
HAL Id: inria-00073116
https://inria.hal.science/inria-00073116

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

An Automated Stopping Rule for MCMC Convergence
Assessment

Didier Chauveau, Jean Diebolt

To cite this version:
Didier Chauveau, Jean Diebolt. An Automated Stopping Rule for MCMC Convergence Assessment.
RR-3566, INRIA. 1998. �inria-00073116�

https://inria.hal.science/inria-00073116
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  


de  r ech er ch e 


INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

An automated stopping rule
for MCMC convergence assessment

Didier Chauveau and Jean Diebolt

No 3566

Novembre 1998
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H)IKJMLONQP(RTSVUWL�XKY[Z \]U_^a`�N�\�^cbd\]U_LOU[efZg\fUW^c`
h N�efiVej\fJkLONke�l�^aLObKY_NMmdNke

npof^cqrN�\�U[e]s

tuZcbKb:^aoj\ h N�o]NklvIwNMovlvIKNx`�ycz4{g|a|}RT~u^ �aNML��wofN(�k�a�c�QR�zcz(bwZg�aNke

�����k�M� �K�c�c� � `�\fIKU[e�bwZcb:Nkok�)�&N�bKof^ab:^4ejN�Z�LON�\]IK^ h ^cYW^c�ai�Nke]efNM`4\fU[ZgYWY_i��wZcefN h ^c`�\fIwN���NM`4\fovZgY
�+U_LOU_\pH)IKNM^aofNkL>��^co8��Zgo]�c^ ��lvIwZcU_`:e \]^¡LO^a`KU¢\]^co8l�^a`V�cNMo]�cNk`wl�ND^g�=���&�}�£ZcY_�a^co]U¢\]IKL�e+XwefUW`K��Zcl¤\]XwZgY
^aXd\fbwXd\]ek¥£¦§Xwo�LON�\]IK^ h e¨ZcofN��co]^cXK` h N h ^c`�\fIKN��GZcl�\�\fI:Z \¨`w^co]LOZcY_U_\ri�UWe(Z�\]Nkej\]Zg�wY_N�U_LObKYWUWlkZ \]U_^a`
^c�§efXd©ªl�UWNM`4\(LOU_mdU_`K�:¥�H)IKN�«wo]ej\�l�^c`4\]of^aYD\]^4^aY&\fNkej\]e¨\]IKN�`w^co]LOZcY_U_\ri�IVi4b=^g\]IKNkefU[e���^ao¨`w^co]LOZcY_UW¬MN h
Z­�aNMovZg�aNke�^c�p��XK`wl�\fUW^c`weQ^c�D\fIwN(��Zcof�a^ ��lvIwZgUW`®^ �aNMo¯UW` h Nkb:Nk` h Nk`a\�bwZco]ZcY_YWNMY8lvIwZcU_`:e§ej\]Zcoj\]N h ��o]^cL°Z
h UWefb:Nko]efN h±h U[er\]ofUW�KXd\]U_^a` ¥�²³ejN´l�^c` h l�^a`K`KN´l¤\fN h \]^4^aY)UWe(�wZaejN h ^c`±�covZgbKIwUWlkZgYDLO^a`KU¢\]^co]U_`w�®^g�§\fIKN
ej\]Zc�KUWY_UW¬kZg\fUW^c`�^g�&\fIKN�� Zgo]U[Zg`wlMNOZg�µ\fNko�¶±U_\fNko]Zg\fUW^c`weQ`wNkZgoQ\]IKN�YWU_LOU_\fUW`K��� Zgo]UWZc`wl�N�ZcbKb:N´Zgo]U_`w��UW`�\fIKN
�&�dHQ¥p·&^c\fI�LONM\fIK^ h eO�&^co]�£��U¢\]IK^cXK\O�V`K^ ��YWN h �cN�^c`�\]IKN�e]ZgLObKYWNMo h o]U_�VUW`K�®\]IKN�lvIwZgUW` �&Zg` h \fIKN
`w^co]LOZcY_U_\ri h U[Zg�a`K^aej\fU[l¡Y_N´Z h e�\f^�ZcXd\f^aLOZg\fN h ej\f^abKbKUW`K��ofXwY_N´eM¥&H)IKN�LON�\]IK^ h ^cYW^c�aiªUWe h NM�aNMYW^cb=N h ��^co
«:`KU¢\]N¯ej\]Z \]N¯��Zcof�a^ ��lvIwZgUW`wek�aZg` h NMmV\fNM` h N h \]^�\fIKN§l�^c`4\]U_`VXK^aXweplMZaejNa¥
¸¯NMXKo]UWej\fU[l�bKo]^dl�N h XKo]Nke8�wZaejN h
^a`�·&Nkofo]i4¹/ºDe]ef»MNM`±�:^aXK` h e�ZcofN�ZcYWef^}UW`V�cN´er\]U_�4Z \fN h ¥¼H)IKNkefN�er\]^cbKbwU_`K��o]XKYWNke�Zgo]N�U_LObKYWNMLONk`a\]N h UW`
Z�ef^g�µ\r�)Zgo]Nª\f^V^aY_�=^­m���IK^aefN�b:Nkoj��^aofL�Zg`:l�Nke(Zgo]N�U_YWY_X:er\]o]Zg\fN h \fIKo]^cXw�cI±efUWL�XKY[Z \]U_^a`we¨��^co(«w`KU_\fN�Zg` h
lM^c`4\fUW`VXK^cX:e&ej\]Zg\fN�lvIwZcU_`:e�o]N�½:Nkl¤\]U_`w�Oef^cLON¡\riVbKU[lMZgY efU_\fXwZg\fUW^c`we�¾2ejYW^ �¿LOU_mVUW`K�:�dL�XKY_\fUWLO^ h ZgYWU¢\riKÀ)Zg` h
Z���XKY_Y8e]lMZcY_N�ZcbKbKYWUWlkZ \]U_^a` ¥Q��^aL(b:Zgo]UWef^c`we¯Zgo]N�L�Z h N���U_\fI®\fIKN¨�KUW`wZgo]i�lM^c`4\fo]^cY
LON�\fIw^ h ^g�DtuZg�µ\fNMo]i
Zc` h � NM��U[ek¥
Á�Â4Ã<Ä]Å�Æ � Ç��c� ZaejiVLObd\f^c\fU[l�� Zgo]U[Zg`wlMNc�ul�^a`V�cNMo]�cNk`wl�N�ZaefefNke]ejLONk`a\´�)«w`KU_\fN�er\vZ \]N}��Zcof�a^ ��lvIwZgUW` �
���&�}�ÈZcY_�a^co]U¢\]IKL��V`K^co]L�ZgYWU¢\riO\]Nkej\k�wej\]Zg\fUW^c`wZcofU_\ric�w�&�dH¿��^cou��Zcof�a^ �OlvI:ZgUW`we
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� ����� � � ~¯^cXwe¯bKo]^cb=^aef^c`we)XK`wN�LO»�\fIw^ h ^cYW^c�cUWN h N¨l�^c`4\]o��aY_N h N´e¯ZgYW�c^aofU_\fIwL(N´eu�}�&�}�È��^a` h »MN
efXKoQYWNOH)Iw»M^co]JMLON h N�� UWLOU¢\]N���NM`4\fovZgYWN�¾2H����)À¡b=^cXKo�YWNke�lvI:Z��µ`KNke h N���Zcof�a^ �=¥¨�+Z�`K^co]L�ZgYWU¢\]»¨N´er\
Nk`�N��<N�\(XK`KN�l�^a`wej»��4XKNM`wlMNª�c»kofU_«:Zc�KY_N h X��GZgU_\��4XKN�YWZ}lvIwZ��µ`KN�Z}ejXK©�e]ZgLOLONM`4\��VU[ejU_\f»�Y_N�ejXwbKb:^aoj\
h N�YWZ�YW^cU¡l�UW�KY_Na¥ �+N�bKo]NMLOU_Nko�^cXd\]U_Y§bKo]^cb=^aef»�\]Nkej\fN�Y[Z�`K^aofL�ZgYWU_\f» h�� XK`¼»klvI:Zg`4\fUWY_YW^c` h N®ef^cLOLONke
h N���^c`:l¤\fUW^c`:e h N¨YWZªlvI:Z��µ`KN¨lM^c`wej\fo]XKU_\���bwZcoj\]U_o h N¨lvIwZcU_`wNkeub:ZgovZgYWY_JkY_N´e�U_`wU¢\]UWZcY_U[ej»kNke¡ejXwU_� Zg`4\¯Xw`KN�YW^cU
efXd©ªe]ZgLOLONM`4\ h UWefb:Nko]ef»MNa¥��u`wN�efNklM^c` h N�\]NklvIK`KU��4XKN�`wZ \]XKofNkY_YWNMLONk`a\OYWU_»kN �}Y[Z®bKo]NMLOUWJMo]N�lM^c`wefU[er\]N
��l�^c`4\]o��aY_NkoªYWZ�er\vZg�KUWY_U[e]Z \fUW^c` h N�YWZ�� Zgo]UWZc`wl�N�ZaejiVLObd\f^c\fU��4XKN�UW`a\]NMo]�cNk`wZg`4\ h Zc`weªYWN}H��0�§¥���NM\j\fN
ZcbKbKo]^dlvIKN¡lM^c` h XKU¢\!�¨Xw`KN�LO»�\fIw^ h N h N�l�^a`a\]o��aY_NQ`K^a`�ejb=»klMU¢«"�4XKN h N�Y � ZgYW�c^aofU_\fIKLONQ�}�&�}�È»�\]X h UW»c�
b=^cXwo&Y[Z#�4XKNkY_YWN¯`w^cXwe&bKo]^cb=^aef^c`we h Nke)lMofU_\fJkofN´e h�� Zgo]o%$�\&ZcXd\f^aL�Z \fU��4XKNkek¥8� NQlMZae h N´e)lvIwZ��µ`KNke&�¨NkefbwZclMN
«:`KU:N´er\ h�� Zc�:^ao h »M\fX h U_»a�VlkZgopUWY=b:NkofLON�\&XK` h »k�cNkY_^abKb:NkLONM`4\DbKo]»klMUWe h X�l�^a`4\fo%�cYWN h N¯Y[Z�ej\]Zg�wU_YWUWe]Z \]U_^a`
h N�YWZ�� Zgo]U[Zg`wlMN(NM\�YWZ�lM^cLObwZco]ZcUWef^c`®Z­�aNkl h N´eQ\fN´lvIK`KU��aXwNke�Xd\]U_YWU[efZc`a\�Y � U_`K»k�aZcY_U_\f» h Nª·&Nkofo]i4¹/ºDe]ef»MNM`+¥
� � NMmV\fNM`:ejUW^c`�ZgXdm}lvI:Z��µ`KNke¡�c»k`K»MovZgYWNke§Nkej\�NM`wefXKU_\fNObKo]^cb=^aef»MNa¥�� � Zcefb:N´l¤\��c»k`K»Mo]U��aXwN h NOY[Z�L(»M\fIK^ h N
Z§qrXwej\fU_«w»�Y[Z(of»´ZgYWUWe]Z \]U_^a` h'� XK`�YW^c�aUWlMU_NkY h N�l�^a`a\]o��aY_N(�4XKU UWLObKYW»MLONM`4\fN�lMNkeulMofU_\fJkofN´e h N�l�^a`4�aNMo]�cNk`wl�Na¥
��N¨Y_^a�cU[l�UWNMY�Nkej\§Xd\]U_YWU[ej»(UWlMU0b:^aXKo§UWYWY_Xwej\fo]NMo¡Y[Zªb=NMof\fUW`KNM`wlMN h N¨l�N´e¯^aXd\fUWY[e h N¨l�^a`4\fo%�cYWN h Zg`:e h UW�cNko]efNke
efU_\fXwZg\fUW^c`weD\riVbKU)�4XKN´eM� h U[eflMofJM\fN´eD^aX�l�^a`a\]U_`VXKN´e§¾2lvIwZ��µ`KN´e*���GZgUW�KY_N¡LO»MY[Zg`K�aNkZc`wl�Na�cYW^cU[eDL¨XKY¢\]U_LO^ h ZcY_N´eM�
ZcbKbKYWUWlkZ \]U_^a`we�o]»MNMYWYWNkevÀ¤¥)~u^g\]ofN�LO»M\fIK^ h N�N´er\!��lvIwZ#�4XKNQ��^aUWe§l�^cLObwZcof»kN�Z­�cNklQYWN�l�^a`4\fo%�cYWN��KU_`:ZgUWofN h N
t¯Z �µ\fNkofi�N�\¯� Nk��UWek¥
+$Æ �´� Ä �#, � � ²uYW�c^co]U_\fIKLONke����&�}�§�+lvIwZ-�[`KN´e h Nª��Zcof�a^ � h U[eflMofJM\fNkek�+lM^c`4\fo%�cYWN h Nªl�^a`4�aNMo]�cNk`wl�Na�
H��0� b=^cXKo�YWNke¯lvIwZ��µ`KNke h N��®Zgo]�c^ �<�4ej\]Zg\fUW^c`K`:Zgo]U¢\]»c�d� Zgo]UWZc`wl�NQZcefiVLOb:^c\fU��aXwN
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�®Zgo]�c^ �O��I:ZgUW`���^c`4\]NQ�&Zgo]YW^�¾G�}�&���)ÀDZcY_�a^co]U¢\]IKL�eM�aU_`4\fo]^ h XwlMN h �Vi�6¡NMY_�GZg` h Zg` h SVLOU¢\]I}¾r�´�c�87aÀ¤�
�aNM`KNko]Zg\fN8Nkof�a^ h UWl8��Zcof�a^ �§lvIwZcU_`:e:9<;>=�?<@BA<��U_\fI¨er\vZ \fN�ejbwZal�NDC¿Zg` h UW`V�­ZcofU[Zg`4\+bwof^a�wZg�KUWYWU¢\ri§L(N´ZcefXKo]NFE
��^ao§��IwUWlvI h U_o]Nkl�\QefUWL�XKY[Z \]U_^a`®U[e§`w^g\¡\fovZcl¤\vZg�KYWN�¾GU2¥ Nc¥�UW` h Nkb:Nk` h Nk`a\�ovZg` h ^cL�� Zgo]UWZc�KY_N´e h UWej\fo]U_�wXd\fN h
ZalMlM^co h U_`w��\]^GE�lMZc`K`K^c\)�=N�efU_L¨XKYWZg\fN h À¤�K^ao&��^co���IKU[lvI�l�^cLObKXK\]Z \]U_^a`�^c�
UW`4\fNM�ao]ZcYWe&^c�
\]IKNQ��^co]LHJI�K 9<;1A�E:9/L8;1A ¾r�´À

