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Résumé

On considére les séries de Fourier d'une fonction de carré sommable,
correspondant aux systémes orthonormaux complets constitués des fonctions
propres des opérateurs différentiels linéaires ordinaires. Toutes ces séries se
comporteﬁt localement de la méme manidre., Le résultat reste valable pour les

bases de Riesz.
Abstract

We consider the Fourier series of a square-integrable function,
corresponding to the complete orthonormal systems consisting of eigenfunctions .
of ordinary linear differential operators. All these series behave locally in
the same way. The result remain valid for Riesz bases, too.
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On the equiconvergence of eigenfunction expansions associated

with ordinary linear differential operators

V. Komornik

The equiconvergence theorems are very useful in the
spectral investigation of differential operators because many
results known for the most special operators may be transferred
by their application to more general ones. For the case of
orthonormal bases consisiing of eigenfunctions of second-order

have been since
operators several results . ... obtained = - the beginning of

this century, see e.g. [1],[2], [3]1,[5], [7] (8], [14] [19]

[Qé] [23] All these results are contained in a result of

I. Joé and the author in [10]. It concerns also the non- A
selfadjoint case i.e. when eigenfunctions of higher order are
also used and when the system is not orthonormal but only a
Riesz basis. ((hlthe existence of such Riesz bases see [4]
[11] [40] [21]. ) The proof was based on an efficient method
due to V, A, Il'in (see €. g, [2]) of the constant application
“of some mean value formulas.

The aim of the present paper is te_extend this result
for differential operators of higher order. In some special
cases this was already done in (15]. Our main tool will be
a generalized Titchmarsh type formula derived in [12].
note that it is not a mean value formula if the order of the
differential operator is odd. In some cases a simpler expres-
sion was found for its'coefficients by I. Joé in [9); these
expressions are important because they make pessible to obtain
sharp estimates for the coefficients. Ve shall need several

results proved in the papers [1Cﬂ,[l7]_and [18], too.
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By and large the following result will be proved: all |
Riesz bases (and in particular all ofthonormal bases ) con-
sisting of eigenfunctions (maybe also of higher order) of
some n-order linear differential operator locally behave
in the same way. Here we stress two circumstances:

- there are no aésumptions on the distribution of the eigen-
values: they can be arbitrary complex numbers;

- there are no boundary conditions.

Aé an immediate consequence of this result we note that

(for example) Carleson’s theorem remains valid for "all"

eigenfunction expansions.

A1l the preliminary results used in this paper are
contained in [10],[12],[17] and [18]. A1l the results of the
papers [12] and [17] are needed. From [18] we need the case
i =0 of Theorem 3 ; for its proof it is not necessary
to apply the results of the paper [16]. From [10] we use
only a result of technical character ( Lemma 6). For the

- +reader’s convenience we collect in section 2 all preliminary

results used in this paper.



1. Formulation of the main result

.. Let G be an open interval on the real line,
n a ngtural number, 4q4 € H?gi (G) a complex function

(s = 2y000y01 ) and consider the differential operator

‘i~u - u®) o u(n'2) + Q3 u(n"B) + ..t g U

defined on MY _(G) . ( Recall that, by definition, Hi  (G)
is the set of all complex functions v é:LlOC(G) having
‘distributional derivatives in Lloc(G) of order up to k :) ;?ﬁﬁ

As usual, a function u==0 1is called an eigenfunction
of order O ( of the operator L ) with some eigénvalue

n e € if

" "Furtherhore, a function u is called an eigenfunction of
order k ( of the operator L ) with some eigenvalue 7L € C
(k = 1,2,400 ) if  the function

u = Lu - ZLu

is an eigenfunction of order k-1 w1th the Same eigenvalue 7L.

Je ; :
e+ :)1(" wroooe al (S OYYT1] 3 [
Let & now given a system (ur) r=1 pf eigenfunciions
and denote o, (Iesp. 7Q7,> the order ( resp. the eigen-
value ) of Uy, . Assume that the following three gonditions

are satisfied:
(C 1) (ur) is a Riesz basis i.e. (ur) is the image of ap

orthonormal basis under -a linear topological iso-
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nmorphism of LZ(G)' E
C2) swp o, < @ ; .
(C 5) if Oy > 1 then u = u

r 5 for some index s .
By (C 1)  there exists a unique system (Yr) in LZ(G) ‘
such that ‘ B

{up,vgy = Cf;s (the Kronecker symbol)’ .

Introduce the following notations:
(,1) \)/rl = nax {llm/b(,: /(,léfand /(,(n = ﬂ_r} ,

CH (f,X) = Z <Eve D uux) N

al<y
(V}o,feLz(G), xec)
| X+R 5y (o)
: .-.-asy(f,x,R) - XSQ Sl:r)zyi})( £(y) ay

(y>o0,2€1%6), mrec) .

The aim of this paper is to prove the following result:

Theorea. Toany compact sudinterval K of G

there
exists a number R, > O such that
lim sup l Sy(f,x,R) - 6y(f,x) = 0
)/»900 XEKR

whenever f € LZQG) and O0<RCR, .d
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Remarks.

