
HAL Id: inria-00073508
https://inria.hal.science/inria-00073508

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Multimodularity, Convexity and Optimization
Properties

Eitan Altman, Bruno Gaujal, Arie Hordijk

To cite this version:
Eitan Altman, Bruno Gaujal, Arie Hordijk. Multimodularity, Convexity and Optimization Properties.
RR-3181, INRIA. 1997. �inria-00073508�

https://inria.hal.science/inria-00073508
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  


de  r ech er ch e 


INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Multimodularity, Convexity and Optimization
Properties

Eitan ALTMAN Bruno GAUJAL and Arie HORDIJK

N˚ 3181

Juin, 1997

THÈME 1





� �������	� 
����
�	��������������
�������� ����� �!��� "$#%���	� �	&'�(���	
!�
)*��
�#+�'�������-,

.0/2143�57698;:%<=69>@? A�BDCE5�FHG�6�I%JK698$?L? 3�5EM76�BD/ON+P%QSR T
UVJXW ?L?Y?
Z'[K\	]_^a`cb d-egfh^gikjml
^�nofqprfsnt\	]_^gf

uwvhxzyq^�n0{
|}fqntvtiz~O�Y�m~�xrx��
doiz�K�Lxkvsn'�K^�vs^g��[K^	vh��[K^�������`���`%b �kjK|}���;`��k����b ������ik��^	f

