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CURVED FINITE ELEMENTS OF CLASS ¢! :
IMPLEMENTATION AND NUMERICAL EXPERIMENTS

™)
Part 1 : Construction and numerical tests of the interpolation
properties
Michel BERNADOU Jean-Marie BOISSERIE
INRIA. EDF/DER,
Rocquencourt, 6 quai Watier,
78153 Le Chesnay Cedex, France 78400 Chatou, France

Abstract :

The aim of this work is to show how to implement some of the methods of curved finite
elements of class C! introduced and analyzed in a previous work by the first author. These
methods use curved finite elements which are C'-compatible with the Argyris triangle. The
careful description of the implementation is completed by some numerical experiments which
show the very high degree of accuracy of the associated interpolation. Subsequently, in a
second part, we will show the efficiency of such methods for solving thin plate or thin shell
problems set on curved boundary domains.

ELEMENTS FINIS COURBES DE CLASSE C! :
IMPLEMENTATION ET TESTS NUMERIQUES

Partie 1 : Construction et tests numériques des propriétés
d’interpolation

Résumé :

Le but de ce travail est de montrer comment implémenter certaines des méthodes d’éléments
finis courbes de classe C! introduites et analysées dans un travail précédent du premier au-
teur. Ces méthodes utilisent des ¢léments finis courbes qui sont C'-compatibles avec le
triangle d’Argyris. La description détaillée de I'implémentation est complétée par des tests
numeériques qui montrent le tres haut degré de précision de I'interpolation correspondante.
Ultérieurement, dans la seconde partie, nous illustrerons 'efficacité de ces méthodes pour la
résolution de problemes de plaques et de coques minces formulés sur des domaines a frontiere
curviligne.

(*) This work is part of
- the Project "Numerical Solution of Partial Differential Equations for Engineering Problems” of the Program
"INRIA-NSF”
- the Project " Junctions in Elastic Multi-Structures” of the Program "S.C.[LE.N.C.E.” of the Commission of
the European Communities (contract n® SC1 =0473 — C(#DB))

(**) To appear in Comput. Methods Appl. Mech. Engrg.



INTRODUCTION

The conforming approximation of thin plate problems with curved boundaries requires
the use of curved C!-finite elements which are compatible with some classical C!-straight
finite elements. A similar situation occurs for the conforming approximation of thin shells
or for the conforming approximation of junctions between thin shells (see [1]).

We have introduced and analyzed such curved elements in {2,3] so that they are C!-
compatible with the ARGYRIS triangle [4.5,6]. These methods are particularly interesting
to realize a very accurate approximation of thin plate or thin shell problems [2,3].

In this paper, we record the mains steps of the construction of curved finite elements
which are C'-compatible with the ARGYRIS triangle. and then we give a very detailed de-
scription of how to implement such methods. More precisely, paragraph 1 is dedicated to
the construction of the approximated domain Q4 of the given curved boundary domain Q
while paragraph 2 contains the main steps of the definition of the considered curved C! finite
clement. Next. in paragraph 3, we detail the matrix decompositions which allow to realize
the interpolation modules. Finally, in paragraph 1 we report some numerical experiments
which prove the efficiency and the very high accuracy of such interpolation methods.

In addition it is worth to mention that all the relations have been checked by using the
formal computational tools provided by Mathematica [7].

Summary of the construction of these curved Cl-elements
Let v be the function to be interpolated on the curved triangle K. The construction of

0 )’(‘1
these curved C!-elements takes several steps :
1) triangulation of the curved boundary domain
ii) interpolation of the curved triangular sides located on the boundary
ii1) definition of the mapping F), ;
1v) computation of the set of values of the degrees of freedom T (v) of functlon v;
v) from X, (v), computation of the set of values of the degrees of freedom AA( )
vi) from the set A,\-(v), computation of the interpolate function w ;
vii) computation of the interpolate function mpv = w = o Fil.
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Notations

For more details concerning curved C' finite elements and for notations we refer to [2,3]
and, more generally, finite element notations are those used by [5,6].
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ANNEX

REFERENCES

1 APPROXIMATION OF THE CURVED BOUNDARY DO-
MAIN 2

This paragraph records some useful results obtained in [2,3).

1.1 ”Exact” triangulation of the domain {2

Let € be a plane domain with a curved boundary I'. We realize partitions of this domain
by using regular families of triangulations 7} including (sec Fig. 1.1.1) :

1) straight triangles, on the one hand ;

i) triangles with one curved side located on I', on the other hand.

In this way, triangulations 7, can be splitted as follows : 7, = 7' UT,2 where 7! collects
all the straight triangles K while 7,2 collects all the triangles K. with one curved side on T.

3



According to Figure 1.1.1, we note K the straight triangles associated to a one-curved side

triangle K..

iigure 1.1.1 : "Exact” triangulation of the domain Q made up of straight triangles K
and one-curved side triangles K..

1.2 ”Approximate” triangulation of the domain 2

Any one-curved side triangle K. is approximate by a triangle K. In this way, the curved
side of K, is approximated by an arc +, (see Figure 1.2.1). Then the union of all straight
triangles K € 7,! and of all one-curved side triangles K € T;2 give the approximate domain

04

a G

a, 3

Figure 1.2.1 : "Exact” and ”approximate” one-curved
side triangles K. and K

Such a construction can be splitted in two steps :

Step 1 : Interpolation of the curved side «,a, of the triangle K.. Assume that
R? is referred to an orthonormal system (O, €, €,) whose associate coordinates are noted



(zy,7,) and that Q is a bounded domain. Moreover, assume that the boundary T' can be
subdivided in a finite number of arcs, each of them having a sufficiently smooth parametric
representation of the following type :

«|

(1.2.1) 21 = x1(s), 72 =x2(s), s<s <

. . N
Subsequently, we also use another parameterization of the arc a,a, :

(1.2.2) Ty = 1(2), a2 = Po(dq), 0< 3, <1,
where
(1.2.3) Vol(22) = Xol(s+ (8§ — 8)T2), a=1,2.

Then, every component ¥,(Z;) is interpolated by a polynomial function ., of degree
n > 2, so that

(1.2.4) lL‘ah(O) = ¥4(0), 1[)ah(1) = 1/)0,(1), a=1,2.
Thus, for n > 2, we get :

(1.2.5) Car(2) = Tar + (Ta2 — Ta1)T2 + T2(1 — Z2) Pro2i0(22)

where P,_,.,(I;) refers to polynomials of degree n — 2 with respect to #;. These relations
(1.2.5) define the approximate arc v,. With the notations of Fig. 1.2.2, observe that relation
(1.2.5) can be geometrically interpretated as follows

(1.2.6) OP,=OP + PP,

Figure 1.2.2 : Construction of the approximate arc ~,

Step 2 : Definition of the application Fy : K — K. Let K be a given reference
triangle, for instance the unit right-angled triangle @,a.éd; with a; = (1,0), a, = (0,1), az =
(0,0). Then, to any point M of the reference triangle K, the application Fy associates the
point M, :

(1.2.7) OMy= Fi1(31,%2)é + Fioa(31,52)

5



where the functions Fk., a = 1,2 are defined for n > 2 by the relations

Fro(Z1,22) = Toz + (To1 — Ta3)Z1 + (Taz — Ta3) 2
(1.2.8) 1
+ 2 £122[Paz2ia(l — £1) + Pr-2,a(22)]-

These components are symmetrical with respect to #; and z,, and they can be geomet-
rically interpretated in the vectorial form (see Figure 1.2.3) :

— i 1 —— 1
(1.2.9) OM, = OM + 3 MM, + 3
The properties of this application Fy : K — K are detailed in [2].

MM}

33 al

Figure 1.2.3 : Transformation M — M, (triangles QIMM,i and Q'P'P} are
homothetic in the ratio Z,/(1 — Z;) and triangles Q*M M? and Q2P?P} are homothetic in
the ratio &, /(1 — 22)).

1.3 Examples

~ Hereunder, we give two examples of applications 1,4 (see (1.2.5)) which define an approx-
imate arc v, interpolating a given arc a;a,. These examples correspond to interpolations by
polynomials of degree n = 3 or 5 which are in practice the most interesting. For each case,
we indicate the expression of the applications 1,4 from which we deduce the expression of the
components Fj,, o = 1,2, Afterwards, these expressions are permanently used ; in order
to make distinction between them, we note Fj- the one which is associated to the example
1.3.1 (i.e., Fix € (P3)?) and F}- the one which corresponds to example 1.3.2 (i.e., Fj € (Ps)?).



Example 1.3.1 : Construction of the approximate arc v, by using polynomi-
als of degree 3 (Figure 1.3.1)

Expressions (1.2.5) give
lf)ah(i’?'z) = Zo1 + (xaz - -Tal)iz + 5?2(1 - 152){[2(%,2 - $a1)
(1.3.1)

— (5 = 8)(xa(8) + Xa(3))]82 + 201 — Taz + (5 = 8)X4(8)}

so that from (1.2.8), we obtain

. . ) 1, .,
Fra(21,22) = 2a3 + (Ta1 — Ta3)T1 + (Taz — Ta3)Z2 + 7 $122{[2(T02 — Za1)
(1.3.2) 2

— (5 = 8)(Xa(8) + x4 (3))[22 — &1] + (5 = s){xa(s) — xa(3)]}

Figure 1.3.1 : Boundary interpolation with polynomials of degree 3

Example 1.3.2 : Construction of the approximate arc +; by using polynomials of
degree 5

We interpolate the functions v¥,, a = 1,2, on the interval [0, 1] by using Hermite polyno-
mials of degree 5. The degrees of freedom of the interpolation are the values of the functions
Ya, ¥, and Y at points 2, =0 or z, =1, i.e,

Lol = 1[)0(0) = Xa(LS), Ta2 = wa(l) = Xa(§),
(1.3.3)
$(0) = (5 - 9)xP(s), (1) = (5 -9)xP), ¢=1,2
From the expression (1.2.5) we obtain (we recall that all the results related to the ex-

ample 1.3.2 are indexed with a star (*) in order to make the distinction with similar results
related to the example 1.3.1)

(1.3.4) oh(Z2) = To1 + (To2 — Tan)T2 + Z2(1 — 532)[f3a3(532)3 + ﬂaz(i"z)? + BorZ2 + Bao)

where the coefficients 840, £ = 0,1,2,3 are given by the relations



[ Boo = To1 — Taz + (5 — 8)XL($)

(3 —s)°

Bo1 = Tar — Tz + (3 — 8)X4(s) + — Xal$)

(1.3.5) < (5 8)?

