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Un algorithme primitif récursif pour le probleme
de ’accessibilité dans les réseaux de Petri
Résumé : On montre que le probleme d’accessibilité dans les réseaux de Petri

est décidable en espace doublement exponentiel. L’algorithme existant avant
est non primitif récursif.
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A Primitive Recursive Algorithm for the General Petri Net Reachability Problem3

1 Introduction.

Many aspects of the fundamental nature of computation are often studied via
formal models, such as Turing machines, finite-state machines, and push-down
automata. One formalism that has been used to model parallel computations
is the Petri net |7, 8]. As a means of gaining a better understanding of the Petri
net model, the decidability and computational complexity of typical automata
theoretic problems concerning Petri nets have been examined. Examples of
such problems include deadlock freedom, and liveness of the system. Solutions
to these example problems proclaim, in a sense, the absence of “difficulties” for
all states that are reachable in the system.

Another question is whether some arbitrary state can be reached from a
fixed initial state. The later, the so-called general reachability problem, is of
basic importance for many others. It is recursively equivalent to the liveness
problem [2]. Moreover, a number of other problems in the representation of
parallel and concurrent systems, in language generating systems, in algebra
and in number theory can be shown to be effectively reducible or equivalent
to the reachability problem.

Cardoza, Lipton, Mayr and Meyer [1, 6] have shown exponential space
lower bound for the reachability problem, but the only known algorithm is
non-primitive recursive |5, 4|. Even the decidability of this problem was an
open question for many years.

2 Petri nets and polynomial equations

As usual, IN denotes the set of nonnegative integers and IN denotes the m-
dimensional column vectors of natural numbers. For any integers a,b € IN
such that a < b, the interval [a,b] denotes the set {a,a + 1,...,b}. For any
vectors V1, Vo € IN™ we write:

e V1 =V, if and only if V(i) = V5(i), for every i € {1,2,...,m},
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4 Zakariae Bouziane

e Vi + V3 to denote the vector of IN™ whose i** component is V; (i) + V5(i),

e sup(Vy,V3) to denote the vector of IN™ whose i component is
max(V; (i), Va(i)) and

o ||Vi||oo = max{Vi(7) | i € [1,m]}.

A Petri net is a tuple N = (P,T,F, M,) where, P = {p1,p2,...,DPm}
is a finite set of places, T = {t1,ts,...,t,} is a finite set of transitions,
F:(PxT)U(T x P) — IN is a flow function ', and M, € IN™ is an
wnitial marking. In all this paper m will designate the number of places and n
the number of transitions of the Petri net.

Let N = (P, T, F, M;) be a Petri net and M; € IN™ be a marking. M;
is said to be reachable in N, and we note it M; € RS(N), if there exist
a finite set of vectors Hi, Hy,...,H, € IN™ and a sequence of transitions
Liystiy, - - -5 ti, €T such that

My =  Hi+F(,t)
H;+ F(ty;,.) = Hj+F(,ty,,) foreveryjel[lk—1] (1)
Hy+ F(t;,,.) = My

Note that system (1) has a solution if and only if it has a solution such that,
for every j,j' € [1,k], j # j', we have My # H; + F(.,t;;) # Hjy + F(.,tij,).

The general Petri net reachability problem is the problem of deciding
for a given a Petri net N = (P, T, F, M) and a marking M; € IN™ whether
Mf € RS(N)

Our computation of an upper bound for the reachability problem is based
on a reduction of this later to the problem of solving a polynomial equation.
For that we need to define the polynomials associated to a Petri net. We first

We write F(.,t) (resp. F(t,.)) to denote the m-dimensional column vector whose ‘"

component is F(p;,t) (resp. F(t,p;)).
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A Primitive Recursive Algorithm for the General Petri Net Reachability Problem5

code the set of vectors into integers by the help of an injective function ¢
defined by (V) = 2VM.3V@ 5V6)  ¢V(™ where ¢ is the m'* prime number.
Then, in order to simplify the notations, we put oy = @(My), fo = (M)
and, a; = @(F(.,t;)) and §; = @(F(t;,.)), for ¢ € [1,n|. Finally, let I[X] be
the set of polynomials over one variable X and whose coefficients are in {0, 1}.
All the polynomials we will deal with in this paper are in I[X].

The reduction from the reachability problem to the problem of solving a
polynomial system is given by the following lemma.