lkZg`K`w^g\p�=N§ZclvIwU_Nk�cN h ¥0SVUW`wlMNME�UWep\fIKN¯^c`KYWi¨UW`V� Zgo]UWZc`a\pbwof^a�wZg�KUWYWU¢\ri¨L(N´ZcefXKo]N�^g��\fIwNuNMo]�c^ h U[l���Zgo]�c^ �
lvI:ZgUW`N9/;1=�?<@BA¤�V\fIKNO;>=QP1R1?<@ � eM��SUTWVOZcofNQZgbKbwof^­mdUWLOZg\fNkY_i�E h U[er\]ofUW�KXd\]N h ��^coYXAYWZcof�aN§Nk`K^cXK�aI�Zc` h ¾r�´À
U[e�ZgbwbKof^­mdUWL�Z \fN h �Vi Z

¶\[]?<^`_
K 9/; =QP1R1?<@ A�a ¾2scÀ

¦§�KqrNkl¤\]U_�aNke�^c�d\fIKN�NM` h X:ejNko
Zgo]N8\]^u�aZg\fIKNko+UW`d��^co]L�Z \fUW^c`�Zc�:^aXd\+\]IKNDbKo]NklMUWefUW^c`QU_`�\fIKN&ZgbKbKo]^­mdU_L�Zg\fUW^c`
^c�+¾r�­À �Viª¾2saÀ¤�­\]^¯bKo]^ �VU h N&Z h NM\]ZcU_YWN h bKUWl�\fXKo]ND^c�3E�Zc` h UW`¨ef^cLON�efU¢\]XwZ \]U_^a`we+\f^¡^cXd\]bKXd\8Zg`�UWU h efZcLObKY_N
��o]^cLbE8¥

