�U^�0ZX�@J c P[¦�g�S�T[Wmd�VBT[Z_gIU^T��@Z^TVUXWaPRTRP�Wmd!H/Z c JIT � JCS�]�PRjaJ � `
H/Z c JfT � �0lmS�HM]:WmdQ]0J c P�
£S�`aP[Z@\�`I�k`eWaZ_g�E�U@`mWYPRg/�@Z^TVUXWYP[TRP�Wmd c P�
-S0`ePRZ^\�`�Ub\ c `aZpZ@\>�¯o�TRT#WaE�Jv`eJ�H/Z c JfTR`PRH/]�TRP[J c gIUbTRPR��jYUbWaPRZ^\�WaJvg�E�\�PVgI`B��U@`eJ c JIP[WaE�Jfj�Z^\!WYE�J�]�U^jeWYPRU^T c P�
£JIjYJI\zWYPRU^T�J	�zS�UbWaPRZ^\ � `aJIJ � �^�^���f����K��
�¤Z@j!JCS�]�PRjaJ}HMZ c JfTR`�Ub\ c � �^�C�v���C�¤Z^j$lmS�H/] c P�
-S�`aPRZ^\ H/Z c JITV` � JIP[WaE�Jfj�Z@\ WaE�J}HMPR\�PRH/P��vUXWaPRZ^\ Z^�jYJITVUXWYP[�@JCJf\zWajYZ^]Qd ��� :_�0��� � �o �0jY`eW �@S�Jf`eWaPRZ^\/PR` Ub�-Z^S_W7WYE�JBT[Jf�^P[WaPRH�U^g�d$Zb��U'HMZ c JfT�Z^jkU^\�ZbWYE�JIj	�>�-JId@Z^\ c WYE�J�U^`Y`eJfjeWYP[Z@\$WYE�UXW
P[W$JIhQ]�TRU^P[\�`�¡#JfT[T7WYE�J�JfHM]�P[jYPRgfUbTk]�jaPVg�J/W�Ub��TRJ^���0JvgIU^S�`eJ/WYE�PV`9PR`�lmS�`eW�WaE�J�`mW�UbjaWaPR\���]0Z@P[\zW$Z^�BU�TRZ^\��
c PR`Yg�S�`Y`aP[Z@\ U^�0Z@S_W'WaE�J�`aP[�@\�P[�0gIU^\�g�J/Zb�
WaE�J � ¡
JITRT7J�h_]�TVUbPR\�PR\�� � ��NQS�g�E�U c PV`agIS�`a`aPRZ^\ PR`9`aS�jYJITRdp�^Jfjad
PR\zWaJfjaJv`mWYP[\��!Ub\ c H�U dz�-JMP�W'jaJf]�jYJf`aJI\zWY`�WaE�J�g�Jf\zWaJIj�Zb�
UbTRTtWYE�JM¡#Z@ja�©g�Z@\�g�Jfja\�P[\��!gIU^T[PR��j�UXWaPRZ^\�� G
S_W
Z@S�j$�zS�Jf`eWaPRZ^\�PR`	`aZ^H/JIE�ZX¡�H/Z@jaJ#WaE�JfZ^jYJ�WYPRgfUbTWV>E�ZX¡�� U^j	U^jaJ#¡#JFUbTRTRZX¡#J c WaZ']�S�`aE$Z@S�j	P[H�U^�^PR\�UXWYP[Z@\$PR\
Z@j c JIj7WYZ$]�jYZ c S�g�J�H/U^ja�@J�W H/Z c JfTR` ¡BE�PRg�E�J�h_]�TVUbPR\�HMZ@jaJ�Z^j TRJf`Y`#¡#JfT[T�WaE�JCJIH/]�PRjaPVgIU^T�]�jYPRgIJf`�� � E�UXW
PV` WaE�J�\�UXWYS�j�UbT��¤j�UbH/JCP[\�¡BE�PRg�E�`eS�g�E�U c PR�^JfjY`aP�WmdMZb�tHMZ c JfTR`#TRP[�@J���o `eJvg�Z^\ c `eS��0`eJ �@S�JI\zW��zS�Jv`mWYP[Z@\
gIZ^\�gIJIjY\�`�gIZ^H/]�TRJ�WYJI\�Jv`a`7V�lmS�H/]}H/Z c JITV`�Ub\ c `eWaZ_g�E�U@`mWYPRg��^Z^TVUXWYP[TRP[Wmd�H/Z c JITV`'UbjYJ�\�Z^W�g�Z@H/]�T[JIWaJ@�Csm`
WYE�PV`kU'jaJvUbT c P[¦�g�S�T[Wmd$Z@j7Z^\�JBH�U d$U@gIgIJI]_W � Z^jkJf�^JI\M]�jYP[�QPRT[Jf�^J � WYE�PV`7WmdQ]0JBZ^�-H/Z c JfTR`��!DFE�PR` ]�jYZ^��TRJIHE0U^`/�-JIJI\ U^T[jYJfU c d c PV`Yg�S�`Y`eJ c PR\ WaE�J©P[\zWaJfjaJv`mW�j�UXWYJf`MWYE�JIZ@jad@� s \;WaE�PV`��¤j�UbH/J�P[\0g�Z^H/]�TRJ�WYJI\�Jv`a`�PR`
U `mWYjaS0g�WaS�jYU^TCg�E�U^jYU@g�WaJfjaPV`eWaPVg�Zb�9WaE�J}H�UbjY�^JIW�Ub\ c Z^\�J}E�U^`�\�ZbW!WaE�J}g�E�Z@PRgIJ¯�-J�Wm¡
JIJI\5U^gIgIJI]_WYP[\��
Z@j$jYJmlmJvg�WaPR\��pPR\�gIZ^H/]�TRJ�WaJ�H/Z c JITV`I�¯DFE�J�Ub\�`a¡
JIj�¡BE�PVg�E�E�U@`��-JIJf\��^PR�^Jf\¢WaE�JfjaJ�PV`$WaE�J��¤Z^TRT[ZX¡BPR\��FV
PR\zWajYZ c S�g�PR\��/WYE�J�`aZ�gIU^T[TRJ c jYPR`a�!]�jaPRH/J9��h_J c �Qd�WaE�J�H�UbjY�^J�Wv�
DFE�PR`C\�JI¡ �¤jYJIJ�]0Ubj�UbH/J�WYJIj�U^��`eZ@ja�0`
WYE�J/P[\0g�Z^H/]�TRJ�WYJI\�Jv`a`f�/ikS_W�P[W�ZbWYE�JIjY¡BPR`aJ�V'Ub\QdQ¡FU d�WaE�J G
TRU@g��¯N_g�E�Z@T[Jv`'HMZ c JfT7PR`���U^`aJ c Z^\¢U��¤jYJIJ
]0Ubj�UbH/J�WYJIjv�^¡BE�PVg�E�PV`kWYE�J��^Z^TVUXWYP[TRP[Wmd^� � Ezd/\�Z^WFgIZ^\�`aP c JIjYP[\��9Wm¡#Z$�¤jaJfJ�]�U^jYU^H/J�WaJfjY`kP[\�`eWaJvU c Zb�>Z^\�J��
N_Z��z� U^gIP[\��$WaE�J�]�jYZ^��TRJIH Z^�tUb\�PR\_��\�P�WYJ�\QS�H��0Jfj#Z^��jYPR`a�/\�JIS_WYjYU^T0]�jaZ@��Ub��PRTRP�WYP[Jv`I�QZ^\�J�]�U^jYU^HMJIWaJfjaP��IJv`
WYE�PV` � U^H/P[TRd�Z^\�U$\�Jf¡�]�U^jYU^H/J�WaJfjk�	WaE�J�jYPV`e�/]�jYP[H/JC�kUb\ c WaE�PV`F]�Ubj�UbH/JIWaJIj#�0Jvg�Z@HMJv`
P�W�`eJfT��	`eS���lmJfg�W
WYZ�gIU^T[PR��j�UXWaPRZ^\��tDFE�J�gIZ^H/H/Z^\�`aJI\�`aJF� U^g�Wk¡BE�PRg�E�PV`7�-JIE�PR\ c WYE�PR`#`eZ@T[S�WaPRZ^\/PR`7WaE�UbWf� c ZQJf`7\�Z^WkH�UXWeWYJIj
H�UbWaE�JfH/UbWaPVgIU^T c PV`Yg�S�`Y`ePRZ^\0`I�7WYE�J!H/U^ja�@J�WM]�jaZ c S0g�Jf`M]�jYPVg�Jf` � UbW�T[PV`mW/PR\;U���S�P c H�UbjY�^JIW � Ub\ c WaE�JH�U^ja�@J�WF]�jaPVg�J�W�Ub��TRJ9PR`
WYE�J9��U@`ePVg�Z^�_lmJvg�W�¡BE�PVg�E�E0U^`
WaZ��-J9J�h_]�TVUbPR\�J c �Qd�WYE�J9H/Z c JITV`I�

NQZ�Z@S�j9`mW�UbjaWaPR\���]-Z^PR\zW�PR`�WYE�J/P c JfU�WaE�UbW'WaE�J�H�UbjY�^JIW�]�jaPVg�J�WYU^��T[J/]�jYZ c S�gIJf`'UbS_WYZ^H�UXWYPRgfUbTRT[dpU
� ]�jYPRgIP[\��pH�U^g�E�PR\�JIjYd � ¡BE�PRg�E jaJf]�jYJf`aJI\zWY`'WYE�J!\�UXWYS�jYU^T#S�\ c JIjYTRdzPR\��}HMZ c JfT3�¢DFE�PV`MT[JvU c `$WaZ Up\�Z@\
]0Ubj�UbH/J�WYjaPVg�]-Z^PR\zWMZ^���QP[Jf¡9�:DFE�JI\ c P�
-JfjaJf\@W�`a]0Jvg�P[�0g�HMZ c JfTR`/U^]�]0JvUbj�U^`�]�U^jYU^HMJIWajYPRg�Ub]�]�jaZzU^g�E
WYZ�WYE�JM]�jaZ@��TRJIH ��Ub\ c ]�Ubj�UbH/JIWaJIjYP��fUXWYP[Z@\�PR`'U�¡
U d!WaZ!jYJ c S�gIJ$WYE�JM\zS�H$�-JIj'Zb� S�\��Q\�ZX¡B\�`CP[\}WaE�J
gfUbTRP[��jYUbWaPRZ^\!]�jaZ@��TRJIH � ¡BE�PVg�E©PR`�\�UXWYS�jYU^T[TRd�U�`aS��_� c JIWaJIjYH/P[\�J c ]�jYZ^��TRJIH � � � J$g�Z@H/J9��U^g���Z^\�WaE�PR`�¤S�jeWYE�JIj'Z^\�����J�W'S�`��0JMH/Z^jYJ$]�jYJfgIPR`aJ$Z@\pWYE�J�]�jaPVg�PR\���H�U@g�E�P[\�JIjYd^� � J/U^`Y`aS�H/J$WYE�UXW�WaE�JMH�UbjY�^JIW
PV`C��U^`aJ c Z@\pU���U^\��©U^gfg�Z^S�\@W

S0
t

U^\ c Z@\
d
`eWaZ_g��_`

St = (S1
t , ..., S

d
t )
� n©Z@jaJfZX�^JIjB¡
J�U@`a`aS�H/J�WYE�UXW

� � ^!�#"



���������	��

������������������������������ !
"���#��$�����%&����� :

�¤Z@jBJI�@JIjYd�g�Z^\zWYP[\QS�Z@S�`F]0Zz`eP[WaPR�^J��¤S�\0g�WaPRZ^\
φ : Rd → R+

Ub\ c Jf�^JIjYd
0 ≤ t ≤ T, x ∈ Rd,

UM\QS�H$�-JIj
Πt,T (φ)(x)

PR`'�@P[�@JI\>��DFE�PR`'PV`'WaE�J�]�jaPVg�J/Z^�
Ub\ �kS�jaZ@]0JvUb\ Z^]_WYP[Z@\}Z^�
H�UXWYS�jYP�Wmd
T
Ub\ c ]�U d@Z�


φ,UbW�WaPRH/J
t,
P[�'WaE�J¯`eWaZ_g���]�jaPVg�J©PV`

St = x.
NQZ�¡
J c PV`e]-Z@`aJ©Zb��U�gIZ^H/]�TRJ�WaJ©]�jaPVg�J�W�Ub��TRJ©�¤Z^j�WaE�J

� S�jaZ@]0JvUb\ Z^]_WYP[Z@\�` � ¡BE�PVg�E Z^��gIZ^S�j�`eJ�PR`/\�ZbW/WaE�J©gfU^`aJ�PR\ ]�jYU@g�WaPVgIU^TB`eP[WaS�UbWaPRZ^\�`��'WaE�PR`/PV`�lmS�`eW�U
WYE�JIZ@jaJIWaPVgIU^T>U^`Y`eS�H/]_WYP[Z@\ � �#DFE�J'�¤S�\�g�WaPRZ^\ x → Πt,T (φ)(x)

PV`�U^`Y`eS�HMJ c WYZ��0J�gIZ^\zWaPR\QS�Z^S0`B`eZ/WYE�UXW
Πt,T

Ub]�]-JfU^jY`MU^`MUb\ Z^]-JIj�UXWaZ@j�¡BE�PRg�E H/U^]�`/g�Z@\@WYP[\QS�Z@S�`$�¤S�\�g�WYP[Z@\�`MP[\zWYZ gIZ^\zWaPR\QS�Z^S�`��¤S�\0g�WaPRZ^\0`I�
��\ c Jfj�WYE�J�\�Z^\¯U^ja��P[Waj�Ub�@J�U^`Y`eS�HM]�WaPRZ^\p¡
J$]�jYZX�^J'WYE�UXW�WaE�PR`CZ^]-JIj�UXWYZ^j�E0U^`BWYZ��-J$TRPR\�JfU^jf�-]0Zz`eP[WaPR�^J� Ub\ c g�Z^\0`eJ �@S�JI\zWaTRd'HMZ@\�ZbWYZ^\�J � Ub\ c ]�U@`a`aJf`>WaZ�H/Z@\�ZbWYZ^\�J#T[PRH/P�W�`I�	DFE�JI\�JCU^\�P[JfT[T � `�WYE�JIZ@jaJfH U@`a`aJIjaWY`WYE�UXW�¡#J�H�U d jaJf]�jYJf`aJI\zW�P�W��zd¢U���\�P�WYJ�Ub\ c ]0Zz`eP[WaPR�^J��@JIjY\�JIT

µt,T (x, dy),
WYE�UXWMPR`

Πt,T (φ)(x) =∫
φ(y)µt,T (x, dy).

DFE�PV`#�@JIjY\�JIT-E�U@`kWYE�J�H�UbjaWaPR\��zUbTRJ�]�jYZ^]-JIjaWmd ∫
yµt,T (x, dy) = x.

n©Z^jYJIZX�@JIj7WYE�J
U^�0ZX�@J�� U^H/P[TRd�Z^��Z@]0JfjYUbWaZ^j�`
PR`�UM`aJIH/P[�1�@jaZ@S�] V�WaE�JId�`YUXWYPR`e�¤d�WYE�J�9#E�U^]�H�Ub\���Z@T[H/Z@�^Z^jYZX�MJ	�zS�UXWYP[Z@\
Πt,T = Πt,s ◦Πs,T

�¤Z^j JI�^Jfjad
t ≤ s ≤ T.

� J�U^TR`aZ']�jYZX�^J
WaE�UbW P[�-WYE�JB� U^HMPRTRd$Zb�£Z^]-JIj�UXWYZ^j�`
Πt,T

E�U^`
WYE�J�Ub�-ZX�^J/]�jYZ^]-JIjaWaPRJf`f��WYE�JI\¢WYE�J�H�UbjY�^J�W9PV`�UbjY��P[Waj�Ub�@J$�¤jYJIJ@��NQZ�WaE�Jf`aJ�jaJf]�jaJv`eJf\zW'\�Jfg�Jv`a`YUbjYdpUb\ c
`aS_¦�g�PRJI\zW9g�Z@\ c P[WaPRZ^\�`C�¤Z^j�\�Z@\}UbjY��P[Waj�Ub�@J^� DFE�J c Jvg�PV`ePRZ^\}Zb� ¡
Z^jY�QP[\���¡BP�WYE U$lmS�H/]}H/Z c JfT�Z@jC¡BP[WaE
U�TRZ_gIU^Tk�^Z@TRUbWaPRT[P[WmdpH/Z c JIT c ZQJf`9\�Z^W�Ub]�]0JvUbj$U@`�U�\�UXWYS�j�UbT gIZ^\�`aJ	�zS�Jf\�g�J/Zb��U^ja��P[Waj�Ub�@JMU^ja�@S�H/JI\zWY`
��S_W$U^`9U!H/Z c JITRP[\��©EzdQ]-ZbWYE�Jf`aPR`'¡BE�PRg�E¢H�U dp�-J � Z^j9\�ZbW � �-JI\�J���W��¤jYZ^H g�Z^H/]�S�WYUXWYP[Z@\�UbT7jYJfU@`eZ@\�`f�
� ZbWYJ�WaE�UbW$WYE�J�`eWaZ_g�E�U@`mWYPRg/�@Z^TVUXWaPRTRP�Wmd}HMZ c JfT c ZzJv`�\�Z^W$JI\zWYJIj$PR\�WYE�J��¤j�UbH/J c Jv`agIjaPR�0J c Ub�-ZX�^JMV$P[�
dSt = σ(Yt)StdWt

¡BE�JfjaJ
Y
PV`#U c P�
-S0`ePRZ^\�]�jaZ_g�Jv`a`#PR\ c JI]-JI\ c JI\zWFZb�

W,
WYE�JI\

S
PR`#\�Z^WFU�npUbjY�^ZX�

]�jaZ_g�Jv`a`�Ub\ c `aZ�]�jYPRgIJf`BH�U d!\�ZbWC�0J��^PR�^JI\��Qd�U�`eJfH/P��+�^jYZ^S�]��FDFE�PR`�PR`��0JvgIUbS0`eJ
Πt,T (φ)

c ZQJf`�\�ZbW
c JI]-JI\ c Z@\

St
Z@\�T[d!��S_WCZ^\

Yt
U^`�¡#JfT[T1�FN_Z�H�UbjY�^ZX�QPRU^\�P[WmdMJf\zWaJIj�`BPR\©Z^S�j�EzdQ]-ZbWYE�Jf`aPR`��zd!H/JfU^\!Z^�

WYE�J'U^`Y`eS�H/]_WYP[Z@\�WYE�UXW
WaE�J�]�jYPRgIJCZ^�>WaE�JCZ@]_WaPRZ^\!UXW
WaPRHMJ
t
PV`Fg�Z@HM]�T[JIWaJITRd c J�WYJIjYH/P[\�J c �Qd/WaE�J'`eWaZ_g��

]�jaPVg�J9UXWFWYE�PR`�HMZ@H/JI\zWf�
��]pWaZ�WaE�PV`�H/Z^H/JI\zWC\�Z�]�jYZ^��U^��PRT[P[Wmd!`a]�U@g�J$U^]�]0JvUbjYJ c U^\ c Z^\�J$H�U d�¡#Z@\ c JIjCP��7WYE�PV`CPV`CjaJvUbTRT[d

\�Jfg�Jv`a`YUbjYd�Z@jCZ@\�J�H�U d�jaJv`mWYjaPVg�WCE�P[H�`aJIT[�kWaZ!U c JIWaJfjaH/PR\�PR`eWaPVg$gfUbTVg�S�TRS�`C��U^`aJ c Z^\©WYE�J�U^�0ZX�@J$`eJfH/P��
�@jaZ@S�]>��DFE�J�Ub\0`e¡
JIj�PV`C�0Jfd^Z^\ c Z^S�j'g�Z@HM]-J�WYJI\�gId���S_WC¡
J�WYE�PR\��!WaE�UbWCJI�@JI\pP[�7WaE�PR`CPR`C]-Z@`Y`ePR��TRJ^�£P�W
c ZzJv`	\�ZbW `aJIJfH c Jv`ePRj�Ub��TRJ^� � ZbW#Z^\�TRd$`eWaZ_g�E�U^`eWaPVgFgIU^TRgIS�T[S0`	WaJvg�E�\�PVgIUbT_]-JIjYH/P�W WaZ9`eZ@T[�@JF]�jaZ@��TRJIH�`	��S_W
]�jaZ@��Ub��PRTRP�Wmd9WYE�JIZ@jad�PR`7WaE�J�\0UXWaS�jYU^T�TRU^\��^S0Ub�^JFPR\�¡BE�PVg�EM\QS�H��0JfjkZb��PR\zWaJIjYJf`eWaPR\��'��\0Ub\�gIPRU^T �zS�Jf`eWaPRZ^\�`
U^jaJ#U^`a�^J c �tNQZ�¡
J �@Z�U�`eWaJf]��¤S�jaWaE�JIj	Ub\ c gfUbTRT@S�]9WaE�JFnpU^ja�@ZX��]�jYZ_g�Jf`Y`aJf`£WYE�JIZ@jad'¡BE�PVg�E>� S�\ c JfjtH/PRT c
jYJI�@S�TVUbjYP�Wmd�U^`Y`eS�HM]�WaPRZ^\�`f��]�jYZX�zP c Jv`�U�jYJI]�jYJf`aJI\zWYUbWaPRZ^\pZ^�kWaE�J/U^�0ZX�@J�`aJIH/P[�1�@jaZ@S�]}U@`CJIh_]0Jvg�WYUbWaPRZ^\�`
Z^��U¯npU^ja�@ZX�p]�jYZQgIJf`Y`I�pDFE�J�]�jYZ^��U^��PRT[PV`mWYPRg/jYJI]�jaJv`eJf\@W�UXWYP[Z@\¢gIZ^H/Jf`$Z^\�\0UXWaS�jYU^T[TRd^�R�]G
S_W�¡
J�E�U �@J
WYZ�jYJfgfUbTRT�WYE�UXW'WYE�J/�^JI\�JIj�UbTtn¯UbjY�^ZX�!]�jaZ_gIJf`Y`�WYE�JIZ@jad�jYJI]�jYJf`aJI\zW�`CU�¡#JvUb�©Ub]�]�jaZzU^g�E � P[\ TRU ¡ � Ub\ cc ZzJv`M\�ZbW�UbS�WaZ^H�UbWaPVgIUbTRTRd ]�jaZ c S�gIJ!U S�\�P �zS�J�]�jYZ^��U^��PRT[P[Wmd�`e]�U@g�J!Z^\;¡BE�PVg�E:JI�@JIjYdzWaE�PR\�� PR`M�^Z@P[\��
Z@\>�k��S�W c Jf`Yg�jYP[�-Jf`$WaE�J�Jf�^Z^TRS_WYP[Z@\�Zb��WYE�J�S�\ c JfjaTRdQP[\��¯]�jYZ_g�Jf`Y`��zd�H/JvUb\�`MZb��U¯¡BE�Z@T[J�� UbH/PRT[d�Z^�
]�jaZ@��Ub��PRTRP�Wmd H/JfU@`eS�jYJf`�Z^\�WaE�J�gIU^\�Z^\�PRgfUbTC`a]�U@g�J Zb��WYjYUblmJfg�WYZ^jYP[Jv`I� NQZ;¡#J¢UbjYJ}`eWaPRTRTC� U^j!�¤jaZ@H�U
`eWaZ_g�E�U@`mWYPRg�gIU^TRgIS�T[S0` � U}`aS���`eWaP[WaS�WaJ�Zb�'`mWYZQg�E0U^`eWaPVg�gIU^TRgIS�TRS�`MPR`/U �XUbPRTRU^��TRJ��¤Z^j�`adQHMH/JIWajYPRg!npUbjY�^ZX�
]�jaZ_g�Jv`a`aJf`�P[\}r�S�g��QS�`aE�PRH/U � `�WaE�JIZ^jYd � � � J/`eWaZ^]¯E�JIjYJ$¡BP[WaE}Z^S�j'UXh_PRZ^H�UXWYPRg c PR`Yg�S�`Y`aP[Z@\pUb\ c �^Z�Z@\WYZ�gIUbTRPR��jYUbWaPRZ^\�]�jaZ@��TRJIH�`I�

NQPR\�gIJ#WYE�JIjYJ PV`�\�Z�S�\ c JfjaTRdQP[\���H/Z c JIT1�b`eJvUbj�g�E�PR\��B�¤Z^j�WYE�JF�^Z^TVUXWYP[TRP[Wmd�PV`�H/JfUb\�P[\��@T[Jv`a`f��DFE�J
Z^��lmJfg�W
WYZ��-J c J�WYJIjYH/P[\�J c PR\ Z^S�j��¤j�UbH/J�PV`CWaE�JM� U^HMPRTRdpZb� ]-Z@`aP[WaPR�^JMHMJvU^`aS�jYJf`

µt,T (x, dy).
� JME0U �^J�WaE�J

^\^`_�acb+d+e"f



L ��� �� �� ��������� � �U� ���F�F�����F��� ���

�¤Z@T[TRZX¡BPR\��M`eWajYS�g�WaS�j�UbT�PR\_�¤Z^jYH�UXWYP[Z@\�Z@\�WYE�JIHYV

(P ) µt,T (x,D) = e−r(T−t), µt,T (x, dy) ≥ 0,

(M)

∫
yµt,T (x, dy) = x,

(S)

∫
φ(y)µt,T (x, dy) =

∫ ∫
φ(z)µs,T (y, dz)µs,t(x, dy).

(P )
H/JfU^\�`�WaE�UbW!S�]�WaZ;U�\�Z@jaH�UbTRP��fUXWYP[Z@\

µt,T (x, dy)
PR`!U�]�jYZ^�0Ub��PRT[P[Wmd H/JfU^`aS�jYJ^�

(M)
PV`�WYE�J

H�U^jeWYP[\��zUbTRJ�]�jaZ@]0JfjeWmd Ub\ c
(S)

PR`�WaE�J¯`aJIH/P[�1�@jaZ@S�];]�jaZ@]0JfjeWmd@� �7h�g�Jf]_W��¤Z@j�WaE�PV`�¡
J©E�U �@Jp`eZ@HMJ
JIh_]0JfjaPRH/JI\zWYU^TB]�jaPVg�Jv`I�#WaE0UXW�H/JfU^\�`�U}WYU^��T[J©Z^��]�jaPVg�Jv`

C0,Tk
(x0,Kl), k = 1, ..., n, l = 1, ...,m.DFE�Jf`aJ'U^jaJ'gIU^T[T�Z^]_WYP[Z@\�]�jYPVg�Jf`
Z^��H�UXWYS�jYP�Wmd

Tk
Ub\ c `eWajYP[�@J

Kl.
s \!Z@S�jB\QS�H/JIjYPRgfUbT£J�h_]-JIjYP[H/Jf\@W�`F¡#J

W�Ub�@J
n = 4

Ub\ c
m = 5, 10, 20.

s+�7¡
J9¡
U^\@WFWYE�UXW�Z@S�jBH/JfU@`eS�jYJf`FJIh_]�TRU^P[\!WYE�PR`�]�jaPVg�Jv`B¡
J9E�U �^J�WaE�J
J �zS�UbTRP�WYP[Jv`�V

(Ck,l) C0,Tk
(x0,Kl) =

∫
(y −Kl)+µ0,Tk

(x0, dy).

DFE�J�]�jYZ^��TRJIH Zb�	��\ c P[\���WaE�J�� UbH/P[TRd�Zb�7H/JfU@`eS�jYJf`�¡BE�PRg�E©�@JIjYP��0Jf`FWYE�Jf`aJ$]�jYZ^]-JIjaWaPRJf`�PR`CUb\©PR\_��\�P[WaJ
c P[H/JI\0`ePRZ^\�U^T�\�Z@\�]�Ubj�UbH/JIWajYPRgB]�jaZ@��T[JfH¥U^\ c P[W#PV` Z@�z�QPRZ^S�`7WaE�UbW WaE�PR`#]�jYZ^��TRJIH¥PR` c j�UbH�UXWYPRgfUbTRT[dM`eS��
c J�WaJfjaH/PR\�J c ��NQZCWaE�J
]�jYZ^��TRJIH PV`�\�ZX¡¢WaZ���\ c U�¡FU d�WYZCjYJ c S0g�J PR\�U�jaJvU^`aZ^\�U^��TRJk¡
U dCWaE�J
\QS�H��0JfjtZ^�
c JI�^jYJIJv` Z^�>�¤jYJIJ c Z^H����C\�JC¡FU d/Zb� c Z^PR\��$WYE�PV`FPR`#WaZ/`aS�]�]-Z@`aJ�WYE�UXWFWaE�J c dz\0UbH/PRgf` Z^��WYE�JCS�\ c JIjYTRP[\��
`eWaZ_g��MPR`#�^PR�^Jf\��Qd/`aZ^H/J�H/Z c JfT � J�S�]�P[jYJ � `
HMZ c JfT3�flmS�H/]�WmdQ]-J c P�
£S�`ePRZ^\0`I�R�[�R� � U^\ c WYE�JI\�Z@\�JCgIZ^H/Jf`Z@\�PR\�U�]0Ubj�UbH/J�WYjaPVg
�¤jYU^H/J�V�WaE�JC]�Ubj�UbH/JIWaJIj�`k¡
Z^S�T c �-JCWaE�JCT[Z_gIU^T0�@Z^TVUXWYP[TRP�Wmd/Z@jkWaE�J lmS�H/]�HMJvU^`aS�jYJ
�¤Z@j#JIh�UbH/]�TRJ^���k�^Jf\�PR\�WaE�PV`FgIU@`eJBWYE�J'`e]�U@g�JCZb�>]�U^jYU^HMJIWaJfjY` PR`
`mWYP[TRT£P[\���\�P[WaJ c P[H/Jf\�`ePRZ^\0UbT1��DFEQS�`#¡#J
E0U �^J'WaZ�gIZ^\�`aP c JIj�U c PR`Yg�jYJ�WYP��vUXWYP[Z@\!]�jaZ_g�J c S�jYJ9P[\©Z@j c JIjBWYZ�g�Z@HMJ'WYZ�U�\QS�H/JIjYPVg']�jaZ@��TRJIH�� G#S�Wf�0U
H/Z c JfT�PR`7U'¡FU d9Zb�£PR\�g�TRS c PR\��9PR\MZ@S�jkg�Z@H/]�S_WYUbWaPRZ^\�`7`aZ^H/JFjYJf`eWajYPRg�WaPRZ^\�`	g�Z@H/P[\����¤jYZ^H¥`eZ@HMJBU�]�jYP[Z@jaP
U@`a`aS�H/]_WYP[Z@\�`'Z^\}WaE�J c dz\0UbH/PRgf`'Zb�
WaE�J�`eWaZ_g��¯U^\ c `eZ�Z^\�J/`aJfU^jYg�E}�¤Z^j'WYE�J�`aZ^TRS_WaPRZ^\ P[\�U�`aH/U^T[TRJIj
`a]�U@g�J^�R�$DFE�PV`�]0Z@P[\zW9Zb�#�zPRJI¡ E�U^`CWaE�J/U c �XUb\zWYU^�^J$WaE�UbW�WYE�J/jaJv`mWYjaPVg�WYP[Z@\�`C]�jaZ c S0g�J c �Qd�WaE�J/H/Z c JIT
E0U �^J'UMgIT[JvUbjFPR\@WYS�P[WaPR�^J'H/JfUb\�P[\��0��`eZ/¡
J'�z\�ZX¡ ¡BE�UXWB¡
J9UbjYJ c Z@P[\���� G
S_W�¡BE�UXWBPV`FH$S�g�E!TRJf`Y`Bg�TRJfUbj
PV`	WYE�UXWk¡BE�UbWk¡#J�U^jaJ c Z@P[\���PV`7¡BE�UbWk¡#JBE0U �^J#WaZ c Z'���-JfgfUbS�`aJF¡#J c Z9\�ZbWk�Q\�ZX¡:WaE�UbW7WaE�J�JfH/]�P[jYPVgIUbT
]�jaPVg�Jv`
gIZ^H/J��¤jaZ@H U/`e]-JfgIP��-g'HMZ c JfT3�_\0UbH/JITRd�WaE�J9Z^\�J'¡
J�E0U �^J'g�E�Z@`aJI\>�R�kNQZ/Z^S�jF]-Z^PR\zW�Zb�t�QPRJI¡5PR`
WYZ�U �^Z@P c H/Z c JIT�EQdQ]0Z^WaE�Jv`ePV`kU^\ c WaZ9]-Z@`eWa]-Z^\�J�U']�jaPRZ^jYP_jaJv`mWYjaPVg�WYP[Z@\�`7U^`kT[Z@\���U^`7]-Z@`Y`aP[��TRJ^� � JB¡#Z@ja�
c P[jYJfg�WaTRd�¡BP�WYE©U c PR`Yg�jYJ�WYP��vUXWaPRZ^\!Zb�tWaE�J'� U^H/P[TRd�Z^�tH/JfU@`eS�jYJf`

µt,T
¡BP[WaE�Z@S_W�Ub\Qd�H/Z c JfT>EQdz]-ZbWYE�Jf`aPV`I�

DFE�J/�0jY`eW c PR`Yg�jYJ�WYP��vUXWYP[Z@\ gIZ^\�gIJIjY\�`CWaPRHMJMV9¡#J�gIZ^\�`aP c JIj�U�WaPRH/J��^jYP c
0 = t0 < ... < tn = T,WmdQ]�PVgIU^T[TRd

n = 12.
� J/U^`Y`aS�H/J�WaE0UXW�WYE�JMJIH/]�PRjaPVgIU^T�gfUbTRTt]�jYPVg�Jf`�UbjYJ$�Q\�ZX¡B\��¤Z@j�U^T[T�WYE�Jf`aJ$Jf]0Z_g�E�`f�

� J
HMJf\zWaPRZ^\�J c �-J��¤Z^jYJkWYE�UXW7Z@\�T[d��¤Z@S�j	JI]-ZQg�E0`tU^jaJ#�^PR�^JI\$��S_W	¡#J
J�hQWaJf\zWtWYE�J c UXWYU�WaZ�Wm¡#JfT[�@J Jf]0Z_g�E�`
lmS0`mWF�Qd�T[PR\�JfU^j PR\zWaJIjY]-Z^TVUXWaPRZ^\��7U^\ c \QS�H/JIjYPVgIUbT-J�h_]-JIjYP[H/Jf\@W�`#`aE�ZX¡ WYE�UXW
WaE�PV`
¡#Z@ja�_` �^JIjYd/¡#JfT[T£Ub\ c
c ZzJv` \�ZbW#jYJI]�jaJv`eJf\@W
U�jYJfUbT-]�jYZ^��TRJIH��	DFE�JI\�¡#JCS�`aJ�WaE�J�`aJIH/P[�1�@jaZ@S�]/EzdQ]-ZbWYE�Jf`aPR`#PR\�Z^j c JfjkWaZ�¡BjaP[WaJ
WYE�J9jYJf`eWajYPRg�WaPRZ^\

(Ck,l)
S�\ c JIjFWYE�J'�¤Z^jYH

(Ck+1,l) C0,tk+1
(x0,Kl) =

∫
(y −Kl)+µ0,tk+1

(x0, dy)

=

∫
(y −Kl)+µtk,tk+1

(z, dy)µ0,tk
(x0, dz).

