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RESUME

Dans ce papier on considére une classe d'équations et de systémes eZZ‘Lpt‘Lques
qut peuvent &tre rédutts a la forme

) v32uk ‘ auz
(x) o8y Tmoax, T by ogn tleguc=f dme@
1,] 1] 2 1 1 L

kz Crg? fk sont des données et @ est un ouvert borné de.m” on
donne un résultat du type principe du maximum et on démontre un résultat d'exis-

ol a

tence et d'unicité. D'autre part on donme une représentation de la solution du
type Feynman-Kae.

- MOTS-CLEFS

Elliptique - Principe du maximum - Représentation du type Feynman-Kac.

ABSTRACT

In this paper we consider a class of elliptic equations and systems which
ean be reduced to the form :

2 d
(*) IR ai:l; BRI T #J' LoCe Yy = in @
1,] 1] 21 S ) ‘
where alJ, bk,z"1 Cryr f are given data and @ is an open bounded subset of
EN We give a maximum principle type result for thisclass and we prove existence
and uniquenese results. '
One the other hand, we give a Feynman—Kac type representation of the solution

of (*).

KEY WORDS

Elliptic - Mazximim principle — Feynman-Kac representation.



ON STRONGLY COUPLED ELLIPTIC SYSTEMS :
EXISTENCE, UNIQUENESS AND REPRESENTATION
' "RESULTS

0. Bennouna

INTRODUCTION

We consider a class of elliptic equations and systems which can

be reduced to the form :

. 3 uy ‘ 3u£ » -
- I a;; m=——-LLb,.x—+Lc,u =£f in 0
o i3 i) axiagj .1 kl,llaxi 3 ke 2 k
(*)
Uelag = 0 l sk s M
where aij’ bkl,i’ Cre? fk are given data and 0 is an open bounded

subset of RN with smooth boundary 30.

In this note we give first a maximum principle type result for this
class. To obtain the existence and uniqueness result we use a perturba-.
tion technic of weakly coupled system of second order elliptic partial.

differential equations to which we apply accretive operators methods.

The parabolic case is studied in [2] by the ﬁethod of parabolic

singular integrals.

On the other hand, we give a Feynman-Kac type representation of the

solution of (*) using the notion of Itd random evolution. In the parabolic



case this question is solved in [1]. This type of result is made possible
in the elliptic case under a stability condition of (*) which means,

roughly speaking, that the dissipation term must be large enough.

Let us give an example of forth order equation which can be reduced
to the form ().

We consider
-2%u *bAu+cu=f in 0
u 30 ™ 0 s Au 0 " 0

when b, c and f are given smooth data.

We denote v = Au;.then we obtain the second order elliptic system ;
-AV + bv + cy = f
-Au + v =0
u 30 = 0 ’ \ 30 =0,

As we shall see below this problem is well posed, and we have

a probabilistic representation of u, under some natural conditions on the
data.

The paper is organized as follows : the part I contains analytic
results and the part II is concerned with the Feynman-Kac type result,



I'- THE ANALYTIC RESULTS -.
I.1. Assumptions and notations

Let (¢ be an open'boundéd smooth dqﬁéin in“IRN, We assume that

1) Regularity conditions :
¢ = a- ’bkf, "ckﬂ,'fk 3 e c() -
2) Ellipticity condition ;

2 . -

3) stability condition :

P .
Ty e )

Z ¢

vI2 » B >0 large enough
k,2 . _" :

kL kzzsl

o

Vv é o
(as we shall see in remark 2.2 it is,guffieient to assume that

20)

z ckz k R . | .

LR

1.2. A maximum principle for ().
In this section we shall give a maximum principle type result.

We have. .