��^a`4�aNMo]�cNk`wl�NulM^c`4\fo]^cY�¾�^co h U[Zg�a`K^aefUWevÀ�\]NklvIK`KU��4XKNke�IwZ­�aNu�:NkNM`�Z hKh o]Nke]efN h \f^(Zg`wef�&NMo�efXwlvI �4XKN´er¹
\]U_^a`wek�0Zc` h efNM�aNMovZgYpLON�\]IK^ h e(IwZ­�cN��=NMNk`�bKo]^cb=^aefN h UW`�\]IKN�o]NklMNM`4\�YWU¢\]NMovZ \fXwofN®¾2ejNkNc�8Na¥ �:¥_�p·&o]^4^a�de
Zc` h t�^c�=NMof\]eO�´�c�4{d�+Zc` h t�^c�=NMof\ª�k�a�c|K� ��^co�Z�efXKof�aNMiKÀ¤¥ªH)IwNkefN h UWZc�c`K^4er\]UWlke�lMZc`��=N��wZaejN h Xwb:^a`
^a`KN�ejUW`K�aY_N�^aXd\fbKXK\�¾ �����0���c
d)�e3����� À�^co�Xwb:^a`�^aXd\fbwXd\]eQ��o]^cL ejNk�cNko]ZcY�UW` h Nkb:Nk` h Nk`a\¨ofNkbKY_U[lMZg\fUW^c`weQ^c�
\]IKN�lvIwZgUW`±ej\]Zcoj\]N h ��of^aL Z}bwofN´Zce]ejUW�c`KN h UW`KU¢\]UWZcY h U[er\]ofUW�KXd\]U_^a` ¾ �3���������c
.�f)�eJ�"���J� À¤¥ ²u`�U_LOb=^cof\]Zc`a\
lMofU_\fNkofUW^c`OU[e8\]IKN¯l�^aLObKXd\fNkoDUW`V�cNkej\fLONk`a\hg h UWZc�c`K^4er\]UWlke8ofN��4XKU_o]UW`K�QbKof^a�KYWNML(¹Îefb=Nkl�U_«:lulM^cLObKXd\]NMoDlM^ h Nke
��^ao¡\fIKNkU_o�UWLObKY_NkLONM`4\]Zg\fUW^c` ¾�Nc¥ �w¥W� o]N��4XKUWofUW`K���V`K^ ��Y_N h �cN¨^g��\fIKNO\]o]Zc`wejU_\fUW^c`}�cNkof`KNkY0^g�D\]IKN���Zgo]�c^ �
lvI:ZgUW`:À¡Zgo]N��GZco�Y_N´efeQXwe]Zg�wY_N(��^coQ\]IKNONM` h XwefNMoQ\]IwZg` h U[Zg�a`K^aej\fU[lMeQef^cYWNMYWi��wZcefN h XKb=^c`�\fIKN�^aXd\fbwXd\]e
��o]^cL \fIKN�e]ZgLObKYWNMo´¥8H)IKNQYWZg\j\fNkoulMZc`�XwefN�Z­� ZgUWYWZc�KYWN§�aNM`KNkofU[l§lM^ h Nc¥p�
Zcej\)�wXd\u`K^g\�YWNkZaer\´�dU_`4\fNkofbwofNM\]Z ¹
�wU_YWU¢\ri¨UWepU_LOb=^cof\]Zg`4\´¥�²§ep·&of^V^c�de8Zc` h t�^c�=NMof\]e�¾j�k�c�4{cÀ
b=^cUW`a\p^aXd\k��ifZ h UWZc�c`K^4er\]UWl&��IKU[lvIObKof^ h X:l�Nke8Z
h N�«w`KU_\fUW�cN§ej^aY_Xd\]U_^a`���U_YWYw�aNM`KNko]ZcY_YWi��=NubKo]N���Nkofo]N h \]^�^c`wN���IKUWlvI�ofN��aXwU_o]Nke8efXK�dqrN´l¤\fUW�cN¯U_`4\fNkofbwofNM\]Z \]U_^a`
Zc` h,j ^co)N�mdb=NMo]U_Nk`wl�NQ^c`�\fIwN�bwZgof\�^g��\fIKNQXwefNMoBkv¥

·&^g\]I>bwZgovZgYWY_NkY�Zg` h ejUW`K�aY_N£lvIwZcU_`ALON�\fIw^ h e�IwZ­�cN��&NMYWY¢¹Î�V`K^ ��` Z h � Zg`4\]Zc�cNke�Zc` h h o]Z­���wZalv�de
¾2·&of^V^c�de¨Zg` h tu^c�=NMof\]e��k�c�4{d��^coOt�^c�=NMof\��´�c�a|aÀ¤�0�KXK\¨�&N��=NMYWU_Nk�cN�\fIwZg\¨^c`wY_i�bwZco]ZcY_YWNMY&lvIwZgUW`�LON�¹
\]IK^ h e�lMZc`�bKo]^ �VU h N§e]Z \fU[ej�GZcl¤\]^co]i�l�^c`4\]of^aYw\]^4^aYWek¥8²uY_\fIK^aXK�cI�bwZco]ZcY_YWNMY=LON�\fIw^ h e)^c�V�VU_^aXwejYWiOofN��4XKU_o]N§Z
Y[Zgo]�cNkoDl�^aLObKXd\]Zg\fUW^c`wZcY:NMmdb:Nk`wejNa�c\]IKNMiªZcofN¯L(^aofN h N h U[lMZg\fN h \f^¨^cXd\]bKXd\)U_U h ovZg` h ^cL �­ZcofU[Zg�wY_N´e8��o]^cLE£Zc` h l�^a`4�aNMi�L(^aofN�lM^c`d« h NM`wlMNQ\fIwZg\¯\]IKN���IK^aY_N�efXKbKb=^cof\¯^c�lE�IwZaeu�=NMNk`�N�mdbKYW^co]N h ¾GefNMN26¡NkY_L�Zc`
Zc` h t�XK�wU_`��´�c�4s���^ao§Z h UWe]l�Xwe]efU_^a`:À¤¥u²¯�:^ �aN�ZgYWY2�=lvIKNklv�VUW`K�ªl�^a`V�cNMo]�cNk`wl�N¡\]^�ej\]Z \]U_^a`wZgo]U_\riª^g�M9/;1=�?<@BA
�:ZcefUWlkZgYWY_iªo]N��4XKUWo]Nke�l�^aLObwZgo]U_`w��\]IKN h U[er\]ofUW�KXd\]U_^a`we�^c�';>=�?<@D��^co h U �<NMo]NM`4\u� ZgYWXKNke�^c�:S¤¥�H)IKU[e�UW`4�a^cYW�cN´e
lM^cLObwZcofUW`K�¡bKof^a�wZg�wU_YWU¢\]U_N´e8^g�1;1=Q?<@2¹/LONkZaejXwo]Zc�KY_N&NM�aNM`4\]e8��^co h U �=NkofNk`4\D� ZgYWXKNke0^c��S¤¥pSVXwlvIObKo]^c�:Zg�KUWY_U_\fUWNke
ZcofNOYWU_LOU_\]e�^g��^dlMl�Xwofo]NM`wlMN(��ofN��aXwNM`wlMU_N´eQ^g�)\fIKN´ejN�Nk�cNk`a\veQ��^co¨ejN��aXwNM`wlMNke�^c�&UW` h Nkb:Nk` h NM`4\�U h Nk`a\]UWlkZgY
NMmdb:NkofUWLONM`4\]ek¥�H)IwNMo]N���^co]Nc�g\fIKNki(lkZg`OofN´Zcef^c`wZc�KYWi��:NuNk� ZgYWXwZ \]N h ^c`KYWi¨\fIKo]^cXK�aI(efNM�aNMovZgYdUW` h Nkb:Nk` h NM`4\
efN��4XKNk`wl�N´e�er\vZgof\fN h ��o]^cL"ZOe]ZgLONQU_`wU¢\]UWZcY h U[er\]ofUW�KXd\]U_^a` ¥