@)

(ii)

(i)

Wie note that (f X R‘) does not depend on the

system (u ) . ' '

The condltlons of the theorem are very weak. Lhe gssumptlono
1) -(3) are practically satisfied for ﬁ&%ékhewn
Riesz bases of eigenfunctions. We emphasize that theretlxe,,
no assumptions on the distribution of the eigenvalues A, .
Several sufficient conditions are known for the existence

of orthonormal bases of eigenfunctions (see €. E?A])

and more generallj, for the existence of Riesz bases of

eigenfunctions (see [h]/[dd]/[écﬂ).

For second-order operators several equiconvergence theorems
were proved from the beéinniﬂg of this century, see e.g.
[;1] [Q] [] [5] ['7'] [3] BL‘J ["9] @9] These results are con-
talned in a theorem of Joé and Komornik, proved in [46{]
by developing an important method of V. A. Il’in [ﬁlj.
This result is also a slightly stronger than the case

n = 2 of the above theorem: instead of g, é‘Lloc(G)

it was sufficient to assume that g, € Lloc(G)

tue proof of the just nentioned result of Joé and
Kénornik is not applicable for the'general case. However,
by inteéréting by parts we obtain the desired estimates
also in this case. On the other hand, in[}é]a new method
(based on a éuitable generalization of the well-kndwn '

Titcnmarsh Tormule ) vas developed for the speciral

[

nvestigation of n-order differential operators. Using
tnis method, several results were proved, see e.g.
BQ] - gl . The present pezper represents

a nev evidence for the efficiency of this method.
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Some special cases of the theorem of the present paper

were proved in (15].

2. Preliminzry resulis

—

A./ e shall need the following estimate, being a consequence
of some results of the papers [17],[18] : putting

(2) lfrl = min {lRe/{,(l: /(,Lé([ and /An= ﬂr} ’

to any compact intervals Kl C G, K2 C int Kl there

exists a positive constant &, such that

o

(3) nu%,||La,(K2)elfrl.eo<

L lu r = .
?“ rHLQ(Kl) ( e, )

o

_,B/ In [121 we derived a generalization of the well-known
Titchmarsh formula for n-order operators; the results cited
in A./ were proved by the use of this formula. Now we need
another generalization of the Titchmarsh formula.

Denote Wy,..., W,  the n-th roots of unity and set
m = [%1— .For 04 e d , 450 and
-nt <y < (n-m)t we denote by £ (/-i,t) the elementary

sycuetric polynomial of degree m-k  of the varianles

i g A g,
e 1 yeeey € n with the main coefficient (-l)k

(k = B-N,...,0 ) and we put
n
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One can easily see that £, and F can be continuously -
extended for all AA e , t2>20 and -mt £y £ (,n—m)t .
,Fﬁrthermore, the extended function F has the following

properties for any fixed M e and t50:

F (//( ty¢) ~is  n-2 times continuously differentiable
in (-mt (n-m)t) and )

D3 F(/,(,t,-mt+Q) = dI F(ut, (pn)t-0 )= 0 (1= 0,.'..,n-2) .

65) F (/A t,*) is n times continuously differentiable |
| (et (e)t) amd DBF - 4PF (m<€k<numl)

'_(6')" - Dn'l F(/A,t,(n-m)t-ol) - 'fm_n i)
. .Dn‘l ( {,t,-k140) - D37 B4, t,k1-0) = 7 (4 t)
(m—n {k<m ) R

. D%—l F(/,L,t,..mt+0) = fm (/(,t)

Using these properties and integrating by parts we obtain

for any 100((} ) the formla
' m X+mt
(7) Z £y ((L(,t) u(x+kt) + § F((ut X_ft){ Sy u(n{r;]
B=im-in X+ (i)t ,

whenever .t >0 , x+(m-n)t €G and x+nt € G .

c./ Apnly the formula (7) to the elbenfunctlon u,. . Denoting |

by Ay, en arbitrary n-th root of /“r , we obtain
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m

(8) > fclfort) wlwst) |
o @:m—&\. ' . . .
x+mt n |
+ S F r,t,x-’t) :Ei_qsc;)u§n-s%?7 _ u?tt? it = 0
X+{m-n) £ ' »=2

whenever t 50 , x+(m-n)t € ¢ and =x+mt €G .

For n=2 and o,=0 this reduces to the Titchmarsh

formula. For n =2 and o, #0 it was found by Joé (6].
For 0, = O , n arbitrary ~(then uf 0 ) the formula (8)

is a special case of a more general formula derived in [12]. .

(0

e note that the above simple form of the coefficients £y
(which has great importance to obtain some estimates in the
sequel) was proved by Joé (9].

- We shall frequently use two equivalent forms of the
formula-(B). Index the n-th roots of 7&_ éuch that

Re»/Mr,l > e > ke /yf,n

and put /(‘(rz/ar,m "f‘r:Re//{r o Vpo= Im AL
These notations are in keeping with the former ones used in

(1 .(2),(5) eana (8). Denote g (K,t) and 6 (k.t,y)
(resp. hy Cé&dt) and H QL&,t,y) ) the functions obtainéd
from £, ((L(r,t) and F(,é(r,t,y} by dividing by |
e(ﬂr;l+...+,a<r,m_l)t < oo, e(,é(r’1+..‘.+/é(r,m)t).

