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ON THE APPROXIMATION OF GENERAL SHELL PROBLEMS
BY THE CLOUGH-JOHNSON FLAT PLATE ELEMENTS

PART 3 : THE IMPLEMENTATION

Michel BERNADOUY) - yves pucaTeL (%

Summary : In this series of reports, we give an account of some résults-
obtained in the approximation of general shell problems by the CLOUGH-
JOHNSON flat plate elements. The first part is concerned by the study
of the compatibility equations. In the second part, we deliver several

interesting results valid for general shells and we prove the '

‘pseudo-
convergence” of the method for a class of shallow shells. Then, this
careful study'allows us to introduce a perturbation oflthis approximétion
and thus, to propose a new method which is convergent for general shells.
Finally, in the third part, we describe in details how to implement the

CLOUGH-JOHNSON method.

SUR L'APPROXIMATION DE PROBLEMES GENERAUX DE COQUES
PAR DES METHODES D'ELEMENTS FINIS PLATS DE CLOUGH ET JOHNSON

PARTIE 3 : IMPLEMENTATION

Résumé : Dans cette série de rapports, nous rassemblons les divers
résultats obtenus dans 1'approximation de problémes généraux de coques

par les &léments finis plats (de plaques) de CLOUGH et JOHNSON. La

premiére partie est relative 3 1'étude des &quations de compatibilité.

Dans la seconde partie, nous donnons plusieurs résultats intéressants
valables pour des coques générales, puis nous démontrons la pseudo-
convergence de la méthode pour une classe de coques peu profondes. Cette
&tude détaillée nous permet alors d'introduire une perturbation de cette
approximation et ainsi, de proposer une nouvelle méthode qui converge pour
des coques générales. Finalement, dans la troisiéme partie, nous détaillons

la marche i suivre pour implémenter la m&thode de CLOUGH et JOHNSON.
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HOW TO READ THE PAPER

All the paper is divided in three parts. In the first one the
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we can summarize these possibilities in the following "flow shart" :
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7 — IMPLEMENTATION OF THE REDUCED HSIEH-CLOUGH-TOCHER TRIANGLE

Orientation : In this paragraph we record the main features of the imple-
mentation of the triangle of type 1 and of the reduced HCT triangle. For
more details we refer to BERNADOU-BOISSERIE [2] and BERNADOU-HASSAN [20].

7.1 - Definition of the reduced HCT triangle

Let K be a triangle with vertices Zl’ 22, 23. and barycenter I,

Let Ki be the triangles with vertices I, Zi+l’ Zi-l , i=1,2,3. Here

and subsequently the indices belong to {1,2,3} modulo 3.

Then, the definition of the reduced HCT triangle (K,PK,ZK) is
condensed in Fig. 7.1.1. Let us record that PK and ZK denote the

discrete spaceland the set of degrees of freedom, respectively.

1 .
PK={P€(6(K);ri=p|KieP3(Ki) , l<is<3,

d, P € P;(K') pour chaque c6té K' de K}

dim PK =9

I = (o)D) (B =I),Dp(Z) (5, L) , 1 <is3}

Figure 7.1.1 : The reduced HCT-triangle




-

7.2 - Barycentric coordinates — Cartesian coordinates

" Let there be given an orthonormal fixed reference system of the

plane ZRZ, (o,Zl,Zz). The coordinates of the point P are denoted

&), ie.,

0P = Elzl + gZZZ .
Let K be a triangle with vertices I (El 52) z (51 EZ) z (El 52)
: g 135105172 2235205270 233532537

— — -+
We assume I,I, x I,Z, #0. A | -\

“Then, the cartesian coordinates (EI,EZ) of the point P are

linked to the barycentric coordinates (AI,AZ,A3) by the relations

1, Ll 1 1
e I L I
(7.2.1)
2 .2 2 2
§7 = MEY * A8y * A8y -

Let us record that

1 = Al + AZ + A3 . ' : (7.2.2)
Conversely,
. (E'-E0) (€3-€3) + (E)-E5) (=€)

1" A

11y .2 ;2 1_.1 .2 ;2
(£ -E) (E5-E)) + (§,-83) (§7-&3)
A = 3' 31 - 1 >3 3 , (7.2.3)

@&'-ey €2k + @)t *-eh
3 A

where



A= £ (E5-E5) + E3(E2-ED) + EE-ED)

(€)-E3) (E2-E) + (E)-E1) (£3-ED) (7.2.4)

- -
(L123 X ZZLS) . (elxez) #0 .