Lemma 2.1 M; € RS(N) if and only if there ezists a finite sequence of
integers h; ; € IN such that the following polynomial equation is verified

n k:i n k'i
XOL() + Z Z Xhi’j'ai — Xﬂo + Z Z Xhi,j-ﬁi € I[X] (2)

i=1j=1 i=1j=1

Proof. For every vectors Vi, V5, V3 € IN™, we have

[Vi = V2 + Vs] <= [p(V1) = ¢(V2).(V3)]
Thus, for every vectors Vi, Va, V3 € IN™, we have

Vi = Vo + V3] <= [X¢00) = xo(V)e(h)]

If we put l; = @(H;), for i € [1,k], then, from the reachability definition, we
deduce that My € RS(N) if and only if we have

Qo = l1-Bsy
lj.OéZ'j = lj+1'/3’ij+1 for j € [1, k— 1]
lk-aik = Bo

RR n3404



6 Zakariae Bouziane

Hence, My € RS(N) if and only if we have

X® = Xhf
le.ai]- — le+1'ﬂij+1 forj € [Lk - 1]
e — X#ho

We can choose ag # [j.qi; # ljr.qi,, for every j, j' € [1, k] (This is equiva-
lent to M() 7é Hj + F(tij, ) 7é Hjl + F(tij” ))

Thus, My € RS(N) if and only if we have

k k
X0+ 3 xby = X 4N x P e IX]

J=1 J=1

3 Solution of the polynomial equation

From lemma 2.1 we deduce that the reachability problem is equivalent to the
problem of deciding whether system (2) has a solution. In this section we show
that this later is decidable. Our proof consists in reducing system (2) to an
equivalent system made of two equations (lemma 3.1). Then we show that
the set of solutions to the first one can be effectively constructed (lemma 3.2).
Finally, we construct this set and extract from it the solutions that also verify
the second equation (lemma 3.3 and lemma 3.4).

Lemma 3.1 Equation (2) has a solution if and only if there exist two finite
sequences of integers f; j, gi; € IN such that the two following polynomial equa-
tions are verified

/
n ki

n ki
X 4 Z ZXfi,j-ai — XPo 4 EZ X 9i.i-Pi c I[X] (3)

i=1j=1 i=1j=1

INRIA
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ki k;

DX = SO(X)5 % for every i € [Ln] @)

7j=1 7j=1

Proof. Equation (4) is equivalent to the proposition
fij=g0i; forie[l,n]andjell, k]

Thus, the intersection of equation (3) and equation (4) is equivalent to
equation (2). u
Let Ejy be the set of uplets (P, ..., P,,) such that, for every i € [1,n], P, €
n 2.n
I[X%] and P,,; € I[X%], and X* + > P;(X) =X+ Y PF(X)eIX]2
=1 i=n-+1

Ejy is then the set of solutions to equation (3).

Let Iy = lem{au, B | @ € [1,n]} (Imc is the least common multiple) and
[y = min{A.ly | A € IN and max(ap, fo) < Ao}

Let E; be the set of uplets (Q1,...,Qa,) € Ey such that, for every i €
[1,2.n], we have deg(Q;) < . FE; is finite and we can write

By ={(Q1,..., Qsn)s - (@1, Q50)}

Let E, be the set of uplets (Ry,..., Ry,) such that for every i € [1,n], we
have R; € I[X%], R,; € I[X?], max{deg(R;),deg(R,.:)} < lp and

SR()= 3 R(X)

E, is finite and we can write Fy = {(R},...,R:,),..., (R ... RE "}

Lemma 3.2 E, is equal to the set of uplets (Py, ..., Pyy) such that

k
(Pry.o oy Pog) = (Q1y ..o, Qo) + XD Si(X) (R, ... RS,
=1

RR n3404



8 Zakariae Bouziane

k
for some (Q1,...,Q2n) € Fy and Sy,...,S, € 1|X] such that Y .S;(X) =
i=1
¢, X for some a € IN,

Proof.

e For every (Q1,...,Qa,) € Ey, for every [ € [1,2.n] and for every mono-
mial X¢in Q;(X) we have 0 < ¢ < [5.
For every i € [1, k], for every | € [1,2.n] and for every monomial X¢ in
RY{(X) we have 0 < ¢ < .
Hence, for every i € [1, k], for every [ € [1,2.n] and for every monomial
X¢in X X0 Ri(X) we have [} + b.ly < c <l + (b+1).l.

