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Abstract: This work is devoted to the segmentation and tracking of structures undergoing
large deformations in an image sequence. The overall goal is the modelling of complex moving
and deforming structures that simultaneously brings compression of the data, segmentation
and tracking of the structures on temporal sequences of images. Deforming structures are
approximated by implicit templates, defined as level sets of some particular implicit func-
tions. Implicit functions offer an interesting tool for the modelling of visco-elastic structures.
Structures are approximated using an energy minimization process; the energy functional
carries information about position, tangent and curvature. The implicit functions used in
this work are defined by some control points, their radius of influence, and an iso-value. Once
the structures are segmented, tracking is modelled using the displacements of the control
points and the variation of the radii of influence. The method is first applied on echocardio-
graphic images, providing promising results for segmentation. We also apply the method on
a sequence of images displaying a vortex formation, and we show that such a vortex structure

can also be segmented and tracked with implicit functions.
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Suivi Temporel Par Contours Implicites.

Résumé : Nous nous intéressons a la segmentation et au suivi temporel de structures défor-
mables dans une séquence d’images. Les structures sont approximées par des contours impli-
cites, qui permettent une modélisation des déformations visco-élastiques et des changements
de topologie. Les contours implicites sont générés par la minimisation d’une fonctionnelle
d’énergie. L’énergie utilisée ici tient compte des informations de position, tangente et cour-
bure. Les contours implicites sont définis par des points de controle et des rayons d’influence.
Le probleme du suivi temporel des structures est alors ramené a celui de la variation des
parametres géométriques des points de controle. Cette méthode est appliquée sur des images
d’échographie, puis sur une suite d’'images montrant la formation d’un tourbillon. Ce travail
constitue la premiere étape vers une modélisation des structures complexes offrant simulta-
nément compression des données, segmentation et suivi des structures dans des séquences

temporelles d’images.

Mots-clé : Segmentation, Fonctions Implicites, Suivi Temporel, Images Echographiques,

Imagerie Satellitaire, Tourbillon, Minimisation d’Energie, Gradient Conjugué



1 Introduction

In this paper we address the problem of segmenting deformable moving structures in an image
sequence: we are looking for a mathematical framework allowing simultaneously segmenta-
tion, global tracking and data compression. Moreover, we are interested in deforming struc-
tures displaying small and large deformations. For this purpose we study the approximation
of structures by implicit templates. Recent research in this promising field used parametric
modelling (like snakes and spline curves for instance) or probabilistic models (like Markov
random fields) [7, 16, 11]. The use of these models resulted in interesting image represen-
tations for segmentation, but the ability of using such models for incorporating knowledge
about motion is strongly limited by the very specific geometric limitations of parametrized
curves and surfaces. Moreover we believe that implicit functions offer more potential capa-
bilities for animating visco-elastic deformations in Image Processing. To give an example, it
is not easy to relate an elastic or visco-elastic behavior of a spline curve to the motion of
its control points and tangents. In a same way, snake template parameters can be used in
the segmentation process of a still image, but it would be difficult to relate the motion of an
image structure to the variation of the parameters of the snake, specially when topological
changes appear or if the structure undergoes large deformations. Of course implicit objects
also possess local parametrizations (and, in the case of 1-dimensional implicit objects, global
parametrizations also exist and are related to the topological notion of connectedness), but,
in a sense, implicit templates are “orthogonal” to parametrized curves and surfaces: their
modelling capabilities do not rely on how a given function maps and “distorts” a parameter
interval, but rather on the geometry of the graph of a higher-dimensional function whose
level sets define the topology and geometry of the implicit shape. The geometry of the graph
of the higher-dimensional function often encodes in a simple way complicated topological
changes in each of its sections. This is the reason why implicit functions are so often used in
Computer Graphics to model complex topological changes, whereas any attempt in attaining
such capabilities with parametrized curves and surfaces would be fraught and painful. We
note that some recent work [20] used implicit functions to model growing bulbs for image
segmentation. Here we address the problem from a different point of view, by using implicit
functions defined by a small number of control points (in the view of data compression). The
effectiveness of implicit functions to handle complex topological changes and visco-elastic
geometric simulation is the reason why we toyed with the possiblity of using them in Image