� � ^!�#"
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�CS�jCUbTR�^Z@jaP[WaE�H PV`�JI�XUbTRS�UXWYP[�@J^��o
W�WaE�JM`eWaJf]
k + 1

¡
J�U@`a`aS�H/J�WYE�UXW�¡#J�E�U �^J$U^T[jYJfU c d�g�Z^H/]�S�WaJ c
µ0,tk

UXW$`eWaJI]
k
U^\ c ¡
J�¡FUb\zW9WaZpgIZ^H/]�S_WYJ

µtk,tk+1
.
NQZ©¡
J�g�Z@\�`aP c Jfj

(Ck+1,l), l = 1, ...m
U^`9U

`ad_`mWYJIH5Zb�_J	�zS�UbWaPRZ^\�`�¡BP[WaE'WYE�J S�\��Q\�ZX¡B\
µtk,tk+1

.
�C\0g�J

µtk,tk+1

gIZ^H/]�S_WYJ c � ¡
JkS�`aJ	WaE�J�9#E�Ub]�H�U^\
�CZ^TRH/Z^�@Z^jYZX��J �@S0UXWaPRZ^\¢PR\¢Z^j c JIj'WYZ©]�jaZ c S0g�J

µ0,tk+1
= µ0,tk

⊗ µtk,tk+1

Ub\ c �^Z!�¤S�jaWaE�JIj9WYZ©WaE�J
\�J�hQW�`mWYJI]>�

uBJvgIU^T[T#WaE�UbWMJIh�g�JI]�W��¤Z@j$WYE�J�U^�0ZX�@J�J	�zS�UbWaPRZ^\�`�¡#J!UbTV`eZ}E�U �^J�WaE�J�g�Z@\ c P[WaPRZ^\�`��^PR�^Jf\��zd
(P ),U^\ c

(M).
� J/UbjYJ�`eWaPRTRT�PR\}U^\pPR\_��\�P[WaJ c PRH/JI\�`aP[Z@\�UbT	`aJ�WeWYP[\��!U^\ c ¡
J�E�U �@J9WaZ!]-JIja�¤Z^jYH Z@\�JMHMZ@jaJ

c PR`Yg�jYJ�WYP��vUXWaPRZ^\�� � JCgIZ^\�`aP c JIj#U�`e]0U^g�J��^jYP c
0 < y1 < ... < yM

U^\ c jYJI]�TVU^gIJ
µtk ,tk+1

(yi, dy)
�zd/Ub\

U^]�]�jYZ h_P[H�UXWYJ ∑M
j=1 π

ij
k,k+1δyj

(dy).
� ZX¡�Z@S�jBJ	�zS�UbWaPRZ^\�`
jYJfU c

(Pi)

M∑

j=1

πij
k,k+1 = e−r(tk+1−tk), i = 1, ...,M πij

k,k+1 ≥ 0,

(Mi)

M∑

j=1

yjπ
ij
k,k+1 = yi, i = 1, ...,M

(Ck+1,l) C0,tk+1
(x0,Kl) =

M∑

j=1

(yj −Kl)+π
ij
0,k+1

=

M∑

j=1

(yj −Kl)+

M∑

p=1

π0,p
0,kπ

p,j
k,k+1, l = 1, ...,m.

� J!E�U �^J�\�ZX¡
2M + m

J	�zS�UbWaPRZ^\�`�¡BP�WYE
M × M

S�\��Q\�ZX¡B\�`�U^\ c `aZ¯¡
J�E0U �^J�`eWaPRT[T
WYZ¯jYJ c S�gIJ
WYE�J�\QS�H��0Jfj$Zb� c Jf�^jYJIJv`9Zb�F�¤jYJIJ c Z^H��[� �C\�J�P c JvU©PV`9WaZ¯S�`eJ�U�WaE�jYJIJ���jYU^\�g�E�Jv`�WajYJIJ^�	��S�W$�¤jYZ^H U
\QS�H/JfjaPVgIU^T�]0Z@P[\zW�Z^���QPRJI¡ P�WC`aJIJfH�`B\�ZbWBWYE�J��-Jf`eW�]-Z@`Y`ePR��TRJ9P c JvU ��� L � � �
DFE�J�jYJfU^`aZ^\�PR`�WaE�UbW�`eS0g�E�UWYjaJfJ�PV`�J�hQWajYJIH/JfT[dp`aJI\�`aPR��T[JMWYZ�WYE�J/T[Z_gIUbWaPRZ^\}Zb�kWYE�J/]0Z@P[\zWY`

yi, i = 1, ...,M.
s \ Z^j c Jfj�WYZ!`aH/ZzZ^WaE

Z@S�j#U^T[�@Z^jYP�WYE�H ¡
J�PR\�`eWaJvU c S�`aJCU'�0\�P�WYJ�JfT[JfHMJf\zW WmdQ]0JCH/J�WaE�Z c �	npZ^jYJ�]�jYJfg�PV`aJITRd�¡
JB��h
i
Ub\ c TRZQZ^�

WYZ
πij

k,k+1

U^`7UC�¤S�\0g�WaPRZ^\/PR\MWaE�JF�¤Z@ja¡FUbj c U^ja�@S�H/JI\zW	WaE�UbW	PV`
πij

k,k+1 = πi
k,k+1(yj)

U^\ c WaE�Jf\/]�jaZ^lmJfg�W
WYE�PV`
�¤S�\�g�WYP[Z@\�Z^\!WaE�jYJIJ�WYjaPVUbTV`

ψi,p, p = 1, 2, 3.
NQZ/¡
J�E0U �^J

πi
k,k+1(yj) =

∑3
p=1 λ

i
pψi,p(yj).

� ZX¡
WYE�J9S�\��Q\�ZX¡B\0`BUbjYJ

λi
p, i = 1, ...,M, p = 1, ..., 3

� � J9E�U �^J'\�ZX¡ U�`ed_`eWaJIH Zb�
2M +m

J	�zS�UbWaPRZ^\�`
¡BP[WaE

3M
S�\��Q\�ZX¡B\�`f�ps \�Z@S�j$\QS�H/JIjYPVgIUbT WaJv`mW�`$¡
J�WYZzZ@�

M = 150
Ub\ c

m = 5, 10, 20
`eZ¯WaE�PV`

`ad_`mWYJIH�PV`B`aT[PR�^EzWaTRd�S�\ c J�WYJIjYHMPR\�J c � �C\�J'¡FU d/WaZ�g�Z@S�\zWaJfjaPR\���WaE�PV` c P[¦�g�S�T[Wmd�PV`FWaZ/PR\@WYJIjY]0Z@TRUbWaJ9Ub\ c
`aZ©WYZ¯Z^��WYUbPR\�UbTRT#WaE�J�]�jaPVg�Jv`

C0,tk+1
(x0, yj), j = 1, ...,M

Ub\ c WaE�Jf\�WaZ `eZ@T[�@J�Up`ad_`mWYJIH Zb�
3MJ �zS�UXWYP[Z@\�`9¡BP[WaE

3M
S�\��Q\�ZX¡B\�`f� � S�H/JIjYPRgfUbT#J�h_]0JfjaPRH/JI\zWY`$`eE�ZX¡�WaE0UXW�WYE�J�PR\@WYJIjY]0Z@TRUbWaPRZ^\¢¡
Z^jY�Q`

�@JIjYd�¡#JfT[T>U^\ c WaE�J�`ad_`mWYJIH�PV`B¡
JITRT>`eZ@T[�@J c � G
S_WFWaE�J9jaJv`eS�T[WY`BU^jaJ'��U c �
��J�W�S0`�J�h_]�TVUbPR\ U�TRP�WaWaTRJ¯��P[W�¡BE0UXW�¡
JpH/JfU^\ �Qd \QS�H/JIjYPVgIUbT�J�h_]0JfjaPRH/JI\zWY`f� � J}g�Z@\�`aP c JfjaJ c

`adQ\zWaE�JIWaPVg c UXW�U']�jaZ c S0g�J c �Qd�U'TRZ_gIU^T_�^Z^TVUXWYP[TRP[Wmd � JCS�]�PRjaJ � c P�
-S0`ePRZ^\�¡BP[WaE/�¤Z@S�j	WmdQ]0Jv`kZb�£�^Z@TRUbWaPRT[P[WaPRJf`
σ = 0.3, σ(t, x) = 15/x, σ(t, x) = 0.05+0.1 exp(−x/100)+0.01t

U^\ c
σ(t, x) = 0.21x/∈[90,110]+

0.41x∈[90,110]
�!s \ JvU^g�E�gIU@`eJ/¡
J�]�jYZ c S�g�J c WaE�J�gIZ^jYjaJv`e]-Z^\ c P[\��!gfUbTRTk]�jYPRgIJf`

C0,tk+1
(x0,Kl)

Ub\ c
`aZ^TR�^J c WaE�JMUb�-ZX�^J$`ad_`mWYJIH Zb�kTRPR\�JfU^j�J	�zS�UbWaPRZ^\�`f��DFE�Jf\¯¡
J$U^`a�^J c WaE�J��zS�Jf`eWaPRZ^\©P[�kWYE�J$jYJf`aS�T[WY`�UbjYJ
�@ZQZ c Z@j�\�Z^Wf��DFE�JIjYJ$UbjYJ$`aJI�@JIj�UbT>¡FU d_`FWaZ!Ub]�]�jYJfgIPRUbWaJ'WYE�J �zS�U^T[P[Wmd!Zb�7WaE�J$jYJf`aS�T�W�`I�CDFE�J���j�`eW�Z^\�J
PV`BWYZ�`aJIJ�P[�k¡
J$UbjYJ$Ub��T[J9WYZ��¤JfJ�WC¡
JITRT>WYE�J$JIh_]0JfjaPRH/JI\zWYU^T � `adQ\zWaE�JIWaPVg � c UXWYU���WYE�UXWCPR`�WaZ�`YUXWYPR`e�¤d!WaE�J

^\^`_�acb+d+e"f
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J �zS�UXWYP[Z@\�`
(Ck,l).

o�\ c WaE�PV`B¡
Z^jY�Q`
¡
JITRT3�#DFE�J�`eJvg�Z@\ c ¡FU d^�_¡BE�PRg�E�PV`BH/Z^jYJ'`aS��_WYT[J@��PV`FWaZ/]�jYZ c S�g�J
�Qd�Z@S�j�UbTR�^Z@jaP[WaE�H WYE�J�¡#JfP[�@EzWY`

πij
k,k+1

Ub\ c WYE�JI\;WaZ¢S�`aJ!WaE�Jv`eJ�¡
JIPR�^EzWY`MPR\ Z@j c JIjMWaZ�g�Z@H/]�S_WaJ
]�S_WCZ@]_WaPRZ^\p]�jaPVg�Jv`I��o�\ c WYE�JI\pWaZ�gIZ^H/]�U^jaJ�Z@S�j�jYJf`aS�T[WY`C¡BP�WYE©WaE�J$]�jYPRgIJf`C�^PR�^Jf\©�zd!WYE�J�`adQ\@WYE�J�WYPRg
S�\ c JIjYTRdzPR\���H/Z c JIT1� o�\ c WaE�PR`�¡#Z@ja�_`�¡
JITRTCU^TR`aZ��wDFE�J©WYE�PRj c WYJf`eW�g�Z@\�`aPR`eWY`�P[\ gIZ^H/]�S_WYP[\��:WaE�J
TRZ_gIU^T �^Z@TRUbWaPRT[P[Wmd

σi
k

U^`Y`aZQgIPRUbWaJ c WYZpWYE�J�¡
JIPR�^EzWY`
πij

k,k+1, j = 1, ...,M
� WaE�J��zS�U c jYUbWaPVg��XUbjYPRUbWaPRZ^\ �U^\ c WaE�JI\©WYZ�g�Z@HM]0UbjYJ�P[WC¡BP[WaEpWaE�J9WYE�JIZ@jaJIWaPVgIU^T�Z^\�J

σ(tk, yi).
o�\ c WYE�PR`�¡#Z@ja�_`B�0U c �BDFE�J�jaJvU^`aZ^\

PV`�WaE�J��¤Z@T[TRZX¡BPR\���� �C\�J/H�U dp]�jYZ c S�g�J�Wm¡#Z c P�
£JIjYJI\zW9T[Z_gIU^T7�^Z@TRUbWaPRT[P[WaPRJf`
σ′
U^\ c

σ′′
`aS�g�E}WaE�UbW9WaE�J

gIZ^jYjaJv`e]-Z^\ c P[\���gfUbTRT_]�jaPVg�Jv`
C ′

0,tk+1
(x0,Kl)

Ub\ c
C ′′

0,tk+1
(x0,Kl)

UbjYJ c P�
£JIjYJI\zWk��S_W#�^JIjYd$gIT[Zz`eJFJfU@g�E
U^\�ZbWYE�JIjv�'o�`'U�gIZ^\�`aJ	�zS�Jf\�g�JMUbT[WaE�Z@S��^E©WYE�J/`ed_`eWaJIH Z^� J	�zS�UbWaPRZ^\�`CPR`C¡
JITRT	`aZ^TR�^J c � ¡
JM`aS�gfg�JIJ c WaZ
�¤JfJ�Wk�@JIjYd9¡#JfT[TQWYE�JBJ�h_]-JIjYP[H/JI\zW�UbT c UbWYU � �b¡
J�UbjYJ#\�Z^WkUb��TRJFWaZ c PV`mWYP[\��^S�PV`eEM�-J�Wm¡
JIJI\ σ′

U^\ c
σ′′.

DFE�PR`
`aJIJfH�`�\�UbWaS�j�UbTWV�U^`CTRZ^\���U@`�¡
J�lmS0`mW��¤JIJIW�]�jYPVg�Jf`C¡
J�UbjYJ�UbW�WYE�J�]�jaJvg�PV`ePRZ^\pTRJI�@JIT�Zb�k]�jYPVg�Jf`�Ub\ c ¡#J
H�U d�E�Z@]0J�WaE�UbW9Z^S�j�jaJv`eS�T�W�`�U^jaJM`eS�¦�gIP[Jf\zWaTRdpU^gIgIS�j�UXWaJ�P[\}Z^j c JIjCWaZ�g�Z@H/]�S_WaJMZbWYE�JIj']�jYPVg�Jf`f�9o�\ c
WYE�PV`9PR`9WajYS�J^� G
S_W�P[�
¡
J��^Z c JfJI]-JIj�U^\ c ¡
U^\@W'WYZ���\ c WaE�J�S�\ c JIjYTRdzPR\����^Z@TRUbWaPRT[P[Wmd©WYE�JI\¢¡
J�\�JIJ c
U^\�ZbWYE�JIj�T[Jf�^JITtZb�kU^gfg�S�j�U^gId^�Fs \©� U@g�Wf�-P[�7WaE�J��@Z^TVUXWYP[TRP�Wmd!PV`�¡
JITRTtg�Z@H/]�S_WaJ c �0WaE�Jf\p¡#J$H/U d�g�Z@H/]�S_WaJ
� jYJIJf�_`I�zUb\ c WYE�Jf`aJCU^jaJB\�Z$H/Z^jYJ�]�jYPRgIJf` ��S_W c JIjYP[�XUXWYP[�@Jf` Zb��]�jYPRgIJf`k¡BE�PRg�E�U^jaJ�H$S�g�E�H/Z^jYJ�`aJI\�`aPR��T[J
�zS�U^\zWaP[WaPRJf`f� � JBg�Z^\0g�TRS c J
WaE�UbWkP��£¡
J
¡FUb\zW�WaZ�U@g�E�P[Jf�^JFU�]�jaJvg�PV`ePRZ^\�T[Jf�^JfT_¡BE�PRg�EMPV`7g�Z^H/]�UbWaPR��TRJ
¡BP[WaE
�@Z^TVUXWYP[TRP�Wmd@�Q��WeWYP[\���]�jaPVg�Jv`FPR`F\�ZbW�U�`aS_¦�g�PRJI\zW�g�jYP�WYJIjYP[Z@\!U^\ c ¡#J'E�U �@JCWYZ/JIH/]�TRZXd�Ub\�Z^WaE�Jfj�g�jYP�WYJIjYP[Z@\
¡BE�PRg�EpPV`'g�Z@HM]0UXWaPR��TRJ$¡BP[WaE¯WaE�PV`�T[Jf�^JIT�Zb�
U^gIgIS�j�U^g�d@�CDFE�PV`�PR`�¡BEQd�¡#J$WaS�jY\pWYZ�U^\�ZbWYE�JIj'`eJIWeWYP[\��!PR\
¡BE�PRg�E!¡#J c Z/\�Z/H/Z^jYJ�gIZ^H/]�U^jaJC]�jaPVg�Jv`F��S_WBPRHM]�T[PRJ c �^Z@TRUbWaPRT[P[WaPRJf`f�_Ub\ c WaE�PR`BU^HMZ@S�\zWY`#WaZ�`aZ^TR�^JCWaE�J
�¤Z@T[TRZX¡BPR\���\�Z^\�T[PR\�JvUbjFH/P[\�PRH/P��vUXWYP[Z@\!]�jaZ@��T[JfH��

uBJvgIU^T[T�WaE�UbWCZ^S�j�S�\��Q\�ZX¡B\�`CUbjYJ
λi

p, i = 1, ...,M, p = 1, 2, 3.
� J c Jf\�ZbWYJ

λ = (λ1, ..., λM ) =

(λ1
2, ..., λ

M
2 ),

WYE�UXW	PR`�WaE�J#¡
JIPR�^EzWY`tZb�_WYE�JFg�JI\zWYjYU^T^WYjaPVUbTV`
ψ2,i, i = 1, ...,M.

DFE�JI\$¡#J
`eZ@T[�@J J�h_]�TRPVg�P[WaTRd
WYE�J'J	�zS�UbWaPRZ^\�`

(Pi)
Ub\ c

(Mi)
Ub\ c `aZ�¡
J'Z^�_W�UbPR\

λi
1 = λi

1(λ)
U^\ c

λi
3 = λi

3(λ).
NQZ/Z^S�jFS�\��Q\�ZX¡B\

PV`�\�ZX¡
λ = (λ1, ..., λM ).

DtZ�JvU^g�Ep`aS�g�EpU
λ
¡#J�U^`Y`eZ_g�PVUXWYJ9WaE�J$¡
JIPR�^EzWY`

πij
k,k+1(λ)

Ub\ c WYE�JI\¯WaE�J
gfUbTRT_Z^]_WYP[Z@\/]�jaPVg�Jv`	�^PR�^Jf\��Qd9WYE�Jf`aJB¡#JfP[�@EzWY`f�XWaE�UbWkPR`

Ck(λ) =
∑M

j=1(yj −Kl)+π
ij
0,k(λ).

r�PR\�UbTRT[d$¡#J
c JI\�Z^WaJ��zd

Ivk,l(λ)
WYE�J'P[H/]�TRPRJ c �^Z@TRUbWaPRT[P[Wmd/Zb�

Ck(λ).
DFE�Jf\�¡
J9g�Z^\0`eP c JIj

Ivk,l
WYZM�-J�WaE�J'PRH/]�T[PRJ c

�@Z^TVUXWYP[TRP�Wmd Zb�'WaE�J}g�Z@jajYJf`a]-Z^\ c PR\��¢J�h_]-JIjYP[H/Jf\@W�UbT�gIUbTRT�Z@]_WaPRZ^\ ]�jaPVg�J
C0,tk+1

(x0,Kl).
r�P[\0UbTRT[d;¡#J

gIZ^\�`aP c JIj
WaE�J�g�Z@U@`mWF�¤S�\0g�WaPRZ^\

c(λ) =
m∑

l=1

∣∣Ivk,l(λ) − Ivk,l

∣∣2 + p
M∑

i=1

(
∣∣λi − λi

1(λ)
∣∣2 +

∣∣λi − λi
3(λ)

∣∣2)

¡BE�JIjYJ
p
PV`9U!]0Zz`eP[WaPR�^J/¡
JIPR�^EzWf�/DFE�J/P[H/]-Z^jaWYU^\@W9]�U^jeW9Z^�
Z@S�j9g�Z@U@`mW��¤S�\�g�WaPRZ^\¢PV`�WaE�UbW$g�Z^\zW�UbPR\�P[\��

WYE�J9PRHM]�T[PRJ c �^Z@TRUbWaPRT[P[Wmd^�7DFE�J�`aJfgIZ^\ c WaJfjaH E�U^`B`aZ^H/JfE�ZX¡�U/jYJI�^S�TRU^jaPV`aUbWaPRZ^\�J 
-Jvg�WB� P[W�g�Z@\zWajYP[��S�WaJf`
WYZ�U/S�\�P[�¤Z^jYH c PR`eWajYPR��S_WaPRZ^\©Z^�	WaE�J�¡
JIPR�^EzW�`BZ^\!WaE�J�WaE�jaJfJ'WajYPRU^TR`f� G
S_W�Z^\�J9H�U d!g�Z^\0g�JIPR�^J�U^\�ZbWYE�JIj
WmdQ]-J�Z^�>jaJf�^S�TVUbjYPR`YUXWYP[Z@\$WYJIjYH U^`#¡#JfT[T1��DFE�JI\�¡
J�S�`aJCU �@S0U^`aP � JI¡FWaZ@\�UbTR�^Z@jaP[WaE�H PR\�Z^j c Jfj7WaZM`eZ@T[�@J
WYE�J'�¤Z^TRTRZX¡BP[\��/]�jYZ^��T[JfH V	�0\ c

λ∗ = argmin c(λ)
S�\ c JfjBWaE�J�gIZ^\�`eWaj�UbPR\zW

πij
k,k+1(λ) ≥ 0.

o�\ c WaE�PV`
�@P[�@Jf`
�^ZQZ c jaJv`eS�T[WY`f�

� J�gIT[Zz`eJ9Z@S�j�PR\@WYjaZ c S0g�WaPRZ^\©¡BP[WaE}`eZ@HMJ�gIZ^H/H/JI\zWYU^jaPRJf`f�R� � J�gITRU^P[H/J c PR\�WaE�J$�-JI�^PR\�\�PR\���WYE�UXW
Z@S�j#U^T[�@Z^jYP�WYE�H¥PR`
H/Z c JIT0�¤jaJfJ^�7o�\ c P[W#PV`I�7DFE�JC� U^g�W WaE0UXWF¡#JCJIH/]�TRZXd$WYE�JCPRH/]�TRP[J c �^Z@TRUbWaPRT[P[WmdMPR`#\�ZbW
U�H/Z c JIT	EQdQ]0Z^WaE�Jv`ePV`���S_W�U�`agfUbTRJ$¡BE�PVg�E}PV`�S�`aJ c PR\ Z^j c JIjCWaZ�PR\@WYJIjY]�jYJ�W c UXW�U��$DFE�JfjaJMPV`�U^\�ZbWYE�JIj
]-Z^PR\zW�PR\p¡BE�PVg�EpUb\pU�]�jYPRZ^jYP>�^S�Jv`a`�Z^\�WYE�J c dQ\�U^H/PRgf`�Zb�	WYE�J$S�\ c JIjYT[dQPR\���`eWaZ_g��!gIZ^H/Jf`�Z^\ V
PR\©WaE�J

� � ^!�#"



���������	��

������������������������������ !
"���#��$�����%&����� I

g�E�Z^PVg�J9Zb��WaE�J��^jYP c
yi, i = 1, ...,M

U^\ c Zb��WaE�J�WajYPRUbTV`
ψi,p, i = 1, ...,M, p = 1, 2, 3.

� J$g�E�Z@`aJ'U^\
� J�h_]-Z^\�Jf\zWaPVUbT£�^jYP c � �0JvgIUbS0`eJ'¡
JCJIhQ]-Jfg�W�Ub\!J�h_]0Z@\�JI\zWYPRU^T-�-JIE0U �zPRZ^j
Zb�tWaE�J9`eWaZ_g��£�7o�\ c ¡
JCS�`aJ�WaE�J
PRH/]�TRP[J c �^Z@TRUbWaPRT[P[Wmd�U@`a`aZ_g�PVUXWaJ c WaZ�WYE�J�JIH/]�PRjYPRgfUbT�]�jaPVg�Jv`�PR\©Z^j c JIjBWYZ�g�Z@\�`eWajYS�g�W�WYE�J9WYjaPVUbTV`I��N_Z�WaE�J
�@JIZ@HMJIWajYd�Zb��Z@S�j �@jaP c Ub\ c Z^�£Z@S�j7WYjaPVUbTV`k`aS�]�]-Z@`aJf` U � G
TVU^g��z� N�g�E�Z^TRJf`tWmdQ]0J � �0JfE�U �QP[Z@j7Zb�£WaE�J�`mWYZ_g��-�
DFE�PR` H/U d��0J�`eJfJI\�U@` U9TRP[�@EzW#g�Z@S�\zWaJIjY]�U^jeW7Zb�>H/Z c JfT�EQdQ]0Z^WaE�Jv`ePV` U^\ c E�U^`7WaE�J�U c �XUb\zW�Ub�^JBZ^���0JfP[\��
�@JIjYd ��J�h_PR��TRJ^�

� � �����9� �B���"�9��&t���$��� �!�	��
#� &��9%!�I�B�

� J�U@`a`aS�H/JBWaE0UXW Z@\/WaE�JCH/U^ja�@J�WkPV`k�@P[�@JI\�U'��U^\��MU@gIgIZ^S�\zW
S0

t

Ub\ c
d
`mWYZ_g��Q`

St = (S1
t , ..., S

d
t ). S0Jf�^Z@T[S_WYJf`7PR\�U c JIWaJIjYH/P[\�PR`eWaPVg�¡FU d$U^gfg�Z@j c PR\���WaZ

S0
t = S0

0e
rt ¡BE�JIjYJ r PR`kWaE�J c J�WYJIjYHMPR\�PV`mWYPRg�P[\zWaJfjaJv`mWj�UXWYJ^�

S
jYJI]�jYJf`aJI\zWY`CU�jYPR`a�Qd!`eWaZ_g��_`�Ub\ c ¡
J$�Q\�ZX¡w\�ZbWaE�P[\��!Ub�-Z^S_WCWaE�JfP[j'Jf�^Z^TRS_WYP[Z@\>� �C`eS�U^T[TRd�Z^\�J

U@`a`aS�H/Jf`�WYE�UXW#P�W Jf�^Z@T[S_WYJf`7U@gIg�Z@j c P[\���WYZ�`eZ@HMJ�`eWaZ_g�E�U@`mWYPRgFJ �zS�UXWYP[Z@\/`aZ�WaE�JfjaJ�PR`k`aZ^H/JB]�jYZ^�0Ub��PRT[PV`eWaPVg
H/Z c JfTt¡BE�PVg�Ep�@P[�@Jf`�WaE�J��0JfE�U �QP[Z@j�Zb�

St.
DFE�JMS�\�gIJIjaWYU^P[\zWmd!jaJfTRUbWaJ c WaZ

S
PR`CJ�h_]�jYJf`Y`eJ c �Qd!H/JvUb\�`

Z^�tWYE�PV`B]�jYZ^��U^��P[TRPV`mWYPRg�H/Z c JIT1� G
S_W�E�JfjaJ'¡
J'WajYd�WaZ�`aJIJ9¡BE�UbW�gIU^\��-J$`YUbP c ¡BP[WaE�Z@S_W�Ub\Qd�S�\ c JIjYTRP[\��
H/Z c JfT3�

� J©g�Z^\0`eP c JIj�U^\:Z^]-JI\;`eJIW
D ⊆ Rd

� WmdQ]�PVgIU^T[TRd
D = {(x1, ..., xd) : xi > 0, i = 1, ..., d})U^\ c;c JI\�Z^WaJ©�Qd

C+
WaE�J}`e]�U@g�J�Zb�9g�Z@\zWaPR\zS�Z^S�`��¤S�\�g�WaPRZ^\�` c J���\�J c Z^\

D
Ub\ c W�Ub�QP[\�� �XU^T[S�Jv`�PR\

R+ := (0,∞).
o�\Qd�gIZ^\zWaPR\QS�Z^S�`B�¤S�\�g�WYP[Z@\

φ ∈ C+
PR`�WaE�Z@S��^EzWBWaZ��0J$U/]0U d^Z�
	� o

(T, φ)− Z@]_WaPRZ^\PV`FU/g�Z^\zWYjYU@g�W#¡BE�PRg�E!�^PR�^Jv`kWYE�J'jaPR�^EzW
WaZMWaE�J'ZX¡B\�Jfj
WaZ/U�]0U dzH/Jf\@WFZb�
φ(ST )

� J�h�U^g�WaTRd � UbWFWaPRHMJ T �
�CS�j�U^`Y`eS�H/]_WYP[Z@\�`
Z^\!WaE�J9H/U^ja�@J�WBUbjYJ�WaE�J'�¤Z@T[TRZX¡BP[\��FV

���f� � 
 1 ��, ­ *
(H1)

VkDFE�J9H�U^ja�@J�WFPR`�gIZ^H/]�TRJ�WYJITRd � �0S�P c � PR\�WYE�J�`aJI\�`aJ�WaE�UbW
i)
o
WBUb\Qd�WaPRH/J

t ≥ 0
Z@\�J�H�U d/��S�d�U^\ c `aJITRT-U^\zd��zS�Ub\zWYP�Wmd/Zb��`eWaZ_g��

S
UXWF]�jYPRgIJ

St

� WaE�PV`#]�jaPVg�J
PV`
\�ZbWB�Q\�ZX¡B\��0JI�¤Z^jYJ

t,
��S�W�PR`
�Q\�ZX¡B\�UbWFWaPRHMJ

t � � �C\�J'UbTV`eZMH�U d��0Z@jajYZX¡ Z^jFTRJI\ c UXWFWaPRH/J t Ub\Qd�@P[�@JI\ �@S0Ub\zWaP[Wmd�Z^��`eWaZ_g��
S
�¤Z^j�UM�^PR�^Jf\�]-JIjYP[Z c

T > t
�

ii)
�C\�J�H�U dM�0Z@jajYZX¡;Z^jkTRJI\ c HMZ@\�JId�WaZ$WaE�JC��Ub\�� � Ub\Qd �zS�U^\zWaP[Wmd � ¡BP�WYE�PR\@WYJIjYJf`eW j�UXWaJ r � �0Z^WaE

�¤Z@jB�0Z@jajYZX¡BPR\��$Z@jBT[Jf\ c PR\�� � �
iii)

�C\�JMH�U d¯`aJITRT7Z^j'��S�d¯UbW�Ub\QdpH/Z^H/JI\zW
0 ≤ t ≤ T

Ub\Qd
(T, φ)− Z^]_WYP[Z@\¯�¤Z@j�Ub\Qd©]�U d^Z 


�¤S�\�g�WYP[Z@\
φ ∈ C+.� J©g�Z^\0`eP c JIjM\�ZX¡ U}]�jYPRgIJ�Z@]0JfjYUbWaZ@j

Πt,T (φ)(x)
¡BE�PVg�E:jYJI]�jaJv`eJf\@W�`�WYE�J�]�jYPRgIJ�Z^�CU

(T, φ)−Z@]_WaPRZ^\}UXW�WYP[H/J
t ≤ T,

P[�
St = x.