ﬂo& = g(xo& - xal) - (‘§ - §)[5X:x(‘§) + 4X:x(‘§)] - 2

2xa(s) — xa(3)]

(5 —s)°
2

| Baz = 6(za1 — Ta2) +3(5 — s)[xu(s) + xa(3)] + [xa(s) — xa(3)]
From the expressions (1.2.8) and (1.3.4), we deduce

( Fl}a(il’:i?) = To3 + (zal - maS)il + (.’130,2 - zaS)i‘Z

(1.3.6) $ + = 2122[Bas(£2)® + Bo2(22)2 + BoaZ2 + Bao

N —

+ BaB(jl)s + Boz(fil)2 + B + an]
where the coefficients Ba¢, £ = 0,1,2,3 are given by relation (1.3.5) and where coeflicients
Bat, £=0,1,2,3 are given by

\

(1.3.7) _

(3 —s)°

Baz = H(Tar — Taz) + (5 — 8)[5x4(3) + 4xL(s)] - 5 [2x4(3) — xa(s)]

| Bus = (202 = 23) = 3(5 — 9)X4(3) + x4()] + =2 [x4(5) = x4 (9)]

2 DEFINITION OF CURVED FINITE ELEMENTS, C!-COMPA.-
TIBLE WITH ARGYRIS TRIANGLE

In this paragraph we record the definitions of two curved finite elements which have
a connection of class C! with the classical ARGYRIS triangle.

1) the first corresponds to the interpolation of the boundary considered in the example
1.3.1. This interpolation is realized by using polynomials of degree 3 and it turns out to
be sufficient for the approximation of fourth-order problems with homogeneous Dirichlet
boundary conditions (see [3]) ;

i) the second corresponds to the interpolation of the boundary described in the
example 1.3.2. This interpolation is realized by using polynomials of degree 5 and it can be
used for more general boundary conditions (see [3, Remark 3.1)).



Both constructions are fully detailed in [2.3] where, in addition, one can find necessary
justifications and corresponding interpolation error estimates. The implementation of these
methods is detailed in matrix form in paragraph 3.

2.1 Basic principles

We consider separately essential and desirable couditions.

Essential conditions :

According to Figure 1.2.1, the connections between ARGYRIS triangles and curved ele-
ments are made along the straight sides aza; and aga,. Let (K, Pk, X)) be the approximate
curved triangle, its associated functional space and its corresponding set of degrees of free-
dom. To obtain a connection of class C!, it is essential to satisfy (see Figure 2.1.1) :

(2.1.1) the degrees of freedom of the curved finite elements related to the sides
o asa; and aza, are identical to those of the ARGYRIS triangle ;

the traces plu;.aa)y @ = 1.2(resp.Dp(.)(a2 = ¢2)ljaz,01] 5 DPP(-)(a1 = €1)|[a5,02])
. of the functions p € Py defined on the curved triangle K, are one-variable
(2.1.2) . . . .
polynomial of degree 5 (resp. 1), entirely determined by the degrees of
freedom related to the sides aza,, o = 1,2.

Figure 2.1.1 : The approximate curved triangle K

Desirable conditions : The application Fj, introduced in paragraph 1, associates the
curved triangle K to the reference triangle K.

We use this application F as well to associate at any function v defined on the triangle
K, one function ¥ defined on the triangle K| i.e.,

(2.1.3) v=200(Fg)'; d=voFg.

Consequently, it is "desirable” that the following condition is satisfied :



(2.1.4) To any function p € Pk, defined on the curved triangle K, the
o correspondence (2.1.3) associates a polynomial function p = po Fk.

This condition (2.1.4) is convenient to study the approximation error, to study the effect
of numerical integration scheme and to take into account the boundary conditions. But
this condition leads to the definition of reference finite elements which are most complicated
than those associated to corresponding straight side finite elements. Indeed, with notations
of Figure 2.1.1, we obtain for a € [aza,] :

% (o) = Dp(a)z s OFx .
f) (a) = DP(G)CQ = DP(G)DFK((L)(:2 = Dp(a) ,\I\ ((I,)
0132 0:122
(2.1.5) )
_ Fr .. a1 —a3 a4y — ¢,
=< 02, (a), lay — as]? Dp(a)(a, —a3) + m Dp(a)(az — ¢2) >

where < .,. > denotes the usual scalar product in R?. Likewise for a € [a3a], we get :

9
01,

N a2 —as a; — G

0Fj;
! Dp(a)(az — as) +

(2.1.6 - , —
) Jzr " Jaa = asP 6 =l

(a) =<

—~—~
=

Dp(a)(a, —¢;1) >.

Relations (2.1.5) and (2.1.6) prove that aa_p (a) (resl).aa# (a)) is a polynomial of degree
T I

n + 3 with respect to 1 (resp.Z) for any @ € [a3a] (resp. @ € [dsae]), with n = 3 or 5
depending on whether Fy is of degree 3 or 5(see examples 1.3.1 and 1.3.2). Thus to K we
have to associate a finite element (X', P, ¥) such that

(2.1.7)  Pr CPups (n=3o0r3); P = {p: K —R; p=poFy, pe Pg).

2.2 Definition of curved finite elements C!-compatible with AR-
GYRIS triangle for Fj € (P3)2

In all this section we consider the application Fy dcfined in the example 1.3.1. Then,
relation (2.1.7) gives Py C Ps.

2.2.1 The basic finite element (1;’,13,\3)

This finite element is described in Figure 2.2.1 and we refer the reader to [8] for more
details. Corresponding basis functions are given by relation (3.1.43).

2.2.2 Construction of the interpolating function v — 7gv

Now we use this basic finite clement in order to associate an interpolate function mgv to
any function v € C?([\'). This construction takes three steps :

Step 1 : Definition of the set T of the degrees of freedom of the curved el-

ai = Frla), b= Fr(b), e=Fi(é), i=1,2,3;

ca = orthogonal projection of a, on the side aza,, a =1,2,.

10



A d

d, 6

A a b

b] iez 3

d, & 8 \Is
- ® ——

K = unit right-angled triangle ; P = P; ; dimP =36

o tagay O o OB Tho . B
2(1)) _ [P(at)’ Oicl (al)v ELA_Q (at)a a’%{f (al)’ 0%10:232 (al)a 63‘:3

dp . Op V2 (o N iy sy o
_O_:i;(bl)’_gg(bz)’_f 8_i:+5%_2 (%),p(d,),z-l, 363

Figure 2.2.1 : Basic finite element for the construction of a curved finite element
C!-compatible with the ARGYRIS triangle (F € (P3)?).

Then, the set L (v) of degrees of freedom of function v € C*(K) is given, in its local

version {DLLC(v)], by

[DLLC(v)]ix24 = [v(a1) v(az) v(az) Dv(ar)(as—ai) (5—s)Dv(ay)x'(s)

(s—35)Dv(a)x'(5) Dv(az)(as — az) Dv(as)(az—as) Dv(as)(a, —as)

D?(a1)(az—ar)? (5—s)?D%(a1)(x'(8))? (5=5)*D*v(as)(x'(5))?
(2.2.2)
D?v(as)(as—az)? D*v(as)(a;—az)? D%v(a3)(a; —a3)? D*v(a;)(a;—as3)?

D*(az)(as—a1)? (5-5)*D*o(aa)((X(s), ¥'(5) Dv(bi)(ar—cr)

Dv(by)(az—c2) Dv(bs)DFr(bs)(d3—bs) v(er) v(ex) v(es)]

11



Step 2 : Transition from Zg(v) to Ak(v) : Starting from the set £y (v) of 24 elements
we introduce the set Ax(v) of 36 values that we need to attribute to the set ¥ of degrees

of freedom in order to obtain a suitable interpolated function w € P. In this way, it is
convenient to introduce the following partition of the set X :

- ~

( 3(p) = 51(p) U £2(p) U £5(p), where

£1(p) = {(D°P(ai) 5 la| =0,1,25 i =1,2,3); p(&), i = 1,2,3}
. N op op 5. .
Y2(p) = {P(di), i=1,.,4; = o (b)) = m- (), i=1,2;

0z, 0%

(2.2.3) _ 9 (by) ; — 9P (dy), i = 3,4}

(2.2.4) Ag(v) = Ag1(v) UAga(v) U Ags(v).

Figure 2.2.2 : The set of degrees of freedom T for the curved finite elements
C'-compatible with the ARGYRIS finite elements (Fx € (Ps)?).

Then, from the knowledge of the set ¥, (v) of values of the degrees of {freedom of v, we
construct the corresponding set of values Ag;(v), 1 =1,2,3:

Construction of Am(v) : The knowledge of the application Fj apcl of the set of val-
ues {(D°v(a;), |la| =0,1,2; v(e;}), 1 = 1,2,3} leads immediately to Apy(v). It suffices to
use relations (2.1.3) so that



(2.2.5) Aki(v) = {(D*0(&), || =0,1,2; i =1.2,3); 9(&), ¢ = 1,2,3}.

This correspondence is detailed in section 3.1.
Construction of Apq(v) : The construction of this set of values is much more tricky.
Firstly, let us examine the case of the degrees of freedom of £, located on the side aza;. To

verify conditions (2.1.2), the expected interpolating function 75 v has to satisfy :

* On the one hand, its trace mxv|s,,q,] coincides with the one-variable Hermite poly-
nomial of degree 5, determined by the data of the degrees of freedom

{ {v(a1), v(as), Dv(ar)(as —ay), Dv(as)(a, — as),

D*v(ay)(az — a;)?, D*v(az)(ay — a3)?}.

(2.2.6)

We will use &, as a parameterization variable of the side asa,, 1.e.,
(227) Ty = IT13+ (.’L’ll — $13).’i31, Iy = To3 + (.’1721 - .’1}23)271

where z,; (@ = 1,2 ; ¢ = 1,2,3) notes the a'*-coordinate of vertex a;. Corresponding
Hermite polynomial is named

(2.2.8) f1 (which has to coincide with (1xv) o Frlas.a1))
* On the other hand, the trace (Drrv(.)(az = ¢2)) 0 Fk|a;,4;) of its normal derivative

Driv(.)(az —cz) coincides with the one variable Hermite polynomial of degree 4 determined
by the data of the degrees of freedom

(2.2.9) {Dv(a:)(az — c2), D*v(a;)(az — co,a1 — a3), @ € {1,3}; Dv(b;)(az — c2)}.
In a'similar way to (2.2.7) and (2.2.8), the corresponding Hermite polynomial is named
(2.2.10) g1 (which has to coincide with (Dmrv(.)(a; — ¢2)) 0 F|[a;,5,])-

By analogy with the above definitions we could define the following Hermite polynomials
over the second straight side aza, of the triangle K, i.e.,

(2.2.11) Ty =713 + (T12 — T13)d2, T2 = Taz + (T2 — T23) 2
(2.2.12) f2 (which has to coincide with (Txv) o Fi|(a;,3,])
(2.2.13) g2 (which has to coincide with (Drgv(.)(a; — 1)) © Fr|(a5.65))-

Then, the set of values Ax,(v) associated to the set of degrees of freedom 3 (see (2.1.5)
(2.1.6) (2.2.3)) is given by

13



Am(v) = [iz(czi), 1=1,2; fl((ii)» 1= 3,4;

0Fk

az —az df, ; a) —

- b)), —=—-2 b 3, (b
< ai}l ( l)’ 'a2 _ a3|2 d(i)z ( 1) + |a1 _ C1|2 2( l) > 9
OFk - a; —as dfy a—ca . .
: - i)y — (di) + ——— G2(di) >, 1 =1,2;
(2.2.14) ; < 0z, (d) |az — az|? dz, (d) + lar — e1? ga(di) >, i=1,2

0Fk ,; a, —dajg dfl f a —C . 3
— by —L 73 b .
< EN (b2), la, — a3? di, (b2) + laz — co|? 91(b2) > ;
OFy ,; a; —as dfl 5 az —C  , 5 .
- < d;), — (d; ——— g1(d;) >, 1 = 3,4].
\ 52 W T —al day W Y g ild) > i=3.4]

Note that the definition of the last six elements uses relations (2.1.6) and (2.1.5), speci-
fications (2.2.12) (2.2.13) (2.2.8) (2.2.10), and :

dh
di,
dfi
di,

which will have to coincide with (Drrv(.)(a2 — a3)) o Fr |, 4,
which will have to coincide with (Drgv(.)(a; — a3)) o Fr(s,.4y)

Construction of Axs(v) : It remains to compute the values that we have to attribute to
the five degrees of freedom of £3. Firstly the correspondence ¢ = v o Fj leads to
(2.2.16) Dd(bs)(as — bs) = Du(bs) D Fy(bs)(as — bs),

which is known since this value is among the degrees of freedom of Ly (sce (2.2.2)).

