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ON A FEYNMAN-KAC TYPE RESULT

ABSTRACT

: In this ‘paper we consider a class of second order elliptic systems which
has the fomm c : ‘

9*u ) ‘
i,j I oaaxs b i 8

- Where alicj, bli(, ckz, fk are given data and 0 is an open bounded subset of ]RN.

For the Dirichlet condition we give an existence and uniqueness result. Also
we obtain a Feynman-Kac type representation of the solution which appears as
a generalization of the one, known for the scalar case.

KEY WORDS

Elliptic - Feynman-Kac representation.

RESUME

Dans ce papier on consideére une classe de systémes elliptiques du second ordre

ayant la forme : 324
K k k% ke
= I8y g Dby I C oy = dans 0
i,j 1) XXy i i o2
oil 311.( 3’ bl;, ck’q',. fk sont des données, @ est un ouvert borné de ]RN Pour le

probléme de Dirichlet on obtient un résultat d'existence et d'unicité. Aussi
- -nous obtenons un résultat de type Feynman-Kac pour la solution généralisant la
. représentation comme dans le cas scalaire.

MOTS-CLES

Ellitpique - Représentation du type Feynman-Kac.



ON A FEVNMAN-KAC. TYPE RESULT .-
FOR COUPLED ELLIPTIC SYSTEMS - I

Omar Bennouna

INTRODUCT ION

e

Consider the following system of second order elliptic equations :

k azuk Lk du kL
- i T Libig t e u =1 in 0
i,j %%y i i 8 -
(*)
U 30" 0 , 1 <k sM
k k k& . R ..
where aij’ bi’ c T, fk are given data and - 0 is an open bounded

subset of ]RN.

We give in this note a function space representation for u = (ul,...,uM)
in terms of f using random evolution method. This representation reduces

to the Feynman-Kac formula in the case of one elliptic equation.

Let us give a class of fully coupled systems of elliptic equations

which can be reduced to the form (x)

- 3%, du :
24,5 My e i i

(*xx)

Belao = 0 -

We assume that the coefficients b.”, ak? are constants and



i) the ellipticity condition : there exists a similarity transformation

Q such that

-1 - P
Q Aij Q Aij ¥i,j]

A.. are real diagonal matrices and

1]
) Ag. £.£. 2 a |§|2 , >0, ¥k, ¥EeRY
RS B A | .
1,)] :
with
k . s
6k2 = |1 if k=g
0 otherwise .
ii) Q! B, Q=W ¥i

Hi are real diagonale matrices.

Then problem (***) can be transformed to

3%y Bv
k k k k k?
- I As. Ihy —+3d =g
i, ij axiax 1 axl ) L k
Vifoo = ©
Vl -1 ul
where V = E =Q U , U=
‘ VM UM

p= @ =qlcq , c=(*Y

k -1
Hy = (h6,) » g=Q f.



OQur result can be applied directly to this last problem.

The assumption (i) can be satisfied if Bi’ Aij are commuting
matrices. We remark that when Bi are diagonale matrices, then we

can take them as functions of x.

Using the ckz coefficients we construct a Markov chain whose
evelution is governed by a gatrix depending on the state of the
diffusion. Then we obtain a representation result for the solution
of (*) using a process which is defined through the solution of a

martingale problem.

As an application, we treat in [1] the game problem associated

to the nonlinear partial differential .equation :

kL 32u

. kL du |, k& _ k& y
inf sup (- a,; s=—a—+L b, =—+¢c u=-£f")=0 in 0
kK 2 i,i ij axiaxj i 1 axi

(xx)
.ulaO-O

émoung others.

The paper is organized as follows : section I is devoted to the
study of the martingale probiem. Section II is concerned with the
representation result of the solution of (*). Section III'concains
‘results on the existence and uniqueness questions for (+) using the accre-

tive operators method.

The probabilistic part. is based on the well known result of

D.W,. Stroock [3] concerning:the martingale problem for Levy generators.