�CS�jCEzdQ]-ZbWYE�Jf`aPR`
(H1, iii)

P[H/]�TRPRJf`�WaE�UbW
Πt,T (φ)(x)

PV`C�z\�ZX¡B\
�¤Z@j

x = St
Z^\�TRd¯��S_W�¡#J/WYE�PR\��pWYE�UXW

St
H�U d©WYU^�^J�U^\zd¯]0Zz`eP[WaPR�^J��XUbTRS�J�Ub\ c `aZ©¡
JM¡BPRTRT#U^`Y`aS�H/J

WYE�UXW
Πt,T (φ)(x)

PR`F�Q\�ZX¡B\��¤Z^jBJf�^Jfjad
x ∈ (0,∞).� J c J���\�J!U}]�jYPRgIJ�H�U^g�E�P[\�J

Π
WaZ �0J©Up� UbH/P[TRd�Z^��Z^]-JIj�UXWYZ^j�`

Πt,T : C+ → C+
�¤Z@jMJf�^Jfjad

0 ≤ t ≤ T <∞.� J�¡BP[TRTB\�ZX¡ c JI��\�J©Ub\;UbjY��P[Waj�Ub�^J�Z^]�]-Z^jaWaS�\�P�Wmd � �¤jaJfJ�TRS�\�g�E � � � J�`aU d¢WYE�UXW Π
U c HMP[WY`/U^\

U^ja��P�WYjYU^�^J9Z^]�]0Z@jeWYS�\�P[Wmd�P[�7WaE�JfjaJ�J�h_PV`mW�`
0 ≤ t ≤ T

�
θ ∈ D

U^\ c
ε > 0

`aS�g�E©WYE�UXW'Ub\¯U^�^Jf\@WCH/U d
��S�d©Ub\ c `aJITRT�WYE�J�`eWaZ_g��

Ss, s ∈ [0, T ],
�-Z^jYjaZX¡ Ub\ c T[Jf\ c H/Z^\�JId�UXW�WYE�J$�0Ub\���Ub\ c ��S�d©Ub\ c `aJITRT

(T, φ)− Z@]_WaPRZ^\�`$UXW$Ub\Qd}HMZ@H/JI\zW
s ∈ [0, T ],

�¤Z@j$Ub\Qd}]�U d^Z 

φ ∈ C+

UbW�]�jaPVg�J
Πt,T (φ)(St)

PR\
`aS�g�E�UM¡
U d/WYE�UXW�V

(H1)
r�Z@jBJI�@JIjYd�]0Zz`a`aP[��T[J'JI�@Z^TRS_WaPRZ^\!Zb�

St,
WaE�J�Ub�^Jf\zW c ZzJv`F\�ZbW�TRZQZ@`aJCH/Z@\�JId@�

(H2)
s+� |St − θ| ≤ ε

WYE�JI\!WYE�J�Ub�@JI\zWB¡BP[\�`BU/`eWajYPRg�WaTRd�]-Z@`aP�WYP[�@J9UbH/Z^S�\zWBZb��H/Z^\�Jfd^�R�

^\^`_�acb+d+e"f



�v� ��� �� �� ��������� � �U� ���F�F�����F��� ���

s \ ZbWYE�JIj'¡
Z^j c `�V�UbTRT�WaE�JMWajYJfU c PR\���Z@]0JfjYUbWaPRZ^\�`�]�jYJf`aJI\zWaJ c PR\
H1, i), ii), iii)

U^jaJ/UbTRT[ZX¡
J c Ub\ c
WYE�J�]�jYPRgIJ!Z^�CU

(T, φ)− Z^]_WYP[Z@\;UbW�WYP[H/J s ∈ [0, T ]
PR`

Πt,T (φ)(Ss).
o�\ UbjY��P�WYjYU^�^J�Z@]�]-Z^jaWaS�\�P[Wmd

H/JvUb\�`�WaE�UbW�Ub\}Ub�^Jf\zW�H/U d�Waj�U c J�P[\ `eS0g�EpU�¡
U d�WaE0UXWCE�J$PV`�`aS�jaJ�WaE�UbWCE�J c ZQJf`C\�ZbW�TRZ@`aJ�H/Z^\�JId� ]�jYZ^]-JIjaWmd
(H1) � U^\ c ��PR\©`eZ@H/J � � U �@Z^j�Ub��TRJ�`aP[WaS�UbWaPRZ^\ � � c Jv`agIjaPR�0J c �Qd�WaE�J9� U^g�WBWaE�UbW�WaE�J$]�jaPVg�J9Z^�

WYE�J�`mWYZ_g��©PR`'g�TRZ@`aJ c WaZ�U��@P[�@JI\}� U^T[S�J
θ
��E�JM¡BP[\�`'H/Z@\�JId@� � Z^WaJMWaE�UbW9¡#J c Z!\�ZbW c Jv`agIjaPR�0J�WaE�PR`

Z@]�]-Z^jaWaS�\�P[WmdM�zd �
St = θ”

��S_W#¡
J7lmS�`eW
U@`e��WaE�JC]�jYPRgIJ
St
WaZ$�0J�g�TRZ@`aJBWaZ

θ
S�]�WaZ�`eZ@HMJ

ε > 0.
DFE�PV`

¡FU d!Zb�kW�Ub�QP[\���WYE�P[\��@`�PR`CH/ZbWYP[�XUXWYJ c �zd�WYE�J/g�Z^H/H/Z^\ `eJf\�`aJ�U^`Y`aJIjaWaPRZ^\©WYE�UXW'¡#JMH�U d�\�ZbW'J�h_]-Jfg�W
WYE�UXW
WaE�J�Jf�^Jf\@W

St = θ
jaJvUbTRT[d/Z_gIgIS�jY`#¡BE�PRT[J'¡
JCH�U d/E�Z@]0J@�_¡BP�WYE � \�Z^\�\QS�T[T£]�jYZ^�0Ub��PRT[P[Wmd � WaE�UbWFWaE�J

Jf�^Jf\@W |St − θ| ≤ ε
ZQgfg�S�j�`f�[��NQZ©WaE�J�UbjY��P[Waj�Ub�^JMZ^]�]0Z@jeWYS�\�P[Wmd}PV`9J 
£Jfg�WaPR�^J�¡BP[WaE�`eWajYPVg�WaTRd¯]-Z@`aP[WaPR�^J

]�jaZ@��Ub��PRTRP�Wmd@�[�
o�`�¡
J9H/JI\zWaPRZ^\�J c PR\�WaE�J��-JI�@P[\�\�P[\���\�Z�]�jYZ^��U^��PRT[P[Wmd�`a]�U^gIJ9PR`��^PR�^Jf\�`aZ/WaE�PR`�PR`	lmS0`mW
U!]�jYZ^�0Ub��PRT[PV`eWaPVg�PR\zWaS�P[WaPRZ^\¢¡BE�PVg�E¢H/ZbWaPR�XUXWYJf`�WaE�J c J��0\�P�WYP[Z@\>��NQZ�WYE�J c J��0\�P�WYP[Z@\¢Zb�
WaE�J�U^ja��P[Waj�Ub�@J
Z@]�]-Z^jaWaS�\�P[Wmd�Z@��T[PR�^Jv`
S�`FWaZ�U@`a`aS�H/J�WaE�UbW

x→ Πt,T (φ)(x)
PV`Bg�Z@\zWaPR\zS�Z^S�`f�

��J�WFS�` �@P[�@J�U�H/Z@jaJ �zS�U^\zWaP[WYUXWYP[�@J c Jv`agIjaPR]_WaPRZ^\�Zb��Ub\�UbjY��P�WYjYU^�^J@�to�\�Z^]-JIj�UXWaPRZ^\ c Z^\�J�UXW WYP[H/J
tU^\ c `aZ^T c UXW#WaPRHMJ

T
PR` c Jv`agIjaPR�0J c �Qd�WYE�J��¤Z@T[TRZX¡BPR\���Z^��lmJfg�W�`I�7r�PRjY`eW Zb��U^T[T-Z^\�J�g�Z@\�`eP c JfjY`#U9\QS�H$�-JIj

α ∈ R
¡BE�PVg�E©jaJf]�jaJv`eJf\zWY`FWYE�J �zS�U^\@WYP�Wmd�Zb� `eWaZ_g��

St
¡BE�PRg�E©PV`BWYjYU c J c �
s+�

α < 0
WYE�PR`CH/JfU^\�`BWYE�UXW

WYE�J�U^�^JI\zWk��S�dQ`#U��zS�Ub\zWYP�Wmd −α Zb�>`eWaZ_g��$��UX� WaJfjkWYE�PR` Z^]-JIj�UXWYP[Z@\ME�J�E�U^` αSt < 0
c Z^TRTVUbj�`I�ts+�

α > 0WYE�JI\ WYE�PR`'H/JvUb\�`�WYE�UXW'WaE�J�Ub�^Jf\zW'`YUbPRTR`9U �zS�U^\@WYP�Wmd
α
Zb�
`eWaZ_g��£��U^\ c Ub� WaJfj'WaE�PV`'E�J�E�U@`

αSt > 0c Z^TRTRU^jY`f�Fs+�7WaE�J$U^�^Jf\@WC��S�d_`I�£UXW�WaPRHMJ
T
E�J�¡BPRT[T	`YUbPRT>WaE�J$`aU^H/J �zS�Ub\zWaP[Wmd!Zb� `eWaZ_g���UbW�WaPRH/J

T
Ub\ c

`aZ©E�J�¡BPRTRT �^JIW −αST .
DFE�J�`eP[WaS0UXWaPRZ^\�PV`�U©TRP[WeWaTRJ���P[W c P�
£JIjYJI\zW$P[�BWaE�J�U^�^Jf\@W�`YUbPRTR`$U �zS�Ub\zWaP[Wmd¯Z^�

`eWaZ_g��©���¤Z^j'WaE�J�`ePRH/]�TRJ�jaJvU^`aZ^\}WaE�UbW�E�J�ZX¡B\�`'\�Zp`eWaZ_g��£�[�!NQZ��tP[\¢Z^j c Jfj'WaZp`YUbPRTkU �@S0Ub\zWaP[Wmd
α
Z^�

`eWaZ_g��}E�J�E�U@`9WYZp�0Z@jajYZX¡ P[Wf�kU^\ c WaE�JI\>�kUbW�WaPRH/J
T
E�J�E�U@`9WYZp]�U d

αST
P[\:Z^j c JIj9WYZpE�Z@\�Z^j�E�PR`

c S_Wmd^�R� � JIhzW�Z@\�J�g�Z@\�`eP c JfjY`�WYE�J�]�U d^Z 
£`
φi, i = 1, ..., n

U^\ c WaE�J�\QS�H��0JfjY`
βi, i = 1, ..., n.

DFE�J
U^�^Jf\@WFWYjYU c Jf`FWYE�J

(T, φi)−
Z@]_WaPRZ^\0`BUb\ c

βi
jYJI]�jYJf`aJI\zWY`
WYE�J��zS�Ub\zWYP�Wmd�Zb�7Z^]_WYP[Z@\�¡BE�PRg�E�PV`FWaj�U c J c �

oC`/�0JI�¤Z^jYJ^�#P��
βi > 0

WYE�PV`/HMJvUb\�`MWYE�UXW/WYE�J©Ub�^Jf\zW/`YUbPRTR`
βi (T, φi)−

Z^]_WYP[Z@\�`/Ub\ c `aZ}E�J�¡BPR\�`
βiΠt,T (φi)(St) > 0

c Z^TRTRU^jY`f�¯o
WMHMZ@H/JI\zW
T
E�J�E�U^`$WaZ}E�Z^\�Z^j9WYE�Jf`aJ�Z@]_WaPRZ^\�`MUb\ c `eZ¯E�J�]�U d_`

βiφi(ST ).
s+�
βi < 0

WaE�PV`�H/JfU^\�`BWYE�UXW�WaE�J$U^�^Jf\@WC��S�d_`�U �zS�U^\@WYP�Wmd −βi
Zb�

(T, φi)−
Z@]_WaPRZ^\0`�Ub\ c

`aZ�E�PV`��zUbPR\©PR`
βiΠt,T (φi)(St) < 0

c Z^TRTRU^jY`f��o
W�WYP[H/J
T
E�J�¡BP[\0` −βiφi(ST ) > 0.

� J$PR\zWajYZ c S�g�J
\�ZX¡ Wm¡
Z$�¤S�\0g�WaPRZ^\0`

gt(St) = αSt +

n∑

i=1

βiΠt,T (φi)(St),

sT (ST ) = −αST −
n∑

i=1

βiφi(ST ).

qCU �QP[\��MPR\!H/PR\ c WaE�J�U^�0ZX�@J c PR`Yg�S�`Y`aP[Z@\>�
gt(St)

PV`FWaE�J9�zUbPR\�Z^��WYE�J�Ub�@JI\zW�UXWFWaPRH/J
t

� WaE�J9H/Z^H/Jf\@W
¡BE�JI\�WYE�J�Z^]-JIj�UXWYP[Z@\ `eWYUbjaWY` � Ub\ c st(ST )

jYJI]�jYJf`aJI\zW�`�WYE�J©`eZ@T c Zb��WYE�J�Z^]-JIj�UXWaPRZ^\;UXWM��\�U^T#WYP[H/J
T
Ub\ c WaE�J/U^�^Jf\@W9E�U@`CWaZ�]�U d�WaE�PR`�`aS�H�� � J�`YU d�WaE�UbW'WaE�PV`9Z^]-JIj�UXWYP[Z@\¯jYJI]�jYJf`aJI\zW�`CU^\ U^ja��P[Waj�Ub�@J

Z@]�]-Z^jaWaS�\�P[Wmd9P[�0WYE�JIjYJ#PV`7`aZ^H/J
θ ∈ D

U^\ c
ε > 0

`aS�g�E�WYE�UXW
g(x) > 0

�¤Z@j
x ∈ Bε(θ)

U^\ c
sT (x) ≤ 0�¤Z@j�JI�@JIjYd

x ∈ R.
s+��`aS�g�E�Ub\¢Z^]�]0Z@jeWYS�\�P[Wmd¯J�h_PV`mW�`I�tWaE�JI\�Z^\�J�H/U d}U^g�E�PRJI�@J/U^\�UbjY��P[Waj�Ub�^JMPR\¢WaE�J

�¤Z@T[TRZX¡BPR\��/¡
U d�V	S�]�WaZ/WYP[H/J
t
E�J c ZQJv`F\�ZbWYE�P[\���Ub\zW�UXWBWYP[H/J

t
E�J�g�E�Jvg��Q`FP[�

St ∈ Bε(θ).
s+�	WaE�PR`BPV`

\�ZbW WYE�J'gIU^`aJ�E�J c ZQJf`#\�Z^WaE�PR\����Q��S�W
P[�>WaE�PR`#PR`#WYjaS�J@�^WYE�JI\�E�J���S�d_`��b`aU^P[TV`
α
`eWaZ_g��_` U^\ c

βi (T, φi)−Z@]_WaPRZ^\0`I�7q�PV`B�zUbPR\�PV`
gt(St) > 0.

o
WBWaPRH/J
T
E�J9E�U^`
WYZM]0U d

sT (ST ) ≤ 0
`eZ/E�PV`B�@U^P[\!PV`FTRU^ja�@JIjFZ^j

J �zS�UbT£WYZ
gt(St) > 0.

� � ^!�#"
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r�PR\�UbTRT[dM¡
JB�^PR�^J�U�WaJvg�E�\�PVgIU^T�EQdQ]0Z^WaE�Jv`ePV`7¡BE�PVg�E/Jf`Y`eJf\@WYPRU^T[TRd�`YU d_`�WaE�UbW ]�jYPRgIJf`kU^jaJB\�ZbW JIhQ]-Jfg�WaJ c
WYZ��0J9TVUbjY�^JfjFWaE�Jf\©U�`eS_¦�gIP[Jf\@WYT[d�TRU^ja�@J'T[Jf�^JIT1� DFE�PV`BPV`�U^\!U^\�UbTRZ^�@S�Jf`FZ^�tWYE�J'WaE�PR�^EzWYJI\�Jv`a`B]�jaZ@]0JfjeWmd
�¤Z@jBH/JfU^`aS�jYJf`f�

(H3)
r�Z@jMJf�^Jfjad

δ > 0
U^\ c

t ∈ [0, T )
WYE�JIjYJ!J�h_PR`eWY`/`aZ^H/J

Kt,δ > 0
`aS�g�E:WYE�UXWM�¤Z^j/Jf�^JIjYd

φ ∈ C+,
¡BP[WaE

0 ≤ φ ≤ 1
U^\ c `aS�g�E¯WaE�UbW�WYE�J�`eS�]�]0Z@jeW'Zb�

φ
PV`CPR\�gIT[S c J c P[\

Bc
2Kt,δ

(0),
Z@\�J/E�U^`

Πt,T (φ)(x) ≤ δ
�¤Z^jBJf�^JIjYd

x
`aS�g�E�WYE�UXW |x| ≤ Kt,δ.q�JIjYJ

Br(x) := {y : |x− y| ≤ r}. DFE�J�]�jaZ@��Ub��PRTRPR`eWaPVgFP[\zWYJIjY]�jaJIWYUbWaPRZ^\�Zb�£WYE�JCU^�0ZX�@J�EQdz]-ZbWYE�Jf`aPV`PV`CWaE�UbW'�¤Z^j9Ub\Qd
δ > 0

WYE�JIjYJ�JIh_PR`eWY`'`aZ^H/J
K
`aS�g�EpWYE�UXW'WaE�JM]�jaZ@��Ub��PRTRP�Wmd!WaE0UXW |St − S0| ≥ K

PV`
`aH�UbTRT[Jfj'WaE�Jf\

K.
s+�B¡
J/J�h_]�jYJf`Y`�WaE�PV`��Qd¯H/JvUb\�`9Z^�F`aZ^H/J�g�Z@\zWaPR\zS�Z^S�`'�¤S�\�g�WYP[Z@\�`

φ
� ¡BE�PVg�E¢�^PR�^Jf`

U�H/Z^jYJ�g�Z@H/]�T[PVgIUbWaJ c `eWYUXWYJIH�Ub\�J�W � WaE�PR`�PV`C�-JfgfUbS�`aJ$PR\pWYE�J/�0Jf�^PR\�\�PR\��!¡#J c JfgIP c J c WYZ�¡
Z^jY��¡BP[WaEgIZ^\zWaPR\QS�Z^S0`'�¤S�\�g�WaPRZ^\�`f�}NQZ
φ
E�U@`9WYZp�0J!`eJfJI\�U@`9WaE�J�jYJI�^S�TRU^jaP��fUbWaPRZ^\ Zb�FWaE�J�P[\ c PRgfUXWYZ^j9�¤S�\0g�WaPRZ^\

1[K,∞).

�#¨ 
 
�� .���'�� ���M�c���+� %��F��%
Π
 M�7�+�U����% �M ��U��% ����$���%W�����8�!�"���F���	%W� �F��%W���	����� �	�c����
+��� �
����� �

α ≥
0, φ, ψ ∈ C+

a) Πt,T (φ + ψ)(x) = Πt,T (φ)(x) + Πt,T (ψ)(x)

b) Πt,T (αφ)(x) = αΠt,T (φ)(x)

c) φ ≤ ψ ⇒ Πt,T (φ) ≤ Πt,T (ψ),

d) φn ↓ φ⇒ Πt,T (φn) ↓ Πt,T (φ),

e) Πt,T (1)(x) = e−r(T−t).

�	�F�������
�F�+�	% �
d)

�c���  ;�R%W�	�F��
+�������;��� � �������F��� 
"�
φn, n ∈ N

�	�F
��Y%��c��%
φ1

� ��$"��� �� ��" ��

4 � ­>­�� � U � NQS�]�]-Z@`aJ�WYE�UXW Πt,T (φ + ψ)(θ) > Πt,T (φ)(θ) + Πt,T (ψ)(θ)
�¤Z^j/`eZ@H/J��^PR�^Jf\

θ.N_P[\�gIJ'WaE�J�U^�0ZX�@J��¤S�\�g�WYP[Z@\�`�U^jaJ9g�Z@\zWaPR\zS�Z^S�`FZ@\�J9H�U d���\ c `aZ^H/J
ε > 0

`eS0g�E�WYE�UXWBWYE�J9PR\�J	�zS�U^T[P[Wmd
E�Z^T c `9WYjaS�J��¤Z^j�JI�^Jfjad

x ∈ Bε(θ).
DFE�JI\:Z^\�J�Waj�U c Jv`�PR\�WaE�J��¤Z^TRT[ZX¡BPR\��p¡FU d^� ��]�WaZ

t
Z^\�J c ZQJf`

\�ZbWaE�P[\��}Ub\zW�UXW�WaPRH/J
t
Z^\�J�g�E�Jfg��_`9P[�

St ∈ Bε(θ)
�ps+��\�ZbWv�7E�J c ZQJv`$\�Z^WaE�PR\��0�©s+��d^Jf`f��WaE�Jf\�E�J

`aJfU^TR`7U
(T, φ+ψ)− Z^]_WYP[Z@\/U^\ c ��S�d_`kU^\ (T, φ)− Z^]_WYP[Z@\/U^\ c U (T, ψ)− Z@]_WaPRZ^\���DFE�JC`eZ@T c Zb�-WaE�Jf`aJZ@]0JfjYUbWaPRZ^\�`kPR`

gt(St) = Πt,T (φ+ψ)(St)− (Πt,T (φ)(St)+Πt,T (ψ)(St)) > 0.
q�J��@JIJf]/WaE�PV`
�@UbPR\>�

o
WBWYP[H/J
T
E�J9jYJfg�JfP[�@Jf`

(φ + ψ)(ST )
�0JvgIU^S�`eJ'E�J9JIh_JIj�g�PV`eJv`FE�PR`

(T, φ+ ψ)− Z^]�WaPRZ^\©Ub\ c E�J9�@P[�@Jf`WYE�PV`kH/Z^\�Jfd$�-JfgfUbS�`aJBE�JBE�U@`	WaZ�E�Z^\�Z@j	WaE�JBWm¡
Z9Z^]�WaPRZ^\�`	WYE�UXWkE�J�E�U c `aZ^T c �	q�PV`k�@U^P[\/PV`
gt(St) > 0.N_ZM¡
J'E�U �^J9U^\!U^ja��P[Waj�Ub�@J�Z@]�]0Z@jeWYS�\�P[Wmd^�R�kDFE�J']�jYZzZ^�tZ^�

b)
PV`B`ePRH/P[TVUbjv�

��J�W#S0` ]�jYZX�^J
c).
NQS�]�]-Z@`aJ�WYE�UXW

Πt,T (φ)(θ) > Πt,T (ψ)(θ),
Ub\ c gIZ^\�`aJ	�zS�Jf\zWaTRd$WaE�PR`#E�Z^T c ` WajYS�J

Z@\}U!¡BE�Z@T[J
Bε(θ).

NQS�]�]-Z@`aJ�UbTV`eZ�WaE�UbW
St ∈ Bε(θ).

DFE�JI\ ¡#J/`aJITRTkU
(T, φ)− Z@]_WaPRZ^\¢Ub\ c �QdpUb\

(T, ψ)− Z^]�WaPRZ^\MP[\�Z@j c Jfj	WaZ9Z@�_WYU^P[\ gt(St) = Πt,T (φ)(St)−Πt,T (ψ)(St) > 0.
o
W WaPRHMJ

T
¡
JBE�U �^J

WYZ/]�U d
sT (ST ) = φ(ST ) − ψ(ST ) ≤ 0.� J9]�jYZX�^J

d).
u�JfgIU^T[T-WYE�UXW

t
PR`
��h_J c � NQS�]�]-Z@`aJ�WaE�UbWFWaE�JfjaJ'PV`B`eZ@HMJ

θ
`eS0g�E�WaE0UXW

infn φn(θ) >
δ + φ(θ)

�¤Z^j�`eZ@HMJ
δ > 0.

NQS�]�]-Z@`aJ�U^TR`aZ�WaE�UbW
M ≥ φ1 ≥ 0.

DFE�JI\�¡
J�WYU^�^J
δ′ = δ/2M

Ub\ c
gIZ^\�`aP c JIj

Kt,δ′

�¤jYZ^H WaE�J}EQdz]-ZbWYE�Jf`aPV`
(H3).

NQP[\0g�J
φn ↓ φ

¡
JpH�U d;S�`eJ J�PR\�P � `�WaE�JfZ^jYJIH�Ub\ c
gIZ^\�gIT[S c J�WaE�UbWBWaE�J�gIZ^\Q�^Jfja�@JI\�gIJ�PV`FS�\�P[�¤Z^jYH Z^\�g�Z@H/]�U^g�WB`aJ�W�`I� N_ZM¡
J'H�U d���\ c

nδ
`eS0g�E�WYE�UXW

0 ≤ φnδ
(x) − φ(x) ≤ δ

4
for |x| ≤ Kt,δ′ + 1.

^\^`_�acb+d+e"f



� � ��� �� �� ��������� � �U� ���F�F�����F��� ���

� J�¡BPRT[T$Waj�U c J¢Z^\ WYE�J�]�U d^Z 

φnδ

¡BE�PVg�E PR`©\�ZX¡ ��h_J c � � J¢��\ c `aZ^H/J
ε > 0

`eS�g�E WYE�UXW
Πt,T (φnδ

)(x) > δ + Πt,T (φ)(x)
�¤Z^j

x ∈ Bε(θ).
� J¢UbTV`eZ g�Z^\0`eP c JIj�U�TRZ_gIU^T[P��fUbWaPRZ^\ �¤S�\�g�WaPRZ^\

χ ∈ C
`aS�g�E!WaE�UbW

0 ≤ χ ≤ 1, χ(x) = 0
�¤Z^j |x| ≤ Kt,δ′

Ub\ c
χ(x) = 1

�¤Z^j |x| ≥ Kt,δ′ + 1.
DFE�JI\

¡
J9g�Z@\�`mWYjaS0g�W
ψ = χ(φnδ

− φ).
� ZbWaJ'WYE�UXWv��`aP[\�gIJ

0 ≤ φnδ
− φ ≤ φ1 ≤M,

¡
J'E�U �^J

Πt,T (ψ)(x) ≤ Πt,T (Mχ)(x) = MΠt,T (χ)(x) ≤M × δ

2M
=
δ

2
.

� J�UbjYJ'\�ZX¡�jYJfU c d�WYZ/Waj�U c J@� � J�U^jaJ9UbWBWaPRHMJ
t
Ub\ c `aS�]�]-Z@`aJ'WaE0UXW

St ∈ Bε(θ).
DFE�JI\�¡
J���S�d�U

(T, φ)
�+Z^]�WaPRZ^\�Ub\ c U

(T, ψ)
�1Z@]_WaPRZ^\!Ub\ c `aJITRT>U

(T, φnδ
)
�+Z^]�WaPRZ^\>�kDFE�J'�zUbPR\�PV`

gt(St) = Πt,T (φnδ
)(St) − Πt,T (φ)(St) − Πt,T (ψ)(St) > δ − δ

2
=
δ

2
.

o
WMWaPRH/J
T
¡#J�E�U �^J�WaZ ]�U d

sT (ST ) = φ(ST ) + ψ(ST ) − φnδ
(ST ).

s+�
ST ≤ Kt,δ′ + 1

WYE�JI\
|φ(ST ) − φnδ

(ST )| ≤ δ
4

U^\ c
ψ(ST ) = 0

`eZ
gt(St)−sT (ST ) > δ

2 − δ
4 = δ

4 .
s+�
ST > Kt,δ′ +1

WYE�JI\
χ(ST ) = 1

U^\ c `aZ
φ(ST )+ψ(ST )−φnδ

(ST ) = φ(ST )−φnδ
(ST )+χ(ST )(φ(ST )−φnδ

(ST )) = 0.N_ZMPR\��0Z^WaE©`aP�WYS�UXWYP[Z@\�`F¡#J'E�U �@J�U�`eWajYPVg�WaTRd�]-Z@`aP�WYP[�@J'�@UbPR\>�
DFE�J9]�jaZQZb��Zb�

e)
PV`
WajYP[�QPVUbT1�QWaj�U c PR\��/Z^\�WaE�J9��Ub\��!U^gfg�Z^S�\@Wv�[�kNQZMWYE�J9]�jYZzZ^�tPV`Bg�Z@HM]�T[JIWaJ c �

�� J�UbjYJ#\�ZX¡�jaJvU c d'WYZ']�jaZ c S0g�JBU�HMJvU^`aS�jYJ#¡BE�PVg�EMjaJf]�jaJv`eJf\zWY`
Πt,T .

rtPRj�`mW7Zb�£UbTRT_¡#J
J�hQWYJI\ c WaE�PR`
Z@]0JfjYUbWaZ@jt�¤jYZ^H�]0Zz`eP[WaPR�^J
�¤S�\0g�WaPRZ^\0`	WaZ9jYJfU^TQ�¤S�\�g�WYP[Z@\�`7PR\/WaE�JF�¤Z@T[TRZX¡BPR\��9`mW�Ub\ c U^j c ¡FU d^��s+�

f = g−h�¤Z@j�`eZ@H/J�]-Z@`aP[WaPR�^J��¤S�\�g�WaPRZ^\�`
g
U^\ c

h
WaE�JI\�¡
J c J���\�J

Πt,T (f) := Πt,T (g) − Πt,T (h).
� Z^WaJ'WYE�UXW

WYE�PV` c J���\�P[WaPRZ^\ c ZQJf`�\�Z^W c Jf]0Jf\ c Z@\pWYE�J c Jfg�Z@H/]0Zz`eP[WaPRZ^\}Zb�
f
PR\
g − h.

s \¯� U^g�Wv��P��
f = g′ − h′WYE�JI\�¡#J�g�TVUbPRH�WYE�UXW

Πt,T (g)−Πt,T (h) = Πt,T (g′)−Πt,T (h′).
q�U �QPR\���PR\�H/PR\ c WYE�J�TRP[\�JfUbjYP[Wmd�Z@\

]-Z@`aP[WaPR�^J
�¤S�\�g�WaPRZ^\�`	WYE�PV`kUbH/Z^S�\@W�`�WaZ
Πt,T (g+h′) = Πt,T (g′+h).