Theorem 1.1 - Assume that canditions (1), (2), (3) hold and
(10) w8 > ||b]|?

then we have for u, U ¢ c(6) n w2.p(0) _
solutions of () corresponding respectively to f, f

an IIu-ﬁII,,s——-'—.;’;—l-l-z-'llf-fllw
! -’W—— .v
where

2 112
lIwa'g Ieglle

multiplying (%) by u, and then summing up from 1 to M . yields

a,. a2 u 2 Buk ou

(12) - I = Bl o+ 1 za — =
R ol 1 VTR

*

du . . .
%

- IIb s 57— M, * L ¢, u, u =L £ y ,
i K."kkzol 3xi k . K‘,#L kz 2k k k k

Let x, be a point in 0 such that |u|2 R lukl2 attains a
k
maximum at x,. If |u|(xo) » 0 then

(13) ||u||ws—+—;mf THI
B~ —x

If not, we have



" .. ) 2
(14) alJ 3°u
ity 7xp) 7 o (xp) < 0

andzﬁﬁiﬁéhcohdi%ions'l).3fweigét Ehég "
du | 3
(15) B |a | R kzz P, 1 %0 5% (xo)uk(xo) + 8 lul xg)

< [fl(xo)lul(xo)'.

Remarking that

ae 2 Z by, i(x)r kl < Hbll 1521 Jul

we obtain from-(lS) and (16)

an v 13212 g) - |1bll,, la“|<xo>| |<x ) + 8 |ul? <xo>

"R pel,

If"I (xo) | l(xo) . ‘

Next, noting that

2
[ Inle

2
v I sl 1 s =2 s

we get f1na11y o ' R

,,,,,,

(18) el s ” ! Ak ll

g- ‘-757-— .

which implies (11).

ORI Tr PRDE TN
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1.3. Existence result

Let us now give the existence result. The ptoof 18 made 1n uevcral
steps and use accretive operators methods. (see [3]). '

In the following we need some additional assumptions on the data

2') ag; € '@ . a0 c?
i) kg 28>0 ¥k, lsksM,
Let us denote
- 3 - u
Au £ - % -—-—
5 R
we have : :
Theorem 1.2 - Assume that 1), 2), 2'), 3) 3') hold. Then there
exists a unique solution of ()
(19) u e W ’p(O) ’p(O) s 2:Sp < 4w,

. Step 1 : Approximation of (x)
Let Bn(t) be a smooth function defined by

t if |t] si/Mm -1
B (t) =
Im it [e] > 1M

(20)

0 S»Bn <1 , 0<n<1l , n fixed.

Then we consider the problem (*)n



n n n 3“2
Auy # 'i Crg U T Ei - Bn(°§ 2 boi '55:‘1) 8%: in 0
(*) t
: oo = 0

where

bkl,i for k¥ 2

IR 5 75 day .
bkk . =X 3 for k =
s 1 j 3xj

We have that the 6perator A with domain

D) = {u e (120 M | u e w(’)’z(O) with Ay € 120y}

is m-accretive in [LZ(O)JM. Indeed, we have

(21) [u-3,Au-A31, = I Tuy =, ,Au, ~Ai, 1,
. k
e - - P *‘k“-‘k}'
=X '] -sign(u, -u )Iu -u I(- L  +— (a., =) )dx
Kk ~é k "k’'7k Tk! i, a;i 1j 5xj ? :

x 20 .

k) Ay )
=z [ I a.. > = d
k 0 i,j 1] xi X,

and R(I+)\A) = LZ(O) for any A >0 .
On the other hand, let

(22) Cu = (Clu,Czu,...,CMu)

ifé u
2 k2 ”2



we now prove that C is an accretive operator in [LZ(O)JM.

Indeed C 1is everywhere defined, Lipschitz conttnuoup operator with
range in [LZ(O)]M and
— - M e -
(23) [u-u,Cu-Cu], = kEI Cup Uy, € u=~C ul,

- {) | kfﬂ, ckz(uk-ﬁk)(uz-'ﬁz)dx»z 0

by condition 3).

Now from known results on the perturbation of m-accretive operator
([3]) we have that

(24) A + C is m-accretive in [L2(0)3u .