Next, the values D°9(a;), |a| =0,1,2; 2 =1,2,3 are listed in (2.2.5) while the side a;d,
of the triangle K can be parameterized by

(2217) i'] = .’i‘], i‘g =1 —.’ifl.

Then, let f;;(:il) be the Hermite polynomial of degree 5, defined by the data of the degrees
of freedom

{ {0(@1), 0(az2), Di(ar)(az —ar), Do(az)(a, — as),
(2.2.18)

D*o(ay)(a2 - @1)%, D*6(a2)(@1 — a2)*}

and let g3(&;) be the Hermite polynomial of degree 4, determined by the data of the degrees
of freedom

{Di(as) iz — bs), a=1,2; D*(ay)(as — b, @z — a1),
(2.2.19)
D*¢(az)(az — by, a1 — @2), Do(bs)(as — b3)}.
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Then, we set
(2220)  Awao)= {5 (3) s 5 (3) 5 - VEis (5) + - v () 5 - Vs (3) ]

Thus, only from the knowledge of the values £x(v) of the degrees of freedom of the
function v, the relations (2.2.5) (2.2.14) and (2.2.20) assign one and only one value to every
degree of freedom of £. In view of the implementation, we will give a matrix presentation
of these correspondences in paragraph 3.

Step 3 : Transition from the set of values Ak-(v) to the interpolate function
w = mxv : Let i be the function of P which takes the set of values AK(v) on the set of
degrees of freedom ¥ (see Figure 2.2.1). Then, to w defined on the reference triangle K,
relations (2.1.3) associate the function

(2.2.21) Ty =w=wo (Fx)™

where the function (Fg)™! is the inverse of function Fg : K — K explicited in Example
1.3.1 (see relation (1.3.2)). |

Finally, according to [2], this function w is exactly the expected function 7xv, i.e.,
w = WKV, since .

Theorem 2.2.1 : The function w, defined in (2.2.21) is determined in a unique
way by the data (2.2.2) of the local version [DLLC(v)] of the set £x(v) of the val-

ues of the degrees of freedom of the function v to interpolate. Moreover the
function w satisfies

[ D*w(a;) = D*v(a;), |a|=0,1,2;i=1,2,3;
Dw(b,)(ay — ¢1) = Dv(by)(ay — 1)
(2.2.22) { Dw(bz)(az — cz) = Dv(b;)(az — c2)

Dw(b3) D Fi (bs)(as — bs) = Dv(bs) D Fy(bs)(itz — bs)

| wies) = v(e), i=1,2,3

and the conditions (2.1.1) (2.1.2) and (2.1.4). Thus w = mxv. ]

2.3 Definition of curved finite elements C'-compatible with AR-
GYRIS elements for F}. € (P5)?

Since the construction is very similar to the case Fi € (P5)? we only detail the new
aspects. Firstly, relation (2.1.7) involves Pj: C Py (let us record that a star (*) makes the
distinction between the cases Fx € (P3)? and F}: € (Ps)?).
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2.3.1 The basic finite element (K, P* %)

This element is described in Figure 2.3.1 and basis functions are given by (3.2.25).

Lo}
A
a di2
e
Ae A% d
d2 € 11
- @
A A As 83
b, o2 “"9
é\. As lé‘ é‘ é\l.O
D “”3 P2 I
s As As As As 89.
s i""t €s &% &Z
Ay Ae A Ae Ag
® ds de b d dg
; Yy 1+ 1 !
83 1

K = unit right-angled triangle ; P* = Py ; dimP* =55

S U aﬁ R 0]3 . 621’5 . 8213 . 82
R O N N

o3

gp - op - 2 ( 0p op\ ,;
— 22 (by); - p(bz>;£(—”+ ”)(b3>;p<dA>,z=1,...,12;

a:i:l 33%2 2 aﬁ:l .872 :
8[3 - aﬁ
ai‘l (d:)a ’ y 6(2?2 (d‘ ), 4 5, yO 3
V2 (9% 9\
—_ dr = 92 S 6™ =1 1
{ 2 \ 0%, 0z, (d7), 1 ey 125 p(€7), 1 sy 10

Figure 2.3.1 : Basic finite element for the construction of a curved finite element
C'-compatible with the ARGYRIS triangle (Fj. € (Ps)?).
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2.3.2 Construction of the interpolating function v — rj.v

Like in section 2.2, this construction can be splitted in three steps :

Step 1 : Definition of the set Uj of degrees of freedom of the curved element.
Set (see Figures 2.3.1 and 2.3.2) :

while ¢, is still the orthogonal projection of a, on the side aza,,@ = 1.2. Then the set X3 (v)

~K

of degrees of freedom of the function v € C?(R) is given, in its local version [DLLC™(v)], by

([ T3(v) = [DLLC(v)hxa = [v(a1) v(ay) v(az) Dv(a;)(az—ay)

Figure 2.3.2 : The set of degrees of freedom X for the curved finite elements
C'-compatible with the ARGYRIS finite element (F € (P5)?).

Step 2 : Transition from Xj.(v) to Aj.(v) : Starting from the set ¥%.(v) including 31
elements we define the set A (v) of 55 values that we necd to attribute to the set £* of
degrees of freedom in order to obtain a suitable interpolated function @ € P. In this way
we consider the following partition of the set I
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A - ~ ~

(£+(3) = £1(p) U S3(5) US3(p), where

.. N ap s ap ,~. .
() =4p(dD), i=1,..8; = == (b); — = (di), i=1,..,4;
22(1)) {p( z)’ 4 13 aSa 012'1 ( 1)’ a:il (d) t 1 4

(2.33) < M .. Op
2)

811 0:%2
V2 (0 | N sy
L 7 (0—;’.] + 851:2) (di)7 T = 9, veey 12}

Like in section 2.2, to ¥7-(v) we associate the following partition of the set A;\(v) :
(2:3.4) Afe(w) = Ay (0) U Afa(v) U Ay v)
where each Aj‘-i is associated to the corresponding fj:, 1 =1,2,3. We get successively :
Construction of Aj,(v) : The knowledge of Fj, of the set of values {(D*v(a;),
e} = 0,1,2 ; = = 1,2,3) ; v(er), ¢ = 1,...,10} and relation & = v o Fj. immediately

involve the knowledge of :

(2.3.5) Ay, (v) = {(D*8(&), o] =0.1.2: i

I
—
o
(%)
S
[
=~
>
~
p—"

~

Il
—
p—
o
——

Construction of A}Q(v) : The functions _1;1., a1, fg, g2 determined in section 2.2 play ex-
actly the same role here and, since Fi|(,.4,) = Fi|(a,.a,) are affine, they are identical. Then,
by similarity, we obtain

Ajealw) = [fo(d), i = Lot s A(dD), 1= 5,..,8;
- 00—?} (51), ﬁ Z{Z (131) + ﬁgZ(i)l) >
(2.36) - < %f’—w) P—— (‘%(én t e ld) >y =1
- < %F (ba), l(f”]‘_‘:j,g jf (b2) ‘;’j 52]2 (b)) > ;
?)117: 7 I(Zl—(iji'z ;jlfll (@) l:;—_:lz (@) >, =58




Construction of 4’&;\-3(7)) : Since the restrictions to [ay, dg] of F and Fi are different, the
associated functions [ and g5 are generally different from f3 and g3. We obtain

(2.37)  Ale(v) = {f3(d), i =9,... — VR235(bs) s — V243(d5), 1=9,...,12).

Step 3 : Transition from A -(v) to the function w* = njv : Let w” € P* be the

polynomial of degree 9 which tal\cs the values A -(v) on the set of degrees of freedom s
Then

(2.3.8) v =w" =w" o (Fr)!
n
In [2], we have proved that this function w* = wj.v satisfy all the expected results :

Theorem 2.3.1 : The function w*, defined by (2.3.8), is determined in a unique
way by the data of the set ¥j.(v) of the values of the degrees of freedom of the
function v. Moreover the function w* satisfies

Dew*(a;) = D°v(a;), le}=0,1,2;:=1,2,3;
Dw*(b1)(ay — ¢1) = Dv(b){a1 — 1)
(2.3.9) Dw*(bz)(az — ¢2) = Dv(by)(az — ¢2)

Dw*(b3)D Fr(bs)(as — bs) = Du(bs) DFy(bs)(as — b)

w(ey) = v(e), v =1,..,10

1

and the conditions (2.1.1) (2.1.2) and (2.1.4). Thus w* = 7j-v. u

3 IMPLEMENTATION OF CURVED FINITE ELEMENTS (C!-
COMPATIBLE WITH ARGYRIS TRIANGLE

In this paragraph we detail the matrix decompositions which allow to easily realize the
interpolation modules related to both curved finite elements C! compatible with ARGYRIS
triangle.

3.1 Interpolation modules associated to curved finite element
C'-compatible with ARGYRIS triangle when Fy € (P;)?

Let v be a function of C*(K). By using the construction detailed in section 2.2, we are
able to define its mterpolate v, 1.e.,

(3.1.1) mrv(z) = w(a) = w(2).
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Subsequently we will use this function @ on K instcad of w on K. This is usual in finite
element implementation : in particular this allows to use numerical integration schemes on
K. Nevertheless, note that in [9] we took advantage of the linearity of Fx (we only consid-
ered straight triangles), of the properties of barycentric coordinates and of the eccentricity
parameters to work directly on K.

Now it remains to transcribe in matrix expressions the relation (3.1.1). By similarity
with section 2.2, we consider three steps :

Step 1 : v — EZg(v ) [DLLC(v)] : The application Fy is given in Example 1.3.1

( [DLLC(v)]1x2s = [v(@1) v(az) v(as) Duv(ar)(as—a;) (5—s)Dv(ar)x'(s)
—(5—3)Dv(a2)x'(5) Dv(as)(as — az) Dv(as)(az—a3) Dv(as)(a;—a3)
D*v(a))(as~a1)? (5—25)2D%v(a1)(x'(s))? (5—s5)*D*v(az)(x'(3))?

D?*v(ay)(asz—a;)? D*v(as)(a;—a3)? D*v(as)(a;—a3z)? D?v(a;)(az—as)?