7.3 - Eccentricity parameters

In order to define conveniently the orthogonal direction to the
side I,
i-1

i=1,2,3, i.e.

zi+l’ we introduce the eccentricity parameters n; eR ,

2 2
c.b. R, _)7=(L.,,)
-1 +] .
n = 2yms— = — 5 , i=1,2,3 . (7.3.1)
i-17i+1 L,
i

By bi’ sy li, we respectively denote the midside of zi_lzi+l, the
orthogonal projection of the point Zi on the side Zi+lzi+2 and the

length of the side Zi—lzi+l’

HCH

7.4 - Local and global degrees of freedom

In the definition of the degrees of freedom of the reduced HCT-
triangle we have only used the geometry of the triangle. These degrees
of freedom are called Zocal. To assemble the contributions of each
element, it 1is convenient to replace the direction of the sides of tHe

-

. . . 3 . +
triangle by the fixed directionsgiven by the vectors e €55 and next, to

normalize.

Thus, to'the,three local degrees of freedom attached to the vertex

Zi’ i.e.,

N~

v > (), Dv(E) (2 1-1,),Dv(E,) (2, -L,) (7.4.1

we associate the three global degrees of freedom



v vz, vE)?; = 2y, vE):, = 25a)). (7.4.2)
€ 3> 8

We obtain the relations

. 1 1 2 2
= (7.4.3)
Dv(Z-l) (Zi+l_zi) g]}_+l-€§. E]?.+l--€§ -a_g-—(z )

Let us set

v ov ov
[DLGL, (v)] = [v(Z )V(Z Wi(Z.,,) (Z ) (Z ) (z ) ¥ (.. ))
i +1 i+2 agl ag2 agl i+l 352 i+l .
(7.4.%4)
3¢ (21+2)3€2(21+2)]
[DLLCi(v)]= Ev(zi)v(zﬁd)V(zi+2)DV(Zi)(Zi+2_zi)Dv(zi)(zi+l_zi)
Dv(Z l)(Z Z l)Dv(Z ])(21+2 1+l) (7.4.5)
Dv(Z:'L+2)(zi+l l+2)Dv(21+2)(Z Zi+2)]
1 1 1 1
8i-178  GiTh _
[d;15,, = , i=1,2,3 . (7.4.6)
2 2 2 2
£i-1754 Eie1784
Then, we obtain
[DLLCi(v)](l’g) = [DLGL.l(v)]l’9 [Di](g,g) (7.4.7)
with
1
1
1 -0
d s
[Di] = 0] di+1 (7:4.8)
di+2
_ _

ot



7.5 - Basis functions

In BERNADOU-HASSAN [20], we have shown that the basis functions
(shape functions) for the general reduced HCT-triangle are given by the
figure 7.5.1 and are associated to the following interpolating function

TR,V of a (sufficiently smooth) function v on the subtriangle K. »
i
i=1,2,3 .

0

0 0
&, VT VEDT 5 P VE DT e Y VELT e

1

*Dv(z )@ i,1,i+1

1
142729075 4540 Y DV @ mT )T

(7.5.1
1
+ Dv(zi+l)(2.

*DV(Z;, ) (&L 14272341075 141,142

)rl .
i+l771i,1i+1,1

1

- ) I
FOV(Ep) i) Ty e i Y V() (B4, 0T,

i,i+2,i/ -

Figure 7.5.1 can be condensed as follows :

CR:Joxy = (8509410 [A3)10xg (7.5.2)

7.6 - Interpolation of a function v and partial derivatives of the

interpolating function

Let m, v be the interpolating function of a function v on the

K.
1

subtriangle Ki' The relations (7.4.5) (7.5.1) reveal that:

Mg, V= [DLLC; (V)10 [Ri1g.; (7.6.1)
1 7.
or equivalently, using relations (7.4.7) and (7.5.2)

m.. v = [DLGL.(v)].
l\i 1 T1X
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Then, the derivatives of the interpolating function Ty Vv are
i

given by the expressions

oA,

i
3a'nKiv = [DLGLi(V)] [Dij [Ai]‘[aaAi] s [aa/\i] =[‘a§3 s
(7.6.3)
aZAi
aanK.v = [DLGLi(V)] [Di] [Ai] [aaBAi] s [aaBAiJ D—TE—_EJ .
i 4 3£ a9k
The column matrices [alAi] and [azAi] are defined from the
9A,
matrices [sxl], j=1,2,3 (cf. tableau 7.6.1) as follows
)
A 2 .2 aAi
(7.6.4)
A A
3 A
By analogy, we obtain [3J BAl]'-[ B] as
BE o9&
2 2
3°A. A. \
1 2 .22 i 2 .2.2
[0, ,A.] = — {(ES~£5)“T 1+ (E5~ED)L ]
1171 2 2 73 (8%1)2 3”1 (BA )
2 2
+ 2_ 2,2 ] + 2 [ A ]
(El 52) (52 E )(53 E ) BA BA
( 3)
3 A 3 A (7.6.5)
+ 2(§3 E )(E € )[BA 8A ] + Z(EI'E )(52 € ) [BA BA ==5—]1}
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1 2 .2 1 .1 BZAi 2 .2 1 .1 82Ai
[3,,A.] = <5 {(E,-E)EEIN—] + (E-EN(E €D [ ]
1271 AZ 2 °3 372 (axl)z 371 1 °3 (BAZ)Z
2
37A,
+ (€362) (EyE)) - ;21
3
2 .2 1 .1 2 ,2 1 -1 82Ai
* (63763 €16y + (€561 (E576)) Ty
(7.6.5)
2,2 1 .1 2 .2 I .1 aZAi >
+ ((€3—gl)(€2_gl) + (51_52)(g1_53)) [sx;gx;]
2 .2 1 .1 2 .2 1 .1 aZAi
+ ((51—82)(£3_£2) + (52'53)(52'51)) [5X§§x;]}
2 2
9°A. o A, .
1 1 1.2 i 1 ,1,2 i
[9,,A.1 == {(€-€)" L 1+ (&€ L ]
2271 A2 3 72 (aAl)Z 173 (BAZ)Z
2 2
. o"A . 9 A
1 1,2 i 1 .1 1 .1 i
+ (E,-€)7 L 1+ 2(8,-8,) (§,-8,) [
2 7l (3A3)2 3 22 173 aklakz
2 2
3°A o A,
1 .1 1 .1 i 1 .1 1 .1 i
+ 2(€1-€3)(£2-g1) [axgsxgj + 2(€2-€1)(€3-£2) [gxgbxl]}
| /

7.7 - Implementation of the triangle of type (1) (i.e., Pl-Lagrange)

Let GK v be the interpolating function of a function v on the

triangle K, using the triangle of type (1) associated to Pl—Lagrange

interpolation. Similarly to (7.6.2) (7.6.3), we obtain

&K v = [41g1(v)]1x3 [A]3xl (7.7.1)

where
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lalgl ],y = V() w(T)  v(Ey]

YAl . =[x

1x3 1

Similarly to (7.6.4), we obtain

t 1.2 2 2 .2 2 2
[3,)A) = 7 (&85 &5-8]  §&)-&; ]
t 111 11 11

(3,01 = 5 [&3-8,  £1-83  £,-€(]

(7.7

(7.7

(7.7.

(7.7

.2)

.3)

4)

.5)

&~

iLn
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8 - IMPLEMENTATION OF THE FACET STIFFNESS AND SECOND MEMBER MATRICES

8.1 - Implementation of the facet stiffness matrix

For clarity, we begin to describe the implementation of the facet

stiffness matrix directly derived from the expression (4.3.3) :

~ 2 2 E 0 2 \oB om0 2 aB 2
a L (U ,v) = fK T:ff {(l-v)Y%B(uh)YEa(vh)+vYﬁa(uh)YEB(vh) N
(8.1.1)
2 T B T 2 a8 2 1,,2 5
+ S [0y (G )Bh, ) +VB, G )Prg () 1A dgag™) %