� `�\fIwUWe�b:Zgb=NMo´� ��NObKo]^cb=^aefNOZ�`wNM�$LONM\fIK^ h ^aY_^a�cU[lMZgY8ZcbKbKo]^aZclvI®��^co�ZaefefNke]ejUW`K��l�^c`V�aNMo]�cNM`:l�N�^c�
���&�}�ÈZcY_�a^co]U¢\]IKL�eM¥D¦§XKouZcbKbKo]^aZalvIªUWeu�co]^cXK` h N h ^c`�\fIKNQ�GZal¤\�\fI:Z \u`K^aofL�ZgYWU_\riªUWe¯Zg`�U_LObKYWUWlkZ \]U_^a`
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^c�=efXd©ªl�UWNM`4\8LOU¢mdUW`K�w�a��IKUWlvI(U[e�\fNkej\]Zc�KYWN)Zal�o]^ae]e+b:ZgovZgYWY_NkYKejN��aXwNM`wlMNke�UWe]efXKN h ��of^aL$Z h U[ejb=NMovejN h UW`KU_\fU[ZgY
h UWej\fo]U_�wXd\fUW^c` �VZg` h ZgYWY_^ �ue8��^co�lM^c`4\fo]^cYWYWU_`K��bwofN´l�U[ejUW^c` ¥0¸uNk`wl�Na�VU_`wej\fN´Z h ^c�+lvIKNklv�VUW`K�Q��^co)er\vZ \]U_^a`wZgo]U¢\ri
^c�U9/; =�?<@ A¤�:��N�bKo]UWLOZcofUWYWi�ZgUWL"Zg\§l�^a`4\fo]^cYWY_UW`K�(\fIKN�bKofN´l�U[ejUW^c`�^c��N´er\]U_L�Z \]Nke¯Y_UW�cNª¾/scÀ¤¥)²x`wZg\fXKovZgY+�&Z­i
\]^ h ^�\]IKUWeuUWeu\fIKo]^cXK�aI�l�^c`K« h NM`:l�N�o]NM�cUW^c`:e)�wZcefN h ^c`�`K^aofL�ZcY+ZgbKbwof^­mdUWLOZg\fUW^c`�ofN´ejXKY_\fUW`K�O��o]^cL"\fIKN
��Nk`4\fovZgYa�+U_LOU_\0H)IwNM^co]NML ¾/�&�dHuÀ ��^co���Zgo]�c^ �¡lvIwZgUW`wek¥��§U¢©ªlMXKY¢\]U_N´e0Zgo]UWefNDefU_`wlMND�&NDIwZ­�aN8\f^§L�Zg�cNDXwejN
^c�K\r�&^§ZcefiVLObd\f^c\fU[lDo]NkefXKY_\]e)¾GZae
¶��
	±À¤� \]IKNu�&�dH�Zg` h \fIKN�lM^c`V�cNkof�aNM`wlMN8\f^§\fIKN)YWU_LOU_\fUW`K�¡�­ZcofU[Zg`:l�Nc¥
H)IwUWe�U[e&\fIwN�ofN´Zcef^c`���I4i���NQbKo]^cb=^aefNc�V«wovej\k�d\]^(X:ejN�ej\]Zg\fU[er\]UWlkZgY<\fN´er\ve)��^co)\]Nkej\fUW`K��`K^aofL�ZgYWU_\riª^g��\fIKN
`w^co]LOZcY_UW¬MN h efXKL�e Z
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X:ejUW`K�ªe]ZgLObKYWNke�^a�d\]ZcU_`KN h ��of^aL bwZco]ZcY_YWNMY lvI:ZgUW`weM�=Zg` h efNklM^c` h �w\f^�LO^c`wU¢\]^cou� Zgo]U[Zg`wlMN�er\vZg�KUWY_UW¬kZg\fUW^c` ¥
¦§Xwo)ZcbKbKo]^aZalvIªofN´ejXwY¢\ve�UW`�l�^c`4\]of^aY:\]NklvIK`wU)�4XKN´e���IwUWlvI�l�^aL(bwY_iª��U_\fI�\fIwNQZc�:^ �aN¡lMofU_\fNkofUW^c`+�4U/¥ Nc¥V\fIwNMi
ZcofN¯`K^g\&bKof^a�KYWNML(¹Îefb=Nkl�U_«:l�¾GIKNM`:l�N§Z �8
.��
.���<) l�^aL(bwXd\fNko&lM^ h NuIwZce��=NMNM` h NM�aNMYW^cb=N h Zc` h U[eDbKXw�KY_U[l�YWi
Z­� ZcU_Y[Zg�KYWN´À��gZg` h \fIKNki�bKo]^ �VU h N&ZgXd\]^cL�Z \]N h¨h UWZc�c`K^4er\]UWlkeM¥�H)IKN&U h N´Zce0Zgo]N�«wo]ej\0bKofN´ejNk`4\fN h \fIK^aof^aXK�cIwY_i
UW`�\]IKN�lMZaejN(^g�p«:`KU¢\]N�er\vZ \fNO��Zcof�a^ ��lvIwZcU_`:eM¥(¦§Xwo§LO^g\]U_� Zg\fUW^c`we§��^co�Z h ^cbd\]U_`w��\]IKUWe¡b=^cUW`4\Q^c�D�VU_Nk�
ZcofN�«wovej\ª\fIwZg\�LO^co]N�bKo]Nkl�U[efN�LOZg\fIKNkL�Z \fU[lMZcY�\f^V^aYWe�NMmdUWej\ª��^coª«w`KU_\fN®lvIwZcU_`:eM¥ � ` bwZgof\fU[l�XKY[Zgo´�&\fIKN
YWUWL(U_\fUW`K��� ZcofU[Zg`wlMN�U_`�\]IKN��&�dH lMZc`£�:N�l�^c`:ejU[er\]NM`4\fYWi®N´er\]U_L�Zg\fN h Zc` h l�^aLObwZgo]N h \f^�Zc`£Nkej\fUWL�Z \fN
^c�8\fIKN¨� Zgo]UWZc`wl�N�Zg�µ\fNko§¶£U_\fNko]Zg\fUW^c`wek¥§²¯YWef^w�:\fIKNOej\]Z \]U_^a`wZgo]i�bwof^a�wZg�KUWYWU¢\]U_N´eME�����^ao¯NkZalvI®ej\]Z \]N��)lMZc`
�=N�Nkej\fUWL�Z \]N h \f^c�aN�\]IKNMo���U_\fI�l�^a`d« h Nk`wl�NQUW`4\fNMo]� ZgY[eM¥���UW`wZgYWY_ia�V\fIKN�bwof^ab:^4ejN h lM^c`4\fo]^cY<LON�\]IK^ h e�lMZc`
�=N�ZgbKbwY_UWN h \f^(YWZcof�aN¯«:`KU¢\]N�lvIwZgUW`we&ofN´ejXwY¢\]U_`K�¨��o]^cL Zcl�\fXwZcY�ejU_\fXwZg\fUW^c`we)^aoD\]^(«w`KU_\fN�lvIwZgUW`we&^c�K\]ZgUW`KN h
��o]^cL³l�^a`a\]U_`VXK^aXweuej\]Zg\fN���Zcof�a^ �ªlvIwZgUW`we)\]IKof^aXK�cI�ZO\]IKNM^aofNM\fU[lMZcY_YWiª� ZgYWU h �"�Q�.)!� 
.� ��� �"�/�<	"� bKo]^dl�N h XKo]N
¾ 6¡XKUWIKNM`K`wNMXwl§Zg` h t�^a�:Nkoj\§�k�c�a�aÀ��g^co8\]IKo]^cXK�aIO\fIKN �"�3��� ����� ��������).� ����
 ¾��¯UWNM�=^cY_\&Zc` h t�^a�:Nkoj\§�k�c�cP4À�¥

²°efUW`K�cYWN�lvIwZgUW`�\]NklvIK`wU)�4XKN�L�Zg�VUW`K��XwefN�^g�¡«w`KU_\fN®��Zcof�a^ �£lvIwZgUW`�\fIKNk^co]i�IwZce�ZcY_o]NkZ h i��=NMNk`
bwof^ab:^4ejN h �4i�tuZg�µ\fNkofiQZg` h � NM��U[e&¾r�k�a�asK�a�´�c�c|4À¤¥+H)IwNMUWo �.�����"� �O)�	"�3� � 	�� o]NMYWUWNke ^a`�Zg`¨ZgbKbKo]^­mdU_L�Zg\fUW^c`
^c��ej^aLON��KUW`wZgo]i±bwof^dl�N´efe�UWe]efXKN h ��o]^cL Z£�aNM`KNko]ZcY§�}�&�}�³ZcY_�a^co]U¢\]IKL �4i Z£\r�&^g¹èej\]Z \]N���Zgo]�c^ �
lvI:ZgUW` ¥8¸u^ �&NM�cNkok�a\fIwUWe�ZcbKbKo]^­mVUWL�Z \]U_^a`ªUWe&ovZ \]IKNMo)�&NkZg��¾2ejNkNc�dNa¥ �:¥_�dt�^a�:Nkoj\��k�a�c|4À¤¥0H)IKUWe)LONM\fIK^ h UWe
`wNM�cNkoj\]IKNMYWNke]e8^a`KN�^g��\]IKNuLO^aej\Db=^cbKXKY[Zgo&Zg` h lM^cLOLO^c`KYWi�X:ejN h �aL�ZcU_`KYWi(�:N´lMZgX:ejNuU_\�U[ep`w^g\DbKo]^c�wY_NkL¨¹
efb=Nkl�U_«:lc� h NMYWUW�cNMoveQZg`�ZgXd\]^cL�Z \]N h er\]^cbKbKUW`K��ofXwY_N�Zg` h U[e�Z­� ZgUWYWZc�KY_N¨U_`�NMmVU[ej\fUW`K��ef^g�µ\r�)Zgo]N�YWUW�Ko]ZcofUWNke
¾/SdH�²8H�� � ·�À¤¥ H)IKN´ejN&Zgo]Np\fIwNDo]NkZcef^c`:e ��IViQ��N���U_YWYdl�^cLObwZcofND^cXKo0ZgbKbwof^4ZclvI�Zg�4ZgUW`wer\+\fIKU[e0l�^cLOb=N�\]U_`K�
LONM\fIK^ h ¥

