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Abstract: We consider an hidden Markov model with multidimensional observations, and with misspecifi-
cation, i.e. the assumed coefficients (transition probability matrix, and observation conditional densities) are
possibly different from the true coefficients. Under mild assumptions on the coefficients of both the true and
the assumed models, we prove that : (i) the prediction filter, and its gradient w.r.t. some parameter in the
model, forget almost surely their initial condition exponentially fast, and (ii) the extended Markov chain, whose
components are : the unobserved Markov chain, the observation sequence, the prediction filter, and its gradient,
is geometrically ergodic and has a unique invariant probability distribution.
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Ergodicité Géométrique
dans les Modeéles de Markov Cachés

Résumé : On considere un modéle de Markov caché avec observations vectorielles, et mal spécifié, c’est—a—dire
que les coefficients supposés (matrice des probabilités de transition, et densités conditionnelles des observations)
sont éventuellement différents des vrais coefficients. Sous des hypothéses assez faibles portant sur les coefficients
du vrai modéle et du modeéle supposé, on montre que : (i) la distribution conditionnelle de la prédiction, et son
gradient par rapport a un coefficient quelconque du modele, oublient presque surement leur condition initiale,
avec une vitesse exponentielle, et (ii) la chaine de Markov étendue, dont les composantes sont : la chaine de
Markov non—observée, la suite des observations, la distribution conditionnelle de la prédiction, et son gradient,
est géométriquement ergodique, et posséde une unique distribution de probabilité invariante.

Mots-clé :  modele de Markov caché, modéle mal spécifié, prédiction, oubli exponentiel, ergodicité géomé-
trique, produit de matrices aléatoires, coefficient de contraction de Birkhoff
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4 F. Le Gland & L. Mevel

1 Introduction

Let {X,,, n >0} and {Y,, n > 0} be two random sequences defined on the probability space (2, F,P,), with
values in the finite set S = {1,---, N} and in R respectively. It is assumed that :

e The unobserved state sequence {X, , n > 0} is a time-homogeneous Markov chain with transition proba-
bility matrix Qs = (g4”), i.e. for any integer n > 0, and for any 7,5 € S

PyXup1 = | Xn =i = ¢,
and initial probability distribution p, = (p), i.e. for any i € S
P,[Xo=i]=p) .

e The observations {Y,, , n > 0} are mutually independent given the sequence of states of the Markov chain,
i.e. for any integer n > 0, and for any g, --,i, € S

n

PV, €dyn, -, Yo €dyo | Xn =in, -+, Xo =io] = [ [ Pa[Va € dyn | Xi = i] -
k=0

For any integer n > 0, and for any ¢ € S, the conditional probability distribution of the observation Y,
given that (X, = i) is absolutely continuous with respect to a non-negative and o—finite measure A on
RY ie. _
P,[Yo €dy [ Xn =] = by(y) Ady) ,
with a A-a.e. positive density. For any y € R?, let
bo(y) = [ba(y), -+~ b (W)]*  and  By(y) = diag[by(y), .03’ (v)] -
Here and throughout the paper, the notation * denotes the transpose of a matrix.
Example 1.1 [conditionally Gaussian observations] Assume that the observations are of the form

Yn = ho(Xn) + Vn )

for any integer n > 0, where {V,,, n > 0} is a Gaussian white noise sequence, with identity covariance matrix.
The mapping h, from S to RY is equivalently defined as h, = (h}) where h} € R? for any i € S. In this case,
X is the Lebesgue measure on R, the mutual independence condition is satisfied, and

bi(y) = @m) " exp{ — 3 ly— A},
for any i € S, and any y € R%. Here and throughout the paper, the notation | - | denotes the Euclidean norm.

Throughout the paper, we make the following assumption :

Assumption A : The stochastic matrix Q, = (qi’j) is primitive (or equivalently, irreducible and aperiodic).

Remark 1.2 Under Assumption A, there exist constants 0 < p, < 1 and K, > 1 such that, for any integer
n2l | L
3 max > 14 (n) — I (n) | < Kopy (1)
, ics
and the Markov chain {X,, , n > 0} is ergodic, with a unique invariant probability distribution py = () on S.
Here and throughout the paper (g47(n)) denote the entries of the stochastic matrix Q7, i.e. for any i,j € S

®)

Po[Xn =] | Xo=1i]=¢)(n).

INRIA
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For any integer n > 1, let p® = (p!) denote the prediction filter, i.e. the conditional probability distribution
under P, of the state X,, given observations (Yp,---,Y,_1) : forany i € S

PL=P X, =i|Yy, -, Yu1].

The random sequence {py , n > 0} takes values in the set P(S) of probability distributions over the finite set
S, and satisfies the forward Baum equation

(M) e
for any integer n > 0, with initial condition pg = p,.
In practice, the transition probability matrix @}, and the initial probability distribution p, of the unobserved
Markov chain {X,,, n > 0}, and the conditional densities b,(-) of the observation sequence {Y, , n > 0} are
possibly unknown. For this reason, we consider instead of (2) the more general equation

Q*B(Yn) Pn

Pnt1 = b (Yn) on = f[Yn;pn] ) (3)

for any integer n > 0, with initial condition py = p, where @ = (¢%/) is a N x N stochastic matrix, p = (p') is
a probability vector on S, and b(-) = (bi(-)) are A-a.e. positive densities on R
To make explicit the dependency w.r.t. the initial condition and the observations, we introduce the notation

Pnt+1 = f[Yn;,Ym;pm] )

for any integers n, m such that n > m.
Under the true probability measure P,, the extended Markov chain {7, = (X,,Yn,pn), n > 0} with values
in S x R4 x P(S), has the following transition probability matrix / kernel

9 (y,p,dy',dp') = Po[Xng1 =5, Yng1 €AY, pny1 €dp’ | Xn =4, Yy =y, pn = p]

= 0 W) MdY) Sppy y(dp)
Notice that both
e the initial condition for the prediction filter,
e the transition matrix, and the observation conditional densities,
are possibly unknown. However these two misspecification issues are of a different nature :

e we expect that a wrong initial condition for the prediction filter is rapidly forgotten, so that we could use
any initial condition with practically the same effect,

e on the other hand, we expect that two different transition probability matrices, and two different obser-
vation conditional densities will have a significantly different effect, i.e. will produce significantly different
values for some related Kullback—Leibler information, so that we could estimate the unknown transi-
tion probability matrix and the unknown observation conditional densities accurately, by accumulating
observations — this estimation problem will be addressed in subsequent papers.

Indeed, 1t can be shown that the log-likelihood function for the estimation of the unknown transition probability
matrix and the unknown observation conditional densities, can be easily expressed as an additive functional
of the extended Markov chain {Z, = (X,,Ys,pn), n > 0}. Consequently, an asymptotic expression can be
obtained for the corresponding Kullback—Leibler information provided some ergodicity property holds.

These statements are made rigorous in this paper, with the proof of the following two properties :

o the exponential forgetting of the initial condition for the sequence {p,, n > 0} defined in (3),

e and the geometric ergodicity of the extended Markov chain {7, = (X, Ys,pn), n > 0}.

RR n°2991



6 F. Le Gland & L. Mevel

In the case of conditionally Gaussian observations, the exponential forgetting property has been investigated
by Atar and Zeitouni [2] in terms of Lyapunov exponents, and the existence of a unique invariant probability
distribution for a related extended Markov chain (based on the filter itself instead of the prediction filter) has
been proved by DiMasi and Stettner [4] and by Stettner [12], under some additional restrictive assumption.
In this paper, we adopt the approach initiated, in a special case of HMM with observations in a finite set, by
Arapostathis and Marcus [1] — see also LeGland and Mevel [9] for a generalization.

Inspired by Arapostathis and Marcus [1], and motivated by the problem of recursive identification of the
model, we consider the following more general problem : Assume that the coefficients of (3), i.e. the transition

probability matrix @ or the vector b(-) = (b’(-)) of observation densities, depend on some one-dimensional
parameter. Differentiating (3) w.r.t. this parameter yields
Q" B(Yn) P b (Yn)
M S G b ) [¥n, ol
where 0Q" B(Ya)pa Q" B(Yy) b (V)
Of[Yn,pn] = I-— OAN(Yn) pn
[ ] b*(Ya) pn b*(Ya) pn : b*(Yn)pn] ()

and for any y € R?
OA(y) = diag[dlog[b'(y)], -- -, dlog[b" (y)]] -

Example 1.3 If the stochastic matrix ) is parametrized by its off-diagonal entries, and the one-dimensional
parameter is precisely the (7, j)-th entry ¢"7 with ¢ # j, then

0Q" = (e; —ei)e; .

Example 1.4 In the case of conditionally Gaussian observations, if the one-dimensional parameter is precisely
the k—th coordinate hj, of the i~th mean vector, then for any y € R4

OA(y) = (e — hi) ei€f -
More generally, we consider the following equation

o @B, mr)
n+l = b*(Yn)pn I b*(Yn)pn] n+ [Ynapn] (4)

= @[Yn,])n] Wy + U[Yn;pn] = F[Yn;pmwn] )

with values in
Y={weR" : efw=0},

where ¢ = (1,---,1)* denotes the N-dimensional vector with all entries equal to 1. To make explicit the
dependency w.r.t. the initial condition and the observations, we introduce the notation

Wn4+1 = F[Yn; T ':Ym,pmawm] ;

for any integers n, m such that n > m.
Under the ¢rue probability measure P,, the extended Markov chain {Z] = (X,,Ya,pn,w,), n > 0} with
values in S x R? x P(S) x ¥, has the following transition probability matrix / kernel

057 (y, p,w, dy’, dp’, dw') =
= PO[Xn+1 =j, Y41 € dylapn+1 € dpl;'wn+1 € du' | Xn=4,Y, =Y,pn =p,Wn = w]

= W RN Sy 5 (@) Oppy, p,w)(de)
We will also consider the time-dependent equations

@nBn (V) Pn

= JalYa ] (5)

INRIA
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and
QB (Yn)
b; (Yn) Dn

n b5 (Ya
_P n( )]'wn+'un[yn:pn]

(-
bn (Yn)Pn (6)

Wn+1

= q)n[Ynapn] Wn + un[Yn,pn] = Fn[Yn:pn’ 'wn] )

for any integer n > 0, where @, = (¢,7) is a stochastic matrix, and b, (-) = (b, (-)) are A-a.e. positive densities.
To make explicit the dependency w.r.t. the initial condition and the observations, we introduce the notations

Pn+1 = fn,m[Yn: e 'aYm:pm] )

and
Wn41 = Fn,m[Yna "'7Ymapm7wm] ,

for any integers n, m such that n > m.
Here is a short overview of our results in the time—independent case, under the assumption that the stochastic
matrix @ is primitive :

e We obtain in Theorem 2.3 a bound for the difference between the solutions of equation (3) starting from
two different initial conditions. As a corollary, we obtain in Proposition 2.5, an upper bound for the
P,—a.s. exponential rate of forgetting of the initial condition for equation (3).

e Using the estimate of Theorem 2.3, we prove in Theorem 3.6, under some integrability assumption on
the observation densities b(-) and b,(-), the geometric ergodicity of the extended Markov chains {Z, =
(Xn, Yn,pn), n >0}

e We obtain in Theorem 4.6 a bound for the difference between the solutions of equation (4) starting from
two different initial conditions. As a corollary, we obtain in Proposition 4.7, under some integrability
assumption on the observation densities b(-) and b,(-), and on the function u, an upper bound for the
P,—a.s. exponential rate of forgetting of the initial condition for equation (4).

e Using the estimate of Theorem 4.6, we prove in Theorem 5.4, under some integrability assumption on
the observation densities b(-) and b,(-), and on the function u, the geometric ergodicity of the extended
Markov chains {Z] = (X, Yn, P, wn), n > 0}.

And in the time-dependent case, under the assumption that for any integer n > 0, the stochastic matrix
Qn = (¢}?) is positive, and &, = _miI}g q,Y > 0 does not go to zero too rapidly :
1,J€

e We obtain in Proposition 2.1 and in Proposition 4.1 respectively, a bound for the difference between the
solutions of equation (5) and (6) starting from two different initial conditions.

We notice that

e* [Q;B(yn) o Q:nB(ym) p] e* Mpmp ’

fn,m[yn: : ",ym,P] =

if we define
My m = Q5 B(yn) - Qr, Blym)

and our results will be based on auxiliary estimates for products of non—negative matrices, which improve earlier
estimates in Furstenberg and Kesten [6]. These results are stated with proofs in Appendix A.

Remark 1.5 Most of this work could be generalized easily, under suitable assumptions, to the case where the
state space of the Markov chain {X,,, n > 0} is compact.

2 Exponential forgetting for the prediction filter

Throughout the paper, || - || will denote the L;—norm, i.e. for any u = (u!) in RV
[l =D [u'] -
i€S

RR n°2991



8 F. Le Gland & L. Mevel

Time—dependent case
Recall that in the time-dependent case {p, , n > 0} satisfies equation (5), i.e.

Q5 Bn (Yn) Pn

Pnt1 = " :fn[Ynapn] :fn,m[Yn;"'aYm:pm]a
b7, (Yn) pn

for any integers n, m such that n > m, where the stochastic matrix @, = (¢57) is positive, and b, () = (b, ("))
are A-a.e. positive densities, and we define for any y € R¢

max b’, (y)

5n(y):L<oo and £, = min ¢/ > 0.
Hllé’lb (y) i,j€ES
i€

Proposition 2.1 For any p,p’ € P(S), any integers n,m such that n > m, and any sequence ym, -, yn € R?

n
”fn,m[yn;"'aym:p]_fn,m[yn;"'aymap/]nSQE H 1_5k ||P P||

k=m
This is an immediate application of Proposition A .4.

If H (1—¢x) = 0, then for any p, p' € P(S), and for any infinite sequence Yy, - - -, Yn, - - - € RY, the difference

k=m

[ fomYns  Um,P) — faml¥n, -, Ym, P']|| goes to zero. If in addition hmsup— E log(1 — e;) < 0, then the

n—00 nk —m

rate is exponential

. 1
limsup = log || fam[¥Yns s Ym, Pl = Fam¥n, -+, Um, P']]| < hmsup— Z log(1l —e) <0,
n—oo N

k m

provided p # p’.

Time—independent case
In the time-independent case {p,, n > 0} satisfies (3), i.e.