Then from (8) we obtain the following two formulas:
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V "
1) > e Wet) uler)

i
o

p-m-n
X+imt
- (el [qutfu(n ) v @7} -0
K(m-n)t ' =L
S(ZLO) Z by (&(r t) u.. (x-t—kt)
B=tm-in
- ;(+VHé
+ S H{MA.t, X—T) [qu@}um S)@) u @7)]
X+lim-n)¢ . n=2

D./ Tt follows obviously from (4 ) that

il
&
-

“'A (11) 'D% G,Cb&yts-mt+0) D% G jr’t’(p;m)t-o) A

DL H ‘((ag,,t,,-mm“) D B (44, (0m)t-0) -

l
&

LR

(0 éi én—'2 + I'= .1,2,00'0 ) .
The following estimates follow &irec’tly from the definition

l?] for Some details . In all these estimates we assume
that €.2 0 and t>0.

5}and

'.(12) Bk (/c(r ’t) ) By (/Ar’-t) » Dogye WI’t) and Dzhk((ur’t} |

Ctemd to 0 if |k[p2  emd ut] —» @

of the coefficients in the formulas (8) (9) QO) , We refer ST
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(13) g1 (}(r,t) and g 4 (/‘r't) remain bounded |,
. . %
Doy (i) 4 Dogy (U4at)  and g (et ) - oY

' (v
tend to O if g’rt_ —> OO0 and _(___Ei —_ 0

$r
(14) hl &L(I"t) ’ h-l (/ar’t) ’ D2h1 Wrst) ’ Dzl.l_l I"t) and

by hot) -1 tendto 0 if Gt —> o0 and

.%ﬂ— remains bounded.
T

(15) &1 (4t) & (#4ot) and ny (K4,t)  remain bounded,
' Dy (t) ng1_</"r"°/‘ , g (Mat) v 1,
"¢ for n odd Dohy(#,t) and b, (LC,t)-1
Cfor moeven g (40,t) 1
tend to 0 if [Yt| —>a» and €4  remains
bounded.

, r(16) For any real number Y the fractions

g, (Ut ) - g, (i}/ ,t) N (U ,t) - hl(i)/,t)'

t 1
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remain bounded (uniformly in )-/) it ot and | g -1V |
remain bounded. ‘
(1 ) D% Gt t4y) D% HQL&’vK)

7 itl-n § . G-1y1) and irl-n -5, 1y]

Wl )

are uniformly bounded (i =0,00e,n-1, r =1,2,... ) .

E./ It follows from Theorem 2 in.[lZ] that for any compact

" subinterval K of G there exists a constant C >0 such th

HUZE.HLCO(K) < C'(1+V/(r,)'\lur,}1m(1{) (r=1’2"'°). .

F./ Finally we recall two important properties of the Riesz bases:
the generalized Bessel inequality and the generalized Parseval -

identity. First, there exists a constant C such that

«({18) z l( ur,w>!2 < ¢ Ww ))22 Y we Lz(G) .
= , 1<(¢) |
secondly,
. o - '
09) <twd = > v d<uwd Voiwelds) .
: A=A

3. bstimation of the sum of sguares of the eigenfunctions

In this section, under the conditions of the Theorenm

we shall prove the following strong estimate:
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P‘ r opositio n . To any compact subinterval L

there exists a positive number & such that
| | 2 19,0 €
sup E: ol ., e F < @ . a
. LY(K)
Y24 V-1 11 €4

This result will follow from several lemmas,

Lemma 1.

A ' 2
sup Z (”uran(K)) - 001 (A . ao) .

ysA vl €4 S

V,,-?/A‘ff

;> A
Proof.PFix RS>0 such that Koop € G where
KJ“ D= -{x : dist(x,K) £ J} For any ¥ 21, x €K,
RLEt<L2R and re Iy(A) 1= {r: [V- )/rlél, )/rz.ﬁ.fr ’
V2 A f y by the application of the formula (9} we obtain

R 2R ‘
-iyYt
= Z g e 8ic Q/Ar',t) Uy (x-x-kt) dt
R NN P (-8 )i 2
- e u(,(/(r,t,.a- L) U, () —Z g5 @)y (T)aTas.
Q l A=2

X+(M—-h)t

Integrating by parts and using (11) hence we obtain



2R vy |
-1
_ S e g, (Mt) dt v (x)
R 2 |
- Z g, (., 2R) S & k u. (x+kt) at
n-n<h<m R \
g+0 2R 'E
- g'ngk(//ir,t) g Qc+&§)d§c1t
- $h<ym
et ?y <ot
> 2 () )T f D%‘S‘MG ptxt)
22 (=0 7= R Xilm-n)t .
S (1)@) u(E)afatat
X4(m-n)t ~ ,
2 _ Xamt t |
- Sé'lyt S D3 G (4, t,x-T) g uy(Flafarat .
R X+(Mm-#)¢ o Xa( )

' The following estimates will be uniformin ¥ , x , r, t , T
when A —> o2 , Using the estimates (12),(15) ,(17), with
suitably defined functions — wy, wo, Wz, Wy & LZ(G) (whiph

- a

depend alsoon Y, z, t,7T, k, s, i ) we obtain

(‘i)
(1 5)) |- < m_%émo(l) |<wyu, Y|
4R e+0

+-Z g O(l) \<w2,ur>] dt

m-n<t<m Q

V'i:o nes gr xemt .
2, g ( | O/\l) l(wB,ur}l aTdt
N=2 «=0 P X+{m-in)+

2R Xt

.»+ g | S 0(1)‘,<w4,u:>1 d’t’dt

P xilm-i)e
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faicing the square of this inequalitl, sumnarizing for
° clh(,‘ Cg
recl (A) using (18) we optain

Y

| s—r

<oz oy lnlsy,
seI &) | m—fézigém te)
‘> g o(x) flwy||? at

m-in< p<mR LZGU
+0 o 20 Lyt

. g g 0() UW5H$?(G) a7t

v

222 <=0 U xilm-wit
a X+mt »
o § oY) wyll o, aTa
R xilin-h)t L (G) .
Furthermore, one can easily see that
- : ( | N
n WlHIﬁLG) = 0 l) , 1 =1,2,3,4 ,
therefore
— i 2
u.(x) | .
R e B

FeT (4)
Integrating on K, we obtain the required estimate. O

Lenma 2.

