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Abstract: In this paper, we study the Navier-Stokes equation in which the unknown functions
are the vorticity and the streamfunction. Our goal is to estimate the long-time influence of a small
error in the initial data. In order to do this, we write down the symmetrized linearized Navier-
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Prédicibilité des circulations océaniques

Résumé : Dans ce rapport, on considére I’équation de Navier-Stokes, avec pour fonctions
inconnues la vorticité et la fonction de courant. Notre but est d’estimer 'influence & long terme
d’une petite perturbation des conditions initiales. Pour cela, nous écrivons 1’équation linéarisée et
symmeétrisée, et nous estimons les valeurs propres de 'opérateur correpondant. Une comparaison
entre ces estimations et les valeurs numériques est proposée.

Mots-clé : Equation de Navier-Stokes, modéle multicouche, circulation océanique, exposants de
Lyapunov, Prédicibilité.



1 Introduction.

Connected with the problem of data assimilation, the problem of predictability is now under in-
vestigation by many teams [1], [2], [6], [L1], [L5]. We are interested in the long-time influence of
a small error in the initial data, so we linearize and symmetrize the Navier-Stokes equations and
study the corresponding linear operator. The local behaviour of a small perturbation is described
by the local Lyapounov exponents. They are the eigenvalues of the symmetrized operator. Our
aim is to present the theoretical estimates of these eigenvalues as for one-layer modelisation and
for the multi-layer one [7], [16], [4]. Relying on the well-known results of existence, uniqueness
and existence of the attractor for the equation under consideration [4], [12], [17], [19], we construct
and study its symmetrized linearized operator. We propose the proof of the continuity in time of
its eigenvalues. Finally we establish a priori estimates for the eigenvalues using their variational
characterization [14]. These a priori estimates of the eigenvalues take into account the inverse
of the internal radii of deformation of each layer. A good correlation is observed between these
estimates and numerical computations of the eigenvalues.

2 One-layer model.

2.1 Existence and Uniqueness Theorems.

Let Q be a bounded open subset of IR? with smooth boundary 9Q. We consider the system :

g_{; — uAE + g_jé’ +J(, &) =v in Qx]0,T],

£=0 on 90Qx]0,T7,
Ap=¢ in Qx]0,71, (1)
v=0 on 90Qx]0,T7,

_0f 09 _0f 0Oy v is wiven in 2 :
where J(f,g) = a1 Jy ~ Oy X g We suppose v is given in L?(£2). We recall the following
results [17], [19], [12], [4].

Theorem 2.1. For & in H=1(Q), system (1) admits a unique solution &(t, z) in C([0, 7], H=1(Q))N
L%(0,7T, L*(Q)) N L},.(0,T, H (Q)). The semi-group G(t) from H=1(Q) in H=1(Q), G(t)éo(z) =
&(t,z), associated to these equations, is such that there exists a maximal attractor A which is
bounded in L%(2), compact and connected in H~1(Q) and whose basin of attraction is the whole
space H=(Q). This attractor has finite Hausdorff and fractal dimensions. For &y in H}(Q), system

(1) admits a unique solution &(t, z) in C([0,T], HY()) N L%(0,T, H*(Q)).

We linearize the system (1) around a solution &(¢, z) to obtain



9 AU+ GV 4+ (@, 0)+ I (V.6)=0 i Qx]0, T,

U=0 on 90Qx]0,T|,
AV =U in - Qx]0, 1T, (2)
V=0 on 90Qx]0, T,

U(O, l‘) = Uo(;l‘),

The existence and the uniqueness of the solution are stated next and follow from general results

in [18]:

Theorem 2.2. For Uy in H=(Q), system (2) admits a unique solution U (¢, 2) in C([0, 7], H=}(Q))N
L2(0,T, L*(Q) N LZ (0, T, H}(Q)).

loc

The third proposition links the two systems (1) and (2) ( see [19], [12], [4] ).

Theorem 2.3. Fort > 0, the semi-group G(t) is uniformly differentiable on A. Its differen-
tial in &g is the linear operator on H=(Q) given by U — L(to,&)Uq = U(to), where U(tg) is the
value at time t = tg of the solution U(t) of the linearized system (2). Moreover,

sup |L(t0,£0)|L(H_1) < 00.
fo€EA

From now on, we consider &y in H}(Q2) and we denote by B = B(t, &) the unbounded operator
on H=1(Q) defined by

oV
BU = —pAU + e +J(,U)+ J(V,€&), and AV =U
where D(B) = H}(Q). We denote by S = S(¢,&) the symmetric operator S = ﬁ'ﬁ We
identify H~1(Q) with its dual and we introduce on H~(Q) the scalar product ((.,.)) defined by

((u1,u2)) = — < ur,v2 >_1,1= (Vvi, Vua)

where (.,.) is the usual scalar product in L? and where < ., . >_1 1 denotes the usual duality pairing
between H~1(Q) and H(Q); v; is defined by Av; = u;, v; = 0 on Q. The above scalar product
on H~1(Q) defines the usual norm ||.||. We denote by |.| the usual LZ-norm. Let us determine B*.
We recall that an integration by parts shows that (J(f,¢),h) = —(J(f, h),g) if one of the three
functions f, g, h is equal to zero on the boundary [17], [19], [4]. We then obtain

((Bui,us)) = — < Buj,va>_11
Ov
= <phAup, v >_q1 =< 8—1;’02 >-11—
x
— < J(W,ur),va >_11 — < J(v1,€),v2 >_11
61’2

T (U1,U2)+('Uh@—m)+ (J(¥,v2),u1) + (J(v2,£),v1)

= pu (uz,ul)—}—(%,vl)—}— (AT (Y, v2),v1) + (J(ve,8),v1)

Ov
= — < —pAuz — 8—1‘2 — AJ(,v2) — J(v2,&), v1 >_11



= (B ua,u1))
((u1, B us))

so that 5
v
B*uy = —pAus — 3_1‘2 — AJ (¢, v2) — J(v2,€).

Consequently
1
Su=—pAu+ ) [J(,u) — AJ(¢,v)].

2.2 The operator S.

Theorem 2.4. The operator S is a self-adjoint and closed operator on H™(Q) with compact
resolvent. Its eigenvalues A; are real and bounded from below by

Ai > pm —led}lle\/m if [[¥]laz < 2p/p1,

Ao > —“71/?% otherwise.

where i is the first eigenvalue of the Laplacian operator with homogeneous Dirichlet boundary
conditions.

(3)

Proof. Let us bound the norm of Su; from below. Using successively an integration by parts,
the Sobolev’s embedding theorem and the Gagliardo-Nirenberg’s inequality, we obtain (see [4])

[(J(f,v1), un)| < [ fllm20) % (V] x |ug].

We now evaluate

(Sww) = p(du,v) = 2 [T, ) — (AT (W, v), )]
() = [l V0] Jul
p lul? = (16 ol -

ANV

((Su, u))

So let us consider the operator 7' =S 4+ hl , where I is the identity operator and h a real number

2
such that h > % . We obtain

—~~
—~~
~
=
<
S—
—
Il

((Su, w)) + h((u, v))

(@) 2 e ful = el o+ Al
(@u) 2 (o= L) 4 L
[Tull llull > SluP?
Il 2 )

rull > Ay



Therefore the operator T has a bounded inverse. Then T is a closed operator and consequently so
is S. Now, using the compact embedding from L2(Q2) into H~1(2) , we prove that T is an operator
with compact resolvent. We then conclude that the same property holds true for S. The operator
S is a self-adjoint operator with compact resolvent. Its eigenvalues are real. We now bound them
from below. We have already seen that

((Su,w)) + h((u, ) > g ful® = 13 [|grelul| Ju] + B |u]]*.

the estimate

2
Let € be a positive real number. We have for h > %

((Suv) + () > (Ve - %Hun) (1 - ulul

so that if u is an eigenvector corresponding to the eigenvalue A, we obtain

A+l > (1= upullull?
(A+h) > (I=€pm
A > (I=eppy—h.
In particular, for € = % we obtain :
2
A> HH ||1/}||H2 (4)
2 2u

Optimizing in €, we get

A pr — ||l 2/ if (||| 2 < 2u/pi1,

>
, 1132 o
A > — = otherwise.

From now on, the eigenvalues are ordered in such a way that : Ay < Ay < ...