I. THE MARTINGALE PROBLEM

I.1. Assumptions and notations

Let 0 be an open bounded subset of 'RN, and é‘= {1,2,...,M}
endowed with the discrete topology.

We consider functions such that :
k k&

(1) b, e L7@Y) afj ewIT®Y) L, 1<, s ke e,

We also assume the ellipticity condition :

(2) z ali(j gigj 2 Yl€|2 , V¥kee, VEeR, withy > 0 .
i,j

We define the family of second order differential operators

) .
3) Lz = - i?j aij(x,z)(a laxiaxj) + I bi(x,z)(alaxi)

(it is clear that ¢(x,z) = ¢2(x) for z = 2). We denbfé.'

@) K2 = I s, v b, € DR

2#2

I1.2. The martingale problem

Let
Q = C(L0;)RY) x D([0;=);¢)
where C([O,W)ﬂRN) is the space of continuous functions on [0,)

into RN and D([0,o);e) is the space of right continuous functions on

(0,©) into € having left limits.



Given w e @, let ?(y(t:w)wz(t;gfj;‘ﬂbﬁotes;the position of w
-at time t. o S BE o L
, or 0ssstiueser FUWBGR)aMies s o) and
Fs wog(u F:). ’
tzs

We assume for instance that

) <o for k44,

We have :

A probability measure Px on (Q,F®) is a solution of the

’k’s
martingale problem for the operator L +K starting from (x,k,s) if

- 46) Pk, (), 2()ml) = 1
(M ¥4, e DB ;2 e
ot ‘ : ”
Xg ()0, () (0 4 £ AU (M%(A)_(g(x)) + Ko (y(1),2(\)) 3d)

is a Px’k’s-martxngale

where
' "N 9 o
(8) X, () = exp(- Z [ M0 .
= 8 .

We have clearly that xs(e) is the solution of the stochastic infégral
equation
M

E',CZ(A)QQY(X))]dA , Oz s

9
9) X8 =1+ [ X Q) [~
8 =} . . REERE N

a;sq Px,k.s .

We have :



. Theorem 1.1: Under assumptions (1), (2), (5), there‘exists a solution

P to the martingale problem (6), (7).
x,k,s

To prove this theorem e fo}low technics of [3]. Let
% -ax 0,V
@ --(w;po,...,pn,,..)
YD = yew) 206D = 206w
gnd Tn(a) =p, » n2 0.

" Let us denote

Ft’n = B(y(\),7.; 8sXst, 0<r<n)

For x,k,s fixed, we know that there exists a unique solution Qx K.s
?

of the martiﬁgale problem for the operator L, (see [2]).

P

Next let

(10) e o g gk

qkk -z ckr

r¥k

¥k,

Then we consider

an ~k& _qkllqkk

q y ¥k, :kiy¥ L,

For w,t fixed, we define a probability measure on (Q,Ft) by



| . ICRY
4D g oy E Qg T )

thus

Q .(Tnd) = %@ I Q (A)~Z(t)2’(y(t))
st Xr gfz(t ) y(t),2,¢ o

N

for T e o( v F;). and A € Ft .
ss)\<t h

Now, for @,n f1xed we define the probab1lity measure on
(?5.? ) given by ‘

® re. B8 -

. . . ° ~n -
. le)‘ QG = Q T, (@)

5" %, @ ® Sy @)

:‘}{?h&'a probability measure on (5’3(15))' such that
(9 woacee) =exp [ xS Migenae 21,
’ LATn"l ((.0) R.*ZO\)

‘Next, we define by induction a family of probabilifjjhgébugé

: ?:rislﬂon (ﬁ,Fg), EUCh;thaF

-+ 13) P,k,s = & k,s @85 -

on (3,759 by

. n M
Aﬂanyi%g' Px’k g0 Ve flrstly define - ?x s © Fe) B

N : ~n ‘ = . ’~
(16) - szkss Px:k:s ® unfl,‘w

éhus we have
- . |
x k s(rnA) x’k,s[xr(;)uﬂ"‘l w(A)]

for T ¢ F_and Ace B(Tn+l) .