(3.1.2)

D*v(as)(a3—a1)* (5—5)2D%v(as)((X'(5), X'(5)) Dv(br)(a1—e1)

Du(by)(az—c3) Duv(bs)DFy(bs)(as—bs) v(er) vlea) v(es))]

When the side a;a; is straight, note that the first twenty degrees of freedom

become identical to the first twenty local degrees of freedom of the ARGYRIS element
(see [9, (3.1.18)]) since

(3.1.3) V() = —— B2, (xa(5) = xals))En = —

§ —

((1,2 — 0,1).

1

To the set (3.1.2), we associate the set of global degrees of freedom :

Ov v Ov
[DLGL(v)]ix24 = [v(a1) v(a2) v(as) Dz, ay) 0z, (a1) I (az)

dv dv dv 0*v 0*v 0%
( ) '072 ((12) al‘l ((13) 61'2 ((13) ax-f (al) 0I10:I:2 ((Lx) (().’L% (al)
3.1.4
9% 0%*v o*v d*v d*v d*v
PR (az2) T2 (a2) o (a2) 927 (a3) 9.2, (as) 722 (a3)
9 9 o
0” (by) ~— (by) Dov(bs)DFr(bs)(s — bs) v(er) vles) v(es)]
\ 141 0 Vo

Local and global degrees of freedom are linked by the relation

(3.1.5) [DLLC)) 1 xan = [DLGL0)]yxaa D)2axaa

2(0)



with

(3.1.6)

ny
ny

1

where, by using relations (1.3.3) and by noting a;(xy;,x2,), we have

. Xa1 ¥7(0) . (1) X : Xos Xis
(317) dl = . ({2 = (13 =
Ys 05(0) —5(1) Y Yys Yis
[ (X31)? (v1(0))? 0 0 0 0 (X32)? 0 0 ]
2Xa1 Yy 21."";(0)1.‘"5(0) 4] 0 0 0 2X32Ya2 0 0
(Ya1)? (¥5(0))? 0 0 0 0 (Ya2)? 0 0
0 0 (C1(1))? (X32)? 0 0 0 (X31)? 0
(3.1.8) (*14 — 0 0 ¢ (1)ug(1)  2Xa2¥a2 0 0 0 2X31Ya 0
o] 0 (v5(1))? (Y32)? 0 0 0 (Y3)? 0
0 0 0 0 (X32)2  (Xa1)? 0 0 (o)1)
0 0 0 0 2X5Ys 2X3,Va 0 0 +ﬁ‘; ((?)))ﬁ% ((‘1))
L © 0 0 0 (Va2)? (Y31)? 0 0 5 (0)5(1)
with X;; = zy; — 245, Yy = 200 —22;. 1 <4,7 <3, and n; and n, as given in [9, (3.1.25)].

Step 2 : Transition from Iy (v) = [DLLC(v)] to Ax(v) = [DL(1)] : On the fixed refer-
ence triangle K, i.e., the unit right-angled triangle, we introduce only one set of degrees of
freedom (see Figure 2.2.1) :
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( ow .. ow . , Ow , , O

[DL(@)]1x36 = [W(a@1) w(az) w(as) TS (@1) 5%, (@) 9%, (az) 9%, (a2)
o .. ow ,. . 0% O*w Ow . . 0%
a5, (®) gz, (®) Fzz (4) o (@) 52 (&) 527 (a2)
Pw .. 0w, O*w 0*w o*w .
9,02, (a2) 92 (&) 02 (d3) 01,01, (42) 0z} (82)
(3.1.9) Y
ow - ow ,» 2 { Ow ow\ : L .
_a_j:l(bl) - —872 2) _2_<0;i, 05:2) (b3) Uf(dx) w(dz) w(d3) w(d,)
.3 .3 dw Jw , - Jw Jw
w(ds) w(de) - GES ((11) - Ery (d2) R (ds) - 0_5v2(d4)
V2 (0% 9w\, .. V2 [Ob  AD\ s . .
‘ T(a_il + 5;;) (ds) - (ail + —51—2) (de) wié1) w(éz) w(és)]
Then, step 2 of section 2.2 leads to
(3110) [DL(’LZ))]]X;;(; = [DLLC(’U)]]XQ; [3}24)(36

where the matrix B is piecewise constructed hereunder. Then relations (3.1.5) and (3.1.10)
give

(3111) [DL(UA))]D(% = [DLGL(U)]1x24 [D]24x24 [B]24x36.

By consideration of relations (3.1.9) and (3.1.10), it is natural to realize the following
partition of matrix B

(3-1-12) [B]24x36: [-Bl Bz Ba B4 Bs BG B'.']

where submatrices B;, @ = 1,...,7, have 24 lines and respectively 3, 6, 9, 3, 6, 6 and 3
columns, and are determined as follows :

Construction of submatrix B, : From (2.2.21) and (2.2.22), one gets w(&;) = v(ai),
1 =1,2,3 so that

(3.1.13) ‘B, = Iz ; O3x21]-

Construction of submatrix B, : Since w = w o F;, we obtain
ow
0%s

(2) = DW(#)én = Dw(z)DFy(2)és = Dw(z) %fj"' (2)
T o

S
o



e . , Al

az, dz,,

(3.1.14)

and with (1.3.2)

gZ (@) = Dv(a)(ar — a3) ; g% (@1) = Dv(ar)]ay — a3 + (5—3)x'(s)]
3 . } - ow .
(3.1.15) 5;‘1‘ (a2) = Dv(ar)az — a3 — (3-3)X'(3)} ; %—2 (a2) = Dv(az)(az — a3)
i Oni
| o (@) = Dulas)(ar — ) 5 (@) = Do(aa)las = e

From these expressions and relations (3.1.2) (3.1.9) (3.1.10) and (3.1.12) we obtain

(3.1.16) ‘By = [Oex3 5 '(b2)exs 5 Osxis)

with

0 0 1 -1 0 0
0 0 0 0 0 1
0 o o o0 1 0]
Construction of submatrix B; : Relations @ = wo Fiy and (2.2.22) involve for a = 1,2 :

Fw . L PFy . 2 OFk .. OFx .
Gi.05, 1) = Dule) Fo5, )+ D “’(‘"”)(aasa #): 5z, (x))

so that with (1.3.2) we get

(3.1.18)



i} (a1) = D*v(a1)(ar — as)?
v _ p _ -~
.05, (@) = D*(ar)(a) — a3, a Ias + (5=3)x'(s))]
+ Dv(a1)[2(ar — a2) + 5 (3-s)(3x'(s) + xX'(5)))
%i_‘é’ (@) = D¥(ar)es — a3+ (3-8)X(s)]?
g — Dv(a))[2(as — a2) + (5=3)(x'(s) + X'(5))]
5;% (a2) = D%v(ag)[az — a3 — (5—38)X'(5)]?
~ Du(as)[2(az — 1) — (3—35)(X'(s) + X'(3))]

(3.1.19) { &%

+ Do(a)[2(as = @) ~ 5 (5-5)BR(3) + ¥(s))

24
%g (&2) = D2'U(0,2)[(12 - (13]2
v .

22 (aa) = D%v(as)[a, — a3]?

I’ N 2 1 i = 1
m (03) =D U(a3)[al —as, Az — ‘13] -3 (3_§)Dv(a3)[x (s) - X (Q)]
O*w

| 322 (@3) = D*v(as)laz — as]?

From these expressions and relations (3.1.2) (3.1.9) (3.1.10) and (3.1.12), we deduce

(3.1.20) ‘Bs = [0gx3 ; ‘(bs1)oxe 5 ‘(bs2)oxs ; Ooxel

where matrices b3, and b3; are given by relations (3.1.21) (3.1.22).

o <2a‘+ %é’) —(2al 4+§") 0 0 0 0 0
3 .2 1-2 .2 =2
0 §+2a + Ea —(142a%+a”) 0 0 0 0 0
. =1 - z1
0 0 0 (14251 =5 (g +28 = -;—b ) 0 0 0
- z2 - 1:2
0 0 0 —(262-b) (2b2— 5 ) 0 ] 0
1 -
0 0 0 0 0 0 0 5(&'+5’)
1 5 =2
| 0 0 0 0 0 0 0 5(0 +¢7)




02 02
0 . 1+ 0 0 0 0 0 0
2(1+4a!) 144!
bt b1
0 0 0 14 — - 0 0 0 0
1452 2(1+462)
B2 1462
0 0 0 L 14 1 1 0 0 0
bl 26}
(3122) b32 = g
0 0 0 0 0 0 0 - 1
a2
212
0 0 0 0 0 0 1 ~° - o
A a2

2a2(1+4!')y  a?(1+4')

-1 -1
bl(1452) 2b1(1+52)

-1
0 0 0 0 0 0 0 —(—5 O
L e+ ;

It remains to indicate how to obtain the coefficients of the submatrices b3; and b3;. The
second and third columns of b3 include terms in Dv(a;) that we have to express by using
the fourth and fifth degrees of freedom of the matrix (3.1.2). Set

/‘Tl = a3 —a; and /i.z = (5—§)>€'(§)
and assume that these vectors are linearly independent. Then @ and a® are defined by

a —a; = &"/Ia ;o (8=8)\'(8) = (:I,O’/TO,

so that, if we denote €3 = €; X €, :

[, _ (a1 = ag) x Ag].65 -y _ [A1 x (@1 — ag)] €5
(Al X A'Z).é‘g (A1 X AQ) -‘3
él — (5-3) [/\7/(5) X /‘i‘g] €3 32 (5-—3) [/‘T] X *’(5)] €3
) (A; x 2)-€3 7 . (1><A2)53

Similarly, set

——
i
N
I
ar
Q
Q

From these definitions, we finally obtain :
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(o= (B “f?)"is ~1 L qr o x By %
Ap X Az)-es A, 2)-€3
P _ 1?‘1 {2) €3 ’ C:ﬂ:_(/zl B:})é'a
(Al Ag) é‘3 (A] X Ag) 83
bl — /i‘l X 52).53 . b2 _ él X /i‘l) 53 -1
Bl X Bg).—‘3 , B] X 32 63
(3.1.23) 4 . ]
Zl _ (A2 X Bz).gg 22 _ (Bl Ag) €3
1 X BQ).-‘3 (Bl X BQ) -‘3
~1:_(/¥1><1‘{2)-é‘3=__i ~2____/i‘2><1§2)53=_:
(1‘-{1 X Bg).€3 a ’ /_{1 X Bg) é‘g bt
élz_(/‘i‘lxgl)-é‘széi 52:_(51X32)53:__
(A x By).& & '’ (A, x B,).8 bt

Construction of submatrices B;, i = 4,5,6 : We have seen in section 2.2 that it is
convenient to introduce the functions f; (see (2.2.8)), f2 (see (2.2.12)), f3 (see (2.2.18)), ¢u
(see (2.2.10)), g2 (see (2.2.13)) and g3 (see (2.2.19)). Relations (1.3.2) (3.1.2), o = v o Fg
and some technical computations prove that these functions _/‘:i, gi,t = 1,2,3 can be written
as

