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RESUME : Dans cet article, nous avons démontré que la présence de certains
types de termes non homogénes peut rendre globalement réguliére
en temps la solution de systémes hyperboliques quasilinéaires du
premier ordre quand les conditions initiales sont assez petites.

ABSTRACT : ' In this article we proved that certain kinds of inhomogeneous
terms can smoothen the solution for first order quasilinear
hyperbolic systems globally in time provided that the initial
data are small.
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GLOBAL SMOOTH SOLUTION OF CAUCHY PROBLEMS FOR A CLASS OF
QUASILINEAR HYPERBOLIC SYSTEMS

by

Ling Hsiao and Ta-tsien Li

ABSTRACT

In this article we prove that certain kinds of inhomogeneous terms
can smoothen the solution for first order quasilinear hyperbolic

systems globally in time provided that the initial data are 'small.



1. INTRODUCTION

For the Cauchy problem of first order quasilinear hyperbolic systems it
is well-known that even if the initial data are very smooth, in general, a
smooth solution exists only locally in time and.éingularities may appear in a
fihite>time. It was discussed in {1] how the presence of various dampiﬂg and
dissipation mechanisms may influence the smoothness of the solutioﬁ.. In the
.samé direction, we consider here the influence of a special kind of dissipative
inhomogeneous term and establish the existence and uniqueness of global smooth
solutions,

Consider the following Cauchy problem for a first order system of

inhomogeneous hyperbolic balance laws:

-g—%+%,({—ul+g(u)=0, @< x<w 0 0<t<® (1)
U(X,O) = ¢(X), -0 < x < ©. (2)

where u = (u ,un)T is the unknown vector function, f(u) and g(u) are

100"

given smooth vector functions of u with ,
g(0) =0 ' ' (3)

and ¢(x) is smooth.

System (1) is hyperbolic on the domain under consideration if

1) The n X n matrix Vf(u) has n real eigenvalues:

‘Al(u), Az(u),...,kn(u); (4)

2) Vf(u) is diagonalizable, i.e., .

det z(u) # O. (5)



‘where g, (u)
| | g, ()
g(u) = :

cn&u)

(6)

and CQ(U) = (Cgl(u),gzz(u);...,cgn(u)) is a left eigenvector corresponding

to AQ:

EQ(U)Vf(U) = AQ(U)CQ(U)-_

By (3), g(u) can be rewritten as

g(u) = B(u)u

where B(u) = (Bij(u)) is a n x n matrix with

B(0) = Vg(0).

Let | A = diag{h (), hy(w),. .02 (W)},

The main results in this paper are the following:

THEOREM 1. Assume that (3) holds and the matrix

o = (agp) = £(0)Vg(0)g ™ (0)

4

is row diagonal dominant:

a,, > )la,.| (2=1,...,n)
22 jgz 23

Furthermore, let Z(u),A(u) and B(u) be smooth with

satisfy

(7)

(8)

(9

(10)

(11)

(12)

bounded Cl norm and



Idet C(u)l > D0 >0 (Do is constant), (13)

Then the Cauchy problem (1), (2) admits a unique global smooth solution
u = U(k,t) on t >0 which decays exponentially with respect to t, provided

that the Clnorm of the initial data ¢(x) is sufficiently small.

THEOREM 2. The conclusion of Theorem 1 holds if (12) is réplaced by the follow-
ing weaker condition that there exists a diagonal matrix y. with Yy, #0

(2=1,...,n) such that the matrix y&&Q_l is row diagonal dominant.

-The results in this paper generalize and make more precise the results
in [4] for the one-dimensional case.
We should note that our assumption (12) or even (15) do not cover, for

example, the case of the one-dimensional damped wave equation
J u - v, = 0 _ _

(14)

l Ve - o(u)x + v = 0.

For a global existence theorem for this special system see [5].

The proofs of Theorem 1 and 2 will be given in the next section.