2.3 Eigenvalues of the operator S and predictability.

Let us consider m solutions of system (2), Ui(t), Ua(t),..,Un(t), corresponding to the m initial
data U2, U2,...,UY. We denote by

| U A UY A ... A UD | the m-volume of the parallelepiped with edges U2, U2, ...,U2 and by
| Ur(2) A Us(t) A ... A Un(t) | the m-volume of the parallelepiped with edges Uy (t), Ua(t), .., Un(%).

Define

|U1(t) A Ug(t) A LA Um(t)l
wm(t, &) = sup [UY A U2 A A US| :
Ul e H'(Q) 1 2 m
o<1

The numbers wy, (, &) determine the largest distortion of an infinitesimal m-dimensional volume
generated by G(t) around the point & € H~1(Q).
One can prove that [19]

| UL(t) A oo A Un(@®) = U2 A o A UL | exp (/0 Tr(—B(s,{o)OQm(s))ds)



where Qn(s) = Qm(s, UL, U, ..., UY) is the projector from H~!(Q) onto the space spanned by

Uy(t), Ua(t), .., Un(t), and where T'r denotes the trace operator. It follows that

t
wm(t,&0) = o SE[I_)I(Q) exp </0 Tr(—B(s,{o)on(s))ds>
%¢
ol <1

and so

1 1/t
glogwm(t,fo): sup o <;/ Tr(—B(s,{o)on(s))ds)

vleH?! 0
Nofll <1
But by definition, we have
Tr(=B(5,60)0Qm(s)) = > ((—Bdi(s), di(s) )
i=1

where ¢;(s),i € IN, is an orthonormal basis of H_l(Q) ¢i(s) € LYQ), with ¢1(s), ...

spanning Q,,(s)H~1(Q) = Span [U1(t), Ua(t), .., Un(t)]. Noticing that

((=B9i(s5), ¢i(s) ) = (=S50i(s), ¢i(5) ),

we conclude that
Tr(—B(s,£0)0Qm(s)) = Tr(=S(s,&0)0Qm(s)),

and, since S is self-adjoint,

Tr(=S(5,£0)0@m(5) = D ((=56:(6). :(5) )) £ 3 N(~5(s.60))

From inequality (5), we obtain

. 1 . 1 ti=m
lim L logun(t,60) < lim (; /0 > M(-5(6.60) ds)
We now prove :

Theorem 2.5. The following equality holds :

i=m

1
hr% n logwm(t, &o) Z Ai(—=S(0,&0))

i=1

We first prove the following.

s Om(s)

Lemma. The eigenvalue A(S(¢,&)) converges to A(S(0,£&p)) continuously when t tends to zero.
Remark. The continuity in time of the operator T'r(—S(t, o )oQm (t)) follows from this lemma.

We divide the proof into 3 steps.

First step. The operator S is continuous in time.



We prove the continuity of S in the H~'-norm. We have

IS@OU = StV = %IIJ(W?), AT((1),V) -
—J (4 (), U) + AJ(¢(t0), V)]
%IIJW( ) = ¢(to), U) = AJ(%(t) = %(to), V)

1
= |4
SllAv]

U) -
U)

where AU = J(4(t) — #(to), U) — AJ(4(D) — (to), V).
We introduce ¥ = (1) — ¢(tg), E = £(t) — £(to) . Let us evaluate ||AU||. We have

< AU,v >
< AU,v >

< J(®,U)v>—-<AJ(T,V),v>
< J(T,AV),v>— < J(T,V),u>.

An integration by part of the first term leads to the estimates :

< AU, v > | < J(E,V),v> |+2/|va(\le,V)+vyJ(\Ily,V)|dw,

IVE[[IV]leo| Vol + 2 (|ve||[V¥e|rs + vy |[[V¥y|La) [Vo|La,
IVE[[Vo[|U]+ ¢| V|| VE[|U],
¢ |\VE||[Vl|U].

< AU,v >

ININIA IA

So ||AU|| < ¢/|U||VE| and then

ISWU = S(to)U| < |U[ [VE(t) — VE(to)]-

Since VE(t) is continuous in time, we obtain the result.

Second step. The operator S is continuous in the "generalized sense" with respect to the vis-
cosity p.

Proof. We denote by S, the closed operator in H~1(Q) defined by

Sty = — <,u + %) Au, + %(](1/},11”) —AJ (Y, vp))

and prove that S,, converges to S in the generalized sense defined by Kato [13]. Following [13], let
us recall a useful criterion for convergence "in the generalized sense". Let 1" be a closed operator
in H, with a non-empty resolvent set p(7"). We denote by R((,T") the resolvent of T

Lemma. In order that a sequence 7T, of closed operators converges to 7" in the generalized sense, it is
necessary that each ¢ € p(T') belong to p(T,,) for sufficiently large n and that ||R((, T,)—R((, T)|| —
0 when n — oo, while it is sufficient that this be true for some ¢ € p(T).

2 2
We know that A < HQ'U—l — % implies A € p(T). So we now consider ¢ > ||1/}2|LH2 and
estimate ||R(—(,T,) — R(—¢,T)||. We introduce u,, and u the solutions of (S, + (I)u, = f and

(S+¢I)u = f. Substracting these two equations, we obtain

Spttn, — Su~+((u, —u) = 0.



Since S,u, = Su, — %Aun, it follows that S(u, —u) + ((u, —u) = %Aun.
We write w = u, —u and z = v, —v and we recall that Az = w. We then rewrite the last equation as

—pAw + %(J(d), w) —AJ(¢,z))+(w = %Aun.

Multiplying by z and integrating on €, we obtain:

plwl* = (J(¥,w), 2) + {|V2|* < —lun|lwl,
1
plwl® +¢|Vz* < —lunllwl +[[¢]lg=] V2w,
1 1

a2 2 12 T 2 2

< ol + g+ eIV

and so )
af . L 2 ) < 12
92 (¢ = ¥l ) < gorfun 0

We now estimate |u,|?. Multiplying the equation (S, + (I)u, = f by v, and integrating on Q, we
have

1
(1 2 ) a4 G170 < 19 m] + 10 ) )
< NI Vo] + D1l (Vo] Jun)
2
< N0+ Efunf? + 12 2
2 2u
Consequently, we get
o 61
B+ (= 1502 ) 190, < 117l 90
" 61
Bant+ (= 1502 ) 190, < 1171 /il
7
Bl < 1111V
7
Inserting the last estimate into (8), we obtain
1 2
Ve (- gelivllie) < sl A
|Vz| < i 4/\1
S w2 ol
Since
Uy — U
IR(=C,T) = R(=¢,T)| = sup Ltn=tl
ser-1 |Ifll
~ s Vv, — V|
FeH-1 [1£1]
— sup |Vz|
rer— |IFIl7



we get

40

— L — 0
e\ 2uC = [[¢]15

1R(=(, Tn) = R(=C,T)|| <

as n goes to infinity. This proves the convergence in the generalized sense of S, to S.
Third step. We now prove the lemma.

We consider U such that |[VV| =1 and Ey(U) = ((S(¢,£0)U,U)) and E; ,(U) = ((S(t,&0)U, U)).
We fix n. By the continuity of | V€|, there exists a time T such that for all t < T, |V&(t) — VE(0)| <

%. By the continuity of S in time, we obtain

2 1 U2
|Et(U)—E0(U)|§—|U|§_+u
n n n
1 U2 1 U2
vy - 2 - < gy < By + 2 4 128
n n n -

2
= Eo_n(U) and Eo(U) + F _ Ey n(U). Then, taking the inf-sup definition

n- =

2
But Eo(U) — LU

of the eigenvalues, it follows that

N oa(S(0,€0)) - < M(S(1,€0)) < Xin(S(0,60) + -

We now use a result of [13]. Let T be a closed operator in H.

Lemma. If a sequence 7, of closed operators converges to 7' in the genera-lized sense, then a
finite system of eigenvalues of T}, converges continuously to the corresponding finite system of
eigenvalues of T'.

Since S,, converges to S in the generalized sense, the eigenvalues are continuous in n. So when ¢
tends to 0, n tends to infinity and A; ,(S(0,&0)) and A; —,(S(0,&0)) tend to A;(S(0,&)). Conse-
quently X;(S(t,€0)) tends to A;(S(0,&0)).

Proof of theorem 2.5.