(3.1.24) { [fl(xl) f( f(x )] = [DLLC(v)]1x24 [-7:1( -?:-2(532) :7:-3(531)]24x3
[@1(11) ﬁz(ﬁ) g3 (i‘ ] = [DLLC(U ]1x24 [gl Q (532 Gs il)]'uxa
with
([ {Fi(21)] = [£3(622 — 153, +10); 0; (1 — #,)%(642 4 3%, + 1) ;
—};i‘?(l —#)?,0000; %i-'f(l —#)%;000000000)
[ Fy(22)] = [0: #3(622 — 153, 4 10) 5 (1 — £5)3(622 + 32, + 1) ;
(3.1.26) 000; #3(1 — &2)(4 —322) 5 #2(1 —32)>(1 +322);0000;
1. 1.
5 &1 =#)"; 5 33(1~1)*50000000000]




(3.1.27)

(3.1.28)

(3.1.29)

\ ¢t ¢t

UFs(d1)] = [#3(63% — 153, +10) 5 (1 — 4,)*(62} + 38, + 1) 5 0
—(3a'+ a")iY(1l —d1)?; #(1 - a){2 -5 - (1 —&1)(3a + @%))
+a1(1 =821+ & — 238 — B} 5 — 221 — 2,238 — 8);

£2(1-4)>;000000000000]

' 16:(21)) =[000; - %(1—772+25‘1)ﬁ(2131‘“1)(5—45¢1) ;

- a’2}(22,-1)(5—4%1); 00; (1—2,)%(1 =22, )(1 +42,) ;

1 . . . 1 . . . .
= S(m)(1=81)°(1-281)(1+431) 5 (@' —m2)&{(1-21)(1-28) 5
1 (&2)2 ~2 ~ _élél - J RV ~
_§ 1+&1(E1(1—$1)(1"‘2$1), 00, 6162+c2élx1(1—$1) (1—21’1),
Lo ce 21 (1—21)%(1-22,) ; £2(1 1-23
- 5( +72) + RN 21(1=21)"(1-281) ; 21 &1)9”1( —1)(1-22,)

-1

0; 21(1—2;)%(1=22,); 0; 1623(1—2,)*; 000 0]

(4Ga(32)] =[00000; — B132(28,~1)(5 — 4d5) ;

| R R . 1 . . .
- 5(2b2+1+771):v§(2:1:2—1)(5—4x2) ;- 5(1-—771)(1—12)2(1—2x2)(1+4x2) :
) . ) 1 (Y2 ., .
(1=2)%(1—225)(1+435); 00 ; — 3 1(+3~)21‘§( —&9)(1-22,) ;

1 -, o . o 1 2¢'ét . .
E(b +m1)25(1—=22)(1-229) ; — 3 Ao en +1 =7 ¢ $2(1 —22)°(1=2%,) ;
&2 11
— (1 =35)%(1-22,) ; 0; = — $2(1 — Z5)(1 — 2%5) ;
n (I8 (1220 05 5 g (1 = 8)(1 ~ 262)
1 . R R . N2 4
clet 4 cée



[ (Gy(31)] = 000 32(28,~1) {5—4551+(1—551) (al +% él)} ,

~2/0a 3. g 1=
$¥(2$1—1){—2+§x1+(1—$1) <a2+§a2)} :

—5 (=g -28) {14380 - (28 - )z

(1=2,)2(1-24,) {1+4x1 + 2 (28 — By,

i} o¢
)a:(l —&1)(1-2%,) ;

557 #2(1-2)(1-2%); = (
1 b b
00; : 21 ~21)(1 —2%) ;
y 2(1+&1)&2 :El( —ml)( - .’1:1),
1

#1(1—3)%(1=24;); 000; 16(1—#,)%%; 00 0]

L 2?)1(1+i)2)

To express G1(21) and Ga(25), we have used the eccentricity parameters 7, and 7, of the
triangle a,azaz which are given by (see [9, p. 69]) :

1

a, — ¢ =a, —az — 5(1'*'771)(03—(12); dy —Ca = a3 — a; — 5(1—772)(03—01)-

Then we are able to construct the submatrices B;, 1 = 4,5, 6.

Construction of submatrix By : Relations (2.2.3) and (2.2.14) involve

3131) -2 by =- < Ui, @wza df (%) L e (l) S

01‘1 (7:161 |a2 - 0,3I2 dI2 |a1 — |2g2 2

where < . ,. > notes the usual scalar product in R?. Hence relations (3.1.24) (3.1.26) (3.1.28)
and (3.1.31) give

S . 1 4 g (] 26, (L
(3132 = 72 (h) = [DLLC()a [E o b (5) + E2 G, (§>Lm

where we have set



1 | ~ ~ az —a
E'=<a3—a + 1 (ay —az) + 3 (5—8){3X'(3) = X'(8)}, Iai — azl
(3.1.33)
1 1 -~ -~ a —c¢
B =< a3 —a + ¢ (a1~ 62) + 5 (5-9){3x'(5) — X'(8)}, Ta]l——cllF
since (1.3.2) involves
OFk - 1 | . - -
~ 5 () =a—a+ 7 (e - @) + 5 (5-9){3x(5) — X(9))
By similarity, we obtain
o 5. ldA(1> 24 (1)
(3134) b ?5;2‘_2 (bg) = [DLLC(U)]I,(24 [F If:—l f'l 5 + F gl 5— -
where
1 1 - - a —a
F‘1 =< a3z — ap + Z ((12 — (l]) — g (§—§){3X,(§) _ X/(E)}, I—all—_a—;P' >
(3.1.35)
1 1 - - as — ¢
Fr=<a—at g (am—a) = £ (G-9{X() ~X@h s
Moreover
2 (0w N . Ca s
g (0—.w + afu) (b3) = — \/ti(ba)(as — bs)
(3.1.36) 71 T2

= [DLLC(v)}1x24 {[01x20 ; —v/2; 000].

Thus, relations (3.1.32) (3.1.34) and (3.1.36) lead to
O20x1
d - /1 s (1 d »~ /1 s (1
| . 2 el I Al Sl el 2 - . _
P a)era) Al ral) ()]

03x1

(3.1.37) By =

Construction of submatrix B;s : Relations (2.2.3) (2.2.14) (2.2.20) and (3.1.24) give

(3.1.38) Bs= [f-z G) P G) Bé (211'> R (2‘) RE G) RE (43)]%(6

Construction of submatrix Bs : By similarity with the obtention of (3.1.32) (3.1.34) and
(3.1.36) we get
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4

[t () e ) () e ()

(3.1.39) 4 ‘22 < ) ( ) K ‘;i‘( )+K2gl (—) ;

~V3Gs(3) 5 - Va6 ()]

24x6

where we have set

) 9 3 - -~ as—as
1 _ _ e _ e _ / —- / ——
Gl=-<a-atp(a-a)+ 5 (- X6 -6
o = 3 -, 755 a, —¢,
—< @ 03+—((12—al)+3_2(3_§){)((§) x'(3)} [ar—c1|?
H' = < a1—a5 + = (a3—a1) + o= (5-3) {38(s) —5%(3)}, 22
16 32 } " |ag—as?
H?=—<a;—az+ L (az—ay) + —1— S 3){39(3) 5x'(5)} .
16 32 - B lai—c1 2
(3.1.40)
1 1 - a,—as
1 _ _ _ _ _ 7
Jl=—<m—ast fp(a-a) - 55 (=) (WE) -5 ()}
J? = ~< ag—as + L (a1—az) — L (5—8){3x(8) =5x(s)}, —=—2_ >
16 32 ° |az—co?
9 3 _ - - a;—as
S 7 oy 2= _ _f1—as
K'=—<« a;—as + 16 (a1 ag) ) (S §){X’(S) 7X’(§)}a 'al __a3|2
, 9 3 _ - _ - (lg—Cg
L K?=—-<a;—a3+ 16 (a1 —az) — 33 (5—s){x'(5)—7x'(s)}, laz —cs|?

Construction of submatrix B; : Since w(é;) = w(e;) = v(e;), ¢ = 1,2,3, we get

(3-1-41) tBr = [03x21 ? sta]

Step 3 : Transition from Ay (v) to the function @(2) = w(z) = mxv(z) : By using the
finite elemept described in Figure 2.2.1, we construct the function w € P = P; which takes
the values Ax(v) on the set of degrees of freedom ¥ so that, with relation (3.1.9)

(3.1.42) w = [DL(w)],x3s [Plasx1

where [p] denotes the column matrix of basis polynomials. They can be written

(3.1.43) | [Plasx1 = [A]sexae [MT]36x1
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where [mT]ssx; collects the 36 basis monomials of degrees less or equal to 7 with respect to
Ziand Z,. From (3.1.42), we have

[m-,-]36x1 = [DL(m7)]36x36 [[]]BGXI SO that [A]36x36 = [DL(m'(')]_l
These basis polynomials and the matrix [A] are detailed in the annex of [10].

Finally, we get the interpolating function 7xv of the function v by collecting relations
(3.1.1) (3.1.11) (3.1.42) and (3.1.43) :

(3-1-44) Wk'v(-’t) = ‘lf?(f) = [DLGL(‘U)]lxu [ﬁ]z«;xu [B]24x36 [A]sexse [m7]36x1

3.2 Interpolation modulus associated to the curved finite ele-
ment C!-compatible with ARGYRIS element when F}; € (P;)?

The matrix decompositions are entirely similar to that of section 3.1 so that we just give
the results and we send back to the above section for more details. Now

(3.2.1) Trv(z) = w(z)

which is constructed in three steps from the application F}. € (Ps)? defined by (1.3.6).
Step 1 : v — 3. (v) = [DLLC*(v)]. From (2.3.2), we get :

( [DLLC*(v)]ixa1 = [v(a1) v(az) v(az) Dv(ar)(az—a1) (§——§)Dv(a1));’(§)
—(5—s)Dv(ay)x'(5) Dv(as)(as — az) Dv(as)(az—as) Dv(as)(a;—as)
D*v(a,)(as—a1)? (5—5)2D%v(a)(x'(s))* (s—5)*D?v(az)(x'(3))?
(3.2.2) <
D*v(a,)(az—a;)? D*v(as)(az—az)? D?v(az)(a;—a3)? D%v(a;)(az—a3)?

D?v(az)(as—a1)? (5—5)2D%v(a3)((X'(), X'(5)) Dv(b1)(a1~c1)

| Du(by)(az—c2) Du(bs)DFy(bs)(as—bs) v(e}) ... v(efo))

while the set of global degrees of freedom is given by

( 0 0 0
[DLGL*(v)]ixa1 = [v(a1) v(a2) wv(as3) 51% (a1) a—; (a1) 8_;); (a2)
v ( v ) Ov v _0% v
6122 02) 81:1 ((13 8:52 (aa) axf (al) 63316332 (al) al‘% (al)
o P2 (@) 7 (@) 22 a) 22 () 2 (a) 2% (a)
922 Y 92,02, ¥ 922 922\ 92,02, P 92\ R
av av - /3 s 1 » »
Bor (b1) vt (b2) Du(b3)DFg(b3)(as — b3) wv(e7) ... v(elo)]
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Then, with (3.1.6), we get

D o
(3?4) [DLLC‘('U)]lx;n = [DLGL‘(’U)]D(;H [D‘]31x31, D‘ = :|
0 I
Step 2 : Transition from T} (v) = [DLLC*(v)] to A% (v) = [DL*(#%*)] : According to
Figure 2.3.1, we set

ow* ow*

' [DL*(@0*)]1xss = [*(@1) @*(az) w*(aa) N (@) N (@)

ow™ ow™ ., o ow*

a

. 82,11‘).