Processing for the segmentation and tracking of deformable structures.
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Implicit functions have been a subject of intense research, particularly in the domain of
Computer Graphics. Apart the geometrical capabilities we have already mentionned, they
also easely implement membership algorithms. They tend to become a standard modelling
tool in Computer Graphics, where, like splines curves and surfaces, they display the inter-
esting property of designing complex shapes with a minimal amount of encoding data. In
Image Processing, the cost-effectiveness of implicit functions can be used for compression,
and their potential richness for designing complex and moving shapes foreshadows the use
of implicit functions for the segmentation of moving structures. The effectiveness of implicit
functions to achieve modelling of deforming and rubber-like objects is the reason why some
classes of implicit functions are called Soft Objects [22, 23, 24]. They easily handle multiple
connected components, and can be generated at reasonnable cost.

In this paper we study the problem of approximating an object (a cardiac cavity on an
ultrasound image, a vortex formation on a sequence of images), or a set of pixels (the list of
edge points obtained by an edge detector), by implicit functions. The paper is organized as
follows: in section 2 a basic review of the properties of implicit functions is presented, and
section 3 develops some aspects about implicit contours that are of particular importance
for our subject. In section 4, the approximation problem is described in terms of an energy
minimization process, and results on synthetic contours are displayed. Section 5 is devoted
to the approximation technique on edge points over a sequence of echocardiographic images.
And in section 6 the model is used to perform tracking of a moving vortex structure. The

last part is devoted to discussion and conclusion.

2 Review of Implicit Functions

Since this paper is concerned with 2D templates, we only discuss 2D implicit contours.
Let U C IR? be an open set and:
o :U— R

be a real valued function.

An iso-contour associated to ¢ is a set of points M € U such that ¢(M) = ¢ where ¢ is a
quantity called iso-value. Thus an iso-contour is simply a level set of ¢. Usually, ¢ is choosen
C®°. Note that the use of C'*° functions does not put restrictions on the resulting iso-contours
[2]: implicit templates are often defined by local functions incorporating a given metric. By

choosing a IP metric with p high, it is even possible to obtain narrow corners with implicit
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functions.

In the Computer Graphics literature, several authors use different kind of functions:

e super-ellipsoids [22]:

ok oy
P(z,y) = T (1)
e super-quadrics [1], defined in 3D by:
b(@,y,2) = [z +yn|" +2¢ (2)

However, the use of a global analytic expression for ¢ looses some control over the resulting
shapes. To make implicit contours more tractable in modelling, different authors proposed
implicit functions defined more locally. Basically, one can distinguish two broad classes of
implicit functions defined in this way: those defined with control points and those defined
with skeletons [9]. Since the minimization process we have in mind is more easily described
with control points, we only focus on that latter formulation.

Let S be a finite set of points in U, called control points. The implicit function is then defined

by an expression like:

S(M) = 3 ¢i(M),

k€S
where ¢; is a local function defined in a neighborhood of k;. Different authors have proposed

variations on this formulation:

e Blinn [3] uses a formulation where ¢; is defined by an exponential. The resulting objects

are called Blobby Models,

e Nishimura and al. [15] use a polynomial expression for ¢;. The implicit contours obtai-

ned this way are often called Metaballs,

e Wyvill and al. [24] use another polynomial formulation. The resulting objects are called
Soft Objects. This is the formulation we are going to use in this paper. We describe it

in more detail in the next section.

We also note that Cohen and Cohen [6] use another implicit formulation which does not fit
into the categories mentionned above: the authors use a global formulation of the implicit
function and generate intermediate points to control the shape of the implicit object. Also,
Sclaroff and Pentland [18] introduced generalized implicit functions, and an efficient tech-
nique is described to apply various transformations on implicit objects.