Since the operator Tr(—S(s,£0)oQm(s)) is continuous in s, we have

t

Tr(—S5(0,£&0)0Qm(0)) = lim% i Tr(—S(s,£0)0Qm(s))ds.

t—0

And so by (5), it follows that
1
Tr(—S(0,£0)0Qm(0)) < tlgr(l) glogwm(t,fo).
Taking the supremum on the left side, we get

1
sup Tr(—=S(0,£0)0Qm(0)) < lim —logwm, (t, &) 9)
UE € H_l(ﬂ) t—0 ¢
ol <1

10



We now consider an orthonormal basis ¢1, ..., ¢, consisting of the first m eigenvectors of S(0, &p)
and we denote by @, the projector in H=1(Q) onto V, = Span[¢1, ..., ¢m]. So we have

Tr(=5(0,60)0Q0) = Y ((=5¢i,¢:)) = Y Ai(=5(0,60)).

i=1,...m

But we also have

Tr(—S(O,go)OQo) < sup TT(—S(O,fo)OQm(O))
U € H'(Q)
Nogl <1

and consequently

S ONS0.) < s Tr(=S5(0,6)0@m(0)).
P Ufljlgollﬁl’;l(lﬂ)

This result, together with estimate (9), gives us

Z Ai(=5(0,4))) < lim %logwm(t,{:o)-

i=1l,...m
To obtain the reverse inequality, we recall that ( see (6) above )
li ! l t < i ! ”ir:nk- S d
tg% 7 ogwm( ,50) = tg% t Jo 2 z(_ (8,50)) s|.

Using now the continuity of the eigenvalues of S, the result follows.

2.4 Estimates of the eigenvalues of S.

We estimate the eigenvalues of S using their variational characterization [14]. Let
E(U) = ((SU,U)) = plUP + (J (¢, V), U).
We are looking for the eigenvalues of F under the constraint K :
K ={U e L*(Q),||U|| = (|VV] =)1}.

As before | we bound the Jacobian term from above as

(%, V), U) < |[¥llm= [VV]|U].
Since |VV| =1, we use Young’s inequaliy to get

1
J(, V), U)| < pelU| + — 2.
VLU < pelt|+ 711y

So we obtain

1 1
_ 2 - 22< < 2 - 22.
p(L= U = Gl < BW) < 1+ P + 11 (10)

We now consider the functional F(U) = |U|?. The critical points py of F under the constraint K
are the eigenvalues of Laplace’s operator with Dirichlet homogeneous boundary conditions. They

11



are characterized by

sy = inf sup  F(U).
A€ L) Uea
dimA =k o) =1

In the same way, the eigenvalues A of S are given by

A = inf sup  E(U).
A€ L3(9) Ueca
dimA =k o) =1

So, taking the supremum over U € A in (10), and then the infimum over all of the subspaces A of
dimension k, we obtain for € €]0, 1] :

1 1
1-— - 2.< A < u(l - 2 ..
p(1 = i = gl < X < 1+ e+ el

We optimize on € to obtain

Theorem 2.6. The eigenvalues Ay of S satisfy

Av o > ppre — || m2 /R if [|1U]|a> < 2p/1ik,

2
o>

(11)

otherwise.

where pu, is the k*" eigenvalue of Laplace’s operator with Dirichlet homogeneous boundary condi-
tions.

3 The multilayer problem.

3.1 Existence and Uniqueness Theorems.

Let © be a bounded open subset of IR? with smooth boundary 8Q. Let us introduce ¢ =
(Y1, ¥N), 0 = (01, ...,0Nn). We consider the N layers system [7], [16], [3] :

W A2y + T, 00) + B =S, in - ©xJ0,T[k = 1...N
Ap(z,y,t) =0 on 00x]0,T[k=1,...N
Ay — Wiy =46 in  Qx]0, T,
Yr(z,y,1) = Cr(?) on 00x]0,T[k=1,...N (12)
fﬂ Prdr = fﬂ odr = ... = fﬂ Yyde,
m=0 on 90x]0, T,
0(0,2,y) = bo(z,y) in Q.

The k'" layer is characterized by its thickness Hy, its reduced gravity g and its streamfunction
. The forcing S infers only on the upper layer : S = 0 for k # 1 and S; = HL1 where v is the

curl of the wind stress on the surface. We denote by 6 the vector with components 8, k=1,...,N,
1 the vector with components ¥y, k=1,...,N. The parameter of Coriolis in the middle of the bassin

12



is fo and # is a physical constant given by the linear approximation of the parameter of Coriolis
f = fo+ By. The matrix W is the N x N matrix defined by

kaj:()if|/€—j|>1,
2
Wk—ﬂh<L+ L),

k= Hy \9r T 9k
%% [ 13
kk+1 — Higr’ ( )
—f3
Wp—1 = Hygr_1’

where g% = 0. We remark that the matrix W is positive defined. So we introduce A the diagonal

matrix of the eigenvalues of W, and define P and P~! the two matrices such that A = P=1 ¥ P.
We denote by ¥™ the vector P~ ¢ | C™ = P~! O, etc.Notice that the boundary conditions on
Y™ are the following :

™ =0on 09, Y =C on@Qfork;ﬁl,fﬂd);”:O.

We denote by H~! the space (H~(Q))", by L? the space (L%(Q))V, etc
We recall the following results [17], [19], [12], [4].

Theorem 3.1. For 0y in H™!, system (12) admits a unique solution 0(t,z) in C([0,T], H=Y) N
L*0,T,L*)N L% (0, T, H}). The semi-group G(t) from H=' in H=', G(t)0y(z) = 0(t,z), asso-
ciated to these equations, is such that there exists a maximal attractor A which is bounded in
L?, compact and connected in H~! and whose basin of attraction is the whole space H~'. This
attractor has finite Hausdorff and fractal dimensions. For 0 in H', system (12) admits a unique

solution 0(t,z) in C([0,T], HY) N L?(0,T, H?).
This theorem is proved in [4].

We now consider the system linearized around a solution on the attractor :

%Z—k—MA‘?Vk—FJ(W,Uk)+J(Vk,9k)+5%‘;—k:0 in  Qx]0, 77,
AV - WV =U i Qx]0, 7],

AV =0 on 90Qx]0,T],

Vi(z,y,t) = Cr(?) on 0Qx]0,T], (14)
fﬂ Vide = fﬂ Vide = ... = fﬂ Vdez,

Vit =0 on 902x]0,T],

U0, z,y) = Ug(z,y) in Q.

13



From now , for every U, we define V by

AV -WV =U in  Qx]0,77,

AV =0 on 00Qx]0,T,

Vi(z,y,1) = Cr(?) on 9Qx]0,T7, (15)
fﬂ Vide = fﬂ Vide = ... = fﬂ Vndez,

Vih =0 on 0Qx]0,T7,

and V by V=V +C,V € H}(Q).

We introduce on H~! the norm defined by the scalar product [4] :
B i=N
(U,w))=<U,HV >:—ZHi < Ui,v; >_11, (16)
i=1
where (HV)k = HyVp and < .,. >=< .. >_1 1 denotes the duality product H=! x H}.
2

_J

Introducing p; = g Po= 0, we obtain that
i=N
U112, = Z Hi |VVi]* + pi |Vigr — Vi|*.
i=1

This norm is equivalent to the usual one.
On L2, we introduce the norm :
i=N
U5 =" Hi |AVi* + pi [VVig1 = VViI. (17)

i=1

_ 1/2 - 1/2
The three following norms ||.||2, (ZZ;J;’ H; |AVZ-|2) and |U|? = (EZ;?’ HZ-|UZ'|2) where |.|

denotes the usual scalar product on L%(Q) are equivalent (see appendix A).

Theorem 3.2. ForU(0, z,y) = Ug(z,y) in H™', system (14) admits a unique solution U (t, z, y)
in C([0,7], H=Y) N L2(0,T, L) N L2, (0, T, H").

Proof of theorem 3.2. We consider the operator B from H~! to H~', with domain of definition
D(B) = H} defined by

av
(BU ) = —pA*Vi + J(¥r, Ug) + J (Vi O) +Ba—;'

We introduce By, by Bx, = B + Aol where I is the operator identity. Let us consider the three
spaces L? C H~' ¢ H~?, each embedding is compact and each space is dense in the following.
We introduce the bilinear form b, (¢, Ul UZ) =< BADUl, HV? >_1, . We first prove that b,
is continuous from L? to L2.
k=N
bao(t, UL U?) = = Hy (—p < AV VE>+ < J(e, UD),VE> +
k=1

_ ovl _ _
+ < IV, 0), V> +6 < a—l’f,v,f > +Xo < UE, VE >) .