0, (62 0%, (62) 6_3‘:1(a3) 0z, (@) 0

v .. " %" 0*uw*

33.0%, (@) Fry (@1) Fr (d2) 3505, (d2)

(3.2.5)

o ), i=1,..,4} {-

V2 (9o 0w\ ... . \ ey
> (0:%1 + 83,:2) (d7), 1=9,..,12} {w(é), i=1,..,10}]

\

It remains to determine the transition matrix [B~], i.e.,

(3.2.6) [DL*(w"))1xss = [DLLC‘(U)]IXSI [B‘]mxss
so that
(3.2.7) [DL*(")ixss = [DLGL™(v))1xn [D*Ja1xa1 [BJaixss-

To specify B~, it is convenient to consider the following partition :
(3.2.8) (B'Jlaixss = |B; B; B; B; B; B; B; B; Bj)
where matrices B}, 1 = 1,...,9 have 31 lines and 3, 6, 9, 3, 12, 4, 4, 4, 10 columns.

Construction of submatrix B} and B : Relations (2.3.8) and (2.3.9) involve w~(4;) =
w*(a;) = v(a;), 1 =1,....,3 and w*(€) = w*(e;) = v(ei), 1 =1, ..., 10, so that

(3.2.9) tBl' = [I3x3 ; O3x2s], th = [01ox21 ; T10x10)-
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Construction of submatrix B; : Relations (3.1.14) are unchanged, except for the star
(*). Then, from (1.3.6), relation (3.1.16) remains valid so that with (3.1.17), we get :

(3.2.10) ‘B; = [06x3 ; "(b2)exs i Osx22]-

Construction of submatrix Bj : Relations (2.3.9) and (3.1.18) involve

PFut ., oFy .. OFf . OFy |,
(3211) m (a,) =D v(a,) (a_i'a (a,), 3:}[3 (a,) + D'L(a,) dfi;aai‘ﬁ (ai)

so that, with (1.3.6),

( 62 o=
5;‘)7 ([11) = DQ'L‘(al)(al —_ a3)2
1
o . _ -
%lg—l (@) = D*(a1)[ay — a3, a; — a3 + (5—s)x'(s)]
10X,
1 - 1 -
+ 5 Dv(ar) |ar — a2 + (5=-3)X(s) — 5 (5_§)2X~(§)]
92w = ) . -
_01»11_2 (a1) = D*(ay)[ay — az + (5—8)x'(8)]?
I; _ .
N (5—s)? -
+ Duv(ay) |ar — az + (5—8)X'(s) + = x"(s)
e L ) s ]
e (@) = D%(ay)[ag — az — (5—38)x'(3)]?
ok X o
+ Duv(ag) |az — ar — (5—8)X'(5) + e 2§) X"(3)
(3:212) § . ) J
705, (@) = Dhul@le — 4 = (5-9)X'(8), 02 — agl
1 ~ 1 -
+ 5 Do(az) [o = — (5—9)(5) — 5 (5-)X7(5)
i~ - ,
%2— (aq) = D%(ay)[ay — a3)?
2
P
~5§7 (as) = D%*v(a3)[a; — as)?
1
0212)- 1 - -
95,05, (@3) = D*v(as)lar — a3, ay —a3] + 5 (3—3) Dv(as)[x’(s) — X'(3)]
O*wr
8::; (a3) = D%*v(a3)[a; — a3)?
~ 2
Then
(3-2~13) tB;; = [09x3 ) t(b§1)9x6 3 t(b32)9x9 ) 09x13]

where matrix bs; is defined by (3.1.22) while b3, is given by (3.2.14).
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- . .
0 -—(2a'-g") (a1+-2-g._’) 0 0 0 o 0 0
1 2 2 2, 1 5
0 (24237 -g%) 144"+ g 0 0 0o o 0 0
;i1 1 1 1 il 1
0 0 0 (140 +§_l3) Z(2+2b -5) o0 o 0 0
(3.2.14) b, =
- 1 1, -
0 0 0 (6% + 532) 3(262 - o o 0 0
1., =
0 0 0 0 0 0 0 (E+¢é) o
1 -
0 ] 0 0 ] 0 o0 5(&2+ &) o

In this expression, parameters @*, ¢ and & are given by relations (3.1.29) while pa-
rameters ¢® and b* are defined by

( al _ I-jl A‘Q).é‘s . a2 _ /-{1 Dl 63

” (Ay x A3).€3 tT (Ar x Az).€3

(3215) 1 _ (D2 X Bg).gg b2 _ gl X 132) 53
(By x By).63 " T (Bix By).é

Construction of submatrix B; : Since Fx and Fj are affine along the sides [a3, a}],
a = 1,2, functions f,, s, a@ = 1,2 are unchanged. By using (1.3.6), we obtain

(A1) fald2) f5(&1)] = DLLC (w)hxa [F5 (1) F5(2) F3(E0)larns
(3.2.16)

[1(21) §2(22) §5(21)] = [DLLC™(v))ixa1 (G5 (31) G5(22) G3(#1)]arxs
with
(32.07) { [Fs(2a)] = [Falda) s Oixr] 5 [Galda)] = [Galda) 5 Oixa), a=1,2

'4

UF3(21)] = [(81)3{642 — 158, + 10} ; (1 — &)°{622 + 3¢, + 1} ;

0; a

21— 2)%; 231 —2){4 -3, + 3(1 — #)a?};

DN | —

(3.2.18) <
31 - :21)392 :000;

o —

. . . 1,
(1 —1'1)3{1 +33; + 5 1’191} ;

o] —
=~
-
—~~
—
~>
—_
e
V]
| —

2. p if(l —571)3§ 01x19]
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G0 =000 #(2-1) {515 5 0-d0) (@ + 5a)}

"2 n R Y ] . . 1
xf(Qi’fl”l){_\;‘F% - 5(1 —xl)(a2+-2—g2)} ;

1 N . .51, 1

'

1 .
(1—21)2(1—22;) {1+4:z1 RS g?)} . 00;
(3.2.19)

1+a' A L1 a® \. . .
577 $3(1-2,)(1-22,) 3 <1+ 1+&1)xf(1—-x1)(1—2x1);

1+ b
2h1

1 . s 32 Sy )
3 e 1(1-21)%(1-2%,); 00;

71
@+b~>@uwm04@w—

1 ~2 ~ " ]- ~ ~ 2 A
e 3Y(1-31)(1-28) ; ————— #1(1—41)2(1 =241 ;
20+ A g7 (1 -2 )( zy) TS (1 —=21)%( )

([ 000; 16(1-2,)%22;0000000000]

Then, by similarity with relation (3.1.37), we obtain

020x1
-d .. /1 a1 .ood ., /1] Loa (1
. 1% = 2 A0 . 1 _* il 20« [~ . _
(3:220) Bi= £ == 7F; <2> +E G (2) Rl (2) + £ (2) ’ 2
Os0x3 / 313
with
- 1 1 - - (§—§)2 - - az —as
1 _ e . Y & [} _ ] _ " " e o
E =< az—a, 4 ((12 al) 32 (3 §)[5X (é) 13X (S)] 64 [X (§)+X (5)], |a2 _ a3|2 >
. 1 1 - - (§—-§)2 - - a — ¢
2 _ ] Wi _ "( o "
E* =< a3—a;= 7 (a2=a1) =55 (5-8)[5x'(8) = 13X(8)] — == Ix"(s)+x"(3)], oo
N 1 1 - -~ (5—s)*, = - a, —as
1 _ - _ o [} . [ AT BT [ " e
F' = <ag—ay~ 7 (a1~a2) = 5(5-)(5x'(3) =13x(8)) + = Ix"(s)+x"(3)}, a1 —asp
P = < aymar= + (@r-an)— o (+0)(30(5)-137s) + T (s sy, (2
=< az—az 1 a;—a; 39 S=SNIX X'\$ 64 X 8)rXx ) lag—c2|2

Construction of submatrix B; : Relations (2.3.3) (2.3.6) (2.3.7) and (3.2.21) give
) s (2 -, (1 - /1 ., (1 -, /1
-[5G) i 5G)EG) EG) G AG)
. (2 . (D . (D .. (2 ., (1 .. (1
#(3):%(5)  5(5) 5 G) 5 G) 56,
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Construction of submatrices Bg and B; : From relations (2.3.3) (2.3.6) (2.3.7) and
(3.2.16), we obtain

B; = [—< Ok (), 2= iﬁ;‘@) + 2 ¢ <§> >

65)1 |a2 - (,l3|2 dfifz 6 |(11 - C1|2 6
oFy. - a, —az d - (2) a —c¢  » (2
< LE( gy 2798 & (2 ——'->>;
0z, (dz) la; — az|* dz, 2\3 + lay — & |? 92 3
(3.2.22) 4 ,
F]:' . ag) — as d ~ (1) a — Se (1 .
< (95:1 ( 3), |a2 - 613|2 dj)g f; 3 t |a1 - Cll2 g2 3 > ’

OFy , - ag—az d - (l) a—¢ A (1)
- 4y, —2 =8 = bl el S SV, L N (e
L < 6:;:1(4)’ |a2—a3|2 df)zf; 6 + |a1—cl|2 g2 6 >
+

( oF: - a, —as dFr /1 a, —¢cy A (1
Bt =l-< K dt , 1 3 1 (_) 2 2 = <_> :
7 55, %) T —af 4 \6) T Tm—aE %i\6) >

—< 81:.;\' d“‘ a); —as d.ﬁ].

L 8&:2 87 |a1 —(13|2 d(i)]

OF; ... ay—as dF: (1) ag —¢; 4 (1)
_ d‘ — » — .
< 35:2( ), lay —az|? di; \3 t laz — ¢2|? 9i 3 >
(3.2.23)
OFy ... ay—a3 dFy (2) a; —Cy (2) .
< 6532 (d7)’ |a1 —_ Cl3|2 d:i)l 3 + |a2 - C2|2 gl 3 >

pro0 =[5 (3) - i (2) s -5 (3) - i 1)

Step 3 : Transition from A%.(v) to 7}v(z) = w*(z) = W"(&) : Let [m9ssx; be the 55
basis monomials of degree less or equal to 9 in Z; and £; and [A*]s5x55 = [DL*(m9)]~.
Corresponding basis polynomials are detailed in the annex of [10]. Then,

(3.2.25) mrv(z) = (&) = [DLGL(v)ixa1 [D"]aixa1 [B Jaixss [A"}ssxs5 [m]ssxa-

3.3 Some numerical tests of interpolation properties

It is important to test numerically the interpolation properties. We will compute the
asymptotic order of the interpolation error for the following two cases :

- case of an exact representation of the curved boundary ;

- case of an approximate representation of the curved boundary.