In the next section, we describe in greater detail the implicit functions called Soft Objects

and develop some aspects of implicit functions that will be used in the energy formulation.
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3 Soft Objects

Blobby Models, Metaballs and Soft Objects are very similar formulations. In this paper we
choose Soft Objects, defined by local functions which vanish outside a bounded region. As

mentionned before, we consider a finite set:
S = {klakZ:"'akn}

of control points in U. To each control point k; we associate a radius of influence r;. Each

local contribution ¢; is defined by:

— — —
M )®EMt kM
=q 5 +b T tc 5+

¢i(M) d, (3)

T T T

—
if M is such that |k;M|| < r;, and 0 otherwise. Coefficients a, b, ¢ and d are chosen so that
the function of one real variable:

f(z) =az® + bz’ + cx+d

is C' and looks like the function depicted in figure 1. The determination of a, b, ¢ and d
involves the resolution of a linear system. One finds [24] a = —0.44, b = 1.88, ¢ = —2.44

and d = 1. The use of squared terms of the distance, instead of the distance itself, facilitates

Figure 1: Graph of function f .

the computations of various parameters associated with the function such as its derivatives,
while it does not change the qualitative properties of the function.

Function ¢ is then defined by:

$(M) = 3 6:(M) (4)

k:iES
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Figure 2: Iso-contours obtained with two positive control points: given an iso-value, two
positive control points and their radius of influence, the shape of the iso-contour changes
continuously and finally can break itself into two connected components if the control points

are too far away from each other.

If we interpret ¢ as a physical potential field, the forces that correspond to this potential
are never repelling, since each contribution ¢; is positive. Hence each control point acts as
an attractive center force field of bounded support. To incorporate repulsive forces, which
can be quite useful for controlling concave parts of an iso-contour, we introduce negative
control points: these are just ordinary control points, but their associated field function ¢;

is negative. To put it in another way, we eventually define function ¢ by:

d(M)= > ¢u(M)— > $i(M),
k;est k;€S—
where ST and 8~ are respectively the set of positive and negative control points (§ = St U
S7). Negative control points are introduced because they reduce the number of control points
needed to model concave parts of an object: without negative control points, such regions
are obtained at the expense of adding much more positive control points, thus increasing the
amount of encoding data.

If S contains only one point, the non-empty iso-contours are simple closed contours. With
two control points, one obtains different types of iso-contours, depending on the location of
control points and the radius of influence’s values. See figure 2.

We now focus on differential attributes of iso-contours. Firstly, let us conform to standard
usages in differential geometry [21]: if p € U, a vector based at p is a pair (p, ¥) where ¥ is a
vector in IR?. Hence a vector based at p is simply a vector whose tail is at p rather than at

the origin.
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To every function

¢ :U— IR

is associated the gradient vector field in U: at each point p € U we associate the gradient of

¢ based at p, that is to say the vector

(5. V(6) = (5, 550, 5 ) )

Such a vector based at p is always orthogonal to an iso-contour passing through p and gives

the direction of steepest variation of ¢ at p. Thus we see that, to get a tangent vector of

an iso-contour at a given point p, one can simply compute the gradient at p and rotate it
around p by an amount of —g.

In the minimization process described in the following section, we also make use of the

curvature information of an iso-contour. Such a quantity can be computed at each point

using the second fundamental form. Let C' be an iso-contour of an implicit function ¢. An

orientation of C is given by the choice of a normal vector, for instance ||Vz|| With this
orientation, the second fundamental form of C' at p on a tangent vector ¥ = (p, vy, v3) is [21]:
1 0%¢ 0%¢ 0%¢
S,(v) = — v + 2 v1V3 + —5 (p)va” 6
P( ) ||V¢(p)|| 12 (p) 1 axay(p) 1v2 8y2 (p) 2 ( )
and the curvature at p is:
S, (v)
—~ (7)
17117

We note that in [20] a different formula is used to compute the curvature: they merely use the
fact that, for 1-dimensional implicit contours, curvature and mean curvature are the same,
and compute accordingly the curvature by taking the divergence of the normal vector field.
Obviously, in the case of 1-dimensional implicit contours, the two formula are equivalent,
but our presentation generalizes to higher dimensions as well. These computations are valid
as long as the gradient vector does not vanish at a given point of an iso-contour. In studying
differential attributes of an iso-contour, we tacitely make the assumption that the iso-contour
is made of regular points. This is justified by observing that singular points correspond to
exceptional geometric features we’ll hardly encounter in our images. At a singular point of
an iso-contour, that is to say a point where the gradient is zero, there is no well defined

tangent space and curvature is not defined.