) ,
T Hur“ 2(w ;
sup / : L<(K) = 0(1) (A — OO) .
\Wway A< Sr /
yYoA A=
)/,,-S—Ag/f
2+ %A }
- Proof . Quite similar to that of Lemma 1, replacing
-1Yi iyt
e oy e
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Lenmma. 3, For any fixeda 4 > O wehave'

— , 2 )
2. HurHLQ(K) = __O:_(A) ( B"—-—) Oﬁ),
\yn_ | <A 8, 7 : : :

¢+ 2B

f.Fix R >0 suchthat X, p C G . For any

x€K,REt< R, re1(B):= §r: |V 1<h-8 , f’r;B},
applying now the formula (10) , integrating by parts and using
(ll) , we obtain '

2R . - 27 " |
(gl - S m () (ulest) g
R m-n<f<m R B
Y . b+o
- }_— Doy (fayat) ( u(x+kE) afat
n-n<lem p R . ,
e'_'«to QK )(-LW‘&
o k2 ' i : : . v
B T A
9=L «=0 ' R xilmwt
/t/ .
. g qgi)@ u(§) afavat
7 X +(m-wt .
9R  x+mt T
_ g ( Dy H (44,27 g u(5) aFaTat .
R Xa(mnwt ' X+t -n)t |

/
The following estimates will pe unizorm in x , r , %, T
when -3 —> 00, using the gziinaies (13),(111) ) (17), with

suitably defined functions W, Vg, w7,'w8 & L2(G) ( having
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also the parameters x, t, T, k, s i) we obtain

(130) (o] € 2 o) | <usur v

M- € f<im
Ce+o0
2R
+ :—>— g O(l) l<w6,ur>| dt
m-n € §<im R
¢+0

QR X+Wf

W - : - | .
+§2 ( f 0(2) |<vwgu,H| 4t at

522 Az0 R xXilwm-w)t

QQ X.J-_VV\\‘:
- f oy |<wg ¥yl avar .
R "X 4(m-n) ¢ '

Furthermore we have

-

. 2 : .
wo il 5 = 0(3)
H JltlLdLG) T/

and the proof can be finished by the same way as in Lemma 1l .0

Lemma 4 .Forany fixed B > O we have

e 2 ) .

Sup .; — Hur”LQU{) = g(l) (D — 'OU) ‘
Y2/ Y-y €4
Y, 3 D
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S roof . Fix OKR <f¥%j suchlthat K4nRO C G

(IK( denotes the length of K ), vie will show that for any
fixea 0 < R Ry, we have the estimate

fzo)z uy /y)l c(mw 2 >l oy * o)

Ael . Aed

(D — oo) uniformly in Y>1,y€¢K and uniformly for

any finite subset I  of

1,(0) := frly-ypl€1,0€8 <8, V2 D¢
(C is an absolut constant}. Hence the lemma will follow easily.

Indeed, integrating on K we obtain

€T

Hu ” . < ¢kl (l+oU) Zﬂu H + O(l)
14x) 1°(&)

A‘eL

Choose at the beginning of the proof R so small that
clyy g € &,

then, being all the terms finite by the choice of 1,

S el - W

¢ T
and, being I C Jy(D} arbitrary,



- 18 -

5 .
> Al = )
e ‘Jy(D)'
as stated in the lemua.
¢ ¢ the centre of K . iie prove (20) differently

R
L
in the following three cases:

a./ y >/ C.
b./ y £ c and n is even ,
c./ y £c ~and n is odd .
a./ Applying the formula (10) with x = y-t we obtain
2R
- g'glu(r’t) dt ur(y)
R

2R ‘

| ( (go (Mprt) - go(iy,t)) u(y-t) at
Q .
R | '

2
:- S g;)(i Y,t) ur(y-t) dt
R
e
+‘Ml§@£w gk(/b(r,ZR)‘ g u, (y-tekt) dt
B+g1 R
2R t
S o) [ alopt) oo
M-n<hLm R R
6¢a,h/rm | 2R 4-timt
i g
22 2 ) B o Yyt
=2 (=0 R Y-t 4lan)t
T

. S qs(i)@) u(f)afaTat

Y-t .+C'm-h W ,
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QQ -‘1-{4"'"% ' T ‘ '.
- § § D3 G(,c ,y—t— ) S uj(f)d?d't’dt

g y-tilm-n)t Y-t +(m-n)t

" The following estimat-es are uniform in Y , YT, b, T
when‘ D —» o0 . Introducing the functions Wg,...,¥j3