For T ¢ F:+l‘ we set



~n

xks ~n+l(v)] .

(17) Py -k %

x,k,s

We shall prove several lemma concerming the famlly P
We follow [3].

Qk’

&_é_gx_x_:g__l_ul Let T € F s 8¢ él < 8,3 we have

l
as g (7(s,)) 1= (y(s,)) TR
wz(sz) yisy X1"X'1-n>s2 ¢z(sl) yis -XI‘xTn>Sl

p" %2 ' co 2\
- E
: ¢2(Y()\)))d>\]
" 52 z(\)z (1) ‘
PEDe ST % a9 (YAIB, 4y YA)IANT
: : ’ 1 . n ) i
Yo, c DR, Ree, ¥nzl.
Proof : First we have for n = |
‘ pl | 'i"' Q
(19) E [¢z(32) (y(sz))XFle>32] = [¢z(s )(y(sz))XFXT >32]
and
o 5(; | Qe
(20) ' [¢z(s )(Y(sz))XFXT >52] = XT1>SZ E {Xr¢z(82):()"(§2))]
XTI>32XI~ ¢z(82) (Y(fiz))
Hence,

R AES Y



p0 0
- (@2n E XT‘>82xr ‘t_’z(sz) (y\(sz)')f E : X ?7.'(32) (y(sz))

.
2 M2y ))an

exp f _ X
81T, 2#z()
- gk Xr 8 s,y (o) ex Ik M a0)ar

.8 2¥Z(A)
On the other hand we know that - ‘ '

Ty ) t _
(@2 5y (0D expC { z*z(k) GONE + £ 1L, 505 () O
- 1 z‘*"(y<x)>¢z<x)(y<x>)1 exp( {* 1 2 Ohg@ama
Lz (\) B gz (8) |

: - 8 .
is also a ngk,s’ Fc martingale. Thus we have that

, | e
(2 a9 =B %y )(y(s ))exp f " M

(y(A))dxr -
z(s s z¢z(x) '

Q# L s‘ | sé‘;‘ - : ) | z(A)l
E " {x L, 3n®. oy (YA))= E (y(M))e (y(M))1
Pﬁl{ z(A)z(A) 2#2(%) z(\)

exp f g 2O

(y(6))d0)dA }.
E*z\e) : T

and by similar calculations, we get that

1

- P o : o
(24) (23) = E [¢2(81)(y(81)?xrx11>32] -
Pl | 82 . ;’.}
SE O ] Ty Gpontzn OO
1] 1 ' -

qz(x)zcx?(y(x))¢;(x)gygx)))dxj
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which give us (18) for n = 1, since

X
25)  E (rg=8) =1 .

Next, assume that (18) hold for step n, then

. PP }ﬁn §£+l
(26* E [¢z(32)(y(sz))XPXTn+l>82] = E E [¢z(82)(Y(SZ))XPXTD*1>32]

n . 8
- [¢z(82)(y(32))xr exp [ 2 5 o2

(y())dA]
Tn/\_sz 2*2 (A)

p" ) z(A)L
=E [¢ (y(8,))x, exp z c (y(X))da 1+
2(sy) " "2774r {n 2z () X058
Pn .
*E [¢z(52)(y(82))xrx1n>32] =L +1,.

We shall estimate separately these two terms.