Note also that the membership problem is trivially solved for an iso-contour C': suppose

we want to know wether a test point M is inside or outside an iso-contour C' = ¢~'(c),
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where c is the iso-value associated to C'. One just computes the value of ¢ at the test point
M, and the decision is made depending on the sign of (¢(M) — ¢). This property of implicit
objects make them particularly well suited for surfacic representations in 2D space and vo-
lumic representations of objects in 3D space, such as those used in CSG (Constructive Solid
Geometry) systems.

Several techniques have been proposed to draw an implicit object by computer [4, 12, 24].
In this paper we use the algorithm described in Wyvill and al. [24]: the image is first sub-
divided into a regular grid of small squares. The value of (¢(M) — ¢) is computed at each
vertex of each square. We record only those squares for which there is a change of sign of
this quantity at some vertex. Then, for each square recorded, an edge is generated which is

a linear approximation between vertices inside the square of the iso-contour.

In the next section, we present the energy formulation of the approximation problem by

implicit functions.

4 An Approximation Problem

Suppose we are given a polygonal contour I' in the plane, defined by its set of vertices:
V:{Pl,P2a"'aPm}
We are going to solve the following problem:

Find a good approzimation of I as an iso-contour ¢ *(c) .

By “good approximation”, we mean an iso-contour whose shape looks like that of I'. We seek
a function ¢ in the form described in the previous section: a set S of control points (positive
and negative), their associated radius of influence (r;)1<;<, and an isovalue c.

As explained before, we are going to express this approximation problem as an energy mi-
nimization problem. The energy will be the sum of three terms, described in the following

subsection.

4.1 Influence of Position, Tangent and Curvature

Since the iso-contour must be very close to each point of I', each value ¢(P;) must be close

to c. Hence we introduce a first term in the energy (see [14]):

m

Ey=) (c—¢(P))’ (8)

=1
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Energy E; constrains the value of ¢ at the vertices of I' only. That can be quite satisfactory
for still images, as we’ll see in the next subsection, but to accurately track moving structures,
it is often necessary to put constraints on tangent and curvature information.

Let us discuss the tangent first. Since I' is polygonal we can either use the vector m
or the tangent of a C' curve interpolating I' as the tangent direction (denoted 1?21)) at P
on the original contour I'. We use the first solution, since it gives very good results and is
cheaper to implement. On the iso-contour we recall that tangent vectors (denoted JT}) are

given by the gradient rotated clockwise by a right angle. The energy functional tries to keep

T and T2 i

these tangent vectors 7. and 7 in the same direction. We introduce a second term in the

energy:
2
m—1 — m— —) ml 9¢ Pz t;
=1 1=1 =L T\ Y

—
where R_z is the right angle rotation, and (t, t;) are the components of PP, ;.

Now for the curvature. Since curvature involves second derivatives, it is necessary to
approximate the polygonal contour I' by a C? curve in order to compute curvature on the
original contour I'. We use a simple cubic B-spline interpolation scheme [5], which defines

an interpolating curve v by a set of curves 7; which can be expressed in a matrix form:

-1 3 -3 1 P,
-6 30 P;
vit) =[P 2t 1]
-3 0 30 P4
1 4 10 Py

It should be noted, however, that there exists other methods to approximate the curvature
of a polygonal contour. For instance Maillot, Yahia and Verroust [13] make use of a least
square method to approximate the matrix of the second fundamental form at each point.
Nevertheless we found cubic interpolation B-splines quite satisfactory for synthetic contours,
because such contours are “clean enough” to undergo direct interpolation. Noise present
in natural images eliminates any attempt of using interpolation in a clean stroke: such an
interpolating contour would display enormous variations in tangent and curvature. Instead,
an approximation scheme must be used, as one expects a regular “variation diminishing”
spline to compute the curvature energy. We will resume this discussion in section 5. Now,
let v be the parametrized cubic B-spline approximating (or interpolating, depending on a