G
S_W
g+h′ = g′+h

Ub\ c `aZ�WaE�PV`
PV`7WYjaS�J^�kNQZ$¡
J�E�U �@J�U�gIZ^jYjaJvg�W c JI��\�P[WaPRZ^\�Z^�>Z^S�j#Z^]-JIj�UXWaZ@jkZ^\�WaE�JC¡BE�Z^TRJ�`a]�U^gIJ�Zb��WYE�JCgIZ^\zWaPR\QS�Z^S�`
�¤S�\�g�WYP[Z@\�`�Ub\ c WaE�J©J�hQWaJf\ c J c Z^]-JIj�UXWYZ^j/PR\�E�JIjYP[WY`MWaE�J©]�jaZ@]0JfjeWYP[Jv`MZb�CZ@S�j�PR\�P�WYPRU^TBZ^]-JIj�UXWYZ^j�V�P[W�PR`
TRPR\�JfU^jf�QH/Z^\�Z^WaZ@\�J9Ub\ c ]�U^`Y`#WaZ c Jvg�jYJfU@`ePR\��$TRPRHMP[WY`f�kDFE�Jf\YJ�Ub\�P[JfT[T � `
WYE�JIZ@jaJfH � `aJIJ � u � � `aU d_`#WaE�UbWf��¤Z@j�JfU@g�E¢��h_J c

x,
WYE�J��¤S�\�g�WaPRZ^\�U^T

φ → Πt,T (φ)(x)
H�U d �0J�jYJI]�jaJv`eJf\@WYJ c �Qd Up]0Zz`eP[WaPR�^J�u�U c Z@\

H/JvU^`aS�jaJ
µt,T (x, dy)

Zb�_WYZbWYU^T@H�U@`a`
e−rt.

� J#E�U �^J Z^\�JkH/Z@jaJk]�jaZ@��T[JfHwUb�-Z^S_W>WYE�J
HMJvU^`aS�j�Ub��PRT[P[Wmd�Z^�
x → µt,T (x,A)

¡BE�JfjaJ
A ⊆ R

PV`�`aZ^H/J9H/JfU@`eS�j�Ub��T[J�`aJ�W � WaE�PV`C]�jaZ@]0JfjeWmd�JI\zWaJfjY`�P[\�WYE�J c JI��\�P[WaPRZ^\
Z^��U©Waj�Ub\0`eP[WaPRZ^\��@JIjY\�JIT U^\ c PV`$\�Jfg�Jv`a`YUbjYdpPR\�Z^j c Jfj�WaZ¯E�U �^J�`aJIH/P[�1�@jaZ@S�]¢]�jYZ^]-JIjaWaPRJf`f��U@`�¡
J�¡BPRT[T
c PR`Yg�S�`Y`7PR\�U9H/Z^H/Jf\@W � �	DFE�J�]�jaZQZb�£Zb�£WYE�PR`#]�jYZ^]-JIjaWmd$PV` `eWYU^\ c Ubj c � �C\�J c Jf\�ZbWYJf`k�Qd µt,T (x, φ)

WaE�J
PR\zWaJf�^j�UbT�Z^�

φ
¡BP[WaE¯jYJf`a]-Jfg�W�WaZ

µt,T (x, dy).
s+�
φ
PV`CgIZ^\zWaPR\QS�Z^S0`�WYE�JI\

µt,T (x, φ) = Πt,T (φ)(x)
PV`

gIZ^\zWaPR\QS�Z^S0`�Ub\ c `aZ�P�W'PV`�U^TR`aZ�H/JfU@`eS�jYU^��T[J@� 9#Z@\�`eP c JfjC\�ZX¡ U�g�TRZ@`aJ c `aJ�W
A.
DFE�Jf\pWaE�JIjYJ$J�h_PV`mW�`CU

`aJ	�zS�Jf\�g�JCZb�	g�Z^\zWYP[\QS�Z@S�`k�¤S�\�g�WYP[Z@\�`
φn

`eS0g�E�WaE0UXW
µt,T (x, φn) ↓ µt,T (x,A)

�¤Z@j#Jf�^JIjYd
x.
DFE�PV`
PR`FU

jYJI�@S�TVUbjYP�Wmd�]�jaZ@]0JfjeWmd��¤Z^j�u�U c Z^\©H/JvU^`aS�jaJv`BUb\ c J�Ub\�P[JfT[T � `�WaE�JfZ^jYJIH ]�jYZ c S�g�Jv`�U�u�U c Z^\�H/JfU@`eS�jYJ^�
N_Z

x → µt,T (x,A)
PV`BH/JfU^`aS�j�Ub��TRJ��¤Z^j�g�TRZ@`aJ c `eJIWY`f�
r�PR\�UbTRTRd�WaE�J�H/JfU^`aS�j�Ub��PRTRP�Wmd�]�jaZ@]0JfjeWmd��¤Z^TRT[ZX¡�`

�¤Z@jB�^Jf\�JIj�UbT>G
Z^jYJIT�`aJ�WY`��zd�U�H/Z@\�ZbWYZ^\�J9g�TVU^`Y`FUbjY�^S�H/Jf\@Wv�kNQZ/¡#J9E�U �@JC]�jaZX�@JI\ V
4 � ­�1 ­ �7, �7, ­ * . �&' � 
]%��c����� � �]� �T����$���%W�����8� �
�M�c���	%&� ����% � %��F�+� %��F�+�
� ���M� �	%�� �]�F�;�	��%W���;���M�+�	���+�
µt,T (x, dy)

�"�F
��Y%��c��%
µt,T (x,Rd) = e−rt ���� 

Πt,T (φ)(x) =

∫
φ(y)µt,T (x, dy).

� � ^!�#"



���������	��

������������������������������ !
"���#��$�����%&����� �v|

� J9�^PR�^J'\�ZX¡�WaE�J�`aJIH/P[�1�@jaZ@S�]�]�jYZ^]-JIjaWmd�Ub\ c WYE�J9H�UbjaWaPR\��@U^T[J']�jYZ^]-JIjaWmd^�
�#¨ 
 
�� .�� . � ���M�c���+��%��c��% %��F�+�
�R� � � � ����$���%&�
���8�U�"���F���	%W� �F��% �������	�c���

f) Πt,T (I)(x) = x where I(y) = y

g) Πs,t(Πt,T (φ))(x) = Πs,T (φ)(x) ∀s < t < T.

4 � ­>­��Y��NQS�]�]0Zz`eJ�WaE�UbW
Πt,T (I)(θ) > θ

�¤Z@j$`eZ@H/J
θ.
DFE�Jf\¢WaE�J�PR\�J �@S0UbTRP�Wmd}E�Z^T c `'WYjaS�J�Z^\�U

¡BE�Z^TRJ$��U^T[T
Bε(θ).

s+�
St ∈ Bε(θ)

WaE�Jf\¯¡
JM`aJITRT	U
(T, I)− Z^]_WYP[Z@\¯Ub\ c ��S�dpU�`mWYZQg��£�9DFE�J��@UbPR\pPV`

gt(St) = Πt,T (I)(St)−St > 0.
o
W�WYP[H/J

T
¡
J `aJITRTbWYE�J#`eWaZ_g��'Ub\ c jYJfgIJIPR�^J

ST .
� J �@P[�@J

I(ST ) = STWYZ�WaE�J�ZX¡B\�Jfj�Zb�7WYE�J$Z@]_WaPRZ^\}Ub\ c `aZ�Z^S�j��^TRZ^�0UbT��zUbPR\©PR`�`eWajYPRg�WaTRd�]-Z@`aP�WYP[�@J^��s+�
Πt,T (I)(θ) < θ

�¤Z@j
`aZ^H/J

θ
U^\ c

St ∈ Bε(θ),
¡#J'��S�d�Ub\

(T, I)− Z@]_WaPRZ^\�Ub\ c �0Z@jajYZX¡ UMS�\�P[Wmd�Zb�	`mWYZ_g���¡BE�PRg�E!¡
J'`YUbPRTU^\ c ¡
J�Z@�_WYU^P[\�WYE�J'`eZ@T c
gt(St) = St −Πt,T (I)(St) > 0.

o
W
WaPRH/J
T
¡
J�JIh_JIj�g�PV`eJ�Z@S�j
Z^]_WYP[Z@\�Ub\ c

Z@�_WYU^P[\�UMS�\�P[Wmd�Z^��`eWaZ_g���WaE0UXW�¡
J��@P[�@J�WaZMWaE�J9]-JIj�`aZ^\��¤jaZ@H�¡BE�PVg�E!¡
J'E�U �^J��-Z^jYjaZX¡
J c �R�
��J�W�S�`B]�jaZX�@J

g).
N_S�]�]-Z@`aJ'WaE�UbW

Πs,t(Πt,T (φ))(θ) > Πs,T (φ)(θ).
�C\�g�J9Ub�zUbPR\�WYE�J9PR\�J	�zS�U^T[P[Wmd

E�Z^T c `
WajYS�J'Z^\©UM¡BE�Z^TRJ'��UbTRT
Bε(θ).

�C\�J c ZQJf`F\�ZbWaE�P[\��/S�]!WYZ
s
Ub\ c P[�

Ss ∈ Bε(θ)
WYE�JI\�E�J�`aJfU^TR`

U!Ub\
(t, ψ)− Z@]_WaPRZ^\}¡BE�JIjYJ ψ = Πt,T (φ).

q�J/��S�dQ`CWYE�JI\¢Ub\
(T, φ)− Z^]_WYP[Z@\>��DFE�J�`eZ@T c Zb�kWYE�Jf`aJZ@]0JfjYUbWaPRZ^\�`
PV`

Πs,t(Πt,T (φ))(Ss) − Πs,T (φ)(Ss) > 0.
o
WBWaPRH/J

t
E�J�`eJfT[TV`FE�PV`

(T, φ)− Z^]_WYP[Z@\©Ub\ cjYJfgIJIPR�^Jv`
Πt,T (φ)(St)

¡BE�PVg�E$PV`	J�h�U@g�WaTRd'WaE�JF`aS�H E�J
E0U^`tWaZ�]�U d'WaZ�WYE�JFZX¡B\�JIj�Zb�0WaE�J
(t, ψ)− Z@�_WYU^P[\WYE�UXW�E�J�E0U^`B`aZ^T c �

�� J�UbjYJ'\�ZX¡5U^��T[J�WYZM�@P[�@J'Z^S�jBH�UbPR\!jaJv`eS�T[Wf�
� @ ¨Q­ � ¨ 
 .���'�� �����+� %��c� 
+������� � � 
 ��� � $"���"� ∏

t,T (φ)(x), 0 ≤ t ≤ T, φ ∈ C, x ∈ R
%��c�


+����� ��� ���B� %�� � �;�"���+�	%W�����F�������U���+� ������� ���F%��
� � �	�c�����Y���M� �	%�� � 
+���U��� � � 
 �c���	��%&����� �����	� ��� �

µt,T (x, dy), 0 ≤ t ≤ T,
�"�F
�� %��c��% %��F� ���	��

�

�"�c������% ���"�R�����U���+� �
�	�"���" !�;�

Πt,T (φ)(x) =

∫
φ(y)µt,T (x, dy)

���  %��F�	����� �"�;�	� ���+� �;���	� 
��!%��c�R� ���	%&���B�M��� � 

���  ���%&�����
f).� � �	�c� 
+���U��� � � 
 � �	��
"�U�
�F�+�
��% ���"�

Πt,T
�� �����% � � �"��� � � �U����$+��%W���7�M� �

��� 	 � ���M�c���+� %��F��%�%��c� ��$"� ���!���
�����	%&�����c� �c���  %W�	�F� � ���F�+�
Πt,T , 0 ≤ t ≤ s ≤ T

�+��%&� ��
 �	�U%��F�
� �F�
� � ����
 ���#� �
�M����� � ���+�F��%&�����

Πt,T = Πt,s ◦ Πs,T .

ikjYZQZb�m��P � � J/E�U �@J�UbTRjYJfU c d�`aE�ZX¡B\©WYE�UXW B ⇒ A.
�>JIW'S0`C\�ZX¡ `eS�]�]0Zz`eJ�WaE�UbW

A
E�Z@T c `CWYjaS�J@�

DFE�JI\>��S0`ePR\����0jY`eW�WYE�J¯H�UbjaWaPR\��zUbTRJp]�jYZ^]-JIjaWmd;U^\ c WaE�JI\ WYE�J}jYJI]�jaJv`eJf\@W�UXWYP[Z@\;�Qd H/JfU^\�`�Z^�9WaE�J
]-Z@`aP[WaPR�^J'H/JfU^`aS�jYJ

µt,T
¡
J'Z^�_W�UbPR\

gt(x) = αx+

n∑

i=1

βiΠt,T (φi)(x) = αΠt,T (I)(x) +

n∑

i=1

βiΠt,T (φi)(x)

=

∫
µt,T (x, dy)(αy +

n∑

i=1

βiφi(y)) = −
∫
µt,T (x, dy)sT (y) ≤ 0.

DFE�PR` c ZQJv`B\�ZbWB]-JIjYH/P�WBWYZ�Z^�_W�UbPR\!U^\!U^ja��P[Waj�Ub�@JCZ@]�]-Z^jaWaS�\�P[Wmd^�R�
�

^\^`_�acb+d+e"f



�fK ��� �� �� ��������� � �U� ���F�F�����F��� ���

� � ����%!�9%������I��&t��
 �	�F���	�B���B��&t�9&t�����

s \ WYE�J�]�jYJI�QPRZ^S�`9`aJfg�WaPRZ^\¢\�Z©]�jYZ^��U^��PRT[P[WmdpjYJI]�jYJf`aJI\zWYUbWaPRZ^\}¡
U@`�`eS�]�]0Zz`eJ c �!G
S_W$P[W$PV`9¡
JITRTk�Q\�ZX¡B\
WYE�UXWkU'`aJIH/P��+�^jYZ^S�]$U^`�WYE�JFZ^\�JF]�jYJf`aJI\zWaJ c WYE�JIjYJFPR`7U^T[¡FU d_`>WYE�JFWaj�Ub\�`aP[WaPRZ^\�`aJIH/P[�1�@jaZ@S�]$Z^�-U�npUbjY�^ZX�
]�jaZ_g�Jv`a`f�f`aZFWaE0UXW�UF\�UbWaS�j�UbTb]�jaZ@��Ub��PRTRPR`eWaPVg	P[\zWYJIjY]�jaJIWYUbWaPRZ^\'g�Z^H/Jv`�Z^\>�to¢��j�`mW>¡FU d�Zb�QW�Ub�QP[\��FWaE�PR\��@`>PR`
WYZC�@P[�@J
U^\$PR\�P[WaPVUbT_TVU ¡

µ0
Ub\ c WaE�Jf\$WYZ�gIZ^\�`eWajYS�g�W7U'`mWYZ_g�E�U^`eWaPVgk]�jYZ_g�Jv`a`�¡BE�PVg�E$E�U@`

µ0
U@`�P[\�P[WaPVUbT_TVU ¡

U^\ c
Πt,T

U@`	Waj�Ub\�`aP[WaPRZ^\/`eJfHMP[�+�^jYZ^S�]MP[\MWYE�JB�¤Z^TRTRZX¡BP[\��'¡FU d^� �>J�W
Ω = {ω : [0,∞) → Rd : t→ ω(t)PV`tjaPR�^EzW�gIZ^\zWaPR\QS�Z^S0`�Ub\ c E�U^`tTRJ�� W	E�Ub\ c T[PRH/P�W�`��
�0J#WaE�J
gfUb\�Z@\�PRgfUbTz`e]�U@g�J#Zb�_Waj�UXlmJvg�WYZ^jYP[Jv`�Ub\ c�c J��0\�Jf`

WYE�J�gIZQZ^j c P[\0UXWaJv`�]�jYZ_g�Jv`a`
Xt(ω) = ω(t)

U^\ c WaE�J/g�Z@jajYJf`a]-Z^\ c PR\��/��T[Waj�UXWYP[Z@\
Ft = σ(Xs : s ≤ t}.DFE�JI\�WYE�J!]�jaZ@��Ub��P[TRP�Wmd¢H/JfU@`eS�jaJ

P µ0
�9S�\ c JIjM¡BE�PRg�E

(Xt)t≥0
PV`/U¯\�Z^\_�+E�Z^H/Z@�^JI\�JIZ^S0`�npUbjY�^ZX�

]�jaZ_g�Jv`a`#�kPV`BZ^��WYUbPR\�J c PR\!WaE�J'�¤Z@T[TRZX¡BP[\���¡FU d^���C\�J c JI��\�Jf`BWaE�J�gIdzTRPR\ c jYPRgfUbT£]�jYZ^��U^��P[TRP[WaPRJf`

P(t1,...,tn)(X0 ∈ A0, Xt1 ∈ A1, ..., Xtn
∈ An}

: =

∫

A0

µ0(dx0)

∫

A1

µ0,t1(x0, dx1)...

∫

An

µtn−1
(xn−1dxn)

¡BE�JIjYJ
0 < t1 < ... < tn

Ub\ c
A0, ..., An

U^jaJ�G
Z@jaJfT0`aJ�WY` P[\
Rd.

DFE�JI\�Z@\�J�JfHM]�T[ZXd_` �CZ^TRH/Z^�@Z^jYZX� � `
WYE�JIZ@jaJfHwP[\MZ^j c JfjtWYZ�gIZ^\�`eWajYS�g�W7UC]�jYZ^��U^��PRT[P[Wmd9H/JfU^`aS�jYJ

P µ0
Z^\

(Ω, F∞)
`aS�g�E$WaE�UbW

P(t1,...,tn)

jYJI]_�
jYJf`aJI\zW�`7WaE�JCTVU ¡ Zb�

(X0, Xt1 , ..., Xtn
)
S�\ c JIj

P µ0 .
s+W
WaS�jY\�`
Z^S�W WaE0UXW

X
PR`FU � \�Z@\_�1E�Z^H/Z^�@JI\�JfZ^S�` �n¯UbjY�^ZX�p]�jYZ_g�Jv`a`$S�\ c Jfj�WaE�PR`�]�jYZ^��U^��P[TRP[Wmd}Ub\ c

Eµ0(f(Xt) | Fs) = Πs,t(f)(Xs),
¡BE�PRg�E�H/JvUb\�`

WYE�UXW
Πs,t

PV`
WaE�J'Waj�Ub\�`aP�WYP[Z@\!`aJIH/P[�1�@jaZ@S�]�Z^�
X.DFE�PV`9]�jYZ_g�J c S�jYJ�¡
Z^jY�_`�PR\�UbTRT7�^JI\�JIj�UbTRP�Wmd©��S�W�P[\ Z^j c JIj�WYZ©Z^�_W�UbPR\ U�\�PVg�J/WaE�JIZ^jYd©Z^\�JME0U^`�WaZ

jYJf`eWajYPVg�WBE�PRH/`aJIT[�7U�TRP[WeWaTRJ9��P[Wf�kr�PRjY`eW�Zb�	UbTRT>Z^\�J9U@`a`aS�H/Jf`
E�Z@HMZ@�^Jf\�JIP[Wmd^�QWYE�UXW�PV`

(H4) Πt,T = Π0,T−t

¡BE�PRg�E H/JfUb\0`�WaE�UbW�WYE�J�]�jYPRgIJ/Zb�
U^\}Z@]_WaPRZ^\ c Jf]0Jf\ c `'Z^\}WaE�J/WaPRHMJ/WYZ�H/UbWaS�jYP[WmdpZ^\�TRd^� �C\�J�UbTV`aZ
E0U^`
WaZ/H�Ub�@J�WaE�J � jYUbWaE�JfjB\�UXWYS�jYU^T � jYJI�@S�TRU^jaP[Wmd�U^`Y`eS�HM]�WaPRZ^\ V

(H5 lim
t→0

Π0,tf(x) = f(x)

�¤Z@j#Jf�^Jfjad
x ∈ Rd U^\ c JI�@JIjYd f ∈ C0

¡BE�JfjaJ
C0

PV` WYE�J'`e]�U@g�J�Z^�tg�Z@\zWaPR\zS�Z^S�` jaJvUbT0�¤S�\�g�WYP[Z@\�`#Z^\
Rd

¡BE�PRg�E!�XUb\�PV`eE�J c UXWBPR\_��\�P[Wmd^�
s+WFPR`#JfU@`ed�WaZMg�E�Jfg�� � U@` U�g�Z^\0`eJ �@S�JI\�gIJ�Zb��WYE�JCEQdQ]-ZbWaE�Jf`aPR`

(H3) � WYE�UXWFP�� f ∈ C0
WaE�JI\

Π0,tf ∈
C0

`aZ}¡
J�E�U �^J�U E�Z^H/Z@�^JI\�JIZ^S0`M`aJIH/P[�1�@jaZ@S�]�Z^�CZ^]-JIj�UXWYZ^j�`��¤jaZ@H
C0

WYZ
C0

¡BE�PRg�E `YUXWaPV`e�¤d�WaE�J
jYJI�@S�TVUbjYP�Wmd©g�Z@\ c P[WaPRZ^\

(H5).
DFE�Jf\¢P�W�PV`']�jYZX�^J c P[\ � |��kWYE�JIZ@jaJfH � I�� K � WYE�UXW9WYE�J�npU^ja�@ZX�!]�jaZ_g�Jv`a`U@`a`aZ_g�PVUXWYJ c WYZp`eS0g�E¢U�`aJIH/P[�1�@jaZ@S�]¯PV`�U©`eWYUb\ c Ubj c n¯UbjY�^ZX��]�jYZQgIJf`Y`9Ub\ c WYE�JIjYJ/J�h_PR`eWY`$U!gITRU@`a`aPVgIUbT

U^\ c ¡
JITRT c JI�^JfT[Z@]0J c WaE�JfZ^jYd;�¤Z^j�WYE�PV`�WmdQ]-J¯Z^��]�jaZ_gIJf`Y`eJv`I� � J c Z:\�Z^W�Jf\@WYJIj�P[\5HMZ@jaJ c J�W�UbPRTR`
��S_W�`aJI\ c WaE�J�jaJvU c Jfj'WaZ � | � Z@j � �f|��k�¤Z@j$U©g�Z@H/]�T[JIWaJ�JIhQ]-Z@`aP[WaPRZ^\¢Zb�FWaE�PR`'WYE�JIZ@jad@� � J9lmS�`eW$H�Ub�@J
`aZ^H/J9g�Z@H/HMJf\zWYUbjYPRJf`f�[�	r�P[j�`mWBZ^�	U^T[T1��U/`mW�Ub\ c U^j c ]�jYZ_g�Jf`Y`
PR` c Jf`Yg�jYP[�-J c �Qd�U�� UbH/PRT[d�Zb�t]�jaZ@��Ub��PRTRP�Wmd
H/JvU^`aS�jaJv`

P x, x ∈ Rd Z^\ (Ω, F∞)
`eZ!WaE0UXW

P x jYJI]�jYJf`aJI\zWY`�WYE�J�TVU ¡ Zb�
(Xt)t≥0,

P��
X0 = x.

s \
]0UbjaWaPVg�S�TVUbj

dP µ0 = dP xµ0(dx).
DFE�PV`#PV`FU�¡
JfU^�/U^]�]�jYZ@U@g�E�P[\�WaE�JC�¤Z^TRT[ZX¡BPR\��M`eJf\�`eJ@�7DFE�JCgITRU@`a`aPRgfUbT

H/Z c JfT�Zb� G
TVU^g��!Ub\ c N_g�E�Z^TRJf` c Jv`agIjaPR�-Jf`BWYE�J$Jf�^Z@T[S_WYP[Z@\�Zb�7WaE�J�`eWaZ_g��
S

� ¡BE�PRg�E¯P[\pZ@S�j�gIZ^\zWaJIhzWCPR`

� � ^!�#"
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"���#��$�����%&����� �;:

WYE�J�n¯UbjY�^ZX��]�jaZ_g�Jv`a`
X � �Qd!HMJvUb\�`CZb�7WYE�J�`eWaZ_g�E�U@`mWYPRg�J	�zS�UXWYP[Z@\ dSt = σStdWt, S0 = s0

¡BE�JIjYJ
W
PR`BUUG
jaZX¡B\�PVUb\�HMZ^WaPRZ^\>�kNQZ/Z@\�JCH�U d c JI��\�J'Z^\�WaE�J9`YUbH/J�]�jaZ@��Ub��P[TRP�Wmd�`a]�U@g�J

(Ω, F∞, P )
� WaE�J

Z@\�J�¡BE�JIjYJ
W
PV` c J���\�J c � UbTRT-WaE�J�]�jYZQgIJf`Y`eJv` Ss0

t , s0 ∈ Rd Ub\ c WYE�JI\ P s0
PR`#WaE�JCTVU ¡ Zb�

Ss0
S�\ c JIj

P.
DFE�PV`CHMJvUb\�`�WaE0UXW��¤Z@jCJf�^Jfjad

ω ∈ Ω
¡#J�E�U �^J�Ub\¯U^]�]�TRPRgfUXWaPRZ^\

(t, s0) → Ss0

t (ω)
¡BE�PVg�E>�£S�\ c JIj

`aS_¦�g�PRJI\zW
jaJf�^S�TVUbjYP�Wmd/U^`Y`aS�H/]_WaPRZ^\�`#Z^\�WaE�J'g�ZQJ�¦�gIP[Jf\@W�` Z^��WaE�J�S�\ c JIjYT[dQPR\���`eWaZ_g�E�U@`mWYPRg�J	�zS�UXWYP[Z@\>�zPR`
U���ZX¡5Zb� c PR]�E�JIZ@H/Z^ja�0`eH�`f�kDFE�PV`BPR`BU/�@JIjYd�`eWajYZ^\��/Ub\ c S�`aJ��¤S�T>]�jYZ^]-JIjaWmd � `aJIJ � � ���¤Z^j�U/gIZ^H/]�TRJ�WaJ
]�jaJv`eJf\@W�UXWYP[Z@\ Z^��WYE�JpWYE�JIZ@jad jaJfTRUbWaJ c WYZ:`eWaZ_g�E�U^`eWaPVg ��ZX¡�` � � G
S_W�U�`eWYU^\ c Ubj c npUbjY�^ZX��]�jaZ_g�Jv`a`
gfUb\¢�^Jf\�JIj�UbTRTRd©\�ZbW$�-J�jYJI]�jYJf`aJI\zWaJ c �Qd}HMJvUb\�`�Zb�BUb\¢S�\ c JfjaTRdQP[\�� ��ZX¡9�tU^\ c WaE�PV`9PV`9¡BEQd¯¡
J�`aU d
WYE�UXW�WaE�PV`�PV`�U�¡#JvUb��U^]�]�jYZ@U@g�E>�#s \©]0UbjaWaPVg�S�TVUbjBWYE�JIjYJ�PV`�\�Z G#jYZX¡B\�PVUb\�H/ZbWYP[Z@\pUb\ c \�Z�`mWYZQg�E0U^`eWaPVg
J �zS�UXWYP[Z@\}g�Z@H/P[\���Z@\>��o�\ c `eZ�WaE�JfjaJ/PV`'\�Z©`mWYZ_g�E�U^`eWaPVg$s+WYZ©gIUbTVg�S�T[S�`f�Ms \¯WYE�J�gIU^`aJMZb�
`adQH/HMJIWajYPRg
n¯UbjY�^ZX��]�jYZ_g�Jf`Y`aJf` � WaE�PV`�H/JfU^\�`�WYE�UXW ∫

m(dx)φ(x)Π0,t(ψ)(x) =
∫
m(dx)ψ(x)Π0,t(φ)(x)

�¤Z^j
`aZ^H/J9H/JfU@`eS�jaJ

m)
U�`aS���`eWaP[WaS�WaJ$Z^�	WaE�JM`mWYZQg�E0U^`eWaPVg9gIUbTVg�S�T[S�`�PR`C`eJIWeWYT[J c � `aJIJ � I�� � � G
S_WC¡#J c Z�\�ZbWc PR`Yg�S�`Y`
WaE�PR`BE�JIjYJ^�

����� ���	�
����
���������
������������	�����! 
s \�gfUbTRP[��jYUbWaPRZ^\ ]�jaZ@��TRJIH�`9¡
J�E�U �^J�\�Z^W9WaE�J�¡BE�Z^TRJ�]�jYPRgIJ/WYU^��T[J���S_W�U!�¤Jf¡¥]�jaPVg�Jv`9Zb��gIU^T[T Z^]_WYP[Z@\
]�jaPVg�Jv`I�FDFE�PV`�H/ZbWYP[�XUXWYJf`�WaE�J$�¤Z^TRT[ZX¡BPR\�� �zS�Jf`eWaPRZ^\�� � J�U^jaJ9�@P[�@JI\©U�gIU^T[T�]�jaPVg�J�WYUb��T[J$U^\ c ¡
J�¡
U^\zW
WYZ/S�`eJ9P[W�PR\!Z@j c JIjFWaZ/�0\ c WaE�J9]�jYPVg�J'H�U^g�E�PR\�JIjYd�¡BE�PVg�E�]�jYZ c S�g�Jv`
WaE�PV`�gIU^T[T�]�jaPVg�Jv`I� NQZ�¡
J c JI\�ZbWaJ
Ct,T (x,K)

WaE�JM]�jaPVg�J/Zb�FU]9
UbTRT�Z@]_WaPRZ^\ Zb�
H�UXWaS�jaP[Wmd
T
U^\ c `mWYjaPR�^J

K
UbW'WaPRHMJ

t
P��
WaE�JM�XU^T[S�J/Z^�

WYE�J9S�\ c JIjYT[dQPR\���`mWYZQg���PR`
St = x.

s \�Z^S�jB]�jaJf�QP[Z@S�`F\�ZbW�UXWYP[Z@\�¡
J9E�U �^J
Ct,T (x,K) = Πt,T (θK)(x)¡BE�JIjYJ

θK(y) = (y − K)+.
NQPR\�gIJ�WYE�J�T[PR\�JfU^jMgIZ^H���P[\0UXWaPRZ^\0`$Z^��WaE�J��¤S�\�g�WaPRZ^\�`MZ^��WmdQ]0J

θK
UbjYJ

c JI\�`aJ�PR\�WYE�J!gITRU@`a`�Zb��WaE�J c P�
-JfjaJf\@WYPRU^��TRJ��¤S�\�g�WaPRZ^\�`MP[WMPV`/g�TRJfU^j$WYE�UXW/�Q\�ZX¡BP[\��©WaE�J�gIU^T[TFZ@]_WaPRZ^\�`
]�jaPVg�Jv`�g�Z@HM]�T[JIWaJITRd c J�WYJIjYH/P[\�J�UbTRTkWaE�J �kS�jYZ^]-JfU^\�Z^]_WYP[Z@\�]�jYPRgIJf`f�]G#S�W�¡
J�¡#Z@S�T c T[PR�^J�WYZp�^PR�^J�U
H/Z@jaJ9]�jYJfgIPR`aJ�jYJf`aS�T[W�g�Z^\0g�JIjY\�PR\���Ub]�]�jaZ h_PRH�UXWaPRZ^\��
r�Z^jC`aPRHM]�T[PVg�P[Wmd�¡
J�jYJf`eWajYPRg�W�Z^S�j�`aJIT[��WYZ�WaE�J�Z^\�J
c P[H/JI\0`ePRZ^\�U^T0gfU^`aJ�WaE0UXWFPR`

d = 1
�	N_Z$¡
JCg�Z@\�`aP c Jfj
`aZ^H/J

h > 0
U^\ c WYE�JC�@jaP c

xk = kh, k ∈ N
Ub\ c

¡FUb\zWtWaZ'Ub]�]�jYZ h_P[H�UbWaJ
Πt,T (φ)(x)

�Qd�U�T[PR\�JfU^j7g�Z^H���PR\�UXWYP[Z@\�Zb�
Ct,T (x, xk), k ∈ N.

