
HAL Id: inria-00074793
https://hal.inria.fr/inria-00074793

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

A Characterisation of independence for competing
Markov chains with applications to stochastic Petri nets

Richard J. Boucherie

To cite this version:
Richard J. Boucherie. A Characterisation of independence for competing Markov chains with appli-
cations to stochastic Petri nets. [Research Report] RR-1880, INRIA. 1993. �inria-00074793�

https://hal.inria.fr/inria-00074793
https://hal.archives-ouvertes.fr




������� �� �	� 
��
������
������
����
������������������ ������������ !�"�

�$#&%�')(*')+,'���-.')(0/1#&-32
4�5 
 57698&5.:"698&5

5 #;�$#=<>/ :)? -.')(0@=+ 5
5 ' 5 #;��+A'�/ ? -.')(0@B+ 5

C3DEDGF : /1+,' 5H4�5 %� I+ 6 (0/12 5 %
JLKM�NKPO3Q

D3R O D3C �,/3S 8 (0-T�U�	#E')(0S!/V2W(0%
X : -3# 6Y5

Z [�\]\_^�`badc egf Z f
hjikfl`!hjikf

��monTp3p D

qsr9tYuVr)vGwxwzyg{
|~}����G�>���$�"���)}����P�=�"}��"���$��U�W�����7���������s�G���G�$�G����$�����

� ��������7�)���"�d���E�$�)������������*�$� }���¡7�¢����

£ ¤g¥ £§¦ £¨¤ª©¬«�¦®­E¯¢£H©¬­E°z± °z²
­³± ´ «�µ¬«�± ´ «�± ¤g« ²�°z¦

¤_°;¶ µ¬«·©·­³± ¸ ¶ £§¦®¹ °gº ¤g¥ £»­³± ¯
¼ ­T©¬¥ £§µ¬µ¬½¾­3¤ª£H©¬­E°z± ¯ ©;°
¯¢©;°¨¤g¥ £ ¯¢©·­3¤ µ¬«·©¬¦®­;± «·©;¯


�( 6�8 - :"4À¿ KPJ¾����������
��$�

Á - : %ÂnTO3OEQ

Ã



� ���������	��

����������
������ �	�������������������������
� �!� ���!" ����
#���%$ & �'�)(!�'* �����+�����

, ��

� ���-�/.0���1�'
��2����� 

� �#
��3�4���	�

���� 56��

���7�%��
4�)8

9�:<;�=)>@?�ACB
D
E	F@G);�=)HI?0:<HKJ
LNMO9PLRQ S	HUTWV0?�H�X�F@Y
=
:<>�QPTZV0:[Y\F@][:<^ _

E`DbacD
dfe
_hgfifdfgWjkX�F@Y
=
:<>�QPTZV0:[Y\F@][:<^PSlHKA
HIm\_�n
?�>@T);KH

o+p@qsrutwvUxRr
y�z�{}|�~U�R~I�s�1|[z��R�)|��<zU�R���<�u���s���[���P�0�����w{����u�O~����2���U�������0�<�6�<�u|�������|�������|��<�2��zU�0|[��{��
�@�s�<�[{����s��|��s�R�c{������u��{}�R�<�������I�\�0�����w{����u���0|
��|[~U�u��{}�w�Z�s�0|[���R�Z��|�{���~��������U�����U|�{����
���u�<zU� ��{�|��¡���0�
�<z���~����2���U���h~��<�����u|<|��R�Z�����R�¢���u���[{��0�	�R�Z£l� �<¤0�R¥��<zU�w{��U|s¦
§h�s�����0����|©¨Z�@�s�<�[{ª���s��|s«¬~��<�2���U�������0�<��«��<�u|[���������\|[zU�R�[{���­U«I���0��~U�s��{���­c~��<�����u|<|[�u|s¦

