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d�egf�h-i
j
k lnmpoqi�rts`u�otvxw`myegwzh)h)i4{|h-s`u}egv~mgi`�
v~h-s`�zi������gwzmgm#��i����5u�wzmgmgs`vx���qs`m#u�i��

��rtw���i4o����^ln���;�
�;s��g��w`r�o��gi�r�i�u}egi�rtu}egi�m5��jp�`�z��k ��wz��o
�a�z�z��k �`����s`�`i��

�'�+ �¡N¢¤£�¥`¡p¦ § v~¨g¨g�'©+vxi�ªx�g��s�rtiC«�v~�gi�ª~¬­�g�ti���vxm�v~h-s`�zi��gr�w�u�i����tv~mg�¯®°wzr±¨�w`ote²�ti��zh)i�mpo}s�otvxw`m
s`mg�yrti���oqwzrts�oqv~wzm´³;µ�i4¶�mgi��]wzmys±�gv~�tu�rti�oti·ªxs�ototvxu�i·rti��grti��ti�mpotvxmg�'otegi·v~h-s`�zi
otegi�¬�i ¸#e#vx¨gv¹o�s±m#wzm�{
v~�tw`otrtwz�gv~u�¨�i�e�saºEvxwzr�³²»^i�rti�vxmZ�,«,iC��oq�g�#¬¼s�mg�¾½J��s�mJotv~®¿¬Àotegvx�)mgw`m�{nv~�tw`otrtwz�p¬À¨p¬Áu�wzh)�g�#oqv~mg�Âoqegi
¨�wz�gmg��s�r�¬]oqi�mg�tv~wzmÀs`��sC®°�gmgu4oqv~wzm¯w`®�otegi's`m#�zªxi%w`®^sCª~v~mgi'�ti���s`rts�oqv~mg�yotegi'�gªxs`mgi%vxm¯on«,w���s`r�oq�
u�w`mJoqs`v~mgvxm#�ys.�gv¹ÃZi�rti�mJo
�ge�s��ti`³-©�rtw`hÄoqe#vx����ot�g�#¬`��«,i-�gi�r�v~º`i-on«,wC½J��s�mJotv~oqs�oqv¹ºzi-u�r�v~oti�r�vÅs�w`®Æoqegi
mgwzmCvx��w`oqr�wz�p¬�w`®�oqe#i�h)w��#i�ªH³ÈÇRi�oqegi�m�u�wzh)�g��oqi
otegi��te�s`��i·s6o�É�i�rtw-oqi�h-��i�rts�oq�#rti�w�®Ss%�gr�wz�gª~i�o
w`®�wzmgi]�gegs`�ti�«�v¹oqegv~mÊoqegi]w`otegi�r.�gegs`�ti]s`m#�Ë��oq�g��¬�oqegi�mgw`m�{nv~�tw`otrtwz�p¬­w`®
otegi��tegs`��i�®°wzr%oqegi
�gv¹ÃZi�rti�mJo'h-wE�gi�ªx��³Ì©>v~m�s`ª~ª¹¬z�È«,iy�te#w¤«8otegi�s`r�oqv¹®Hs`u�ot�%�#�giyoqwÂoqegv~�±m#wzm�{nv~�tw�oqrtw`�gvxuC¨�i�e�saºEvxwzr-®°wzr
v~h%s��zi��ti��`h-i�mpo}s�otvxwzmys`mg��rti���otwzrqs�otvxw`m´³
ÍCÎpÏZÐ�Ñ·Ò ¢6Ó� `¦Ô§ vx¨g¨#��©>vxi�ªx�#����ln�tw�oqrtw`�J¬`��ÕÖ��s`ª~v~on¬.u�rtv¹oqi�rtvxs#��lnh-s`�zi�×�i��zh)i�mpo}s�otvxw`mys`m#�C��i���oqwzrts6{
oqv~wzm
�-¥6Ø�Ù Ò�Ñ%Ú°Î Ó�Û�Ü Î Ù�¡C¦ Ý �g�`f�mgi���i�u}egi�rt��ÞJ¬y«Ès`�;wzm�s-�qs`¨g¨gs�oqv~uas`ª���oqsa¬ys6o�lß�;�^ln�àvxm¯�a�z�zá#�5egi
v~��s��ti�mgvxw`r�rti���ias`r�u}egi�r^s�o0oqegiÖlnm#��oqv¹oq��oqi�w`®�lnm#®°wzr�h-s�oqv~wzm.d�rqs`mg��h)vx���tv~wzmy��r�wz¨gª~i�h)���5���g�t��vÅs�m��Ö×�³
d�egv~�
«,wzrtÞ�«0s`���t�g�#��wzr�oqi��Rv~mR��s`r�o�¨J¬�otegi%�^�g���tvxs`m¯©�wz�#mg��s�otvxwzm]®°wzr�âÈs`��vxu%��i��ti�s`rtu}e�ã § rqs`mpo
�z�6{nä#��{näzä#�¤�`äzåÆs`m#�C�
³çæè³5é�vxs`�g�gm#w¤º�©�r�i�mgu}e�{n�^�#�t�tvxs`m�lnmg��otv~ot�#oqi±ã § rqs�mJo^�`á6{ßäp�`å
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+Ü � ¦ é�i���u}e�s�h-�#�;�gi § v~¨g¨g���tw`mJo�otrtf�����oqv~ªxv~�t���;i�m�otrqs`v¹oqi�h)i�mpo^��� v~h-s`�zi���ªxs�®°w`vx����wz�grÈªxs
�ti��`h-i�mpo}s�otvxwzmRi�o�ªÅs�rti���o}s��grqs�otvxw`m´³'µ��4¶�mgv~�·�t�#r
ªxs�otr��`h)i-�gv~�tu�r�f�oti±�tw`�g��{x��s`u�i�mJoti���ª�� v~h%s��zi`�+vxª~�
�grt���ti�mpoti�mpo��#mCu�wzh)��wzr�oqi�h-i�mpo;m#wzmCv~�tw�oqrtw`��i�³SµÖs`mg��u�i�rts`�g��wzr�o��gmgwz�g���4oq�g�gv~wzmg��i4o;½J��s�mJotv~¶gwzmg�
u�i�o�oqiÖm#wzm�{nv~�tw�oqrtw`�gvxi��#��wz�gr,�gi���h)wE�gf�ª~i���saº`i�uW�gi���vxmpoqi�rqs`u4oqv~wzmg��j6¸#j#��i�m.u�s`ªxu��gªxs`mpo�ªÅs�oqi�m#�tv~wzm��gi
¨�wzr��èi�mÂ®°w`mgu�otvxwzmè�gi)ª�� s`mg�`ªxi-��� �gmgi-�grtwzv¹oqi)������s`rts`mpo�ª~i-�gªÅs�mèi�mR�gi���¸Â��s`r�oqv~i���u�wzmpoqi�m�s`mpo
�gmgi
�ge�s`��i;�gv¹Ã���rti�mpoqi`³Sµ;i;u�i�ototi���oq�#�gi`�Emgwz�g�Æ�g��rtv¹ºzwzmg�Æ�gi���¸%u�rtv¹oqf�rti��,½J��s`mpotv~oqs�oqv¹®°�,��� s`m#vx��w`oqr�wz�gv~i^�#i��
h-wE�gf�ªxi���³��;wz�#�
u�s`ªxu��gª~wzmg��i�mg�t�#v~oti'ªÅs�®°wzrth)i-��� �gmgi±�`wz�#ototi%��� �gm#i±�ge�s��ti±v~h)h)i�rt�`��i±�gs`mg���gmgi
s`�#oqr�i��ge�s`��i��Wªxs�oti�h)����rqs�ot�grti^mJ�gª~ªxi^��w`�gr�ªxi��,�#v~Ã���r�i�mpoq�,h-wE�gf�ªxi����Ei�oÆ��ot�g�gv~wzmg�ÆªÅs�mgwzm-vx��w`oqr�wz�gv~i
�gi��Ö®°wzr�h)i��Wwz¨#oti�mJ�gi���³���wz�grÖ¶�mgv~r���ª~i���s`r�oq�4®Hs`u�ot�Övxm#�g�gv¹oq����s`rÖu�i�o�oqi)mgwzm�{|vx��w`oqr�wz�gv~i·�tw`mJo�h)v~��i�m
��ºEvx�#i�mgu�i��t�#r^�#i���i4¸�i�h)�gª~i��;�gi��ti��zh)i�mpo}s�otvxw`myi�o^�gi�r�i���oqs`�grts�oqv~wzm���� v~h-s`�zi�³
� Ò ¡¤  Ð ¥ Ú��  C¦ � e�s`h)�g���#i § vx¨g¨#���Zln��w`oqr�wz�gv~i`� � rtv¹oqf�rti����gi�½J��s`ª~v¹oq�`�Z×�i��zh)i�mpo}s�otvxw`m�i�o��^i���o}s���{
rqs�otvxwzm���� lnh-s`�zi