k .
Consequently, Q;(X) + X". > .S;(X).R{(X) € I[X]. Thus the sum
i=1

k
(Qla . ->Q2.n> + Xll' Z SZ(X)(RZIJ st 7R§n)
=1

is in Ej.

o Let (P,...,P,) € Ey and let d = max{deg(P;) | j € [1,2.n]}. For
every j € [1,2.n], let Q; to be the largest sub-polynomial of P; of degree
less than /;, and let Ré- to be the largest sub-polynomial of P; such that
any monomial X ¢ of P; verify I, + (I —1).lo < ¢ <y + 1.l (I is such that
h+(1=1)dy <d.

The uplet (Q1, ..., Q2,) is then in Fj.
For j < n we have P; € I[X%]. Hence every monomial X¢ of Ré- verify

Lh+(1—-1)lo<c=Aa; <l;+1Ll, for some A € IN

Moreover, from the definition of [, and [/;, we deduce that Iy = A¢.cr; and
li = .oy, for some Mg, A; € IN. Thus

(Al + (l — 1)./\0).04]' <c= /\.Ozj < ()\1 + l./\o).(,l{j

INRIA
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Which means that
X¢ = xh XU xbe for gome b.aj <l

In the case where n < j < 2.n, we use the same proof by replacing «; by

ﬁj—n-
Consequently, (R!,... R, ) € E,. Thus (P, ..., P,,) can be written in
the form of the equation in lemma 3.2. |

Lemma 3.3 Equation (2) has a solution if and only if there exist Sy, ..., Sy €
I[X] such that the two following systems are verified

k
QuP) + 211813 " Si(2P). j(2P1) = Qo (21) + 211 ZS(T‘ L(2%) Vi [L,n]  (5)
i=1

and

k a
YSi(X) =3 Xt (6)
i=1 i=0

for some a € IN and (Q1,...,Qs2n) € E1.

Proof. From lemma 3.1 and lemma 3.2, we deduce that equation (2) has a
solution if and only if there exist Si,..., S, € I[X] and a € IN such that

k a .
> Si(X) =3 Xt and
i=1 i=0
k k

Qu(XP) + xt-br, Z Si(XPY).RI XA = Qpy(X) 4+ X1, Z Si(X1).RE (X)), VI € [1,n]

k .
However, for | € [1,n], the polynomials Q;(X#) + XAt 5~ S;(XP). R{(XPr)
i=1
and Q4 (X)) + Xh- Z S;(X).R:_,(X) are in I[X]. Hence, these two
polynomials are equal 1f and only if they have the same value on integer 2.

This ends the proof. ]

Lemma 3.4 The system made of system (5) and system (6) has a solution if
and only if it has a solution with a < 22" for some constant ¢ € IN.

RR n3404
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Proof. Fori € [1,k],1 € [1,n],let A;; = 2Pt Ri(2%1), A; g = 221 RE,(2),
Aoy = Qu(2%) and Agpy = Quu(2*). Let T ={Z ¢ IN* | ©F_, Z(i) =1}
Hence, equation (5) is equivalent to the linear diophantine system

k k
Ao+ Y AiYii=Aonni + O Ain1Yinyr , VI E€ [1,n] (7)

=1 i=1

and equation (6) is equivalent to the system

Yi, = Zo(i) + 2P Z, (i) + ... + 20005 7, (4) , Vi€ [1,k],VI€[l,n]
Yint = Zo(d) + 2004 Z,(4) + ...+ 20l Z () | Vie[l,k],VI€[Ln]
(8)
for some Zy,..., 7, € ¥.
However, for every [ € [1,n], the set of solution
k k
St ={(V1,1, s Yo, Vingtr o5 Yint) € INTF | Ag ) + ZAi,l-Yi,l = Ao,nt1 + ZAi,n-H-Yi,nH}
i=1 i=1

is semi-linear, and can be written in the form

h
Sl:{vi'i'z)\j-wj,l | WESl,O; Wl,l,---,Wh,lESl,I, /\1,...,>\hEIN-}

Jj=1
where §; o C IN?* is the set of minimal solutions of the I equation in system
(7) and S;; C IN** is the set of minimal solutions of its homogeneous part