SVN´l¤\]U_^a`�sQlM^c`4\]ZcU_`:e0\fIKN)\]IKNM^aofNM\fU[lMZcYd�wZclv�V�co]^cXw` h ��^ao0«w`KU_\fNuNkof�a^ h UWl)��Zcof�a^ ��lvIwZgUW`we8��IwUWlvIO��UWY_Y
�=NOXwefN h U_`}\fIKNObwZcb:Nkok¥���^c`K`wNkl¤\]U_^a`we¡�:NM\r��NkNM`®\fIKN��&�dH$Zc` h \fIKNOo]NM`KNk�&ZcY+\]IKNM^aofi�ZcofN(ofN´lMZcY_YWN h ¥
H)IwN�LOZcU_`�\]^4^aY¯^c�§\]IKUWe�ejN´l¤\fUW^c` U[e�Z��&�dH ��^co�\]IKN�\fUWLON®efb:Nk`a\�U_`¼Z£ej\]Z \]N h XKo]U_`w��\fIKN�«:o]ej\ª¶
ej\fNkbwe(^g�QZg`�Nkof�a^ h UWl���Zcof�a^ ��lvIwZcU_`+�D��U_\fI±\fIKN�YWU_LOU_\fUW`K���­ZcofU[Zg`:l�N�Z­�­ZcU_Y[Zg�wY_N�\fIKo]^cXK�aI±ZcY_�aNM�KovZgU[l
lM^cLObKXd\vZ \]U_^a`we�UW`V�c^cYW�VU_`w��\fIKN�\fovZg`:ejU_\fUW^c`£L�Z \]ofU_m�Zg` h \fIKN�U_`V� Zgo]U[Zg`4\�bKo]^c�wZc�KUWY_U_\ri�¾�!QNMLONM`Vi£Zg` h
Sd`KNMYWY)�k�c|87aÀ�¥§² IKNMXKo]U[er\]UWl¨bKo]^VlMN h XwofN���^ao¡���&�}�>l�^a`V�cNMo]�cNk`wl�N�ZaefefNke]efL(Nk`4\§XwefU_`w��·&NMo]ofi4¹ÎºDe]ej»kNM`
\riVb=N�Nkofo]^co(�=^cXK` h e¨UW`±\fIKN��&�dH ¾��KNMYWYWNMo��k�a|c�aÀ�UWeOZcYWef^®UW`V�cNkej\fUW�aZg\fN h ¥�SVNkl�\fUW^c`�z h N´eflMofUW�=Nke¨\fIKN
\r�&^�lM^c`4\fo]^cY LONM\fIK^ h e§��N�bKof^ab:^4ejN���^cou«:`KU¢\]N¨��Zcof�a^ ��lvIwZcU_`:e.g)²x\]Nkej\§^g�p`w^co]LOZcY_U_\riª��^ao(¾2zaÀ)��U_\fI
UW` h U[lMZg\f^ao¯��XK`:l¤\fUW^c`:e K �#" � �$�&% C��
Zg` h Z�lM^cLObwZcofU[ej^a` �=XwejUW`K���covZgbwIKUWlkZgY�LO^c`KU_\f^aofUW`K�w�<�=N�\r�&NMNk`
lM^c`wefU[er\]NM`4\pNkej\fUWL�Z \fN´ep^c�=\]IKNuYWU_LOU_\fUW`K��� ZcofU[Zg`wlMN�Zg` h ^c�=\]IKNu� Zgo]U[Zg`wlMNuZ �µ\fNkoD¶�U_\fNMovZ \]U_^a`wek¥�SVN´l¤\fUW^c`�P
NMmV\fNM` h eQ\fIwUWe�LONM\fIK^ h ^aY_^a�ci�\f^�lM^c`4\fUW`VXK^cX:e�er\vZ \fN�efbwZclMN���Zgo]�c^ ��lvIwZcU_`:eM¥ªH)IKN�NMmV\fNM`:ejUW^c`�^g�&\fIKN
`w^co]LOZcY_U_\ri�LO^c`wU¢\]^co]U_`K�¡\]^Q\fIKNu�aNM`KNko]ZcYKlMZaejN)U[epZgYWLO^aej\Der\]o]ZcU_�aIa\f��^co]�&Zco h �­Zc` h ZgXd\]^cL�Z \]N h er\]^cbKbwU_`K�
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o]XKYWNkeOZgo]N�bwof^ab:^4ejN h ¥�H)IKN�� Zgo]UWZc`wl�N�l�^aL(b:Zgo]UWef^c`�U[eOZgY[ej^�lMZcofo]UWN h ^aXd\k�&Z \(\fIKN�N�mdb=NM` h ^g�Qej^aLON
ZcbKbKo]^­mdU_L�Z \]U_^a`���^ao�Nkej\fUWLOZg\fUW^c`�^g��\fIKN�Y_UWLOU¢\]U_`K��� ZcofU[Zg`wlMNc¥�SVN´l¤\]U_^a`�{�U[e h Nk�c^g\]N h \f^�UWY_YWXwej\fovZ \]U_�aN
NMmKZgLObKYWNkeuZc` h l�^aLObwZgo]UWef^c`:e)��U¢\]I�\fIKN��KU_`:Zgo]i�lM^c`4\fo]^cY/�K��IKU[lvI�U[eu�Ko]U_NM½wi h Nke]l�o]U_�=N h \]IKNMo]Nc¥u² \f^ i
NMmKZgLObKYWN)��^copZ¡«w`KU_\fN§er\vZ \fNu�®Zgo]�c^ ��lvIwZcU_`wepUWe0\]IKNM`ªej\fX h U_N h ¥ � \�efIK^ �ue�\fIwZg\8\fIKN¯`K^co]L�ZgYWU¢\ri�lM^c`4\fo]^cY
U[eQZ�b=^ �&NMof��XKY+\]^V^cY0��^co h NM\fNkl�\fUW`K��ejYW^ ��YWi�LOU_mdU_`K��lvIwZcU_`wek� Zg` h \fI:Z \Q^cXKoQbwZco]ZcY_YWNMY0lvIwZgUW`we§LON�\fIw^ h
U[e(bKo]N���NMovZg�wY_N�\f^}R Zg` h �GZcej\fNko(\fIwZc`�R Z�efU_`K�aY_N�lvIwZcU_`±L(NM\fIK^ h ¥È��^cLObwZcofU[ef^c`we¨�:NM\r��NkNM`±\fIKN
\]U_LON�`KNkN h N h \]^�o]NkZalvI±ZcbKbKo]^­mVUWL�Z \]N�ej\]Z \]U_^a`wZgo]U_\ri�Zc` h \fIKN�\fUWLON�`KNMN h N h \f^£ZalMl�Nkbd\O`K^co]L�ZgYWU¢\ri
IViVb=^g\fIwNkefNkeuZcofN��aU_�aNM`�^c`�Z�efNkl�^a` h N�mKZcL(bwY_N��wZaejN h ^c`�ZOovZg` h ^aL �)ZgYW��^ �aNMo)\fIwN Lg¹ h UWLONM`wefU_^a`wZgY
lMXK�=Nc¥¯ºpmdZcLObKY_N´eu��^ao¡lM^c`4\fUW`VXK^cX:e¯ej\]Z \]N¨�}�&���AZgYW�c^co]U_\fIKL�ek�:Zgo]U[ejUW`K����o]^cL"\riVbKUWlkZgYWY_i�UWY_YWXwej\fovZ \]U_�aN
efU_\fXwZg\fUW^c`we)¾�L¨XKY_\fUWL(^ h ZcYdb:^4er\]NMo]U_^aovÀ��gZg` h Zcl�\fXwZcYdZgbKbKYWU[lMZ \]U_^a`we)¾�LOU_m4\]XKo]N&^c� h U[er\]ofUW�KXd\]U_^a`wevÀ
ZcofN)ZgY[ef^
bwof^ab:^4ejN h ¥
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H)IwN��=NM�aU_`w`KU_`w�£^g�¯\]IKU[eªejN´l¤\]U_^a`�lM^c`4\]ZcU_`weOlMYWZaefefUWlkZgY&\fIwNM^co]N�\]UWlkZgY�o]NkefXKY_\(��^aoO«w`KU_\fN�ej\]Zg\fN���Zgo]�c^ �
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b:Zgof\Q^c�D\]IKN�L�Zce]e�¾µ\fIwNO\fIKUWo h YWN��µ\fLO^4er\�LO^ h N´À¡U[eQLOUWe]efU_`K�:¥�H)IKNªejNkY_N´l¤\]U_^a`®^g��Zg`�ZgbwbKof^abKo]UWZg\fN �
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\]IwZ \�SªZg` h �QZgo]N�YWU_`K�aN h ef^cLONMIw^ ���cejUW`wlMN�\fIKN¯bKof^a�wZg�wU_YWU¢\]U_N´e � � 9 *��-A � e h NklMofN´ZcefN&��IwNM`
SOUW`wl�o]NkZaejN´eM�
Zc` h l�^a`wefN��4XKNM`4\]Y_ia�g\fIwN�\fUWLONkep`wNMN h N h \f^�ofN´ZclvI�ZgbKbwof^­mdUWLOZg\fN)`K^aofL�ZgYWU_\ri�UW`wl�o]NkZaejN�¾GL(^4er\]Y_i¨��^coD\fIKN*�� � e�UW`�\fIKN�\vZgUWYWe�^co�YW^dlMZ \]N h �=N�\r�&NMNM`�LO^ h Nkek����IKNMo]N�Y_N´efe�Zg` h YWNke]e)qrXKLObwe�ZcofN�^a�wefNMo]�cN h ��IKNk`
\]IKN � * � � � e h NklMofN´ZcefN´À¤¥ �K^aoQ\fIKU[eQo]NkZcef^c`+�&S£ejIK^aXKY h `K^c\��:N�Y[Zgo]�cNko¯\]IwZg`£Z�� ZgYWXKNOU_LOb=^aefN h �4i®\fIKN
bwofN´l�U[ejUW^c`��&Zc`4\fN h ��^cou\fIKN ijbKU[l¤\fXwofN!kQ^c� K ¥ � `�^c\fIKNkou��^ao h eM�V\]IKN�LO^co]N�bKofN´l�U[ejUW^c`��&N��&Zc`a\)��^ao�\fIKN
IwUWej\f^a�covZgL³^g� K �=\fIwN(LO^aofN�\fUWL(N(U_\§\vZg�cN´eu\]^��aN�\¡\fIKU[e¡bKU[l¤\fXwofN(��U¢\]I}ZcbKbKo]^­mVUWL�Z \]N�`K^co]L�ZgYWU¢\ria¥ � `
Z hKh U_\fUW^c`O\]^�^cXKo&l�^a`a\]of^aYK^ �cNko8\fIwNub:^4er\]NMo]U_^ao h U[er\]ofUW�KXd\]U_^a` �V��N§l�^c`4\]of^aY_YWN h \fIwNu��XK`wl�\fUW^c`we � _ 9��0A � �
Zc` h � + 9���A � � + ¥�~u^c\fN(\fIwZg\�\fIKN�Z hKh U_\fUW^c`wZcYper\]^cbKbKUW`K��ofXwY_N´e�Zce]ej^dl�U[Z \]N h ��U¢\]I®\]IKNªl�^a`a\]of^aY0^g� � _Zc` h � + ZcofND`K^g\+UW`d½wXwNM`wlMN h �Vi¡\fIKN&lvIK^cU[l�N´e�L�Z h ND��^coRS�Zg` h �4� Zc` h U_`�\fIKU[e
efNM`:ejNDZal¤\0Zce LO^ h Nko]Zg\f^covek¥