� JFU^TR`aZ�]�jaZX�@J
WYE�UXWFP[�

K → Ct,T (x,K)
PR`#Wm¡BPVg�J c P�
£JIjYJI\zWYPRU^��T[JCWaE�JI\

µt,T (x, dy)
PV`FUb��`aZ^TRS_WYJITRd/gIZ^\zWaPR\QS�Z^S0` ¡BP[WaE

jYJf`a]-Jfg�WFWYZ/WaE�J ��JI�-Jf`a�^S�J'H/JfU@`eS�jaJ@� � J9jYJf`eWajYPRg�W�Z^S�j�`aJIT[�tPR\�WYE�PV`�`eJvg�WYP[Z@\�WYZ/WaE�J9Z@\�J c PRH/JI\�`aP[Z@\�UbT
gfU^`aJ��#��S_W�P[W�PR`BgIT[JvUbjFWaE0UXWBWaE�J9H$S�T[WaP[� c P[H/JI\0`ePRZ^\�U^T>gIU@`eJ�H�U d��0J'WYjaJvUXWYJ c P[\©Ub\�Ub\0UbTRZ^�^S�Jf`
¡
U d@�
4 � ­�1 ­ �7, �7, ­ *T3��&' � 	 � �����F�;��� %��c��%

Ct,T (x,K)
� � ������� � 
+�����
���+� �

0 ≤ t ≤ T, x ∈ R+,K ∈ R+.�	�F�+�[%��c����� ���M� �	%�� �Y� �F� ���F�
Π
�	�F
�� %��F��%

Ct,T (x,K) = Πt,T (θK)(x). " ����� � ���"
�� �+��� � � � � � �
�"������� �M��� ��% �Y%��F��� �	��
"�

Πt,T (φ)(x)
� 
Y��� �

(T, φ)− �
��%&����� � 
Y�  �� # �������F%W����$�� ���F� ����# φ
��� %��F�


+����� ��� ���B� � � � �

i) Πt,T (φ)(x) =
1

h

∞∑

k=0

φ(xk)(Ct,T (x, xk+1) + Ct,T (x, xk−1) − 2Ct,T (x, xk)) + o(h)

� �F�+�
� |o(h)| ≤ er(T−t) ‖φ′‖∞ h.��� 	%$\�������;��� � % � ��

�U �� # �+�����F%W����$�� � �F�;�	��%W���;���F� ����# 
"� � 
�%&�����
φ
����� �F�;�

ii) Πt,T (φ)(x) =

∫ ∞

0

φ′′(y)Ct,T (x, y)dy.

^\^`_�acb+d+e"f



��L ��� �� �� ��������� � �U� ���F�F�����F��� ���

�+� �c���	%&��
�� � �����U� 
Y%��c� 
"� � 
�%&�����
K → Ct,T (x,K)

� � % � ��
"�  �� # �����+��%&���M$+� � ���  �F�;� 
"����%&�����F���B�
���"
"���� !���
 ����� ����	���;��%&�����	��%��F�+�

µt,T (x, dy) = ∂2
yCt,T (x, y)dy.

��¨ 
��_��� 3 ��' � � ��% � � 
+� �
��� 
"����� %��F� 
+����� � � ���8� ������� 
 %��c� �M$"� ����� ���"�c���	%&���+� �F� ��� � ��%��B���B� % �
 M� � ��%��T%��F�  ��� ������
+�]� 
 %��F� �	% ��
 � � �  M�+�	� �����B� %��c�]
"����� �"� %W����� ���	��

�+�]$+� % � � � $
���	��
 
+��
�%�� 

 �� �	%&�	��$�� %&����� %��c�"��� ��� �	�c� �F������% � � %��c��% %��c� 
"�����>�
��%&�����R���	��

�+� 
"���	���+�W�c���  �% ��%��c���&�F�"
+����� 
"� ��
+%W�����
(x −K)+

���  !%��c�����

"���   ����	���;��%&����� � 
�%�� � � 
"� � 
�%&����� � ��%�� ���+�W�c�"
�% % �
K
� �R%��c���R�����M
�� ���
�R���

K.

4 � ­>­�� � ��J�W$S�` c JI\�ZbWaJ
φh

WaE�J�]0Z@T[dQ�@Z^\�U^T7T[PR\�J�U^]�]�jYZ h_P[H�UXWYP[Z@\}Z^�
φ
c JI��\�J c �zd

φh(xk) =
φ(xk)

Ub\ c
φh

]�P[Jvg�JI¡BPV`aJ�T[PR\�JfU^j
.
9#Z^\�`aP c JIj9WYE�J�WajYPVUbTV`

ψk
c J���\�J c �Qd

ψk(xk) = 1, ψk(xk−1) =
ψk(xk+1) = 0, ψk

PR` �IJIjYZ/Z^S_W�`eP c J
[xk−1, xk+1]

Ub\ c ]�PRJfgIJI¡BPV`eJ9TRP[\�JfUbj�Z^\!WaE�PV`BPR\zWaJIjY�XUbT1�#DFE�Jf\©P�W
PV`BJvU^`ad�WaZ�g�E�Jfg���WYE�UXW

φh(x) =
∑∞

k=0 ψk(x)φ(xk).
� ZbWYJ�UbTV`eZ/WYE�UXW

ψk(x) = 1
h (θxk+1

+ θxk−1
−

2θxk
)(x)

`aZ/¡#J'Z^��WYUbPR\

φh(x) =
1

h

∞∑

k=0

φ(xk)((θxk+1
+ θxk−1

− 2θxk
)(x).

o�]�]�TRdQP[\��MWYE�J9Z^]-JIj�UXWYZ^j
Πt,T

¡
J'Z^�_W�UbPR\

Πt,T (φh)(x) =
1

h

∞∑

k=0

φ(xk)(Ct,T (x, xk+1) + Ct,T (x, xk−1) − 2Ct,T (x, xk))

`aZMWaE�UbW

∣∣∣∣∣Πt,T (φ)(x) − 1

h

∞∑

k=0

φ(xk)(Ct,T (x, xk+1) + Ct,T (x, xk−1) − 2Ct,T (x, xk))

∣∣∣∣∣

= |Πt,T (φ)(x) − Πt,T (φh)(x)| ≤ her(T−t) ‖φ′‖∞ .

��J�W�S0`�\�ZX¡¥]�jYZX�^JMWaE�J�jaJf]�jYJf`aJI\zWYUbWaPRZ^\}�¤Z^jYH$S�TVU!�¤Z^j
µt,T .

� J�`aS�]�]-Z@`aJ/�¤Z^jMU©H/Z^H/JI\zW�WYE�UXW
y → Ct,T (x, y)

PV`�WaE�jaJfJ©WaPRH/Jf` c P�
£JIjYJI\zWaPVUb��T[J¯U^\ c E�U@`��-Z^S�\ c J c c JfjaPR�XUXWaPR�^Jv`�Zb�'WYE�P[j c Z^j c Jfjf�
N_S�]�]-Z@`aJ'U^TR`aZMWaE�UbW

φ
PV`F]0Zz`eP[WaPR�^J@� c P�
-JfjaJf\@WYPRU^��TRJ�Ub\ c E�U^`BgIZ^H/]�U@g�W�`eS�]�]0Z@jeWv� � J9¡BjYP[WaJ

1

h
(Ct,T (x, xk+1) + Ct,T (x, xk−1) − 2Ct,T (x, xk))

1

h
(Ct,T (x, xk+1) − Ct,T (x, xk) − ∂yCt,T (x, xk)h− 1

2
∂2

yCt,T (x, xk)h2)

− 1

h
(Ct,T (x, xk) − Ct,T (x, xk−1) − ∂yCt,T (x, xk−1)h− 1

2
∂2

yCt,T (x, xk−1)h
2)

+(∂yCt,T (x, xk) − ∂yCt,T (x, xk−1)) +
h

2
(∂2

yCt,T (x, xk) − ∂2
yCt,T (x, xk−1)).

� � ^!�#"



���������	��

������������������������������ !
"���#��$�����%&����� �X{

N_P[\�gIJ
∣∣∣∣
1

h
(Ct,T (x, xk+1) − Ct,T (x, xk) − ∂yCt,T (x, xk)h− 1

2
∂2

yCt,T (x, xk)h2)

∣∣∣∣ ≤ Ch2

U^\ c
φ
PV`BP[\zWYJI�^j�Ub��T[J

∞∑

i=0

φ(xi)
1

h
(Ct,T (x, xi+1) − Ct,T (x, xi) − ∂yCt,T (x, xi)h− 1

2
∂2

yCt,T (x, xi)h
2) → 0.

r�Z^j�U/`aP[H/PRTRU^jBjaJvU^`aZ^\
∞∑

i=0

φ(xi)
h

2
(∂2

yCt,T (x, xi) − ∂2
yCt,T (x, xi−1)) → 0.

N_ZM¡
J'E�U �^J

lim
h

∞∑

k=0

φ(xk)n(Ct,T (x, xk+1) + Ct,T (x, xk−1) − 2Ct,T (x, xk))

= lim
h

∞∑

k=0

φ(xk)(∂yCt,T (x, xk) − ∂yCt,T (x, xk−1))

= lim
h

∞∑

k=0

φ(xk)

∫ xk

xk−1

∂2
yCt,T (x, y)dy =

∫ ∞

0

φ(y)∂2
yCt,T (x, y)dy

U^\ c ��\�UbTRTRd�]�U^`Y`aP[\��MWYZ�WYE�J9TRP[H/P[W�P[\
i)
¡#J'Z@�_WYU^P[\

Πt,T (φ)(x) =

∫ ∞

0

φ(y)
∂2Ct,T (x, y)

∂y2
dy =

∫ ∞

0

φ′′(y)Ct,T (x, y)dy.

N_Zp¡#J�E�U �^J�Z@S�jMjaJv`eS�T[W��¤Z@j�U¯`aH/ZQZbWaE�gfUbTRT#Z@]_WaPRZ^\�]�jaPVg�J@�¯s \�Z@j c Jfj9WaZ}Z^�_W�UbPR\�P�WM�¤Z^jMU©�^Jf\�JIj�UbT
gIZ^\zWaPR\QS�Z^S0`

Ct,T (x, y)
Z^\�J¯E�U@`�WYZ:JfHM]�T[ZXd U `mW�Ub\ c U^j c jaJf�^S�TVUbjYP��vUXWYP[Z@\ ]�jaZ_gIJ c S�jYJ�V¢�¤Z@j©`eZ@HMJ

ε > 0
Z@\�J c JI\�ZbWaJv`F�Qd

µε
t,T (x, dy)

WYE�J�g�Z@\z�@Z^TRS_WaPRZ^\!Zb�
µt,T (x, dy)

¡BP[WaE©U�`aHMZQZ^WaE!�¤S�\�g�WaPRZ^\©Ub\ c
WYE�JI\MWYE�J�g�Z@jajYJf`a]0Z@\ c PR\��'gIUbTRT_Z^]�WaPRZ^\/]�jYPRgIJf`

Cε
t,T (x, y)

¡BPRT[T��0J�`aH/ZzZ^WaE/Ub\ c `aZ'¡#JBE�U �@J WYE�J�Ub�-ZX�^J
J �zS�UbTRP�Wmd@�7DFE�JI\�Z^\�J�]0U^`
WaZMWYE�J9T[P[W�¡BP[WaE

ε→ 0.�

����� ����� ��� ����� ��� ����� � 
 ��� �������
� J©U^`Y`eS�HMJ�\�ZX¡�WaE�UbW/¡
J�E�U �^J�WaE�J c UXW�U

C0,tk
(x0,Ki)

¡BE�JfjaJ
0 < t1 < ... < tn ≤ T

Ub\ c
0 < K1 < ...Km

U^\ c ¡
J'¡
U^\zW#WYZ � gIU^T[PR��j�UXWaJ � �7NQPR\�g�J�WYE�JIjYJCPV`F\�ZMS�\ c JfjaTRPR\��/HMZ c JfT-�¤Z^jFWaE�J'`eWaZ_g��
WYE�JB�^Z@TRUbWaPRT[P[Wmd�E�U@`	\�Z9`eJf\�`aJBP[\MWaE�PR`	�¤j�UbH/JBUb\ c `aZ'¡#JF]�S�WkWaE�JB]�jaZ@��T[JfH PR\/U'H/Z@jaJF�^Jf\�JIj�UbT_`aJ�WaWaPR\��FV
�0\ c WaE�J�H/JfU^`aS�jYJf`

µt,T (x, dy), 0 ≤ t ≤ T, x ∈ R+
¡BE�PVg�E©J�h_]�TVUbPR\�WaE�J$�0Jv`mW�]0Zz`a`aP[��T[J9WYE�J$U^�0ZX�@J

gfUbTRT�Z^]_WYP[Z@\�]�jaPVg�Jv`I� �>JIW�S�`�`aJIJ'¡BE�PVg�E!U^jaJ�WYE�J�g�Z@\�`mWYjYU^P[\zW�`#Z@\�WYE�Jf`aJ9H/JfU@`eS�jYJf`f�	rtPRj�`mW�Z^��UbTRT

(P )

∫ ∞

0

1µt,T (x, dy) = e−r(T−t) and µt,T (x, dy) ≥ 0.

^\^`_�acb+d+e"f



�vy ��� �� �� ��������� � �U� ���F�F�����F��� ���

npZ^jYJIZX�^Jfj WYE�J'H�UbjaWaPR\��@U^T[J']�jYZ^]-JIjaWmd�jaJvU c `

(M)

∫ ∞

0

yµt,T (x, dy) = x.

r�PR\�UbTRTRd�WaE�J�`aJIH/P[�1�@jaZ@S�]�]�jaZ@]0JfjeWmd�jYJfU c `

(S)

∫ ∞

0

∫ ∞

0

φ(z)µs,t(y, dz)µt,T (x, dy)

=

∫ ∞

0

φ(y)µs,T (x, dy), ∀s < t < T, φ ∈ C+.

DFE�Jv`eJ�U^jaJCWaE�J9��U^`aPRg�]�jYZ^]-JIjaWaPRJf`f�
� ZX¡9�_P��7¡
J�¡FUb\zWFWaE�Jf`aJ�H/JvU^`aS�jaJv`#WaZ/�¤JIJIWBWaZMWaE�J c UXW�U�¡
J9¡BPRT[T>U@`e�

(Ei
k+1) C0,tk+1

(x0,Ki) =

∫ ∞

0

(y −Ki)µ0,tk+1
(x, dy)

=

∫ ∞

0

∫ ∞

0

(z −Ki)µtk ,tk+1
(y, dz)µ0,tk

(x, dy).

DFE�J
UbTR�^Z@jaP[WaE�H�WaE�UbWt¡
JkE�U �@J7P[\�H/PR\ c PV`�Jf�^Z@T[S_WYP[�@J7¡BP�WYE�jYJf`a]0Jvg�W>WYZ�WaE�J7WaPRH/J^� � J
U^`Y`eS�H/J7WYE�UXW
UbW$`mWYJI]

k
�
µ0,tk

(x, dy)
PV`��Q\�ZX¡B\�U^\ c ¡#J�TRZQZ^�¯�¤Z^j

µtk ,tk+1
(y, dz)

¡BE�PRg�E�`YUXWYPR`e��Jf`
(Ei

k+1), i =
1, ...,m.

�C\�gIJp¡
J©��\ c
µtk ,tk+1

¡
J¯H�U d ]�jaZ c S�gIJ
µ0,tk+1

S�`aP[\���WaE�J 9#E�Ub]�H�U^\ ��Z@T[H/Z^�@Z^jYZX�
J �zS�UXWYP[Z@\/U^\ c ¡#JBH�U d�]�U^`Y`	WaZ'WYE�JB�¤Z@T[TRZX¡BP[\��'`eWaJf]�Zb�-WaE�JCUbTR�^Z^jYP[WaE�H�� �kh_gIJI]_W �¤Z^j7WYE�Jf`aJ�J	�zS�UbWaPRZ^\�`
µtk,tk+1

U^TR`aZM�^JIjYP[�¤d�WaE�J9jYJITVUXWYP[Z@\�`

(Pk+1)

∫ ∞

0

1µtk,tk+1
(x, dy) = e−r/n and µtk,tk+1

(x, dy) ≥ 0

(Mk+1)

∫ ∞

0

yµtk,tk+1
(x, dy) = x.

DFE�PV`	PV`7Ub\MP[\_�0\�P�WYJ c P[H/Jf\�`ePRZ^\0UbTQ]�jYZ^��TRJIH `aZ'U c PR`Yg�jYJ�WYP��vUXWaPRZ^\$]�jaZ_gIJ c S�jYJ
PR`	\�Jvg�Jv`a`YUbjYd'P[\MZ^j c JIj
WYZ©`eZ@T[�@J�\QS�H/JIjYPVgIUbTRTRd�WaE�PV`']�jYZ^��TRJIH�� �C\�JMH/U d¯P[H�Ub�@P[\�JMU!]�U^jYU^HMJIWajYPRgMUb]�]�jaZzU^g�E©��U@`a`aS�H/PR\��!U
H/Z c JfTk�¤Z^j

µtk,tk+1

��Z^j$U�W�Ub�@J�U©\�Z^\�]0Ubj�UbH/J�WYjaPVg/]0Z@P[\zW$Z^�B�zPRJI¡ U@`9¡#J c ZpE�JfjaJ@��DFE�PR`�PR`�WaE�J
`aS��_lmJvg�WBZb��WaE�J'�¤Z^TRT[ZX¡BPR\��/`eJvg�WaPRZ^\0`I�

� � � �!��&t� �B�������B��& &��/�}� ���I���9�	��&����

� J/�^Z!\�ZX¡w�¤S�jaWaE�JIj9Ub\ c ]�jYJf`aJI\zW'Z^S_W9gIU^T[PR��j�UXWaPRZ^\}]�jYZ^��TRJIH�� � J/¡#Z@ja��PR\¯WYE�J/Z^\�J c PRH/JI\�`aP[Z@\�UbT
gfU^`aJ^�zWaE0UXWBPR`

D = [0,∞).
� J9U^`Y`eS�HMJCWaE0UXWB¡#J'UbjYJ��^PR�^JI\!`eZ@H/J�gfUbTRT-Z@]_WaPRZ^\�]�jYPRgIJf`

C0,tk
(x0,Ki)� WaE�J$S�]�]-JIj��0UbjC`aPR�^\�U^TR`
WYE�UXWCWaE�PV`�PV`BWYE�J��XUbTRS�J�PR\�WaE�J$J�h_]0JfjaPRH/JI\zWYU^T�]�jYPVg�J'WYU^��TRJ � �BD#dQ]�PRgfUbTRT[d�¡#JE0U �^J��¤Z@S�j/JI]-ZQg�E0`

tk, k = 1, ..., 4
Ub\ c WaJI\;`mWYjaPR�^Jv`

Ki, i = 1, ..., 10.
��`aPR\�� U}`mW�Ub\ c Ubj c T[PR\�JvUbj

PR\zWaJfja]-Z^TVUXWYP[Z@\M]�jaZ_g�J c S�jYJ � ¡BE�PRg�E�¡
Z^jY�_`7P[\�]�jYU@g�WaPVg�J�¡BP�WYE�Z^S_WFUb\Qd c P�¦�g�S�T�Wmd � ¡
J�H�U dMJ�hQWaJf\ c WaE�PR`

� � ^!�#"
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W�Ub��TRJ9WYZ�Wm¡#JfT[�@J'WaPRH/J�JI]-Z_g�E�`
tk, k = 1, ..., n = 12.

NQZ�\�ZX¡5Z@\©¡#J�U^`Y`eS�H/J'WYE�UXWC`aS�g�EpUMW�Ub��TRJ�PV`
�@P[�@JI\>�

� J'¡
U^\@W
WaZ/jYJI]�TVU^gIJ�WYE�J9`eJfHMP[�+�^jYZ^S�]�Z^�tH/JfU@`eS�jaJv`
µt,T (x, dy), 0 ≤ t ≤ T, x, y ∈ (0,∞)

�zd�U
c PR`Yg�jYJ�WYJ'`aJIH/P[�1�@jaZ@S�]

πij
k,k+1, k = 0, ..., n, i, j = 1, ...,M

`eZMWYE�UXW

µtk ,tk+1
(yi, dy) ∼

M∑

j=1

πij
k,k+1δyj

(y),

¡BE�JIjYJ
yi, i = 1, ...,M

PV`$U¯`a]�U@g�J��^jYP c
.
DFE�J!`mWYjaPR�^Jv`

Ki, i = 1, ..., 10
¡BPRT[T
�0J�P[\0g�TRS c J c P[\�WYE�J

`a]�U@g�J9�^jYP c ��S_WC�@JI\�JfjYU^T[TRd�¡
J$gIU^\©\�ZbW�jaJv`mWYjaPVg�W�Z@S�j�`eJfT[�@Jf`
WaZ�WaE�Jv`eJ$]0Z@P[\zWY`f�Bs \©Z^j c JfjBWaZ�Z@�_WYU^P[\pU
`aS_¦�g�PRJI\zWYT[d�U@gIgIS�jYUbWaJ'Ub]�]�jaZ h_PRH/UbWaPRZ^\�¡
J'\�JIJ c WYZ/]0Jfje�¤Z@jaH�Z@S�j�g�Z@H/]�S_WYUbWaPRZ^\�`
Z@\!UMH$S0g�E�TVUbjY�^Jfj
�@jaP c ��D dQ]�PVgIU^T[TRd9¡#JF¡
Z^jY�9¡BP�WYE

M = 150.
� Z^WaJ
WaE0UXW UXW	WYP[H/J

t0
¡
J c ZC\�ZbWkE�U �@J
UC¡BE�Z^TRJF�^jYP c ��S_W

Z@\�TRd�Z^\�J']-Z^PR\zWf�_�-JfgIU^S�`aJCWYE�J9]�jYPRgIJ9UXWFWaPRH/J �IJIjYZMPR`BU c JIWaJIjYH/P[\�PR`eWaPVg'�Q\�ZX¡B\�gIZ^\�`eWYU^\@Wv�kNQZ
π0,1

PR`
\�ZbWBU$H�UXWYjaP[h���S_W	lmS�`eW�U$�@Jfg�WaZ^j

πj
0, j = 1, ...,M

`aZ$WYE�UXW
µ0,t1(x0, dy) ∼

∑M
j=1 π

j
0,1δyj

(y).
� Z^WaJ

U^TR`aZ9WYE�UXWF¡#JCH�U d/U@`a`aZ_g�PVUXWYJBWaZ�WaE�Jv`eJ�¡
JIPR�^EzWY`#U$npU^ja�@ZX�Mg�E�U^P[\
Xk

`eZ$WaE�UbW
πij

k,k+1 = P (Xk+1 =
yj | Xk = yi).

DFE�PV`$]-JIjYH/P�W�`9WaZ¯JIH/]�TRZXd¯WYE�J�]�jYZ^��U^��PRT[PV`mWYPRg�TRU^\��^S�U^�^J/¡BE�PVg�E�PR`$]�jYZ^]-JIj�WYZ©WaE�PR`
�¤j�UbH/J@�

qCU �zPR\�� P[\ H/PR\ c WYE�UXW�WYE�J©`mWYZ_g���]�jYPRgIJ�PV`/J�h_]-Jfg�WYJ c WaZ¢E�U �@J�U^\ JIhQ]-Z^\�JI\zWaPVUbTB�-JIE�U �QPRZ^jM¡#J
g�E�ZzZz`eJ

yj = x0 exp(j − M

2
)h, j = 1, ...,M

¡BE�JIjYJ
h > 0

E�U^`CWaZ!�-J/g�E�Z@`aJI\pPR\ `aS�g�E U�¡FU d!WaE�UbWf�
M

�-JIPR\��!�^PR�^Jf\>�-WaE�J�`a]�U^gIJ��@jaP c g�ZX�@JIj�`�U
`aPR�^\�P[�0gIU^\zW�jaJf�^PRZ^\>�tDFE�PR`�PV`�\�ZbW c P�¦�g�S�T�W�V�Z^\�J E�U@`tU^\�U�]�jYP[Z@jad�P c JfUCUb�-Z^S_WtWaE�J
Z^j c JIjtZb��H�Ub�@\�P[WaS c J
Z^�kWaE�J�J�h_]0Jvg�WYJ c �^Z^TVUXWYP[TRP[Wmd � Ub\ c `aZ�Z@\¯WYE�J/�0JfE�U �QP[Z@jCZ^� WaE�J��zS�JfS�Jf`'Z^�

Xk)
Ub\ c WaE�JI\ JIH/]�TRZXdQ`

`aZ^H/J�JITRJIH/Jf\@W�UbjYd �zS�JIS�Jv`/JI�XUbTRS�UbWaPRZ^\�`/PR\ Z^j c JIjMWaZ¢Z@�_WYU^P[\
P (Xk ≤ x0 exp(−Mh

2 )) ≤ ε
Ub\ c

P (Xk ≥ x0 exp(Mh
2 )) ≤ ε

�¤Z@jMU}`eS�¦�gIP[Jf\zWaTRd¢`aH�UbTRT
ε > 0.

DFE�PR`�PR`/gIjaS�gIPRU^Tk�¤Z@j$WYE�J�]�jYU@g�WaPVgIU^T
PRH/]�TRJIH/JI\zWYUbWaPRZ^\!Zb��WaE�J�U^T[�@Z^jYP�WYE�H �-JfgIU^S�`aJCWYE�PV`B]0JfjaH/P[WY`FWYZ/E�Ub\ c T[J'WYE�J9�0Z@S�\ c U^jad�]�jaZ@��T[JfH�`I�

� ZX¡ Z^S�j9]�jaZ@��TRJIH PV`�WaZ!��\ c WYE�J�¡#JfP[�@EzWY`
πij

k,k+1, k = 1, ..., n = 12, i, j = 1, ...,M = 150¡BE�PRg�EM�¤JIJIW WYE�J��-Jf`eWkWaE�JCgIUbTRT�Z@]_WaPRZ^\/]�jYPVg�Jf`f�	r�Z^TRTRZX¡BP[\��'WYE�J�P c JfU��¤jYZ^H�WaE�J�]�jYJI�QP[Z@S�`k`aJfg�WaPRZ^\MWaE�Jv`eJ
¡
JIPR�^EzW�`CE0U �^JMWaZ��^JfjaP[�¤d©WYE�J/�¤Z^TRT[ZX¡BPR\���g�Z@\�`mWYjYU^P[\zW�`I��r�P[j�`eW'Z^�FU^T[T	WYE�JId}E�U �^J�WaZ��@P[�@JM]�jaZ@��Ub��PRTRP�Wmd
H/JvU^`aS�jaJv`I�_`aZM�¤Z^jBJI�@JIjYd

i = 1, ...,M

(P i
k)

M∑

j=1

πij
k,k+1 = 1, πij

k ≥ 0.

DFE�JId��@JIjYP��¤d�WYE�J9H�UbjaWaPR\��@U^T[J�]�jYZ^]-JIjaWmd�WaE0UXWBPR`f�_�¤Z@jBJI�^Jfjad
i = 1, ...,M

(M i
k)

M∑

j=1

yjπ
ij
k,k+1 = yi.

�kh_gIJI]_WM�¤Z^j�WaE�J!�@Z^TVUXWYP[TRP�Wmd ¡
J!U^TR`aZ¯¡FUb\zW$WYZ}gIZ^H/]�S_WYJ c PR�QP c JI\ c `��'WaE�PR`MH/JfU^\�`�WYE�UXWMWaE�J�`eWaZ_g��
�@P[�@Jf`C`eZ@HMJ c P[�QP c JI\ c `

dkXk
UbW�WYE�J$Jf]0Z_g�E�`

tk
Ub\ c WaE�Jv`eJ c PR�zP c Jf\ c `'UbjYJ�\�Z^WC�Q\�ZX¡B\>� � JM¡
U^\zW

^\^`_�acb+d+e"f
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WYZ�g�Z^H/]�S�WaJ�WaE�JfH �¤jYZ^H WYE�J9JIH/]�PRjaPVgIU^T£]�jaPVg�JCWYU^��TRJ^� � Z^WaJ�WaE0UXWBP[\!WYE�J']�jaJv`eJf\zWYUXWYP[Z@\��@P[�@JI\�PR\!WaE�J
]�jaJf�zPRZ^S0` `aJfg�WYP[Z@\�`#¡#JCE�U �^J�PRH/]�TRPRgIP�WYT[d�U@`a`aS�H/J c WaE�UbW WaE�JIjYJ�U^jaJ�\�Z c PR�QP c Jf\ c ` � WYE�J c P[�QP c JI\ c `FUbjYJ
\QS�TRT � � WYE�PR`C¡FU^`BPR\�g�TRS c J c P[\pWaE�J�H�U^jeWYP[\��zUbTRJ9J	�zS�UbWaPRZ^\ (M).

s+�7¡#J$¡
U^\@WBWYZ�WajYJfUbW c PR�QP c Jf\ c `�¡#J
E0U �^J'WaZ�jaJf]�TVU^g�J�WaE�PV`�J �zS�UXWYP[Z@\©�zd�Ub\�ZbWaE�JIj�Z@\�J�¡BE�PVg�E©W�Ub�^Jv`FWaE�JIH PR\@WYZ�U^gfg�Z@S�\zWf� � J$E�U �@J�\�ZbW
c Z^\�J�P[WC�-J��¤Z@jaJ$P[\pZ@j c JIj�WYZ�`aP[H/]�TRP��¤d!WYE�J$]�jYJf`aJI\zW�UXWaPRZ^\�����S_W�¡#J c Z�WYE�PR`C\�ZX¡9��NQZ�P[\0`mWYJfU c Z^�7WaE�J
U^�0ZX�@JCJ �zS�UXWYP[Z@\�¡
J9g�Z^\0`eP c JIj

(M i
k)

M∑

j=1

yjπ
ij
k,k+1 = yi + dk(tk − tk−1)

¡BE�JIjYJ
dk

PV`MWaE�J c PR�QP c JI\ c �^PR�^Jf\��Qd¢WaE�J©`eWaZ_g��£� UXW/WaPRH/J
tk,

�¤Z^jMWaE�J�]-JIjYP[Z c
(tk−1, tk).

DFE�Jv`eJ
c P[�QP c JI\ c `�UbjYJ'S�\��Q\�ZX¡B\©Ub\ c `aZ/J�h�g�Jf]_WB�¤Z^j

πij
k,k+1

¡#J'E�U �@J'Z^\�J9H/Z^jYJ'S�\��Q\�ZX¡B\©UXW�JvU^g�E!JI]-Z_g�E
tk. � J'�^Z��¤S�jeWYE�JIjBUb\ c U^`a�/WaZ�Z^S�jB`aJIH/P��+�^jYZ^S�]/WaZ��¤JIJ�W
WaE�J�JfH/]�P[jYPVgIUbT c UbWYU��7qCU �zPR\���P[\�HMPR\ c WaE�J
`aJIH/P[�1�@jaZ@S�]�]�jaZ@]0JfjeWmd�¡
J c J���\�J9�zd�jaJvg�S�jYjaJf\�g�J

πj
0,1 = πj

0,1, πj
0,k+1 =

M∑

p=1

πp
0,kπ

pj
k,k+1.

