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Résumé

Nous présentons ici un probleme combinatoire qui est apparu dans la détermination
des énumérateurs de poids complets des translatés des codes linéaires. Dans la
résolution de ce probleme par les séries formelles exponentielles a coefficients dans un
anneau de polynomes a plusieurs variables, nous tombons sur un systeme d’équations
différentielles a coefficients dans un corps de fractions rationelles. Grace aux pos-
sibilités d’abstraction de Scratchpad ce systeme peut étre résolu simplement et na-
turellement, ce qui ne semble pas étre le cas pour d’autre systemes de calcul formel
aujourd’hui disponibles.

Abstract

We present a combinatorial problem which arises in the determination of the com-
plete weight coset enumerators of error-correcting codes [1]. In solving this problem
by exponential power series with coefficients in a ring of multivariate polynomials,
we fall on a system of differential equations with coefficients in a field of ratio-
nal functions. Thanks to the abstraction capabilities of Scratchpad this differential
equation may be solved simply and naturally, which seems not to be the case for
the other computer algebra systems now available.



1 A combinatorial problem in Hamming graphs

Let F = GF(q) be a finite field with ¢ elements, let m = ¢ — | and fix an ordering
F* = [a),...,ay] of the nonzero clements of F. For 2 in the vector space F?
the (Hamming) weight of x is defined as w(z) = number of nonzero components
of z and the complete weight of o as the list w(z) = [wq,(z),...,0,,(z)] where
w,(z) = number of componeunts of z which are equal to ¢« € F*. The (Hamming)
distance between = and y is d(z,y) = w(y — z) and the gap between = and y is
9(z,y) = w(y — ).

If Q is the set of weight one vectors in F*, then the Hamming graph T = I'(n, q)
is the Cayley graph C'(F™, Q). This means that the vertex set i1s F* and that (z,y) is
an oriented edge (arrow) iff y —z € Q. Set Q, = {z € Q] the only nonzero component
of z is a;}. An arrow (z,y) in ' will be called of colorz if y — z € ;. A path of
length j joining z to y is a sequence v = (@, 2z, ... 2(9) where (@ = z,20) =y
and ) —2U=1 € Qi = 1,...,j. Set Path;(z,y) to be the sct of all these paths and

Path = | J {Path,(z,y)|z,y € F"}
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We are interested in the various color distributions of the paths in I'. For this it is
convenient to work in the multivariate polynomial ring Z[7,,,...,T,..].

Definition 1 The weight function ¢ : Path — Z[T,,,..., T, ] is defined as follows
1. if (z,y) is an arrow and if y — x € Q, then ¢(x,y) =1,
2. ify = (200,200 20)) is a path, then ¢(v) = TT_;¢(z0~1,2)). This weight
function ¢ is extended to subsets U of Path by the formula
=2 {¢(1) |y e U}
#(U) is called the inventory of U.

Problem 1 Determine the inventories ¢(Path;(z,y)) for all j:

$(Path;(z,y)) = Y Sy jule,y)T0,. . Tim

Dt tim=i
where S;, ;. (z,y) is the number of paths of length 7 = j; + ... + j,, joining z to y
with 7; arrows of color 1, j; arrows of color 2, etc.

Proposition 1 [fg(z,y)

1 (:r ,y'), then ¢(Path;(xz,y)) = ¢(Path;(z',y")) = ¢(Path;(0,y~
z)). In fact S;, ;. (z,y) /

Sirim(25Y')



Proof: It is evident that the translation by —z establishes a bijection between
Path;(x,y) and Path;(0,y — z) that preserves coloration. Moreover if g(z,y) =
g(2',y') = w(y — ) = [i1,...,7n], then take a bijection of the set of coordinate
places sending the z; places where y — = has component a; to the corresponding
1y places in y' — 2’ etc. This establishes a bijection preserving coloration between

Path;(0,y — z) and Path;(0,y" — z').
By this proposition we may reformulate our problem as follows.

Problem 2 If a complete weight 7= [iy,...,i,] of some z € F™ is given, determine
the inventories

S;_J' = ¢(Pathj(0,x))
= Z S,‘IJ-TJ‘
IA=7
where T = [Ty, ., To, ), 7= 1y sdmbh A1 =01+ -+ jm and T = YZ;,...,T({;’I'.

The number S;; counts the paths of length )] = j and color distribution 7 joining ()
to a vertex x of complete weight 7.