. Step 2 : Existence result for (%)
We define a mapping from [W(l)’p(O)]M into itself by

(25) Snv ="

where uﬂ is the unique solution in w2,p(0) n Wé‘p(O), 2 Sp < 4

of the problem

ov
n n. - - Y L
Auy + E T i f Do, i axi)
(26)
n =
uk 30 0.

Indeed, since A+C 1is m-accretive in [LZ(O)]M there exists a

unique solution of (26) in wg'l(o) with Au e 12(0). on the other
hand, we have



27) s 1

(27) IBn| In

multiplyihg (26)a) by ua [uglp-z and integrating over (), give us
' (»)

(28) B |[u] ll < c.||u;1|| p + Cytn,p) .

But “2 € W (0) mphes that ua e W ’p(O) for some P > 2.
‘Therefore the right hand of (26)a) is in LpAp(o) and from regularity
results of elliptic equations ’

W PP |

(29) u{‘( €

Now by a bootstrap’érgument we get that

(30) ua € w2,p(o$ for each p : 2 < p < 4w
and
) T < Cy(nep)

k wz,p(o) 1

(the constants C; do not depend on v).
Next consider the set
(32) D. = {G ' [wl"'p(o)]“| Hv” < C. (n,p) 2 < p < o}
n € L% wz’p 1\ ’
which is a convex compact subset of [W(‘)’p(O) ]u. Dn is mapped into
itself under sn and the smoothness of Bn. implies that sn is

continuous. Therefore, it follows from Schauder's theorem that sn has a

fixed point.

(*) we take R large eno;xgh.
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. Step 3 : L”-a priori ‘estimates

Using the same technic as in the proof of theorem 1.l and the

fact that
(33) 8, (®)] < |¢]
we get that

: l . e .
(34) ull-, s [1£1]

[l IL°° 1] | 2eaye L”
S
. Step 4 : W 2,p_ apriori estimates:’ '
From the flrstvequatlon.1n (*) we'get that

(35) IIAu”II < IIfII +c <Ilu"ll g el

and using the Sobolev interpolation inequality

n P n RN 5
(36) 1M1 1 p < G ] g,p + 5 11T 0 6050
we obtain
37 n n 3 n
(37) 1A s Hiel] g+ cyel 7] 5« 21N

Now, using the estimate (34) we get

(38)

C ' .
N <« 80181 N .
1] g = el o+ caal 1] 5 5

On the other hand, from the standard elliptic theory we have

(39)

n n + [l
19711 g, % C5ClIAN]p + 1M1 )



1

Therefore, combining (38) and (39) we get
N L [P TTTIRR T T TP
and for § well chosen we get o

| T
(41) | u l[wz'p s‘c Hf“L°°

vhere C does not depend on n.

. Step 5 i Passage to limit .
ep 5 ssage im n

Now, from (41) there exists a subsequence u N and a function u
such that ' ' o '
Np . P | s =
u, *u in Wz’ -weakly (2 s p < +=) and in C(()
42 | . . . N T
(42) 0 |
3 auk - :
3% "’3;— in C(0) SRR

Next, set n = Ny and let Ny ™ 0 in (*)n yields the existence

result for (x).

. Step 6 : Uniqueness _ _ L
Let U ¢ Wz’p(O) n Wé’p(O); be another solution of (x). Then we get
that ‘ ' ' S

e we g e L. - F LT e
(43) -1 a,, fu,~u,) = ZL b, . =(u,~u,) ¢+
. i,y 1 5xi3xj :k> k’ e i ke,1 Bxi L 7L

+ ﬁ ckz(“z*gz) =0 a.ef'xf 0

and by the maximum principie tesultrwb de¢ﬂceg that
"

u

(44) u-dz0.,
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which completes the proof.
Remark 1.1 : From this proof we see that whepn p = 2 it is enough to

assume condition 3). But as we ghall see below condition 3') is not
a restriction at least when ( ' is bounded.