3.3.1 Tests on the asymptotic order of interpolation error (generalities)

From (2, (4.1) and (4.51)], we have to numerically verify that

'1) - 7'rl\"vlm,l\' S Ch(]s\'_m”v”&l\'
(3.3.1) , m=0,..6, Vv & H}(K).

v = 75 0lmi < chfT™|ollex
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For simplicity, since it can be proved that the asymptotic error estimates in norms
|.|22(x) and |.| = (k) have the same order, we will just check that

(3.3.2) v — Tk Voo = 0(RS), Jv —Tivlocon = 0(RS), Vv € WO®(K),
or, more easily, that the asymptotic behaviour of |v — mxv]| (resp. |v — wjv]|) at a given

point Fx,(&o,Zo) (resp. F, (Zo,%0)) is in O(h3).

In this way, for each example into consideration (see §§ 3.3.2 and 3.3.3), we successively

. : . . h h
1) consider a series of nested triangles whose sizes decrease as h, PEVEREE
i1) interpolate given regular functions v ;
iii) illustrate the results on graphics displaying — Log h in abcissa and

— Log |v — nxv| (resp. — Log |v — w};v]) in ordinate and check that

(3.3.3) Log |v—wgv|=C+6Logh ; Log|v—7rv|=C+6Log h.

3.3.2 Numerical tests for an ”exact” interpolation of the boundary

Firstly it seems interesting to make some numerical experiments for an exact representa-
tion of the curved boundary so that it only remains the interpolation error of the function.

Example 3.3.1 : Unit right-angled triangle

X
2 X,

/K
K h
///
a] Xl I\ XI

ay 1 12(14) 172 (1+h)

Figure 3.3.1 : The unit right-angled triangle and the associate sequence of triangles K

Of course this is the most simple case which is associated to the following representation
of the curved (here straight !) side aa; :

(3.3.4) zr=x1(8)=1—3s, zo=x2(8)=s withs=0<s<s5=1.

This test is interesting since Fx = I and Fj, = I involves
(3.3.5) rrv(z) = v(x), 7rv(z)=v(z), Vv € Ps
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or, equivalently, by using (3.1.44) and (3.2.25)

- oz} = [DLGL(233)] (D] [B] [A] [mT), Vp,q € Nand p+q=5;
3.3.6
2w} = [DLGL(2}23)] (D7) [B*] [A") [m9), Vp,q € Nand p+ = 5.

The numerical results show that identities (3.3.5) are exactly satisfied. We have also
checked the estimates (3.3.3) ; in this way, we have considered a sequence of right-angled tri-
angle deduced from the unit right-angled triangle by an homothetic transformation
cenfered at point (3, 7) and whose ratiois h = 3, 1, ,... (see Figure 3.3.1). More generally,
we  have  successfully checked the same  properties for any straight
triangle K (note that the associate mapping F is still affine in this case).

Example 3.3.2 : A curved unit right-angled triangle (case Fx € (P;)?)

X, X2
w22
1 1
22h
Ky 2a31n
ay |
'
)
)
K l
:
2 :
0 [a, 1\ Xy 0 12(1h) 172 (1+h) Xy

Figure 3.3.2 : The curved unit right-angled triangle and the associate sequence of
triangles i

Now the straight side a;a, is replaced by the curved side whose parametric equations are
(see Figure 3.3.2) :

1
(33.7) zm=xi(s)=1-—3s, a2 =x2(8)= 33[32—3s+4], s=0<s<s5=1,
so that its interpolation by the mapping (1.3.2) is exact. The associate application Ff is

given by (see (1.3.2)) :

(3.3.8) Fr(&1,82) = &1, Fro(Z,,32) = 22 + 1 $122[3 + Ty — Z4].

Now, since the mapping F) is no longer affine, the identities (3.3.5) are no longer sat-
isfied. In order to test the estimate (3.3.2);, we have to introduce a sequence of triangle
K, whose diameter h is decreasing to 0 and whose curved sides coincide (for this particular
example) with the curved boundary of the domain. In this way we will use the triangles K}
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whose vertices (ayh, a2n, a3r) are given by :

'4

1 1
Vertex ars : sp = = (L—h) = (zu = 5 (L+h); o = o (1—h)(11+4h+h2)>

N | —

1

1
(33.9) { Vertex a i 5= 5 (14+h) = (zn - % (1=h); o = (1+h)(11—4h+h2))

L
so that the associate application Fj, is given by relation (1.3.2), i.e.,

Vertex agp, : <x13 = % (1=h); T3 = 1L6 (1—h)(11+4h+h2))

4 . R 1 .
Fk’]h(l‘l,zg) = 5 (1 - h) + hJ?l
L 1 2, P 2\a
(3.3.10) Fray(#1,82) = 72 (1= A)(11+ 4k + ) + 2 (T4 1),
1 A N 2 ~ ~
+ Z 1,‘1(1','2}1 [3 + h(l‘] - (L‘g)]

Then, to check estimate (3.3.2),, we graphically represent (3.3.3), for given functions
v, for instance v(zy,2,) = 2823, and v(z),2;) = cos(3zy)sin(2z2), at the image of point
(z, = %, Iy = g) by the application Ff,, i.e.

33 1 A 3’3 11 7h  21R% A®

55) =275 =P (55)

for h =1, 1, 1 ... Thus, Figure 3.3.3 shows that the slope is effectively 6 according to the
theoretical prediction (3.3.3).

(33.11) o = Fi, (

1 2 -Logh 1 2 -Logh
!
10 10
201 20 L v = c0s3x, sin2x,
Y \
- Log Iv-myevl - Log Iv-mtyevl

Figure 3.3.3 : Asymptotic behaviour of [v — 7xv| at point Fk,(2,3) when & — 0.
Example 3.3.3 : A curved unit right-angled triangle (case Fj € (Ps)?) and the

associate sequence of triangles K,
Consider the curved side a;a; whose parametric equations are (see Figure 3.3.4)
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Xy X2
82
9
2T /,K; dip
K agy, N
. 2
2 2 0\ x, ol 1izaw 12a+s v x

Figure 3.3.4 : The curved unit right-angled triangle and the associate sequence of
triangles I}

2 =xa(s) =1—s, 3= xa(s) = 13—0 [4s* + 1352 — 27s + 20],
(3.3.12)

s=0

IN

s<5=1

so that its interpolation by the mapping (1.3.6) is exact. The associate application F} is
given by (see (1.3.6)) :

[ Ff(21,32) = &1
1
(3313) FI:'Z(jfl,ig) = 572 + 66 i]fl\:g[—‘i(i‘g)s - 4(1332)2 - 17.’2‘2 - 5
\ + 4(21)° = 16(2,)% + 372,4]

Here again we consider the sequence of triangles I, whose vertices are given by

1
(14h) 5 20 = (1—h)(40+24h+19h2—4h3+h4)>

o —

{
vertex ayy : (:v“ =

(3.3.14) { vertex ag : <1:12 == (1=h); 79 = é% (1+h)(40—24h+19h2+4h3+h“))

| —

vertex ag : (1o = % (1=h) s 293 = SLO (1-h)(40+24h+19h* 48>+ b))

\

so that the application FF, is given by relation (1.3.6) :
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4 . . 1 A
Fi, (&1,22) = 3 (1 =h)+ hiy
1
Fgy (21,22) = % (1 = h)(40 + 24h + 19h — 4h% + A%

h . | S
(3.3.15) 4 + 10 (16 + 23h* + k)2, + 5 &34

3 3

h h .
+ 15 (23 + 10k + 4h*)3; + M (=23 + 10h — 4h*)d,

h* . h* . 2h% . 2h% .
{ - -5— (5 + 3’1)(:):1)2 — g (5 — 3h)($2)2 + —5— (.’121)3 — —5—' (1132)3]

Now we obtain Figure 3.3.5 which shows again an 0(h®) error estimate.

1 2 -Logh 1 2 -Logh
10 1 10 {
20 +
20 0 v = cos3x, sin2x,
f {
-Log Iv-n;vl -Log Iv-n;'(vl

Figure 3.3.5 : Asymptotic behaviour of |v — 7j-v| at point Ff, (3,3) when A — 0.

3.3.3 Numerical tests for an approximate interpolation of the boundary

Previous examples are such that applications Fi € (P3)? or Fj. € (Ps)? give an exact repre-
sentation of the curved side a,a;. Now let us consider some examples for which the curved
side is only approximated by the applications Fg or Fp;.

Example 3.3.4 : The (P;)? approximation of the curved unit right-angled triangle
studied in the example 3.3.3

In the example 3.3.3 we have considered a sequence of triangles K such that the
curved side ajpaqn coincided with the initial boundary. In this way we have used the
application Fy;, € (Ps)? defined by relation (3.3.15). Now, starting from the same sequence
of curved triangle a;,azas, we consider the (P;)?-approximation of the curved side. Thus,
by substituting relations (3.3.12) (3.3.14) into relations (1.3.2), we get the application Fi,
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r . . 1 A
Fth(ml,Ig) = 5 (]. - h) + h.’l)l

(3.3.16)¢ Fka,(21,%2) = == (1 — h)(40 + 24h + 19h% — 4A> + R*)

1
80
2
| T % (16 + 23h% + hY)d, + % $12[5 — 10A% + h(23 + 2K%)(1 — £2)]

Here again Figure 3.3.6 shows an 0(h®) error estimate

1 2 -Logh 1 2 -Logh
10 1 10 t
207 20 1 v = cos3x, sin2x,
Y \
Log Iv-rtgvl Log lv-mtp v

Figure 3.3.6 : Asymptotic behaviour of |v — 7xv| at point Fy,(2,2) when h — 0.

Example 3.3.5 : Case of an elliptic edge

The curved side of triangle K is represented by (see Figure 3.3.7)

T ™

6 3’
and it can be approximated with the help of Fi € (P3)? or Fj. € (Ps)?, respectively defined
by relations (1.3.2) or (1.3.6).

(3.3.17) Ty =x1(s)=coss; zo=x208)=Rsins, 0<R<1, s==-<s<35=

X2 4 iy |
K K, (resp. K*)
04 sin(m 4+h) h h
0.2 sin(m 4-h)
X] xl
1p V3p 1 = cos(m4+h) cos(1t/4-h)>

Figure 3.3.7 : The "curved elliptic” triangle A" and the associate sequence of triangles K
(or I';) when R = 0.4
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1 2 -Logh 1 2 -Logh

10 10 1
NN ~.
.~ . AN
20 i 6.4 20 6.4
v= X‘ X2 v= XlXZ
Y Y
- Log v-myvl - Log v-mg vl
1 2 -Logh 1 2 -Logh
L
10 1 10 t
20 201
I v=e™1™ | voe X2
Y \
- Log v-mgvl - Log Iv-mgvl

Figure 3.3.8 : Asymptotic behaviour of [v — 7xv|(resp. v — 7%v]|) at point Fy,(3,2)
(resp. Ff, (5,3)) when h — 0.
Here again we introduce the sequence K; (or K}) of triangles whose vertices are given

by 0 <h<E):

' vertexa,h:.gh:;;- —h =>(a:1=cos (g —h) 1 To = R sin (% —h))

(3.3.18) J vertex aqp : 8 = % +h = <x1 = cos (% + h) ; oo = R sin <% + h))

L vertex aasy, : (a:l = cos (Z— + h) , T2 = R sin (g — h))

while the computation of the error is made at an internal point of triangles K} (or K;). The
associated results are displayed on Figure 3.3.8. Here again, we find an asymptotic error in

0(kS).