“synthetic” or “natural image” context) I' and let (%;)1<;<, be a sequence of parameter values.
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The curvature C} of the parametrized curve vy at p = y(t;) is

< () | N(V(tz‘)g >

d
19 )2

N(7(t;)) being the unit normal vector at (¢;), and < - | - > denoting the dot product of
vectors. Since the curvature C? of the iso-contour is obtained from the second fondamental

form (see section 3), we introduce a third energy term:

By = zq:(ql _ 0?2 = e [ < () | N(V(ti)s > 5(0) 1 (10)

_ _ d INGE
= i 157 (£:)12 14]]

where ¥ is a tangent vector at the iso-contour passing through p = y(t;), and S, the second
fundamental form of the iso-contour. If energy Ej3 is minimized, then at each point p = (¢;),
the curvature of the iso-contour will be close to that of the parametrized spline.

The final form of energy we use is
E= CVEl + 5E2 + ’YE3 (].].)

with a4+ 8+ =1
We minimize E on the following set of variables: the coordinates (z;,y;) of the control

points k; and their radii of influence r;. Energy F is then a function of all these variables:

E(xlaylax%y?a s Ty YnsT1, T2, 00 'arn) .

Since F is a positive definite sum of squares, whose partial derivatives
OoF OF OF
Ox; " Oy Or;
are easily computed (see Appendix), we use a conjugate gradient method to minimize E
(see [10]). After having done some experiments, we found that the initialization of the
control points and of their radii of influence plays a crucial role in the quality of the result. A
good starting initialization can be generated in the following way. Positive control points are
placed inside the convex parts of I', and negative control points outside the concave parts of
I'. See figure 3. For each control point, either positive or negative, we compute the distance d
between that control point and I'. Then the radius of influence of that control point is d+ K,
where K is a fixed constant. (Typically, K is choosen in order to insure that I' lies inside

the circles defined by the control points and their radius of influence). In this paper, we use
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Figure 3: Left: a contour (Merovingian triceros). Right: initial arrangement of control points.
Blue (negative) control points are located outside in the concave parts of the contour, while

positive control points are inside the contour.

a value of K = 15 pixels. Also, in the examples shown, we keep a fixed iso-value. For the
particular type of initialization just described, we found that an iso-value ¢ = 0.9 gives very
good results for a wide variety of contours (Recall that the maximum value of each ¢; = 1).

After having done various experiments, we found that taking a = 0.7, # = 0.2 and
v = 0.1 gives quite satisfactory results, although one could obviously find some examples

where better results are obtained by changing these tuning coefficients.

4.2 Discussion of the method on synthetic contours

As explained before, energy E is minimized on the following set of variables:

(-Tlaylax2ay27 Ty Yny T, T2, 0 0 ;Tn)

We found that better results are obtained by breaking the minimization process down to
two steps corresponding to the minimization on the (z;,y;) first, then on the r;. Hence the

minimization loop takes the following form:

while ( error > THRESHOLD ) {

error = conjugate_gradient_on_the_positions_only;

error = conjugate_gradient_on_the_radii_only;
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Figure 4: Result of the minimization process with energy F, and the Merovingian triceros
displayed at the left in figure 3. Left: initialization of control points. The blue template is
the implicit template corresponding to the initialization. Here the iso-value ¢ = 0.9. Right:

Result of the minimization process with energy E;.