N_Z
πp

0,k

jYJI]�jYJf`aJI\zW�`7WaE�J�]�jYZ^��U^��PRT[P[Wmd$WYE�UXW
WaE�J�S�\ c JIjYT[dQPR\���g�E�U^P[\�`eWYU^jeW�`k�¤jYZ^H
x0
Ub\ c UbjYjaPR�^Jv`7PR\

ypUbWFWaPRHMJ
k.
� J�U^TR`aZ c JI\�Z^WaJ

C0,tk
(x0, yj) = E((Xk − yj)+ | X0 = x0) =

M∑

p=1

(yp − yj)+π
p
0,k

DFE�Jf`aJ�UbjYJFWaE�J�gIU^T[T0Z^]_WYP[Z@\�]�jaPVg�Jv`k]�jYZ c S�gIJf`k�Qd�WaE�JC¡#JfP[�@EzWY`
πij

k,k+1.
N_P[\�gIJ�¡
J��Q\�ZX¡

C0,tk
(x0, yj)�¤Z@j

j = jl
�¤Z@jB¡BE�PRg�E

yj = Kl,
¡#J9Z@�_WYU^P[\�WaE�J9J �zS�UXWYP[Z@\�`

(Ejl

k ) C0,tk
(x0,Kl) = C0,tk

(x0, yjl
) =

M∑

p=1

(yp − yjl
)+π

p
0,k,

¡BP[WaE
l = 1, ..., 10.

�C`ePR\��!WaE�J 9#E�Ub]�H�U^\ �CZ^TRH/Z^�@Z^jYZX��J	�zS�UbWaPRZ^\ ¡#J�H�U d¯`eWaPRTRTk¡BjaP[WaJMWYE�J�Ub�-ZX�^J
J �zS�UXWYP[Z@\�`I�_UbWBWaPRHMJ

tk+1,
U^`

(Ejl

k+1) C0,tk+1
(x0,Kl) =

M∑

p=1

(yp − yjl
)+π

p
0,k+1 =

M∑

p=1

(yp − yjl
)+

M∑

i=1

πi
0,kπ

ip
k,k+1.

NQS�]�]0Zz`eJ�WYE�UXWB¡
J�U^jaJ'UXW
WaE�J9`eWaJf]
k
Zb��Z@S�jBUbTR�^Z@jaP[WaE�H�U^\ c ¡
J��z\�ZX¡ �¤jaZ@H WaE�J']�jYJI�QPRZ^S�`F`eWaJI]

π0,k
U^\ c ¡FUb\zW�WaZ}g�Z^H/]�S�WaJ

πk,k+1
�CP[�BWaE�PV`�PV` c Z^\�J�WYE�JI\:¡#J c J���\�J

π0,k+1 := π0,k × πk,k+1U^\ c WaE�JI\��@Z©WaZ©WYE�J�`eWaJf]
k + 1.

o
W$WYE�PV`�`eWYU^�^J�¡
J�E�U �@J
2M + 10

J	�zS�UbWaPRZ^\�`
(P i

k), (M i
k), i =

1, ...,M, (Eil

k+1), l = 1, ..., 10
U^\ c

M×M S�\��Q\�ZX¡B\�`
πij

k , i, j = 1, ...,M.
NQZ'WYE�J�]�jYZ^��TRJIH�PR` `mWYP[TRT

� � ^!�#"
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`aS��_� c JIWaJIjYH/P[\�J c Ub\ c Z^S�j#��U^`aPVgB]�jYZ^��TRJIH \�ZX¡ PV`kWYZ c JfgIP c J�Z^\�U9¡
U dMZ^j
Ub\�Z^WaE�Jfj PR\�Z^j c JfjkE�Ub\ c T[J
WYE�PV` c P[¦�gIS�T[Wmd^�

�C\�J9\0UXWaS�jYU^T�P c JvUM¡#Z@S�T c �-J9WaZ/S�`aJ�U�WaE�jYJIJ9��j�Ub\0g�E�Jf`#WajYJIJ � U^`FP[W�PR` c Z^\�J9PR\>�R�[� � �#DFE�PR`FH/JvUb\�`WYE�UXW
¡#J�`eS�]�]0Zz`eJ�WaE�UbW#�¤Z@j#Jf�^JfjadM�^PR�^Jf\
i, πi,j

k,k+1 6= 0
�¤Z^j

j = i− 1, i, i+1
Ub\ c PV`#\zS�T[T£ZbWYE�JIjY¡BPV`eJ@�

DFE�PR`�U^H/Z^S�\zWY`
WYZ�g�Z@\�`eP c Jfj�U 9#Z h!uBZ@`Y`Fs \��^JfjY`aZ^T£WmdQ]-J'WajYJIJ9��S�W�¡BP�WYE�WaE�jYJIJ9��j�Ub\0g�E�Jf`
PR\�`mWYJfU c Z^�
Wm¡
Z/�BUb\ c WYE�PR`C�^PR�^Jv`�Ub\©PR\�gIZ^H/]�TRJ�WaJ�H�UbjY�^J�W�H/Z c JfT�U^\ c `eZ�Ub\©PR\_��\�P[WaJ�\zS�H$�-JIj�Z^�kjaPV`a��\�JfS_Waj�UbT
]�jaZ@��Ub��PRTRP�WYP[Jv`I��DFE�JI\/¡
J�`eS�g�E/U']�jYZ^��U^��PRT[P[Wmd9�¤jYZ^HwWYE�PR`7� UbH/P[TRd$¡BE�PRg�EM�¤JfUbWY`	WYE�JB�-Jf`eW7WaE�J�JfH/]�P[jYPVgIUbT
c UXWYU���DFE�J�`ed_`eWaJIH Zb�BJ	�zS�UbWaPRZ^\�`�PR`�`eWaPRTRT#`aS��_� c J�WYJIjYHMPR\�J c ��¡#J�E0U �^J

3M
S�\��Q\�ZX¡B\�`�U^\ c Z^\�TRd

2M+10
J	�zS�UbWaPRZ^\�`f� ��S_W	g�TRJfUbjYTRd�WYE�PR`t]�jYZ^��TRJIH PV`>\�ZX¡�H�S�g�E�TRJf`Y` c j�UbH�UbWaPVgb��G
S_W��¤jaZ@H U�\QS�H/JIjYPRgfUbT

]-Z^PR\zW#Z^�£�QPRJI¡ WYE�PR`
Ub]�]�jaZzU^g�E/�^PR�^Jv`7jYPR`aJBWaZ�P[\0`mW�Ub��TRJCU^T[�@Z^jYP�WYE�H�`I��DFE�J�jYJfU@`eZ@\��¤Z@jkWYE�PR`#PV`kWYE�UXW
P�W
PR`
JIhQWajYJIH/JITRd�`aJI\�`aPR��T[J�WaZ�WYE�J��@JIZ^H/JIWajYd�Zb�	WYE�J$�@jaP c �BuBJfgfUbTRT>WYE�UXW�¡#J�E0U �^J�`aJ�WeWYT[J c Ub\©JIh_]0Z@\�JI\zWaPVUbT
`a]�U@g�J��@jaP c Zb�>JIhQ]-Z^\�JI\zWaPVUbT£`mWYJI]

h > 0.
DFE�JI\�S�`ePR\��9WYE�jYJIJ���jYU^\�g�E�Jf`#UbH/Z^S�\@W�`7WYZ$jYJI]�TVU^gIJBWaE�JCT[Z@�b�

\�Z^jYH/U^TtTVU ¡ `eWYU^jeWYP[\����¤jaZ@H U�]-Z^PR\zW
yi
�QdpU c PV`agIjaJIWaJ$]�jaZ@��Ub��PRTRP�Wmd©g�Z@\�g�Jf\zWaj�UXWaJ c PR\¯WYE�jaJfJ�]-Z^PR\zWY`

yi−1, yi, yi+1
�¢s+��WaE�J�TRZ_gIUXWYP[Z@\�Zb��WaE�Jv`eJ�]0Z@P[\zWY`MPV`�gIZ^H/]�UbWaPR��T[J!¡BP[WaE�WYE�J!�0JfE�U �QP[Z@j$Zb��WaE�J�`eZ_g��

WYE�JI\!JI�@JIjYdzWaE�PR\��M¡#Z@ja�_`#¡#JfT[T1� G#S�WBU��^ZQZ c g�E�Z^PVg�JCZb��WYE�PV`FT[Z_gIUbWaPRZ^\!`eS�]�]0Zz`eJ�WaE0UXWB¡#J�E�U �@J�U��^Jfjad
�@ZQZ c �^S�Jv`a`�Z^� WaE�J��^Z^TVUXWYP[TRP[WmdpUb\ c Z^S�j9jYJf`aZ^TRS_WaPRZ^\}PR`�JIhzWYjaJfH/JITRd¯`eJf\�`aP[��TRJMWaZ�WaE�PV`9�@S�Jf`Y`I�MDFE�PV`'PR`
WYE�J$jYJfU@`eZ@\!�¤Z^j�¡BE�PRg�E¯¡#J9W�Ub�@J$U c P�
£JIjYJI\zWC¡FU d�U^\ c S�`aJ�U/�0\�P�WYJ�JfT[JfH/JI\zW�WmdQ]-J�Ub]�]�jaZzU^g�E>��DFE�PR`
U^]�]�jYZ@U@g�E�UbTRT[ZX¡�`>WaZ�JIH/]�TRZXd�PR\�`eWaJvU c Z^��WaE�J#]-Z^PR\zW	P[WY`aJIT[��]�TRS�`tWm¡
Z�\�JfP[�@Ez�-Z^j�` �

yi
Ub\ c E�PV`t\�JIPR�^EQ�0Z@jY`

yi−1, yi+1)
��U/H�S�g�E!TRU^ja�@JIjF\QS�H$�-JIjBZ^�t]-Z^PR\@W�`�Ub\ c PR\©`eZ@HMJ9`aJI\�`aJ�WaE�PV`BE�U@`BU/`eH/ZQZbWYE�P[\��MJ 
-Jvg�Wv�

� J!gIZ^\�`eWajYS�g�WM\�ZX¡ WYE�J�Ub�-ZX�^J�H/JI\zWYP[Z@\�J c WajYPRU^TR` � JfT[JfHMJf\zWY` � ��U � � J!gIZ^\�`aP c JIj/U¯`eWYUb\ c Ubj c\�Z^jYH/U^T�j�Ub\ c Z@H �XU^jaPVUb��TRJ
∆
Ub\ c ¡
J©W�Ub�^Jp���¤J¯]-Z^PR\zWY`

b0 < b1 < b2 < b3 < b4
`eS�g�E WYE�UXW

P (∆ < b0) = P (∆ > b4) = 1/100
Ub\ c

P (bp < ∆ < bp+1) = 1
4 × (1 − 2

100 ), p = 0, 1, 2, 3.
���

gIZ^S�j�`aJ9¡#J�¡BP[TRTtE0U �^J
b2 = 0, b1 = −b3, b0 = −b4.

� � � J/g�Z^H/]�S�WaJ�WYE�J$PRH/]�TRPRgIP�W'�^Z@TRUbWaPRT[P[WaPRJf` σjl

kgIZ^jYjaJv`e]-Z^\ c P[\���WaZ!WYE�J�J�h_]-JIjYP[H/JI\zW�UbTkgIU^T[T	Z@]_WaPRZ^\ ]�jYPRgIJf`
C0,tk+1

(x0,Kl), l = 1, ..., 10
Ub\ c WaE�JI\

¡
J9S�`aJ$U/TRP[\�JvUbj�PR\zWaJfja]-Z^TVUXWYP[Z@\!PR\©Z^j c JfjBWaZ�]�jYZ c S�gIJ$UbTRT�WaE�J
σi

k, i = 1, ...,M.
g � DFE�JI\©¡
J c JI��\�J

ap = σi
k ×

√
1/12bp

� jYJfgfUbTRT_WaE0UXWkWYE�JBWaPRH/JC`eWaJf]�PR`
δ = 1/12).

DFE�JC`ePR�^\�P[�0gfUb\�gIJ
Z^�
ap, p = 0, ..., 4PV`�`aPRHM]�T[JMV¢WaE�Jfd;jYJI]�jaJv`eJf\@W�`/WaE�J¯]-Z^PR\@W�`�¡BE�PRg�E c PR�QP c J¯PR\ J	�zS�U^T�]�U^jeW�`�WaE�JpWaZ^WYU^TCH�U^`Y`�Z^�9WaE�J

]�jaZ@��Ub��PRTRP�Wmd c JI\0`eP[Wmd�Zb�#U�\�Z^jYH�UbT c PR`eWajYP[��S_WaJ c j�Ub\ c Z@H � U^jaPVUb��T[J�Z^�k�XUbjYPRU^\�g�J
σi

k ×
√

1/12.
DFE�PV`

g�E�Z^PVg�J�Ub]�]0JvUbj�`kU^`7\0UXWaS�jYU^T�P[�£Z@\�J�`aS�]�]-Z@`aJf`	WYE�UXW
µtk,tk+1

(x, dy)
PV`7WaE�J�TVU ¡ Z^��U�jYU^\ c Z^H��XUbjYPRU^��T[J

Z^��WYE�J'�¤Z^jYH
exp(σi

k ×
√

1/12)∆ + 1
2 (σi

k)2/12)
� U^`FP[W�¡#Z@S�T c �-J'WaE�J9gfU^`aJ�PR\!WaE�JRG
TVU^g���N_g�E�Z^TRJf`

H/Z c JfT3�
� J WYUb�@J

φp
WYZ �-J WaE�J¢]�PRJfgIJI¡BPV`eJ}T[PR\�JfU^j!�¤S�\�g�WYP[Z@\ `aS�g�E�WaE�UbW

φp(ap) = 1, φp(z) = 0
P��

z ∈ [ap−1, ap+1]
c, p = 1, 2, 3.

� JC¡BPRTRT>U^g�E�PRJI�@J�U��0\�P�WYJ'JITRJIH/JI\zWFHMJIWaE�Z c �¤Z^j
JfU@g�E�`eWYUbjaWaPR\���]0Z@P[\zW
yi,

`aZ/¡#J'E�U �@J�WYZ�g�JI\zWYJIjBZ^S�j#WYjaPVUbTV`FPR\�WYE�PV`B]0Z@P[\zWv� NQZ/Z^S�jFWYjaPVUbTV`F¡BP[TRT>�-J
φp(ln

y
yi

).
� ZX¡ ¡
J�WYE�PR\���WYZ

πij
k,k+1

WaZ¢�-JpU¯�¤S�\�g�WYP[Z@\;PR\;WaE�J��¤Z@ja¡FUbj c U^ja�@S�H/JI\zWf� WaE�UbW�PR`
πij

k,k+1 =

πi
k,k+1(yj)

Ub\ c ]�jYZblmJvg�WBP�W�Z@\�WYE�J'WajYPVUbTV`

(∗) πij
k,k+1 = πi

k,k+1(yj) =

3∑

p=1

λi
pφp(ln

yj

yi
).

��¨ 
��_��� - ��' � � � �R� ���F%W�������" U���]%��F��$"� �������F���B� � � � � �M� ��� ���+���#��
+��% � �� ���� � �
�F��%��c�+�	� ��� � � %
��%�%�� � � �	% �7�M� ��%��"���F�
���"��
�� �"���	� � %��F��%���� � ���	����� � ���F�+�"� ��$"��� %>%��c� � �  M�+�	�������8�  �������U��
	� � � ��� � �#��
���%

^\^`_�acb+d+e"f



�@� ��� �� �� ��������� � �U� ���F�F�����F��� ���

���!��� ����� �8���	��%��B� � �+� 
+��
�% %��F��
��c����
"� � 
 %��c� �W�F��
"� ���	�� R���� � 
 %��c��%W�	����� �\� �
�	�����F% �
 �M$"� �����	�����F�;���
�U
"�+�	% ����� �� ��"� ��$"��� % %��c���M�"��� ��%&� �U� 
 %��c� � ���M$+� �+� � ���F� 
+��
�% %��c��% � � � �+�c�"
�%\%��c��% %��c� � �  M�+�	�������8�
�	% �7
 � �c��� ��� � �+�c��� ���F%W�����6% �
�c�  ���� ������
+� �"���F�
���"�U��� %��c� 
��c����

� � 
 ��� � �+�c��� ���F%W�����\�&�F��
"�R���	�� ��
� �F�7���"���B�R%��c� %W�	����� ���;� � � �F� ���  M�������	�����F�;��� ��� ��� %��c��%�%��c��� �  ����	� �����B� �	% �7
 � 
+����� ���6� 
"����%&�����F���B�
%W�������

�% ���	���+�
� ��
 � � � ��� �  � ����%\% � ��� � �
�7 ��F

� ���	� � � % �
�F�  ���� ���U��
+� � � � ��� �  �F� ��� % � �B��� ��%��c���
%W�	�����#�U� � � ��$"� � ���&�8�+�!��� � ����$
�!� ��
"��% �
 ��% �]
"�+�	% �����T �� �	% ��� 
"� 
"�
���=%��F� �	% ���	%&���B�U�F������%

yi.
� �

��� ��� �	����� � � �� ��������F�+�"� 
"��� �	� ��� �F�+��� � � � % %��B� �U� � � ����� ��� � ����$�� � � � �]� 
���� 
��#�F ����B� � �7 M�+�
� �
�c��%��F�	�	� �U��� %��c� ��� �M���	��%�� � ���� � � ���&�8� 
+� ���"�U� 
 �;���	�����F%&��� � �Y$
�U%W���"��% �" ��� %��B� � 
"����� � � �	�c�
���F� ���	� ���� � �
�F��%��c�+�"� �R
"����

���	�c� " ������� �7�����F��% � � �B��
�� � � ��� � �#��
���% ���Y%��c� 
+��
�% %��c��% %��F� � �	��
"�R� 
 ���
��� ���
�F�"���]�
��%&����� ��% %W��� �

t
 �� �F�+�� ;� ���Y%��F� � �	��
"�R� 
 %��c� � �� ����	� �����8� �"% ��
 � ��% %�� � � � ��� �+��% ���F�����

�	�c� ���F�+�"%W����� ��$"��� %\%��c����� �7 M�+� � �
�F��%��c�+�"� ����� � ��$"� �;���M�
 ����Y��� ��%��F�+� � � ����� ����� �	% � � ��� ��� �
%��c��% �;�U� ���B� �;� � � �c� ��� ��� 
+���	� ��%W�����c� ���[� 
 �F��% �U�F� � $
����� 
U� �c��
��8� ���F����� ��� � � �U� ��% �M$+� � % �
� �����"
+� ���U%��c��� �7 M�+��� �U� �R����������� �� ���� �����	�	� � �[� �� ����\� � �Y���+��� ����� %��c� 
"����� �
��%&�����!���	��
"�	�U���
� ������
W���"�
� ��� � � ���F%����� ����� ������� 
+�����  ���% ����� �" Y �� ��
��B�
�	����� ���  !�F� � �+�	��
"��� � �	�F���	��� ���F%&����$"��� %
%��B� � � ��%W% �+� 	�� �	�c��� %��F� ���F�+�"%W����� � � �Y%��F� 
 �F��% � �+� ��� �+��%�� � �+%��c�� � ���+���+��% �" �c����� � ������
��c���;���
%��c������� ���R� �7 M�+�6���R%��c���	� � � � �7 M�+��� �	�c� ���c� � �+��� � %��c��%�%��F�R��� � �#��
���% 
��c����
"�  M� �F�+�� ;����� %��c�
�8�"��� �+%W� � � 
U%��F� %W�	����� � %��F��% ��� � ��� � � ���;�
� �c�	�����#� 
"����
"�+��%&����% �" Y���
��� �  %��c� �	% ���	%&���B���c�����F% � �����
������� ���+�	� �#%�� � �B��
�� ���
� 
�� �;��� % � ����� ������� � � �� ���� ���  � ���&�8� %W�	����� ��
 ���Y%W�	����� � � �7
"��% �" 
+��� 
"�
���
%��c� �	% ���	%W���8� �F�����F% 	 � ����� �����;� � ���+�	� �#%�� 
�� ���+�" % �]%��c���	� � � � �� ���� � � �� ]%��c����� � � ��� ���M��$����#��% �
$"�"
"���B��� � � ����� � ��% ��$��#� �8�
 ]% �Y M�

��� �� %��F��% � � � ����� � ��%�� �R����������� ��� �7 M�+� �6��� �����	� � ����� �� ���� �
����� �U� �M���8� � 
 %��c��%�� � ��� �+���

� J�UbjYJ�\�ZX¡¥jaJvU c d¯WaZ©]�jYJf`aJI\zW�Z@S�j$UbTR�^Z@jaP[WaE�H!�!DFE�J�PR\�P�WYPRU^T[P��fUbWaPRZ^\�`eWaJf]
k = 0

PR` c P�
£JIjYJI\zW
�¤jYZ^H¥WYE�JCgIS�jajYJI\zW#`eWaJf]�U^\ c ¡
J�]-Z@`eWa]-Z^\�JCP�W#WaZ�WYE�J�JI\ c � � J�`aS�]�]-Z@`aJ�\�ZX¡ WYE�UXW
WaE�JC`eWaJI]

k− 1
PV`

U^T[jYJfU c d�U^g�E�P[Jf�^J c Ub\ c WYE�JI\�¡
J�E0U �^JCWaE�J9¡
JIPR�^EzWY`
πj

0,k = P (Xk = yj | X0 = x0), j = 1, ...,M.� � / 4
k.
DFE�J9J	�zS�UbWaPRZ^\�`FUbjYJ�WaE�J'�¤Z@T[TRZX¡BP[\����	r�Z^jBJvU^g�E

i = 1, ...,M
¡#J'E�U �@J�WaE�J9J �@S0UXWaPRZ^\0`

(P i
k) 1 =

M∑

j=1

πij
k,k+1 =

M∑

j=1

3∑

p=1

λi
pφp(ln

yj

yi
) =

3∑

p=1

λi
p




M∑

j=1

φp(ln
yj

yi
)



 ,

(M i
k) yi + dkδ =

M∑

j=1

yjπ
ij
k,k+1 =

M∑

j=1

yj

3∑

p=1

λj
pφp(ln

yj

yi
)

=

3∑

p=1

λj
p




M∑

j=1

yjφp(ln
yj

yi
)


 .

� J�`eZ@T[�@J�WaE�Jv`eJ���j�`mWFWm¡
Z/J	�zS�UXWYP[Z@\�`FJ�h_]�TRPVg�P[WaTRd^�R� � J c Jf\�ZbWYJ

αi
p =

M∑

j=1

φp(ln
yj

yi
), βi

p =

M∑

j=1

yjφp(ln
yj

yi
).

� � ^!�#"



���������	��

������������������������������ !
"���#��$�����%&����� �^|

r�Z^jYH WaE�J'��jY`eWBJ	�zS�UbWaPRZ^\!¡#J'Z^��WYUbPR\

λi
3 =

1 − λi
1α

i
1 − λi

2α
i
2

αi
3

U^\ c �¤jaZ@H WaE�J�`aJfgIZ^\ c J	�zS�UbWaPRZ^\!¡#J'Z@�_WYU^P[\

yi + dkδ = λi
1β

i
1 + λi

2β
i
2 +

1 − λi
1α

i
1 − λi

2α
i
2

αi
3

βi
3

¡BE�PRg�E!�^PR�^Jv`

yi −
βi

3

αi
3

= λi
1(β

i
1 −

αi
1

αi
3

βi
3) + λi

2(β
i
2 −

αi
2

αi
3

βi
3)

U^\ c ��\�UbTRTRd

λi
2 =

(yi + dkδ − βi
3

αi
3

) − λi
1(β

i
1 −

αi
1

αi
3

βi
3)

βi
2 −

αi
2

αi
3

βi
3

=
((yi + dkδ)α

i
3 − βi

3) − λi
1(β

i
1α

i
3 − αi

1β
i
3)

βi
2α

i
3 − αi

2β
i
3

= γi
2(dk) − λi

1µ
i
2

¡BP[WaE

γi
2(dk) =

(yi + dkδ)α
i
3 − βi

3

βi
2α

i
3 − αi

2β
i
3

, µi
2 =

βi
1α

i
3 − αi

1β
i
3

βi
2α

i
3 − αi

2β
i
3

.

G
d�`adQH/HMJIWajYd�¡
J�Z@�_WYU^P[\�U�`aP[H/PRTRU^j
JIh_]�jaJv`a`aPRZ^\��¤Z@j
λi

3

λi
3 = γi

3(dk) − λi
1µ

i
3

¡BP[WaE

γi
3(dk) =

(yi + dkδ)α
i
2 − βi

2

βi
3α

i
2 − αi

3β
i
2

, µi
3 =

βi
1α

i
2 − αi

1β
i
2

βi
3α

i
2 − αi

3β
i
2

.

^\^`_�acb+d+e"f



�bK ��� �� �� ��������� � �U� ���F�F�����F��� ���

� J�g�Z@H/J�\�ZX¡ WaZMWYE�J9J	�zS�UbWaPRZ^\�`
(Ei

k).
� J9JfHM]�T[ZXd�WYE�J�`aJIH/P��+�^jYZ^S�]�J	�zS�UbWaPRZ^\�Ub\ c ¡BjYP�WYJ

(Ej
k) C0,tk+1

(x0, yj) =
∑

l≥j

(yl − yj)π
j
0,k+1 =

∑

l≥j

(yl − yj)

M∑

i=1

πil
k,k+1π

i
0,k

=
∑

l≥j

(yl − yj)
M∑

i=1

πi
0,k

3∑

p=1

λi
pφp(ln

yl

yi
)

=

M∑

i=1

3∑

p=1

λi
p

∑

l≥j

(yl − yj)π
i
0,kφp(ln

yl

yi
)

=
M∑

i=1

(λi
1 + γi

2(dk) − λi
1µ

i
2 + γi

3(dk) − λi
1µ

i
3)

×
∑

l≥j

(yl − yj)π
i
0,kφp(ln

yl

yi
)

=

M∑

i=1

λi
1(1 − µi

2 − µi
3)

∑

l≥j

(yl − yj)π
i
0,kφp(ln

yl

yi
)

+

M∑

i=1

(γi
2 + γi

3)(dk)
∑

l≥j

(yl − yj)π
i
0,kφp(ln

yl

yi
).

NQPR\�gIJ©¡#J©�Q\�ZX¡ WaE�J©�XUbTRS�Jv`/Zb�
C0,tk+1

(x0, yj)
�¤Z@j

yj = Kl, l = 1, ..., 10
¡
J©E�U �^J!E�JfjaJ©U

`ad_`mWYJIH�Z^�
10
J	�zS�UbWaPRZ^\�`
¡BP[WaE

M = 150 + 1
S�\��Q\�ZX¡B\�`

λi
1, i = 1, ...,M

U^\ c
dk.

DFE�PR`B`ad_`mWYJIH�Z^�
TRPR\�JfU^j�J �zS�UXWYP[Z@\�`�PR`'`eWaPRT[T7S�\�� c JIWaJfjaH/PR\�J c � �CS�j���j�`mW�UbWeWaJfH/]_W9¡
U@`�WYZ!gIZ^\zWaZ@S�jYP[\���WaE�PR` c P[¦�g�S�T[Wmd
S0`ePR\���PR\@WYJIjY]0Z@TRUbWaPRZ^\>� G
d�U/H/Z^jYJ9Z^j�TRJf`Y`�`aZ^]�E�PR`eWaPVgIUbWaJ c H/J�WYE�Z c Z^\�J9PR\zWaJfja]-Z^TVUXWYJf`BUb\ c ]�jaZ c S0g�Jf`
C0,tk+1

(x0, yj)
�¤Z^j'Jf�^JIjYd

j = 1, ...,M
U^\ c \�ZbW9Z^\�TRd��¤Z^j

yj = Kl, l = 1, ..., 10.
G
S_W'WYE�PR` c ZzJv`

\�ZbW ¡
Z^jY�£�to ��j�`eW P c JfU9¡
Z^S�T c �0J�WaE�UbWkWaE�PR` PR` �0JvgIUbS0`eJBWYE�J�PR\zWaJIjY]-Z^TVUXWaPRZ^\/PR\zWajYZ c S�g�Jv`kJIjYjYZ^j�`�����S_W
PR\ � U^g�W�¡#J�g�E�Jvg��^J c WaE0UXW�WYE�J�P[\zWYJIjY]0Z@TRUbWaPRZ^\ ¡
U@`'�^JIjYd¯U@gIg�S�jYUbWaJ^�tUb\ c H/Z^jYJIZX�^Jfjf��¡
J�]-JIja�¤Z^jYHMJ c
\QS�H/JfjaPVgIU^TbJ�h_]-JIjYP[H/JI\zW�`>PR\�¡BE�PVg�E�¡#J �@U �^J c PRjYJfg�WYT[d9U^T[T^WaE�J

C0,tk+1
(x0, yj), j = 1, ...,M

]�jaZ c S�gIJ c
�Qd/Z^S�j WYE�JIZ@jaJIWaPVgIUbT-H/Z c JIT-�7Ub\ c WaE�PV` c ZQJf`#\�ZbWF¡#Z@ja�/UbTV`aZ��7NQZ$WYE�J�P[\zWaJfja]-Z^TVUXWYP[Z@\�JIjYjYZ^jkPV`
\�ZbW
WaE�J
jYJfU@`eZ@\M�¤Z^j
¡BE�PRg�E�WaE�PV`#U^]�]�jYZ@U@g�E�� U^P[TV`f�	DFE�J�jYJfUbT-jYJfU^`aZ^\ � \zS�HMJfjaPVgIU^T0Jf�QP c Jf\�g�J � PV`kWYE�UXW
JI�@JI\�P[�>¡#JE0U �^J�U�`ad_`mWYJIH Zb�

150
J	�zS�UbWaPRZ^\�`�¡BP�WYE

150
S�\��z\�ZX¡B\�`�¡BE�PVg�EpPV`�WYE�JIZ@jaJIWaPVgIU^T[TRd�¡
JITRT c J�WaJfjaH/PR\�J c �

¡
J�H/U d�]�jaZ c S�gIJ�Wm¡
Z c P�
£JIjYJI\zWB�^Z@TRUbWaPRT[P[WaPRJf`
σ
U^\ c

σ′
¡BE�PRg�E�UbjYJC`aP[�@\�P[�0gIU^\@WYT[d c P�
£JIjYJI\zWF��S_W�`eS0g�E

WYE�UXW�WaE�J g�Z@jajYJf`a]0Z@\ c PR\���gIU^T[T�]�jYPRgIJf`
C0,tk+1

(x0, yj)
Ub\ c

C
′

0,tk+1
(x0, yj)

U^jaJ¯J�hQWajYJIH/JITRd g�TRZ@`aJ
JvU^g�E©Z^WaE�Jfjf�'NQZ�P[W�WYS�ja\0`�Z@S_W�WYE�UXW�WaE�JMgIU^T[T�Z^]_WYP[Z@\p]�jYPRgIJf`CUbjYJ�\�ZbW'`eS�¦�gIP[Jf\zWaTRd�`aJI\0`ePR��TRJ$PR\pZ^j c JIj
WYZ c PR`eWaPR\��@S�PR`aE �0JIWm¡#JfJI\ �^Z^TVUXWYP[TRP[WaPRJf`���UXW9TRPR`eW'�¤jaZ@H U!\QS�H/JIjYPRgfUbT	]0Z@P[\zW9Zb�F�QP[Jf¡9�/N_Z!¡
J/E�U �^J�WaZ
g�E0Ub\��@JFWaE�J � `YgIUbTRJ � P[\�¡BE�PRg�E/¡
J�¡
Z^jY�$�Qd�U9H/Z@jaJ�`aP[�@\�P[�0gIU^\@WkZ@\�J^�zUb\ c WYE�J�\0UXWaS�jYU^T�P c JfU'PV`7WaZ$S�`eJ
PRH/]�TRP[J c �@Z^TVUXWaPRTRP�WYP[Jv`I�R��NQZ�¡
J#TRP[�@J#Z@S_W	WaE�J
jYJf`aZ^TRS_WaPRZ^\�Zb��WYE�JBUb�-ZX�^J TRPR\�JfU^j	`ad_`mWYJIHwZ^�0J	�zS�UbWaPRZ^\�`�Ub\ c
�¤Z_gIS�`'Z^\¢PRHM]�T[PRJ c �^Z@TRUbWaPRT[P[WaPRJf`f�R�/DFE�PR`9TRJfU c `'S�`�WYZp`eZ@T[�@J$WYE�J/�¤Z^TRT[ZX¡BPR\���\�Z@\}TRP[\�JfUbj9Z@]_WaPRH/P��vUXWYP[Z@\
]�jaZ@��T[JfH��

� � ^!�#"
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r�Z^jBJfU@g�E
λ = (λ1, ..., λM ) ∈ RM Ub\ c

dk ≥ 0
¡
J�g�Z@H/]�S_WaJ

Cj(λ, dk) : =

M∑

i=1

λi(1 − µi
2 − µi

3)
∑

l≥j

(yl − yj)π
i
0,kφp(ln

yl

yi
)

+

M∑

i=1

(γi
2 + γi

3)(dk)
∑

l≥j

(yl − yj)π
i
0,kφp(ln

yl

yi
).

