
HAL Id: inria-00073001
https://inria.hal.science/inria-00073001

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A Randomized Quasi-Monte Carlo Method for the
Simulation of Product-form Loss Networks

Bruno Tuffin

To cite this version:
Bruno Tuffin. A Randomized Quasi-Monte Carlo Method for the Simulation of Product-form Loss
Networks. [Research Report] RR-3671, INRIA. 1999. �inria-00073001�

https://inria.hal.science/inria-00073001
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  
de  r ech er ch e 

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

A randomized Quasi-Monte Carlo method for
the simulation of product-form loss networks

Bruno Tuffin

N ˚ 3671

April 27, 1999
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 ��� SUnIQXm,K�_�SUh3hiag_RY=yfn3agTIQ	T3Y]uwv�u�Q]agnIQ9v�K,Q�QdT3u�Y]K,Q��AjWu�Q]m$_bP$h6SUnIm�K � SUuw¡3v�K
m,agJ(J K¸agT3YRu�vWj3K�_]P,jlTIm$Y]u�agn�j3K�v�Sf�USU_]u�SUnIm,K¸hzaUT3_�v�SBQRuwJ~T3v�S*Y]u�aUn�j3K�Q�J9aWj3H$v�K�Q��fhiK�_RYbK
jISUnIQ�v�K�Q2_bP�Q]K=S*TlV�j3K YbP$v�P,m�agJ(J~T3n3u�m=SUYRu�agn��%v�SU_b�rK`¡ISUnIj3KU¥��ZagTIQ'S=�ragnIQ'j3P c��fSUhlh3v�u���T3P
m,K�YRYbK�Y]K,mbG3nlu���TIK�SUTlV�_bP�Q]K,SUTlV�j3K��3v�K�Q`j�� SUY]Y]K�n�YbK�J�T3v�YRuw�£m$v�SgQRQ]K�Q��B��ag_RJ K¸h3_ba\jlT3uwY�K$Y��
T3nJ9aWjlH�v�K���hzK$_]YbK�h6SU_RY]u�m$T3v�u�K�_k_]K�h3_]P,Q]K$n�Y�SUn�YNT3n�QR[\QRY]H�J9K�m,K$v�vwT3v�SUuw_bK!S=�rK�m�h6S*_]Y�SU�rK
jl[�n6SUJ(u���TIK�j3K,Q�_bK�Q]QRagT3_bm�K,Q�¥��faUTIQ��gP�nIP$_�SUvwu�Q]aUnIQ�u�m$u-m,K j3K�_Rn3u�K$_�_bP,QdT3v�YbSUY���T3nIK
m�v�SUQ]Q]K�h3vwTIQ¸v�SU_b�gKZjlKfJ9aWj3H$v�K�Q��!hzK$_]Y]KfK$Y1nIaUTIQ�j3aUn3nIagnIQ1��TIK�v���T3K,Q�P�m�v�SUu�_]m�u�QRQ]K$J K$n\Y]Q
K�YZj3P�YbSUu�v�Q�h3_]P,m�u�Q�QRT3_�v�K-m�agJ(hzag_RYbK$J K$n\Y�jlK!v�S�J P$Y]GIa\j3KU¥
��µ ��� ³ �! 
 � F%P�v�P�m,agJ(J~T3nlu�m=S*Y]u�aUnIQ,y¸��aUn\Y]K��%SU_]v�a3y¸OZP�jlTIm�YRu�agnAj3K	v�S�gS*_]u�S*nIm,KUy
" T3u�Y]K,Q#��jlu�QRm�_]P�h6SUn3m,K-� SUu�¡lv�Kg¥
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F�GIKBu�n�Y]K�_bK�QRY1u�n v�arQ]Q¸J a\j3K$v�Q�G6SgQ1uwnIm�_]K=SgQRK,j�uwn Y]G3KBv�SgQdY�jlK,m=SUj3K,Q�y3jlTIKBY]a�Y]G3Kf¡3_]a�Sgj
SUnIj��g_ba|�kuwnI�th3_bagJ(u�n3K�n�Ykm�v�SgQ]Q�ag�'Qd[WQdYbK$J Q�Y]GIK$[�_bK$h3_bK�Q]K$n\Y,¥�e�Qd[WQdYbK$J ��_bagJ �kG3u�mbG
_bK,QRagT3_]m,K,Q�SU_bKZS=�USUu�v�SU¡3v�K�u�Q�m=S*v�v�K�j(S %'	.�/�0��1.���!��� u�� yr�kGIK$n�SUn SU_]_Ru��USUvIm$TIQRY]agJ9K�_¸j3a\K,Q
nIagY���aUT3nIj�S�QdT32(m�u�K$n�YZSUJ aUT3n�Y%ag��_]K,��T3u�_]K,j	_bK�Q]agTl_bm,K�Q,ylYRG3u�Q�m�TIQdYbagJ9K�_%u�Q1v�arQRY,¥ F�GIK
�3_bQdY1J9aWjlK�vIag�iY]G3u�Q ¤\uwnIj�u�Q Y]GIK54`_]v�SUnI�!v�arQRQ�J9a\j3K�v3�kGlu�mbG GISgQ¸_]K,QdT3v�Y]K,j9uwn�Y]GIK���K$v�v®�
¤\n3a��kn64`_Rv�SUnI��v�agQ]Q���aU_]J~T3v�S87ªO�arQ]Q9L|{r{:9Wy`�1G6SUh3Y]K�_ L<;$¥�e v�agY�ag�%�1ag_]¤�G6SgQ�¡zK�K�n
j3agnIK!K��gK�_fQRuwnIm,K-Yba��rK$nIK�_bSUv�u�¯,KBYRG3u�Q�K VWhl_bK,QRQRu�agn�¥
F�G3K9v�agQ]Q-J a\j3K$v ��K(m,agn3QRu�jlK�_�m=SUn¨_bK�hl_bK,QRK�n�Y~m$u�_]m�T3uwYR�£Qd�ku�Y]mbGIK,j�YbK$v�K�hlGIagnIK�nIK�Yd�

��ag_R¤\Q,y�QRuwnI�gv�K9Q]K$_]��u�m�K YbK$v�K�hlGIagnIK n3K�Y£�1ag_]¤\Qt�ku�YRG �lVWK,j¢_baUT3Y]uwnI�3y`e�F�� nIK$Y£��ag_R¤\Q,y
SgQZ�1K�vwv`SUQZYRGIK�QdYba\mbG6SgQdY]u�m�¤�n6SUhIQ]Sgmb¤�hl_bag¡3v�K�J�¥0=fQdu�nI�9Q]agJ9K!J9uwnIag_kJ9aWjlu �Im=S*Y]u�aUnIQ,y
u�YNu�Q!SUv�QRa�hzarQRQRuw¡3v�K�Y]a	J a\j3K�vwu�¯�K�agYRGIK�_!Qd[WQdYbK$J Q�QRTImbG�SgQ�y���aU_Nu�nIQdY�SUn3m,Kgy�e�F�� nIK�Yd�
��ag_R¤\Q��ku�YRG ¡3u�jlu�_]K,m�YRu�agnISUvIv�uwn3¤\Q1ag_�e�F�� nIK$Y£��ag_R¤\Q%�ku�Y]G _bagT3Y]KBQRK�h6SU_bSUY]u�agn�aU_1�kuwY]G
J~T3v�YRu�h3v�K$V\u�n3�~Sgm$_barQRQZ_]agT3YbK�Q,¥
� n Y]G3K9QRK,��TIK�vªy'YRGIK(SU_]_Ru��USUv�m=SUvwv�QNu�n�YRGIKtJ a\j3K�v SU_bK�QRTlh3hzagQ]K,j¨Yba	¡zK�K VWhiagnIK$nl�

Y]u�S*v�v�[�jlu�QdY]_]uw¡3T3Y]K,j2y6�kG3u�mbG u�QfnIaUYBnIK�m,K,QRQbSU_Ru�vw[�YRGIK~m=SUQ]K~��ag_ZGIagv�jlu�nI�(Y]uwJ K�Q,y�Q]a�Y]GISUY
Y]GIK	QdY�SUYRu�agn6S*_][�h3_baU¡6SU¡3uwv�u�YRu�K�Q!GIS|�gKXSh3_ba\jlTIm$YR�¬��aU_]J+Q]agvwT3Y]u�agn¢¤�nIa|�kn SUh6SU_RY~��_bagJ
S	n3ag_]J SUv�u�¯=SUYRu�agn�m,aUnIQRYbSUn�Y=¥(^#K$_]��ag_RJ�SUn3m,KtJ K,SgQRTl_bK,Q!m,SUn¨¡iK�K$V\h3_]K,Q]QRK,j�SUQ-QRu�J(h3v�K
��T3nIm�YRu�agn3Q%ag��Y]GIagQ]K-nIag_RJ�SUvwu�¯,SUY]u�agn(m,agnIQdY�SUn�Y]Q,y3�kGIarQRK!m,agJ(h3T3YbSUY]u�agn�u�Q1Y]GIK$nS*nXuwJ(�
hzag_RY�SUn�YBmbG6SUv�v�K�nI�gKg¥B¦/GIK$n Y]GIK�QRY�S*YbK~Qdh6Sgm,K~u�Qfv�SU_b�rKUyzS�jWu�_bK�m�YBm,agJ(h3T3YbSUY]u�agnu�Qfu�nW�
Y]_�SUm�Y�S*¡3v�K�¡3T3Y#Y]GIK$_bK%K VWu�QRY]Q`Q]agJ9K�K�2(m�u�K$n�Y`J K$Y]GIa\j3Q'TIQRuwnI�B��ag_'u�nIQdY�SUn3m,K%m�agn��ragvwT3Y]u�agn
ag_�� SgQRY5>IagT3_Ru�K�_�YR_�SUnIQd��ag_]J9Q?7A@-ag¡6S=[rSgQRG3u#SUn3j �SU_R¤�L|{r{�s\y6OZarQRQ�L={r{:9B; ¥ �ZK��rK$_]YRGIK$�
v�K,QRQ,y\Y]GIK�Q]K-m,aUJ~¡3u�nISUYbag_Ru�SUv�S*v��rag_Ru�YRG3J Q�m,SUn�nIagY�¡zKZTIQ]K�j���aU_kSUvwv�Y]aghiagv�ar�Uu�K,Q�y�Q]a~Y]GISUY
��K�G6S=�rK(Q]agJ9K�YRu�J9K,QNY]aXTIQRK��Xagn�YbK �%SU_]v�a�J9K�YRGIa\j3Q�SgQ-u�nC7ªO�arQ]Q(L|{r{B9Wy�OZagQ]Q�SUnIj
¦¢SUn3��L|{r{rxB;$y��kGIK�_]Kk��aUn\Y]Kk�%SU_Rv�aZJ K$Y]GIa\j3Q�TIQRuwnI�fuwJ9hiag_]YbSUnIm�K¸Q]SUJ(h3v�uwnI�kYbaf_]K,jlT3m,K
Y]GIK!K,QdY]uwJ�SUY]ag_� Q��USU_Ru�SUnIm�KNG6S=�rK!¡zK�K�nSUh3h3vwu�K�j2¥
� n�YRGIK h3_]K,QRK�n�Yth6SUhiK�_,y���K�uwJ9hl_ba|�rK(Y]GIK�Q]K v�SgQRY�_bK,QdT3v�Y]Q�¡�[�T3QRu�n3�_�SUn3j3agJ(u�¯,K�j