Q" B(Yn) Pn

n = = Yna n| = Yn;"'aYma m]
N AT Y, pal = 1] Pm]

for any integers n, m such that n > m. For the stochastic matrix @ = (¢*/), and for any y € R¢, we define

max b’ (y)

6(y):L<oo and e=mint ¢/ >0,
mlélb (v) 1,j€S
i€

where the notation min® denotes the minimum over positive elements.
By particularizing to the time—independent case the result of the more general Proposition 2.1 above, we obtain
the following result.

Proposition 2.2 If the stochastic matriz Q is positive, then for any p,p’ € P(S), any integers n,m such that
n > m, and any sequence Ym,, -+, Yn € R¢

Wflyn, s Ymo Bl = LYy ¥m, P < 267 0 (ym) (L—)* 7 Ip— )| .

For any p,p’ € P(S) such that p # p’, and for any infinite sequence ym, -, yn, -~ € RY, the difference
N F[¥ns s Ym, ] — FlUns -, Ym, P']|| goes to zero at exponential rate

. 1
thUpE IOg ||f[yn7;ym;p] _f[yTL:"'Jyﬂ’Lap/] || S IOg(l _6) .
n—00

INRIA
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Theorem 2.3 If the stochastic matriz Q) is primitive, with index of primitivity r, then for any p,p’ € P(S5),
any integers n, m such that n > m+r — 1, and any sequence Y, - - -, y, € R?

||f[yn7ayﬂ’hp] - f[yTH"'ayTTLap/] || S

[n,m]

<267 8(ym) S (ymar-1) [T (1 =€ [6(mtnrsr) - 6Wmsnrnyr—1)171) o = P'II |
x=0
n—m+1
where [n,m] = | —— | — 1.
r

This is an immediate application of Proposition A.5.
For any p,p’ € P(S), such that p # p’, and for any infinite sequence Y, - -, yn, - - - € R, such that

[n,m]
hmsup; Z log 1_ e [6(ym+nr+1) 6(ym+(n+1)r—1)]_1) <0 )
n—o00 —0

the difference || f[yn, - Ym, Pl — flYn, -, Ym,P'] || goes to zero at exponential rate

. 1
thUpE log ||f[yn;;ym;p] _f[yn:"':yﬂhpl] || S
n— 0o

[n,m]

1
<limsup— % " log (1 —&" [6(¥mtrrs1) O (Umpiusryr—1)]71) <0

n— oo
- k=0

To obtain an estimate of the almost sure exponential rate of forgetting in this case, we define
Aoy =min [ 67 (y) b (y) A(dy) -
€S JRY

Notice that 0 < A_; < 1, hence for any sequence i1, ---,i, € .S

0 < [ 0= B 0w 1)

bt (y1) -+ by () Mdyn) - Adyr) = (7)
H Y) by Ady) <1—c" AT7'=1-R< 1,

with R =¢” Ar__ll > (. Notice that when the matrix @) is positive, i.e. when r = 1, then R reduces to R = €.

Remark 2.4 For any integers n, m such that n > m 4+ 2r — 1

— 1
r[n,m]:rtin m |=r>n—m+1-2r,
r

hence
(1_R)[n,m] < pf—m+1—2r

: (8)
with p. = (1 — R)l/r.

Proposition 2.5 If the stochastic matriz Q is primitive, with inder of primitivity v, and if Assumption A
holds, then for any p,p’ € P(S) such that p # p', and any integer m

hmsup— log || f[Yn, Y, | = F[Ya, -, Y, P']]| < = log(l - R), P,-a.s.

n—oo

where R = ¢" A’__ll.
RR n~°2991



10 F. Le Gland & L. Mevel

ProoF. The estimate of Theorem 2.3 above yields

||f[Yn:aYﬂ%p] - f[Yn:"':YTTL:pl] || S

[n,m]

<2677 8(Yim) 6 (Yimar—1) ] (1 =€ [8(Vimtnrsr) - 0 Vimsturryr—1) 171 o = Il

k=0

hence
. 1
thUpE IOg ||f[Yn7aYme] - f[Yn;"',Ym,p/] || S
n—o0o

‘
1 1 . _
< - lim sup 7 E log (1 =" [0(Ymarr+1) 0 (Ymg(at1)r—1) ] by

£— 00 “=0

If Assumption A holds, then the Markov chain {(X,,Y,), n > 0} has, under the true probability measure P,,
a unique invariant probability distribution v, = (vi) on S x R? and for any i € S

ve(dy) = py by (y) A(dy) -

Therefore, Py—a.s

f—o00 £

S /d.../d log (1 —&" [8(ya) ---8(y)]7Y)

i1,ir €S

£
1 ) )
lim ~ Y log (1 =& [6(Vintrrt1) -8 (Vimginpr)r—1)] ") =
:0

G g (yn) B (ye) Adyn) - A(dyr)
Using the Jensen inequality, and the estimate (7) above, the limit is bounded by log(1 — R) < 0. a

Remark 2.6 In Atar and Zeitouni [2, Corollary 2.1] the exact exponential rate of forgetting is expressed, in the
case of an HMM with conditionally Gaussian observations, without misspecification, as the difference between
the two top Lyapunov exponents of the equation (2). Since no explicit expression is available in general for
these Lyapunov exponents, estimates for the exponential rate are given in Theorems 1.3 and 1.4 of [2] when the
signal-to—noise ratio is large or small respectively.

In this paper, we not only obtain explicit estimates for the exponential rate of forgetting, but we also obtain
non-logarithmic and non—asymptotic bounds, in the more general case of a misspecified HMM with arbitrary
observation conditional densities, and with primitive transition probability matrices (for both the true and the
assumed models). Our proof of the geometric ergodicity of the extended Markov chain {7, = (X, Y, pn), n >
0} is based on these explicit bounds.

3 Geometric ergodicity of the Markov chain {X,,,Y,,,p.}

Under the probability measure P, corresponding to the true transition probability matrix @}, and the true
observation densities b,(-), the extended Markov chain {Z, = (X,,Yn,pn), n > 0} has the following transition
probability matrix / kernel

I (y,p,dy',dp') = Py Xng1 =17, Yn41 €AY poy1 €dp' | Xp =1, Y, = y,pn =

= 07 L) Mdy') dpp,, () -

For any real-valued function g defined on S x R? x P(S), which is equivalently defined as a collection g = (g*)
of real-valued functions defined on R? x P(S), we have

(Mg (y,p) = Eulg(Xng1,Ynt1,Pnt1) | Xn =1, Yn = y,pn = p]
INRIA
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= EEQ[Q n+1;pn+1) 1[Xn+1 :j] |Xn =4,Y, =Y, pn :P]
Jjes

= E/ (v, fly. ) 07 bl (y) A(dy')
JeSs

= Z/d Iy, ") W (y, p dy', dp')
Jjes

for any i € S, any y € RY, and any p € P(S). More generally, for any integer n > 2 we have

(" g (y,p) = Eulg(Xn,Yn,pn) | Xo =4, Yo = y,po = 1)

Y By (Yapa) 1y, = 4,1 | Xo =i Yo = y,p0 =1
in€S

Z /d /d yn: yn 1, " aylayp])

in €S

it g b () - -bE () Adyn) - - A(dya)

for any i € S, any y € R?, and any p € P(9).
In addition to the Assumption A on the true transition probability matrix @,, we shall need the following
integrability assumption on the observation densities b(-) and b, (") :

A =max [ §(y)by(y) Mdy) < oo
i€S Rd

More generally, we introduce the following definition.

Definition 3.1 For any s > 0, let

Ac=max [ 0°() B0 M)

i€S
Notice that A; = A, and that the mapping s — A, is nondecreasing on [0, o), since d(y) > 1 for any y € R?.

Example 3.2 If the observation conditional densities are Gaussian for both the true and the assumed models,
i.e. in particular

b(y) = (2m) " exp{ - ly—h}
for any i € S, and any y € R%, then A is finite for any s > 0. Indeed, for any i,j € S, and any y € R?
b (y)
bi(y)

=exp{ —3ly—RPP+3ly—W|>} =exp{y" (K" = h7) = L (B + h7)* (K" — A7) } |

hence ' ' '
o(y) < ht —h h' .
() < exp { max| | LIyl + max [A]] }

Definition 3.3 Let L denote the set of functions g = (¢%) defined on S x RY x P(S), such that for any i € S,
and any y € R the partial mapping p — g'(y, p) is Lipschitz continuous (hence bounded since P(S) is compact),
ie.

19'(y,p) — 9" (y,#")| < Lin(g", ) [l = P'I| ,
for any p,p’ € P(S), and such that

Lip(g) = max / Lip(gi,y) bi(y) Aldy) < o0
i€S Rd

RR n°2991



12 F. Le Gland & L. Mevel

K(g) = max / K(g',) by (y) Mdy) < oo,

where by definition _ '
K(g',y) = sup |¢'(y,p)| .
PEP(S)

Example 3.4 [log-likelihood function] If A is finite, and if

j i
ma [ [max [log# (4)] 15, (0) M) < 0
then the function g defined by
9(y,p) = log[b"(y) p] ,
for any y € R%, and any p € P(9), i.e. constant over S, belongs to the set L. Indeed, for any y € R?, and any
p EP(S) , ,
inb (y) <b*(y)p < b7
minb(y) < b (y) p < maxb’(y) ,

hence

|log[b*(y) p]| = log*[b*(y) p] + log™ [b*(y) p]

< logt b (; log™ [ min ¥ (i
< log [Ijr.le%x (y)] + log [rjrgg (y)]

< logt[ b/ log™[ b7 <2 log b
< max og™| (y)]+rjr.1€asx og” [ (y)] < rjr.lea,SXIOg W,

whereas for any y € R, and any p, p’ € P(5)

b*(y) (p —p')

b*(y) (p —p') ]
b* (y) p'

b*(y) p’ Sé(y)“P—P/H )

INA

log[ 4" (y) p] — log[b* (y) p' ] = log[ 1 +

hence

|log[ " (y) p] — log[b*(y) " ]| < d(y) |lp — | -

Example 3.5 [prediction error] Consider the N x d matrix ¢ = (¢'), where for any i € S, the mean vector
¢' € R? is defined by

o' = [ v¥) )
assuming the integral exist. If
2 i,
max [ ol? B (0) M) < o
then the function g defined by
gly,p)=Lly—o*p*,
for any y € R?, and any p € P(9), i.e. constant over S, belongs to the set L. Indeed, for any y € R?, and any

pEP(S) 1 * 2 2 P12
3 ly—o"pl” <yl +rlr,1€%><|¢>l| ,

whereas for any y € R?, and any p, p’ € P(5)
sly=0"pl —5ly =0 PP =—(69) (0 —p)+ 5[0 (0 +2)]" (P — ),

hence
1 * 12 1 * 112 7 ) /
Ly - —Llly— <m m — |l
15 ly =@ pI" = 5 ly = ¢"P'I" < max|¢'| [y] + max|s'| ] |lp — #'ll
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Theorem 3.6 If the stochastic matriz @) is primitive, with index of primitivity v, if Assumption A holds, and
if A is finite, then there erist constants 0 < p < 1 and C > 0 such that, for any z,2' € S x R x P(S), and for
any function g = (¢*) in L

" g(z) =" g(<")] < Ce™" [Lip(g) + K(g)] p" ,
where the constant C' depends only on v, A, and K,.

The following corollary holds, whose proof is similar to the proof of Proposition 2 in Benveniste, Métivier
and Priouret [3, Part II, Chapter 2].

Corollary 3.7 With the assumptions of Theorem 3.6, the Markov chain {Z, = (X, Yn,pn), n > 0} has, under
the true probability measure P,, a unique invariant probability distribution p = (p*) on S x R? x P(S). For
any z € S x RY x P(S), and for any function g = (¢*) in L

1" g(2) =N < C=™" [Liplg) +K(9)] 7

and there exist a unique solution V = (V') defined on S x R? x P(S) of the Poisson equation
[I-1]V(z)=g(z) = A,

where the constant X is defined as

A= / g'(y,p) ' (dy, dp) .
> opis) (y,p) 1 ( )

i€S
The proof of the theorem is based on the next proposition.

Proposition 3.8 If the stochastic matriz () is primitive, with index of primitivity v, and if A is finite, then
for any p,p’ € P(S), for any integers n,m such that n > m+ 2r — 1, and for any function g = (¢*) in L

) max / / |gin+1(yn+laf[yn:'"aym,p])_gin+1(yn+1;f[yn1"'7ym1pl])|
iy ing1 €S a d

B (ym) - b8 (Yng1) A(dym) - - - A(dyng1) <

S Ce T Lip(g) p:—m+1—2r )
where p, = (1 — R)l/r, and where the constant C' depends only on v, and A.

ProoF. For any sequence 2, +,ip41 € S

/d“-/d 194 (Wt S s ymo ) = 074 (g Flns s 9o 9] |
b () B (1) M) -+ A(dg) <
S/dm/d Lin(g" "+ yn+1) |flyn, - Y, P) = Flyn, -, ym, 1|
B (ym) 00 (W) Mdyim) -+~ A(dYt1)
<tiple) [ o [ ATl = o 1
b (m) 53" (Un) Aldym) -+~ Aldyn) -

RR n°2991



14 F. Le Gland & L. Mevel

Recall from Theorem 2.3, that
||f[ynaaymap] - f[yna"'aymap/] || S

[n,m]

<267 8(ym) S (ymar—1) [T (1= [6(mtnrsr) -6 arnyr—1)170) o =2/l

<267 8(ym) S (Ymar—1) [T (1= [6(mtnrsr) -6 Wmrornyr—1)170) o =2/l -

k=1

Notice that the last expression is a product of factors which span disjoint blocks of length 7, hence integration
is straightforward, and the lower bound (2.4) yields

/d.../d ||f[yn1:yTTHp]_f[yTla:ym;pl]HbZom(ym)bin(yn))\(dym))\(dyn)g

27T AT (1 _ R)[nym] ||p_p/|| < 47T AT (1 _ R)[n,m] < Ae T AT pf_m-"l_y

3

for any sequence %, --,i, € S. o

PROOF OF THEOREM 3.6. Let pmax = max(ps, ps), where p, = (1 — R)'/", and where the constants p, and
R are defined in Remark 1.2 and in Proposition 2.5 respectively. Recall that

(1" g)' (y,p) =
- X Lo [ m Tl o) dh g W) b () M) M)
i1 €S
for any i € S, any y € R, and any p € P(S). The following decomposition holds
(1" 9)'(,p) = (" 9)" (v, #) = (1" 9)' (w,p) = (" 9)' (¢, P') + (1" 9)' (', #) = (" 9)"' (W, ) ,

and we will estimate separately the two terms in the right—hand side.