For the time being we leave aside the problem of compatibility
-
relations and the only work on the facet K. Since the functions ﬁh and
> =z
Vh belong to the space Xh - see (4.2.1) (4.2.3) (4.2.4) - the relations

3
" (7.6.2) (7.7.1) reveal that on the triangle K = ,Ul Ki we have
. i=

Yha T [dlgl(uhu)]IXB I:>‘]3><1 (8.1.2)

T 4 X, = [DLGL; (G} 3) )9 [D;1gyq [A;3gx10 (A ox 8.1.3)

Moreover from (8.1.2) (7.7.4) (7.7.5) on the one hand and from

(8.1.3) (7.6.3) on the other hand, we derive

“ha,B ~ [dlgl(uha)JIXB EBBA] ' (8.1.4)
)

Up3.0 R, = [DLGLi(uhB)]lxg'[Di]9x9 LAiJQXlO [aaAi:IIOXl (8.1.5)

~ - . )

“h3,a6|Ki [DLGL; (4 3) 31 g ED51gug LA; g0 [9,8R51 0x (8.1.6)

Expression of ?%B(ﬁh)

From (4.1.4) (4.2.11) we obtain



or

where

with

- 14 -

[

?hB(Gh)

~0 7 o~
YngUh) = Mg Uppo

o _ ra. la L1 oA | 1 _ad . .20
MhB = [O,ah 681 ;7 Ay AAB ;3 0 7 8y AAB 3 ay 682]
AAB =0 1f A = B ’ AAB =1 if A # B,

Uy, = [E, G i i, i, )
hi2 = “%nl Ym1,1 Yn1,2 “m2 Yn2,1 Ym2,2

Let us set

>

[DE12(@, )], = [dlgl(d, ,)3dlgl(F, 1) 1) 6

Then, using relations (8.1.2) and (8.1.4) we can write

ty 2
Uy p = [D612(4, )], [LAMBDI2] .
A 9A P : o
(LAMBDI2] = |—— ———— =
o IA 9, A 3,

=

N A
vg (5.) = > triameni21 Yroarac

) o 7 .
g(ty) = Mo )1 .

h

(8.

(8

(8.

(8.

(8.

(8.

(8.

(8.

1.7)

.1.8)

1.9)

1.10)

1.11)

1:12)

1.13)

.1.14)

1.15)
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o 2
Expression of 5h8(uh) :

From (4.1.4) (4.2.12) we obtain

p (u ) = aaxﬁ = aa%G
ng‘Yn h Pher = 2h Vh3, A8

or, equivalently

~0 2 _ g0
Png(uy) = Bpg Ups
where

_ la aA
=[0 0 O ah 81 ay XB

BhB

t~
Un3

~

= [uh3 u
Let us set

[DA; 10 = [Pilgxg t4id9x10

9x10

[LAMBD3 ] [A 9, A. 3,A

10X6 11 7274

3h °p2

h3,! Yn3,2 “n3,11

2u6

Yh3,12

9,/

1171

Then, the relation (8.1.19) becomes

= [DLGLi(ﬁ [DA ]

t~
UhBIKi n3’d1x9

so that

phB(uh)|K = B

9x10

[LAMBDB ] [DAi]

]

[LAMBD3 ]

t[DLGLi(ﬁ

1.

99904

(8.1.16)

(8.1.fi)

(8.1.18)

{8.1.19)

(8.1.20)

(8.1.21)
&

(8.1.22)
(7.

(8.1.23)
i3

20

O
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Expression of the facet stiffness matrix

Combining the relation (8.1.1) with the expressions(8.1.15) and
(8.1.23), we obtain

i &,% 3 . t 1,,2.¢t >
5 @57, = [DGlZ(uh)](jK [LAMBDI2](M, 1 “[LAMBDI2]dE d£°) “[DGI2(¥,)]

3

+ I ([DLGL, (&, ;) DA {/ [LAMBD3i][Bh]t[LAMBD3i]d£1d£2} (8.1.24)
i=1 K.
1
“[DA;] “[DLGL, (¥, 1) D)
where
Ee /a,
- h - to B t.o B
™ Jexe = 2 (a=-vy "M My +v M Mgt (8.1.25)
5’ /2 ta B . tea B
(B lexs = I;z::;j; {(1-v) BhB BtV Bha BhB} . : (8.1.26)