2 Analysis of the problem by exponential gener-
ating power series with coefficients in the ring

Z [Ta Tam] :

TR
Definition 2 Let f.(J1....,Jm) be the number of sequences in F* containing j,
elements equal to a,, 3, elements equal to a,, ..., 7, elements equal to a,, and whose

sum is equal to s € F. We define the power series f,(X) by

LX)=X1 Y AU gm)T T X050

720 [+ +im=

The relationship between these exponential generating power series and our prob-
lem follows from classical results on shuffle product or “composé partionnel” [2].
However, to be self contained, we prefer to give a direct proof which may also serve
as an illustration of the ideas involved.

Proposition 2 If i = [i1,...,1.] is the complete weight of some z € F* and
J 15 a natural number, then S;; is the coefficient of X7/3! in the expansion of

F(X)... fim(X) fr M x).

a)
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Proof: Without loss of generality we may take

= [agy ey Uy @m; 0,02, 0]
——

v

g tm n—|il

We have to count the paths of length j joining 0 to = paying attention to the various
color distributions of these paths.

In any path and for any position in z, the contribution of pertinent arrows has
to sum up to the right element of F: a, if the considered position is among the first
11, a9 if it is among the next 1., etc.

Consider the elements afi,) € F*for l =0,1,...,m in the following figure:

7 i im n—1
0 = [0,...,0; ... 0,...,0; ...; 0,...,0 0,...,0
A 0 i
a(];) af? a(l(,;)
“(1%1)'(1.1) af'.[])(l,i) "(1(,)1)‘(0.1)
o= fay.cLay; o0 @ e ey 0,.00.,0]

Each of these af,‘\.) defines an element of §; affecting the coordinate number ¢; +
...+ 17_; + ¢ and we must have

J{l.3) .
Z afk) =aq
k=1

so that z will be the endpoint of the path of length j = 3,5, 7({,7) so defined. In
the algebra Z[T,,,...,T,,] the collective contribution to this coordinate is T2{").

Now we can express the generating power series f;(x) in the more convenient
form

JAESED S DR A §

J20 bi+...+b,=3s

If & is the number of coordinates of z that are equal to s, then

X Xk
IHCOREIEDY [(Z--'Tm(l))---( 2 Tau---'f’au(k))]ﬁ

Jlreens Ik ay agl+..=s - Jke
, X
= Z[ZT“” ---Talj(l)-“Takl-~-7ak1(k)7'—~|] m
>0 Jie-- Ik -



where in the inner sum ay;y + ... + a0y =s,... a5 + ...+ akjr) = S.

This corresponds in shuffling the j arrows affecting these k different coordinates
in such a way that the endpoint of the various paths so obtained is s at those &
coordinates.

By multiplying all these powers we obtain the result.

Example 1 Take F = {0,1,2}, n = 4, 7 = [2,1]. We seek the paths joining 0 =
[0,0,0,0] to z = [1,1,2,0]. We have

X? X3
fo(X) = 142N T + (T2 + Tf)? +...

, I ‘,2 N .\,3
HX) = X+ 5 +3T o + -
) X2 ‘/3
h(X) = T2X+T,2?+3T1T22—3T+...

. X3 x4
fiX) = TEX? 4+ 60T + (UL Ty +6T3) - + -
2 2 X3 ‘4 3 X4 '
Khfo = 5T1T273T+(12T1+24T1T2)7+
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X
+(360T7T; + 30T25)_5T 4.

In the following figures 1, 2 and 3 we give a detailed account of what is going on.

type Zw Th T2

(o] (¢] [s] (o] [o]

path 1 0 0 o0

transitions (1] 1 0 0
4] 0 2 ]

x 1 1 2 0

number ol 6

DeTheionts

of X3/31 6T T2

Figure 1: Paths of length 3
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3 A differential equation

To determine the inventories S;; it is sufficient, by proposition 2, to calculate the
exponential generating power series fo(X), fo,(X),..., fa(X). This will be done
by solving a system of differential equations with coeflicients in the field of rational
functions in m variables T,,,...,T,,. with rational coefficients.

We first observe the recurrence

fs(jl,'--a]m Zfs —ax ]l) "vjk'—la'--ajm)
k=1

for all s € F.

This 1s because we obtain a sequence ¢ summing to s containing j; times
ay,...,Jm times a,, from a sequence summing to s—a; containing 7, times a, ..., (jr—
1) times ay,... just by adding an ax. Moreover all sequences o are obtained in this
fashion.