14



Thanks to the Green’s inequality, and the usual estimate on the Jacobian term, we obtain
k=N
Ao (8, UL US| < Y Hy (WAVE AV + [Vabe 1o Vi e U |+
k=1

Vi Ll Ve LalOk | + BIVVE NIV + Aol Ug|IVEE]) -

Sobolev embeddings give us, with ¢ denoting any positive constant,
k=N B
bao (8 UL UB < D7 He (uAVIAVE] + el fuxl |2 | VVE U |+
k=1
+|VVEIV V0] + BIV VIV + X0l Uk VD) -

From the Poincaré’s inequality, and denoting by p; the first eigenvalue of the Laplacian operator
with Dirichlet boundary condition, we deduce

k=N
|b)\0(t)U1,U2)| S Hk(ﬂ+6|0k|ul—|—ﬁul /M1)|Avkl||AVk2|+
k=1
=N
+ > Hi (cllvellav/it + dom) [AVEUR].
k=1

But, for a solution on the attractor, there exists a constant r such that ¢|0x| < r and ¢||¢g||gz <7

[4]. Then
k=N

|bao (8, UL U < (4 rpn + Bra/an) Y Hi| AV |JAVE [+
k=1
k=N

+ (/i + dopn) Y He| AVE|UR].
k=1

and so, introducing ¢; = g+ 7y + Bui/p1 and e = r/pu1 + Aopr, we have

=N 2 N 1/2
.00 < (zﬂkmw) (EHkIAV;fF) N
k=1

k=1

k=N Y2 pon 1/2
co (Z Hk|AVk2|2) ( Hk|Ukl|2) .
k=1

k=1
. k=N 1/2 . L.
By the equivalence of the norm ( h—1 Hk|AVk|2) and |U|[, we obtain the continuity of b

[bao(t, UL, U)] < U7,

We now prove the coercivity of b in L2.

k=N
bx, (£, U, U = = Hy (—p < A%Vie, Vi > + < J (i, Up), Vi > +
k=1

) av. )
+<J(Vk,9k),vk>+ﬁ< a—;,vk>+/\o<U}c,Vk >).

15



Using Green’s inequality, intregation by parts, and < J(f + ¢,9),f >= 0 for f or ¢ € HI(Q),

¢ € IR, we obtain

k=N k=N

lbxo (6, U, U)[ = Y Hyp AV = > Hy < J (i, Ug), Vi >+ Xol U2

k=1 k=1

Let us bound now the term |E:zjlv Hy, < J(¥r,Ug), V& >| which we denote by J(U).

k=N
JWU) < 1> He < J(r, AVi), Vi >+
k=1
k=N ~
+ Hi < Tk, pe—1(Ve — Vi—1) + p(Vegr — Vi), Vi >|.

k=1
And then
k=N B
J(U) < Hk|<J(1/)k,AVk),Vk>|+

k=1
:N

+ Hepr—a| < T, Vi), Ve — Vi—1) > | +
k=1
k=N

+ Hiprl < Tk, Vi), Vegr — Vi) > |
k=1

Using the usual estimate of the Jacobian term, we deduce
k=N
JU) < Z Hy|[¢| 2|V Vi |AVE | +
k=1

k=N
+ Hy|Vor| 2| VVilpape—1|Ve — Vi—1| +

o
)
2 =

+ Hi|Vr e[V Vi|pape | Vigr — Vil
1

o
I

As before, the Sobolev embeddings give us

k=N
JU) < Hy||[Yk|| g2 |V V|| AVE | +
k=1
=N
+ > Hil|Yella2|AVe|pr-1|Ve — V1] +
1

e
I

k=N
+ 2 Hilldrll a2l AVilpr|Vier — Vil.
k=1
We obtain, for all € > 0,
Jy < £ %VHICIAV;CF + ikiJ:VHkHﬂ}HF 2| VVi* +
I dpe i "

16
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’LLGk:N 3 k‘:Np2
=N Hy AV + — kol Vi = Vi
+3 ; k| AV +4u€ ; el 721 Ve — Vioa|* +

o k=N 3 k=N p2
=N Hy AV + — k. 2 Vi — Vi %
+3 2_: k| AV +4u€ ; Hk||1/fk||H| k+1 — Vil
And so,
k=N
JU) < pe Y HelAVi|* +
k=1
k=N P
Dt 3 (el + V= Vel 4 B i - ),
k=1
k=N
J(U) < pe ) HelAVi|* +
k=1
k=N k=N p p
. Hi|VVi|? + =* i Vigr — Vi
Il (Z AVl 3 (4 g ) el =l ).
k=N
J(U) < pe ) HelAVi|* +
k=1
k=N
3”1/}||H2 X:H|VV|2 Z(p—k-l- Di )Pk|Vk+1—Vk|2 :
k=1 Hk Hk+1

Then, for all € > 0, we have

) < pe S HIAVE 4 3”¢”H2 Lo (L)) e
< k k s P T e “1

k=1

Taking € = %, we obtain

=y 3|17 p P
JU) < HAVMJmax(l,(—’“JF b )) Ull?,.
() < 2 k| AVk| o 2 o e U114

IR

Inserting this inequality in (18), we deduce

k=N
bao(t,UU) > > He AV + Ao U2, —
k=1

_H Hk|AVk|2—mmax 1, P | Pk U2,
2 2u k

Hy  Hpp

Consequently,

bao(t, U, U) > 537 AV +

k
31112 Pk, Pk 2
Ao — S iy U2,
+< 0= g M\ T ) ) 1S

17
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On the attractor, ||¢||g= < 7, and then,

by (t, U, U) > %C|U|2+

+( ar? 1, 11U
07 9 TR Hk H+1 -1

2
/\0>3Lmax<1, <p—k+ Pk ))
2u &k Hy Hy 4

we have the result. Using now a classical theorem ( see, for example [18], p 257, theorem 4.1), we
conclude that there exists a unique solution Uy, for the system (14) with b,,. Let us now introduce
U(t,z,y) = e*tU,, (t,z,y). It is easy to see that U satisfies the system (14).

Let us now prove brleﬂy that AV € L2 (0,7, H}).

Using estimates, we obtain that

We conclude that, for

Loluls

2
TR ZHWAVkl

IN

ey |VO|[VAVEAV,
k,j

K ZHk|VAVk|2 M INAR
k.j

IN

oNvll3

2
5 TH EH |VAV|

IN

NARINARD

k.j

Since we are on the attractor, we have that |V0|? € C([0,T]), and then |V0;|? < MVt € [0,T].
So

olvll3

ot ZHWAVkF < M |AVP.
J

We multiply this inequality by ¢
I
ot

OtIU113)
ot

INA

cMT Y AV,

ip Yy Hy|VAV|”
k J

+ut Y HpVAVE? < eMT Y AV +[|U]3.
k J

Integrating in time between 0 and ¢, we obtain
1 1 1
NU@IE+n [ ¢35 HIVAGE < ent [ ST1avP+ [ ol <
Y 05 0

since AV € L?(0,T,L?) and U € L?(0,T, L?). The proof is completed.

The third theorem links the two systems (12) and (14) ( see [4] ).

18



Theorem 3.3. Fort > 0, the semi-group G(t) is uniformly differentiable on A. Its differen-
tial in g is the linear operator on H=(2) given by U — L(to,00)Uq = U(to), where U(tg) is the
value at time t = tg of the solution U(t) of the linearized system (14). Moreover,

sup |L(to,00)| 1 g-1) < 0.

g€ A

Proof of theorem 3.3. Let us consider two solutions #' and 6? of the system (12). We denote
by @ the difference ' — 62, and by 1 the difference ' —42. So, # is solution of the system :

00 0 .
with the boundary and initial conditions :
A’l/}k('r:y:t) =0 on 6Q><]O,T[,
Ay —Wi =40 in  Qx]0,T7,
Ur(z,y,t) = Cr(2) on  90x]0,TT,
21

fﬂ 1/)1d;1::fﬂ Yrde = :fﬂ Yydz, (21)
PP =0 on 90Qx]0,T],
0(0,z,y) = 05(z,y) — 02(x,y) in Q.