€ LZLG) ( depending also on the parameters Y, ¥ » T, % s
k,s,i) in a suitable way, by (12),(15),(16) and (17)

-we have

<Rju)) lurty)l < CRj/z \\u HLQU{) + \<w9,ur>’

o S |
v oy |<ngugy] - Z g o) | < vy S at
- < him m-n<p<m R
Q¢o 20 ‘5“{""’"{ | . B+on

o ke |

+Z Z g g 0(1) [<wppou,>| aTat
9=2 420 R y-tilmn)t |
QR Y-ttt

+ ( g o) | <V’1§’u§>‘

R -{L(m-/n )23

B 4
Taking the square of both sides, summarizing for r & 1,
taring into account that '

| w; “.LZ(G) =01 ,i=9,...,13

and using LlS) ‘we obtain (20). ‘
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.

b./ Applying the forﬁula (10) with x = y+t we pbtain
almost the same formula as in the preceeding case,.» with the
following changes:

- y-t is replaced by ‘y+t everywhere ,

_ instead of g1 (/Ar, y 81 (/Lr,u is placed on the left hand
slide.
After it :(201) may be derived exactly by the same manner as
before because gy (K,t) = -1 +T(1) by (15) ( this
does not remain true if n is odd).

c./ e apply now the formula (11) :

h Q(L 1) b ul(y)

R
S r,t) - pliy, t)) u(y+t) dt
R |

1
NS ;‘3“’\’%

g b (1Y,6) w(yt) at

R
2R
Y hy (f4,,2R ) g u (y+kt ) at
fh-n< g<im R
RN
A .
- Z S Dgnk(/"(r,t) g ur(y+x:§) dFdt
m-n 24 m R R
@+ o
n-» QR 4 mt

522 =0 R "534;,04,_“)(.



{ gt esoca
gi(im-hlt
aR  Himt - - T B |
, ¥\
_j S Dy H (f4,t,7-T) g u (§) afavas.
R _f?},p("’n-h)f 4 +(m-n)t | :

Using Q;Z),QS), (16) and Ll?), with obvious notation we obtain

(RQE(I)) lur(y)} £ ¢ RV 2 Hur“LZ(K) + |<Wl4,u¥>t

L 2R |
+ Z O(I)l:<w15,ur>l + z -(o(1)}<w16,ur>ldt

ki £ € m m-w<f€m R

b oA b+o,n
o m Reo 28 Mrme |
I B
=2 (=0 L A+l ) & '
o0 A Em

0) |<mgn) | v at .
14 +lm-n)

Furthermore

= 0o(1),i=14,...,18

HW1“L2LG)

and .@O.) can be obtained as in part a./ .
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Lenma 5 . Foranyfixed B D> 0 we have

sup Z = “ur”iZ(K\ - o) (D“‘” '-”) .
)/7//1 - [)/«L}/,r'lé/{ j

0£¢, <B

y, £ -D

Proof. This is quite similar to that of Lemma 4 ,
replacing in the formulas the term &, (i ,‘/,t) ( resp.

hy (i )/,t)_ ) by g (-i)/,t) ( resp. hl(-i)/',t)) . O

Dt e A St A S sy s s
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I,e'm,m a.6' . For any fixed B, D » 0 we have

' i a2
Z _lurtth(K) <@
b/ﬂ“[<o

Prooif. e will show the existence of a constant C
such that

@ ®S < ew > el 2
AeT '

Ade

for any y €K ,0<R K J'ZKHL and for any finite subset

T of -Ji= §r: 6] <B, |¥%|<D¢. Indeed, then

choosing R  such that
crlxl € 5

integrating on K and taking into account that 1 (_ and

2 .
tﬁerefore ZEE: \\ur\th(K) ) " ig fin%te, we obtain

AeT
R TR 2 ¢kl
2 e r“Lg/) < 2
FeT

uriformly in I ; hence the lemma follows.
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Denote again ¢  the centre of K . To prove (21),
we distinguish three cases:
a./ ¥y 2 C
./, y<£¢ and n 2 2 |,
yd

c and n

it

c./ y 1.
a./ Apply the formula (8) with x=y-mt , 0<t<R,

then we obtain

R o
- g lcm(l(’(r’t) dt ur(.y)
m

4 R .
. S (fk(,ur,t) - fk(o,o)) u, (y-mtekt ) at
Bein-n
ma R
+ gfk(o O) u (—mt+kt) dt
@=m-. 0O
T
. Z Z (4_1)1 (ln{s) ‘ g D%-s-i+1 P £, y- L)
A=q 4=0 C /LA—:‘/L{:
&~ |
: g 1 (§) v (f) afaras
4 -nt
R4 T

i { § D3 F (4 507-1) S o (5) agetat .

