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Serguei FOSS*
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Abstract

We present a short summary of the author’s results on the compar-
ison of service disciplines in the G/GI/m queues which were published
in Russian (see References).

The main result of the paper states that the so-called FCFS disci-
pline is the best among all disciplines exhibiting some ”independence
of the future” property.

Keywords: Service discipline, independence of the future, stochas-
tic ordering, partial ordering, waiting time, departure epoch.

1 Introduction, notations

Consider a queueing system with m servers numbered 1,2,...,m. Cus-
tomers come into the system with inter-arrival times {,}, i.e. n-th cus-
tomer comes into the system at time ¢, = 7 + --- + Ty (where t; = 0)
and has the service time s,,. The k-th server (k = 1,2,...,m) can begin to
serve customers at time wy x > 0.

We assume that the r.v.’s {s,} are i.i.d. and are independent of {7},
Wi = (wi1,..., Wi,m).

*This paper was completed during the visit of the author at INRIA-Sophia Antipolis
in February and March of 1989.
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RESUME

Nous présentons un court résumé des résultats de l’auteur sur la comparaison des disciplines
de service dans les files d’attente G/GI/m: Ces résultats sont parus en russe (cf Références).

Le résultat principal de cet article est que la discipline Premier Arrivé Premier Servi est
la meilleure parmi les disciplines présentant la propriété dindépendance de l’avenir.

Cet article a été rédigé pendant la visite de l'auteur & 'INRIA-Sophia Antipolis en
Février et Mars 1989.



Definition 1 A service dz'scipli'ne T is defined as a sequence {T,,,n > 1}

of {1,2,...,m}-valued r.v.’s. Here T, is the number of the n-th customer’s
server, i.e., forn = 1,2,..., the n-th customer comes at time t, and joins
the queue of server T,,.

EXAMPLES.

1. Cyclic discipline T°. Here T, = (n — 1) (mod m)+ 1 a.e.

2. Random discipline TR. Here T,, = k with probability 1/m for all
k =1,2,...,m and r.v.’s {T,} are i.i.d. and are independent of {r,,s,},
w,.

3. FCFS discipline T°. Here the sequence {7} is defined by induction.
Let | = min{k : w; 4 = minjcj<mws,j}. Then Ty =1 and

w _ ('UJl'k -— T1)+ lf k 75 l
27\ (wg+s—n)t ifk=1

Suppose that we constructed Ty, T, ...,T and W1, W>,...,Wyh. Then

Totr = min{k : woyrp = min Wn1,5} (1.1)
and
Wopok = (W1 = Tg1)* if k # Thpa
2 (Wnt1k + Sng1 — Tn+1)+ ifk=Thp

Remark 1. In [3] we introduced a more general class of service disciplines
{T = {Tn,vn,6n},n > 0} where {v,,} is the order of service ( i.e., {v,} is a
random permutation of the set N = {1,2,...}) and {6,} are the so-called
"delays”. For example, the discipline LCFS belongs to this class.

Definition 2 The discipline T = {T,} ezhibits the property of ”indepen-
dence of future” if for alln = 1,2, ... the sequences of r.v’s {Ty,k < n} and
{sk,k > n} are independent.

We shall consider independent of future (IF) disciplines only.
Remark 2. For sake of simplicity, we shall assume that for every discipline
T = {T,} and for every n, the random variable T,, may be represented as
the measurable non-random function h, 1 of the "history”, i.e.

Tn = h"'T(Wl,Tl,... yTnySty.. .,Sn_l,Tl, e ,Tn_l). (1.2)

For k = 1,2,...,m;n = 1,2,... denote by wy; the length of the time
interval between t, and the moment of the last departure epoch of customers
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with numbers from the set {1,2,..,,n— 1} from the k-th server. Denote
also by vn the departure epoch of the n-th customer, 'y = (11,...,7n). The
vectors Wy, = (Wn,1,...,Wnm) satisfy the well-known recurrent relations:

Wotr = (W, +eq, 8n — imy)F . (1.3)

where e = (0,..,,0,1,0,...,0) and i = (1,1,...,1). :
Borovkov ([5]) conjectured that the dnsc1plme T° is better than T¢ in the
following sense; for all n = 1,2,.

c 0 )
m Wy 2 max w . 1.4
lskasxm nk 2 DX Vn . (1.4)

a.e. But Stoyan ([6]) gave a counterexample. And he stated the new
conjecture that this inequality is valid in the stochastic sense, i.e. for all
z>0n=1,2,,..