��TISgQRu®�d��agn�Y]K��%SU_Rv�a	J9K�Y]G3aWj3Q�j3K$�rK�v�aghiK,j¨uwnD7ª�1_�SUnlv�K�[ S*nIj�^#SUY]Y]K�_]Q]agn/L={�sgqly'F�T3���
�3n L={r{rqrSly2F�T32�n L|{r{�sgSWy�F�T�2(n L|{r{�s�¡�y�F�T�2(n L|{r{g}:;$¥ " T3mbG¨Y]K,mbG3n3u���TIK,Q�TIQ]Ktv�a|�
jlu�QRm�_bK$h6SUnIm$[ QRK,��TIK$nIm,K�QE7 �Zu�K�j3K�_R_bK$u�YbK$_NL|{g{�xB;$y��kG3u�mbG�G6S=�rKNYRGIKBh3_]aghzK$_]Y£[(Yba�¡iKN��T3u®�
mb¤\vw[�T3n3u���aU_]J(v�[9jlu�QdY]_]uw¡3T3Y]K,ja|�gK�_BYRGIK�uwn�YbK,�U_�SUYRu�agnXQRhISgm,KUy2SgQfS(�USU_Ru�SUnIm�K�_]K,jlT3m�Y]u�agn
YbK,mbGln3u���TIKU¥�F�G3u�Q�m=SUn�v�K=Sgj Yba��g_]K=SUY�u�J(h3_ba|�gK�J9K�n�YbQ�¡�[ _bK�jlTIm�uwnI�YRGIK�m,aUn �Ij3K$nIm,K
u�n�YbK$_]�USUv\�ku�jlYRG~�ku�YRG~_bK�QRhiK,m�Y�Yba-SBQdY�SUn3jISU_bjt��agn�YbKZ�%SU_Rv�aZJ K$Y]GIa\j2¥#F�G3u�Q'YbK,mbGln3u���TIK
G6SgQ-SUvw_bK,Sgjl[X¡zK�K�n¨SUh3h3vwu�K�ju�nF7ÅOZagQ]QtL|{r{B9B;�Y]a h3_ba\jlTIm$YR�ª��ag_]J J~T3vwY]uw�¬m�v�SgQ]QZ��TIK�T3uwnI�
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nIK�Y£�1ag_]¤\Q 7ªSgQZSUn�uwJ9h3_]a|�rK�J9K�n�Y�ag�'Y]G3K!�1ag_R¤	j3agnIK-uwn�7ÅOZagQ]QZSUnIj	¦�SUnI��L|{r{�s�;%SUnIj
u�n 7ÅF�T�2(n L|{g{rqU¡�;`YbatS�h6SU_]YRu�m$T3v�SU_¸v�agQ]Q1J9a\j3K�v��kG3u�mbG	_]K�h3_]K,QRK�n�YbQZS�m�K�v�vwT3v�S*_1Qd[\QRYbK$J
�ku�Y]G�jl[�n6SUJ(u�mf_]K,QRagT3_bm�K-QRG6S*_]u�n3� 7A>'v�K�J(u�n3��K$Y�SUv#L|{r{:9B; ¥�¦¨KNm,agn3QRu�jlK�_%GIK$_bKBYRGIKN�rK �
nIK�_bSUv�u�¯,K,jXm�v�SgQ]QZag�#v�arQRQZJ9aWjlK�v�QkQdY]TIjWu�K,jXu�n 7ªO�arQ]Q�L|{r{:9�;%SUnIj�S*h3h3v�[�aUT3_�YbK,mbGln3u���TIK
YbatY]GIK�Q]K�J a\j3K�v�Q,¥ � Y�u�Q�StJ aU_bK-�rK$nIK�_bSUv�J a\j3K�vzY]G6SUnXY]G3K�agn3K�jlK,Q]m$_]uw¡zK�j�u�n 7ÅF�T32�n
L|{r{rqU¡ ;$yl�kG3u�mbG�y3TIQdu�nI�tY]_Ru���u�S*v�SgjUc T3QRY]J9K�n�Y]Q,y �3Y]Q�YRGIK!QbSUJ9K-¤�u�nIj�ag�'��_�SUJ9K��1ag_R¤i¥
F�G3K(h6S*hzK$_�u�Q!ag_b��S*n3u�¯�K,j SgQ!��agv�v�a���Q�¥ � n " K�m�YRu�agn¢x	�1K�h3_bK�Q]K�n�Y�Y]GIKtJ9aWj3K$v�agn