DFE�JI\�¡
J�WaE�PR\��}WaE�UbW
Cj(λ, dk) = C0,tk+1

(x0, yj)
`aZ©P[W�jYJI]�jYJf`aJI\zWY`�WYE�J��XU^T[S�J�Zb��UpgIU^T[T Z^]_WYP[Z@\�

λi ]�TRU d�WYE�J/]�UbjaW�Z^� λi
1)
� � J c JI\�ZbWaJM�Qd

Ivj(λ, dk)
WaE�J/PRH/]�T[PRJ c �^Z@TRUbWaPRT[P[WmdpU^`Y`aZQgIPRUbWaJ c WaZ!WaE�PR`

gfUbTRT�Z@]_WaPRZ^\ ]�jaPVg�J@� � J¢UbTV`aZ:U^`Y`eS�HMJpWaE�UbW
yj = Kl

� WYE�UXW!PR`
j = il)

U^\ c ¡
J}g�Z@H/]�S_WaJ¯WaE�J
PRH/]�TRP[J c �^Z@TRUbWaPRT[P[Wmd

Ivl
g�Z@jajYJf`a]0Z@\ c PR\���WaZ¯WaE�J!J�h_]-JIjYP[H/Jf\@W�UbT
gIUbTRT
Z^]_WYP[Z@\�]�jaPVg�J

C0,tk+1
(x0,Kl)

�
� ZbWYJ�WYE�UXWFE�JIjYJ�¡#J�E�U �^J�U$]�jaZ@��T[JfH �0JvgIU^S�`eJC¡BE�JI\�g�Z@H/]�S_WaPR\���WaE�J�PRHM]�T[PRJ c �^Z@TRUbWaPRT[P[WaPRJf`#¡#J�E�U �@J
WYZ!WYUb�@JMgfUbjYJ�Z^�#WYE�J c PR�zP c Jf\ c `f�[��DFE�PV`'H/JfUb\0`�WaE�UbW9WaE�J/TRZ^��\�Z^jYH�UbT c PV`mWYjaPR��S_WYP[Z@\¯�¤S�\�g�WYP[Z@\}WYE�UXW
¡
J9PR\z�@JIj�`eJ9gIZ^\zWYU^P[\�`

dk
�FUb\ c WaE�J$PR\@WYJIjYJf`eW�jYUbWaJ

r
U^`�¡#JfT[T1� G
S_W�WaE�PV`�PV`�\�Z^WCU c P[¦�g�S�T[W�]�jYZ^��TRJIHYV

Z@\�JBlmS�`eW'E�U^`�WaZ�H�S�T[WaPR]�T[d��0jY`eWC¡BP[WaE
exp((−r +

∑k
i=1 di)tk).

� Z^WaJ�WaE�UbW
di, i = 1, ..., k − 1

UbjYJ
U^T[jYJfU c d©�Q\�ZX¡B\¯��S_W

dk
PV`'S�\��Q\�ZX¡B\¢Ub\ c P[W$Ub]�]-JfU^jY`�PR\}WYE�J�H$S�T�WYP[]�TRPVgIUXWYP[Z@\}�-ZbWYE �¤Z^j

Cj(λ, dk)U^\ c
C0,tk+1

(x0,Kl).
NQZ

Ivl = Ivl(dk).DFE�J'�0jY`eW �@S0Ub\zWaP[Wmd�WaE0UXW�¡
J�¡FUb\zWFWaZ�H/PR\�PRHMP��IJ9PV`

A(λ) :=

10∑

l=1

∣∣Ivjl
(λ, dk) − Ivl(dk)

∣∣2 .

NQZ�¡#J c Z�\�ZbW'U^`a��WYE�UXWCWaE�JM]�jYPRgIJf`C]�jYZ c S�g�J c �Qd!Z@S�j'`eJfHMP[�+�^jYZ^S�]pU^jaJ$gIT[Zz`eJ c WaZ�WaE�JMH�UbjY�^JIW
]�jaPVg�Jv` � ¡BE�PVg�E:�^PR�^Jv`/Ub\:S�\_� c J�WaJfjaH/PR\�J c TRP[\�JvUbj�`adQ`eWaJfH � ��S�WMWYE�UXW/WYE�J�P[H/]�TRP[J c �@Z^TVUXWYP[TRP�WYP[Jv`/UbjYJgIT[Zz`eJ c ��s+W$WYS�ja\0`�Z^S�W�WaE�UbW$WYE�PR`$PR`$WaE�J�g�Z@jajYJfg�W$`agfUbTRJ�P[\�¡BE�PRg�E¢WYE�J�]�jYZ^��T[JfH E�U@`9WYZp�0J!`eJIWeWYT[J c
�/P[�$¡#J S�`aJ¯\�Z^W�WYE�PV`!`YgIU^T[J}��S_W c PRjaJvg�WaTRd;WaE�J ]�jYPRgIJpW�Ub��TRJ}Z@S�j�UbTR�^Z^jYP[WaE�H�¡#Z@ja�_`�H$S�g�E5¡#Z@jY`aJ� J�h_]-JIjYP[H/JI\zW�UbT�JI�QP c JI\0g�J � �
��¨ 
��_��� - � .�� ��
"� ���8����� � � � ��� �  �;���Y� 
 ��� � ��� �M���	��%�� � � �U� �� ���� 
"���"� ��� � ��% � $"�"
"���B��� � �
�������B�	���8�!%��F�R��� � �#��
���% ����� ��%&���#��% � � � ��
�� � �������
�F�+��% � %��F� � � �M
 � � 
��F��� �+��� �7 M�+� � � � % � ��%&��
"��%��F��%
%��c����� � �#��
���% ����� ��%&��� ��% � � �R�B���
 �	�B�	%��;��� �� �� �	% ��� 
"� � � � ��
�� � �"�;�	� ���+�R%��F� 
+�M
+% %��c��% � �U�����U� �����
��� � �+�
��
�� �;����% � %��F����� � ���	��
"���  ���% � �

DFE�JC`eJvg�Z^\ c �zS�U^\@WYP�Wmd$WaE�UbWk¡#JB¡FUb\zW	WaZ9H/PR\�PRHMP��IJ�PR`	WYE�J c PV`eWYUb\0g�JF�0JIWm¡#JfJI\
λ = λ1

Ub\ c
λ2, λ3¡BE�JIjYJ

λi
2 = γi

2(dk) − λiµi
2, λi

3 = γi
3(dk) − λiµi

3.DFE�PR`BU �@Z^P c `#WaZ�E�U �@J�U^T[T£WYE�J9H�U^`Y`FP[\
λi

1.
DFE�J�gIZ^jYjaJv`e]-Z^\ c P[\���g�ZzU^`eWF�¤S�\�g�WYP[Z@\�PR`

B(λ) =

M∑

i=1

(
∣∣λi − λi

2

∣∣2 +
∣∣λi − λi

3

∣∣2).

^\^`_�acb+d+e"f



��L ��� �� �� ��������� � �U� ���F�F�����F��� ���

� ZX¡ WYE�J�g�ZzU^`eW#�¤S�\0g�WaPRZ^\�¡BE�PVg�E�¡#J'H/PR\�P[H/P��IJ9PV`
C(λ) = A(λ) + pB(λ)

¡BE�JIjYJ
p
PV`�UM]�Ubj�UbH/JIWaJIjv��s \!Z@S�j�g�Z@\�g�jYJ�WYJ�U^T[�@Z^jYP�WYE�H�¡
J�WYUb�@J

p = 10/M.� J�TRZzZ@���¤Z^jFWYE�J
λ ∗ = argmin C(λ),

S�\ c JIjBWYE�J�g�Z@\�`mWYjYU^P[\zW
πij

k,k+1 ≥ 0, i, j = 1, ...,M.
� J

S0`eJ�U��zS�U@`eP[� � JI¡FWYZ^\/UbTR�^Z@jaP[WaE�H�¡BE�PVg�EMPV` U^T[jYJfU c d�PRH/]�T[JfH/JI\zWaJ c P[\�N_gIP[TVUb���	DFE�J�`mW�UbjaWaPR\��9]0Z@P[\zW Z^�
WYE�J�Z^]_WYP[H/P��fUXWYP[Z@\�U^T[�@Z^jYP�WYE�H PR`#WaE�JC�XUbTRS�J�Zb�

λ
¡BE�PVg�E�E0U^`
�0JfJI\��¤Z^S�\ c J c UXW
WaE�J�]�jYJI�QP[Z@S�`
`mWYJI]�Z^�

WYE�J9UbTR�^Z@jaP[WaE�H��R��DFE�PR`FJf\�`eS�jaJv`
UMg�JfjeW�UbPR\�`eWYU^��P[TRP[Wmd�P[\�WaPRH/J^� � J9UbjYJ�U^��T[JCWaZ/PR\�g�TRS c J'PR\�Z@S�jBg�ZzU^`eW
�¤S�\�g�WYP[Z@\�U�g�Z@\�`eWaj�UbPR\@W
g�Z^\0g�JIjY\�PR\���`eWYUb��P[TRP�Wmd/PR\�`a]�U^gIJB�tWYE�J�� U@g�W#WaE�UbW

i→ λi
c ZQJf`#\�ZbW
HMZX�@JB�^Jfjad

� U@`mWv��G
S_W'¡#J/UXW�WaE�PV`9`eWYUb�@J$¡
J�S0`eJM\�Z�`eS�g�E U�gIZ^\�`eWaj�UbPR\�J c Ub\ c WaE�J�U^T[�@Z^jYP�WYE�H jaJfH/U^P[\0`C`eWYU^��T[J
U^\Qdz¡FU d^�

�C\�gIJ
λ = (λ1, ..., λM )

PV`	g�Z@HM]�S_WaJ c ¡
J ]�S_W
λi

1 = λi,
gIZ^H/]�S_WYJ

λi
2, λ

i
3

U^\ c S�`aJ
(∗) P[\�Z^j c JIj�WaZZ@�_WYU^P[\

πij
k,k+1.

DFE�JI\!¡#J�S�`aJ�WYE�J�9#E�Ub]�H�U^\ �CZ^TRHMZ@�^Z@jaZX��J	�zS�UXWYP[Z@\�PR\�Z@j c JIj#WaZ/g�Z^H/]�S�WaJ
π0,k+1U^\ c ¡#J9UbjYJ'jaJvU c d/�¤Z@jFWaE�J'�¤Z@T[TRZX¡BPR\���`mWYJI]>�

� � / 4�� � � J�jYJfgfUbTRT�WaE�UbW$UXW$`eWaJI] �IJfjaZ�¡
J�g�Z^H/]�S�WaJ
πj

0,1 = P (X1 = yj | X0 = x0), j =
1, ...,M.

q�JIjYJ'WaE�J c JI�^jYJIJ9Z^��PR\ c JIWaJfjaH/PR\�U^gId�PV`BH$S�g�E�TRJf`Y`BPRHM]-Z^jaWYU^\zW��0JvgIUbS0`eJ'¡
J9E�U �^J'Z^\�T[d
MS�\��Q\�ZX¡B\�`f��DFE�PV`�PV`�¡BEQd�¡
J$¡BPRT[T�JIH/]�TRZXd!U�H$S�g�E¯HMZ@jaJ$P[H/]-Z^jaWYUb\zW�\zS�H$�-JIj�Z^�7��\�P[WaJMJITRJIH/JI\zW�`I�

\0UbH/JITRd L^K��BDFE�PV`�PV`�U^TR`aZ�\�Jvg�Jf`Y`YUbjYd��-JfgIU^S�`aJ�¡#J$\�JIJ c U��^Jfjad�U^gfg�S�j�UXWYJ9jaJv`eS�T[WCUbW�WaE�PV`�`mW�Ub�^JMV#U^\
PRH/]0Z@jeW�Ub\zW�JfjajYZ^j>¡
Z^S�T c Z@jaPRJI\zW>WYE�J#U^T[�@Z^jYP�WYE�H P[\$U���U c$c P[jYJfg�WaPRZ^\>��DFE�J#gIZ^\�`eWajYS�g�WaPRZ^\9Zb�_WYE�J ]-Z^PR\zWY`
bi, i = 0, ..., 64

PV` `aP[H/PRTRU^j7V�¡
JB��j�`mWkW�Ub�@JFWaE�JC]0Z@P[\zWY` ¡BE�PVg�E�g�S_W WaE�JCH/U@`a` Zb�£WaE�JC`eWYUb\ c Ubj c \�Z^jYH�UbT
c JI\�`aP�Wmd9PR\

65
J �@S0UbTQ]�UbjaWY`f�tDFE�JI\$¡
JFg�Z^\0`mWYjaS�g�W

ai, i = 1, ..., 64
�zd9\�Z^jYH/U^T[P��fUbWaPRZ^\�¡BP[WaE

σ
√
δ
¡BP[WaE

δ = 1/12
Ub\ c

σ
PR`FWYE�J9PRHM]�T[PRJ c �^Z@TRUbWaPRT[P[Wmd�UbW
WYE�J9H/Z^\�Jfd^�_�@P[�@JI\!�zd

C0,t1(x0, x0).
N_ZM¡
J�U^`Y`aS�H/J

WYE�UXW�WaE�J$�¤S�\�g�WYP[Z@\�`
φp, p = 1, ..., 64

UbjYJ9\�ZX¡ �^PR�^Jf\ � WYE�J$`YUbH/J$g�Z@\�`eWajYS�g�WYP[Z@\�U@`��-J��¤Z@jaJ � Ub\ c ¡
JS0`eJ'WYE�J'WajYPRU^TR`
φp(ln

y
x0

).
o�`B�-J��¤Z@jaJ9¡
J9¡BjYP�WYJ'WaE�J'Wm¡
Z�J	�zS�UbWaPRZ^\�`

(P0)
Ub\ c

(M0)
� \�ZbWYJ'WaE�UbW�¡#J

E0U �^JMZ^\�J/J	�zS�UbWaPRZ^\ Zb�
JfU^g�E¯WmdQ]0J � Ub\ c WaE�Jf\¢¡#J/¡BjYP�WYJ c ZX¡B\¯WYE�J�J	�zS�UbWaPRZ^\�` (Ejl

0 ), l = 1, ..., 10¡BE�PRg�E!�^PR�^JMV

(∗∗) C0,t1(x0,Kl) = C0,t1(x0, yjl
) =

64∑

p=1

λp

∑

r≥jl

(yr − yjl
)πr

0,1φp(ln
yr

x0
).

s \!WYE�PR`CgIU@`eJ'¡
J c Z�\�ZbW�S0`eJ
(P0)

Ub\ c
(M0)

PR\�Z^j c JIjFWYZ�JITRP[H/PR\�UXWYJ'Wm¡#Z��XU^jaPVUb��TRJf`#� ¡
J9¡BPRT[T>�@JIJf]
WYE�Jf`aJ�J �zS�UXWYP[Z@\�`�U@`�gIZ^\�`eWaj�UbPR\zWY`f� � ZbWaJ�WaE�UbW/UbW$WYP[H/J �IJIjYZpWYE�JIjYJ�U^jaJ�\�Z c P[�QP c JI\ c `I�R� � ZX¡ ¡#J
gIZ^\�`aP c JIj
WaE�J�g�Z@U@`mWF�¤S�\0g�WaPRZ^\

C(λ) = A(λ) + pB(λ)
¡BP[WaE

λ = (λ1, ..., λ64)

A(λ) :=

10∑

l=1

∣∣Ivjl
(λ) − Ivl

∣∣2 , B(λ) =

64∑

p=1

|λp − λp+1|2 .

q�JIjYJ
Ivjl

(λ)
PR`9WaE�J�PRH/]�TRP[J c �^Z^TVUXWYP[TRP[Wmd}g�Z@jajYJf`a]-Z^\ c PR\��!WaZ

C0,t1(x0,Kl)
g�Z^H/]�S�WaJ c ¡BP[WaE�Z@S�j

λU^\ c
Ivl

PR`
WYE�J9P[H/]�TRPRJ c �^Z@TRUbWaPRT[P[Wmd�U^`Y`aZQgIPRUbWaJ c WaZMWYE�J9J�h_]-JIjYP[H/JI\zW�UbT��XUbTRS�J
C0,t1(x0,Kl).

� � ^!�#"
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� ��� � �
	 ��� � � ��	������
	 �!�
	� 
�CS�j�UbTR�^Z@jaP[WaE�H c ZQJf`B\�Z^W c Jf]0Jf\ c Z^\�WYE�J$g�Z@\�g�Jf]_W�Zb�7�@Z^TVUXWaPRTRP�Wmd��
P��7\�Z^W��Qd�WYE�J��^JfZ^H/J�WYjad�Zb�	WaE�J
�@jaP c Ub\ c Z^��WaE�J�WajYPRU^TR`f� G
S_W
JI�@JI\/�¤Z^j WaE�PV`k¡
J c Z$\�ZbW S0`eJ�`eZ@HMJB�XU^T[S�Jv`kZ^�-WYE�J��@Z^TVUXWYP[TRP�Wmd�]�jYZ c S�g�J c
PR\�`aP c J9WaE�J�UbTR�^Z^jYP[WaE�H ��S_W�WYE�J$PRH/]�T[PRJ c �@Z^TVUXWYP[TRP�WYP[Jv`�U^`Y`aZQgIPRUbWaJ c WYZ�WaE�J�J�h_]-JIjYP[H/JI\zW�UbT>]�jYPVg�J9W�Ub��TRJ^�
o�\ c WYE�JCWYUb��T[J�Zb��JIh_]0JfjaPRH/JI\zWYU^T0PRH/]�T[PRJ c �^Z@TRUbWaPRT[P[WaPRJf`#jaJf]�jYJf`aJI\zW
U�`eS_¦�gIP[Jf\@WYT[d��@ZQZ c �^S�Jv`a`k�¤Z^jFZ^S�j
]�S�ja]-Z@`aJ^�R��NQZ!¡
J�H�U d©TRP[�@J�Z@S_W'WaE�J/]�jYZ^��TRJIH Z^�#g�Z@H/]�S_WaPR\����^Z@TRUbWaPRT[P[WaPRJf`f�RG
S_W'WaE�PV`'PV`�WYE�J/S�`aS�UbT
TVUb\��^S�U^�^JB�¤Z@j#]-JIZ@]�T[JC¡#Z@ja�QPR\���PR\���\0Ub\�gIJCUb\ c `aZ$P[WF`aJIJfH/`#S�`aJ��¤S�T-WYZ$]�jYZ c S�g�JCWaE�JC�@Z^TVUXWaPRTRP�Wmd�WYU^��T[J
¡BE�PRg�E�PV`�\�UXWYS�j�UbTRT[d9U^`Y`aZQgIPRUbWaJ c WaZCWaE�JF`eJfH/P��+�^jYZ^S�]'WYE�UXW	¡
J#E�U �@J UbTRjYJfU c d'gIZ^H/]�S_WYJ c ��o�`�P[W�PV`	g�TRJfUbj
�¤jYZ^H \zS�HMJfjaPVgIU^T£J�h_]0JfjaPRH/JI\zWY`
WYE�J'WYU^��TRJ

σi
k

WaE�UbW�¡#J']�jYZ c S�g�J�PV`�`ePR�^\�P��0gfUb\zWaTRd c P�
-JfjaJf\zWB�¤jaZ@H WaE�J
JIh_]0JfjaPRH/JI\zWYU^T-PRH/]�TRP[J c �@Z^TVUXWaPRTRP�Wmd/W�Ub��TRJ

σi
k

U^\ c ��U^`
TRZ^\��/U^`F¡
J�S�`eJ9`adQ\@WYE�J�WYPRg c UbWYU�Z^S�jF�@Z^TVUXWaPRTRP�Wmd
`aS�ja� U^gIJ$PV`'H$S�g�E g�TRZ@`aJIjCWaZ�WaE�J/jYJfUbT	�@Z^TVUXWaPRTRP�Wmd!WaE�JI\}WaE�J/PRHM]�T[PRJ c �^Z@TRUbWaPRT[P[Wmd!�F¡BE�PRg�E H/JfUb\0`�WYE�UXW
`aZ^H/JF¡
Z^jY��E�U^`k�0JfJI\ c Z^\�J^� � JBH�U dMUbTV`eZ�WaE�P[\��$WaE�UbWkWaE�J c P�
£JIjYJI\0g�JB�-J�Wm¡
JIJI\

σi
k

Ub\ c WaE�J�]�jYJfg�PV`aJ
�@Z^TVUXWYP[TRP�Wmd�jYJI]�jaJv`eJf\@W�`FU��@ZQZ c JIjYjYZ^jFH/JfU^`aS�jYJ^�R�

�7h�gIJI]_WB�¤Z@jFWaE�J9�@Z^TVUXWaPRTRP�Wmd�¡
J9UbTV`eZM¡FUb\zWFWaZ�g�Z@H/]�S_WaJ c PR�QP c JI\ c `B�7WaE�PV`BH/JfU^\�`
WaE�UbWBWaE�J�`eWaZ_g��
�@P[�@Jf`C`eZ@HMJ c P[�QP c JI\ c `

dkXk
UbW�WYE�J$Jf]0Z_g�E�`

tk
Ub\ c WaE�Jv`eJ c PR�zP c Jf\ c `'UbjYJ�\�Z^WC�Q\�ZX¡B\>� � JM¡
U^\zW

WYZ�g�Z^H/]�S�WaJ'WaE�JIH��¤jYZ^H�WaE�J9JfHM]�P[jYPRgfUbT�]�jYPVg�J�WYU^��T[J@�
DFE�J'g�Z@\�g�Jf]_W#Z^���^Z@TRUbWaPRT[P[WmdME�U^`
\�ZM`eJf\�`eJCP[\�WaE�J'Ub�0`mWYjYU@g�W#`aJ�WaWaPR\��$WYE�UXWF¡
J�S�`aJ c S�]�WYZ$\�ZX¡9�_`aZ

PR\pZ@j c JfjBWaZ c J��0\�J�WYE�J$�@Z^TVUXWaPRTRP�Wmd!¡#J�E�U �^J'WYZ�gIZ^\�`aP c JIjCU!G#TVU^g��©N_g�E�Z@T[Jv`BWmdQ]-J c dQ\�U^HMPVgI`��¤Z^jCWaE�J
`eWaZ_g��£� � J c ZMP�WBUXW
WaE�JCTRJI�@JIT£Zb�>WYE�J'npUbjY�^ZX�/g�E�UbPR\

Xk, k = 0, ..., n = 12
¡BE�PVg�E�PV`
U^`Y`eZ_g�PVUXWYJ c WYZ

WYE�J c PV`agIjaJIWaJ9`aJIH/P��+�^jYZ^S�]
πk,k+1.

� J�U@`a`aS�H/J�WaE�UbW�S�\ c JfjFWaE�J9jYPV`e��\�JIS_WYjYU^T�]�jaZ@��Ub��P[TRP�Wmd

Xk+1 = Xk + σk(Xk)∆k

√
δ + dkXkδ

¡BE�JIjYJ
δ = tk+1−tk = 1

12

U^\ c
∆k, k = 0, ..., n−1

PV`�U�`eJ �@S�JI\�gIJ Zb��`eWYU^\ c Ubj c \�Z@jaH�UbT c PV`mWYjaPR��S_WYJ c
j�Ub\ c Z^H �XUbjYPVUb��TRJf`f�$o�`�¡
J/HMJf\zWaPRZ^\�J c U^�0ZX�@J

dk
jYJI]�jYJf`aJI\zW�`�WYE�J c P[�QP c JI\ c `'�^PR�^Jf\¯�Qd�WaE�J�`eWaZ_g��

Xk
UXW�WaPRHMJ

tk
�RG
ZbWYE

σk(x)
Ub\ c

dk
UbjYJ$S�\��Q\�ZX¡B\0`CU^\ c WYE�JId©E�U �@J�WYZ��-J�g�Z^H/]�S�WaJ c �¤jaZ@H WaE�J

πij
k,k+1

Z^�_W�UbPR\�J c �0JI�¤Z^jYJ^�R�
� J9¡BjaP[WaJ'�0jY`eW

E(Xk+1 −Xk | Fk) = E(Xk+1 −Xk | Xk) = dkXkδ
¡BE�PVg�E��@P[�@Jf`

dk =
E(Xk+1 −Xk | Xk)

Xkδ
.

DFE�PR`
�¤Z@jaH�S�TRUME�U@`
WaZ/¡
Z^jY��Z^\�JfU@g�E�`aJ�W {Xk = yi}
`eZ/¡
J9E�U �^JC�¤Z^jBJf�^Jfjad

i = 1, ...,M

dk =
E(Xk+1 −Xk | Xk = yi)

yiδ
=

1

yiδ

M∑

j=1

(yj − yi)π
ij
k,k+1.

� ZbWYJ�WaE0UXWF¡#J�¡BP[TRT£Z^�_W�UbPR\�WaE�J�`YUbH/J��XU^T[S�J�Zb�
dk
c ZzJv` \�ZbWFHMJIWaJfj#WYE�J�� U^T[S�J�Zb�

i.
DFE�PV`
PR`#�0JvgIU^S�`eJ

¡
J�E�U �^J�]�S�W�WaE�PV`�gIZ^\ c P[WaPRZ^\ PR\;WaE�JpJ �zS�UXWYP[Z@\
(Mi)

U^T[jYJfU c d^��N_Z P[��`eZ@H/J c P�
£JIjYJI\�gIJf`�U^]�]-JfUbj
WYE�PV`�PV` c S�J9WYZ�`eZ@H/J9\zS�HMJfjaPVgIU^T>JIjYjYZ^j�`
gIZ^H/PR\���Z^\�PR\©Z^S�j�U^T[�@Z^jYP�WYE�H �FUb\ c WaE�JI\©¡
J9E�U �^J'WYZ�S�`eJ
`aZ^H/J9`eWYUb\ c Ubj c ]�jYZblmJvg�WYP[Z@\�UbjY�^S�HMJf\zW
¡BE�PVg�E��^PR�^Jv` WYE�J'�XUbTRS�J9Zb�

dk
¡BE�PVg�E��¤JvUXW�`
WaE�J9�-Jf`eW�UbTRT£WaE�J

J �zS�UXWYP[Z@\�`I�ko
WBWYE�J�g�Z@\zWaj�UbjYd^�QP��7Z@\�J9g�Z^\0`eP c JIj�`
WaE0UXW
dk
PV`�U^T[TRZX¡#J c WYZ c JI]-JI\ c Z@\�WYE�J9]-Z@`aP�WYP[Z@\!Z^�

^\^`_�acb+d+e"f



�^y ��� �� �� ��������� � �U� ���F�F�����F��� ���

Xk

� ¡BE�PRg�E c ZzJv`�\�Z^W�`aJIJfH \�UbWaS�j�UbT>�¤jaZ@H U^\©Jfg�Z@\�Z^H/PVg']0Z@P[\zW�Zb�7�QP[Jf¡ � WaE�JI\©Z^\�J�E�U^`�WaZ�g�E0Ub\��@JWYE�J'�¤Z^jYH$S�TRUbWaPRZ^\�Z^�tWYE�J9]�jYZ^��TRJIH��_\�U^H/JITRd�Zb��WaE�J'J �@S0UXWaPRZ^\
(Mi).��J�WCS0`CgIZ^H/]�S_WYJ

σk(yi).
� J�¡BjaP[WaJ

Xk+1 −Xk − dkXkδ = σk(Xk)∆k

√
δ
Ub\ c WYU^�zPR\���gIZ^\_�

c P�WYP[Z@\�UbTFJ�h_]-Jfg�WYUXWYP[Z@\�`/¡
J�Z@�_WYU^P[\
E(|Xk+1 −Xk − dkXkδ|2 | Xk = yi) = y2

i σ
2
k(yi)δ

¡BE�PRg�E
�@P[�@Jf`

σ2
k(yi) =

E(|Xk+1 −Xk − dkXkδ|2 | Xk = yi)

y2
i δ

=
1

y2
i δ

M∑

j=1

(yj − yi − dkyiδ)
2πij

k,k+1.