P{m,?,xwf,'k. >z} 2 P{m,?,x wly >z} (1.5)

Gittins ([7]) formulated two propositioﬁs for GI/GI/m queues: if T is an
arbitrary IF discipline then forall z > 0,n = 1,2,...

P{ma.xw,,,;e >z} 2 P{ma.x wﬂk > z}, (1.6)
POL(i-t) >3} 2 PGt 9> 2} (1.7)
i=1 =1

But he did not give an exact mathema.txcal proof.

Vasicek ([8]) shawed that for non-idling disciplines T (i.e., it is impossible
to have an idle server and customers waiting for service in the system) and
all convex functions g

S Mo 1) €3 Mol - 1. (1.8)

i=1 =1

We shall generalize these three last inequalities.

2 The main results

Let IR denote the real line, IR® denote the n-dimentional space. To the
vector X = (1,%2,...,%a) We associate the vector R(X) = (z(y), ... 12 (n))
defined as the permutation in increasing order of the coordinates of X, and
the véctor (X)* = (zF,...,z}).

For vectors X,Y € IR“ we introduce the following partial ordenngs

3



Definition 3 1. X 1Y, ifz; <w; foralli;~
2 XY, fRX)GRY);
8. X<3Y ,if 2k S k¥ forallj;

4- X 247 , if R(X) <3 R(Y).

Properties. 1) If X = R(X),Y = R(Y) and X.<;.Y .then (X)} <;
(V)H, X+ia<1Y+ia, X+ea<; Y +epaforall kya. 2) If X <4Y then
(X)* <4 (Y)t and X +ia <4 Y +da for all a. 3) If X = (21,...,2,) and
2 <z then X +epb <4 X + b fora]lb>0

Definition 4 Let £ and n be random varzables We shall write § <,t 7 zf
P(¢ > a) £ P(n > a) for all a. :

Consider the following classes of functions F and G(®),n = 1,2,.
1) F is the class of functions f : R™ — IR such that if X <4 Y then
f(X) £ f(Y) (the so-called class of Schur-convex functlons),
2) G is the class of functions g : R® — IR such that if X <, Y then
9(X) < 9(Y).
Note that the functions ) a:., max &; belong to F and the functions }_ z;,
max z; and minz; belong to G(".

Theorem 2.1 (see [1-8]). For every IF dtsczplzne T and every n = 1 2,.
(i) (WD) st f(Wy) for all f € F;
(u) g(rn) Sst g(rn) f07‘ all g€ G("’)

Corollary 2.1 Foralln =1,2,...
max; wo ok Sst MaXy woi and Ek-wgk <ot Tk Wnk-

Corollary 2.2 Let A(t) = {n tn <t} and 4(t) = maxX,ea()¥n — t. Then
7O(t) <5t ¥(t) for all t > 0.

Corollary 2.3 Foralln =1,2,...

n n

Do Sat )i (2.1)
=1 =1 .

where a) ¢; = vi; b) ¢; = vi—ti; ¢) ¢i = vi— 8i; d) ¢; = vi — 8; — t;. Here

i is the time when the i-th customen’s service starts; v; — t; is the response

time of the i-th customer; v; — s; — t; is the actual waiting time of the i-th

customer.
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Corollary 2.4 Let T be any IF discipline. Suppose that the real waiting
times have the stationary distributions W (under discipline T ) and W°
(under discipline T° ). For ezample, this is the case if Wy = 0 and {r,} is
a stationary metrically transitive sequence and Es; < mEn < co. Suppose,
moreover, that EW® < 0o and EW < 00. Then EW® < EW.

Corollary 2.5 Let ¢, be the queue length at time t, and q(t) be the queue
length at time t. Then q2 <,; qn and ¢°(1) <5t ¢(t) foralln=1,2,...;¢t> 0.