O To estimate the first term, we use the exponential forgetting of the prediction filter. Using Proposition 3.8
yields

| (11" g)" (y, p) — (I g)* (v, P) | <

S E /d /d yn: yn—l:"';ylnyap])_gin(ynaf[yn—la"':ylayl:p/])|
i1

in €S

giin g bt (y1) - - - bim (yn) A(dyr) - - - A(dyy)

S E /d /d yn; yn—l:"':ylaf[y’p]])_gin(yn:f[yn—la"'aylaf[yl:pl]])|

iR €S
qe g () b () Aldyn) - - Mdyn)
< C'e™" Lip(g) p" 177" |
where the constant C’ depends only on r, and A.
O To estimate the second term, we use the geometric convergence of the true transition probabilities of the

chain {X, , n > 0}, which is a consequence of Assumption A, and we use again the exponential forgetting of
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the prediction filter. Recall that
" g)' (¢, ') = (0" 9)" (¢, ') =

= 2 // " W flyner, - y1,pa)) [a — i 1)
Rd

i1, ,in €S
g T B () b () Aldun) - A(dyn)

where the notation p; = f[y', p'] is used.

Notice that, for any integer m such that m < n — 1, and for any sequence 2y, - -, z,, € R?
m
gln(yn,f[yn—l,'",yl;pl]) = Z[gzn(yn;f[yn—l;"‘,yk,zk—l,'"7zl,p1])
E=1

_gin(ynaf[yn—la"'7yk+1azk7"'1217p1])]

+gin(yn7f[yn—17' HYm41, fm, 'a217p1]) -

Therefore

(" g)' (v, p') — (1" 9)" (¢, p') =

E=1 i1, in€S

.. .
1,01 g ,21]

_gin(yn:f[yn—la oy Yk41, %k 'aZlJpl])] [qo - qo
gitE g bR (yn) b () A(dyn) - A(dyn)

+ E /d"'/Rdgin(ynaf[yn—la"'aym+1azﬂh"'a21:p1]) [qi,h_qi,h]

i1, ,in €S
g g T b () 6y (yn) Adyn) - A(dyn)
:Z Z /d'“/ [gin(yn,f[yn—l,"',yk,Zk_l,"',Zl,pl])
B - R¢
k=1 ig, - in€S

_gin(yn:f[yn—la oy Yk, Bk "Zl,pl])] [qiylk(k) - qlolylk(k)]

@ g T b (k) 00 (yn) Adk) - A(dyn)
+ Z /d.../dgi"(yn,f[yn—la"';ym+1,2ma"';Zlapl])
im+1,"',inES

(g0 ™ (m+1) — ¢ "+ (m + 1)]

gamt iR g et (Y b () A(dmgn) - A(dyn)

This holds for any integer m such that m < n — 1. Taking now m = n — 2r — 1, using Proposition 3.8 again,
and using estimate (1) yields

(1% g)i (o, ') — (™ 9) (¢, p) | <
RR n°2991
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m
SZ
k=1 i

/d /d yna yn—la"':ykazk—la"'azlapl])

—gi"(yn,f[yn_l,~~~,yk+1,zk,~-~,21,p1]) | |qZ Zk( ) qlo Zk(k)|

ZES

g g b () - b (ya) A(dyk) - - A(dyn)

+ Z /d /d yn: yn—l;"'jym+1,zm;"'¢21,]91])|

Tmt1,in€S

|64 (m 4 1) = g (m + 1)

qamttmEE it i () e b () A(dYmgr) - - Adyn)

m
SZ /d /d “(Yns flYn—1, k1, Flyn, 2e—1, - 21, p1]])
k=1 ix

ZES

_gin(yn,f[yn—l,"',yk-}-l,f[zk,zk_l,"',Zl,pl]])|

Lg% (k) — qb ot () | goF ™+t - gam " bE (yg) - b () A(dyk) - - - Adyn)

+ Z /d / yn: yn—l;"'jym+1,zm;"'¢21,]91])|

Tmt1,in€S
|qi7im+1 (m + 1) i qi m1 (m + 1) |
ql.m+lylm+2 . ql.n 1,Zn bzm+1 (ym-}—l) b."(yn) )\(dym+1) . )\(dyn)
< C'e77 Lip(g) > R 2K, g1+ K(g) [2 K 0]

k=1

where the constant C’ depends only on r, and A, hence (using m =n —2r — 1)
| g)' (' p) — (" 9)" (¢, P') | <

<2C"Koe™" Lip(g) (n—2r — 1) phd ™' + 2 Ky K(g) prax’ < C"e™" [Lip(g) +K(9)] p

for any p such that ppax < p < 1, where the constant C” depends only on r, A, and K,.

Combining the above estimates finishes the proof. ad

Remark 3.9 In DiMasi and Stettner [4], the existence of a unique invariant probability distribution is proved
for another extended Markov chain based on the filter itself instead of the prediction filter, in the case of a
misspecified HMM with conditionally Gaussian observations, with positive transition probability matrices (for
both the true and the assumed models), and under the somewhat restrictive assumption that the mapping
he = (hi) from S to R is injective.
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4 Exponential forgetting for the gradient

We start with some general remarks, which are formulated in the time—dependent case. Recall that {p,, n > 0}
and {wy , n > 0} satisfy equations (5) and (6) respectively, i.e.

Q*
Pn41 = *(7) = fn[Ynapn] = fn,m[Yn; . ':Ymapm] )
b3 (Yn) pn
and
5 Bn(Yn) Pn b} (Yn)
Wn = - I— - Wy + Un[Yn, Pn

= (I)n[Yn;pn] Wy + un[Yn:pn] = Fn[Yn:pn;wn] = Fn,m[Yn; "';Ym:pm:wm] ;

for any integers n, m such that n > m, where Q,, = (¢/7) is a stochastic matrix, and b, (-) = (b%,(-)) are A-a.e.
positive densities.
The variation of parameters formula yields

n—1 n
Wpy1 = H O [Yi, pr] wm + Z H Q4 [Ye, pr] w[Yi, o] + un[Yn, pa] -
k=m l=m k=Il+1

Throughout the end of this section, we use the following notation : For any p,p’ € P(S), any sequence
Ym, -, Yn € R, and any integers m,{, n such that m <1< n, let

pl+1:fl,m[yl;"':ym;p] and p;+1:fl,m[yla"';ym;p/],
and recall that
My = QLB(yn) - QrB(u) -
For any p,p’ € P(S), any w, w’ € X, and any sequence y,, -, y, € R?, the following decomposition holds
Fn,m[yn:"'1ym,p;w]_Fn,m[yna"'ayMaplawl] =

n n—1

= J] ®elve.pel w+ > H D [yk, pr] wlye, i) + wn[yn, pn]
k=m l=m k=Ii+1
n n—1 n
- H D[y, pi] w' — Z H P [ye, pi] wilye, pi] — unlyn, p7]
k=m l=m k=Ii+1

n o (9)
= H k Yk, pr] (0 —w’ +H[<I)kykapk] @y [yn, pi]] w

k=m k=m

+ 3 T ®xlve, pe] lwalw, i) = il p)) + [n[yn, p] = wnfyn, 7]
l=m k=I+1

n—1 n

+ 3 I [®xlve, el — @ulve, pi] ] wilwe, pi] -

l=m k=I+1

As noticed in Arapostathis and Marcus [1, pp.24-25], for any integers [, n such that n > [, and any z € RV

n

H - P [ ] Mn—l,lz
P yk:Pk — n|Yn, Pn o Mn_upl
e* M,z
= m [fn,l[yn:"'aylaz]_fn,l[yn;"';yl;pl”-
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18 F. Le Gland & L. Mevel

The proof is based on the identity

pbi(y)
I——F—*1]p=0,
R
which holds for any y € R?, and any p € P(S). Notice that any = € RY can be written as z = 2t — 2~ where
2% and 2~ are positive, and ||z|| = [|zT|| + ||z ||, hence
e* M, zt 2zt
q)k Y, Pkl 2 = —_ fn,l Yny 5 Y, o _fn,l Yn, YL, Di
TLoelend s = S =l )
(10)
e* My 2~ -

z
- e* Mn,lpl [fn,l[yn,"';yl, ||Z_||] - fn,l[yn;"',yl,pl]] .

From this identity, we also have

H @i lyk, pr) — Prlyk, p)] 2 =
k=l

e M,z
_m[fn,l[yna YL 2 = Jolyn, -, il ]
e My z

- m [Fralyns sy 2] = Faalyns -5 v )]

e My, z ,
= o Mn’lpl [fn,l[yna 1ylapl] fn,l[yna 1ylapl]]

e Mn,l (P; - Pl) e* Mn x4

1 —_ 1 . 1 /
+ o Manl o Mn pl [fnl[yna :yl:'z] fn,l[yna :yl:pl]]a

hence

H [Prlyr, pr] — Prlyw, pi]] 2 =
k=l

n
e Myiz e Mnl Pl

Pl
= V5 _\P —Pny1)t+ ———————— yk:p
e* My p (Phgs = Pus) e* My p H d

After these preliminary remarks, we consider the situation in more details, in various different cases.

Time—dependent case

Assume that for any integers n, m such that n > m, the stochastic matrix Q,, = (¢%) is positive, and define for
any y € R¢

max b’ (y)
5n(y):L<oo and 6n_m1nq’3>0
min by, (y) ijes

Assumption C : For any integer n > 0 and any y € RY, the partial mapping p +— u,[y,p] is Lipschitz
continuous (hence bounded since P(S) is compact), i.e

llunly, p] — unly, P']|| < Lip(un,y) [lp = P'll ,

for any p,p’ € P(S), and by definition

K(un,y) = sup |luafy,p]| .
p€eP(S)
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Proposition 4.1 If Assumption C holds, then for any p,p’ € P(S), any w,w’ € X, any integers n, m such that
n > m, and any sequence Ym,, -+, Yn € R¢

HFn,m[yna'";ym,p;w]_Fn,m[yn;"'ayMap/;wl] || S

<6 (e 0m(ym) 1> T (1 —2k) [llw—w'l| + llp— 2l (1+ [|w'|| + ||l )]

k=m

|
—

n

+ 1065, 0 (ym) [ D (1 =)™ [e3 Gir (wig) 17 Lip(ur, w) + (1 — €)' Lip(un, ya)

l=m
n—1 n

+ D lent e () P K(u,m) ] T (0 =) =211 -
l=m k=m

The proof of Proposition 4.1 is given in Appendix D.

1
If the sequence {e, , n > 0} is nonincreasing, if lim sup — logE < 0, and if lim sup — Zlog (1 —ex) <0,

n n
n—00 n—00 k=0

then for any p,p’ € P(S)’ and any w,w’ € X, such that (P, 'w) + (p','w'), and for any infinite sequence
Ym, " Yn, -~ € R4, such that

lim sup ~ Z 6241 (i) Lip(ur, yi) < o0 and lim sup — Z 621 (i) K(wi, u) < o0,
the difference ||Fn m[Yn, ) Ym, Py W] — Fom[Yn, -+, Ym, P, w'] || goes to zero at exponential rate

. 1
limsup = log [|[Fn m[Un, s Ym: Py W] — Foom[Yn, -+ ym, P/, 0] || < hmsup E log(l —ex) <0 .
n—oo N

Time—independent case

In the time-independent case {p,, n > 0} and {w,, n > 0} satisfy equations (3) and (4) respectively, i.e.

Pnt+1 = % = f[Ynapn] = f[Yn;"':Ymapm] )

and

QB(YL) ([ pat (V)
AT AP

= <I>D/napn] Wn +U[Yn=pn] = F[Ynapn;wn] = F[Yna"'aYm;pm;wm] )

wn+1 ] Wn + U[Yn,pn]

for any integers n, m such that n > m. For the stochastic matrix Q = (¢*/), and for any y € R9, we define

maxb’ (y)
6(y):L<oo and e=mint ¢"7 >0,
(2
1;111511) (v) i,j€S
€

where the notation min* denotes the minimum over positive elements.

Assumption C (revisited) : For any y € R, the partial mapping p + u[y, p] is Lipschitz continuous (hence
bounded since P(S) is compact), i.e

l|luly, ] — uly, '] < Lip(u, y) |lp - pl| ,

for any p,p’ € P(S), and by definition

K(u,y) = sup ||uly,p]] .
pEP(S)
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Definition 4.2 Under Assumption C, let

ip(w) = max [ Lip(u,) b () Ady)
K() = max [ K(u,) b () Ads)
K@ = max [ 60 K(u0) B (d)A(d)

Notice that K(u) < [A - K](u), since d(y) > 1 for any y € R9.
Example 4.3 If A is finite, then the function u defined by

, _9Q"B(y)p
uly, p] = W

for any y € RY, and any p € P(S), satisfies Assumption C, and moreover Lip(u) and [A - K](u) are finite.
Indeed, for any y € R?, and any p € P(S)

MH <max qu g

( ) JjES

whereas for any y € R?, and any p,p’ € P(S)

0Q" Bly)p _0Q" B(y)p' _ 0Q" B(
b* (y) p b* (y) p/ b*

y)(p—p) b (y)(p—p) Q" By)p
(W p b*(y) p b*(y)pr

hence

0@ Blylp 99" By 801 16(0) llp — 1’
b*(y)p ) P | < [%’(%' ¢ 115(y) llp =2l -

By particularizing to the time—independent case the result of the more general Proposition 4.1 above, we obtain
the following result.

Proposition 4.4 If the stochastic matriz Q) is positive, and if Assumption C holds, then for any p,p’ € P(S),
any w,w' € X, any integers n, m such that n > m, and any sequence yYp,, - - -, yn € RY

||F[yna"'1yM1p1‘w] _F[yna"':yTHJplaw/] || S

<6 d(ym) 1P (L= [Jlw— /| + llp = Pl (1 + [Jwll + [lw']])]

+ 1067 6 (ym) [ (1 —¢)~ Z[gl yi41)]? Lip(u, ) + (1 — &)~ ! Lip(u, ya)

n—1

+ > e 0 (ur) P K(um) | (=)™ [lp—p|] .

l=m

For any p,p' € P(S5), and any w,w' € X, such that (p,w) # (p',w’), and for any infinite sequence
Ym, " Yn, -~ € R4, such that

hmsup— Z 8% (yip1) Lip(u, y) < o0 and hmsup— Z 8 (yip1) K(u, 1) < o0,

n—oo N n—oo N
l=m =m

the difference ||F{yn, Ym0, W] — FlYn, -+, Ym, P, w'] || goes to zero at exponential rate

hHlSllp— IOg ||F[yn1"'1yﬂhpaw]_F[yna"';yTHaplawl]H S IOg(l—E) .

n— 00
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Proposition 4.5 If the stochastic matriz Q is positive, if Assumptions A and C hold, and if Az, Lip(u) and
K(u) are finite, then for any p,p' € P(S), and any w,w' € X, such that (p,w) # (p’, w')

1
limsup — log ||F[Yn, -, Ym,p,w] — F[Yn, -+, Y, P, w']|] < log(l —¢) P,-a.s.
n

n—o0

Proor. If Assumption A holds, then the Markov chain {(X,,Y,), n > 0} has, under the true probability
measure P, a unique invariant probability distribution v, = (vi) on S x R? and for any i € S

vy (dy) = iy 0 (y) A(dy) -
If As, Lip(u) and K(u) are finite, then P,—a.s.