In differential terms this gives

m

Dfy(X) =) Tufo-ar(X),s €F

k=1
because the derivative D f;(X) of the series of definition 2, defined formally as usual,
gives here

/ . . ) A,J—l
DAEX)=200 X Jiljnsin) T Ty,
J>l n+-+im=y
mo iy X
= Z[ Z Zf,_,,k(],,...,)k—1,...,]m)Tj,‘---Tj,':] - '
331 At tim=gkal =1
m . . - ) X!
= Z[ZTak Z fs—-ak(]h""]k—1""’]"1)TJ]'”T‘IJ: ITJ: ) 1 !
21 k=1 jittim=j (- 1)
m . . | X
= ZTakZ Z fs—ak(]ly---’]m)Tg‘ Tg:: 1
k=1 >0 {n+-+im=j J:

This proves the following result.

Proposition 3 The vector [fo(X), fo,(X),..., fa,.(X)] consisting of the exponen-
tial generating power series of definition 2.1 is the unique solution of the linear
system

* * Df,:ETakf,_ak, s€F (1)
k=1

with initial condition vector [1,0,... 0].



Remark 1 We may consider this differential equation as having coefficients in the
field K = Q(1,,,...,T,, ) and the solution we scek has components in the differential
ring N[[X]]. Thanks to its abstraction capabilities, Scratchpad is able to solve easily
and naturally such a problem whereas other computer algebra systems available
nowaday seem not.

As an illustration, we give in the next two sections a manipulation by hand and
a ~heit Scratchpad session yielding the sciution of our problem in the particular
casc where the alphabet is F = Z/3Z.

4\ partial solution by hand in the ternary case
F=1{0.1,2)

Only the differential equation ** may be handled in conventional manner, the use

of proposition 2 implying too much computations.

In the particular case under investigation the differential equation ** is
Dfo = Tohi+Th /2 (2)
Dfi = Tifo+T2f:  (3)
Dfy, = Tifo+Tifi (4)
with initial condition vector [1,0,0].
We also observe that, by construction, we have
fo+ fi+ fo = THTX (5)

because the RHS is the generating function of all the colored sequences of elements
in {1,2} and the LHS corresponds to a partition of these.

Thanks to the relation (5) we shall obtain a scalar second order differential
equation to determine f,.

First by differentiating (4), multiplying (2) by T; and adding we obtain

Dfh=TaDfi + T Tafo +T}fy or (6)

T.Dfi +T;fy = D*fo = T\ 13 fa.
Now multiplying (4) by T3, (3) by =73 and adding we have

ThDf, -T,Df = T12f1 - T22f2 or (7)

T2Df, + T12f1 =NDf,+ ngfz-
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which together with (6) implies immediately
(T3 — TV fL = TaD* f, = TED fo — 2T T2 [ (8)
On the other hand, substituting fo from (5) into (3), we have
Dfy =Ty(e "X — fi — fo) + o fy (9)
and differentiating (5) taking into account (2), we obtain
Dfi+ Dfy+ Tofy + Tifa = (T + T)e! 12X, (10)
Substituting D f; from (9) into (10) yield
(T =T fi = Toe ¥ —Dfy, —~Tof, or
(T3 =T i = (T + TiTo + TY)(Toe Y — D fy — Th ). (11)
Finally comparing (11) with (8) we obtain

D fy + (T + T2)Dfy + (TE =TT + T2) f2 = (Ty + Tp)e M +720% (12)

which is a second order differential equation to determine f, as a power series with
polynomial coeflicients in the indeterminates 77 and T;. The initial conditions are
here f2(0) =0 and D f,(0) = T>.

Once f, determined, the series fp and f; are calculated by the relations (4) and

(5).
5 Scratchpad solution in the ternary case F =
{0,1,2}

5.1 Solution of the differential equation **

# Creation of the coeflicient field

> K := QF P[T1, T2]1

# Specification of the solution

> s := List UPS(X, K)



11

# Specification of the right member of (1)

> (F1, F2, F3) : List UPS(X, K) -> UPS(X, K)
> F1l u == T2%u.2 + Tixu.3

> F2 u == Ti*u.1 + T2#%u.3

> F3 u == T2%u.1 + Ti*u.2

# Call to Scratchpad command to solve (1)

> s := mpsode([1$K, 0$K, 0$K], [F1, F2, F3])

# Verification (must give zero)

> pderiv(s.0) - T2*s.1 - Tixs.2
> pderiv(s.1) - Ti*s.0 - T2%s.2
> pderiv(s.2) - T2*s.0 - Tixs.1

5.2 Determination of the numbers 5;;

# Input data

>vi := [1.0,1.1]

> The user or program assigns positive integer values to n and N
# Calculation of the product power series as in proposition 2

>S5S :=s5.171.0%s.271.1*s.0"(n~1.0~1.1)

# List of the numbers S, ; for j <N

> S.vi := [j'*coefficient (S,j) for j in 0..N]
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