At the beginning ofthis section we have mentionned that we have
considered the element stiffness matrix associated to the expression
(4.3.3). 1In fact, we consider practically the expression (4.3.14) taking
into account the effect of numerical integration. With obvious notations,
the relations (4.3.14) and (8.1.24) reveal that

* T 2
3pg (V) =
L

->
[DG12 (ﬁh)J( b

t 2
[DGlZ(vh)]
21=l

t
wzl’K([LAMBDl2][Mh] [LAMBDJZJ)(bll,K)

3 : Ly
+ I ([DLGL; (¥, ,)I(DAI{ =
2

(CLAMBD3, I[B, ] t[LAMBD3.1]) (8.1.27)
i=1 =1
, 2

w
Lpo¥y

t t ~
(b, o )}(DA;] “[DLGL, ¥, 5) 7).

Ly sKy
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According to (6.1.1) and (6.1.2), we can use following numerical
integration schemes in order to compute respectively first and second

terms of the above relation.

SCHEME 8.1.1 : integration of extension terms; exact for Pb.

J £()dx ~ £(6)meas(K) , (8.1.28)
K
SCHEME 8.1.2 : integration of flexion terms; exact for P,.

This scheme has to be used on every subtriangle Ki of triangle K.

[ £G0dx ~ g{£(A)+£(B)+E(C) meas (K,)  (8.1.29)

K.
1

8.2 - Implementation of the facet second member matrix

Similarly to section 8.1, we introduce the following expressions
*

ghK and fhK respectively associated to the relations (4.3.4) and
(4.3.15), i.e., ' y
~ 7 > 2 1,,.2
£ Vp) = jK p v, va dg dg” , (8.2.1)
L
£ & z (3.3% %, /a,
nk V) = wy g (AP-ayl vy va)(by )
Ql=l 1 1
L (8.2.2)
3 2 > =+ 3
*LLowy g (Upeag) Gia /A0y L) )
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Setting
% =va 5 0 0 3> 0 o] (8.2.3)
hl2 h ‘P Pp -2.
G .=va (52 0 0 0 0 0] | (8.2.4)
h3 h h 2.
with
B =P - 2 > (8.2.5)
we derive from (8.1.11) (8.1.19)
¥Ry t > ty 3 1.2
E @) = [ Py Vpgp * Pyg Vpg)dEde” . (8.2.6)

.K

Then, the relations (8.1.13) (8.1.22) give

. - >
EL () =1 fK Py, CCrLawpi2lag'ag’} ‘[pe12(5,)]

(8.2.7)
+ g {((f % trramep3, Jag'ag?) troa. 1%roLOL, B, )1}
o) ' b3 i i i‘Vh3’d s
= i
Finally, we immediately obtain
L
£ @) = { zl (3. . ‘rLamBDI2]) (b, )} t[DGI2(,)]
O T8 A S 2K Vh
1
L (8.2.8)
+ g {« 22 © (*B,_ . “rLaMBp3, (b ))) DA, 1 t[pLoL, (¥, ) 1}
. 2.,K,  "h3 i7'P x, i i'Vh3
i=l g,m1 2N 2%

As numerical integration schemes, we can use (8.1.28) and (8.1.29)
in order to compute respectively the first and the second terms of

second member of the above relation.
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8.3 - Implementation of the compatibility relations

The relations (8.1.27) and (8.2.8) permit to compute the stiffness and
second member matrices facet by facet. To derive the corresponding
global stiffness and second member matrices, we have to assemble. A
convenient way consists in
(1) u51ng the compat1b111ty relations to obtain the expressions of
Gh
(ii) assembling the facet contributions so that the global matrices

(resp. vh) as functions of uh (resp. h),
are referred to the unknowns Gh.

In this section we consider the point (i). The second point (ii)

will be theobject.of next paragraph.

Let us set for any triangle K e(%;h and for any Eh € ih

DEGET =Tuy (B wyy (Bp) uy () up, () w5 vy (2y)

up3(Zp) upa(Z)) wpa (@) upg (2D upg () (8.3.1)

Upg, 1 (Bp) up3 9 (Zp) ups (B3 upg 5(Z3)] .