£

gl @ ) z2(\)4%
= E ET [¢ (y(s,))X exp I ¢
2(sy) V27 XK1 s, {n 24z (0)

@) o1, (y(A))dA]

Q

§n~l w, T fsz
E X E (¢ (y(s,))xpexp bX
TaS8) 2(s) 7277 ke o0

- cz(A)z

(y(A))dA]

Q
?n-l W Ty 82 z(A)R
) E (¢ (y(s,))xpe z (y(A))da] +
Xr 88y 2(sp) 71727 Xp xR Lh a0 ¢

= E

. Q
Sn-l . w,Tn . 82
+E Xsl<TnSssz E [¢z(82)(y(52))eXP£ E#E(A)
n

CZ(A)Q(Y(A))dA]

We have aiso :

e 5P o . -
(28) I, =E RPN RIS



11

" 52 - .
TE DX <) i{ X Fzontzon TON-
' IR 105}

(YOO 1y (F(A)))dA]
2#2.(1) ()

<

v Pn . 52 _ ) ) ‘. f;kk)ﬁ
E° [xp - X . I $, (y(A))e™
, JI‘ £l Tn_ls}\«rn w#z(0) L N

-+

(y(X))dAl

Pn sz . ;“ : RPN
E [XpX Fo%e aqer 0 @y, oy (FOO) =
o £1°Th &) TnSA<Tn+_l z() zgx)z,auuwwﬂ

4

"t
H

N ;‘k:“, aot
- 1 EM008, ) 0]

)

Pn

n

1°Tn+1

z(sl)(y(s}))] "'A »_A.',':'ia,:;‘;

S
o '5EP LXp

£1 e aact ) P20tz OO -

z

_ 2R,
L#z())

(y(l) )¢z ()\) (Y(A) ))dA]

o0 Isz 4
E [x " Xe B ¢, (y(A))e
‘ r 5| Tn-1¥A<Ty R#Fz(A) .

Using the induction hypothesis , we get that: (30) holds for n+l.

2% A))dA] .

+

“We ob;aip by similar methods thaf :

,.s < 8) < 8y, then
1 ' '

Ca s
Lemms 1,2 : Lec T e Tl

n

; ) P . ‘ =
- (30) E E¢z($2)(yCSZ))XrXs1<rnss2]

0 ' sy .
TE Dse Xr [T X o Loy ta oy GO ¢

1



p" 82 . - z(\)L
E [ 02 ¢, (yA))q (y(A)))dAld.
Xr £l X‘rn—ls')‘qn L9z ()) %

V¢2eD(RN),V2,es,Vn21.

. » , |
kﬁ ma_ 1,3 : Let T e Fs » 8 58 S8, ve have

pn Pn
31) E [¢z(s2)(y(52))xrxrn532] = E [¢z(si)(y(sl))xpxrn$81]

n s

P 2
- E [xTnSslxP £ Loz FANAAD,
1

¥o, c DR, Lee, ¥nzl.

Now, combining the results of these lemmas, we get that

Pn 8

' P . 2
B2 E Loy, lsIxpd + B L[ My 58,y ) -

M '
z(A)2
- XTn>A zfl q (Y(A))¢2(y(k)))dAxP] =

n

n -]
& CRENCICRP EF [ J S TPRCIPANCICN

M

z g Py a0, (r0))arx

- X
Tn>A

V¢250®N), Lee, ¥nzl.

On the other hand, for n fixed, we obtain only by induction on
r=1},2,,..,n that
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n-r N r-1
{[l-(exp—y(t-rn_r)) I (y(e-
: i=0 .

P

N n . ‘
(33) - Px,k,s(TnSt) < E

LDHx. )
n

Tn
e - -

.Uhere ? = sup(~ L ckz(x)).

k,x 2#k

Finally set
B =Bly(l); s << T,

and as (33) yields

- n-1
(T st) < 1- (exp~y(t-s)) I

§(t-s))t
| i=0 it

) n
_Px,k,s

" 'which goes to zero when n - o,

. By Tulcea's extension theorem, there exists a unique probability

el ©0 ~ ~S
measure ‘Px,k,s on (Q,Fo) such that
h > = n =
(34) Px,k,s Px,k,s on Bn’ nx1,