Theorem 2.2 (see [{]). For any IF discipline T and every n = 1,2;...

(B3 B, ek et DR, A Wi @2
Corollary 2.8 Let v = min{n > 0 : maX;<k<m Wni < a}, where a > 0.
Then v° <, v for every IF dzsczplme Therefore, one can obtain ergodicity
and stability theorems and estimates of the rate of convergence (for G/GI/m
queues) with the help of the method of renovating events (see [4,9]).

Remark 3. Theorem 2.2 may be generalized in a natural way.

Remark 4. The results of Theorems 2.1-2.2 may be formulated in the
case when {(s5,74)} is the sequence of i.i.d. random vectors ( but Sy and
T, may be dependent, see [3]). : :

Remark 5. In [3] we formulated and proved the similar results for tandem
queues.

3 Proofs

Lemma 3.1 (see [1,3]). Let Wy = (wy1,w:2) be a random vector and
w12 > w1, a.e.; Ty and 1 be arbitrary r.v.’s ; s1,32 be i.i.d. non-negative
r.v.’s , which are independent of Wy, 1y, 2. Then there ezist r.v.’s s'l and 3'2
such that

(1)81 -at82 =5t 81 ; S1 + 82 —31+82 a.e.;

(i1) 8,, 85 are i.i.d.r.v.’s; .

(iii) 31,32 are independent of W;, 1,72 ;

(10)Ws = (W1 + €18y — i)t + egsy — imp)t <, (3.1)
Wa = (W1 + €281 —im)* + e1s2 — im)*t (3.2)

a.e.



Proof. Let A = {wy2 — 7 < 0} and s; = s.I(A) + 321(92 - A) ;
sy = 82I(A)+ 31 I(Q— A), where I(.) is the indicator function. Then s} +s; =
81 + 82 a.e. and

(i) P(sy € B) = P(s1 € B,A) + P(s; € B,Q - A) =

P(s1 € B)P(A) + P(81 € B)P(Q - A) = P(s1 €B);

(1i-iit) P(s, € Bl,s2 € By,m € Cy, 7 € C3,W; € Ca) = P(...,A) +
P(...,2~ A) and so on ;

(lV) On the event A

wé,l = (w11 + 81 - 1)t = 1)* < ((wiz + 81 — 1) — )t = way; (3.3)

w;,z: (32 -— 1‘2)+ = w3,. (3.4)
On the event 2 — A

wsy = (w11 + 82— 1) — 1) < (w0 - )" + 82 = m)F = way; (3.5)

wyy = (wip - 71 +81 — m)F = waa. (3.6)

Remark 6. Note that the vectors W, = (W1 + e;sl —in)t and W, =
(W1 + ez81 — iry)*t may be non-comparable.

Remark 7. The same result is valid if we suppose that X = (a:l yeorsTm) €
IR™ and replace z; by some z; , z2 by some z, , ey by ¢, e2 by e,. .

Remark 8. Let f € F and Wy = (W} + €151 — in)* + €,53 — inp)*.
Then W; =,; W; and, therefore, f(W3) <,: f(Ws) for all f € F.

Remark 9. If k¥ and [ are random variables independent of s;, sz then
the result of Lemma 1 is unchanged.

Remaxk 10. If we denote Nn= w8, = max(wi1,7) + 82,7 =
wyy+ s,,'yz = max(w;2,7) + 82, then I‘2 <q T3 .

Definition 5 Consider three disciplines T® = {T{"}, T = (TP} and
TG = {T,(;S)}. We shall write T(l) = T(Z) if (see Remark 2 ) hy vy =
by 1. We shall write T((,:),) = ((:),) if T(l) T(z) forallk < i< 1. We
shall write T((,:)) = T((:),_I)U () if T((,:), 1) = T((k)l 1) and T((Ilz) = T((Isz).
For fized n = 1,2,... we shall write T\ > To) if F(WE) e FWS)
and g(T) >4 g(r‘”’) for all f € F,g € G,