II - THE PROBABILISTIC RESULTS
I11.1. The Ito Random evolution

Let . = C([0,%) ;RN) be the space of continuous functions en [0,«)
. N : ’
into R .

“Given t > 0 Sowe S 'let. y(t,w) denotes the position of ( at
time t. : '

 For t '2 8 2 0, we consider the g~fields

u: = B(y(\);s s A 5 ¢t) .
S 8
T T

We assume that 1) holds and

4 C bygg v O € LTEY 5 agy e WHTERY

5 coowoaL ~
) alJ aJl (which is not a restriction since “ij € wl 'WGRN) ..

Then in [4] it was shown that, for x,s fixed, there exists a
unique probability measure Qx g o (Q.u.). such that
’ R
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i) Qx’s(y(S) =x) = |
. t ' '
ii) o(y(e)) + [ Ad(y(A))dA is a Q,  -martingale
) : . ’
voen®Y ,
~ where
. j ( ) o (
45 - Aplx) = - 5 a (x x) .
R I_I-,J j xl xj

Moreovef, there exists a standard Hienet‘procgss w(t) such that

t
y(&) =x + [ o(y())dw(d), a.s. -Q _ , tz2s
8 ?
where 0(;; hiéhguéhffﬁag a= %-G?,~
Let us conslder the system F - (ﬂ.u Qx a,y(c)). then we have ;he

defmxtlon, for =z eR fixed :

Def1n1tlon 2.1 - A stochastic ‘process. . E (t) is called the Ito
random evolution assocxated to F with respect
to the coefficients b, §2Cs- ] £1 <N, if
,1) . () s utvadapted and contxnuous in t wi:h

probab;llty one .

2) AQx"s(Ez(s)--z) -1

y 1 N A el
3) dE () = - E (t)ely(t))dt + 5 'L ] £, (t)(a )ij(y(t))
s 4 G i je ‘

bj (Y(F))dyi(t‘)

a.s. Qx 8 ; .t 2 é-.A
9
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we have the result

Theorem 2.1 - Under conditions 1), 4), 5) there exists a unique, in
the a.s.-Qs x sense, It random evolution.
’

The proof of this result is similar to the one given in [%].

Under some additional condition we shall prove that Ez(t), decreases

exponentially as t + ., More precisely, let us assume that
M
3) I c z zzzBIz » ¥zeR

then we have

Theorem 2.2 - Assume that 1), 2), 3), 4), 5) hold.- Then we have the

estimate
2
R 2 _ .2 bl
(46) By, 16017 s [2]% expl=(8- —=) (t=s)]
¥t=2s and zeRM.
Proof : Indeed, we héve
(47) dg,_ (£)E; (t) -.%‘gz<c>[.z.(a")ij(y(c))b;<y<t>>5;(z>34yi(c) +

1,)

+g LI (Th O E)IE, O, () IE] ey, (6) -

i,)

- £ O GEE O - £ ®erENE Rt +
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‘Hence, as a = < we get that

< |-

(48) E la;(t>|2 5'1¢lz”¥‘zx . [ E (0 Ley(+e y()) I  (\dr +
. ’ : ' *™ 8 .- ,

0o ) ¢ )
+ v |~|b||°° Ex,s £ |§z(A)[ dx .
Using condition (3) we get
12 12, L “'2' t ‘ 2 R
(49) By o g, () |° = |2 + Gy |v|b|‘|m -B) { By o |gzm| da :
By Gronwall's lemma we obtain (46).

11.2.7A representation result

Our objective here is to -give a probabilistic interpretation of
the functions ug; o T P '
: I

To this end we will rely om the results of the analytic part.