> >
Similarly, for any ﬁh € X, we set

[DG(Eh)] [DGIZ(u DLGL (u (8.3.2).

n h3)]

- -
where the matrices [DGlZ(ﬁh)] and [DLGL(Gh3)] = [DLGLl(ﬁh3)]
are defined by (8.1.12) and (7.4.4), respectively. Then, using compatibi-

lity relations we want to determine the matrix [TILD]15><15 so that, for

> = :
-any functions u, € X and Kh € ih in correspondence through the

" bijection Fy defined by theorem 4.2.1, we have :

> >
[DG(ﬁh)]lxls = [DG(uh)]lxls [TILD]lel5 . (8.3.3)
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From (4.2.21) (4.2.23), we obtain
> - - .
uh(zj) = uh(zj) "- J=1,2,3"

Observing that on the triangle K, we have

3@ =8 @A (8.3.4

uh( j) = U, ; a, , | | (8.3. )

&,ep - uhk(zj)ia*k(zj) .oeL2,3, (8:3.5)
we get

~ _ .k ' .

Uhl(Zj) = dhi(zj)uhk(zj) ’ j=1,2,3, (8.3.6)

where, for any point M ¢ K

k _ >k > ‘
dhi(M) =a (M) . a - (8.3.7)
Let us record that, due to the definition of the mapping
$£ K € (PI(K))3’ the basis vectors 3; and Zhi are constants on all the
triangle K.
Now, let us determine Gh3 a(zi) as functions of the elements of
[DG(Kh)]. firstly we observe that Gha € ihl and the relations (7.7.1)
(7.7.4) (7.7.5) imply that the functions Ghu g are constant on all
the triangle K and equal to
a = u . . .8
uha,B [dlgl(uha)] EBBA] (8.3.8)

Hence the relation (4.2.24) give the expression of the function
Gﬁ which is also a constant triangle by triangle, i.e., on the triangle K :
& = —— (lalgicd, ) [
h 9 VEE h2

”~~
[o 3]
W
\
v

AT - Tdlgl(@, )] [3,AD)
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Secondly, the compatibility relations (4.2.25) involve

S VUG W (S | -
wh(Zj)ahB . a (Zj) =B (Zj) Wy 8,3 ¢+ 3 (Zj) s j=1,2,3 ,
or equivalently, by using (8.3.7)

A ~ oA ) ~3 .
th(Zj) mh(zj) = B (Zj) dh3(2j)wh s j=1,2,3 . (8.3.10)

Let us denote

[y

A A A ~3 ~
c (Zj) B (Zj) - dh3(2j) wp (8.3.11)

1 2 2 1 ;
dh(Zj) dhl(Zj) dhz(Zj) - dhl(Zj) dhz(Zj) ) (8.3.12)

_From section 4.2 we have dh(Ej) # 0. Then, the relations (8.3.10)
to (8.3.12) imply

~A _ 1 AV o B o
wh(zj) -'dh(z y € ey © (Zj)-dhv(zj) s 3=1,2,3 .

Finally, from (4.2.26), we derive (compare with relation just before (5.2.45))

8. (L) = 2 e, oMz dB .y i=1,2,3 | (8.3.13)
h3,0 j dh(zj) 2B j ha j s J=1,2, . 3.
’ o
From (8.3.6) (8.3.9), we have
3 > 3
W = [DG(uh)]lxlS [T ]15><l (8.3.14)
2 /3;
1)
with
5 D1 Pn2 —9,
[T"] = (8.3.15
15x1 o 0 3, )

3)
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and
[ 4 (£.) 0 o ]
hi'%)
1
0 dpi (2) 0
1
0 4, (2,
dﬁi(zl) 0 0
[(D,.1. .= (8.3.16)
hi 9x3 2
0 di. (5,) 0
2
0 0 a2, (%)
3
4. (@) 0 0
3
0 4. (5,) 0
3
i 0 0 dhi(z3)d
From (4.2.22) we have
BM(Z.) = (DGR )] (M (8.3.17)
f h?“1x15 CT3715x] +3-
with
1 2
- b b
“11),y5 = P02 0 0 BE) 0 00 00
’ Va va
(8.3.18)
s 8
18 28 5 0 0 01 >
/a(Zl) /a(Zl)
1 2
b b
t-. A AB B B8
[T =0 £z) 0 0 £@) o0 o0 0
271x15 2 =2
(8.3.19)
S1g S8