²¯bKbKo]^­mVUWL�Z \]N(`w^co]LOZcY_U_\ri�^dlMlMXKo]ofN h Zcof^aXK` h ¶ � � 	 V8V�U_\fNko]Zg\fUW^c`wek�
Zc` h ��N�ovZg`}\fIwNC� � � V
b:ZgovZgYWY_NkY+lvIwZgUW`we¯XKb�\f^

Z V � V�V8V¨U_\fNko]Zg\fUW^c`we�\f^�efIK^ �xer\vZg�KUWYWU_¬´Z \fUW^c`+¥ ��UW�cXKo]N�zªefIK^ �ueuef^cLON�efNMYWNkl�\fN h
o]NkefXKY_\]ek¥�²§e8N�mdb=Nkl�\fN h �g\fIwN¯er\]^cbKbwU_`K�Qo]XKYWN [�� l�^aofo]Nkefb=^c` h e�\]^�ZQejNM\K* _�� Y_^dlkZ \fN h Zgo]^cXK` h ��Vd�a�:NM\j¹
�&NMNk`(\fIKN§YWZcof�aNkej\0LO^ h N¯Zc` h \fIwN§efLOZcY_YWNkej\ h U[er\vZg`4\DLO^ h N�¾��
UW�cXwofN¯zw� ��� �-e�� À�¥pH)IKNubKYW^g\ve8��^ao � _ Zg` h� +QefIK^ � Z �4XKU[lv��ej\]Zg�wU_YWU_¬´Z \]U_^a` � `K^co]L�ZgYWU¢\riªU[e)o]NkZclvIwN h Zg�µ\fNko�Y_N´efe&\]IwZg`�{"787�U_\fNko]Zg\fUW^c`wek¥0H)IKUWeuU_` h U¢¹
lkZ \]Nke�\fI:Z \8\fIwNuofNk�cUW^c`¨^g��ejL�ZgYWYKbKo]^c�:Zg�KUWY_U_\ri��=N�\r�&NMNM`(\]IKN)\r��^ h UWej\]Zc`a\8LO^ h Nkek�aZcY¢\]IK^cXw�cI(ofN��aXwU_o]U_`w�
zcP8787�U_\fNMovZ \]U_^a`we�\f^Oo]NkZclvI�ZgbKbwof^­mdUWLOZg\fN§`K^co]L�ZgYWU¢\ria�4I:Zce)YWU¢\f\fYWN�U_`d½:XKNM`wlMNQ^ �cNMo�\fIwN�Nkej\fUWLOZg\fUW^c`�^g� �
^ao � + ¥p~¯^g\]NQ\fIwZg\�\fIKN�ZcbKbKo]^­mVUWL�Z \]N¯Nkej\fUWL�Z \]Nke)��^ao)\fIKN�YWU_LOU_\fUW`K��� Zgo]UWZc`wl�N �7 ��9 � � ¶ � 
 � A¤�wZ­� ZgUWYWZc�KYWN
qrX:er\&��^co�\fIKNQUW` h U[lMZg\f^coD��XK`wl�\fUW^c`wek�d�:NkIwZ­�cN¡Zce�U_`�\fIKN h U[eflMofNM\fN¡lMZcefN�g
\fIwNMiªej\]Zg�wU_YWU_¬kN§ovZ \]IKNMo&�4XKUWlv�VYWic�
�wXd\p`K^g\DZcY_�)Z­ide0Zgo]^cXK` h \fIwNuZ­�cNMovZg�aND� ZgYWXKN�^c�:\]IKN¯e]ZgLObKYWN&� ZcofU[Zg`wlMNc¥�H)IKUWepLOZ­i��:N¯ZQefU h N�¹ÎN��<Nkl¤\p^c�
\]IKN h U[eflMofNM\fUW¬kZg\fUW^c` �K^aouZg`�N��<Nkl�\u^g�0\fIwN�Y_^a`K�g¹ÎLONMLO^co]i���IKU[lvI�lvI:ZgovZcl¤\]NMo]U_¬kNke�\fIwN�efZcL(bwY_N�� Zgo]U[Zg`wlMN
bwof^dl�N´efek¥+¸¯^ ��Nk�cNMo´� Zce�UW`�\]IKN h UWe]l�o]N�\]N&lkZcefNc�­\]IKNMi�L�Z­i��=N&X:ejN h Zae�Z¡l�^aLObKY_NkLONM`4\]Zcofi¡\f^V^aYVlM^cXKbwY_N h
��U_\fI�\]IKN�`K^co]L�ZgYWU¢\riªlM^c`4\fo]^cY/¥	�NQo]Zc`ª\fIwN¡�wU_`wZcofiªlM^c`4\fo]^cY=��^ao�\]IKU[eM6¡U_�K�:e�efZcL(bwY_Nko���U_\fI�\fIwNQefN�\f\fUW`K�ae)ZcY_o]NkZ h iOXwejN h UW` �v{d¥Øsd�
Zc` h ejNk�cNko]ZcY�� ZcY_XKN´eQ��^co � % ; � Z V��zV"V = ¥ª� N´efe�Zc` h LO^aej\�l�^a`wejNkof� Zg\fUW�cN(ofXKYWNke�Zgo]NOefXKLOL�Zgo]U_¬kN h UW`
H�Zg�wY_N�{d�pZg` h ejIw^ � Zc�aZcU_`£ovZ \]IKNMoOejL�ZcY_Y&� ZgYWXKNke���^co2S A �pZc` h Z���U h N�o]Zc`K�cN�^g�u� Zgo]UWZg\fUW^c`���^ao2X�¥
H)IwN�`K^co]L�ZgYWU_¬´Z \]U_^a`�lM^c`wej\]Zc`a\�^g�ª¾2sa{cÀOl�^aXKY h �:N�l�^cLObKXK\fN h ��U_\fI � #0���E� / #0�($ ! # IKNkofNa��Zg` h Zc`
ZcbKbKo]^­mdU_L�Z \]U_^a`�^g� \]IKN�l h ���&Zae�Z­� ZcU_Y[Zg�KYWNc¥�	�N§\]IVXwe)l�^cLObwZcofN¯\fIKNQN´er\]U_L�Z \]Nke���U¢\]I�\]IKN�lvIKU_¹Îe%�4XwZgo]N
h UWej\]Zc`wl�N(�:NM\r��NkNM`�Z h UWe]l�o]N�\]U_¬kN h �cNMovefU_^a`�^g��\fIKNO\]ofXKN h Nk`wejU_\ri�¾/sc{cÀ¡Zc` h \]IKNªejUWLOU_Y[ZgoQIKU[ej\f^c�ao]ZcL�e
^a�d\]ZcU_`wN h �4i���^cYWY_^ ��UW`K�¡NkZclvI¨LON�\fIw^ h'� epej\f^abKbKUW`K�§\fUWL(N´eu¾GZae0U_` �v{K¥ saÀ¤¥0H)IKN)ofN´ejXwY¢\ve0U_`OH
Zc�KYWN)|QefIK^ �
\]IwZ \8\]IKN�`K^aofL�ZgYWU_\ri�l�^c`4\]of^aYd�cUW�cNke
\]IKN�LO^aej\Dl�^c`:ejNkof� Z \]U_�aN�o]XKYWNc¥8¦§XKo8LON�\fIw^ h efNMNkL�e�\f^ h N�\]Nkl�\p\fIKN
h U¢©ªl�XwY¢\]U_N´e�Y_UW`K�aN h \f^�L�XwY¢\]U_LO^ h ZgYWU_\ric�KefU_`wlMN�U¢\¯ZcYWef^(bKof^ �VU h Nke�\]IKN��:N´er\uN´er\]U_L�Zg\fN�^g�
\fIKN h NM`wefU¢\ria¥
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efNMo]� Z \]U_^a`we&UWe]ejXwN h ��of^aL Z(\r��^c¹ÎlM^cLOb=^c`KNk`a\)`K^aofL�ZgY<LOU_m4\]XKo]N h UWej\fo]UW�KXd\fUW^c`