®�¯R°0±0±�²u³�´¶µ�·�¸N¹�´¶º0µ
»K°�³¶²u±�µ�¼©½1¾�³�¼©½R´À¿@ÁfÂÄÃÆÅ�Ç�È¶Éª¯�²sÊÌËf»ÍËÏÎ�¾OÐWÈ¶È�È<ÑÒ »ªÁfË@È¶ÇÓÊ}µ<Ô¢Ô¢²sÕk¼s´�È¶ÖZÁÄÈ�Â�Ê}³¶²w×Ø¯Rµ�±0´¶µ<×�¸�µ<³cÙ<Ú¶´�Û�Ù�ÜuÜwÝc´¶²�Ç�¼�¹	Þ0Ù�Ú¶´�Û�Ù�ÜuÜuÞ�ÑÏ»ªÁfË@È¶ÇßÚ�´�¼s½�·RÚ�Ê}²w³
»K°�³¶²u±�µ�¼©½�ÁÄµ<Ú¶µ�¼s³�à�º+Ë@²u½0Ú�²u³�´¶á¢°0×/Ê}²w³fÈ�½RÊ}²w³¶×�¼©´¶á�à[Ú�¼©½�·�Ç�¼s´�º0µ<×�¼s´¶á�à[ÚZ¼©½�·\à�²u×\±�³¶á¢Ú¶µ<ÚZÜhá¢½0Ú�´¶á¢´¶°�´¶µ<Ú�â�Ë@ã!Èäbå º0µ1Öfµ�´¶º0µ<³�Ô�¼s½�·RÚ[æ<ÛZËfÖWÁ ä È�´[¼sÔ¢¹0æ<ÛfçUè�Á åZéêä ¾�³¶µ<µ�à[µ�æ<Û�¾
Ç�Î ä ¾�µ�³¶×�¼©½R¹ æ�ÛªÈ¶ÖWÁfÈ�Â ä ç�³�¼©½�à[µ�æ�ÛfÈ¶ÖZ»Í¯0Ëä ÉU²w³¶´�°0ëN¼©Ô�æ�Û0ÁfÂ�ì ä�íZî æ<Û�¯RÈ¶Ëf¯ ä ¯RÕ@µ�·Rµ<½�æ<Û�¯RÈ¶Ö å »Íç�Î�»ªì�Â�¿ ä ÖÄ²u³�ÕÀ¼�¹0æ<Ñ

ï



� �%� ���������	��
������������
������ ��������������������k�'����� �����%� .��c�
�4���	�
��%�c� ��� & ���h(!��* �1*!� � ���!" �����
#��
����!� ��


�'�%�/.0���c��
����!��� ����
 ����c�#� ����
 ��� 5 ��

�
�C�


�3�4� �	�#
#�����%�c�

������������� �"!$#&%(')���$*+���,*
-/.0��-21 34*+576���*98:%<;$�$���910576��,;=%(>,�,?A@

#B!DCE!GF<H"@$I<J<F<I<KL8:%<;$�$����10576��,;M%<>,�,?B34*N�G*PO	@$Q:����5��R*

S0TU�VXWZY TU

[<\2]Z^`_�]badcfeg\ihkj/l�]b_�\�monp\<eg\rqRsDj/_�hk\rqPtp_�j�u�npav]wqN_yx\rcf\Xhkh�\Xl�]p]�_bjznp{|x\X\rqPtPjznp_Zev\rq+_yx\rq}\~^`np�
u�\���\X]�_ba�q}]�j�c��P^/q}]�a�mony\rq(tP\Xnp{�\2l�]$�\X]b_�\&x\X]w^`�pegav\rq<cfj/hkhk\�cX^zq|q}t�x\rc�ad^`e�u+��npl�q,avhktpeg\:tp_�j�c�\rq�q,nPq
u+��\2�pcfegnPq}agjzl�tPjznp_$eg\$tp_bj�cf\rq�q,nPq:tp_�j�u�nyav]�u+��nply\Mc�jzeveg\rcf]bavjzl�u�\=c��P^r��vlp\~q7u�\=��^`_b��jr{+�

�



� ­��������
	���
��������

� l	]��p\:egav]�\2_�^`]bnp_�\:j/lkm�np\Xny\Xavl���lp\X]��7j/_��yq�avl	\rm�npagevav�y_�avnyh tp_�j�u�nPcf]isDjz_bh u�adq,]�_�ag�pnp]bavjzlRq�tped^��
^k{�ag]�^`e<_bjzev\��i^`lRu h�^`l�� ty_�j�u�nPc�]�sDjz_bh mony\Xnp\Xagl���lp\X]��7j/_��yq �R^~{�\��P\X\Xl�u�adqbcfjr{�\X_�\~u+���pjz_
\X�y^`hktpeg\���^/c��yq}j/lElp\2] �|jz_b�pq�!"��^/c��yq}j/l$#&%('*)+��^`lPu�]��p\Xag_��z\2lp\X_�^reva�q�^`]bavj/lk]�j-,"[|����. ly\X]��7jz_b�pq
!",:^/q}��\X]b]�/+02143657# Ã '*)"tyed^��4^EsDnplPup^rhk\Xl�]�^`e�_�jzeg\Eagl�]��p\ m�np\Xnp\Xagl���lp\X]��7j/_���evav]b\X_�^r]�np_b\�� � l
cfjzl�]�_w^zq,]�� sDj/_�q}]bj�c��R^zq}]badc4��\X]b_�aGlp\X]�qktp_bj�u�nPcf]ksDj/_�h _b\rq}nyev]�q q}\X\Xh ]�j �P\�ev\rqbqkcfj/hkhkjzl �
8"l aghkh�\ru�ad^r]�\G\X��tped^rlP^`]bavjzl�j`s|]��y\	u�a�q�cf_b\XtP^`lRc9��� \2] �|\X\Xl�m�np\Xnp\Xagl���lp\X]��7j/_��yq"^rlPu���\X]b_�a
lp\X]wqEadqk]��R^`]�_�\rq,jznp_wcf\4q}�R^`_�agl�� ^`lPu�cfjzhktP\X]bav]bavjzl jr{�\X_k_b\rq}j/np_�c�\rq�cX^`lplyjz]��P\ hkj�u�\Xeveg\ru
�:�&mony\Xnp\Xagl���lp\X]��7j/_��yqf� � ]=^`_�\�]��y\rq}\�tp_�j/tP\X_�]bav\rq)j`s�q}]bj�c��R^zq}]badc���\X]b_�a<lp\X]wq ]b�P^`] u�\rq,]�_�j;�
tp_�j�u�nPcf]"sDj/_�h \~monpagevag�p_�agnph u�a�q}]�_bav�pny]�avj/lPqf�-8"l�agl�]b\X_�\rq,]�agl��E\2�pcf\2tp]�agjzl�^r_�\	]b�p\���\X]b_�aZlp\X]�q
u�\rqbcf_�ag� \~u avl�<A^(=~^`_	^rlPu�> j/� \2_�]�^;=�=Xa�#&?(' � � l ]b�padq"_b\fsD\X_b\XlPcf\�cfj/lPu�ag]�avj/lPq$^r_�\@�zav{�\2l�nplPu�\X_
�:�padc�� ^���\X]b_�aGlp\X]��P^zq�^ ty_�j�u�nPc�]EsDjz_bh \~monpagevag�p_�agnph�u�adq}]b_�ag�pnp]�agjzlA�BA7�p\rq,\4cfjzlPu�av]�agjzlPq
�P^zq,adcX^reveC��cfj/hk\	u�j;�:l�]bj�avlPu�\2t \2lPu�\XlPc�\�cfjzlPu�av]�agjzlPq$j/lEDGFP_bavl���q,\rmony\XlPcf\rq�� agl�q,np�plp\2]�q�jrs
]��p\&��\X]b_�a:lp\X]2�H8$qE^4cfj/lPq}\rm�np\XlRcf\I�:^redq}j�a s cfjzhktP\X]bav]bavjzl jr{�\X_	_b\rq}j/np_�cf\~q j�cXc�np_�qJ� ]b�p\rq,\
^`np]b�pjz_wq"jz�y]�^`agl4^Etp_bj�u�nPcf]$sDjz_bh u�adq,]�_�ag�pnp]bavjzl � � ]"h�nPq,]:� \	lyjz]�\~u �p\X_�\�� ]b�P^`]$]b�p\M_b\rq}nyev]�q
jz�p]w^`aglp\ru agl$<A^;=r^`_)^rlPu
>:jz�P\X_b]�^;=�=XaK#G?('�^`_b\M{/^`egaduksDjz_���\X]�_baAlp\X]wq"cfj/l�]w^`aglpavl���evaglp\r^r_LFP_bavl��
q}\rm�np\XlRcf\rq7jzlye6�I�P^rlPu ]��P^r]"agl \r^/c���tped^/cf\)j`s|]��y\M�Z\X]�_baAlp\X]�^`]$hkj q}]:j/lp\M]bjz��\Xl�adqG^`evegj;�7\ru
! qb^~sD\=��\X]b_�a+ly\X]9)w�

8 q}\rc�jzlPu�^rtptp_�j ^zc���]�jkj/�p]�^ravl�tp_bj�u�nPcf]GsDjz_�h�q�sDj/_)q}]bj�c��P^/q}]badcM�Z\X]�_ba�lp\2]�q:adqM�/av{�\Xl
avl7N"\XlRu�\X_�q,jzl�^`lRu$A�^���evjz_-#PO4' � � l ]b�padq:_�\�sD\X_�\XlRcf\$]��y\�ty_�j�u�nPc�] sDj/_�h _�\rq,npev]wq j/�p]�^ravlp\~u�sDjz_
�P^`]wc�� _�jzny]�avlQ�km�np\Xnp\2avl��=lp\X]��7j/_��yq(jz�y]�^`aglp\rukavl7N"\2lPu�\X_wq}jzl�^`lPu7A�^���evjz_-# � 'Z^`_�\)\X��]�\2lPu�\ru
]�j��Z\X]�_baAlp\X]�q�� � ]"a�q"q,�pj;�:l ]b�P^`]"sDj/_"s ^`ag_�eC���z\Xly\X_�^re<q}]w^`]�\�u�\XtP\XlPu�\Xl�]�FP_�agl��ktp_bjz�P^r�pavegav]�ag\rq
]��p\:\~monpagevag�p_�agnph9u�a�q}]�_bav�pny]�avj/l	j`sN^�q,]�j�c��P^zq,]�a�c:��\X]�_baplp\X]��P^zq<^$tp_�j�u�nPcf](sDj/_�h a s�]��p\:j/np]�tynp]
�P^(�R!D]��p\�]�jz��\2lPq7_�\Xeg\r^zq,\ru	�:��^M]b_�^rlPq}ag]�avj/lS)ia�q:^`l�avlytpnp]7�R^(�7! ]��y\$]�j/��\XlPq(ly\X\ru�\ru�]�jTFP_b\)^
]�_w^`lPq,av]�agjzlS)isDj/_$q,jzhk\�jz]��y\X_"]b_�^rlPq}ag]�avj/lA�UA7�padq:adq:^�cfjzlRu�av]bavjzl�q,avhkaged^`_|]�j�evj�cX^reA�P^`e�^`lPc�\�sDjz_
mony\Xnp\Xagl��Mlp\2] �|jz_b�pqJ�p�pnp]Gu�j�\rq:lpj/]"aghkhE\~u�ad^r]�\XeV�	c��P^r_�^zc�]�\X_ba6=X\$aglPu�\XtP\XlRu�\XlPcf\�j`s|q,np�plp\X]wqf�

W jzlP^r]�\Xegeva�^`lPuRX�\X_�\2lpjR# ï '�u�adqbcfnPqbq(]��y\"_b\Xed^r]�avj/lk�P\X]��7\X\2lE]b�p\"ty_�j�u�nPc�](sDjz_bh _b\rq}nyev]�q
jz�p]w^`aglp\ru	�:�Y<A^(=r^r_:^`lRuZ>:jz�P\X_b]�^(=[=Xa\#G?('R^`lPu�NG\XlPu�\X_wq}j/l�^`lPu�AZ^���egjz_]#^O;' �_X�aglPcf\�<A^(=~^`_:^rlPu
> j/�P\X_�]w^(=�=Xa`#G?;':u�j�lpj/]�cfjzlRq}adu�\X_�q}]w^`]�\�u�\XtP\XlPu�\2l�]TFP_bavl���_�^r]�\rqMj/lpe6� q,]�^r]�\�avlPu�\XtP\XlPu�\Xl�]
FP_�agl���_�^r]�\rq	^r_�\�u�a�q�cfnPqbq}\ru��a8$qMa�q	q}�pj;�:l �:� W jzlP^r]�\Xegeva�^`lPubX�\X_�\2lpjc# ï '"�i]��y\ _b\rq}nyev]�qMjrs
<A^(=r^r_k^rlPuE>:jz�P\X_b]�^;=�=Xa-#G?;'GcX^`l �P\ ]�_w^`lPq,ed^r]�\ru avl�]�j4^�lp\X]	ev\2{�\Xe|c��P^r_�^/cf]�\X_ba6=r^r]�agjzl a s q}jd.
cX^`egev\rufeL.Davl�{/^`_�a�^`l�]�q@! � np_w^`]�^g# ÃX� 'h�itA��%4idjk) ^`_�\�nPq,\ru�]bj4u�\rqbcf_�ag� \�]b�p\ZFP_bavl���q}\rm�np\XlRcf\rq
nPq}\~uBavlB<A^(=r^r_ ^rlPuH> j/� \2_�]�^;=�=Xal#G?�' � � ]kadq�q}�yj(�:l ]��R^`]�^ q}]�j�c��P^/q}]�a�c �Z\X]�_ba$lp\X]k�R^zq�^
tp_�j�u�nPcf]7sDjz_bh \~monpagevag�p_�agnph u�adq,]�_bav�pnp]bavj/l$!m�:�p\2_�\$]b�p\$tp_bj�u�nPcf]:sDjz_bh _b\Xtp_�\~q}\Xl�]�q|^Mtp_�j�u�nRcf]
j`sP]b\X_�h�q9�Xjzly\(sDjz_Z\r^/c��)tpe�^zcf\<j`s�]b�p\|��\X]�_ba�lp\X]J)+a sp\r^/c��=hkavlyavh ^`edeL.Davl�{/^`_bad^`l�]AadqAc�evj�q,\ruS�r]��P^r]
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