We rewrite the difference of the nonlinear term in the following form :

Tk, ) — T (¥R, 0%) = J (¥, 0) + J (U3, On).-
And then, (20) becomes :

Dk p2ye I 01) + I3, 00) + 852 = 0 )0, 7] 22

Let us now introduce U the solution of the system (14) linearized around the solution 6%. Then,
U verifies

Uy

oV, .
Er—yA%@+Jw;Uw+JWL%)+BEf:0 in  Qx]0, 7],

with the boundary and initial conditions :

AV —WV =U i Qx]0, 7],

AV =0 on 90Qx]0, T,

Vi(z,y,t) = Ci(t) on 0Qx]0,T],

foVide = [, Vide = ... = [, Vndz, (23)
Vit =0 on 0Qx]0,T],

U(0,z,y) = 05(z,y) — 03z, y) in Q.

19



We introduce Y =0 — U, and z = ¢ — V. Then Y verifies :
aY;
- — uA 2 T (v, 04) + T (U7, 0)

ot
2 &zk .
_J(’l/}kaUk)_J(Vkagk)—*—ﬁ—:O n QX]O:T[;

with the same boundary conditions as U or 6, and with the initial condition

Y(0,z,y) =0.
Rewriting the Jacobian terms, we obtain :
0Y; 0z
a_tk — uN?z + T (Yr, Ok) + T (Y7, Vi) + J (21, 03) + 66—; =0. (24)

Let us multiply this equation by Hyzp, integrate on € and sum on k. We obtain

Y
13|| || L u S HlAn]? = ZH’“ (Vr, 0k), 2r) +
10||Y
2 HaH -+ ZH |A2’k|2<ZHk|(J (Ve Ok), 2e) |+ (25)

0 H (7, Aze), 20| + > pel(J (U7, 2kg1 — 21), 2)| +
+Zpk (T (¥, 26 = 26-1), 28]

We look at each term :

(T, Aze) z)l < [VzrlLallg e
< o Varl| Azl a2
7 c
< ZlAmP A+ Vvl
v
On the attractor, ||¢?||g= < r, and then
2
cr
(I, An), )| < Azl + =~V (26)

For the next term, we obtain :

pel(J (¥R, 2kt — 28), Z0)| Pel(J (Y7, 2z 41), 21)|

< pelVER|Ls | Vagg |2k Ls
< eprl|¥illme |V epg| | V|
< oper|Vapg ||V
1 1
< §cpkr|Vzk+1|2 + §cpkr|Vzk|2
< 01|V2’k+1|2 +62|Vzk|2.
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By the same way, we have :
pr—1|(J (W3, 2k — z6—1), 2k)| < e3|V2r|? + ca|Vzp_1|*
Let us now consider the last term |(J(¢x, 0r), Z)|. We first develop 6y :

Hil(J(¥r, 0,), z6)l - < Hel(J(¥r, Avr), 26)| + pel(J(Yr, Yr41),
+oi—1|[(J (¥r, Yr-1), Zp)]-

Let us consider the first term :

[(J(Vr, Atr), Ze)| < ¢|Vap|pa | Vibg|pa| Ay,
< | Azg|(JAY| TV k|7 | Adg],
< o] Az | AP V|7,
e RS

zZr)| +

Since ¢! and 9?2 are on the attractor, then |Awy| < r , and finally we obtain that for all & €]0, 1]

(e, M), )| < Tl 4 o727 A P V7.
We now consider the second term :

| (J (Yr, Yrg1), Z2)] Prl(J (Yr, Yr41 — Ur), Ze)|,

< pe|Ver|oa| V| |vrer — Uil
< epr| Az || AYg| k41 — Yrl,
H
< EEARL 4+ oppl Av s —

SRCI

+epi | Avg 2k e1 — 1272 [pg1 —

Since we are on the attractor, the norm of ¥ in H? is bounded and then

_ il ,
Prl(T (e, i), 20| < B R AR + el AP — 7.

And so, inserting (26), (27), (28), (29) in (25), we deduce

1a)Iv]2,
2 Ot

+ #ZHklAZk|2 < ZHkM|AZk|2 +CZHk|VZk|2 +

¢ > H Agy (Vs ]2 + [rar — vl + w6 — ¥r-1]?7)

(28)

(30)

1OIIY][1Z, || -
RIS < o2, + el Y el v
We are now interested in ||9||_1. We multiply (22) by Hyvy, , integrate over Q, and sum on k. We
have
13||6’|| 1 2
3 Fu Y Hel AP <N HE (T (8, 0), ),

21



<O HR (W, A, )| +
> el (T (W7 e — + D peal(T(WF, Y — i), ).

Using (26) and (27), we obtain

13”9” 1 2 K 2 2
2 +uy A < ZZHHA%J +e > He| Vil
i

< §ZHk|A¢k|2+C||9||2_1,
allol2,
o THY HAG < elloll?y.

Integrating in time between 0 and t, we have :

13 13
16112, +u/0 > HelAyl* < ||6’(0)||2_1+6/0 [l6(s)]]2 1 ds.

The Gronwall lemma implies:

100)[21 + ¢ fy 116(s)1121ds < [10(0)]|2 exp(cT), for all ¢ € [0, T].

And then
161127 < [1000)]125exp(ocT), (31)
'
p [ 3D A < 100)|2 eape). (32)
0
Inserting (31) in (30), we obtain that for all ¢ € [0, T
19|V
LIRS < 12, + clloq) 2erploeT)n Y Hul Al

Using one more time the Gronwall lemma, we deduce :

Y (012, < (IIY( 24 +c/ [16(0)]27 exp fch)uZHkIAW(S)FdS) exp(ct),
and then t
Y (D112, < ell6(0)]125exp(ocT) (u/o ZHkIA¢k(s)I2ds) exp(ct).
Remembering now (32), we have
Y (OI121 < cllo(0)|[2exp(ocT)[10(0)]12 exp(cT)exp(cT),

then )
Yt
I ()||2—1 <
[10(0)]|24

(0] [
which tends to 0 with ||6(0)]|%;.

Let us prove now the last part of the theorem :

sup |L(t0,90)|L(H 1y < 0.
fo€ A
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We multiply the equation(23) by — Hj, Vi, integrate on Q and sum on k to obtain :

19]|U]12
5 gt A HRIAYRP = Y HL(J (4R, Ur), Vi),

10l[U]12, 2 < 2 2
3 g A > HAY? < EHHAYH +e> VY|

thanks to (26) and (27). Then

ANs | 3 elavif < el 2,
ot - -
and the Gronwall lemma gives
|1U (to)[12,
———— < exp(cty)
U124

which concludes the proof.

In all that follows, we consider 6y € H} and denote by B = B(t,0;) the unbounded operator
on H~! with D(B) = H{, defined by

aV;
(BU), = —pA*Vi + J(r, Up) + J(Vi, 0x) +ﬁ—k

As before, we want to introduce S = E'% Let us first determine B*.

E = (BUYLU®).1=—-<BUY HV?>
= > ( u<AVk,Hka>+<J(1/;k,U)Hka>—|—

v}
+ < TV k), He Vi >+ < ak Hy V¢ ):

_ av2 _
—Hy, < J(V2,0), Vil > —BH; < a—f Vi >) ,

= =N (—pHp < AV V> —Hy < J(0, V), AV > —
—pr < J (W, Vi), Vipr — Vi > +
tpro1 < J(Ur, V), Vi = VL, > —
oV
—Hk < J(Vk?;ak) Vk > 6Hk < ak Vk > s

= _Z <_IUHk < A2Vk2:f/k1 > _Hk < AJ("/}k,sz),Vkl > —

—pr < J(¢k; Vk2)7 Vkl-}-l > +Pk < J(d”m sz)a Vkl >+
+Pk—1 < J(’l/}ka sz)a Vkl > —pr-1 < J(d”ﬂ: sz)a Vkl—l > =

Oz
= _Z(_HH’“ <A2Vk2:f/k1 > _Hk <AJ("/}k,Vk2),Vk1 > —
—pr—1 < J(Yr-1, V1), Vi > +pr < J(Ue, Vi), Vi > +
+pr-1 < J(u‘}k; sz), Vkl > —pr < J(i/)k+1, Vk2+1); Vkl >