For still images, energy FE; is often quite satisfactory, as shown in figure 4. But for
temporal tracking on moving structures, energy F; does not put enough constraints on the
control points’ motion. These are free to move about in some various directions without
taking care of the location of neighbouring control points. We illustrate this phenomenon in
figure 5.1 To generate these images, we took three consecutive pictures of a vortex formation
and segmented them with energy F; (this process will be explained in another section). In
figure 5, except for the first image, the result of the minimization process of an image is given
as an initialization for the minimization of next picture. Since F; it is underconstrained, it
does not well represent any kind of internal energy of the motion, since such an internal
energy would clearly superimpose geometric constraints on tangency and curvature. As a
result, the motion of the control points does not carry any information about the physical
behaviour of the structure (some control points drift too far outside the convex parts of
the structure, while some other control points display large displacements though some of
their close neighbours remain fixed). Also, during the motion, energy E; does not take care
very well about the number of connected components of the resulting shapes. Indeed, from

the Gauss-Bonnet theorem [21], we know that, in the case of 1-dimensional implicit objects,

!In figures 5, 6, 15 and 16 only the most significant part of the iso-contour is displayed. Indeed, the iso-
contour is a closed curve, but we do not draw the part of that iso-contour that stretches to the left of positive
(red control points). This is done by a straigthfoward modification of the iso-contour drawing algorithm. In

other words, we only display the part of the iso-contour that lies in-between red and green control points.
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Figure 5: Energy E, doesn’t control properly the motion of control points. Positives control

points are depicted in

components.

red, negative in green. The final iso-contour is made of two connected
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Figure 6: Energy E = 0.7E; + 0.2F; + 0.1E3 puts much more constraints on control points

displacements.

the number of connected components of an implicit contour is related to the integral of the

curvature, a quantity not taken into account by F;. This is the reason why the iso-contour

is eventually made of several connected components in the rightmost image of figure 5. If we

now resume the segmentation of the vortex creation but with energy F instead (figure 6),

we see that control points that influence some region of the structure cannot undergo too

large random displacements. We make the conclusion that energy F is a better candidate

for segmenting moving structures.
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Figure 7: Result of gradient filtering and hysteresis-thresholding on ultrasound images.

5 Segmentation of Ultrasound Images

We now apply the method described in previous sections on ultrasound images. Different au-
thors have already studied the problem of segmenting cardiac structures in ultrasound image
sequences [11, 19]. For instance in [11] a stochastic model is presented to segment and track
specific anatomical structures in temporal sequences of echochardiographic images. Here we
start from a sequence of echocardiographic images acquired during the cardiac cycle. These
images were provided by Henri Mondor Hospital in Paris. We use a classical Canny-Deriche [8]
filter to compute the extrema of gradient norm values. Then, an hysteresis thresholding is
applied to get the edges displayed in figures 7 and 8. The contour we called I' in the previous
sections is now made of a collection of contours (I';);1<;<,. At this point, it is important to
note that the C? interpolating curve used in section 4 for synthetic contours is not adequate
in the case of range data images. Indeed, due to the noise present in natural images, such an
interpolating curve can show enormous variations in curvature, so that during the process of
minimizing F, the contribution of F; and F, become meaningless. Instead, one must use an
approximation spline scheme [17]. The result of gradient filtering and hysteresis-thresholding
may produce undesirable contour points however located within the support of the implicit
function defined by the initialization. These contrived contour points are often just around
the structure of interest. To diminish the influence of such contour points, one can merely
give more importance to the contour points that are closer to the initialization, since we
don’t want the resulting iso-contour going to far away from the initialization of the cardiac

cavity. This is done by multiplying each contribution of such contours in the energy function
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Figure 8: Result of gradient filtering and hysteresis-thresholding on ultrasound images.

by a quantity which decreases as the inverse distance of the contour to a point located at the
center of the initialization. Note that we also normalize energy E by dividing by the total

number of points of I'.

Figure 9 shows the initialization of control points. In this particular example the control
points are chosen by the user. The initial iso-value is choosen so that the resulting iso-
contour lies completely inside the cardiac cavity. In this application, we only use positive
control points, because the introduction of negative control points does not give significantly
better results. Figures 10 and 11 show the result of the minimization on the image sequence.
Note that in this example only five control points are used. The cavity is adequately repre-
sented by an implicit function at each stage of the deformation, but we note that in this
application, the structure doesn’t display large deformations. In the next section, we study

another example where a structure undergoes more important deformations.

