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Abstract

We describe in this paper an algorithm which dynamically maintains the trape-
zoidal map of an arrangement of line segments. This algorithm is a generalization
of the Influence Graph data structure used in [BDS*] to deal with the semi-dynamic
case.

Our complexity results are randomized, i.e. the insertion sequences are sup-
posed to be evenly distributed among the n! possible sequences of n segments, and
when an object is deleted, we suppose that it can be any of the already inserted
objects with the same probability. Under these assumptions the algorithm needs
O(n+ a) expected space, O(logn+ ) expected insertion time, O((1+ ) loglog n)
expected deletion time and O(log n) time to locate any query point in the arrange-
ment, where a is the current size of the arrangement and n the current number of
segments.

Résumé

Nous décrivons dans cet article un algorithme permettant de maintenir dynamique-
ment la carte des trapézes d’un arrangement de segments. Cet algorithme est une
généralisation du graphe d’influence développé pour traiter le cas semi-dynamique
dans [BDS*].

Les résultats de complexité sont randomisés, ¢’est a dire que ’ordre d’insertion
des segments est une permutation quelconque, parmi les n! permutations possi-
bles d’un ensemble de n segments, de maniere équiprobable. Quand un segment
est supprimé, on suppose que c’est n’importe lequel des segments, également de
maniére équiprobable. Sous ces hypothéses, ’algorithme utilise un espace mémoire
moyen O(n + a), un temps d’insertion moyen O(logn + =), un temps de suppres-
sion moyen O((1+ %)loglogn) et un temps de localisation O(logn) pour un point
quelconque du plan, ou a est la taille courante de ’arrangement et n le nombre
courant de segments.



1 Introduction

One of the fundamental topics in computational geometry deals with planar subdivi-
sions. The most common question is, for a planar subdivision of size n, to answer
queries of the following type : which is the region containing a given point ¢ This prob-
lem received a lot of attention in the literature, and has been solved in different ways
(see [Pre90] for a survey), in optimal O(logn) time and O(n) space after an O(nlogn)
preprocessing.

If the aim is not only the computation of a location structure to answers queries, but
also to be able to modify dynamically the planar subdivision, the deterministic solutions
known at this time involve complicated algorithms, and none of them is optimal (the
query time [CJ90] or the update time [CT91] is O(log®n)). A very new result for
deterministic solutions to this problem is due to H. Baumgarten et al. [BJM92] and
reach querry and insertion time O(lognloglogn) and deletion time O(log®n) with
linear space.

After the work of Clarkson and Shor [CS89] studying this problem in a randomized
framework, a lot of algorithms based on this principle have been developped. The
principal interest of randomized algorithms is their simplicity and their good complexity
and the counterpart is that these complexities are only randomized. Namely, for a
dynamic algorithm, the update sequence must verify some hypotheses detailed in the
sequel.

Concerning the problem of planar location, randomization was first applied to solve
the static problem by Clarckson and Shor [CS89] using the Conflict Graph technique
with optimal expected complexity : O(logn) query time, O(a 4 nlogn) preprocessing
time and O(a 4+ n) space to treat an arrangement of n segments with a intersecting
points. [BDS*] developped a new structure, the Influence Graph, allowing semi-dynamic
algorithms with the same complexity (the whole set of segments has not to be known in
advance, but it still must verify the randomized hypothesis). In the special case where
the line segments form a known connected planar graph (so ¢ = n) the preprocessing
can be improved to O(nlog* n) [Sei91].

Recently, some results appeared concerning fully dynamic randomized algorithms.
The first paper on this topic [DMT90] generalized the Influence Graph structure to be
able to remove a site from a Voronoi diagram.

Some results followed : [CMS92,Sch91] use basically the same idea as [DMT90],
while [MS91,Mul91] use a completely different approach which is not based on the order
of insertion of the points. [Sch91] reaches a complexity of O(log? n) expected update
and query time for a set of non intersecting segments. The algorithm in [Mul91] has
O(log n) query time and O(logn + %) insertion time and O(1 + %) deletion time with
high probability, where a is the number of intersections between segments.

In this paper we extend the result of [BDS*] to generalize the Influence Graph for
the fully dynamic construction of an arrangement of line segments, in the same way as
for the Delaunay triangulation in [DMT90]. A line segment is added in O(logn + %)
expected time and deleted in O((1 + %)loglogn) expected time ; the algorithm uses
O(n + a) expected space and a query point is located in O(logn) expected time. The