0 ”ﬁ'“é Aj-né

Being f,, F smooth tue functions
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£ (M,t) - 40,0 . |

Al - 500 e s )
. .

are bounded for . \§r[<B-, Wr|< D,0dt<R and

y-nt < T < y . Furthermore, \fm'CA%,t)l = 1 . Therefore,

introducing the functions ( depending on the parameters -

y,T,k,s,i ) Wigs Viogs Wy & LZ(G)  in a

suitable way, we obtain the estimates

m-A

. \ur(y)] < o RY/2 “ur”LQQ{) * Z ‘<Wl9’ur>/

b=m-n

X
1
>

“
g 6 | gy ¥ atat
A

c;, ,i=19, 2,2

Al HLz(G) <

for some constant Gy . Hence (21/ follows by the usual way.

b./ Apply now the formula (8) with x =73+ (n-n)t ,
0 Lt CR, then ' '
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R
- g fm-n(/kr’t) dt ur(X)
0
R
= > g (fk (¢4t) - £,00,0 )) u,(y+(n-m) tkct ) at
Q‘zﬁm ’ 0 -
m <

+ Z f £(0,0) u(y+(n-n) okt ) s

f=in-inzn ©

W hes . Q g4h£
. Z Z (_1)1 (nES) ( { D%‘s‘i“l P (&&,t,ynt-’t‘)
p=q <=0 N b Y
(Y Eulg) epata
it A

T
Dy F (44 t,yent-T) ( ufG)d?d’i’dt :

y

Hence one can proceed as in the preceedirgcase because n 2 2

implies also lfm-n Qur,t)IEEl. .

c./ This case can be treated quite similarly to the case

b./, with a sole change: before the estipations we divide the

, .1
formula written just above by e ¥ . Then
-1 (//(rvt)
t =
JHMr

and the usual procedure works. O
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Proof of +the Pro‘positio.n.ZItfollows
from Lemmas 1 - 6 that

| S \iur» \2
sup Z ! HLzﬁK) < oo
24 o €a 0\ L+ S )
$r 20

If n is even then tha condition ‘fr' 2 0 is alwgys

satisfied. If n is odd then we have also

. _.__-; | I eell f ¢ %
Y2 \y-nll €4 1o 8| - o
s

by a reflection principle de"siéribedvin" the introduction

of the paper [17]. Therefore we have in both cases

sup E - LZ(Kl)\Z < x

1418
V24 ey ltes &

L1

for any con mpact subinterval Ky of G . Applying the

rl‘

gstimate (2) (Cwose K, = I\.) hence we obtain

2
the proposition (with £ = %) {fer example. 1
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4, Proof of the Theoren

The idea of the proof is the following. Putting

Y S el

| 1
(7 vel) - { T Y ey
| 2

Y < vy
and .
sin V't if |t <R,
_ Tt
w(x+t) =
0 ‘ otherwise .

by the application of the proposition proved in the preceeding

section we will show that for any compact subset K of G

- _
,(22) sup  sup 2. [(ur,w> - Jv<‘/, \yr U\ ur(x)’ 2 < @
Yso  xel d=a e

whenever R is sufficiently snall ( wE LZQG) depends on

the parameters Y and R ) . Taking into account that

e )
Sy(f,x,R) = J{fw) = Z <f,vr\<}1r,w> ’
A=
R | |
5y (13) = > <o 3 d ) ) <3S <ty ux)
= bhl=Y

applying the Cauchy - Schwarz inequality ,@2) and the proposition




azain, we obtain

’

SUuj s (£,x,r)-6.&x)] <Lc I "eriz(e
o i el sl €l (ve s

with some constant C  independent of ~ f . Now it suffices

to show that

lim  sup ! S)/(ﬁ,x,R) - Eiy(f,x)l = 0

Y—=>0 XeW

for any f from a dense subset of LZ(G) . But this last
property is satisfied for any finite linear combination f

~of the éigenfunctions U, because then f is contin-
wously differentiable and 6, (f,x) = () for Y

* sufficiently large, therefore one can apply a classical result

| of the theory of Fourier series (_see [25] , Volume 1, p. 55).

The rest of tuis section is devcted to the proof of the
estimate (22)- In the sequel we shall consider only the case
n > 1  Yecause the case n =1 4< thén Lu = u ) can

be.easily led to the cuse 'n = 2 ( Lu = u ) o
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2R
Lemma 7 . ue have l-lg g-e/ut dt] —> 0

if /Aé(ﬁ,Re/L(éO,R>O and [/,&Rl——:vcc .

Froof . It suffices to show that

2R .
R IR o
R | .

For this, first we note that obviously

2R

.

e#tdt‘.é eRe/AR
R .

On the other hand, applying the theorem of Bonnet, there exist
R < Ry,R; € 2R such that '

2R 2R ~
- l% g eﬂt dt‘ é %i' ( eRe/ut cosS Im/,(t it )
) 20 ¢ 0
v+ é et ip inpt gt | - L JRe UR Fg cos Tn et dt
Ra
+ l %{ eﬁe//‘ﬁ ( sin Im/,(t dt! é Tﬁlﬁﬁﬂ eRe/IAR o
R |

Lenna 8. Toany compact intervals K;C G, KCint By
théere exists R D 0  such that for any fixed 0 <R <Ry

R

sup (

X €KX o

u. (x-t) + u,. (xa:t)— 2u,.(x) ch £t

. it <




el g )

whenever  |A4| is sufficiently large. a

Proof ; ile shall use the notations of section 2 . Ve shall

assume that ¢, 2 0 . The case G, < 0 hence can be obtained

by the reflection principle mentioned at the end of section 3.
futiing

| 4 | o
. (y/ Cwly) - g wp Ay (3-7)
. x P &9“4’

. n
« " . Z qS@')uI(.n“S)@’) - uf@'} aT
=4 |

ct

hat v, € H?OCQG) and -v%n) =14L§ V. .