2. PROQFS OF THEOREMS

Multiplying (1) by ¢ from the left and using (7), we obtain the

characteristic form
a a 14
C) [ + AW 2]+ Awgiwu = 0, (15)

where



AW = (A ) = B W, | (16)

We note, in view of (9), that A(0) = &, i.e., Aij(O) = a (i,j=1,...,n).
It is now clear that the assertion of Theorem 1 follows easily from the follow-

ing lemma,

LEMMA. Assume that the matrix A(0) = _7 satisfies (12) and ;hat z(u) , A(u)
and A(u) are smooth with bounded Clnorms and satisfy (13). Then, if the Cl
norm of the initial data ¢(x) is sufficiently small, there exists a unique
global smooth solution u = u(x,t) on ¢t > 0 for the Cauchy problem (15), (2)

and this solution decays exponentially as t = o,

PROOF. In order to obtain the existence of the global smooth solution it suffices
to prove that if the initial data ¢(x) have a small Clnorm then the Clnorm of

the smooth solution u = u(x,t) defined on the domain

'

R(T) = {(t,x) 0 <t <T, -=<x < w} ' (17)

does'nok depend on T.
Rewrite (15) in the form

du, ou,
s gcﬁj<u><5;i-+ N 52+ g(AQj(u)—Alj(O)) Jogp ( +

Ja,. Yz, (uu, =0 (2=1,...,n) (18)
j N % jk k )

Let

£ = fﬂ(r ;€5 %) | (19)



be the Q#-th characteristic curve passing through the point (t,x), which

- satisfies
g | -
dt = )\QI(T,f,Q(T,t,X)),
(20)
fz(t;t,x) = X. .
Setting
Ul = chk(u)uk (21)
k
and
a,.t
_ 28
Vl = e ,UQ’ - (22)
it is easy to see that
[ v Vv a, t 90, (u) 3, . ()
L “aR L3 2
5t AW g =e T I+ Ay () —5
alit
_Z[A,Q,J (U)-Agj (O)]Ecjk(U)uk} e -EQaRjUJ
J J (23)

) (2=1,...,n),

0 -
L V5L'=U!L(x):gr’£k(¢)¢k , t=0, -»<x<w,

Integrating the £-th equation of (23) along the £-th characteristic

curve, we get

0 t ag,T 9y (w) g, _

Vo (e,x) = Up (£, (056,%)) + {O{e [2(——52——— T A0 —uy
J

a

“g(Azj<u)‘§zj(°>>§Cjk<“)“k] - e jgzanUj}dT> (24)



then
-a,, t t a, (t-t) 3g,.(u) "L, . (u)
U (£,x) = e 8 Ug(fR(O;t,x)) + fo{e . [ZH%“* + Ag(“)_gi——)“'
' ag o (T-t) :
- JZ(A,LJ. (u)-AEj(O))ECjk(u)uk] - e j;zagjuj dt. (25)

in which the integration is carried along the characteristic (T,fz(T;t,x)).

We have

3z, .(u) 9z, .(u) du du
- G . @6

| 9z, . (u)
23
e T MW 5 T L u

System (18) together with (21) imply that
du . du
_k_ k,p _m _ k,p
£ = Lortn, (W g - TP W, (27)

9
p’m ) p!m
where gk’p(k,p =1,...,n) denote the elements of t—l. Thus, introducing
v, =g=, W = gclj(u)wj, ' (28)

it follows from (26) and (27) that

( oL, , (u) g, () _ 4
- ot Al(u) —~§if——-= ngjs(u)wS + pXSQij(u)Ap’S(u)US,
9 (29)
ahk ‘ o .
ac XRk,s(u)ws + z sk,p(u)Ap,s(u)Us’
| s. P,S

in which



2L, (u) 28, - (u)
_ 23 k,p ms 2 ks
P . (u) = —— P A (™MW —— 2 (W),
Lis k,}i),m auk p,m P 12( agk L
3¢, . (u)
N % R
ngp(u) = g du, z " (u),
(30)
R = § P, on e w,
p,m ’
- kp
L Skp(u) =~z "(u).
Then, from (25) we have
-a, t
U (6,0 = e L Ug(fz(o;t,x)) +
ot ag, (T-t) _ _ ' ir
f le ™ QP WU+ § @ (WA (WU o= (WU, (31)
J s pP,S r
X ' | aMZ(T_t) |
~ YA, . {u)=-A_.(O))U.] -e a_.U.l}dr.
§ 3 '] J : jzﬂ 233
Moreover, if we set
a, .t
Hy = e L ", (32)

and differentiate (18) with respect to x, it follows in a similar way that

[ oH 3H, ag,t 3z, (u) 3Czj(U)

3% T )\2( ) - e § _J—at + )\Q(U)T v

a¢ o(r A A, T
e Tl tmr et L e v L TTan T Yol
irk Tk i,k k j,k,p “p P
< B aggt B » (33)
+ LAy (W)=Ay (O, - e yza“j i
J
. .--0 _ 1 . ‘
H = wg(x) = gcﬂkw)d}k(x) , t =0, -o<x < o,

|




Integfating the 2-th equation along the f£-th characteristic curve and
using (29), we obtain

) -a
WQ,(t ,X) = e

t
22750
W (£,(038,%)

t aQZ(T—t) _ - ' jre
+ fo{e [Py (W + T Qp (WA (WU)-]g7 W,
J s P,s . r .

g, .
- _'Q‘l W . kr—
'Ek auk(ZRks(u)ws + ) Skp(u)Aps(u)US) EC wr.