~
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R 2

b b .
trA AB B B
(t* 1. o =ero 0 By 0o 0 -BEy) o0 0 0
33115 =3 =3
(8.3.20)
8 8
00 0 o —1B 284,
vazz:;s VaZZ3s

Then, combining (8.3.6) (8.3.11) (8.3.13) (8.3.14) (8.3.16) we obtain

g >
Dhy | Dy | Dy3 ,
[TILD]15x15= R_l.l Ry | Ry2 [ Roz | Ry | Rog (8.3.22)
0 0 0
B
d° (Z.)
_ _ho'"j A _1 A 3 ,
[Rys315x1 "'Tﬂ:GET'eAB {/ay (7)) 553 dp3(E5) [T ]15x1} . (8.3.23)
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9 - DERIVATION OF THE GLOBAL STIFFNESS AND SECOND MEMBER MATRICES

9.1 -.Derivation of the global stiffness matrix

Using the compatibility relations obtained triangle by triangle

through the relations (8.3.21), we substitute the global unknowns

-
[DG(ﬁh)] to the facet unknowns [DG(ﬁh)].

For convenience, we set

Ig
[Ty2d sxe = | ’
| O9x6
_
, 06x9
SEU T
—19

Then the relations (7.4.4) (8.1.12) (8.3.1)

(9.1.1)

(9.1.2)

(8.3.2) (8.3.21) reveal

that
> -
[P612{Up) Tyyg = [P T}y 5 [TILDD gy (3150 5
(9.1.3)
~ ->
[DLGL (G 3) 1), 9 = [DG(Up) 1)y [TILDD g y5 (93050
Observe from (7.4.4) and (8.3.2) that
[DL(;Li(vh)]:[DLGL(?zh)][Kijg)<9 (9.1.4)
with
Kiin O 811 Sp5 O34
K.] = _
[K; ] o IRyndsag = 8,5 S35 8
| o K.
22
t J [531 %11 621J

and
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§j3 0 8y O 85 O
0 611 0 621 0 631
K1 . 63 0 835 0 6, O
i2296x6 =
0 8y 0 & 0§y
633 0 &3 0 6y O
0 83 0 §; 0 &,
so that
)
~ _ > .
[DLGL (§,3) ]} g = [D6@,) 1), )5 [TILDI o 1 [Kayd oo (9.1.5)
with
. 0 .
_ _6x9
[K3i315x9 = K . (9.146)

From (4.3.16) and (8.1.27), we finally obtain

> > >
By (Upsvp) = L [[Dc(uh)JIXIS [TILD])5y15
ke
oh
L
t
{09, sxe (22;1 oy ([LAMBDI2], o [M 1¢ . “[LAMBD121)
11 :
®, ) a3
2, .K 12
3 L, Y (9.1.7)
* I ([Kg]y509 (DA dg 0 1 L wy y ((LAMBD3 1,5
1=1 12—1 271
[B.1. . “CLAMBD3,J) (b )} Troa.1 Sk, )
hl6x6 17 (g x, i 3i
trTILD] t[DG(?h)J]
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Thus, assembling the contributions of every triangle K ¢ qﬁ;

we get the global stiffness matrix.

9.2 - Derivation of the global second member

Similarly to section 9.1, the relations (4.3.17) and (8.2.8)

reveal that
- Ll
s - B [coz
Koy, 2=

tx t . t
: NQJ’K ( P [LAMBDIZ])(bzl,K)} [le]

L
3 2 ~
t3 | t t
+ E { E_ Wy k. ("P, 5 "[LAMBD3]) (b, ’K.)} (DA, ] [K3i]}) (9.2.1)
i=1 22—1 2°71 2"

t t > 1
[TILD] [DG(vh)J .

By assembling the contributions of every triangle K €<%;h we get

the global second member matrix.
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