. Let P be the measure induced on (Q,Fs) by P This
X,k,s . X,

k,s'
measure satisfies :

(I35) . Pk, s T(®)=x,2(s)=k) = 1

cz(A)z

:(36) | ¢z(t)(Y(t)) + £ L LZ(A)¢Z(A)(Y(A)) + g:]z (Y(A))¢£(Y(A)) +
‘ ()
P M » re
+ -z EMGone, 4, o an
g=1 -
242 ()

13’6 P S—martingale , ¥ ¢2 € DGRN),Z € € .

x,k,
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'Hence, we have also (6) (7) with X;ke) given in (8) which completes
the proof.

I1. REPRESENTATION RESULTS

I1.1. A linear semi-group

The purpose of this section is to study a family of linear operators

Q(t) on c@™,

. : v (0, tAaT) z(Tn—S?(Tn)
37) (Q(e)v), (x) = E_ X(ear)sign( T ¢ (y(ty)))v
’ n=0

z(tAT)(Y(tAﬁ»

where the expectation is made with respect to the solution. of .the martin-

gale problem (6), (7) with |ck2l instead of (—ckz) for % #k and
| t 2002 20z
(38) X(t) =exp[( [ T e (yOO)|dx - [ ¢ My (A)dA) ]
0 2#z(0) 0
t > 0 w
- (39) sign(r) = |1 if r>20
0 r =20
-1 : r <0
(40) T = inf{t > 0, y(t) ¢ 0} 1is the first exit time of y(t)
from (0 , . ‘ ff;
(41) v(0,t) 1is the number of jumps of the process z{(t) in the

interval of time (0,t],

a Ab=min(a,b) , ¥ a,b ¢ R.

We shall prove that Q(t) 1is a linear semi-group of contractions
on C((—))M and its generator is an extension of the operator introduced

in problem (x).

(%) Ta =1, 0.
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We assume for simplicity that
kk _ . . \
(42) e 2a >0 ¥ k € € ( o large enough).
More precisely; we have

Theorem 2.1 : Under assumptions (1), (2), (42), the family of linear

operators Q(t) ‘introduced in (37) has the properties
o) : e@M™ -+ e@™
2) Q(0) = I, Q(t+s) = Q(t)Q(s) = Q(s)Q(t)
3) |lat)v - v|| >0 as t=+0
4 llev-et)vy ||, s [lv,=v,ll, -

Thus Q(t) is a linear semi-group of contractions on c(ﬁ)“.

.~ Proof : 1) This assertion is a direct consequence of the continuous

dependence of Px on x which can be proved using the same methods

sk
as in [3].

2) We have only to remark that
(43) X(t+s,w) = X(t,w) X(s,etw)

where etw is the shifted path; the strong Markov property of the family

{Ps,x,k} and
: v(0,t) z(Tn-)z(Th) : v(O;ts z(T -)z(Tn)
(44) sign( 11 c (y(Tn)) = I signe (y(Tn))
n=] n=]

3) and 4) follow by simple calculations.



16 -

11.2. The generator of Q(t)

Here we shall prove that the generator of Q(t) is an extension of
the operator

“s) b foy ™ - (L s (3% /3%, 9%,)0, - : b§(3/3x,)¢, - ickz o)y -

We have

Theorem 2.2 : Under assumptions (1), (2), (42), we have that

(46) % [Q(t)v—v]k(x) ::o [izj agj(az/axiaxj)vk

-1 b?(a/axi)vk -z ckzvékx)
i L
uniformly on any compact subset of 0, ¥ v ¢ [Cz(a)JM.

Proof :
v (0, tAT) z(Tn-)z(Tn)
4D QEWE = B X(eDsig T e GV, agyy (AT
n= _

v (0, tAT) z(Tn-)z(Tn)
= Ex’k(x(tAT)sign( nzl c ﬂy(Tn)))vz(tAT)(y(tAT))]xtAT<Tl+

+ Ex,k[]XTiStAT<T2 * B kb ]xtATZTZ

= Il + 12 + 13 .