� ���	�������k�� ¢¡ ^w|���£�^	fsnt|���iznh^¤|��(nt[K|�f¥��ik�Y^gv¦nh[K^w�Kvhxk�L^	vsnt|�^gf¥xk§r]!jK~�nh|}]_xr�KjK~}ikv;§2jK�K��nt|�x��Kfg¨�©ª���Kx�|��K�
fhx0«¤^-��|¬£�^-ik~¬nt^	vh��iznh|�£k^'�Kvhxrxk§2fE§2xkv­�Kvhxk�L^	vsnt|�^gf®iz~}vs^Dik��p!^gfqn�ik¯�~}|�fh[K^	�°¯�p�±oi4yq^g²���ik����«�^-^�lrnh^g�K�_[K|�f
vh^	fhjK~¬ntf	¨®©ª�%��ikvsnh|}�	jK~}ikvg��«�^(fs[Kx�«7nt[K^0vs^g~}iznt|�x�� ¯Y^	nª«¤^g^	���gx���£�^Vlm|�nªp�iz�K� ]�j�~�nh|}]_xr�KjK~}ikvh|¬nªp���«-[�|}��[
ik~�~}x�«-f®jKfwntx�vs^gfsnhvh|��	n®nt[�^³fqntjK�mp�xk§L]�jK~¬nt|�]_xm�Kj�~´ikvw§2jK���	nt|�x��Kfwnhx��	x���£�^Vl°fsjK¯Kfs^	ntfµxk§L¶�·'¨ ¡ ^¸nt[�^g�
x�¯�ntik|��a��^	�K^gvhik~�x���nh|}]_|�¹Diznh|}x���vh^	fhjK~¬ntfµ§2x�vµiD£�^gvhik��^³�gx�fqntfµvh^	~´iznh^g��ntx!i�fs^gº�jK^g���g^cxz§¦]�j�~�nh|}]_xr�KjK~}ikv
§2jK�K��nt|�x��Kf	¨�©ª����izvsnt|��gj�~´ikv	�;«�^_^gfqn�ik¯�~}|�fh[»~}x�«¤^gv�¯LxkjK�K�Kf	��iz�K�¼fh[Kx�«½nh[�izn(nh[K^_^�lm�L^	�	nh^g�¾iD£k^gvtiz��^
�Kvsx�¯K~�^g]¿|}f(x��mnt|�]�|�¹g^	�¼¯�pÀjKfs|}�K�%¯Kik~´iz�K�g^	�»fs^gº�jK^	�K�g^	fg¨ ¡ ^�Á��Kik~}~¬pS|�~�~}jKfqntvhiznt^�nh[K^�jKfs^	§2jK~��K^	fhf�xk§
nt[�|}f�nh[K^gx�vqp¾|��Âik�K]_|}fsfh|�x��Â�gx���ntvsx�~�|���ntx»i+Ã(ÄkÃ0Äm`�ºrj�^gjK^%«-|¬nt[ÅÁ�lm^g�Â¯�iznh��[Hizvhvh|¬£zik~�fg�w«-|�nh[Æ�Kx
fsntiznt^�|���§2x�vh]�iznh|}xk�¦¨ ¡ ^�fh[�x�«*nh[�izn³nt[K^�¯�ik~}ik�K�	^g�S�Yx�~�|}��p
]�|��K|�]_|}¹	^gfcnh[K^�iD£k^gvtiz��^�º�jK^	jK^�~�^g�K�knh[
§2x�v�nt[K^'�gikfh^¸xz§Xiz��|}�mÁ��K|¬nt^'º�jK^gj�^k��¯Kj�nw��xkn­§2x�v�nt[K^¸�gikfh^'xz§YicÁ��K|¬nt^¸º�jK^	jK^k¨ ¡ [K^	��§2jKvsnh[K^gvwiz�K�K|��K�
i��	x��Kfsnhvtik|���n'x��°nh[K^c~�x�fsfh^gf	��|�n�|}f¤fh[Kx�«-�%nt[Kizn'i�¯Kik~´iz�K�g^	�%�Lx�~�|��	p�|}f¸ik~}fsx�x���nh|}]�ik~�§2x�vµnt[K^o�Dikfs^0xk§
Á��K|¬nt^�º�jK^	jK^k¨
ÇÀÈ�ÉXÊsË�Ì �4Í��k  {ÀjK~¬nt|�]�xr�KjK~}ikv¸§2jK���	nt|�x��Kf	�K�gxk��£k^�lm|¬nªp��Y¯�ik~}ik�K�g^	��fh^gº�jK^	�K�g^	fg�Yik�K]_|�fhfs|}x��
�gxk��nhvhx�~
|���nhx°i�º�jK^	jK^k¨
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� �   Ã0ik�Kfc�g^	n0ikvsnh|}�	~}^z�X�KxkjKfc�KxkjKfc|���ntegvs^gfsfhx��Kf�izjmlÀ�Kvhx���vh|�e	nte	f0�K^	fo§2x��K��nt|�x��Kf0]!jK~¬nt|�]�x��
�KjK~}ik|�vh^	fg¨���^c§ ik|�ftik��ng���Kx�j�f�]_x���ntvsx��Kf¸�K^c�Kx�j�£k^g~�~}^	f'�Kvh^	j�£�^	f'�K^gf'�Kvsx��Kvs|}e�ntegf�e	n�iz¯K~}|�^gf���ikv¸±oi4yq^g²
^	n��KxkjKf!e�nt^	�K�Kx��Kf!�g^	vsn�iz|}�Kf��K^_fh^	f�vsegfhj�~�ntizntf	¨	�w� ��izvsnt|��gj�~}|�^gv	���KxkjKf!]_x���nhvhx��Kf�~}i
vs^g~}iznt|�x��»ºrj�|
^�lm|�fsnh^o^	��nhvh^-]�j�~�nh|}]_xr�KjK~}ikvh|¬nte³^	nµ�gxk��£k^�lm|¬ntecº�jK|���x�jKf®�L^	vh]_^	nµ��� e	nhjK�K|�^gvµ~´i(]!jK~�nh|}]_xr�KjK~}ikvh|¬nte-fsjKv
�K^	f'��ikvsnh|}^	f'�gx���£k^�lm^gf³�K^(¶�·'¨��w�KfsjK|¬nt^k����x�jKf'x�¯�nh^g�Kxk�Kf'�K^gf-vsegfhj�~�ntizntf'��e	�Kegvhikjml ���ûxk��nt|�]_|}fhiznt|�x��
�Yx�jKvw~�^'�gx���nµ]_x�p�^	�a��� jK�K^-fsjK|�nh^-�K^'§2x��K�	nh|}xk�Kf®]�jK~¬nt|�]_xm�Kj�~´ik|�vh^	fg¨��w�_��ikvqnt|��gjK~�|}^	vg�rx��_^�lm[K|�¯L^-�K^	f
¯Yx�vh�K^	f(|}�m§2egvh|�^gj�vh^gf�^�n(x��+]_x���ntvs^�ºrj��û^	~}~�^gf�fhxk��n�i4nhnt^	|}��nh^gf(�Yx�jKv0~�^gf(fsjK|�nh^gf�egº�jK|�~�|}¯Kvseg^	fg¨���|}��iz~}^��
]_^g��nD�mx��°|�~�~}jKfqntvs^c~��ûj�nh|}~�|¬ntec��^c�g^�nhnh^ont[�egx�vs|}^o�Lx�j�v¤~�^c�	x���ntv��k~}^³���ûik�K]_|}fsfh|�x��%��ik��f�jK�K^³Á�~�^0Ã(ÄkÃ0Äm`
iD£�^	���K^gfcikvhvs|�£keg^	f0��ikv³��ikº�jK^�ntf0�K^�n�ik|�~�~}^�Á�lm^k�Lftik�Kfc|}��§2xkvh]�iznt|�x��¦¨ �0�S]_x���nhvh^�º�jK^!~´i��Lxk~}|¬nt|�º�jK^
egº�jK|�~�|}¯Kvseg^�]_|}��|}]_|�fh^�~´i�~�x��K�kjK^gjKv�]�x�pk^g�K�K^��K^(~}i�Á�~�^0�Yx�jKv¸jK��^(�Dik��iz�g|¬nte0|���Á��K|�^(]�ik|�f'��ikf¸��iz�Kf
~�^��Dizfo��� jK�K^�Á�~�^�!a�gik��ik�	|�nhe!Á���|}^z¨oÃcik�Kfc�	^!�gikfg�¦�m|¥~"� x��9i4yqx�j�nh^!jK��^��gxk��nhvtik|���nt^!fhjKvo~}^	fc�Y^gvsnh^gf	�
x���]_x���ntvs^�ikj�fhfh|;º�j�� jK�K^��Yx�~}|¬nt|�º�jK^�egº�jK|�~}|�¯Kvseg^�^	fsn³x���nh|}]�ik~�^k¨
#*Ì ��� Ê �%$ �   {ÀjK~¬nt|�]_xm�Kj�~´ikvs|�nhek���gxk��£k^�lm|¬ntek�Y�gxk��nhv���~�^����ûik�K]_|}fsfh|�x��¦��fhj�|�nh^gf³egº�jK|�~}|�¯Kvhe	^gf	¨
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Z'[K^®]�j�~�nh|}]_xr�KjK~}ikvh|¬nªp(�Kvsx��L^	vsnªpcxk§�§2jK�K�	nh|}xk�Kf;«¸ikf¥]!jK��[!|���£�^	fsnt|���iznh^g�!|}�(nt[�^w�gx���nt^Vlrn�xz§mº�jK^	jK^g|��K�
fsprfqnt^g]_f	¨¤Z'[K^	vh^(izvh^cfs^	£k^gvtiz~¦�Dikfs^gf'|��°nt[Kizn�Á�^	~}�%|��°«-[K|���[%nt[K|�f���vhx��Y^gvqnªpa«�ikf¸^Vl���~}x�|¬nt^	�%ntx�fsx�~�£k^
fsnhxm��[Kikfsnh|}�À�gx���ntvsx�~ ¨ �0��nt|�]�ik~-ik�K]_|�fhfs|}x�� �gx���ntvsx�~'jK�K��^gv��Kx º�jK^	jK^À|���§2x�vs]�iznt|�x��Æ«¸ikfafsnhjK�K|�^g�
¯�p»±ci4yq^	²43ò��5 ¨�Z'[K^°��vh^g�	|}fs^a��vhx�¯K~�^g] «�ikf�ntxÀik�K]_|¬n��	jKfsnhx�]_^gvhf�ntx
i�fh|��K��~�^aº�jK^	jK^k�­j��K�K^gv�nt[�^
�gxk�Kfsnhvtik|���nonh[�izn-nt[K^�~�x��K��vhjK�
§2vtik��nt|�x��Àxz§­�gj�fsntxk]�^	vhfcik�K]_|�nsnt^	�9¯Y^�izn³~�^Dikfqn�6¦¨�Z'[K^�x���nh|}]�ik~�|�nªp
xk§®i��Lxk~}|��	p
¯�ikfs^g�+x��9i°¯�ik~}ik�K�	^g�Sfs^gº�jK^	�K�g^�xk§wik�K]_|}fsfh|�x��¼ik��nt|�x��Kfo«�ikfox�¯�n�iz|}�K^	�S|��73ò��5�§2x�v-nt[�^
��jK]�¯Y^gv³xk§E�gjKfqntx�]_^gvsfo|��Si�x���^ �ªfs^gvq£�^gvoº�jK^gjK^�«-|¬nt[9^Vlm�Lx���^g��nt|}ik~¥fh^	vs£r|}�	^�ik���9i_vh^	�K^	«�ik~�ikvhvs|�£zik~
�Kvsxm�	^gfhf	¨