�kG3u�mbGt�1K��ku�vwv���ag_R¤tSUn3j�u�n " K,m�YRu�agntpf��K%_]K,m,SUv�v\Y]GIKk��agn�YbK��%S*_]v�afJ K$Y]GIa\j�ag�H7ÅOZagQ]Q
L|{r{:9WyzOZagQ]Q!SUnIj ¦�SUnI� L|{g{�xB;$¥ �fK V\Y=y2�1K(jlK,Q]m$_]uw¡zK~YRGIK~_�SUn3j3agJ(u�¯,K�j���T6SgQduw�d�Xagn�YbK
�%SU_]v�a�J K$Y]GIa\j uwn " K,m$Y]u�aUn � SUnIj��1K-�gu��gKBn�T3J K$_]u�m=SUvzK$V\hzK$_]uwJ K$n\YbSUY]u�agnIQ�uwn " K�m�Y]u�agn
9W¥ >#uwn6SUv�vw[ry*��KZj3K,QRm�_Ru�¡iKZuwn " K,m�YRu�agn q�SUn uwn\Y]K,�g_bSUv3_]K�h3_]K,Q]K$n�Y�SUYRu�agn ag�znIaU_]J SUv�u�¯=SUYRu�agn
m,agnIQdY�SUn�Y]Q�j3K��gK�v�aghzK�j/u�n 7 @-ag¡6S=[�SgQdG3u-S*nIj �SU_R¤ L={r{�sB; ¥ " uwJ~T3v�S*Y]u�aUnAT3QRu�n3��Y]G3u�Q
u�n�YbK��g_�SUv���aU_]J Q]K�K�J9QZY]a9¡iK�Sth3_]agJ9u�QRuwnI��jlu�_]K,m�YRu�agnX��ag_���T3_RY]GIK$_f�1ag_]¤�y�K,QdhzK�m�u�S*v�v�[ u��
_�SUnIjlagJ9u�¯,K�j���T6SgQRu®�d��aUn\Y]K��%SU_Rv�a J9K�YRGIaWjlQ-SU_bK�TIQ]K�j2¥�¦¨K~K VWhlv�SUuwn�Y]GIK$n��kG6SUY!SU_]K
Y]GIK!m�Tl_]_bK$n�YZvwu�J(u�YbSUY]u�agnIQ¸ag�#YRG3u�Q%¤�uwnIj�ag��Qdu�J~Tlv�SUYRu�agn���aU_kY]GIK-h3_]K,Q]K$n�Yf��ag_RJ¥

� � �(���k"

F�GIK�J9a\j3K�v��1K�T3Q]K!GIK�_]K�u�Q�J9ag_]K�jlK�Y�S*u�v�K�j	u�n�7ªO�arQ]Q!L|{r{B9B;kSUnIj�_bK�hl_bK,QRK�n�YbQNS��ku�j3K
_�SUnI�gK�ag��YbK$v�K�m,agJ(J~T3n3u�m=SUYRu�agn�SUhlh3v�u�m=SUYRu�agnIQ�¥f¦¨K~m,aUnIQRu�j3K�_!S9QR[\QRY]K�J m�agnIQRu�QRYRu�nI� uwn
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