'Î Ü Î ¢�¥�� Î Ü Î Ù�¡¤ �¦ Ý �g�zf�m#i��+i�u}egi�r��tÞp¬]��oqs`v~o��±ª�� lß�;�^ln�ài�m��t�ß��wz�grÖ�ts`¨g¨�s6oqv~½E�#i·i�mÁ�N�`�zá#³^lnª
i���o·�grtw`®°i��t��i��gr��Cª�� lnmg��otv~ot�#o)��wz�gr�ª~i��·�Sr�wz¨gª~f�h)i����#i'd+rts`mg��h-v~�t��vxw`m¼��� lnm#®°w`rth-s�oqv~wzm´�>��uas`�g��h)vxi
�gi��'×�u�v~i�mgu�i��.�giy�^�#�t�tv~i`³ � iCotrqsaº�s`v~ª�sÂ��oq�C��s`r�oqv~i�ª~ªxi�h-i�mpo'¶�m�s`m#u�����s�r%ªxsR©�wzmg�gs�oqv~wzm²���g���ti
��wz�#r,ªxs���i�u}egi�rtu}egi�ãH¨�wz�grt��iÖ�z�¤{ßä#��{näzä#�¤��äpå+i�o,ª�� v~mg��otv~ot�#o�©�rts`mgu�w6{ß���g�t��i���³ æè³�é�vÅs`�#�gmgwNºyãH¨�wz�grt��i
�zá6{ßäz�zå
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���g�gª~v~uas�otvxwzm#��w�®Eotegi § vx¨g¨#��¶gi�ª~��otegi�w`r�¬Wv~m�vxh-s`�zi�r�i���oqwzrts�oqv~wzm�s`mg�W��i��zh)i�mpoqs�oqv~wzm�u�s`m�¨�i��#v~ºEv~�gi��
vxmpoqw¯otegrti�i���s`r�oq��³=d�egi�¶�rt��o.��s`r�o'u�wzmg�tv~��ot��vxm²u}e#w�wz��vxm#�¾sèh-wE�gi�ª ³=d�egi���i�u�wzmg�Êwzmgi�v~�±otegi
��s`rqs�h-i4oqi�r�i���oqv~h%s6oqv~wzm)�grtwz¨#ªxi�h�³�d�e#i�ªÅs`��o�wzmgi�u�wzrtr�i�����wzm#�g��oqwÖotegi�wz�#otvxh)v~Éas�otvxwzm�w�®�otegi�u}egwz��i�m
h-wE�gi�ª ³+d�egi�u}egwz��i�m)h)w��gi�ª#h-sa¬·v~mg�g�gu�i��twzh)i��gm#�gi���vxr�i��)�grtw`��i�r�oqv~i���v~m·oqe#iÈrti��t�gª¹oa³��Ömgi0w`®��t�gu}e
�grtwz��i�r�oqv~i��0«�e#vxu}e�v~�0oqegi��t�g¨���i�u�o^w`®�wz�#r0v~mJº`i���oqv~�ps�oqv~wzm�egi�rtias6®¿oqi�r�v~�0otegiÖmgwzmE{nv~�tw`otrtwz�gv~u�¨�i�egsNºEv~wzr
w`®�h-wE�gi�ªx��³Æl|oÈ�ti�i�h)�^otw�¨�iWwz¨pºEv~wz�g��oqe�s6oÈoqegiWr�i����gª~o�w�®>s�m�v~h-s`�ziÖotrtias6oqh)i�mpo�h��#��o^mgw`o��#i���i�mg�
wzm.oqegi�rtw�o}s�otvxwzm�w`®�oqe#i�u�s`h)i�rts)«�v¹oqe�rti��t��i�u�o^oqw�otegiWºzi�r�oqv~uas`ª�s6¸�v~����v¹®>otegi�vxh-s`�ziÖ«0s`�^wz¨#oqs`vxm#i��
¨J¬�s��ge#w`oqwz�`rqs`�gep¬·®°r�wzh s�¨�wNºzi�³S»;wN«,i�ºzi�r,otegi��gvx�`v~oqs`ªgv~h%s��zi�vx����v~m%h)wz��oÆuas`��i�����sWu�wzm�¶��z�grts�oqv~wzm
wzm�oqegi)�t½J��s�rti-ªÅs�o�oqv~u�i����;«�e#vxu}eèe�s`��rqs�otegi�r���w�w`rÖvx��w`oqr�wz�gv~u)�grtwz��i�r�oqv~i���³%d�egi�rti4®°wzrti�¶�mg�#vxmg�Cs
§ v~¨g¨g��h)w��#i�ª´«�egv~u}eyv~��vx��w`oqr�wz�gv~u
s��^h
�gu}e�s�����wz���tv~¨gª~i
v~��½E�#v~oti�s`m�s`u4oq��s�ª��grtwz¨#ªxi�h�³