Let us evaluate separately these terms. We have



48) I, =

For 12

(49) I, =

ia
For

17

~]

1 ~0
B’ XTIV (7 (AT Xy e T = BB PEREAD G (D Xy

0 taT
E [X(ear)v (y(eamdexp [ £ [e2PEy0on)|an

SR 0 a2 )
tAT : :
EQx’kEvk(y(tAT))eXP -/ ckk(y(k))dA]_
0
Q AT : A
v - BN A+ M) e - [0 Mir©))deanT
we get that
p2 ) ' kz(Tl)_ ' :

E. [X(taT)sign ¢ (y(rl))vz(tAT)(y(tAT))lestAT<T2]

2
1 -
E? E ™ [X(taT)sign ckz(tAT)(y(rl))vz(;AT)(y(tAT))lestAT<T2]

1
EY [X(tar)sign cRZ(tAT)(Y(Tl))vz(tAT)(Y(tAT))xtAtzrl

tAT
exp f z
T 2#z ())

Icz(A)m(y(A))IdA]

Q
30 W, T
EP qustATE‘ P rx(tat)sign CRZ(FAT)(y(Tl))Vz(tAT)(y(tAT?)

tAT
exp f z

|cz ()\)2
T, W#z(W)

(y(M)) }dA]

;0 Qw,r

EA lestATx(fl) E l[sign ckz(tAf)(y(rl))vé(tAT)(y(:AT))
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"
exp-[ c2M2N50y)a0
T
1

?0 X . kL ~2(T]—)2
"E X cead® (D) [“*Z<fl*) sign ¢ (y(1))v, (y(t,))q y(r,N1 -

30 tAT
_— leStAT x@) { / SignckZ(A)(y(Tl))

T
“‘z(A)"z ) (y(A)) + 2z (y(M)v, o) (yO\))]

A
exp( - [ 2®20) (o (5)y40)ar }

1

It I -

We have

(50) I, = g ¥ X(t,) [ I sign ¢ (y(r,)v, (v, DTy, )1
- 21 o<t sear T o g AR LEAS AL LR TR ALY |

1 tAT
B [ x. X0 [~ sign < yM))v, rO) [y | an .
o M Rk .

Hence
| tAT

P
(51) L=E [ x.. X0\ [- %
2 0 AT T gz

M onv e + 1,, .

Now we evaluate 13 :



(52)
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o v(Q,tAt) z(t -)z(T )
I; = I [E_, X(trr)sign( Il c (y(t )
: m=2 X n=0
v (y(tAT))x_ _ 1=
) z(tAT)V ‘TmatAT<Tm+l
®  mtl m ozt -)Z(T )
= I E  [X(tat)sign( 0 ¢ (y(T )
m=2 . n=0
Vz(taT) (y(trT) )x'tms EATST ) ]

e m tAT

= ToE X exe [ 2 [P Gonandv, g, e,
m=2 Lz (1))

z(T_~)z(tAT)

.sign(c n (Y(Tm))-
_ m-1 z(Tn-)z(Tn)
.sxgn(ngo c (y(Tn))meStATJ
© o m—l. z(T *)z(T )
= T E [X(T )sign( II ¢ Ty ))xr <taTt
m=2 n=0
z(Tm-)z(tAT)
.sign(c (Y(T ))) Vz(tAT)(Y(tAT)) .
exp- f cz(l)z(k)(y(k))dkj
L .
0 ; -1 m-1 z(t —)Z(Tn) ‘ :
= ¥ E X(t )51gn( I ec (y(t )))X,r <tAT
m=2 n=0
E [sign(c (y(r >)Vz<cAT> y
exp- j z(A)z(A)( (A))dA]
T
o ;m-l m-1 z(7 -)e(t o .
= I E X(t )sign( I ¢ (y(x ))))xT LSEAT .
m=2 n=0
z(T ~)R z(T ~)%