k k
Ei:l Az’,l-Yz’,l = Ei:l Az’,n+l-Yz’,n+l-

We only want the solutions ¥V, = (Yig ..., Yy, Yintss---s Yenu) € S that
verify system (8). Let Y° = Vjo + Z?:l A;. W, be such a solution. It can be
written in the form

h h
Y =Vip+ Y A Wi+ 2073 X0 Wiy

j=1 =1

where, 7, = max{q;, 3} and 0 < \;; < 2071,

INRIA



A Primitive Recursive Algorithm for the General Petri Net Reachability Problem11

Thus, for every ¢ € [1, k|, we have
Vio(d) + 02y Ay Wia(d) = Zo(i) + 2PV ()
Violk+4) + Xh_y Mn Wik + i) = Zo(i) + 202V (k + i)

for some V/; € IN**. Let & = min{qy, 3} and let V;; € IN**, such that, for
every i € [1, k], we have Vii(3) = 22 V/o(3) and Vi1 (k +1) = 225 Vo (k +1).
Hence, V' = Vi1 + 225 2?21 Aj2.W;, verifies system (8).

2l0-6;

By repeating the previous process we will obtain a sequence of vectors Vg,
Vitg, .- Vigin INZF, Moreover, we have

1 .
Migalleo < s MViglloo + R207 max{|[Wiilloo | 5 € [1, A]}]

Hence,

2l0.51

[Vigilloo < max([[Vig Db 1

Joos b2 max{[[Wyilloo | j € [1,4]})

From [3], we deduce that, for every W;; € S;; and for every Vo € S, we
have

Wiille < max{Aiy, Ainya | i € [1A]} < 2mloth)

Vi

lo < 2.max{A;;, Ainy | i €[0,k]} < 2mllotl)+l

Hence, the number A of elements in & ; verifies

h < 22.k.’yl.(l0+l1)

However, the number k of elements in E5 verifies

k< 2mho

RR n3404
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Consequently,
h S 22.’)11.(l0+l1).2”'l0 S 22(.‘0.17,.11

for some constant ¢ € IN.
Which means that
c1-n.1
[Vijlloo < 22777

for some constant c.

Thus, the elements of S; that verify equation (8) can be generated by a union
of |S;0| automaton A, = U{Ai(Vi;) | Vi, € Sio}. Each automata A;(V;;) is
over the alphabet ¥ and has nodes in the set of vectors

{VeN' | [V]w < 2™}

the initial marking is V;; the final marking is 0 = (0, ..., 0) and there is an arc
from Vi to V, labeled Z if and only if

Vi() + 351 A Wia(i) = Z(i) + 2000 V5(i)
Vi(k+d) + S0y X\ Wik +14) = Z(i) 4 2909 Va(k + i)

for i € [1,k] and \y,..., A, < 2007,

Finally, the set of solutions of equation (7) that verify equation (8) is comple-
tely determined by the intersection

£= (LA

=1

where L£(.A4;) is the language recognized by A4;.

The number of nodes of every automaton 4;(V; ;) is less than 222" for some
constant c,. Hence, £ # () if and only if it contains a sequence of length no
longer than 272" < 922%™ for some constant c; € IN. Thus, the system
made of system (7) and system (8) has a solution if and only if it has a solution
with a < 22°™" | for some constant ¢ € IN. n

INRIA
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4 The general Petri net reachability problem is
primitive recursive

Now, we are ready to compute a primitive recursive algorithm for the general
Petri net reachability problem.

Theorem 4.1 There exist a constant ¢ such that, for every Petri net N =
(P, T, F, M,) and every marking M; € IN™, we have

M; € RS(N) if and only if there exist Hy, H, ..., H, € IN™ and there ezist

tivs tiys .- ti, €T such that
My = H+F(,t)
Hj+ F(ty;,.) = Hj+F(,t,,) foreveryje[l,k—1]
My = Hpy+F(t,,.)

and for every j € [1,k] we have
o(H; + F(t;,,.) <25

where !l = min{A.ly | A € IN , max{ag, fo} < A.lo}, 2 = (M), Bo = p(My),
and lp = SD(SUP{F(% ')7F('7ti) | IS [1,71]}),

Proof. This theorem is a consequence of the previous section. [ ]

5 Open problems

e Reduction of the gap between our upper bound and Cardoza, Lipton,
Mayr and Meyer’s bound.

e Complexity of :

— The liweness problem.
— The regularity and the contezt-freedom problems.

— The semi-linearity problem.
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