Jo p,s (34)
0(L,.0y) 0(A,.C..)
‘ 2378 kr— — 2373k —
- z du CJSE rﬁ;wr - z 83 ! CkrckswrUs
j’k’s’r k j’k’p7r’s p A
5 _ L aQQ(T—t) j 71
=), (W=A,.(0)VW,] - e a,. W, ldT.
e 2
R it 3 1) 2373
Let
Uz(t) = supIUl(T,x)l, .U(t) = sup Ul(t)’ ' (35)
0 <t <t QL
-0 < X < ®©
Wo(t) = sup [W (t,x) , W(t) = sup W (), (36) .
0 <t <t %
-0 < X < oo
and a = min{azg}. (37
J's
We can easily obtain from (31) that
—at b a(-t) o 2 “
U () < e 2fc, + | (e VY W)U+ ()] +
L - 0 0 1
(38)

a,,(t-t)
e I lags v, (0},
i#g M3



where

0 .
C, = sup |[U,(x)| = sup|)z,, ($)d | ’ (39)
o 7 sop 03601 = sl 08, |

- < x < ® -0 & x < w

and Di(i=l,2,.;.) will denote throughout various fixed constants.

Sincg
t a,,(1-t) a,__t
Ie‘ 28 d _;L (1-e Wy,
0 L8
it follows on accounf of (12),
t a,,(t-t)
e M 3 a, U, (1) dt
23"
0 J#R
et oa,, (1-t) : :
<'J e M ; la, . |dt - UCe) (40
—Jo LT
Jag. |
29 J
< P2 y(r) < du(r),
—_ a
22
where
, ; 2g1 ' :
d = max i—&gf——— < 1. (41)
‘ L (XA
Then (38) gives
1 -at t a(t-t) = 2
U(t) < —— e ~C. + D.e W) u(t)+u” (1)) dt. (42)
) — 1-d 0 0 2
In a similar way (34) gives
= -at t a(t-t) =2 = '
W(t) <e ¢, + | ATV (HE@UM). .
2 — 1 0 3
aiz(T't) _ (43)
-e X Ialjle(T)}dT

i#e



-10- .
where

_0 !
C., = sup IW (x)l = sup |ZC ()¢ I.
1 . [} . 'k 2k k

_oo<x(oo -0 £ x <

Therefore,

W(e) < Thr e, + [0 p,e* T8 G () +(D) V() dr.

X(t) = U(t) + W(t).

Combining (42) and (45), it is easily seen that

X |
X(t). < 755 e 25 (e + f p.e® T Hx% (r)ar.

1- 0 5

0

Letting

Y(t) = X(t)e?t,

(47) can be written as

t
1 -at,2
Y(t) < 757 (CptCy) + fo Dge “ Y™ () dr.

Consider

dz (t) _ -at,2

_ 1 }
‘ . 1 VA 1-d (CO+C1) , t = 0,

We then have the estimation

Y(t) E_Z(t)'

But

(44)

- (45)

(46)

(47)

(48)

(49)

(50)

(51)



-11-

z(t) = - : (52)
1-d__ D5, -at, '
CO+Cl a

+ C is so small that-

Therefore, if C 1

0

' 0 "1 ' : '
a>Dbg o3 o (53)
then
Cc +C
0”1
z(t) < =73 - (54)
Hence
C.+C
0 "1 -at
X(t) < 13 © . | ' (55)

‘Thus, by the definition of X(t), the lemma and thenceforth Theorem 1, is

proved. Ay

REMARK 1. Tt follows from the proof of the theorem that assumption (13) of

Theorem 1 can be replaced with the weaker .

det ¢ (u) # O. (56

REMARK 2. Assumption (12) in Theorem 1 is similar to the assumption in [2]
for estaplishing the corresponding global existence of discontinuous solutions
for the Cauchy problem (1),(2).

By means of the method in [3], multiplying the f-th equation of (18) by

a real number \f) # 0, the matrix O can be replaced with y&ﬁﬁ_l, *where

Y = diag{Yl’YZ,.-.,Yn}. (57)

Thus Theorem 2 follows from Theorem 1.
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