6 Segmentation of a moving vortex

We are now concerned with vortex segmentation on remote sensed images. A vortex isn’t
convex, and as time proceeds, the structure can break itself into several connected compo-
nents. Let us consider the image sequence shown in figure 12 (courtesy European Optical

Society). These images are synthetic pictures of a vortex evolution. To generate these images,
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Figure 9: Initialization of the implicit contour inside the cardiac cavity.

Figure 10: Result of the minimization process.
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Figure 11: Result of the minimization process.

Figure 12: Synthetic vorter evolution.
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Figure 13: Initialization of positive and negative control points, and the resulting iso-contour.

a physical simulation was used to compute the vortex evolution that shows up out of a “cold-
hot” polarity. It is only a simulation, but with the advantage of reducing the noise present
in natural images. To segment such pictures, we proceed in the same manner as we did for
ultrasound images: we compute the edges, then sets of pixels are extracted and approxima-
ted with a spline function. Firstly, in figures 13 and 14, we demonstrate the effectiveness of
implicit functions to segment a vortex structure. Initializations (made by the user) are shown
in figure 13, and the result of the minimization process is displayed in figure 14. Negative
control points play an important role in the modelling of the concave parts of the vortex.
Secondly, in figures 15 and 16, we demonstrate the ability of implicit functions to track the
motion of a deforming structure. To generate these images, we first segmented the leftward
picture in figure 12, then the result of that minimization process is given as the initialization
step for the middle picture, which is then segmented. The result of that latter segmentation
is again given as an initialization for the rightmost picture which is also segmented. Figures
15 and 16 are then computed by linearly interpolating the locations of the control points
and the values of the radii of influence. We see that the result is a convincing modelling of
the vortex motion. In a work in progress, we are now using implicit functions as a useful tool

for the inverse problem.

7 Conclusion

The research presented in this paper is a first step towards a global study of complex struc-

tures undergoing deformations. We found implicit functions a very valuable tool to track and
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Figure 14: Results.

Figure 15: Results. Positive control points are in red, negative in green. The green template

15 the resulting 1so-contour corresponding to the control points and their radii of influence.
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Figure 16: Results. Positive control points are in red, negative in green. The green template

15 the resulting iso-contour corresponding to the control points and their radii of influence.

model such deformations. For the motion of deformable structures, we are working on trans-
lating the physical motion of a structure into simpler kinematics on particles. We are also
working on the modelling of even larger deformations, and we are using implicit functions

to solve the inverse problem for the motion of deformable structures in natural images.

8 Appendix

In this appendix we give the computations of E’s partial derivatives. These quantities are
used in the conjugate gradient algorithm. From the definition of E, we see that we only need

to compute the partial derivatives of local functions ¢; (see equation 4). One gets:

— —
0 |1k M |* |1k; M ||* 2c
and similarly for % Also:
Y
02, 6a . ,— — 4b . — 2c
S0 = % M + (@ — IR )+ LR + 26— 257 ] + 25 (13
J J j
.. p;
and similarly for R
Y
0%, 12a — 8b
by O = @ =) RIEMIP G -1) 1+ Se-n)u-w)  (4)
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a0 = 2= ) B -2)] - S m)e-a) (19
B 00) = 5% — )R = e = ) GHIP - - a)  (an)
g0 = 2 LM P —2) + 4a — 2 + 20— 1= 250 - 23) (19
o (00) = =) (I + 26— 0 ) - =) ()
() = 2 [P - a) + 20— 3o 25) | = Sl —) (20
a§:§;2<M>=%[||ij||2<y—yj>+2<y—yj)<x o7)- S-w e
o) = e - ) M+ 20~ 5P - e -z) (22
Also:

o (1) = 2 LI+ 4o =PRSS IR + 2051 25 (29

and similarly for aijgéf Lastly:
o () = 2 G P - ) - ) | - - ) -w) (29
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