&K, .
Jim ~ 7 6% (Yiga) Lip(u, V1) =

l=m
=D ua /d52(y’)b‘i(y’)k(dy’) /dLip(u,y) by (y) A(dy) < Az Lip(u) < oo,
i,jES R R
and similarly

Ll
Jim - > 8 (Vip) K(u, Y) =

I /Rd 3 (y') bl (y') A(dy') /Rd K(u, y) b3 (y) A(dy) < AzK(u) < oo . D

Theorem 4.6 If the stochastic matriz @) is primitive, with index of primitivity r, and if Assumption C holds,
then for any p,p’ € P(S), any w,w' € X, any integers n,m such that n > m + r — 1, and any sequence
Yms 5 Yn ERd

||F[yn; oy Yms Dy w] - F[yna t '7yTH:pl14wl] || S
[n,m]

< 6L 8 (ym) -+ S(Wmer—1) P T (1= " [8(Wmenrs1) - -6(Wmturryr—1)171)

k=0

[l = w'll 4+ llp = 2/l (14 [lwll + [lw']] )]

+106778(Ym) - O (Ymar—1) (1 —€") 7"

s
|
—

[ [5_T (S(yH—l) T (S(ymin(H—r,n)) ]2 Llp(u; yl) + Llp(u: yn)

l=m
n—1
+ Z [6_r (5(y1+1) e '5(ymin(l+r,n)) ]3 K('u, yl) ]
l=m
[n,m]
H (1 —&" [6(ym+nr+1) e '5(ym+(n+1)r—1)]_1) ||p _le .
k=0

The proof of Theorem 4.6 is given in Appendix D.
For any p,p’ € P(S), and any w,w’ € X, such that (p,w) # (p/,w’), and for any infinite sequence
Yms - Yn, - € RY such that

. 1 o .
hmsup; Z[é(yl.l_l) . ~(5(yl+r)]2 Lip(u,y) < oo

n—00
l=m
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22
. R
hﬂsc}ipﬁ ZZ[é(ym) () 1P K(u, ) < o0,
and
1 [n,m]
limsupg E log (1 —&" [8(Ymtrr+1) -+ 6 (Yma(eg1)r—1) 17 ) <0,
n—o0o k=0

“, Ym, P, W']|| goes to zero at exponential rate

the difference ||F[yn, -, Ym, P, w] — Fyn, -

. 1
thUp— IOg ||F[yn,~~~,ym,p,'w]—F[yn,-~~,ym,p’,w']|| S
n—oo N

[n,m]
. 1 , _
<limsup— 3 " log (1= [6(umtrrs1) -+ 8 (mparyr1)]7H) <0
n—r 00 k=0
Proposition 4.7 If the stochastic matriz @) is primitive, with index of primitivity r, if Assumptions A and C
hold, and if A, Lip(u) and K(u) are finite, then for any p,p’ € P(S), and any w,w’ € X, such that (p,w) #

o)
. 1 / 7 1

hmsup; log |F[Yn, - Ym,p,w] = F[Yn, -, Yo, v']|| < - log(1 — R) , P,-a.s.
n—o0

where R = ¢" Ar__ll.
Proor. If Assumption A holds, then the Markov chain {(X,,Y,), n > 0} has, under the true probability
!)on S x R? and for any i € S

measure P, a unique invariant probability distribution v, = (v}

ve(dy) = py by (y) Aldy) -

It as already been proved in Proposition 2.5, that P,-a.s.

[n,m]
o1 ) o
Jim > log (1= & [§(Vingrt1) -6 (Yt (etnyr—1)] ") = - log(1-R).
k=0

If As, Lip(u) and K(u) are finite, then P,—a.s.

R .
Jim - 105) - 8(Vigr) I Lip(u, Y1) =

= [ [ 1) 8 1 v )

i0, - ir€S
p gl g B (yo) b () Mdyo) - - Mdyr)
< Al Lip(u) < o0,
and similarly
B
Jm 5 D 080) 800 ) () =
= 2 e ) 8w R w)
i0, - ir€S
P gl g B (yo) b () Mdyo) - - Mdyr)
Od
INRIA
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5 Geometric ergodicity of the Markov chain {X,,,Y,,, pn, w,}

Under the probability measure P, corresponding to the true transition probability matrix @}, and the true
observation densities b,(-), the extended Markov chain {Z! = (X,,Yn,pn,wn), n > 0} has the following

transition probability matrix / kernel

T (y, p, w,dy’, dp’, dw') =

= PO[Xn+1 =4, Yay1 € dy/:pn+1 € dp/, Wn41 € duw' | Xn=4,Y, =Y,pp =p, Wy = 'w]

=07 L) MAY) b g1y (A1) Sppy 4 ) () -

For any real-valued function g defined on S x R? x P(S) x X, which is equivalently defined as a collection

g = (g°) of real-valued functions defined on R x P(S) x ¥, we have

(Mg)(y,p,w) = Eolg(Xnt1, Yoti, Pntt, Wnt1) | Xn =1,V = y,pp = p, wy, = w]

= ZEO[Q n+1:Pn+1awn+1) 1[Xn+1 _j] |Xn =4,Y, =Y, pn =P, Wn = w]

Jjes

= Z/ ', fly, p), Fly, p,w]) 47 63 (y') M(dy')
Jjes

= Z/ Iy, ') I (y, p,w,dy , dp', dw')
jes RixP S)><E

for any i € S, any y € R, any p € P(5), and any w € 3. More generally, for any integer n > 2 we have

M g) (y,p,w) = Eu[9(Xn, Yy, pnwn) | Xo =1i,Yy = y,po = p, wo = w]
= ZE napn:'wn)l[Xn:in] | Xo =1,Y0 =y, po = p,wo = ]
in€S

in€S

bt g b () - b () Mdy) -

for any i € S, any y € R, any p € P(5), and any w € X.
For any p € P(S), any w € X, and any y € R4, let

f®Fly,p,w]=(fly,pl, Fly,p,v]) .
More generally, for any p € P(S), any w € ¥, and any sequence yp,, - -, Yy, € RY, let
f®F[yna o '7yTTL7p7w] = (f[yna o '7ym7p]:F[yn: ) "7ymapaw]) .
With this definition, we can write the transition probability matrix / kernel equivalently as
1,7 / / (AN N I N ) / / 1
I (y, pyw, dy' dp', dw') = 47 B (Y) MdY') 05 o ply, p, o] (AP’ d0)

and

(H"g)i(y,p,w) = Z /d /d "(Yn, [ @ Flyn—1,-,y1,¥, 0, w])

in€S

gyt g b () bl () A(dyn) -

for any i € S, any y € R, any p € P(5), and any w € X.
RR n~°2991
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Definition 5.1 Let L' denote the set of functions g = (g') defined on S x R? x P(S) x %, such that for any
i €S, and any y € R? the partial mapping (p, w) — g'(y, p, w) is locally Lipschitz continuous, in the sense that

l9'(y, p,w) = ¢" (y,p', w)| < Lip(g", y) [[lw — /|| +[lp = 'l (1 + [Jw]l +[[&']])]
for any p,p’' € P(S), and any w,w' € X, that
lg' (v, p, w)| < K(g',y) (L +lwll)
for any p € P(S), and any w € X, and such that

Lip(g) = max /Rd Lip(g',y) b3 (y) AM(dy) < o0 ,

1€

K(g) = max /d K(g',y) by () A(dy) < o0 .
Example 5.2 [score function] If Ay is finite, then the function g defined by
b* (y) w
g\y,p,w) = )
( ) b*(y) p
for any y € R?, any p € P(S), and any w € ¥, i.e. constant over S, belongs to the set L’. Indeed, for any
y € R any p € P(S), and any w € ¥

|b*(y) w
b*(y)p
whereas for any y € RY, any p,p’ € P(S), and any w,w’ € %

bry)w b(y)w _ b(y) (w—w)  b(y) (p—p) b7(y) W

b*(y) p Wy  b(yp (y)p b (y)

| <6(y) [Jwl]

b*
b*
hence

b*(y) w 3 b* (y) w’|
b(y)p b (y)p

| 3(y) lw = 'l + () llp = 2ll [|']

IN

IN

3(y) [llw = w'[l +llp = P/l (1 + [l + [lw']])] -

Example 5.3 As in Example 3.5 above, consider the N x d matrix ¢ = (¢'), where for any i € S, the mean
vector ¢! € R? is defined by

¢' :/dybi(y)/\(dy) :
assuming the integral exist. If

max [l B (0) M) < oo

then the function ¢ defined by

9(y,p,w) =[d(y—¢"p)]" w,
for any y € R?, any p € P(S), and any w € ¥, i.e. constant over S, belongs to the set L’. Indeed, for any
y € R any p € P(S), and any w € ¥

[[¢(y—0"p)]"w| < I}lE%X|¢i| [yl +I}16215X|¢i|] [lwll
whereas for any y € RY, any p,p’ € P(S), and any w,w’ € %.
[6(y—o" P w—[o(y—¢"p)]"w' =[o(y—0¢ )" (w—w') = [6¢"(p—p)]" v,
hence

[[¢(y—od"p)"w—[d(y—o"p)]"w'| <
< Ilr.leaSXWI [yl + %%XWI] [lw —w'|| + IZnEaSXWF llp = o'|| [|w'||

< max|¢'] [|yl + max |6'|] [[lw = w'[| + [[p = #'ll (1 + [Jwl| + [[w"]])]

INRIA
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Theorem 5.4 If the stochastic matriz @) is primitive, with index of primitivity v, if Assumptions A, and C
hold, and if A4, Lip(u), and [A -K](u) are finite, then there exist constants 0 < p < 1 and C > 0 such that, for
any z,2' € S x RY x P(S) x X, and for any function g = (g') in L'

(11" g)(2) — (I" g) (<) < Ce™ [Lip(g) +K(9)] (1 + [|Fly. p,w] |+ [Pl p', w ) p"
where the constant C' depends only on r, Ay, [A-K](u), and K,.

Notice that

> /d I1FW, ', W) || 1 (y, p, w, dy, dp’, dw') < 2 Ag||Fly, p, w] ||+ K(u,y) ,

jes 'R

forany i € S, any y € RY, any p € P(S), and any w € X, hence the following corollary holds, whose proof is
similar to the proof of Proposition 2 in Benveniste, Métivier and Priouret [3, Part II, Chapter 2].

Corollary 5.5 With the assumptions of Theorem 5.4, the Markov chain {Z!, = (X, Yn, pn,wn), n > 0} has,
under the true probability measure P,, a unique invariant probability distribution p = (u') on Sx R4 xP(S) x X.
For any z € S x R4 x P(S) x X, and for any function g = (g') in L'

" () = Al < Ce™ [Lip(g) + K(9)] (1+ | Fly, p, w] [+ K(u,9) ) 7 e
and there exist a unique solution V = (V) defined on S x R? x P(S) x ¥ of the Poisson equation
[I-1]V(z) =g(z) = A,
where the constant X is defined as
A=) /d 9'(y, p,w) ' (dy, dp, dw) .
ieS XP(S)xZ
The proof of the theorem is based on the next two propositions.

Proposition 5.6 If the stochastic matriz Q) is primitive, with index of primitivity r, if Assumption C holds,
and if Ay, Lip(u), and [A - K](u) are finite, then there exist a constant C > 0 such that, for any p,p’ € P(S),
and any w,w' € &, for any integers n,m such that n > m+ 4r, and for any function g = (¢*) in L'

max /d.../ |gi"+1(yn+1,f®F[yn;"'aym,paw])
Rd

im,ind1 €5

— gin+1 (yn+1a f & F[yna T yﬂ’“pl’ wl]) |
By (Um) b (Yng1) A(dyn) - A(dgn 1) <

< Ce™ Lip(g) (n—m+1) g2 7" (1+ [Jw] + [[w/]])
where p. = (1 — R)Y", and where the constant C' depends only on r, Ay, Lip(u), and [A - K](u).
The proof of Proposition 5.6 is given in Appendix D.

Proposition 5.7 If the stochastic matriz Q) is primitive, with index of primitivity r, if Assumption C holds,
and if Ay and K(u) are finite, then there erist a constant C > 0 such that, for any p € P(S), and any w € X,
for any integers n,m such that n > m+ 1, and for any function g = (¢*) in L'

max /d.../d |gi"+1(yn+1,f®F[yn,~~~,ym,p,w])|

im, g1 €5

b (ym) - b0 (Y1) A(dym) - - A(dYngr)

<Ce K(g) (n=m+1) (1+]wl]),

where the constant C' depends only on r, Ay and K(u).
RR n~°2991
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ProoF. For any sequence 2, -+, ip41 € S

/du-/d |gin+1(yn+1’f®F[yn,-~~,ym,p,w])|

b () - 08 (Y1) MdYm) -+ A(dyngr) <

< [ [ R ) (L 1F e e p )

b () - - 08 (1) M(dym) -+ A(dYn41)

<K Y / / (14 | F g, Yy ] |])

T, in €S
by (Ym) - 04 (yn) Aldym) -~ A(dya) -

The rough estimate (21) derived in the proof of Proposition 5.6 (see Appendix D), yields

/d /4 ”Fyn;"':ym:p: ]Hb (ym) (n)/\(dym)"')‘(dyn)g

<472 AL fJw|| + 4 (n — m) e~ ALK (u) + K(u) (12)
<Ce (n—m+1) (L+|[uw]]),
where the constant C’ depends only on r, As and K(u). ad

Proor OoF THEOREM b5.4. The proof follows the same lines as the proof of Theorem 3.6. Let ppax =
max(ps, pe), where p, = (1 — R)*"  and where the constants p, and R are defined in Remark 1.2 and in
Proposition 2.5 respectively. Recall that

e = 3 Lo o f @ Flynes, syl

in€S
gyt g T (yn) - by () Aldwn) - Mdya)
forany i € S, any y € RY, any p € P(S), and any w € X. The following decomposition holds
(" g)' (9, p,w) = (I g)" (v, P, w') = (I g)' (y,p,w) = (" 9)'(¢/, ', ')
+ (") (P ) = (" )" (¢, ')

and we will estimate separately the two terms in the right—hand side.