V2
—Hp < J(VZ,01), Vi > —BHy < =2 Vi > )
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_ avez _
—Hy, < J(V2,0), Vil > —8H, < a—:,v,j >> ,

and then

(B*UH); = —pAVE — AJ(r, ViE) —
Pr—-1 Dk
H, J(¢k—1; Vk2_1) + H—kj(d}k; sz) +
Pr-1
Hy

Dk
Tk V) = BT (W Vi) -
oV}
_ 2 _ Bk

So
(SU) = —WVH%(ka,Uk)—AJ(wk,vk))—

—Z’E; (J(Yr=1, Ve—1) — T (¥r, Vi) +

o W, Vi) = T (i, Vi)

or

(SU) = —va+%<J<wk,Avk)—AJ<¢k,vk))+

pk_lj(ﬂ}k —Pp_1, Vi—1) — %J(WH — r, V1)
k

+2Hk

3.2 The operator S.

Theorem 3.4. The operator S is a self-adjoint closed operator on H~! with compact resolvent.
Its eigenvalues A; are real and bounded from below by

i > pn = |[Y]laev/3My, if Wl < 20/ =77
A > —||1/;||12Lp%1% otherwise.

where

1 1
M = 1 — .
m’?x< P [Hk i Hk+1D
and vy is the largest positive constant such that

k=N
S AV > U]
k=1

Proof of the theorem. The operator S is self-adjoint by construction. Let us prove that S is
closed. We look at the scalar product ((SU,U)).

(SU,U)) = —<SUHV >.
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(—,u < A2Vk,Hka >+

t'1

< J 1/}k,Uk) Hka > — <AJ(’¢k,Vk) Hka )

+

l\DI»—-l\DM—-[\N»—-

(
—= (pr-1 < (=1, Vi—1), Vi > —pr—1 < J (¥, Vi), Vi >) +
(

pr < J(Yr, Vi), Vie > —pk < J (g1, Vig1), Vi >)) ,

(—pHp|AVE|*+

N

1 _ _
1 _ _
—3 (pe < J (¥, Vi), Vi1 > —pr—1 < J(¥r, Vi), Vie >) +
1 _ _
+§ (e < J(¥r, Vi), Ve > —pr—1 < J(¥k, Vi), Vi-1 >)) .

(—pHp|AVE|*+

-

+

< J(Wr, Vi), HyUy > — < J (v, Vi), HeAVy >) —

(-
—= (pr < T(¥r, Vie), Vg1 > —pr < J (¥, Vi), Vi >) +
(

l\DI»—~l\D|>—~[\9|>—-

pr—1 < J(¥r, Vi), Vie > —pr—1 < J(¥r, Vi), Vi1 >)) .
= (pHi| AVi|*—

( < J(1/}k,vk) HkUk > —< J(1/}k,vk) HkUk >))

l\DI»—k

So
(SU,U)) =D pH | AV + > < T (e, Vi), HeUg > . (33)

From (19) with ¢ = %, we have

k=N
|Z < J(Wr, Vi), HyUp > | < % E Hy|AVi|* +
k=1

31913, 1 1 ,
lhdlV: o3 1 oy .
+ o e (b g + o U2,

So we obtain

k=N

p o 3l L, 1 :
SU,U > - Hp|AV|? — ———= 1 — Ullz.
(SO0 2§30 HlavP - = mx (L ( g+ g ) 101

Let us consider the operator 7' = S + hId where Id is the operator Identity on H~' and h a non
negative real. We have

k=N
(TU,0)) = (SU,U)) + hIUN1Z, > 5 37 Hil AVl 2 0 (34)
k=1
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for any real h such that

3|13 1 1
> o 0P\ T s

On the other hand, the Holder’s inequality gives us that
(TU,0)) < |ITU[|-allU]]-1-
From (34), we deduce

k=N
£ Y Hl AV < |[TU |0 (35)
k=1
The Poincaré’s inequality implies
1 k=N
SV Z Hy|[VV | AV < |[TU|=l|U]] =1,
k=1

and by the Hélder’s inequality and the equivalence of the following norms

k=N
Hy|VVi]? > cl|U]|24,
k=1
k=N
Hy|AVi]? > c|[U]]3,
k=1
we have
|UN=1l|Ull2 < NTUAllU ] =1,
and then

llUlls < 1TU|-1.

And since ||U||=1 < ||U]|2, we deduce that the operator T—! is bounded. So the operator T' is
closed and so is S. From the compactness of the embedding from L? to H~!, we conclude that
T~ is a compact operator. Then S is an operator with compact resolvent. We denote by A; the
eigenvalues of S. If U is the eigenvector associated to Ag, then, from (19) it follows that (U, Ax)
verifies

k=N k=N
(SUU)) > Y HelAVE* = > Hel(J (v, Vi), Up)|-
k=1 k=1

We recall (19)

k=N B k=N
Hi|(J (4, Vi), Up)l - < e Y HelAVR” +
k=1 k=1
3119113 L1 2
— 1 —+ — UllZ,.
e b\ T ) 1Pl
Inserting this inequality in the last estimate, we obtain
k=N
MIUIE, > wl—) Y HAV[ -
k=1
3¢ 1 1 2
- 1 — Ullz,.
0 (1 (- + 7 ) I
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We denote by v the largest positive constant such that

k=N
Hy|AVi|* > ni||U[2;.
k=1

We then obtain that for all ¢ > 0,

MIUIZ, > w1 = eum||U|2, -

Sl
= M (10 (- + 7 ) ) W0
Al > (L=—e)pr —
Bl
- e e ()

Let us now optimize in €. We introduce a function f(e) = (1 — e)uvy — % where

3191152 1 1
- L [ — .
r o e\ b\ E

The derivative of f is equal to

R
fle) = —pi + =
and the optimum of f will be in € = \/%. Then

1 1
_ 24 /3 1 e
vt — |[¥||m \/ Vlmkax< ' Pr (Hk + Hk+1))

which ended the proof of theorem 3.4.

As

v

We now consider the eigenvalues of the operator S and prove the theorem 3.5.

Theorem 3.5. The following equality holds :

i=m

hm logwm(t o) = Zx\ S(0,60)).

i=1
We first prove the lemma :
Lemma. The eigenvalue A;(S(¢,6p)) converges to A;(S(to, p)) continuously when ¢ tends to tg.
As before, the proof is divided in three steps.

First step : The operator S verify for all U in L?:
for all € > 0, there exists T  such that for all ¢ with [t —to] < T,

[IS@)U — S(to)U|| < e /Z Hi| AV
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Let us estimate E =< S(t)U — S(to)U, Hv >.

E

35 < TR0, V) — AT (0), Vi), o > —

— B < o), U) — AT (Wa(to), Vi), vk > +

2
k
+ Z ka_l < J(d}k(t)’ Vk) - J("/)k—l(t), Vk—l),'Uk > —
k

- > ka_l < J(r(to), Vi) = J(r-1(to), Vi—1), vk > —
2

— % < T (g1 (1), Vig1) — T (r (1), Vi), ve > +
k

D0 < T (t0), Vi) = T (b(to), Vi) v >
k

We introduce ¥y = 5 (t) — ¥ (o). We obtain

b4
E = 7’“ < J(Wg, Ug) = AJ (W, Vi), vp > +
k

+ Eka_l < J(¥p, Vi) — J(Vpo1, Vio1), v > —
%

— Ep?k < J(\Ifk+1,Vk+1) — J(\Ifk,vk),vk > .
k

Since H U = HpAVy, +pk(vk+1 — Vk) _pk—l(Vk — Vk—l); we have

H
E o= Y =E < T, AVE) — AT (W, Vi), v > +
- 2
Pk
+ ?<J(\Ifk,vk+1—vk),vk>—
%
- E ka_l < J(Ug, Vi — V1), v > +
%

+ Eka_l < J(Up, Vi) — J(Vpo1, Vo), v > —
%

- % < J(Wig1, Viep1) — J(Wk, Vi), vg > .
k
Using the same estimates as before, we deduce

| < J(\I/k,AVk) — AJ(\I/k,Vk),'Uk > |
| < J(Wg, Vig1), v > |

C|VA\I/k||vvk||AVk|,
| AW ||V Vi 41| [ Vo],
A |AVi41][ Vgl

IN A IA

thanks to the Poincaré’s inequality.
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And since |VAy(t)| and |Ay¢y(t)] are continuous in time, for all £ > 0, there exists T such
that for all ¢ with [t —#o| < T, |[VAW,| <, |A¥,| <eVke1,...,N. So

il
> 7’“| < J(W, AVi) — AJ(Ug, Vi), ve > | < ce Y HiVog|| AV,

k k
S CE\/ZHklvka\/ZHklAVkP;
k k

k

t\9|E

| < J(‘I’k,vk_H),vk > | < CEZ |AVk+1||V1}k|,
k

CE\/E Hk+1|AVk+1|2\/Z Hk|Vvk|2,
k k

%

IN

and then

< SHU — S(to)U, Hv >

INA

CE\/ZHk|VUk|2\/EHk|AVk|2
k k

||S(t)U—S(t0)U||_1 S ce ZHk|AVk|2
V k

Second step: The operator S is continuous in g in the generalized sense defined by Kato in [13].