Corsequently v, 1s a linear combination of the functions

one can readily verify

. /,(r Wy (y_x} | . //(rwn(y-x )

9 . [ ] . e L !
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By (3) we can fix R > 0  such that KanR C Ky and

© 0

28R,

(23) Vol ) < 0 Ml o (r-12...)

Vie shall distinguish two cases:
a./ n isoddand n>l i.e. n=2ml ,m22.

b./ niseven i.e. n=2m,mnx1.

a./ For any xéK,O(S(ZRO and O<t<’S‘

the determinant
- S
vr(x-mS) o e m/b(r,p
.- _ ; 5
':vr(x-ZS) . e Z/ur’P

,(vr(x—t)+ v (x+t)- 2vi(x) Oh/{/&t) ‘- ( 2ch M. ot - 2ch/,<rt)
2 S
*rr(\:\:+28) c. e /MT,P

V. (x+ (m+1) S) | "o e(m+l) /('(r,PS

(p = 1,...,n) vanishes. Expanding it according to the first

=

-
O TIMT !
Cu:..ol..lﬂ, i

tn oovious notaticn we obizin the formula

d (/AT,S) <ur @-t) +ou(z+t) =2 up(x) ch/&_t)

) Z dk (/“‘T’S,t) ur(x+kS)

~m<E p<LmiA
ey 2

™ IN
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. o | '
s S D (45 0x-t) [ > a B s)tf) e v
X-i5 2=2 . /

One can see easily ( cf. (4)) that
bj D (4.8,t, (m+1) ) D} D '(r,S,t,mS) =0, §=0,..02

Therefore the above formula implies
(r,S) < ur(?c-.t) + . (x+t) - 2 ur(x) ch /é(rt)

. 5_ ay (.8,t) (ks )

- —m € AE M :
\21 22 x+(m1) S

hn_ h-s ' .
Z Ztﬂ)‘(ﬂjo) g D‘Z‘S”— D(//Lr,S,t,x—’t) qg.l)'@ur@) oy

h=4 L£=0 - §
X +(m:4)$ : : °
*
_ g D(,L-gr,s,t,x_ft) w @) aT .
X-mS
Putting

Q(_{(/(r,S) B e((m+l)/l(r’l+...+2/,(r 2/('rm+l" m/{’(rn) )

°y the method of the paper Llﬂ We obtain the estimates

e ——n e e s g e i = & i s ¢ ot o et
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\dk(/,( S t)' £ ¢ lq(,ur,b)] l/“rtl( ¢ 18 R ‘4“ A 1)

<o | g(/xr,s) l‘}/‘r}j+l_n .

|2 D (408, 8,%-T)
N -
omin{l, l/{/(rt’}- egr s

furthermore, being n odd there exists a constant o >0 with

Re A4 1 VIS WII | and Re/('(lf,m+l £ - "(V&‘I ) Yr.

(In the avove estimates Cl denotes an abvsolute constant.)

Using these estimates from the formula we obtain

- :

u (z-t' + u (x+t) - 2 ur{x/,‘ ch L.t

m

s | .S
< ol Tl e
no h-s 2_8_.' . -1 er
+Z Z , V"rl t mlﬁ{l/b‘rtl } “u I 06(1\2118
H=2 (=0 .
2 $.

o a1
min.{y,(rt! g “u “ Ml\ZnD) e

with azother absolute constant 02 .
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- Let us now fix | 0<R<C Ro arbitrarily. If ]/(Arl >%‘ then

R Cod™ R
J(minij{é(rtl,-l, 1§at £ §1 at (_Mt[_l at
o o - V{n'l-d ' '

R CRETS PN

therefore if R < S < 2R and l/b(r} > max {1,% % then
R

| d ((Mr,S)l g Aur(x-t) +.uer+t) - 2 u{x) ch Lt ‘ .t
Lo (ey,8)] ‘ |

. %
0
1+ In|MR - 2 ¢R
oA r
¢ . ¢ .
R 2 <”ur“ (&,5) [Fus “L“(K4nR,)_- °
| If ],aII is sufficiently large then.by Lemma 7 we have
2R |
a (4,s) | 2
\r;—s'ds > >
° o lu,s))
~whence
S ur(x-t) + ur(x+‘c) - 2 u(x) ch Lyt } it
T
0

y In [ ] . 2 f‘rR‘
< o, (nuran(Kmf 0 )




T

-
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with some constant (., depending only on R . Taking into
account (25) and the condition (C 3) hence the

Lerma foliows.

b./ For any x& K, 0<S8¢<2R, and 0<t<S

the determinant

v, (x) | e 1 ' e,

(vr(x_t)+ vch-t-t‘)— 2vr‘(x) ch/(,Lrt) .o (ZCh/Ar,pt - 2011//(1,1:) o

(vr(x-23)+ vr(x+28)) ‘ , .o kzch 2/,(r'lps) . e -

9

(Vr (x_mS)--l- V. (x+mS)) T (2‘31’1 m/b(r’pS) T

(p = 1,...,m) venishes. Zxpending it according to the first

column, with obvious notation we obtain the formula
d%,S) <ur (-t) + . bt ) - 2u(x) ch/‘rt)

Z dk(/f(r,S,t) (ur (x+kS) + ul; '(x—kS))