S � 9 C _ � 7 _ A�Z 9 Z � S�A � 9 C + � 7 +-A ¾/s pgÀ
UW`�ZO·&Z­iaNkefUWZc`���ovZgLONM�&^co]����U¢\]I�bwZgovZgLON�\]NMo � � 9@S � C _ � 7 +_ � C + � 7 ++ A&Zg` h l�^a` qrXK�4Z \fNQbKo]UW^cove

S � ��� 9 Z � V � Z � V8A � C � � � 9 � � � 7 + � ¶ � A � 7 +� �����U9�� � � V �
	 +� � V8A � 9 � � Z � V8A�a
	�Np�aNM`KNko]Zg\fN h Zue]ZgLObKYWN8^g�KefU_¬kN ��V&��o]^cL ¾/s pcÀ=��U¢\]I�\fIKNp\fo]XKN8bwZgovZgLONM\fNMo���� � 9/VJa � � �%� � Z � � � 	 Av��Zg` h
X:ejN h \fIwN 6¡UW�K�we�UWL(bwY_NkL(Nk`4\]Z \]U_^a`��aU_�aNM`�UW`��§U_Nk�:^aY¢\ 
.� ���Ti ¾r�k�a�gPVÀ¤�­��IKU[lvI�U_\fNMovZ \]U_�aNMYWi¡efUWL�XKY[Z \]Nke
\fIKN
LOU[efefUW`K� h Z \]ZOZc` h \]IKN�bwZgovZgLONM\fNMo �K¥{	�NQ\fIKNk`�ZcbKbKYWU_N h \]IKNQ`K^co]L�ZgYWU¢\riªlM^c`4\fo]^cY ; V = \f^a�cNM\fIKNko&��U_\fI
\]IKN�� Zgo]U[Zg`wlMNQlM^cLObwZcofU[ej^a`�L�Zcof�aU_`wZcY_YWi���^aouNkZalvI�b:ZgovZgLON�\]NMo � e)b=^aej\fNkofUW^co h UWej\fo]U_�wXd\fUW^c` �:L�Zgo]�cUW`wZgYWY_i
��^ao�N´ZclvI�e]lMZgY[Zgo(l�^V^co h UW`wZ \]N®¾�Na¥ �:¥_����^ao���XK`:l¤\fUW^c`:e � � 9��0A � � � ��� � Z � a.a a � � À¤�pZc` h ZgY[ej^®^ �cNMo�\fIKN
e]lMZcYWZco���XK`wl�\fUW^c` � 9��0A � SMZ C _ Z 7 +_ Z C +yZ 7 ++ ¥¡H)IwN¨efNMYWNkl¤\]U_^a`�^g�8\]IKNOl�^c`4\]of^aY_YWN h o]NM�aU_^a` � ��^co
N´ZclvI�lM^V^co h U_`:Z \fN¯�&ZaepNkZaejUWYWi h ^c`KN§�4iªefIK^aoj\Do]XK`we�^g��; V = ��^ao&Z���NM�ÈU_\fNko]Zg\fUW^c`wek¥ � \�ef�cN�\vlvIKN h ^cXd\&\fIKN
L�Zaefe&YW^VlkZ \]U_^a`ª��^co�N´ZclvI�LOZcof�aU_`:ZgY<b:^4er\]NMo]U_^aok¥0H)IKNQo]NkefXKY¢\]U_`w�¨N´er\]U_L�Z \]Nke ��:9 �2A��&NMo]N¡ZcY_�)Z­ideDY[Zgo]�cNko
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p�gp·�UW`wZcofiªlM^c`4\fo]^cY=��^co)\]IKN�LOU¢mV\]XKofN�LO^ h NkYp¾ � � V(Zg` h X � � �8V�V�V4À¤¥
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Zc�aZcU_` �­\]IKN��wZg\]lvIOejUW¬MN)IwZae8Z§YWUWL(U_\fN h U_`d½:XKNM`wlMN�^ �cNkoU9/S A � XfAv�g�wXd\8\fIKN)\]IKo]NkefIK^cY h e � o]NkZcY_YWi�UW`d½wXKNk`wl�NX��
Zg` h \]IKNMi�IwZ­�aN¨\]^��:N�ejNkY_N´l¤\fN h ��of^aL o]^cXK�aI�ZcbKbKo]^­mVUWL�Z \]U_^a`we¡^g�)\fIKN�b=^aej\fNkofUW^co�L�Zcof�aU_`wZcYWeQ^c�
N´ZclvI�eflkZgY[ZgoQbwZgovZgLONM\fNMo´� efU_`wlMN(\fIKNki®L�X:er\��=NOU_`�\fIwNªejXKbwb:^aoj\�Zg` h `K^c\�\f^V^��GZgo�UW`®\]IKNO\]ZcU_Y[ek����^co
\]IKN��KUW`wZgo]i�l�^a`4\fo]^cY&\f^��=N���^aof�aN h ^aXd\k¥¼²u�4ZgUW` �D�&N�^c�wefNMo]�cN h XK`wofN´ZgYWUWej\fU[l�� ZcY_XKN´eO�:NM\r��NkNM`±��^coS A �
Zc` h Z��aofN´Z \Q� Zgo]UWZc�KU_YWU_\ri�U_`�\fIwN�bKof^ab:^4ejN h ej\f^abKbKUW`K��ofXwY_N´e¡��^coOX�� ��IwUWlvI�Zgo]N�ejXKLOL�Zgo]UW¬MN h UW`
H�Zg�wY_N pV¥p·&iªl�^aLObwZgo]UWef^c`+�a\]IKNQ�cYW^c�wZcY�er\]^cbKbKUW`K�Oo]XKY_N¡�cUW�cNk`��Vi�\]IKN�`K^co]L�ZgYWU¢\ri�lM^c`4\fo]^cY<�)Zce)Zg�=^cXd\[�� � V�V�V�Vw�c��IKU[lvI�U[eDUW`ªZclkl�^co h Zc`wl�N���U_\fI�\]IKN¯^a�wefNMo]�cN h ej\]Zc�KU_YWUW¬kZ \]U_^a`(��^cop\]IKNu\]Nkej\&ej\]Zg\fU[er\]UWlkeDZg` h
\]IKN�NkLObKU_o]U[lMZgY�� Zgo]UWZc`wl�N´eª¾GefNMNa�8Nc¥ �w¥W� ��UW�cXKo]NªPVÀ¤¥ � `£\]IKU[e¨lkZcefNc��\fIKN�\fo]XKN�b=^aej\fNkofUW^co�UWe�XK`K�V`K^ ��` ¥
H)IwNMo]N���^co]N¡��N�lMZc`K`K^c\�lM^cLObwZcofN¡\fIwN¡LONM\fIK^ h e�^a`�\fIKNQ�wZaejU[e)^g��\fIKN �4XwZcY_U_\riª^c�+\fIwNMUWouNkej\fUWL�Z \fN´eM¥