Loz signte T GENVGENT P (y(1))]
2#z (T -)



-1 m~1 z(t _-)z(t )
- EFm X(t )sign( Il e - n (y (T )))X
n=0

A
[ @y oy ) w2 P2 P Gy,
T

m

A z(t =)z (})
exP(‘fT cz(e)z(e)(y(ﬁ))de).signc o
m

=1, +1I

31 32°

Proceeding as in the proof of (28) we obtain that

TmStAT

(y(M)))

(y(Tm)))dA]

® - g tAT ' m-1 z(Tn—)z(Tn) A
(53) I, = Z{E [ xsign( 1 ¢ (y(t_))).
W om2 0 n=0 oSy
z(T _])2
[ I vyO»e ™0 (yOO)IdA .
Rz (T__ )
m~1
Hence, we have ,
« b ftNt m-1 z(Tn—)z(T ) '
(54) I,= I E X(W)sign( I ¢ c(y(T))x
3 m=2 0 n=0 n Tm—lS)‘qm
z (1 _1)2 ‘
) vy e T (y())Ida + I, .
Z#z(Tm_l) :

Finally letting t + 0 we get that
1 kk
(33) T(Il =V (X)) > Gy - eV ) ()

1

k
-E-Izl &> -

k4,
I ¢ v, (%)
Y

1 .
Tl * I3l 0

unjformly on any compact subset of 0, which completes the proof.
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I1.3. - The LP-estimate

We have the following estimate for the measure P

yK, 8 :
Theorem 2.3 : Under assumptions (1), (2) and for
PN .-
(56) foe R x (s,T)) , p> N+,
we have
T . .
(57) ]Ex’k’s £ fz()\)(y()\))dﬂSCT,p.HfHLp
where the constant CT > depends on T,p and <.
IR
HEN = 2 gl S -
P k=1 ke
Proof : Indeed we have
' T _ "w Tm+]
58" B £ 00 - mEO By ks fT f?(k)(y(k))dx
m

with Toe] = 1nf{t|t € [Tm,T], V(Tm,t) > 0}.

From the LP-estimates on the measures Qx 2.8’ L € € we get that
. i s Xy : .

A: T

(59 [E UT:“ fz(Tm)(ym))dquy < ET’p.IIfHLp

Thus,

| i E ) .

(60) B, [ foyoonalse el X -

On the other hand we have

=]

(61) T

<1 +E
m=0 x

o _ Lyr
Ex,k,s )(de < v(s,T) =1 +'2.2r Ex,k,s Y} '(s,T)

L#r

1K, s
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where vz’r(s,T) is the number of jumps of the process 2z(t) on
(s,T] from the state £ to the state r.

But from (7), we have that

(62) B s VT (s, Ty < C:(T-5)

where C; is a constant depending on 7. Therefore, we get (57) with

C =C. .C~T.
T,p Ty,p ¥y

ITI. EXISTENCE AND UNIQUENESS RESULTS

In this section we shall prove existence and uniqueness results by

analytic method. More precisely we shall use accretive operators method.

III.1. Existence result

We begin by recalling the definition of m—-accretive operators
in C(0).

We define the pairing

(63) [f,g], = max g(y)sign £(y) , ¥ f,5¢ C(0), £#0
yel
£ =] 1£]],,

then a nonlinear operator A with domain D(A) in C(0) and range

in 0(5) is called accretive if

(64) [fl-fzyAf]—Af2]+ 20 ’ ¥ fl’fZ € D(A)

and m-accretive if, in addition,

(65) R(I+)A) = c<6) for same A > 0 .
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Let us denote
kK _ _k .2 K
(66) L = aij(a /axiaxj) + bi(alaxi)

and assume that

, _k ok k& . 2,5
(67) ¢ = g s b, 7, £, 5 ¢ e CUO

30“é-C2*B for some B8 > 0

(68) z Mkt 2 0 s V¥ke {kf Iukl = max- {uzl}, VueR'.