8 �Kxznt[K^	v®ik�K�K~�|}�giznt|�x���xk§�]!jK~¬nt|�]�xr�KjK~}ikv­§2jK���	nt|�x��Kfw|�f­|���nt[K^'�	x���ntvsx�~�xk§�º�jK^	jK^gfw«-|¬nt[�§2jK~�~�fqn�iznh^
|���§2x�vh]�iznh|}xk�¦¨ ¡ ^g¯Y^gv¥iz�K�!�rnt|��K[�ik]93û��5":Oik����~}iznh^gv<;(~´ikfsfh^	vh]�ik�!ik�K�>=¤ikx?3A@�5
BXxk¯�n�ik|��K^	��]_x���xkntx���^
�Kvsx��L^	vsnh|}^	f�xk§¦nh[K^cxk��nt|�]�ik~��gx���ntvsx�~Y�Lx�~�|��g|�^gf¸izf�i!§2j��K�	nh|}x��axk§¦nh[K^cfqn�iznh^k�r|}�%i��Kvhxk¯K~}^	]�xk§;�gxk��nhvhx�~
xk§�fh^	vs£r|}�	^�vhiznt^	f³|��Ài�fqpmfqnt^	]¿xz§DC ºrj�^gjK^	fc|��
ntik�K�K^	]
¨µZ'[K^�]_^	nt[�xm�Kxk~}x��zp «¸izfofqntvhxk�K��~¬p%¯�ikfs^g�
x��%nt[�^�]!jK~¬nt| �ª]_xm��jK~´izvh|¬nªp��Kvhx��Y^gvqnt|�^gf-xk§�nt[K^�|�]_]�^	�K|}iznt^��gx�fqntfoik�K�%nt[�^��	x�fsn � nhx �ª��x�§2jK���	nt|�x��Kf	¨
Z'[K^¸�Kj�vh�Yx�fh^¸xz§Knt[K|�f­��iz�L^	vE|�f�ntxcfsntj���p!nh[K^¸�Kvsx��Y^gvsnh|}^	fExk§�]!jK~¬nt|�]�xr�KjK~}ikv�§2jK�K�	nh|}xk�Kfg��ikfEiontxrx�~