Lemma 3.2 (see [1-8]). Letk = 1,...,n — 1 be an arbitrary number and
assume that the discipline T(!) has the form

v

)]

L)

UJ

L/



1
((1 )n) = T(1 8 UTG1,0)-

Then there ezists an IF discipline T(z) such that

Ty =ThyUm . @
and - @ L ) ' .
T <1 (3.8)

Proof. Let r = T(l) and l = mm{z Dwg = mmJ 'wk,} Note that
T(l) = | on the event {I # k}, i.e. ,g +)1 is independent of si under the
condltlon {l # k}. Let

A={wp, -7 < O}U{r =1}.
Define the sequence {s;,7 > 1} as follows:
1)s;=s;ae ififkitk+1;
}
2) sp = sk l(A) + sp411(02 - A),.s,H_1 = s I(2 - A) + sk+1I(A)
Construct the discipline T(2) defined by

TP =T7W i=1,... k-1
2) T(z) =1l ae,;
3)

2 T, ifr=1
T’S+)1 = { rk+l otheI:Wise

4) If wg, 2 Tk orr—IthenT(z) T(l)ae fori=k+2,...,n,..
If wey, < 7 and 7 # [ then T,(2) = rif T,(l) =1; ,(2) lif T(l) =7

; .’I}(z) = T‘-(l) in another cases (for i = k+2,... ). As s, and s, are
independent of k,! then T is IF discipline. ‘ '
Under Lemma 3.1 we can see that W,E_?l >2 W,gi)l a.e. Moreover, the
inequality W( ) >2 W( ) is valid for all 4 > k + 1.Then if we construct T2
on the r.v.’s {s,} (see Remark 8) we shall obtain T((2) ) < TV

1,
PROOF OF TH.2.1. We shall use a "backward” induc(tlg)n and prove

that T(3,n) 2 T(1,k) UT(H_1 n) for all k > 0.
Let k = n — 1. Then this inequality is trivial.
Let ko < n—12nd T(1,n) 2 Ta,k0) UTQy 41,m) = Tigny for all IF disciplines

T. Under Lemma 2.2, there exists a discipline T(? such that T((l2 ),;o) =
T((ll)ko( ;) UT; (:;nd T((ll) )2 T((f) ) I)iy induction assumption,
2 2
T’(l n) = 2 T(l ko) U (ko+1, ‘n) (l ko—1) UZ‘(ko,n)

.7



Note that this partial ordering has the distributive property. Therefore
the proof is completed. COMMENTS on the COROLLARIES. Corollary 3

. follows from Theorem 2.1 under the condition (i) of Lemma 3.1. Corollary
4 follows from Corollary 3 because 1/ 3% (% — s; — ;) = EW a.e.

PROOF OF TH.2.2, For sake of simplicity, we shall establish the proofin the
casem =2,n =3, W) = (w“,ww) = const,w 2 2 w11, = const, 1'2 =
const and Ty = 2 a.e. Firstly, observe that the inequality Taz 2T U T =
T(1 7) is trivial. Then notice that T; = 2,T, = 1 a.e.. Consider the vectors

Wy = ((wy = m)*, (w12 + 81 — m)*); (3.9)
W:; = ((wl'l - T1)+ + 89 — T2)+,(w1'2 + 81 —"Nn — T2)+). (3.10)
If w13 — 11 2 a then

P(min maxw i > a) = P(maxwy; > a) > P(maxwd; > a) (3.11)
1=2,3 =1, =12 1=1,2 '

under Th.2,1.
If wy~n<a then

P(min maxw i2a)=Pwag+s~1 2 a, max w;"- > a) %3.12)
P(,IQ% w;’,- 2a)-P((wig—m)t+s22a+m,wis+8 -7 <a) X3.13)
P({g.’iué wg,,- 2a)-P((wyg-n)*2a+m- $2, w12~ 7T < a—8) X3.14)
P('n=1:11'>2cwg',~ 2a)-P((wz-n)t2a+m-sw1—n<a- 81) %3.15)

P( min max w 2 a)3.16)
7=2,31=1

Remark 11. We are sure that the reader can reconstruct the full proof
from thjs ideas and from the proof of Th.2.1.
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