Let us introduce S, the operator defined by S5, U = SU + %A2V and u and u” the two solutions
of the following equations : Su + (u = f, Sp,u”™ + {u” = f. Replacing S, by its definition , we
obtain: Su™ + %A‘?v" 4+ (u” = f. Introducing z = v” — v and w = u” — u, we have :

We conclude that

1
Sw+ (w = —A%W".
n

We multiply each equation by Hpzp, integrate on € and sum over k to obtain

Z (—,qu(A2Zk, Ek) + % (< J(d)k, Azk) — AJ(l/}k, Zk),ék >)) +
k

+Z ka_l < J(Yy — ko1, 28-1), 2K > —
%

Dk _ 1 n
—Xk: 5 < T (Yr41 — Yr, 2641), 26 > —C||w][2; = - Xk:Hk(szk,Zk).

So,

P Hel Az +Cllwl|2y < Hellvel e Az V2] +
% %
+Zpk| < J(Vr41 — Yk, 2k41), 2k > |+
%

1
=N H (AW, 7).
+nzk: k( vkazk)
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And then

P> Hel Az +Cllwll?y < Hellvellme Azl [Vze | +
k k
+> Pl VergallZela | Vibear — Viels +
k

1 n
+Ezk:Hk|Avk||Azk|.

The Sobolev embeddings give us

Py Hel Azl +Cllwl|2y < Hellvel e | Az Vi | +
k k

+e Y prlVarat || Vae| [ Avpr — Agy | +
k

1
— Hi|Av?||Azz].
+nzk: k| Avg || Az

Therefore

1 p
Py HelAzg|” + ([Jwl]2, < ﬂszHWqulemz*-§Zﬂk|Azk|2+
k k k

1
—|—C§ zk:Pk|V2k+1|2|A1/2k+1 — Ayl +

1
+eg zkjpkmmﬂ = Ay ||V +

1 n2 , M 2
+2n2u§k:m|mk| +§;Hk|mk| .

And we obtain

1
ol < 50 37 ullballie Vel +
k

1

+eg Zpk|vzk+1|2|A¢k+1 — Ag| +

k

1

teg D PelAtipn — A ][V a]* +

k
1 n|2
> Hy|Avp .
k

+2n2,u

Let us introduce

CPk
2H;

CPk—-1

A — A
| At 41 V| + 21,

1
C:m}fmx (ﬂ“'l/)k“%{2+ |A1/)k—A1/2k—1|) )

we have

1
Cllwl2y < OX HalVal + 5op 37 HilAep
k k
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Since Y, Hi|Vzi)? < ||w||%;, we conclude
1 n
(¢ = O)lwl)?, < mzHHA‘%F- (36)
k

Let us now estimate the sum E = Y, Hy|Av}|2. We consider the equation(S, + (Id)u™ = f. We
multiply this equation by Hyv}, integrate on © and sum on k.We obtain

1
(et ) D0 (AR o)+ D7 He < T (e, ), of > +
k k

+ D e < J(Wrg1 — Ui, vipe), vp > —Cllwl|2y = He(fi,v}).
k k
Using the usual inequalities, we have

1 n n
(p+ =) B+ (JlwllZ; < Y Hilldwllue | Vol AvE| +
k

+ > cpelAvr — Ad| [ Vo[V |+
k

+ 3 Hellfill-a| Vo -
k
So
k
5D HelAv P+
k

CPk n
+3 5 [Avk41 — A ||V |® +
k

CPk n
+ Z T|A1/)k+1 — Aty || VO] +
k

+\/Z Hk||fk||%1\/2 H V.
k k

And then

1
E+B+cllelz, < O iV +
k

2
+\/Z Hknfknzl\/z TP,
k k

(ﬁ

1
7 T g)EﬂLCII'wIIQ_l < CllwlZy +

1
[ A2 3 el A
k k
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For { < C', we have

1 1
G+ VB < o gﬂknfkn%l.
WILE < S iR
k

So

We conclude that

E p——
Replacing in (36), we obtain
2 1 ,
(€= Ollul2y < gz I
So 2
2, 2
I, < im0y
and
oy 1 [ 2
[1f1]-1 nu\ pa(¢ — C)
Since
|R(—¢, Sn) — R(—¢, S)|| = sup ||w||—1’
rer- [1fll-1
we have

1 2
[[R(=C, Sn) = R(=C, )| < @\/m,

which tends to zero when n tends to infinity. So, S, converges to S in the generalized sense.

Third step : Proof of the lemma.
We consider U such that ||U||-1 = 1 and introduce the functionals E,(U) = ((S(t)U,U)),Ee(U) =

((S(to)U,U)) and Ef/™(U) = ((Sa(1)U,U)),Ee/™(U) = ((Sn(te)U,U)). Notice that E;/™(U) =
E(U)+ %Ek Hy|AVg)?. We denote by X;(S(t)) the eigenvalues of S(t) and by A;(S,(¢)) the ei-
genvalues of S, (¢). By definition, we have :

[E«(U) = Eo(U)] = [((SOU,U)) = (S(to)U, UD[ < [ISOU = Sto)U||-1[|U][-1-

Let £ fixed. By Kato [13], since S, converges to S in the generalized sense, then A;(S_,(%0))
converges to A;(S(tg)). We choose n such that

[Ai(Sa(t0)) = Ai(S(to))| <
{ [Ai(S-n(t0)) = Mi(S(t0))] < e,
<

32



The first step and |[|U||-1 = 1 give us that for this n, there exists T such that for all ¢ with

[t —to| <T
2 1 1
E - B <=z HyAVLZ < =+ 2N Hy AV,
|E(U) O(U)l_m/zk: k| A V| _n+nzk: k| AV

1 1 1
Eo(U) = = JHi|AVi — — < E(U) < Eo(U)+ — > He|AVi[* +
k k

and then

1
n’
—-1/n 1 1/n 1

By T(U) =~ S E(U)< E(U)+ .

By the inf-sup definition of the eigenvalues, we have

N(Sonlte) = 7 S MSW) S AlSalto) + -
Ai(S(t0)) — 2 < Xi(SE) < Ai(S(to)) + 2e.

We conclude that A;(S(t)) converges to A;(S(to)) when ¢ tends to .
The proof of theorem 3.5 is now the same as the proof of theorem 2.5.

3.3 The eigenvalues of the operator S.

As before, we estimate the eigenvalues of S using some ideas of the theory of critical points [14].
We are looking for the critical points of Eg(U) under the constraint K :

K={U€L*AV =00n0Q,||U||-1=1}.

We recall that

Eo(U) = p Yy Hy|AVi|* + J(U)

where
JU) = —Eka < J(¥r, Vi), AVi > +
+> e < J(Wr, Vi), Vipr — Vi > —
— >  Pr—1 < J(¥r, Vi), Vie — Vi1 >

Let us remember that (19) gives us

k=N
J(U)] < pe Y Hy|AV” +
k=1

3||1/)||2H2 1 1 5
max | 1,pr | — + U .
4pue ka Pk Hy Hy4q “ ”_1

Since by the constraint K, ||U]|2; = 1, we obtain

3M
Eo(U) > p(l-— E)EHklAVk|2 - mz x| =
k k

where

1 1
M = 1 — .
m’?x< P [Hk * Hk+1D
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As before, we denote by v; the critical points of the functional
GU) = He|AVi|?
k
under the constraint K. Taking the inf-sup definition of the eigenvalues, we obtain
3M
Ai(S(to)) > p(l—e)vi — 4,u—5||1/}“12qz'
We now optimize in ¢ € [0, 1]. We obtain :

Theorem 3.6 : The eigenvalues of S satisfie

N> i Wl i [l < 2/
Ao > _”1/’”1%1234% otherwise.

where

1 1
M = 1 — .
m’?x< P [Hk * Hk+1])

and v; are the critical points of the functional G(U) =", Hy|AVE|?.