O To estimate the first term, we use the exponential forgetting of the prediction filter and its gradient. Using
Proposition 5.6 yields

| (11" g)* (y, p,w) — (I1* g)* (¢, ', ') | <

: /d /d ynvf®F[yn 1;"'ay17y:p7w])
i1, in €S
i (yn,f® [yn 1"":y1ayl:p/1'wl])|

ghit g b () - B (ya) Aldyn) - - A(dyn)
INRIA
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< ¥ /d.../Rd|gin(yn,f®F[yn_1,~~~,y1,f®F[y,p,w]])

i1,,in€S

— 9" (Yo, f O Flyn_1, -, u1, f @ Fly,p/, w']]) |
gyt B () b (ya) A(dy) - A(dya)

< C'e™ Lip(g) (n— 1) o272 (L4 (| Fly, p,w] [+ [P, W)
where the constant C’ depends only on r, A4, Lip(u), and [A - K](u), hence
| (10" 9)" (y, p, w) = (" g)" (', ', w') | < C" ™ Lin(g) p" (1 +[|F[y, p,wl |+ IF[y ', w1}

for any p such that pmax < p < 1, where the constant C" depends only on r, Ay, Lip(u), and [A - K](u).

O To estimate the second term, we use the geometric convergence of the true transition probabilities of the
chain {X, , n > 0}, which is a consequence of Assumption A, and we use again the exponential forgetting of
the prediction filter and its gradient. Recall that

(1" g)' (v, P/, w') — (1" )" (o', P ') =
= Z /d"'/dgin(yn;f®F[yn—1:"'aylaplawl]) [qi,il_qi,il]
i1, in €5
g g (1) b (ya) Aldun) - Aldyn)

where the notation (p1,w1) = f @ F[y',p',w'] = (f[¥, 7], F[y',p', w']) is used.

As in the proof of Theorem 3.6 above, for any integer m such that m < n— 1, and for any sequence zy, -, 2z;, €
Rd

(I g)* (¢, ¢, ') — (" g)" (¢, ', ') =
:Z E /d~~~/d[gi"(yn,f®F[yn_l,~~~,yk,zk_1,~~-,z1,p1,w1])

k=1 ix,in€S

- gln(yn: f @ F[yn—l; oy Yk, %Ky, %1, P, wl])]
[gite (k) — b ™ (k)] qd ™+ g™ bl () -+ b3 () Md) -+~ Al dm)

+ Z /Rd"'/dgin(yn;f®F[yn—1,"';ym+1;zm;"';zl;p1;w1])

Tmt1, In€S

e (m + 1) = g0 (m + 1)

et g et () b () A(dYmgr) - A(dyn)

This holds for any integer m such that m < n — 1. Taking now m = n — 4r — 2, using Propositions 5.6 and 5.7,
and using estimate (1) yields

(I g)i (o, ', ') — (17 g)¥ (o, ', w')| <

SZ Z /d“./d|gin(yn:f®F[yn—1:"':ykazk—la'"azlaplatwl])

RR n°2991 K=1 ik, in€S
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—gi"(yn,f®F[yn_1,-~~,yk+1,zk,~-~,z1,p1,w1])|

g™ (k) — qb ™ (k) | g0 gy ™ b () b3 (yn) Aldy) - A(dy)

+ Z /d / yn;f®F[yn 1:"':ym+1:zm:"'azlaplatwl])|

Im41, In€S

|66 m 1) = g (1)

g g B (1) b () MY ) - - Mdyn)

/ /d yn;f®F[yn 1, ;yk-}-l;f@F[yk;Zk—l,"',Zl,pl;wl]])
iR €S

—gi"(yn,f®F[yn_1,-~~,yk+1,f®F[zk,zk_1,~~~,21,p1,w1]])|
| it (k) — g ™ (k) | qe ™ g b (k) b () Aldi) -+ Mdyn)

+ Z /d /d yn,f®F[yn 1:"'1ym+1af®F[ZTHa"'azlaplalwl]])|

Tm41, In€S

g (m 4+ 1) — g (m 1) |
qz.m+1,zm+2 e 'qlon_lyln bzm_'—l (ym+1) o 'bin (yn) )‘(dym+1) o ')‘(dyn)

m
< ' 6—41‘ Llp Z n—1-— n k—2—4r
k=1

Z/ (L4 1 Flzg, 2-1, -, 20, pr, wa] ||+ ([ Flye, 2e-1, -+, 20, pr, wa] ||
ir€S

| gt (k) — gt (k) | b (i) Mdyk)
_|_ CII 6—27‘ K( _ 1 _ Z'yim+1 1 _ ilyim+1 1
g9) (n m) D g (m41) - g, (m+1)]
Im41€S

(1+||F[zm="'azlap1:wl]||) )

where the constant C’ depends only on r, Ay, Lip(u), and [A - K](u), and the constant C"" depends only on r,
A, and K(u). Recall that

Wk, 2h—1, 21, 01, wil || < 262 (ye) |1 Flek—1, - 21, pr,wi ) || 4+ K(u, ye)

hence

/Rd | Flye, zk—1, -+, 21, pr, wi] || B3 () A(dyw) < 2 A || Flzg—1, -, 21, p1, wa] || + K(u) .
Therefore, using estimate (1) yields

|11 g)i (v, ¢/, w') — (1" g)* (v, P/, w')| <

< C'e™* Lip(g) Y (n—1—k) ™72 [2K, p§ ]
k=1 INRIA
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(L + | Flzg, zk—1, - - 21, pr, wa) || + 280 || Flzp—1, - -, 21, p1, w1] || + K(u))

+C" e K(g) (n—1—m) [2K, pP* ] (L || Flem, -, 21, p1,wi] ) -

This estimate holds for any sequence 21, - - -, z,, € R?. Integrating and using the estimate (12) obtained in the
proof of Proposition 5.7 yields, for any sequence 21, -+, ¢y, € .5

| g) (v, 0/, w') — (1" g)" (v, p', w')| <

pmax

<2C'Kye™* Lip(g) > (n—1—k) pii™
k=1

(1+ /Rd “./Rd 1F 2k, 251, -5 21, pr, wa || B3 (1) - - be¥ (2) A(dz1) - - - A(dzk)

T2 /Rd"'/Rd [Pk, 21, pr,wi] || B3 (21) - by~ (z—1) Aldz1) - - A(dzg—1)
+ K(u))

+2C" Kye™* K(g) (n — 1 —m) pt}

pmax

(1 + /Rd N ./Rd || F[Zma . ',Zl,pl,wl] || blol(zl) o bl.m(zm) )\(dzl) o A(dzm))
<2C'C" Kye™* Lip(g) [Y (n—1—k) k] ppa2™ (14 [lwi]])
k=1

F20"CM K, e K(g) (0= 1— m)m gt (1+ [funl])
where the constant C" depends only on 7, Ay and K(u), hence (using m = n — 4r — 2)
(1" 9)' (', ¢, w') = (" 9)" (/. ', w')] <
n—dr—1
<20'C"Kee™ Lip(g) [ Y (n—1—k)k] i (L+ |FIY,#, W)
k=1

+2C"C" Kye™ K(g) (4r+ 1) (n —4r —2) plo =1 (14 || F[y, P/, w']]])

pmax

< C" e [Lip(g) + K(g)] p" (1+ 1F[y, ' 0]}

for any p such that pmax < p < 1, where the constant C”"’ depends only on r, Ay, Lip(u), [A - K](u), and K,.

Combining the above estimates finishes the proof. ad
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A Product of non—negative matrices

Let S ={1,---,N}, and let || - || denote the Ly—norm, i.e. for any u = (u') in RY
l[ull =D [u'] -
i€S

We recall some results on coefficients of ergodicity, taken from Seneta [10] and [11, Chapter 3].
For any column-allowable nonnegative N x N matrix 7' = (77%) (i.e. with at least one positive element in
each column) the Birkhoff contraction coefficient m5(7') is defined by

_ =)
B(T) = T Ja(D) <1-—/9(7T),
where

o if each row of 1" is either zero—free or all-zero

) Tivi Tiziz
q)(T) = min —
i1,i2,51,52€ 5 TIvt2 Tizn

where the indices j1,j2 € S are restricted to the zero—free rows,

e otherwise (i.e. if there is a row with both zero and positive elements), ®(7") = 0,

see Seneta [11, Theorems 3.10 and 3.12].
For any stochastic matrix P = (P"7), and any probability vectors p, ¢ € P(S5)

12" (p =l < (P) [lp— gl ,

where the coefficient of ergodicity 1 (P) is defined by

_1 i _ pid
n(P) =3 max > [PV — P,
jES

see Seneta [10]. Moreover 71 (P) < 75(P*), and if in addition the stochastic matrix P is allowable (i.e. both
row— and column-allowable), then 7 (P) < mg(P*) = m8(P), see Seneta [11, Theorem 3.13].

For any integer n > 0, let A,, = (A%7) be a row—allowable nonnegative N x N matrix. For any integers n, m
such that n > m, define the backward product

Amn = (Agln) = Ap o An

and the forward product N
Mo = (M) = My My = A;

m,n

and for any ¢ € S, define the sum of the ¢~th column entries of M,, ,,,, or equivalently the sum of the ¢-th row
entries of A, ,, as

oi_E:ji_E:ij_io

j€ES j€ES
Define also the ratio )
[
max My,
W Mom) = A
ics n,m
Let e = (1, -+, 1)* denote the N—dimensional vector with all entries equal to 1.

Proposition A.1 For any integers n,m such that n > m, and any p,q € P(S5)

Mnm Mnm
H 6*M pp - 6*M qq H S 2W(Mn,m) TB(Mn,m) ||P_Q|| .
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The proof follows the same lines as the proof of Lemma 2.2 in Arapostathis and Marcus [1], see also Lemma 6.2
in Kaijser [7], and Lemma 8.1 in Kaijser [8].
ProorF. For any integers n, m such that n > m, and any p,q € P(S)

Mpmp — Mnmg _ M. P Mg
H e* Mn,mp e* Mnqu H - JEZS|; e* Mnqu] |
B My P Mg
- ]EZS|; e* M e*Mnqu] |
= SN ML - ) = (M G- D
JES €S

where My, m = ( le':in), p= (p') and ¢ = (¢') are defined by

o Mg AL
My = et = e = A (13)
n,m m,n
for any ¢,5 € S, and o o
L ML p! 5 My q
= — and g =—,
e* Mn,mp e* Mn,mq

for any i € S, respectively. Notice that Am,n = M;{,m is a stochastic matrix, and p, ¢ € P(S) are probability
vectors, hence

M (0= @) [| < 71 (Amn) P —dll

and

Tl(Am n) < TB(Mn,m) = TB(Mn,m) .

s =

Notice also that
Mp

e* Mp
where the diagonal matrix M = (M7?) is defined by

M q
e*Mq'’

p= and q=
Mt = ppei §ii

n,m )
for any 7,5 € S, and the rough estimate of Lemma C.2 gives

P —qll < 2w(M) |lp — qll = 20(Mpn ) |lp — 4ll

which finishes the proof. a
For any integer n > 0, assume that the matrix A,, is positive, and define
max Abi
1<dy =W " o
=" min Abi
1,j€S

In this special case, the estimate of Proposition A.1 can be expressed as follows.

Proposition A.2 For any integers n,m such that n > m, and any p,q € P(S5)

n

| <26 [T =0 1p—all -

k=m

H My mp _ My mq
e* Mn,mp ex Mn,m q

Proor. For any i,7/ € S

WJ gt
o ZMn m+1M
Mn;m _ JE€S <
Myh S M omd T
n,m n,m+1
Jjes
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(if m = n, then M, 41 = My ny1 = I by convention) hence w(My, m) < 0m
Moreover, the multiplicative property of the Birkhoff contraction coefficient yields

5( M) = (A H H%_H(l—é .o

k=m k=m

Remark A.3 Using the alternate bound

T1 (Am,n =3 anlzé)é Z |A27] Ain’?n| < % JZE; [ IZI}E%XA%]JL - IZIéISI,lAiﬁJ,n ] s
and the estimate
Ayl A, S )
i1 — ) : ) -
[ max AL, —min A7, ] = [ max ot o = kll(l — 57 (14)
one would obtain .
My mp Mym g i s
. — : < N ¢ 1-9 p—q| - 15
| s et < X T =47 b= e

which has the unpleasant feature that it depends explicitly on the dimension N. For the sake of completeness,
the estimate (14) will be proved in Lemma B.3 below, and a direct proof of the bound

1Mo (= ) | < 5 3 [ max M5, — min M5, ] lp—dll -
Jjes

will be given in Lemma C.1.

We consider now two important examples, for which we can improve or extend the general estimate of
Lemma A.1 above.

Example 1
For any integer n > 0, assume that A, = (A%7) = B, Q,, where @, = (¢’) is an N x N positive stochastic
matrix, and B, = diag[b.,---,bY] is a diagonal N x N matrix with positive diagonal entries. For any integer
n > 0, define '

maxby, y

1< =12 < and €p, = min gyl > 0.
min b}, i,j€S
i€

In this special case

max A%J
Gp = <1 gB
min Ab7
i,JES
and 1
Ap) = n) — < 1—e,,
m8(An) = (Qn) = 1+6n €

for any integer n > 0, and the estimate of Proposition A.1 can be improved as follows.

Proposition A.4 For any integers n,m such that n > m, and any p,q € P(S5)

||

I<2entam [[O—en)llp—all-

k=m

Mn,mp i Mn,mq
e Mn,mp ex Mn,m q
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Example 2

For any integer n > 0, assume that A, = (A%7) = B, @, where Q = (¢) is a primitive (or equivalently,
irreducible and aperiodic) N x N stochastic matrix, and B, = diag[bl,---,b)] is a diagonal N x N matrix
with positive diagonal entries. Define

max by,
B ) .
1< =" < and e =mint ¢ >0,
- min b}, i,j€ES
i€S

where the notation mint denotes the minimum over positive elements. Let 7 denote the index of primitivity of
Q, i.e. the smallest integer r such that the stochastic matrix Q" = (¢*?(r)) is positive. Then

e(r) = min ¢ (r) 2 & >0,

and for any product of » matrices, the Birkhoff contraction coefficient is stictly less than 1, i.e.