� #$	���%������+�M	��

H)IwNDZgUWL ^c�V\fIKU[e+b:Zgb=NMo+�)Zce�\f^ubKo]^cb=^aefNpZ�`KNk��L(NM\fIK^ h ��^ao
lM^c`4\fo]^cYWY_UW`K�&\fIwN�l�^a`V�cNMo]�cNk`wl�N0^c�d���&�}�
ZcY_�a^co]U¢\]IKL�eM�V�wZaejN h ^a`�b:ZgovZgYWY_NkY=UW` h Nkb:Nk` h Nk`a\uo]NkZcY_UW¬kZg\fUW^c`we�^g��\fIwN���Zgo]�c^ ��lvIwZcU_`�er\vZgof\fN h ��o]^cL Zc`
UW`KU_\fU[ZgY h UWej\fo]U_�wXd\fUW^c` h U[ejb=NMovefN h NM`K^aXK�cI�\]^�NM`wefXKo]NOZ�\]IK^co]^cXw�cI�Zg` h N�©ªlMU_Nk`a\�NMmdbKY_^ao]Zg\fUW^c`}^g�)\fIKN
efXKbKb=^cof\�^g��\fIKNO\vZgo]�cN�\ h Nk`wefU¢\ria¥ª¦§Xwo¡bwXKofb=^aefNO�&Zae¡\f^�lvIKN´lv��\fIwZg\�\fIKN h U[ej\fo]U_�KXK\fUW^c`weQ^c�&Z�«w`KU_\fN
lM^cYWY_N´l¤\]U_^a`®^g�&`K^co]L�ZgYWU_¬kN h ejXKL�eQ^c�D��XK`wl�\fUW^c`weQ^c�D\]IKNª��Zgo]�c^ ��lvIwZcU_`}IwZ­�cN(o]NkZclvIwN h ZcbKbKo]^­mdU_L�Z \]N
`w^co]LOZcY_U_\riOZg` h \fIwZg\�\]IKNMUWo)�­ZcofU[Zg`:l�NkeDIwZ­�cN¡er\vZg�KUWYWU_¬kN h Zcof^aXK` h \]IKNMUWo�Zcefi4LObd\]^g\]UWl¯�­ZcY_XwNc¥"	}NQl�^aXKY h
\]IKNM`�lM^c`wej\fo]Xwl�\uofNkY_U[Zg�KYWN�S4\]X h NM`4\f¹r��^a`d« h Nk`wl�N�UW`4\fNMo]� ZgY[e)��^cou\fIKN(l�^co]o]Nkefb:^a` h UW`K�(ZcbKbKo]^­mdU_L�Z \]U_^a`wek¥
¦§XwoDLON�\]IK^ h ^cYW^c�ai¨IwZaeDefNM�aNMovZgY:Z h � Zg`4\]Zc�cN´e0��of^aL$\]IKN¡NM` h X:ejNko�b=^cUW`4\�^g� �VUWNM� � U¢\)U[eD`K^c\�bKo]^c�wY_NkL¨¹
efb=Nkl�U_«:lc��U/¥ Nc¥+U_\¨U[e�lM^cLObKYWN�\]NMYWi}UW` h Nkb:Nk` h NM`4\¨��of^aL \]IKN��}�&�}� ZcY_�a^co]U¢\]IKL Xw` h NMo(l�^a`wejU h Nko]Zg\fUW^c`
Zc` h Z��aNM`KNkofU[l�l�^aL(bwXd\fNko¨l�^ h N�U_LObKYWNMLONM`4\]U_`K�}^cXKo�L(NM\fIK^ h e¨U[e�Z­� ZgUWYWZc�KYWNc¥�H)IKU[e�l�^ h N�bKof^ �VU h Nke
ZcXd\f^aL�Z \fN h ej\f^abKbKUW`K�OofXwY_N´e)��IKUWlvI h ^�`K^c\�ofN��aXwU_o]N h NMNkb�NMmVb=NMo]UWNM`wlMN¡^a`�\fIKN�bwZcoj\�^c�+\fIwN�XwejNkok¥	�N)IwZ­�cN�ofNkb:^aoj\]N h ^a`�`VXKLONMo]UWlkZgYVUW`4�aNkej\fUW�aZg\fUW^c`we
Zg` h l�^cLObwZcofU[ef^c`we+��U¢\]I�\]IKN��wU_`wZcofi�lM^c`4\fo]^cY4UW`
�=^g\]I�«:`KU¢\]N�Zg` h l�^a`a\]U_`VXK^aXwe&ejNM\j\fUW`K�4eM¥8H)IKN´ejNQN�mdb=NMo]U_LONk`a\ve)ejIK^ �È\fIwZg\ gu¾�UµÀD\fN´er\�YWNM�cNkYWe 
��=N�\r�&NMNk`
��
 Zc` h { 
 ZcofN�efXKU_\]Zg�wY_N���^ao�LO^aej\�N�mKZgLObKYWNkek��Zc` h ofN´ejXwY¢\�UW`£l�^cLObwZco]Zc�KYWNOej\f^abKbKUW`K��\fUWLONke � ¾�UWU[À
\]IKN�\]XK`KUW`K�ªbwZco]ZcL(NM\fNko]eO9 � � S � ��A)ZcofN�N´ZcefU_YWi h NM\fNkofLOUW`KN h ^a`d¹/YWUW`KN��Vi�\]ofU[ZgY�Zg` h NMo]o]^co � ¾�UWU_UµÀuefYW^ ��Y_i
LOU_mdU_`K�QlvIwZcU_`we0Zc` h L¨XKY_\fUWL(^ h ZcYdU_`V� Zgo]U[Zg`4\ h UWej\fo]U_�wXd\fUW^c`we�IwZ­�aN��=NMNk`(e]Z \]UWej�GZcl�\f^aofUWY_iQo]NklM^ �cNMo]N h � ¾GU_�KÀ
\]IKN¯�wU_`wZcofiOl�^a`4\fo]^cYKbKo]^ �VU h Nkepo]XKYWNkeD��U¢\]I�Z�Y[Zgo]�cN�� Zgo]U[Zg�KUWY_U_\ric�VZg` h U¢\veDNMm4\]ofNkLON§ej\f^cbwbKU_`w��\fUWLONke&Zgo]N
^c�µ\fNk`�`K^c\&o]NkZaej^a`wZg�wY_N � ¾G�dÀ&lM^cLObwZgo]U[ej^a`wep�=N�\r�&NMNk`�\]IKNQNkej\fUWLOZg\fN´e��aU_�aNM`ª�ViªN´ZclvIªLONM\fIK^ h Zg` h \fIKN
\]ofXwN h U[er\]ofUW�KXd\]U_^a`¨Zcof�aXKN8��^co0bwZco]ZcY_YWNMY4lvIwZgUW`we�Zg�4ZgUW`wer\�Z§efU_`w�cYWN�lvIwZcU_`�¾G�:NM\j\]NMo0Nkej\fUWL�Z \fN´e�U_`(Z¯efLOZcY_YWNMo
\]^g\vZgY�`VXKL��=NMo�^c��U_\fNko]Zg\fUW^c`wevÀ¤¥
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