Let us determine these critical points v; of the functional G(U) under the constraint
K={U€eL? AV =00ndQ,||U||-1=1}.

These points are the eigenvalues of the problem :

HiA*Ve = v(—HeAVe — pe(Vigr — Vi) 4+ pe—1 (Ve — V1))
l.e.
AV = p(AV —WV)

Let us work in the basis where W is a diagonal matrix A with coefficients Aj (remember that
Ay =0). Werecall that P and P! are the two matrices such that A = P='WP and V™ = P~V
U™ = P~'U, ...etc. In this basis, our problem is :

A2V™ = p(AV™ - AV™),
with the following boundary conditions (CL1) :
{ vm=Ccm on 09,
Javm =0.
As before, we introduce V™ such that

_ _ 1 _
12 Ja

where |Q| = mes(Q), and V™ € H}, and rewrite the problem on the following form:
A

AP = y<AVm—AVm—|—— Vm),
12| Ja
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with the following boundary conditions :
V™ =0 on 09,

and so, v is a critical point of the functional G™(U™) = Y_, |[AV/"|? under the constraint

A 2
K™ {UmeL2 AV™ =0 on 6Q Zka |2 4+ A |V |2 = |Q’“| </ vm) :1}.

Remember that the Schwartz inequality gives us

A B 2
MelVF = fg </ Vm) 20.

Taking the inf-sup definition, we obtain :

v; = inf sup Gm(um™),
A€L? dimA=i, UmEAnK'”

or

AVm 2
v, = S inf sup Ekl p | ’
A€L, dimA=i ymea, AVm=0 on 82 Y, |VV" |2+Ak|Vm|2—ﬁk<fﬂvm)

which we denote by

Gm(Um)
v, = inf sup T -
A€L? dimA=igme g avm=0 on aa |[U™|
But since
A ’ _ _
SV SR M ([ V) < SR A
k k
we obtaln

SAVPE | omumy S A

S IVVEE T OO T S IV + ARV
As before, we now take the supremum over U € A with AV,™ = 0 on 09, and then the infimum
over all subspaces A of L?(Q2) with dimension i. We denote by p; the i-th eigenvalues of the
Laplacian operator with homogeneous Dirichlet boundary condition. We recognize on the left
hand side p;. Let us determine the right hand side. We are looking for the critical points of the
functional G™(U™) under the constraint

K = {Um € LY AV = 00n 0Q, > [V |2 + Ag|Vi"|* = 1} .
k
These are the eigenvalues 7; of the following problem :
APV = n(=AV + A V™)
It is easy to see that

u?
{m,i:l,...,oo}:{ : : ,k:l,...,N;i:l,...,oo}.

So we obtain
M > v >

Notice that for homogeneous boundary conditions on V', we have v; = n;.
We remark that the estimates take into account the inverse of radii of deformation of each layer.
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4 Numerical results.

Numerical experiments were provided by Dr. Kazantsev for a one-layer model on the sphere . At
each time of integration, we compute instantaneous Lyapunov exponents, which are defined as the
eigenvalues of the discrete operator [9], [10] and the estimate of theorem 2.6.. We renorm these
results and compare (see picture). On the following table, we write the coefficient of correlation
between these two sequences of numbers. We compute these coefficients for different lengh of se-
quences. The time integration is 300 days, with a result storage twice a day.

Local L yapunov exponents
Vaue

exponents

1.00 estimates
0.90

0.80

0.70

0.60
0.50
0.40
0.30
0.20
0.10
-0.00
-0.10

-0.20

-0.30

-0.40

-0.50

-0.60

-0.70

-0.80

-0.90

-1.00 time
0.00 100.00 200.00 300.00 400.00 500.00 600.00
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Table 1: Coefficients of correlation.

Vector lengh (in days) 30 50 100 150 300
Number of vectors 10 6 3 2 1
Average correlation 0.825000 | 0.855829 | 0.848636 | 0.833358 | 0.835897

Maximum of correlation | 0.969472 | 0.915011 | 0.870233 | 0.836611 | 0.835897
Minimum of correlation | 0.352854 | 0.758368 | 0.819056 | 0.830105 | 0.835897

5 Conclusion.

The a priori estimates that we have obtained give us not only a bound from below for each ei-
genvalue, but also a bound from above for the number of negative eigenvalues. These estimates
are still valid for a very small coefficient of viscosity. We obtain a good coefficient of correlation
between our estimates and the numerical value ( between 0.80 and 0.85 ). Our estimates are easy
to compute and give a good indice of predictability of the system.

6 Appendix A : equivalence of norms.

In this section, we will prove the equivalence between the three following norms in L?:

WUIP = " Hel AVi® + pe|VVigr — VVi[?,
k

U = > Hi|U:l,
k

GU) = Y HylAV|™
k

First, we prove the equivalence between ||U||> and G(U).
By definition of these norms, we have G(U) < ||U]|?. We are interested by the reverse inequality.
Let us estimate :

o

D Hy| AV + pe| VVigs — VVi[%,
P

<Y HR|AVE + 2p | VViga | + 20| YV [,
k

< > HR|AVR? 4 2(peo1 + pi) [V Vi,
k

< ZHk|AVk|2+2(pk—1+Pk)/11|AVk|2;
k

-1+ D

Y AINA T

< Zk: kI AVEP(1 + 2 I, ),

< max(1—|—2,u1w)ZHk|AVk|2,
k Hk %

< max(l—k?,ulw)G(U).
k Hk
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We prove now the equivalence between |U]? and G(U).

Let us work first in the basis where the matrix W is the diagonal matrix A. By definition, we
have

Ul = AV — AV,
and then
U2 = |AV 2 + A2V P = 24 /ﬂ AVVde. (37)
We remark that

VPR = /ﬂVkakmdr—I—/QVkmC,’C”dm,

Q Q
= / Vkmvkmdr,
Q

VIV,

IN

and then B
Vi < IVi".

Plugging this result into (37), we obtain

U2 |AVE?? + ARV P + 280 [ AV [V,

<
< AV ARV 4 206 | AV IV,

and the Poincaré’s inequality gives us
1 1
U P < AV + A AV + 204 AV [ — AV
My H1
A2
{1+—’“} AV,
H1

m Ay m
Ul < (1+I)|AV’“ [

INA

Let us now look for the reverse inequality. We begin with the definition of U}, multiply by
AV™ and integrate over 2. We obtain

|AV,§”|2—Ak/ﬂAVkakmda: = /ﬂAvkmU,g”d:p,
m |2 m |2 avkm m m m
[AVE® " 4+ AR VVE[* + Ay Citde < |AV|URY,
an 377,
ovm
AV + AV - ] [ S del < lave o,
an ON
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But since

oV :—/ AV de
aq On Q
and
Q Q Q
we have

ov" m m
[ SR [ op <oVl
o on Q
On the other hand, we have
o) = / Vrde < —(7m|
= — x _
k |Q| o k = /—|Q| k
thanks to the Schwartz inequality. Now, by the Poincaré’s inequality, we obtain
m 1 m
ICY'| £ —=[AV"].
11/ €]

We then conclude that

|AV?? + A VY2

INA

AV U + IIAVk |UE],

|AVE"]

INA

A
14+ —)|U".
(a+ Dy

We now use the relation V™ = P~V to conclude. Let us introduce

Pt = max|pl,

p = max|p;l,
J.k

where p;  and pj_,i denote the entries of the matrices P and P~! respectively, and

H' = minHj,
j
H = max ;.
J
We have
|AVE? < 1Y pi AV,
J
< N(p—l)ZZ|Aij|2’
J
SO

STHAVE? < NUpT')H Y |AVTP,
k J
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_ A;
< NYp Y)?Hmax(l+ - Ur,
< N7 (4D S
< Nz(p_1)2HmaX(l+ﬂ)N2p2ig Hy|Ug|?,
- j K1 H' £
<

H A;
N4 —1\2 2 77 1 'l H.|U 2

and with the same tools, we have

H A;
Hy|Ux)? < NYp~YH*p?—max(1+ -2 Hy|AV:)?,
Xk:klkl < (p)pH,j( M)Xk: k| AV

which concludes the proof.
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