] (An,n+r—1) = 7—B(Bn QAn+1,n+r—1) = TB(Q An+1,n+7‘—1)
. 1—6r[6§+1"'6§+r—1]_1 <1—6T[6B 6B ]—1
T4er[68,, 68, 17t — mH e
for any integer n > 0, and the following lower bound holds
1—¢" < 1—5T[5§+1"'5§+r—1]_1 ‘ (16)

In this special case, the estimate of Proposition A.1 can be extended as follows.

Proposition A.5 For any p,q € P(S), and any integers n,m such that n > m+r — 1, the following estimates

hold :
Mn,mp Mn,m q

H ¢ My mp e Mpmq H =

(17)
[n,m]
S 27" 571'2 o '6nli+r—1 H (1 —& [67’%-}-/{7‘-}-1 o '677‘2-}—(5-}—1)7“—1 ]_1) ||p - qH 3
k=0
and
H Mn,mp _ Mn,mq H
e* Mn,mp e* Mn,mq o
[n,m]+1
S 2e7" 67712 o '677'24—7‘—1 H (1 —¢" [55—I€7‘+2 o '65—(5—1)7']_1) ||p - q” )
k=1
— 1
where [n, m] = ij -1
T

Remark A.6 If m <n < m+ r — 2, the rough estimate of Lemma C.3 yields

Mn,mp Mnqu B B
H e* Mn,mp B e* Mnqu H S 26m 6” ||p—q|| ’

for any p,q € P(S5).
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Remark A.7 To make sure that the factors in the product on the right-hand side span disjoint blocks, the
following estimate will be frequently used instead of (17)
H Mn,mp _ Mn,m q H
e* Mn,mp e Mn,mq -

(18)

[n,m]

S 2e77 57% o '55L+r—1 H (1 - [(551+nr+1 o '577'2+(n+1)7‘—1 ]_1) ”p - qH )

k=1

for any p,q € P(S), and any integers n, m such that n > m+2r — 1. If m < n < m+ 2r — 2, the rough estimate
of Lemma C.3 yields

p n,mp Mnqu _ B B
H 6* Mn,mp - 6* Mn7mq H S 26 r6m .. '61’1’1i1'1(m+7‘—17n) ||p_ q” ,

for any p,q € P(S5).
Proor orF ProrosiTiON A.5. It follows from Lemma C.3 below, that if n > m + r — 1 then
M) < 778 5B,

There are several different ways of splitting the set {m,---,n} into ([n, m] + 1) blocks of length r. Two
examples are presented in Figure 1.

m+r—1 m+2r—1

m m+r

X

m n—([n,ml+1)r+1 n—2r+1 n—r+1

Figure 1: Two different splittings of the set {m,---,n}

In the first case (forward splitting)

[n,m]

Am,n = [ H Am+nr,m+(n+1)r—1 ] Am+([n,m]+1)r,n )

k=0
and the multiplicative property of the Birkhoff contraction coefficient yields

[n,m]

TB(*Mn,m) = 7B (Am,n) S H TB(Am+nr,m+(n+1)r—1)

k=0

[nm] q _ or [(5”]2_}_’”_}_1 .. '65-}-(&4-1)7‘—1 ]_1

B ...¢B -1
RR n°2991 k=0 L+em [Ompnrin 6m+(n+1)r—1]
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[n,m]

< H (1= [0 purgr - '5£+(n+1)r—1 7).
x=0
In the second case (backward splitting)
[n,m]+1
Am,n = Am,n—([n,m]+1)r [ H An—ﬁr+1,n—(ﬁ—1)r] 3
r=1

and the multiplicative property of the Birkhoff contraction coefficient yields

[n,m]+1
TB(Mn,m) = TB(Am,n) S H TB(An—nr+1,n—(n—1)r)

k=1

[n,m]+1 1_gr [65—m+2 .. .55_(5_1% ]_1

<
) 1+5r[5§—nr+2"'5f—(n—1)r]_l
[n,m]+1
S H (1_6r[6§—nr+2"'55—(n—1)r]_1) . o
k=1

Remark A.8 The two estimates of Proposition A.5 are sharp, in the sense that for » = 1 they both reduce to
the estimate obtained directly in Proposition A.4 for a positive stochastic matrix Q).

Lemma A.9 For any integers n,l,m such thatn >m+r—1, and m+1<[<n-1

[n,m]
B8(Mp 1) T8(Mi—1m) < (1—€")7! H (1= & [Ompnrtr - O ogryr—1) ') -
k=0
The same bound holds also for | = m andl = n, i.e.
[n,m]
8 (Mpmy1) < (L—e)™" T (0=¢" (88 4arpr 00 s epyra | 71) -
k=0
and
[n,m]
m8(Muoim) < (1—e)"0 [T =€ 108 irpr 08 epryra I71)
k=0

Proor. For any integer | such that m + 1 <! < n — 1, there exist a splitting of the set {{ + 1,---,n} into
blocks of length 7, which is compatible with the forward splitting of the set {m,---,n}. Indeed, if I belongs to

the kg—th block, i.e. m 4+ (kg — 1)r <1 < m+ kor — 1, hence kg = [l _T,mJ +1=[—1,m]+ 2, then

Al-[-l,n = Al+1,m+ngr—1 Am+n0r,m+([n,m]+1)r—1 Am+([n,m]+1)r,n

[n,m]
- Al+1,m+ngr—1 [ H Am+m“,m+(ﬁ+1)r—1 ] Am+([n,m]+1)r,n s

K=Kyp

(ifl =m+kor — 1, then Ai41 mirgr—1 = Amtrormtror—1 = I by convention), and the multiplicative property
of the Birkhoff contraction coefficient yields

[n,m]
TB(Mn,H—l) = 7B (Al+1,n) S H TB(Am+m“,m+(ﬁ+1)r—1)
y [n,m] 1 —gr [551—{-57‘-1-1 .. '52+(n+1)r—1 ]—1
Il B -l XY SRS
[n,m]
< H (1= [0 purgr - '5g+(n+1)r—1 171

R=Fko INRIA
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m+r—1 m+ ([n,m]+1)r—1
ﬁ[j:[j
m m+ [n, m]r m+ ([n,m] + 1)r

Figure 2: Compatible splittings of the sets {m,---,n} and {{ +1,--- ,n}

Therefore
8 (Mni+1) B(Mi—1.m) <
[n,m] 1—6r[5B ...§B ]—1 [[-1,m] 1_61"[53 ...oB \ ]_1
< [ H m+kr+1 m+(k+1)r—1 ] [ H m4kr+1 m+(k+1)r—1 ]
[t Lt em [0 parg "52+(n+1)r—1 7V i T+ [0 '5fl+(n+1)r—1 =
[n,m] [I—1,m]
< H (1 —& [6g+nr+1 o '65,-}-(5-}-1)7‘—1 ]_1) H (1 —£ [5£+m+1 o '6£+(n+1)r—1 ]_1 )
k=[l—1,m]+2 £=0
[n,m]
= H (1 —£ [677'2-1-:@7‘-[-1 o '677'2+(n+1)r—1 ]_1 ) )
k=0
|52
since [[ — 1,m]+ 1 = [l _T,mJ, i.e. the block containing [ is ruled out of the product, and the lower bound (16)
yields
[n,m]
8(Mpip1) 8(Micm) < (1—e)™" ] (0= (85 4mrpr O epyra 171 -
k=0
If I = m, then
[n,m]
8 (Mn,m+1) S ™ (Mn,m+r) S H (1 —¢" [5r€z+m-+1 o '55+(5+1)r—1 ]_1 )
k=1
[n,m]
< (1-&)t H (I—¢" [55+m+1 "'55+(n+1)r—1 17,
k=0
and if | = n, then
[n,m]—-1

™B (Mn—l,m) <78 (Mm+[n,m]r—1,m) < H (1 —£ [577'2+m“+1 o '577'2+(K+1)T—1 ]_1)
RR n°2991 £=0
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[n,m]

< (1=en)t H (1—¢ [55L+m"+1 " '5£+(n+1)r—1 7). =

k=0

B Backward products

The purpose of this section is to prove the estimate (14). With the notations of the Appendix A, the following
estimate holds.

Lemma B.1 For any integers n, m such that n > m, and any j € S

i,
r?eaSXAm’"
inAbd  —

m -

This estimate improves the estimate given in Lemma 2 of Furstenberg and Kesten [6].
ProoF. The estimate obviously holds for n = m. For any n > m+ 1, and any #1,12,j € S

§ : Q2,0 AbJ
. Am Am+1,n .
Alzd ies 22,?

m,n

= S <max - <4, . O
A AL AL i€s A

m+1,n

=
Corollary B.2 For any integers n,m such that n > m+ 1, and any j € S

ie
maxA’
ics m,n

———+ S 0m .
min A0
ies ™

Lemma B.3 For any integers n, m such that n > m+ 1, and any j € S

ij ij n—1
Al AN,

[max = §H(1—(5k_2).

nax —2= — min o= |
i€s ALy, ies AL,

This estimate improves the estimate given in Lemma 3 of Furstenberg and Kesten [6], and the proof follows the
same lines, see also Doob [5, pp. 173-174].
ProoF. For n = m, the following estimate obviously holds

A AL
[ max 2 i 2 ] <
€S A i€s Ap
For any n > m+ 1, and any i1,2,j € S
i1,] i2,] i1,i AL ig,i Al,0 i
An%,n _ Anﬁ,n _ Z[ Am Am-{-l,n Am Am-{-l,n ] Am-}—l,n
11,8 ig, - 71,8 - iz,0 ie
Al Al AR Al Al
1,7 i1,0 AL® ig,0 AL
_ E Am+1,n [ An’ll Am+1,n AT?L Am+1,n ]+
- i,0 i1, - i3,0
i€S Am+1,n Am,n Am,n
1,7 i1, AL® ig,0 AL,
Z Am+1,n [ ATTIL Am+1,n Angb Am+1,n ]—
,0 71,0 ig,0
i€S Am+1,n Amy” Am,n
Aiyj Ailyi Ai,o Ai27i Ai7.
1 1, 1,n 7+
< [max—mER] Y[t - ]
1es Am-}—l,n i€S Amy” Am,n
i i1,0 AL® ia,i AL
_ [mm Am+1,n ] 2 :[ Am Am+1,n i Am Am+1,n ]—
: ie i1, ig,e .
1€s Am+17” i€S Amy” Am,n

INRIA
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Notice that

i1, 4D Gayi 4D i1, 4D Gayi 4D
0= Z [ Arrll Am+1,n . Arr21 Am+1,n ] _ Z [ Arrll Am+1,n . Arr21 Am+1,n ]+
ey A A e A A
i1, AL® G2y 4G
i Z[ Aﬂ’ll Am+1,n ATT21 Am+1,n ]—
e — e
i€S A:’Tll,n A:’fl,n
Therefore
i1, i2,] i, i i1,i AL ia,d AL®
A:’TIL,‘Z’L A%,‘ZL < [ Am+1,n . Am+1,n ] [ Arrll Am+1,n Arr21 Am+1,n ]+
Ai—lﬂ - AZ—E’. = Illleé?gx Abe - I}égl AL Z Alve - Alz® ’
m,n m,n m+1,n m+1,n i€S m,n m,n
From the Corollary B.2 above
Ail,i Ail,i At2,® Aig,i Aig,i
z'nf,o = Z,i Zi:b z'n;o S 572” z'n;o . (19)
Am,n A Am,n Am,n Am,n
Therefore ) . )
i1, 4G G2y 4D i1, 4G
Aﬂ’ll Am-{-l,n Angb Am-{-l,n < (1 6_2) Aﬂ’ll Am-{-l,n
- — - < — 0, - ,
An Ain An
hence ) ) )
i1, AL, i2,0 AL® i1,0 AL®
[ Arrll Am+1,n . Arr21 Am+1,n ]+ < (1 _6_2) Arrll Am-}—l,n
A AR - ” Agn
and i i i
i1, 4D Gayi 4D i1, 4D
An}L Am+1,n Angb Am+1,n + < (1 5_2 An}L Am+1,n —(1 6_2
Z[ 71,0 o 12,8 ] —( — Ym ) Z 11,8 _( ~ 'm ) :
iES Am,n Am,n iES Am,n
This yields
i1, i2,] 3% iJ
A:’TIL,‘ZL A?ﬁ,% -2 Am+1,n . Am+1,n
Ail,o - Aig,o S (1 - Jm ) [ I?EaJSX Ai,o - I}élél Ai,o ]
m,n m,n m+1,n m+1,n
Since this holds for any ¢1,i5 € S
2] 2] g ¥
Ain],n . Ain],n -2 Am+1,n . Am+1,n
[maXT_mln i, ]S(l_ém)[maXT_mlnT] )
i€s AT{%” i€s AT{%” i€s AnLH—l,n i€s An71+1,n
and by iterating the estimate
. . _1
AbJ AbJ n
[max T.n.’n— i T.n.n]<H(1—5k_2) |
ies AL, ieS AL .
) =m

Example 1 (revisited)

For any integer n > 0, assume that A,, = (A1) = B,, Q,,, where Q,, = (¢%7) is an N x N matrix (not necessarily
stochastic) with positive entries, and B,, = diag[b,---,bY] is a diagonal N x N matrix with positive diagonal
entries. For any integer n > 0, define

2
max b}, max g¢,”
B i€S 1,jES
1<) = —F———F < and 1<y ="""—F5<c.
min bj, min ¢,
i€ i,j€S

Under these assumptions, the result of Lemma B.3 can be improved as follows.
Lemma B.4 For any integers n, m such that n > m+ 1, and any j € S

Al Al s
[max 1 _ min m’"]g H(l—'yk_‘?).

ies Ale  ies Abe.

k=m
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ProOF. In this special case

ARt b g b
G20 piz da,i — M 3i5 0
A bri qm b
and
E ia,0 A%,J 12 E 2,0 ALd
S Am Am+1,n bm qm Am+1,n . .
A es i€s b2 2" W
] —_ — m m m
A A g T i i1 gid = pin I?easx i1, < Tm it
m,n E m m+1,n m E qm m+1,n m Im m
i€S i€s
hence )
iz, ]
A’fl’” <~ bZ_TTEl
Agn ~ br
Therefore )
Ail,i Ail,i A2, Aig,i Aig,i
m _ m m,n m 2 m
Ail,o - Aig,i Ail,o Aig,o — /m Aig,o :
m,n m m,n m,n m,n
The result follows by using this estimate in place of estimate (19) in the proof of the Lemma B.3. a

Remark B.5 If in addition, for any integer n > 0, the positive matrix @, is a stochastic matrix, with

€n = min ¢27 >0,

i,jES
the estimate of Lemma B.4 above reduces to
ij ij n—1
Amjn . Amj,n 2
[max e N ——7 ]SH(l_Ek)
ZES Arﬁ,n ZES Arﬁ,n k=m

Example 2 (continued)

Under the assumptions of Example 2 in Appendix A, the result of Lemma B.3 can be extended as follows.