We will be interested only in the case of & = 0 and denote
% = &,0

Let T be the first exit time of the process y(t) from the domain 0,

(50) T = inf{t 2 Q y(t) ¢ 0}
. . 0 : .
which is an U, -stopping time.
oar aim ié‘fo prove that
T

(1 Cu () = Eg £ g, W) £y

" where e, is the unit vector in the direction coordinate xé.
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We have :

Theorem 2.3 - Assume that 1), 2), 2'), 3), 3'), 4), 5) hold. ‘Then
' we have . ’ :

T
(52_) u, (x) = E, }(’) sek(A)f(y(A))dA , 1 sks M.,

Proof : Let uE be functions belonging in D(0) such that

(53) ey i WPE) .
Since p > N, we have
in ¢(0)

(54) Duz + Duy

n . 4
u >y in VC(O) .
By defining uE outside 0 in a convenient way, we can assume that

u: € D(llN).

We have the vector version of It6'q formula which is derived from

component-wise considerations,

n 2 n
(55) du(y(£)) = T B(y(e))dy; (e) + = 8,5 (02— (y(e))de
171 1, 1]
a.s. Q
On the other hand,
, A D -1
(56) 9 (O = - g ety T £,(6) (&™) 4, (Y ()b (y (1))

A

dyi(t) a.s. Qx .

Therefore, we have



1/

(57) (48, @WG®) = 2 g

~1 -
e k(t:.)(_-,‘(aw, )ij (Y(t?)lﬁ(y‘(t)) +

. 5“"( (©)))dy, (t) +
'5;"; y Yi,

f : C.2n
PR i '
*E L A O +

. |
+ L by (DT () -c(y, )™y (6)) e .

N 1 . N . 1 . o - . ' ‘
Hence, we get that for T > 0 fixed ;

o ﬁ TAT ‘
(58) LR geka_mq'f(y(m)_) " +E é. te, V)

L e R0y « £ b aNE G0y -
WEERAMCTU TR ek RS el -

- ety e .

Remarking that

| TaT 3 ) ‘
(59) BT e, W] o) - Lu o) ar s
Tl s I K . . o : .

T T S \
<G UL lg, WD e, 0] LetweanPan!
A k ST A
with 1/q +1/p = 1. Using the Lp-estiﬁaie we get that
(60) By U L™ N [Pl s ¢ [JLw™u)|| -+ 0
. o o . 7 e P LP
as n »>

and as we have by elementary calculation



T '
(61) E, [é Igek(x)lqud < T'exb(gq(qll)tlldblri + lell D .

we can let n -+ « in (58) and we get that
o 4 TAT
(62) E, Eek(TAT)u(y(TAT)) = u, (x) +E( é Eek(l)
| [T a(y(\) 2%y + 3 b (y (02 o) -
i) ij*y 5xi3xj y e y oxy y

“=e(y(A))u(y(Q))dA) 1.

Using equation (), we obtain

: : TAT
(63) By Bq (TADUGTAT) = w (1) - E, é fe MEGANL -

Furthermore as u,f are bounded by deterministic constant, we can let

T+ o in (63), thus.
TAT T ,
(64) B, [ &, WEGONAA+E. [ £ (ME(Y())dL as T>w
0 k 0 %k
and uging the estimate (46) we obtain that
(66) By Bg (TAOU(y(TAD) = B, gek('r>u(y(n:))xT-<T +0 a8 T+w ,
Therefore it follows that
T
(66) u (x) = E £ £ NEGONA

which completes the proof.

BRemark 2.1 : When 0 EIRN we have the ;epresentation of the solution of
(x) given by '

oo

67) u (x) = B é gek(x)f(y(x))dx'
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which makes sense using the estimate (46). ‘ ' o

Remarkf2;2~: When 0 is bounded, conditiqn (3) is not a restriction. Indeed,

making thé'folIowing‘change of unknown functions

(68) : Ug T WV
with |
(6§;t‘= R wx) = 2 - exp[-a(lx-xolf;?:!i}/zjﬂ

where X ¢ 0 and o is a constant to be chosen sufficiently large.

Hence weﬁqbtain the following systémv -
' ' | ’ v ov
k L 2 .
7o IR - AL VS S el T ol

which verifies condition (3) for adequate ‘a.
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