»^i�r�i�v~m´�g«0iWr�i���oqrtv~u�o^wz�#rt�ti�ª~º`i���oqw·otegiW��ot�g�#¬.w�®�otegiWv~�tw`otrtwz�gv~uW�gr�wz��i�r�otvxi���w`®+s·u�ªxs`�t��w`®�h)w��E{
i�ª~�%«�v¹oqe²r�i��t��i�u4o'oqwè¨gv~�Rwz¨���i�u�ot��³��Wm#iyuas�m­�qsa¬¼«0iC��ot�g�#¬¼oqegi�vx��w`oqr�wz�gv~uy�gr�wz��i�r�otvxi��'w`®;on«0w
�gvxh)i�mg�tv~wzm�s`ª�w`¨���i�u4oq��³,©��gr�otegi�r,«0wzr�Þ±«�v~ªxª�¨�iW�gi�º`w`oqi���otw)�th-s`ª~ª´wz¨���i�u�oq��wzrÈotw)wzmgiW�gv~h)i�mg��vxwzmgs`ª
wz¨���i�u4oq�������gu}e�s���ªxv~mgi���³

�;mp¬ § vx¨g¨#�·¶�i�ª~�Àvx���gi4¶�mgi��¾¨p¬¯v¹oq����w`oti�mpoqvxs`ª0®°�gm#u�oqv~wzmg��³Rlnm § vx¨#¨g�·¶�i�ª~�¼s`�g�gª~v~uas�otvxwzm#�·oqw
vxh-s`�zi��#rtwEu�i����tv~mg�g�Es § vx¨g¨#��¶�i�ª~�)vx�Su�w`h-��wz��i��)w`®5on«0w�oqi�rth)��³>d�egi�¶�rt��o�oqi�r�h2�gi��tu�rtv~¨�i��,s § vx¨#¨g�
h-wE�gi�ª��g�ti��Cv~m�otegi��grtw`¨gªxi�h�³SÇÊv¹oqe�oqe#iW��o}s6oqv~��oqv~uas�ª���wzv~mpo�w`®+ºEv~i�«���oqe#i § v~¨g¨g��h)w��gi�ª´�gi4¶�mgi��;s
�grtv~wzr��gv~��oqr�vx¨#�#oqv~wzm�«�v~otegvxm�s;â0sN¬`i���vÅs`mZ³�d�egiÆ�ti�u�wzmg��on¬���iÆw`®#��w`oti�mpoqvxs`ªz®°�gmgu4oqv~wzmg���`u�w`rtrti��t��wzmg�gv~mg�
oqwÖoqe#iÈªxv~Þ`i�ªxv~egwEw��)v~m�oqegi�âÈsa¬`i��tvxs`m%s`�g�gr�wps`u}e´�pv~��s § vx¨#¨g��h)w��gi�ªgv~mJotrtwE�g�gu�vxmg����s6o}sÖv~m·oqegi § vx¨#¨g�
¶�i�ª~�Cã°®°wzr�i ¸gs�h-�#ªxi����E�ti�i�� ���pá��¿å ³�d�egi��gr�vxwzr�h)wE�gi�ª#vx��v~mpoqrtwE�g�gu�i��)«�v~otegv~m±s�âÈsa¬zi��tvxs`m)®°rqs`h)i�«,wzr�Þ
oqw·s��g�±��wzh)iÖ�t��s6oqvxs`ª5egwzh)wz�zi�mgi�v¹on¬±u�wzmg��oqrqs�vxmpoq�0wzm%otegi���wzªx��oqv~wzm´³S»;wN«,i�º`i�r��#�twzh)iÖs�r�oqv¹®Hs`u4oq�0u�s`m
s`ªx��w)¨�i�v~mJotrtwE�g�gu�i��´³Æd�egi���ot�g�#¬�w`®+�t�gu}eys`r�otv~®Hs�u�oq��h)w`otv~º�s�oti���«0w`rtÞ'�gr�i���i�mpoqi���egi�r�ias�®¿oti�r�³�Ö�gr)�zwzs`ªÈv~�)otw]��oq�#�#¬Áoqegi § vx¨#¨g�%h)wE�gi�ª��`v~ºEv~mg�Âotegi��grtv~wzr��gv~��otrtv~¨g�#otvxwzmZ³¾�;ªxª�u�wzmg�tv~�gi�rti��
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(    2 ,    5  )
Chien model
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1

area

area

8 edges

12 edges

16 edges

area
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area

h

g = h+1 : 8-connected Ising model (model 2)

g

(3,2) Ising model (model 1)
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