§2x�v­§2jKvqnt[K^	v¤|���£�^	fsnt|���iznh|}���!nt[�^o�	x���ntvhxk~�xk§Xº�jK^	jK^g|��K��fqprfsnt^	]_fg¨ ¡ ^³�Kvsx�£r|��K^oik~�nh^gvs��iznt|¬£�^³�Kvsxmxk§2fw§2x�v
�Kvsx��L^	vsnh|}^	f0ik~�vh^gik��p
^gfqn�ik¯K~�|�fh[K^	�»¯�pÀ±ci�yq^g²�¨ ¡ ^!§2j�vsnt[�^gvcfs[Kx�«*nt[K^!vh^	~´iznh|}xk�S¯L^�nª«�^	^g�+�	x���£�^�lm|¬nªp
ik�K��]�jK~¬nt|�]_xm��jK~´izvh|¬nªp���«-[�|}��[Åiz~}~�x�«-f!jKf�ntxÀvh^	fsntvs|}��n!nh[K^�fsntj���p»xk§¸]!jK~�nh|}]_xr�KjK~}ikv�§2jK�K�	nh|}xk�Kf�nhx
�gxk��£k^�lÀfhj�¯Kfh^�ntf³xk§E¶ · ¨
¡ ^ nh[K^g�Æ�K^�£�^	~}x��Æ¯�izfh|��%x���nt|�]_|}¹giznt|�x��Åntxrx�~�f!§2x�v�i�£k^gvhik��^%�gxkfsntf	�®vh^g~}iznh^g�Åntx¼iSfs^gº�jK^g���g^�xk§

]�j�~�nh|}]_xr�KjK~}ikv�§2j��K�	nh|}x���fg¨ ©ª����ikvsnh|}�	jK~}ikvg��«�^�^gfqn�ik¯K~�|�fh[¾~�x�«�^	v�¯Yx�jK�K�Kf�«-[K|���[Åikvs^aiz��[K|}^�£�^	�Å¯�p
¯�ik~}ik�K�	^g�
fh^	ºrj�^g�K�	^gfg¨
¡ ^0ÁK��ik~�~�p°|}~�~}j�fsntvhiznt^(nh[K^0jKfs^	§2jK~��K^gfsfoxz§�nh[K|�f¸nt[K^	x�vsp%|���ik�K]_|�fhfs|}x��
�gxk��nhvhx�~X|}��ntx_i�º�jK^	jK^�EK«¤^

�g|¬nt^-fsx�]_^³vs^gfsjK~�nhfµ§2xkv­nt[K^�;�Ä!;!Är`'ºrj�^gjK^z��ik���a�Kvsx�£m|��K^³i��K^	ntik|}~�^g�aik��iz~�prfh|�fµxk§Lnh[K^³Ã(ÄkÃ(Är`³º�jK^	jK^
«-|¬nt[�Á�lm^	��¯�iznh��[�ikvhvs|�£zik~�fg�4«-|�nh[��Kxofsntiznt^¤|}��§2xkvh]�iznt|�x��¦¨ ¡ ^�fh[�x�«��z§2x�v�nh[K^µ~´iznsnt^	vg�znh[�izn�nt[K^µ�Yx�~}|��	p
«-[K|���[S|�fc�K^�Á��K^g�Ànt[Kvsx�jK��[9i�¯�iz~´ik���g^g�9fh^gº�jK^	�K�g^�]_|��K|�]�|�¹g^	fonh[K^�iD£�^	vtik�k^�º�jK^gj�^�~�^g�K�knh[À§2x�v-nt[�^
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