Lemma B.6 For any integers n,m such that n > m+r—1, and forany j € S

Abd Abd [n,m]-1
m,n : m,n 2r B B -2
max —— — min — < || 1—e"[§ ) _ .
[ €S Apt, €S AR, I< *=0 ( [mtrrss Omp gy 1)

Proo¥. The following decomposition into a product of positive matrices holds

[n,m]—1
Am,n = [ H Am+m‘,m+(n+1)r—1 ] Am+[n,m]r,n =Ag- A Am+[n,m]r,n )
k=0
where £ = [n, m], and for any Kk =0,---, £ —1
AK = Am+m‘,m+(n+1)r—1 = Bm+m‘ [Q Bm+m‘+1 Q o 'Bm+(n+1)r—1 Q] = Bn Qn .
This is the situation of Example 1 above, since Q. = (¢.7) is positive for any k = 0,---,£ — 1 , hence
i  j =1 04 i
[ max A — min Ariin ] H (1-77%) [ max Am+[n’m]r’n — min Am+[n’m]r’n ]
; 7,0 ; 7,0 — K ; i,e ; i,
i€5 Am,n €5 Amyn k=0 i€s Am+[n,m]r,n 1€s Am+[n,m]r,n
-1
< JJa-%%.
k=0
and it is immediate to check that
ma)s( qi,j
_ ij€ - B B
1< = W Se [ppari "'5m+(n+1)r—1] ;
ijes "
for any k =0,---,0— 1. m]
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C Rough estimates
Let M = (M%) be an N x N matrix with nonnegative entries.
Lemma C.1 For any z € RN such that e* z =0

Mz <1i max M7 — min M3 ] ||| .
2

o5 €S =
ProoF. By definition
M2 =1 Mz
JjES Q€S
Since
ez = Ezl =0,
i€S

then, for any j € S, and any scalar A

ZMj’i zZ; = Z(Mj’i — )\J) Zi

€S i€s
hence
DIRTERTED SIS YINY
€S i€S
Selecting
N =1 [ max M7* + min M7 ] |
i€S i€S
yields
Z|M“ M|z < 2 [maxM“ _%mM“ ] =l
i€S
hence
IS MI ] < b [max M —min M ] ] O
ics i€S i€S

For any ¢ € S, define the sum of the i~th column entries as
M =N "M
Jj€es
and define the ratio o
ZMM ¢ max M**

_ i€S _ ies
w(M) = sup T
P,qEP(S) E M*'p e

)

Notice that for any p € P(S), and any z € RV

ZMQ,i|Zi|
e*le < [| M z]| < i€5
e*Mp —

| S w(M) =] -

e*Mp — ZMQ,ipi -
i€S

Lemma C.2 For any p,q € P(S), the following rough estimate holds

Mp M q

He*Mp e* M gq

I<2w(M) |lp—qll -

ProoF. From the decomposition
Mp Mg _Mp—q e Mp—q Mg

e*Mp e Mqg e Mp e* Mp e*Mq'
and the bounds in (20), it follows that
Mp Mg IMp—-all , &Mp—q)
— < <2w(M - .
|- My el | < 20(0) p— dl

e*Mp

RR n°2991
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Example 2 (continued)

Under the assumptions of Example 2 in Appendix A, the following estimates hold.

Lemma C.3 For any integers n,l such thatl <n

(M) <67 -8
Ifl<n-—r+1, then
w(Myy) <e " 5B - ~~(55_,_1 .
ProOF. In the general case, for any 7,7 € S
D I R Rl
My jes ii41,in €S
TH ST ST BET:
j€eS big1, 00, J€S
Z qiyil-}'l . qlnyj
B B li41,in,J€S _<B 5B
< 874y Z qi’,iz+1 g =4 J,
fig1, o )in,J €S
In the particular case where [ <n—r+ 1, for any 7,7/ € S
J )i
M.’i Z Mn A4r Ml+r 11 max Ml-+7-7‘ 1
nl _ JES 1,JES e T 5B 6B
i 7 > , U941
Mnyl Z Mn lj+r Mlj-}—lr 1, anlé% MH-T 1,1
Jjes
(ifl=n—r+1, then M, 14, = M, 41 = I by convention). m|
Remark C.4 These estimates can be merged into the following single estimate
W(Mn l) e’ 61 : (Sgln(l-}—r 1,n) >
which holds for any integers n,! such that [ < n.
D Technical proofs
Proof of Proposition 4.1
For any z € R” | the identity (10) and the estimate in Proposition 2.1 yield
n * + +
e* M,z z
q)kykapkz >~ — f,ly7"'ayla—_f,lya"':yl:pl
e* My 2~ z”
+ m || fn,l[yn: YL ||Z_||] - fn,l[yn; t ';yl;Pl] ||
n s
< lgtatw) Iz (26 aw) [T —e) s — mill]
]
n
+ e w1 (26 aiw) JTO- |||| & —pill]
k=l
n
< C () 2H1—6k ) =]l
k=l
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hence

||H<I>kyk,}?k]||<4 Yo P T —en)
k=l k=l

For any z € RY | the identity (11) and the estimate in Proposition 2.1 yield :

e If I >m+ 1, then

||H[<I>k[yk,Pk] — O [yr, pi]] 2| <

=

<Tertoulw) l1zl] 265" 0m(ym) [T (1 —ex) llp=2'll]

k

m

e auw)] 22 ﬁ 1= ) llp— 21 [4 e duw) 12 T2 — ) (1201
k=m k=l

n

<265, 0 () 7 P Ou(w) L+ 4T () 1?1 TL (0 —ex) =211 11211

k=m

hence
n

I TTE®xlyn, pi] = @elye, il 11| < 1065 6 wm) [ G1(w) P T (L =) o =7/l -
k=l k=m

e Otherwise if [ = m, then

I TT [®klye, pr] — Brelyw, pi]] 2l <

k=m
< [em! m(ym) 1211 263" 0m () [T (1 =) [Ip= 2]
k=m
+ g0 O () [lp = P11 [4 [} 0 () 1P TT (1 =24 (1211
k=m
<2 (e Smym) 1P 14265 0 (ym) ] TT (0 =20) o =PIl 1211
k=m

hence . .
| TT [®klus, o] — ®rlye, 111 < 6 [, Sm(ym) 1° ] (1 —ex) o =PIl -

k=m

With the decomposition introduced in (9) above

||Fn,m[yn: oy Yms Dy ’lU] - Fn,m[yn: t 'aymapl:'wl] || S

< TT ®xlye. el 1w — 'l 411 TT [9lyw, pr] = @ulye, k1111 11w’

k=m k=m
n—1 n
+ > Lip(ui,u) llpe—pill | T] ®eluw, vl | + Lip(un, ya) P — phll
l=m k=l+1
n—1 n
+ 3 K, u) | [T [®elve, pe] — @xlve, pi] ]
l=m k=Il+1
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<[4 e om( H (1= ee)] llw = w'l| +[6 5" mym) > TT (1 =) llp = 2/II] [
k=m k=m

o+ Li(m, vm) 12— 2| [4 s St (s 2 T] (1= 26)]

k=m+1
n—1 -1 n
+ > Lip(u, ) (265 0m(ym) [T (U —cn)llp =PI 4 [e34 Gra(wa) ] T (1= en)]
l=m+1 k=m k=i+1
+ Lip(un, yn) [2¢ H 1—ex) llp—P'll]
n—1 n
+ ZK(Ulayl) (10! G (Ym) [6,+1 Si41 (Y1) H L—e) |lp—7'|]
l=m k=m
-1 3 . / / /
<6 [em Om( IT =) Llw =l +1lp =PI (1 + ([l + [[w']])]
k=m
n—1
+10e; Z 1— &)™ [e534 G (wi41) 1% Lip(ur, w1) + (1= 0) " Lip(tn, yn)
n—1 n
+ Z[5l_+11 di41 (yi41) 1° K(w, wi) H L—ep) llp =PIl -
l=m k=m
This concludes the proof. a

Proof of Theorem 4.6

Recall the following estimate, which is an immediate application of Proposition A.1 : For any p,p’ € P(S), any
integers n, m such that n > m, and any sequence y,,,---,y, € R%

Hf[yna : ":ym:p] - f[yna : ":ym:p/] H < QW(Mn,m) TB(Mn,m) HP_QH )

where the Birkhoff contraction coefficient 75 (M, ) is defined in Appendix A, and the coefficient w (M, )
satisfies the following estimate, which is an immediate application of Lemma C.3.

Lemma D.1 If the stochastic matriz () is primitive, with index of primitivity v, then for any integers n,l such
that 1 < n, any p € P(S), and any z € RN

¢ Muiz) Mol _
e* Mn,lp ~ e Mn,lp o

| w(Mg) Il

and
w(Mn ) < 6(w) - 0(yn) -
Ifl<n-—r+1, then
(M) 7 6(u) - Oyrs) -

Remark D.2 These estimates can be merged into the following single estimate

W(Mnyl) S e’ J(yl) o '6(ymin(l+r—1,n)) s
which holds for any integers n,! such that [ < n.

For any z € RY, the identity (10) and the estimates in Proposition 2.1 and in Lemma D.1 yield

e* My, zt

n
Qlyk, pr] = < —
ITTebwmd <l < S

2t
Hf[yn:"'aylam]_f[yna"'aylapl]n
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e* M, 2z~ z~
— ||f[yn1:ylan—]_f[ynaaylapl]”

e* My, pi 27|

IN

2t
[w(Mo o) [|27]] [20(Mn 1) 78 (Mn 1) HW —will]

z

[w (M) [|27 1] [20(Mi 1) 78 (M 1) HH —oil]

< 4w (M) (M) 2]

hence

| TT ®luw. pr] || < 4w (Mo 1) 78 (May) -
k=l

For any z € R the identity (11) and the estimates in Proposition 2.1 and in Lemma D.1 yield :
e If [ > m+ 1, then

I TT(®xlye, Pl = @rly, pi]] 21l <
k=l
< [W(Mn ) 121 [20(Mnm) 78(Mn,m) |lp = P'Il]
+w(Mng) [20(Mimy,m) 8(Mi—1m) Ip = P'I|] [4w*(Mn 1) 78(Ma ) [|2]]]

<2w(Mp)) [w(Mn,m) 8(My m)

— )

+ 4w (Mn 1) w(Mi—1,m) 78 (Mn 1) 78(Mi—1,m) ] [lp = 2l I2]]

hence
k=l

<2w(Mp)) [w(Mn,m) 8(Mp m)

— )

+ 4w (M ) w(Mi—1 m) T8(My 1) 18(Mi—1.m) ] o — 2| -

e Otherwise if [ = m, then

n

I TT [®klye, pr] — Peluw, il ] 2l| <

k=m

< WM ) (21T [29(Ma,m) 78(Mp m) [P = Pl|]
+w(Mam) [Ip = p'l| [40*(Mn m) 78 (Mn,m) [|2]]]

<20 (M) (14 20(Mp )] 78 (M ) |lp = 2/l l=1] 5
hence

I TT [®lyn, o] = @xlye. ph] 1| < 60 (Mo ) 78 (M) llp = #/l] -
k=m
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Making use of the above estimates yields

n—1 n

ST TT @luw, pel Il Lin(u, w) (I — pil| <

l=m k=I+1

< Lip(u, ym) [4w*(Mp m41) 78(Mpn m41) ] [|p — P'l|]
n—1

+ E Lip(u, y1) [4w*(Mn141) 718(Mpi41) ] [20(Mi—1m) 78(Mi—1,m) |lp = P'||]
l=m+1
< 4Lip(u, ym) Wz(Mn,m+1) TB(Mn,m+1) ||P - pl”

n—1

+8 > Lip(u,y)

w? (M 141) w
l=m+1

(Mi—1m) 78 (Mn 141) T8(Mi—1,m) |lp = |
and similarly

3
|
—

it

H [®@lyr, p] — P[yk, p] ][] K(u, wr)

2_: K(u, u)

n l+1) [W(Mn,m) ] (Mn,m)
+ 4w (M 141) w(Mim) 8 (Ma,41) 78(Mim) ] [|p = 2|
With the decomposition introduced in (9) above

||F[yn7:yTHapaw]_F[yna

< TT @lwe, pal ] llw = w'l| + 1] H
k=m

k=m

'7yTTL1plawl] || S

[k, ] — @yr, pi] 1 1] ||w']]
n—1

l=m  k=I+1

+> H ®[yx, pe] || Lip(w, wi) [|pe — pill + Lip(w, ya) [|pn — 2ol

+Z_: I TT [®lys, pe] — @luw, pi] 11 K(u, m)
l=m k=I+1

< 4w (Mo ) 78 (Mo ) [l — |

+ 6w (Mo m) m8(Mam) [lp—2'l| /]

+ 4L1p(u: ym) wz(Mn,m+1) TB(Mn,m+1) HP - plll

n—1

+8 > Lip(u,y)

w? (Mp 141) w
l=m+1

(Mi—1,m) T8( My 141) T8(Mi—1m) |lp — P/l

+2 Lip(u, yn) W(Mn—l,m) TB(Mn—l,m) ||P - le

123 K, ) (Mo i) (M) 75(Mo )
l=m
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+ 4w (M 141) w(Mim ) 8 (Mn 141) 78(Mim) ] lp — 2|l

< 6w (Mnm) 78(Mn,m) [llw = w'|| + [lp = 2/l (1+ [Jw| + [Jw'[])]

+ [ 4 Lip(u, ym) w2(Mnym+1) 8(Mp,m41)

n—1

+8 Y Lip(u,u) @ (Mo r41) @(Mio1m) 78(My i41) 78 (Mi—1,m)
l=m+1

+2 Lip(u, yn) W(Mn—l,m) B (Mn—l,m)

n—1

+2 ) K(u,y) w(Ma41) [w0(Mnm) 78 (M, m)

l=m
+ 4w (M 141) w(Mim) 78(Mp i41) 78(Mim) 1] |l =P/ -

The estimates obtained in Lemma A.9 yield
||F[yn1 oy Yms Dy U)] - F[yn: T ym;p/; wl] || S

[n,m]

S 6(.«)3(Mnym) H (1 —&" [5(ym+nr+1) T '6(ym+(f€+1)r—1)]_1)

[lw —w'[| +lp = P/l (1 + [Jw]| + [Jw'|])]
+ [ 4(1— Er)_l Lip(u, Ym) w2(Mnym+1)