2 I<f<M

. Let us denote

Lu = (Llul’Lzuz,".’LMuM)t
Cu=(1I CLRUQ? I czzuz; ceey L cm'uz)t .
£ L L.

Each operator Lk is defined on
(69)  dh) = {v e urto) o W) ;v e c@))
for any fixéd p > N. Then L is defined on

M
I

D(L) =
o © k=l

pL¥)
and C is defined on [C(D)T™.
We have

Lemma 3.1 : The'dpefator: L+C -with domain - D(L) isxm—accretivé in

Proof : Step 1 : L is accretive.



It is enough to prove that each Lk is accretive. (see the

appendix A).

By the maximum principle, if v e C(0) n W§;£(5) and v takes a

positive maximum at a point X, € 0 then

(70) ess.lim inf (L5v@x)) = 0
x+x0

(see [5], [6]), and since .Lkv is continuous, we have also

D Vi) @Wk) 20

which implies (64) for LK.

Step 2 : L is m-accretive
By the general theory of elliptic equations, each Lk is m-accretive
consequently L 1is also m—accretive.

Step 3 : C is accretive

By the appendix (A) we have

2
k"‘k ~
[[u™=u™[ =} u=a}],

(72) [u-G,Cu~CG]+ = max {[uk-ak,zdkluz - Xcklaz]+}
k: L

= max max (I Ckl(y)(uz-ﬁg)(y)sign(ukrﬁk)(y) ||uk-ﬁk||w=|uk9;k|(y»}
k: y 2

k_~k ~
[[u™=u™] =] Ju=u] |,

But we have also

13) 1 e () sign i (y) = - lNI! z ¥ (y) (i) (9) k-3%) i)
. L . S e . 1ly-u o [ N

and using condition (68) yields

(74) [u-G,Cu-cEJ+ >0 , ¥ u,GAe’té(a)J“ .
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Step 4 : It is clear that C is alsg Lipsechitz and according to
a standard perturbation theory [7] L+C 1is then m-accretive in
[c@ ™.
Now from the m—-accretiveness of L+C and standérd regulérity results

for elliptic equations, we obtain :

Theorem 3.1 : Under.conditions (2), (63),‘(64), the problem (*5>has a

- ey e B e s e o

unique solution u with components u, € D(Lk); further, uy belongs to
- ot L3
CZ’B(O) n.C3’6(0) for any 0 < 9§ < l,O'C 0. Moreover, we have

T v(0,)) z(t_-)z(1.) A ‘
W@ =E . [ X0 T signe " " ganfMgana .
X, 0 n=Q n

_ The last result.is a consequence of the Itdé formula. -

s s s s o e o P
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_ APPENDIX A

Here we shall recall some known results about accretive operators.

 Proofs of those assertions may be found in [7], [8].

Let U be a real Bapach space with norm ||.

|. A passibly nonlinear

operator B-: D(B) ¢ V > V is called accretive if
[[v=¥[| < ||v-V+A(Bv-BV)|| for all v,V e D(B)
and )\ > O.

If in addition R(I+AB) = V for all (equivalently for some) ) > O,

B 1is m-accretive.

We have that

1) B is accretive if and only if
[v-V,Bv-B\_r]+ 20 for all v,v e D(B).

2) Let A be an operator Lipschitz continuous, everywhere defined

accretive ; B m-accretive then A+B is m-accretive (here D(A+B) = D(B).

When V = U]—x ces X VM is the product of real Banach spaces ‘/k
with norm

Hvl[ = max |l
l<k<M

Denote [ f]E and [, ], the brackets in ‘,k and V respectively.
Then

_ -k '
Cv,vl, =max {[v,v 1 ;||v.||=||v|]}.
*olekew KKK
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