NQZ$WaE�PV`#PR` WaE�JC�^Z@TRUbWaPRT[P[Wmd$¡BE�PVg�E�PV` \0UXWaS�jYU^T[TRdMU@`a`aZ_g�PVUXWYJ c WaZ
πij

k,k+1.
s \�Z^S�j#UbTR�^Z@jaP[WaE�H�¡
J�E�U �@J

]�jaZ c S�gIJ c U$�@JIj�`ePRZ^\
σ̃k(yj)

¡BE�PRg�E!jaJf]�jYJf`aJI\zWY`
U$H/Z@jaJ'`mW�Ub��TRJ��^JIj�`aP[Z@\>��DFE�PR`F�@JIj�`ePRZ^\�PV`
]�jYZ c S�g�J c
S0`ePR\��MWaE�J'�¤Z@T[TRZX¡BPR\���Z@]_WaPRH/P��vUXWYP[Z@\�U^T[�@Z^jYP�WYE�H��[� � J�g�Z^\0`eP c JIjFWYE�J�g�ZzU^`eW#�¤S�\�g�WYP[Z@\

C(σ) =

M∑

i=1

∣∣σi − σk(yi)
∣∣2 + q

M∑

i=1

∣∣σi − σ̃k−1(yi)
∣∣2

¡BP[WaE
σ = (σ1, ..., σM )

Ub\ c
q
U¢jaJvUbTB\QS�H$�-JIj � PR\;Z@S�j�g�Z@\�g�jYJ�WYJ©g�Z^H/]�S�WYUXWYP[Z@\�`�¡
J!WaZQZ^�

q =
1/M = 1/150). σ̃k−1

PV`7WYE�JC`aH/ZzZ^WaE�J c �^Z@TRUbWaPRT[P[WmdMgIZ^H/]�S_WYJ c UbW WaE�J�]�jYJI�QP[Z@S�` `eWaJf]�Ub\ c
σ̃0
PV`�lmS0`mW

WYE�J9J�h_]-JIjYP[H/Jf\@W�UbT�PRH/]�T[PRJ c �@Z^TVUXWaPRTRP�Wmd�UbWBWaE�J9H/Z^\�JId^�R�
s+W'WaS�ja\�`�Z@S_WCWYE�UXW

σ̃k
PR`'gIT[Zz`eJfj�WYZ�WYE�J�jYJfU^T	� U^T[S�J$Zb� WaE�J/�^Z@TRUbWaPRT[P[Wmd�P��#¡#J/g�Z@\�`eP c Jfj�`adQ\@WYE�J�WYPRg

c UXWYU��

� � �����F�	��
#�$�������}�F�	�I���B��&t�

s \/Z@j c Jfj7WaZ'WYJf`eW Z^S�j UbTR�^Z@jaP[WaE�H��b¡
JFWajYd�WYZ$gIU^T[PR��j�UXWYJ
JfH/]�P[jYPVgIUbT c UXW�U^`kgIjaJvUXWaJ c `adQ\zWaE�JIWaPVgIUbTRTRd��¤jYZ^H
�Q\�ZX¡B\!H/Z c JITV`I� � J'�¤Z_g�S�`BJv`a`aJI\zWYPRU^T[TRd�Z^\ JCS�]�PRjaJ'H/Z c JIT>¡BP[WaE!�¤Z@S�jFWmdQ]0Jv`BZb���^Z^TVUXWYP[TRP[Wmd V
� σ gIZ^\�`eWYU^\zW7V σ = 0.3

�7DFE�PV`FPV`FWaE�JRG
TVU^g���N_g�E�Z@T[Jv`FH/Z c JIT c Jf\�ZbWYJ c � � �
� σ(t, x) = 15/x

c Jf\�ZbWYJ c �������7�
� σ(t, x) = 0.05 + 0.1 ∗ exp(−x/100) + 0.01 ∗ t c JI\�Z^WaJ c �����#% �^�
� σ(t, x) = 0.3 ∗ 1x∈[90,110] + 0.15 ∗ 1x/∈[90,110]

c JI\�Z^WaJ c�� � � �-�
o�T[T�WaE�J�JIh_]0JfjaPRH/JI\zWY`kU^jaJ c Z@\�JB¡BP[WaE�U9`eWYUbjaWaPR\��']-Z^PR\@W
`eJIW UXW

S0 = 100
�^Ub\/PR\@WYJIjYJf`eWkjYUbWaJFJ	�zS�U^T

WYZ
0
��Ub\ c UMH�UXh_P[H�U^T�H/UbWaS�jYP[Wmd�J	�zS�UbT£WYZ

1
� � J�WYU^�^J

150
]-Z^PR\@W�`FZb� c PR`Yg�jYJ�WYP��vUXWYP[Z@\�PR\�`a]�U@g�J'Ub\ c

12
]-Z^PR\zWY`$P[\¢WYP[H/J^��uBJvgIUbTRT7WYE�UXW�WYE�PV`9WaE�J Z�\QS�H/JIjYPVgIUbT7�@jaP c Z�Z^\�¡BE�PRg�E¢¡
J�¡#Z@ja�£��DFE�J��^jYP c Z^\

¡BE�PRg�E�WaE�J9JIh_]0JfjaPRH/JI\zWYU^T c UXW�U�PV`B�@P[�@JI\�PV`BH�S�g�E�H/Z@jaJ']-ZzZ@j � `aJIJ9`aJfg�WYP[Z@\�K � �
��¨ 
��_��� C���' � �F������� ��% �+� � ���;��� � ��� �F���	% ���F%�
+��� ��� � ��� �M���	��%�� � � %��c�Y���M%W����� � �����#�F� � 
!%��c�
���	�� ������Y ���% ���	�U��� �U��% � � � �c� �;�!��� �c��� �	� �"%W��
 �
�M� ������
�� ���U� 
 �"�	% ���+% ���;��� � �"� �����>���	�� �� ��
U��%
� %W��� ���	% � � � %��c� 
"����� �����U����% 
 %W% �
 � � �+��� ���W�M�U%��c� ���	�� �� � %�%��F� 
 �"�	% �;���#�F�U%��F� 

����� ����� 
 %W% �
 �
%��c�U� ��%W����� � �;���#�F�U����� 
+��� �� ��

� � ^!�#"
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����� � ��� ����� � �������! � � 	��!�

���
	���
 ��� ����������� �������������� !"�#
%$&����
�� �(' !)�#
%$&�*��
�� �(' !)�#
%$&�*��
�� �(' +�$�
�
 , � �
	�$&�-$�� ���.���#� ���.���#� ���.�.�#� �����.�#� ���.�.�#�/

K ∈ [70, 130] 0 /
K ∈ [80, 120] 01�2 3#4 3 3#4 365 f 365 3

10−7
365�7

1�2 3#4 8 7�4 365�7 7#5 9
10−7

7#5 f
1�2 3#4 7�3 : 7#5 b 7#5 3

10−7
7

1�2 7�4 3 3#4 b�5 d b�5 d
10−7

365 8
1�2 7�4 8 7�4 7#5 b 7#5 8

10−7
7#5 e

1�2 7�4 7�3 7�4 7#5�7 7#5 f
10−7

7
1�2 : 3 3#4 b�5�7 f65 :

10−7
365 b

1�2 : 8 7�4 b b
10−7

7#5 e
1�2 : 7�3 7�4 7#5 8 7#5 :

10−7
7

1>^�;�< : 3 3#: 965 e :65 9
10−7

f65 b
1>^�;�< : 8 3#4 :65 e 7#5 d

10−7
365 d

1>^�;�< : 7�3 7�: 365 b 7#5 f
10−7

7#5 8
!"�#
 �.= : 3 >?> :#4 3	d

10−7
f65 8

!"�#
 �.= : 8 3#4 f65 9 f65 f
10−7

365 3
!"�#
 �.= : 7�3 3#4 7#5 b 7

10−7
7#5�7

DtU^��TRJ���V	ikjYJfg�PV`aP[Z@\�Z^��WaE�J�UbTR�^Z^jYP[WaE�H��7DFE�J9JIjYjYZ^jFUbjYJ�PR\�]0JfjYgIJI\zW

� J9S�`aJC�¤Z@j
WaE�Jv`eJ'WYJf`eWBUM�@Z^TVUXWaPRTRP�Wmd�J �@S0UbT-WaZ
0.3
� � J9S�`eJ'JfP�WYE�JIj

5, 10
Z^j

20
c UXW�U^`
�^Jf\�JIj�UXWYJ c

�Qd�WaE�J�gIT[Zz`eJ c �¤Z@jaH�S�TVU^`f�kDFE�J'WYU^��T[J��9PRTRT[S�`eWaj�UXWYJf`
WYE�J�JI�@Z^TRS_WaPRZ^\!Zb��WaE�J�JIjYjaZ@jBUXW�`aJI�^JfjYU^T�`mWYJI]�`BZ^�
WYE�J$U^T[�@Z^jYP�WYE�H���¡BP�WYE c P�
-JfjaJf\@W�\QS�H��0Jfj�Z^� c UbWYU�U^\ c�c P�
-JfjaJf\@WCS�\ c JfjaTRdQP[\���H/Z c JfTR`f�
DFE�J9JIjYjaZ@jBPR`
H/JvU^`aS�jaJ c P[\�`aJI�@JIj�UbT�¡FU d_`I��rtPRj�`mWv�@¡
J�g�Z@\�`eP c JfjkWaE�J�JIjYjaZ@j7�0JIWm¡#JfJI\/WYE�J�WYE�JIZ@jaJIWaPVgIUbT��^Z^TVUXWYP[TRP[Wmd�Ub\ c
WYE�JM�^Z^TVUXWYP[TRP[Wmd�]�jYZ c S�gIJ c �Qd�Z^S�j'UbTR�^Z@jaP[WaE�H!� � J�WYU^�^JMU�H/JfU^\p�XUbTRS�J�ZX�@JIj�U^T[T�WYE�J$]-Z^PR\zWY`�P[\¯WaE�J
�@jaP c ��j�`eW'U^\ c WYE�JI\ Z^\¯WaE�J�`eWajYP[�@J$PR\¯WYE�JMgIJI\zWaJfj'Zb�kWYE�J/�^jYP c V

K ∈ [80, 120]
�
K ∈ [70, 130]

��s+W
PV`�gIT[JvUbjFWaE0UXW�WYE�J�jYJf`aS�T�W�`�UbjYJ'H$S�g�E�H/Z^jYJ9�-J�WeWYJIjCZ^\!WaE�J�g�JI\zWYJIj�Ub\ c WaE�J9��PR��JfjajYZ^j�`FUbjYJ c Z^\�J9Z@\
WYE�J9�-Z^j c JIjv�7rtPR\�U^T[TRd^�_PR\!WaE�J9TVU^`eWFWm¡#Z�g�Z@T[S�HM\0`F¡#J'�^PR�^J�WYE�J9H/JfUb\!�XUbTRS�J'�¤Z^jFWYE�J9gIU^T[T � jaJv`e]���]�S_W �]�jaPVg�Jv`I�	DFE�J�H/JvUb\��XUbTRS�J�PV`7W�Ub�@JI\�Z^\

K ∈ [80, 120]
��DFE�J�JIjYjYZ^j7�¤Z@jkWaE�JCgIU^T[T0Z^]_WYP[Z@\�PV`k]�j�U^g�WaPVgIUbTRTRd

J �zS�UbTQWYZ �IJIjYZ � ¡
JF��WkWYE�J c UXW�U^` � ��S_W7�¤Z@j7WaE�JB]�S_W Z^]�WaPRZ^\MWaE�PV`7JfjajYZ^j	�-Jfg�Z@H/Jf`k`a�^\�P[�0gfUb\zWf��o�\QdQ¡
U dP[W�jYJIH�UbPR\�`FUXW�UM�^ZQZ c T[Jf�^JIT1�
� ZbWaJ�WaE�UbW � TRZQZ^�/UXWkWYE�JB��j�`eW \�PR\�J�TRP[\�Jf` � U^`kWaE�J�U^T[�@Z^jYP�WYE�H Jf�^Z@T[S_WYJf` � `eWaJI]�� → `eWaJI] L → `eWaJI]

� � � WaE�J�JIjYjaZ@j c Jvg�jYJfU@`eJv`�`aPR�^\�P[�0gIU^\zWaTRd^�/s+W�PR`'\0UXWaS�jYU^T7�0JvgIUbS0`eJ/¡
J/WYUb�@J�PR\zWaZpU@gIg�Z@S�\zW�H/Z@jaJ�Ub\ cH/Z@jaJ c UbWYU^`f�
DFE�J©`aJI\�`aPR��P[TRP[Wmd�WaZ WaE�J!\QS�H��0Jfj�Zb� c UXW�U^` � �^���R�f�pZ@j : � UXW�JfU@g�E�WYP[TRJ�T[Jf�^JIT�`aJIJfH�`�\�ZbW��^JfjadPRH/]0Z@jeW�Ub\zWf�
r�PR\�UbTRT[d�¡#J'TRZQZ^��WYZ/WaE�J9TVU^`eW�T[PR\�J�gIZ^\�gIJIjY\�P[\��YZ+X7Z^T[Weh�ZX� � ZbWaJ'WYE�UXWBWYE�J9JIjYjYZ^j�`
U^jaJ'UbTRH/Z@`eWBWaE�J

`YUbH/J�U@`'�¤Z^j9WYE�J Z�GFN�ZMHMZ c JfT `aZ�WaE�J�U^T[�@Z^jYP�WYE�H `aJIJfH�`'WaZpjYJI]�jaZ c S�gIJ/¡#JfT[T
Ub\Qd}`aE�Ub]-J�Zb�BTRZ_gIUbT
�@Z^TVUXWYP[TRP�Wmd@�

���7g�Z@S�jY`aJCWaE�J9H�UbPR\�P[\zWYJIjYJf`eWFZ^�	U^\!U^T[�@Z^jYP�WYE�H Zb�7gIU^T[PR��j�UXWYP[Z@\�PV`FWaE�UbWBWaE�J'JIhQ]-JIjYPRHMJf\zWYUbT c UXWYU
H�S�`eWC�-J���WaWaJ c ]�jYJfg�PV`aJITRd^��s \¯WaE�J$���^S�jYJ��@�-¡
J�]�TRZbWCWaE�J 9
UbTRT�Z@�_WYU^P[\�J c �Qd�Z^S�j�UbTR�^Z@jaP[WaE�H ¡9� jf� Wf�
WYE�J�WaE�JfZ^jYJ�WaPVgIU^T#�XU^T[S�J@� � J�UbTV`eZ g�Z@HM]�S_WaJ!UXW/JfU^g�E�WaPRHMJ�`eWaJI]��7WaE�J!�XUbTRS�Jf`MZ^�BWaE�J�ikS_W/Z^]�WaPRZ^\>�

^\^`_�acb+d+e"f
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DFE�PR`
PV`BU�WYJf`eWB`aPR�^\�P[�0gIU^\�g�J��-JfgIU^S�`aJCP[W�`eE�ZX¡�`kWYE�UXWBZ^S�jFU^T[�@Z^jYP�WYE�H PV`
U^��TRJCWYZ�]�jaPVg�J�ZbWYE�JIjBZ@]_WaPRZ^\�`
¡BP[WaE�Z^S_W�S�`ePR\���WYE�J$�@Z^TVUXWYP[TRP�Wmd@� � J�gIU^\©Z^��`aJIjY�^J9Z@\©WaE�PR`����^S�jaJ9WYE�UXW'UXW'`mWYJI]

2
�0WaE�JMgfUbTRTtUb\ c WaE�J

]�S_WCUbjYJ'¡#JfT[T>��WeWYJ c � � J��@Z�U�`mWYJI]!�¤S�jaWaE�Jfj�Ub\ c TRZQZ^��WYZ/WaE�J��@Z^TVUXWYP[TRP�Wmd�V7PR\!���^S�jYJ$��¡#J9]�T[Z^WB�¤Z^S�j
gIS�jY�^Jf`7V

� DFE�J9jYJfUbT��@Z^TVUXWYP[TRP�Wmd�¡BE�PRg�E!PR`�g�Z^\0`mW�Ub\zWf�

� DFE�J�Ub]�]�jaZzU^g�E�J c �@Z^TVUXWaPRTRP�Wmd�Z@�_WYU^P[\�J c �Qd!gIUbTRPR��jYUbWaPRZ^\>�

� DFE�J�jYJfU^T_P[H/]�TRP[J c �^Z^TVUXWYP[TRP[Wmd�¡BE�PVg�E�PR`7J �zS�UbTQWYZ'WaE�J�jYJfU^T_�^Z@TRUbWaPRT[P[Wmd�PR\�WYE�J G
TVU^g��$U^\ c N_g�E�Z^TRJf`
H/Z c JIT1�

� DFE�J�\QS�H/JIjYPVgIUbT�P[H/]�TRP[J c �^Z@TRUbWaPRT[P[Wmd � WaE�J$P[H/]�TRP[J c �^Z@TRUbWaPRT[P[Wmd�gIZ^H/]�S_WYJ c ¡BP[WaE©WYE�J�\QS�H/JIjYPVgIUbT
gIU^T[T�]�jYPVg�Jf` � �

r�PR�^S�jYJ���`aE�ZX¡�`�WaE�UbWCUXW'`mWYJI]©Wm¡
Z���WaE�J�P[H/]�TRP[J c �@Z^TVUXWaPRTRP�Wmd�PR`C]0Jfje�¤Jvg�WYT[d���WeWYJ c Z^\�WaE�J�g�Jf\zWaJIjC��S_W
�-JfgIZ^H/Jf`���U c Z^\!WYE�J��-Z^j c JIj�`I�#DFE�PR`C`eJfJIH�`B\�UbWaS�j�UbT��-JfgfUbS�`aJ9¡
J9E�U �^J c Z@\�JFlmS�`eW�Z^\�J'WaPRHMJ�`mWYJI]>�
N_Z��bjYZ^S��@E�TRd'`a]-JfUb�QPR\��CWaE�JFS�\ c JIjYT[dQPR\�� c P�
£S�`aP[Z@\�E0U^`�\�ZbW	WYE�J
WaPRT[J
WaZ'�@ZC�@JIjYd'� Ubj��¤jaZ@HwWaE�JF`eWYU^jeWYP[\��
]-Z^PR\zWf�Cs \¯`eZ@H/J�`aJI\�`aJ^�-¡#J�E�U �^J�`mWYP[TRTt\�Z�PR\_�¤Z^jYH�UXWaPRZ^\�� U^j��¤jYZ^H WaE�JM`eWYU^jeWYP[\���]0Z@P[\zWf�Cs \¯g�Z@\zWaj�U^`eW
¡BP[WaE�WaE�PR`f��UXWB`mWYJI] �v� � ���@S�jaJ�K � WYE�J'P[H/]�TRP[J c �@Z^TVUXWYP[TRP�Wmd/PV`F]0Jfje�¤Jvg�WYT[d/��WaWaJ c Z@\�U^T[T-WaE�J'`a]�U@g�J��^jYP c �� J9T[ZQZ@��\�ZX¡ WYZ�WYE�J9jYJfUbT£�@Z^TVUXWaPRTRP�Wmd�U^\ c WYZMWaE�J9\QS�H/JIjYPVgIUbT�U^]�]�jYZ hQPRH�UXWYP[Z@\�Zb�tWaE�PV`B�^Z@TRUbWaPRT[P[Wmd^�
DFE�J�jYJf`aS�T[WBPR`B`aP[�@\�P[�0gIU^\@WYT[d�TRJf`Y`
�^ZQZQZ c U@` �¤Z@jFWaE�J'PRH/]�T[PRJ c �@Z^TVUXWaPRTRP�Wmd���S�WFP[W�jYJIH�UbPR\�`FUXWFWaE�J�TRJI�@JIT
Z^�
��� K

%
Z^\}WaE�J�g�Jf\zWaJIjv� 9#Z@H/]0Zz`eJ/¡BP[WaE}WaE�J�Ub\0UbTRZ^�^Z@S�`CjaJv`eS�T[W�UXW9`mWYJI];�v� � ���@S�jYJMK ��� q�JIjYJMWaE�J\QS�H/JfjaPVgIU^T-�@Z^TVUXWYP[TRP�Wmd�PR`FH�S�g�E�HMZ@jaJ'`eWYUb��T[J9PR\!`a]�U@g�J9Ub\ c gIZ^\Q�^Jf\�P[Jf\zW
JfjajYZ^jFPV`FZ^�_W�UbPR\�J c �

o�\�ZbWYE�JIj
P[\zWYJIjYJf`eWaPR\�� �zS�Jf`eWaPRZ^\�PV`#E�ZX¡ g�TRZ@`aJ c U^jaJFWYE�JCjYJfU^T�]�jYZ^�0Ub��PRT[P[Wmd c JI\�`aP�Wmd�U^\ c WaE�J�]�jYZ^�_�
U^��PRT[P[Wmd c JI\�`aP�Wmd!]�jYZ c S�g�J c �Qd�Z@S�j�UbTR�^Z@jaP[WaE�H!�BDFE�PV`�PV`�JIh_]�TRU^P[\©PR\�WaE�J$\�JIhzW�Wm¡#Z��@jYU^]�E�¡BE�Z�]�TRZbW
WYE�J�jYJfU^T c Jf\�`eP[Wmd�Ub\ c Z@S�jY`�P[\�WYE�J�gIJI\zWaJfj � �¤Z@j�WYE�J9���@S�jaJU: � U^\ c UXW�WYE�J$JIhQWajYJIH/J�`mWYjaPR�^J � �¤Z^j�WaE�J
�0�^S�jYJRL � � � J$gfUb\p`aJIJ9PR\©WaE�Jv`eJ����^S�jYJf`
WYE�UXWCWaE�J c JI\�`aP[Wmd�PV`�¡
JITRT�Ub]�]�jaZzU^g�E�J c �Qd!Z^S�jCUbTR�^Z^jYP[WaE�HJf�^Jf\!UbWB`eWaJf]

2
�����

o
WC`eWaJf]
6
Ub\ c

12
� `aJIJ'�0�^S�jYJ9|�� K � ��WaE�J��@Z^TVUXWYP[TRP�Wmd�PR`F��WeWaJ c �0JIWeWaJfj�Z@\�WYE�J9E�Z@T[J9�@jaP c ��U^\ c WaE�JgfUbTRT3�X]�S_WkUb\ cMc JI\0`eP[WaPRJf`	UbjYJF`mWYP[TRTQ�^ZQZ c �tr�Z^j�WaE�J G
TVU^g��$N_g�E�Z@T[Jv`�H/Z c JfT_¡#JFUbTV`eZC¡
U^\zWtWYZ�`aJIJFP[�0ZbWYE�JIj

Z@]_WaPRZ^\0`�UbjYJ9¡#JfT[T�g�Z@HM]�S_WaJ c ��NQZ�¡
J9S�`eJ$Z^S�j�`aJIH/P[�1�@jaZ@S�]�WaZ�U^]�]�jYZ@U^g�E�WaE�J$]�jYPRgIJ9Zb� I�o�H/JfjaPVgIU^\
]�S_WBZb��`eWajYPR�^J

80, 85, 90, 95, 100, 105, 110, 115, 120
� � J'S�`aJCWYE�J9`eJfH/P��+�^jYZ^S�]�Z^�_W�UbPR\�J c ¡BP�WYEY:��[�v�

U^\ c �^��JIhQ]-JIjYPRHMJf\zWYUbT c UbWYU@`I�7DFE�J�jaJv`eS�T�W�`
U^jaJC�^ZQZ c �zWaE�J']�jYJfgIPR`aPRZ^\�PV`FUbjYZ^S�\ c
1%
�kDFE�Jf`aJCjYJf`aS�T[WY`

U^jaJ
]�TRZbWaWaJ c PR\$WYE�J
���^S�jYJ�{�U^\ c U^jaJ
UbTRH/Z@`eWtWYE�JB`aU^HMJ
�¤Z@j7�^���R�f��Z^j :�JIh_]0JfjaPRH/JI\zWYU^T c UXWYU@`I��r�P[\�U^T[TRd
¡
J�S0`eJCWaE�J9`aJIH/P[�1�@jaZ@S�]�]�jYZ c S�g�Jv`#�Qd�Z@S�j
U^T[�@Z^jYP�WYE�H P[\�Z^j c JIj#WaZ/g�Z@H/]�S_WaJCWaE�JC]�jYPVg�J�Zb�tU���UbjYjYP[Jfj
Z@]_WaPRZ^\ � `eJfJB���@S�jaJCy � �	DFE�JCjaJv`eS�T[WY`#UbjYJBjYUbWaE�Jfjk��U c � G#S�W \�ZbWYJ�WYE�UXWkWYE�JCU^T[�@Z^jYP�WYE�H WYE�UXW
¡#J�S�`eJ�PR`
j�UXWYE�JIj�jaZ@S��^E©Ub\ c©c ZQJf`B\�Z^W�WYU^�^J�PR\zWaZ�U@gIgIZ^S�\zWBWaE�J$`e]-JfgIP��-gIUXWYP[Z@\©Zb�k`aS�g�EpUb\©Z@]_WaPRZ^\>�Bo�\ c `eS0g�E
U^\!U^T[�@Z^jYP�WYE�H �^PR�^Jv`F��U c jYJf`aS�T�W�`FJI�@JI\!P��	¡#J'�Q\�ZX¡�WaE�J9]�jYJfgIPR`aJ'S�\ c JfjaTRdQP[\��/`aJIH/P[�1�@jaZ@S�]>�

� � ^!�#"
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r�PR�^S�jYJ/��V 9#Z@HM]�S_WYUbWaPRZ^\!Zb��WaE�J�9
U^T[T>U^\ c WaE�J9ikS�W�P[\!WYE�JRG
TRU@g���N_g�E�Z^TRJf`FH/Z c JfT&V	WYP[H/J$`eWaJf]
= 2

�
�^�$JIh_]0JfjaPRH/JI\zWYU^T c UXW�U^`f�
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r�PR�^S�jYJp� V 9#Z@HM]�S_WYUbWaPRZ^\;Zb��WaE�Jp�@Z^TVUXWYP[TRP�Wmd�PR\;WaE�J G#TVU^g��:N�g�E�Z^TRJf`/H/Z c JITWV©WYP[H/Jp`eWaJI]
= 2

�B�b�
JIh_]0JfjaPRH/JI\zWYU^T c UXW�U^`f�
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Volatility in Black Scholes model: step 6
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Call and Put price in Black Scholes model
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G#TVU^g���N�g�E�Z^TRJf`FH/Z cJITWV	WaPRH/J�`mWYJI]
=

6 ���b�MJ�h_]-JIjYP[H/JI\zW�UbT cUbWYU^`f�
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Volatility in Black Scholes model: step 12
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r�PR�^S�jYJ�KFV9#Z^H/]�S_W�UXWYP[Z@\�PR\�WYE�J
G#TVU^g���N�g�E�Z^TRJf`
H/Z cJITWV�WaPRHMJ9`eWaJf]

=
1
2 ���^�$JIhQ]-JIjYPRHMJf\zWYUbT cUbWYU@`I�
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r�PR�^S�jYJR: V 9#Z@HM]�S_WYUbWaPRZ^\!Zb��WYE�J c Jf\�`eP[Wmd��¤Z@j
x = S0

V	WaPRH/J�`mWYJI]
= 2

�0�b��J�h_]-JIjYP[H/JI\zW�UbT c UbWYU^`f�
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x = 80

U^\ c
x = 120

V-WaPRH/J#`eWaJf]
= 2

�b�b�FJIh_]0JfjaPRH/JI\zWYU^T
c UXWYU@`I�
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J$S�`aJ$Jf\@WYJIjCP[\©WYE�J��¤jYU^HMJ$Zb� JCS�]�PRjaJ � `CH/Z c JIT1� � J��@P[�@J9WaE�J
�@jYU^]�E�`�g�Z^jYjYJf`a]0Z@\ c PR\���WaZ X7Z^T[Weh � `eWaJf]��v�������^S�jYJ I � U^\ c ~@S�H/] � `eWaJf] L��	�0�^S�jYJ¯�v� � �}s \:�-ZbWYEgfU^`aJf`'WYE�J��@Z^TVUXWaPRTRP�Wmd¢`eH/PRT[J�PR`$]0Jfje�¤Jvg�WaTRd}��WeWYJ c PR\�WaE�J�g�Jf\@WYJIjv� � J�E�U �^J�U^TR`aZpU©�^ZQZ c `aE�Ub]-J/�¤Z^j
WYE�J�jYJfU^Tk�^Z@TRUbWaPRT[P[WmdpPR\��^Z^T[Weh��!s \¢WaE�J�gIU^`aJ�Zb��UMlmS�H/]�Z^�B�^Z^TVUXWYP[TRP[Wmd^��¡
J�`aJIJ�WYE�UXW�WYE�J�\QS�H/JIjYPVgIUbT
U^]�]�jYZ h_P[H�UXWYP[Z@\�PV`�`eJf\�`ePR��TRJ9WaZ�WaE�J�lmS�H/]¯��S_W��^PR�^Jv`�U�jYJI�^S�TRU^jaP��IJ c �@JIj�`ePRZ^\�Z^�7WaE�J�jaJvUbT�`aE�Ub]-J^��s \
�-ZbWYE©gIU^`aJ^�zWYE�J9]�S_W�Z@]_WaPRZ^\0`BUbjYJC¡
JITRT>g�Z@HM]�S_WaJ c �

� � �B�>&t��� ���� !�B�

s \!WYE�J9q�Jf`eWaZ@\�HMZ c JfT3��WaE�J9S�\ c JIjYT[dQPR\���U^`Y`eJIW#�¤Z@T[TRZX¡�`
WaE�J�`mWYZQg�E0U^`eWaPVg c P�
£JIjYJI\zWaPVUbT>J �zS�UXWYP[Z@\ V
dSt = rStdt+

√
vtStdW

1
t

dvt = k(θ − vt)dt+ σ
√
vtdW

2
t ,

¡BE�JIjYJ
W 1

t

U^\ c
W 2

t

UbjYJ9Wm¡#Z�g�Z^jYjYJITVUXWaJ c ��jaZX¡B\�PRU^\©HMZ^WaPRZ^\p¡BP[WaE 〈W 1,W 2〉t = ρt
�CDFE�PR`CH/Z c JIT

E0U^`	UC`eWaZ_g�E�U@`mWYPRg#�^Z@TRUbWaPRT[P[Wmd^��DFEQS�`I�^P�W7PV`t\�ZbWkU�H�U^ja�@ZX�zPVUb\9H/Z c JfT_¡BE�PRg�EMPV`	Z^\�J
Zb�-Z^S�j	U^`Y`eS�HM]�WaPRZ^\>�
DFE�JIZ^jYJ�WYPRgfUbTRT[d@�Q¡#J9gIU^\�\�Z^WBgfUbTRP[��jYUbWaJ9`eS0g�E�H/Z c JIT1� � J9]�jaZ_gIJIJ c U^`
�¤Z@T[TRZX¡�`7V

� � J#WYU^�^J
gIUbTRTzZ^]_WYP[Z@\�`>]�jYPVg�Jf`t�^Jf\�JIj�UXWYJ c �Qd�WaE�JFg�TRZ@`aJ c �¤Z@jaH�S�TVU�PR\9WaE�JFq�Jv`mWYZ^\�H/Z c JfT �
r = 0

�
k = .01

�
θ = 2 � �

� � J9jYS�\�Z^S�jFU^T[�@Z^jYP�WYE�H WYZMZ@�_WYU^P[\�J c U�`eJfHMP[�+�^jYZ^S�]>�

� � J�gIZ^H/]�S_WYJ9]�S_W�Z@]_WaPRZ^\�`BU^\ c g�Z^H/]�U^jaJ'P[WBWaZMWaE�J9jaJvUbT�]�jYPRgIJf`f�

s \�WaE�J����^S�jYJ��@�CUb\ c �v���bWaE�J���j�`eW#�^j�Ub]�E�]�jaJv`eJf\zWY`7WYE�JCgfUbTRT-U^\ c WYE�J�]�S�W
Z@]_WaPRZ^\�` P[\�WaE�JfP[j
jYJfUbT
`YgIU^T[J@�7DFE�J9`eJvg�Z^\ c Z@\�J']�jaJv`eJf\zWY`
WaE�JIH PR\!WaE�J9PRH/]�TRP[J c �@Z^TVUXWYP[TRP�Wmd�`agfUbTRJ^�

σ = 0.2
DFE�PR`C�XUbTRS�J9�¤Z@j�WaE�J$�^Z@TRUbWaPRT[P[Wmd�Z^�7WaE�J$�^Z^TVUXWYP[TRP[Wmd�PV`�TRZX¡9�0`aZ�¡
J$UbjYJ$g�TRZ@`aJ'WaZ!U JCS�]�PRjaJ

H/Z c JfT3� � J�Z@��`aJIjY�^J�PR\����^S�jYJM�v��WaE�UbW
WYE�J'�^Z@TRUbWaPRT[P[Wmd�`eH/PRT[J'PV`
��WeWYJ c ]0Jfje�¤Jvg�WaTRd^�kDFE�J�JfjajYZ^j#Z^\�WaE�J
]�S_W�Z^]_WYP[Z@\�`BUbjYJ'`mWYP[TRT�U^gfg�Jf]_WYU^��T[J@� � J9jYJIH�UbjY�/WaE0UXWBWaE�J9]�S_W�Z^]�WaPRZ^\�`BU^jaJ���WaWaJ c �-J�WaWaJIj��¤Z^j�`eWajYP[�@J
PR\!WaE�J�gIJI\zWaJfj
WaE�U^\!Z@\�WYE�J9�-Z^j c JIjv�

σ = 1
DFE�PR`BPV`�U^\!JIhQWajYJIH/J'� U^T[S�J^��P[W�PRHM]�T[PRJf`FWYE�UXWBWYE�J�]�jYZ_g�Jv`a`

vt
E�U^`FE�P[�@E!]-JIjaWaS�ja��UbWaPRZ^\>� s \

� U@g�Wv��Z^S�j�UbTR�^Z@jaP[WaE�H c ZQJf`�\�ZbWC`aS�gIgIJIJ c PR\pgIU^T[PR��j�UXWYJ'WaE�PV`I�-Ub\ c WYE�J$]�S�W�JIjYjaZ@jBPR`�ZX�^JIj
10%

� � �^JI\
WYE�J�gfUbTRT>Z^]�WaPRZ^\¯U^jaJ9\�Z^W�¡
JITRT>��WaWaJ c � G
S_Wf�-¡#J$E�U �^J9WYZ�`aJIJ9WYE�UXW�WYE�J�`aH/P[TRJ$PV`��@JIjYd�PRjajYJI�@S�TVUbj�Ub\ c
WYE�PV`BPR`F\�ZbW�jYJfUbT£PR\�]�jYU@g�WYPRgIJ^�
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