0L <y
"
u/mg

/ n
+ j | D r,S,t,x-’C’) ( 2 qs@) urkn..s)tt) _ uf@) T

X-m S »=2




One can see easily that
pj D chr,s,vt,ImS) =0 ,3j=0,...,02

~ {therefore

d ALr"'S) (ur(x-t) + ur(x+t) - 2u (%) Ch/{rt-)

= "Z’: 4 (4,8,t) (.ucha-kS ) + u (x-kS )) |
DR s
> > ( D5t ofees, 6 x-t) o) o T
2=2 ,::,ﬁ; _ X-4m 5 | , ‘
- g D{i..8,t,xT) wi) 4T
| X=-m¢
Putting

-y

. Q((L(.,.,o) = e(m/blr’1+"'+2/é(r,1;_1) S
we have the estimates
i) € o |aligs)) ool | FFm Hmn) 3

if m>/2,

5§ D5 50| <0y ol 7 i 1, g o 5




Furthermore,
d, (M5,8) =0 if m=1
and there exists a constant o> 0 such that

Re /’{r,m-l > A Wl | (r=1,2,... )

if m } o . Therefore, fixing O<R<E, arbitrarily,
hence we obtain
. R
d (/AT,S,) \ g \urkx—t)+ ur(x+t)- 2 ur(x)ch//(rt
0

dt

Q (£4,.8) t

l+an’(B| TR A | ZgrR
< S (“ur“ (&, ) e Lw(KA,nR)) S

if R<LS<2R  and ‘/Url > max {l, —%—% gnd the proof

can be finished as in part a./ . O

Lemma 9. Toany RDO there exists a constant
¢ > 0. such that |

R.

z sin Yt cu M 1t O(V Ce{grla
< ~ il Cil T it — ‘
N §> A U TE

for 211 Y > 0 and r =1,2,
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Proof.Seein.[lO] .0

Let us now prove (22)-. Given a compact interval K C G

arbitrarily, fix another compact interval Kl C G such -‘thét
£ C int X) , and then a positive number Ry > O  such that
0 < Ry < R, (R is defined as in Lemma 8 ) ,

Banp) < K1

- ‘ 2Ry | 2 |
L24) .sup . Z (“ur”Lw(Kl) e T l) < 0o L
¢ -l €4 |

This choice is possible by the proposition of section 3.
~ Fix 0<RK Ry  arbitrarily and fix a constant
= A(R) > 2 such that the assertion of Lemma 8 hold

true whenever V(r*, > A . In the sequel C denotes
diverse constents independent of Y > 1, x €K and
r = l 2,.0- .

Consider first the case when I/Llrl > 4. Appljlng

Lenmas 8__ and 9 we have
' <_£r'?ri> - J\I()/?!yr') ur(X)!

R
_ ( Sl’lyt, ( u (x-t) +u (x+t)) at - f(}’ D’rl) u.(x)

0
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R |
siny t ' ‘
£ ( = <ur(x-t) + uy (@) - 2up(x) ch/(,(rt) dt
% | |
" sin Yt e .
. 1_21: ( tt hfb -—ﬂv,\)’rl) o x)]
0
| in er ' -1 o e\grml
< (W + e b-vul) )Q"‘r” ey .
| ahd (Cg) |

for 1l Y»1 and x€ K . Using (24)) with any fixed
0 £ € <1 hence we obtain

Z \<ur,W> —XQ’f Wr’) ur(x)' 3

Ve > A
< ¢ Z ((1+\yrl)'2+‘c' +<2+l)’-\yrll)-2 }
Val> A '
[, CF 22l.'.?rlRl
-\\\urll (g * | IILMLK )) e

< Cf (1-24-6 R (1+]y-i})—2) Z (U ol o e\gr'Rl)Q

=4 " aeh i

- C -—-20—0—: (i"2+6 +Ll+b/—i])-2) g C
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) > < -4 i) )] ‘
Wil >A

Consuier now the case When V’{r{ < A . For any YV 21

and x €K, integrating by parts and taking 1nto account that

: sin x
the improper integral g ; dx  1is convergent, we obtain
X
[
| R |
v sin ¥t |
|(ur,w>l = g —-T—-FT | dt (ur Q;-R) + ur(x-i-R)) '
: o .
t ., A
: 'sin )’E
+ TE d§ u’AQc-t)- ui,(x+t)) dt |
0

€ (“'ur“L,”"(nl/ sl )

- st

But l/"’/(rf iz bounded, therefore by the result mentioned

in section 2 , part E./ hence we can conclude that

<oy ] €0l el

and'

S dWbil) wle )| € 0 1wl S, ) .
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Using (24) again hence we obtain

(26) Z \<ur’w> (A er}l
, Ld(,f;/q |

(25) and (26) imply (22) and the proof of the Theorem
is finished. O |

Remar k. iienote that in the proof of the Proposition
in section 3 we did not use the full assumption (C 1}
but only its consequence (18). Thus our result remains valid
for all ( not necessarily complete ) orthonormal systems

consisting of eigenfunctions of order Q ( for example). &l

Open problemns )

1. It would be interesTting to Wwow whether the assumptipn
. (0‘3) is necessary for the validity of the Pioposition.

2. From the viewpoint of applications the Theorem proved in
this paper seems Lo dbe very general and satisfactory. However,
from a pure mathematical viewpoint it would be useful to

enlighten whether the result remains true for the more general

differential operator

Lau = u(n) + q3 u(n'l) oot QU 5 Q loc(q)' s = 1,..
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