+8(1—c")7" > Lip(u, y) w? (M i41) w(Mi—1m)
l=m+1

+2(1- 6’")_1 Lip(u, yn) w(Mn_1,m)

+2 z—: K(u, y) w(Mp,141) [w0(Mnm) +4(1 =€) 7" w? (M p41) @(Mim)] ]
l=m

[n,m]
IT (=& [6(umtnrtr) - 8@t iarryr—1) 171 Ip = P
k=0
[n,m]
<678 (ym) S (ymtr-1) T TT (1= [8(Wmnrsr) -6 (esyr—1)]7")
k=0

[lw = w'll +llp = Pl (14 [lwll + ('] )]

+106778(ym) O (Ymar—1) (1 —€") 7

3
|
—

[ [5_r 5(yl+1) o '5(ymin(l+r,n)) ]2 Llp(u: yl) + Llp(u: yn)

I}
3
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n—1
+ Z [6_r 5(yl+1) o '5(ymin(l+r,n)) ]3 K(ua yl) ]
l=m
[n,m]
[T 0 =€ [8@mtnrsr) - 8@t iasryr—1) 171 lp = 2] -
k=0
This finishes the proof. a

Proof of Proposition 5.6

For any sequence tp,--+,ip41 € S

/d'“/Rd 9" (Yns1, £ @ Flyn, - Y, 2o w0]) = 9" (Y1, £ @ Fltm, -, gm0, w']) |
by (Um) b (Y1) A(dym) -+ Mdyng1) <
< [ [ ) 1l 0] = Flgns '
1 fns s Ym, Pl = FlYns - Ym, P |
T+ Yns - Yms 2 W)+ (1 F[Yns -5 Y, 2 0] ]
by (Um) b (Y1) A(dym) -+ A(dYn41)

SLlp(g) ||F[yna1yTTHp1w]_F[yna:yMJplaw/]H
Rd d

by (Ym) + - b3 () Aldym ) -+ Mdyn)

+Llp(g) /Rd/d ||f[yna:yTTHp]_f[yna:yTThpl]”
(1+ HF[ym""ym’p’w]H"i' HF[yn:""ym:pl:w/]H)

by (ym) - 00 (yn) Mdym) -~ A(dya) -

O To estimate the first term, recall from the proof of Theorem 4.6 above, that

”F[ynJ oy Yms Dy 'lU] - F[yna t ':yﬂ’hpl;'wl] || S

< 6w (M m) 78(Mn,m) [[lw— || +[lp = P/l (1+ ||wl| + [Jw'[])]

+ [ 4Lip(u, ym) w? (M mt1) 8 (M mt1)

n—1

+8 > Lip(u,u) @’ (Mnug1) w(Miy m) 78 (M 1) 78(Mi—1m)
l=m+1

+2 Lip(u, yn) W(Mn—l,m) TB(Mn—l,m)
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n—1

+2 ) K(u,y) w(Ma 1) [w(Ma,m) 78 (M m)

l=m

+ 4w (M i41) w(Mim) 78(Mn i41) 8(Mim) ] ] |lp — P'll
< 6w’ (Mpm) 78(Mnm) [[lw—w'||+ |lp—p'l| (14 [Jw]|+ [|o']])]

+ [ 4 Lip(u, Ym) wQ(Mnym.H) 8(Mn m41)

n—1

+8 Y Lip(u,u) @ (M 141) @(Mic1m) 78(Mn ig1) 78(Mi—1,m)
l=m+1

+2 Lip(u, yn) W(Mn—l,m) TB(Mn—l,m)

+ QK(U, ym) W(Mn,m+1) [W(Mn,m) + 4(-02(Mn,m+1) W(Mm)] 8 (Mn,m+1)

n—1
+2 E K(Uayl) W(Mn,l-}—l) [W(Mn,m)
l=m+1

+ 4w (Mp i41) @(Mym )] 18(Myg1) 8(Mic1m) | lp =2l -

If n > m+4r, and if the estimates obtained in Proposition A.5, and especially in (18), are used in place of the
estimates obtained in Lemma A.9, then depending on the position of [ relative to m and n :

e Ifm+1<I<m+42r—1, then

B(Mi-1m) < 1,

[n,l4+1]
8(Muig1) < [ (0=€ [6Wanrsa) - S(Uamanyr)]71) -
k=1
e Else if m 4+ 2r <1 < n — 2r, then
[i—1,m]
TB(Ml—l,m) S H (1 —&" [5(ym+m'+1) c '6(ym+(5+1)r—1)]_1 ) s
k=1
[n,i41]
r -1
(Muig1) < [ (0=€ [6Wianrs2) - S(pinsnyr) 171) -
k=1

e Otherwise if n — 2r + 1 <! < n, then

W(Mn,l-}—l) S 6(yl+1) o '6(ymin(l+r,n)) s

[i—1,m]
TB(Ml—l,m) S H (1 —&" [5(ym+m'+1) o '6(ym+(n+1)r—1)]_1 ) s
k=1
B (Myi41) < 1

These estimates yield

||F[yn7"'1ym,p;w]_F[yna"'ayM1plaw/] || S

RR n°2991



50 F. Le Gland & L. Mevel

[n,m]

<6[e78(ym) O (ymar-1) P T (1= [8manrs1) - 0(Umr(erryr—1)17H)

k=1

[lw = w'll 4+ llp = 2/l (14 [lwll + [lw']] )]

[n,m+1]
+ [4Lip(u, ym) (€77 6 Wmar) - S(Umar) I° [ (1= [6(Umanrsa) - S (Umaetryr)I71)
k=1
m+2r—1
+8 Z Llp(u:yl) [6_r 5(yl+1) "'5(yl+7‘)]2 [6_r 6(ym) "'6(ymin(m+r—1,l—1))]
l=m+1
[n,i41]
I (0= [8(tnrta) - S uryr) 171)
k=1
n—2r
+8 Y Lip(u,y) [e7 6 (we1) 6 (uiar) 1P L6776 (ym) -0 (Ymar—1) ]
l=m+2r
[n,i41]
I (=& [0 (unrsa) - S (Wp(egyr) 171
k=1
[i—1,m]
IT (0= [6@Wmarrsr) - S(Umainsryr—1)17")
k=1
n—1
+8 Z LIP(U,yl) [6_r 5(yl+1) "'5(ymin(l+r,n))]2 [6_r 6(ym) "'6(ym+r—1)]
l=n—2r+1
[i-1,m]
H (1 =& [6(ymtnrt1) 6 Umaottyr—1)]7")
k=1

+ 2Lip(u, yn) [e776(ym) - - 6 (Ymtr-1)]

[n—1,m]

H (1 =" [8(Umanrt1) - 6 Umtetyr—1)7")

k=1

+ 2K, Ym) [ 8 (Wma1) 0 (Wmar) ] 167 8 (0m) - Onmar—1)]

+ 4070 (Ym+1) O (Ymar) ] 6 (ym)]

[n,m+1]
[T (= [6manrsz) 6 (vmiernr) 1)
m+42r—1
+20 30 K(ww) [ 8e) - 0(uen) 17 8(wm) - (umar—1)]
l=m+1
AL 8 (we) (e P [ 8(um) -0 (Ummin(mtr—1.)) 1]
[n,i41]
1T (=& [6(ugnrsa) - (W (ernyr) 171)
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120 S Kw) [ 6ss) - -6(usn)] [ 8m) -+ 3(umar—1)]
l=m+42r
AL ) - 5(ar) P [ 8um) -+ S (tmar—1)]]
[n,i41]
IT (=€ [8(urnrsn) 6w iernyr) 1)
[i—1,m]
H (1= [6(ymtnrt1) 6 (Umaottyr—1)]7")
+ 2 Z_: K(u,yl) [E_T (S(yl-}.l) "'6(ymin(l+r,n))] [[E_T (5(ym) "'6(ym+r—1)]
l=n—2r+1
+4[e7"8(Yir1) - 0 (Ymin(i4rn)) [ 6(ym) - 8(Ymar—1)]]
[i—1,m]
H (1 —€"[6(Ymtrrt1) - '6(ym+(ﬁ+1)r—1)]_1) 1 lp=21-

Notice that each term in the sum above is a product of factors which span disjoint blocks of length r, with the
only exception of the third sum from the end : indeed, the sets {m,---,m+r— 1} and {{,/+ 1,---, I+ r} are
disjoint if [ > m + r, but they do overlapif m +1 <1 <m + r — 1. Except for this sum which requires special
attention, integration is straightforward, and yields for any sequence i, --,i, € S

/d"'/d ||F[yn,-~~,ym,p,w]—F[yn,~~-,ym,p’,w’]||
b (ym) - 0y (Yn) Aldym) - - - A(dyn) <
<6 AL (L= R [[lw—w'|| +[lp— Pl (1+ [|w]| + [|w']]) ]

+ [4Lip(u) e AL (1 — R)lrmH]

m+2r—1
+8Lip(u)e™* AL AT Y (1- Ryl
l=m+1

n—2r
+ 8 Lip(u) e 73" AL A" Z (1= Ryl +1+l-1,m]
l=m+2r

n—1
+8Lip(u) e ALAT > (1-R)II
l=n—2r+4+1

+ 2Lip(u)e™" A" (1 — R)["=1m]
+2[A-K](u) [e7 ATPA 4473 AL (1 — R)Pm
m+r—2

—|—2[AK](U) Z Al—m[6—2r Ag@+r—l—1 Al—m+1
l=m+1

+4€—4r AT+T—I—1 Alg_m+1] (1 _ R)[n,l-}-l]
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+2[A-K](u) AT e AT 44271 AL (1 — R)m]
m+42r—1

+2K(u) [T AT 44T ALAT] Y (11— R
I=m+r—1

n—2r
+2K(u) [T AT 447 ALAT] > (1= R)IHHHIFELm

l=m+42r

n—1
+2K(u) [T AT 447 ALAT] > (=R p—p|)
l=n—-2r41
Using the lower bound (2.4) yields
/d”'/d ||F[yn,~~~,ym,p,w]—F[yn,~~~,ym,p’,w’]||
Oy (ym) 00 (yn) A(dym) - Adyn) <
<67 AL [Jlw— || + [l =PI (1 [l + [[w/]])]
+8e7% A Lip(u) (n —m+1) g2 7" |lp = /||

+10e™ AL [A K] (u) (n —m+1) p2 7" |lp = /||

<Ce™ (n=m+ 1) pl7" T (14 [lwl] + [lw'[])
where the constant C’ depends only on r, A4, Lip(u), and [A - K](u).

O To estimate the second term, recall from the proof of Theorem 2.3 above, that

Hf[yna : ";ymap] - f[yna : "aymap/] || < QW(Mn,m) TB(Mn,m) Hp_p/H )

for any p,p’ € P(S), and any sequence Y, -,y € R? whereas the variation of parameters formula yields

directly the following rough estimate

n n—1 n

1E [, ympwl | <1 T @lwe ped Il 1wl + D0 TT @lwes el Il K(u, ) + K(u, ya)
k=m I=m k=Il+1
< AW ( My m) 8(Ma ) ||w|
n—1
+4 Z w? (M 141) 78(Mn 141) K(u, ur) + K(u, yn)
l=m
<

n—1
4% (M) [l +4 Y~ 0 (Mo 1) K(u,90) + K(u, 9a)
l=m

for any p € P(S), any w € X, and any sequence y,, - - -, y, € R Therefore

||f[yna:ymap] _f[yna:yﬂhp/] || ||F[yn:ayﬂ’hpaw] || S

< [ BWB(Mn,m) 78 (Mn,m) [|wl]
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n—1
FAw(Mym) Y K(u,y) @’ (Mp 1) 8(Mai41) m8(Mi—1,m)

l=m

+ 2K(t, yn) (M ) 78 (Mn—1,m) ] [lp = /||

[n,m]
<[8[e™"0(Ym) - I (Ymgr-1) ]3 H (1 —&" [6(Ymanrs1) '5(yM+(ﬁ+1)’—1)]_1 ) [[w]]
m+42r—1
+4 [E_T 6(ym) o '6(ym+r—1)] Z K(u, yl) [E_T 6(yl+1) a '6(yl+r) ]2
l=m
[n,l14+1]
H (1= €" [6(Wignrt2) 6 Wity )] ™)1
FALT S ) e )] S Kl w) [ 8(er) - -S(unsn) I
l=m+42r
[n,l14+1]
H (1 =" [6(Wignrt2) 6 Wity )] ™H)]
[t—=1,m]
H (1= [6(ymtnrt1) S Wmtetyr—1)]7") ]
FALET0) - 0narm)] Y K(w) [ 0(w) 6 (trminetr)
l=n—2r+4+1
[I—=1,m]
H (1= [6(ymtnrt1) 0 Umatntryr—1)]7") ]

+2K(u,yn) [T 0(Ym) - -0 (Ymgr—1) ]

[n—1,m]

H (1 - ET [(S(ym+5r+1) c '6(ym+(5+1)r—1)]_1) ] ||p_p/|| .

k=1

Notice again that each term in the sum above is a product of factors which span disjoint blocks of length r, with
the only exception of the fourth sum from the end : indeed, the sets {m, -, m+r—1}and {{,{+1,- -, [+ 7}
are disjoint if [ > m + r, but they do overlapif m +1 <1 < m + r — 1. Except for this sum which requires
special attention, integration is straightforward, and yields for any sequence i,,,---,2, € S

/d.”/d Hf[yn;;ym,p]_f[yn;,ym,pl]n ||F[yna:ym:p:w]||
by (ym) -+ 54" (yn) Mdym) -~ Mdyn) <

<873 AL (1— R |Ip— /|| ||w|

m4r—2
+[4[A-K](u) e Z Al=m ATl ALmtL () pylnl+]

l=m

+4[A-K](u) e73 A AT (1 — R)m]
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m+2r—1
FAK(u) e ALAT Y (1— Ry
l=m+r

n—2r
+4K(u) e=3r AL AT Z (1— R)[n,l+1]+[l—1,m]

l=m+42r

n—1
+AK(u) e ALAT Y (11— Ryt
l=n—2r41

F2K()e AT (1= B p— )
Using the lower bound (2.4) yields
O A e A [ T P
b (Ym) - b3 () M(dym) - -~ Mdyn) <
< 8™ AL I lp — || ||

F4e73 AL A K](u) (n—m + 1) g2~ |Ip = ||

<C"e™ (n—m+ 1) p27 Y (L4 [Jwl| + [|lw'l])

where the constant C* depends only on 7, Ag, and [A - K](u).

Combining the above estimates finishes the proof.
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