Concluding remarks

Thus, these examples show the great efficiency of these curved C! elements and they
illustrate the relevance of the theoretical study of the order of the approximation. These
methods will be used to approximate thin plate and thin shell problems in the second part

of this work [10].
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ANNEX : Basis polynomials for P; and P, finite elements

In order to construct curved finite elements C!-compatible with the Argyris triangle, we
have proposed two methods :

(1) The first one is based in the interpolation of the boundary by polynomials of degree 3.
In this way, we are led to the basic finite element displayed on Figure 2.2.1. Corresponding
basis polynomials are given by relation (3.1.43), e.g.,

[Plasx1 = [Alssxse [MT]36x1-
The matrices (m7] and {A] are described on Figure A.1 and A.2.
(ii) The second one is based on the interpolation of the boundary by polynomials of
degree 5. Then, we are led to the basic finite element which is shown on Figure 2.3.1.

Corresponding basis polynomials are given by relation (3.2.25), e.g.,

[P']55x1 = [-4’]55x55 [771-9]55x1-

The associate matrices [m9] and {A"] are given on Figure A.1 and A.3.

45



[m?]

X1**7

X1**6 * X2
X1*#*5 * X2%»2
X1*%4 * X2%*3
X1**3 * X2#*%4
X1**2 * X2%%§5
X1 * X2xr¢
X2%%7

X1*%6

X1**5 * X2
X1*%4 * X2%*2
X1*#*3 % X2%*3
X1*%2 * X2x*4
X1 * X2**5
X2**6

X1*%5

X1**x4 * X2
X1%%3 * X2%%2
X1*%2 * X2*%3
X1 * X2**4
X2**5

X1**4

X1**3 * X2
X1%%2 * X2%%2
X1 * X2**3
X2**4

X1**3

X1**2 * X2

X1 * X2**2
X2**3

X1**2

X1l * X2

X2**2

X1-

X2

1.

Figure A.1

[m9]

: Basis monomials of P; and P,

X1*+*9

X1¢*8 * X2
X1ws] * X2##2
X1*%6 * X2%+*3
X1#25 * X2x#4
X1x%4 * X2%*5
X1*#3 = X2#+§
X1%#2 * X2#*7
X1 * X2**8
X2**9

X1**8

X1#**7 * X2
X1**6 * X2**2
X1#**5 » X2#*#*3
X1%*4 * X2*+4
X1%%3 * X2#*x§
X1**2 * X2*+6
X1 * X2**7
X2**8

X1#%x7

X1*x6 X2

*
X1#**5 * X2**2
X1**4 * X2#+*3
X1*%x3 » X2#%*4
X1#**2 * X2#+5
X1 % X2+*6
X2**7

X1**6

X1**5 * X2
X1**q * X2**2
X1**3 * X2%*3
X1**2 * X2**4
X1 * X2**5
X2**¢

X1**5

X1**4q * X2
X1**3 * X2*%*2
X1#*%x2 * X2*+3
X1 * X2+*4
X2**5

X1**4

X1**3 * X2
X1%*2 * X2#%*2
X1 * X2*+*3
X2**4

X1#**3

X1**2 *» X2

X1 * X2**2
X2x*3

X1**2

X1 * X2

X2**2

X1.

X2

1.




Af1,1)
A1,
A1, 4)
AC1,S)
A(l,6)
AL, %)
A(1,11)
All1,12)
At1,13)
At1,16)
Atl,19)
A(1,19)
AL1,22)
Atl,20)
AQ2,27)
A(2,3)
A(2,4)
A(2,8)
AL2,6)
A2, 8)
A(2,11)
Af2,12)
Al2,13)
At2,13)
At2,10)
AL2,19)
A2, 21)
AL2,20)
A(2,26)
A(2,30)
A3, 1)
A3, 3)
A3, 40)
A(3,5)
A3, 6)
A3, 0)
AL}, ®)
A(3,11)
A(3,12)
A(3,13)
A3, 15)
A(3,16)
A(3,18)
A(3,19)
A3, 21)
A(3,22)
A3, 20)
A{3,26)
A(3,2M)
A(3,30)
A3, 26)
Al4,1)
A4, )
A4, 4)
A4, 5)
At4,6)
Al4,9)
Af4,11)
Al4,12)
At4,13)
A(4,16)
Al4,18)
Al4,19)
A(4,22)
Al4,24)
A4, 27
ALS,2)
AL(S,3)
A(S,4)
A(S,S)
A(S,6)
A(5,10)
A(5,11)
A(S,12)
A(S,13)
A(S,17)
ALS,19)
A(5,19)
A(5,23)
A(S,24)
AtL5,28)
A(E,3)
A(6,4)
A(6,5)
AL6,6)
AL6,7)
A(6,11)
AL6,12)
A(6,13)
A6, 14)
AtLE,18)
A(6,19)
A(6,20)
A(6,24)
A(6,293)
A(6,29)
A{7,3)
A2, 4)
A7, 8)
AL7,6)
A7, 0)

~6496/27
=35376/27
-15296/3
-36464/27
-464/3
-(~6896)/9
=-{-136424)/27
-(-187040)/27
-(-27880) /27
-7750/9
-98371/27
~-41027/27
={-10%01)/27
-(=17323)/27
-490/9
=464/3
-06464/27
~15296/3
-$537¢/27
~6496/27
-(~27600)/27
-(-1870401/27
={-136424)/27
-(-6896)/9
-41027/27
-98371/27
=7750/9
-(-17322)/27
={-10501)/27
-490/9
-(-6496) /27
-14176/27
=(-2944) /27
-{-2948)/27
«14176/27
-(-6496)/27
-24784/27
-(-5680)/27
=12736/9
-(-5630)/27
=24784/27
-{-11846)/9
-{-26750)/27
-(-26750)/27
=(-11946)/9
-22789/27
-18262/27
-22789/27
~{-5566)/27
-{-556€)/2?7
-1
«(-400)/9
-(-3080)/9
=016
-(-4496)/9
-(~232)/9
-416/3
=7448/5
-9872/4-
-1472/9
-(-457)/3
={=2171N /2
-(-4337)/18
-607/9
=-619/6
-(-28)/3
-(~896)/9
=-{-3921/9
=2384/9
=2512/9
=232/9
=2336/9
-(-8)/9
=-(-3920)/9
-(-976)/9
={-2104)/9
=123/2
=1981/18
=-766/9
-{-307)/18
-{=31)/3
=-232/9
-2812/9
-2384/9
-{-392)/9
~-{-$96)/9
-(-976)/9
-(-3920)/9
-(-0)/9
=2336/9
=-1901/18
-123/2
-(-2104)/9
={-307)/18¢
=166/9
=t=31)/3
-{-232)/9
=-(-4496)/9
-~816
«(-3000)/9
-(-400)/9

Al7,11) =1472/9
A(7,12) =9872/9
A(7,13) =7448/9
A(7,13) =416/3

A(7,18) =(-4337)/18

At7,19) ~(-11771)/2
A(7,21) =(-457)/2
A(7,24) =-619/6
Ai1,26) =607/9
A(7,30) =(-28)/3
A(8,1) =~(-400)/9
A(0,3) =14%6/9
A(8,4) =(-992)/9
A, 83) =(-3248)/9
A(0,6) =(-4096)/9
AtS,7) =(-896)/9
A(8,9) =1552/9
A(S,11) =(-464)/3
A(8,12) =2464/3
A(9,13) =3424/)
A{8,14) =3040/9
A(8,16) =({~761)/3
Ais,18) =(-1931)/9
A(8,19) =-938
A(8,20) =(-1208)/3
Al8,22) =1528/9
A(8,24) =2266/9
A(9,25) =2210/9
Al(8,27) =(-406)/9
A(8,29) ~(-499)/9
A(8,34) =1

A{9,2) =(-096)/9
A(9,3) =(-4096)/9
A(9,4) =(-5248)/9
A(9,5) ~(-992)/9
A(9,6) =1456/9
A(9,8) =(-400)/9
A(9,10) «3040/9
Ai9,11) =3424/3
A(9,12) =2464/3
A(9,13) =(-464)/3
A(9,15) =1552/9
A(9.17) =(-1288)/3
A(9,18) =-938
A(9,19) =(-1831)/9
A(9,21) =(-761)/3
A(9,23) =2210/9
A(9,24) «2266/9
A(9,26) ~1528/9
A(9,28) =(-499}/9
A9,30) ={-406)/9
A{9,35) =1

A{10,1) =8/3
A(10,3) -52/3
A(10,4) =40
A(10,%5) =24
A(10,6) ~4/3
A{10,9) =-3
A(10,11)=(-124)/3
A(10,32)=(-160)/3
A(l10,13)=-8
A(10,16)=17/2

S AL10,18)=349/12

A(10,19)=47/4
A(10,22)=(-11)/3
A(10,24)=(-61)/12
A(10,27)=1/2
AQ11,2) =32/3
A(11,3) -8/3
A(11,4) =(-80)/3
A(11,5) =(-80)/3
A(11,6) =(-8)/3
A(11,10)=(-80)/3
A(11,11)=8/3
Al11,12)-128/3
A(11,13)=32/3
A(11,17)=70/3
A(11,18)=(~43)/6
A(11,18)=(-65)/6
A(11,23)=(-25)/3
A(11,24)=11/6
AQ11,28)=1
A{12,3) =4
A(12,4) =40/3
A(12,5) -40/3
A(12,6) =4/3
A(12,11)=(-20)/3
A(12,12)={-64)/3
A112,13)=(-16)/3
A12,18)~29/4
A(12,19)~65/12
A(12,24)=(-17)/12
A(13,3) =4/3
A(13,4) =40/3
A(13,5) =40/3
A(13,6) =4
A(13,111=(-16)/3
A{13,12)=(-64)/3
A(13,13)=(~28) /3
A(13,18)=65/12
A(13,19)=29/4
Al13,24)=(-17)/12

A(14,3) =(-0)/3
A(l14,4) =(-80)/3
A(14,5) =(-80)/3
A{14,6) =3/3
A(14,7) =32/3
A(14,11)=32/3
A(14,12)=128/3
A(14,13)=9/3
Ai14,14)=({-80)/3
A(14,10)=(-63)/6
A(14,19)~(-43)/6
A(14,20)=70/3
A(14,24)=11/6
A(14,23)=(-25)/3
A{14,29)=1
A(15,3) =4/3
A(1%,4) =24
A{13,5) =40
A(l15,6) =52/3
A(15,8) =8/3
A(15,11)=-8
A(15,12)=(~160)/3
A(13,13)=({-124)/3
A(15,15)=-8
A{15,18)~47/4
A{1S,19)=349/12
A{18,21)=17/2
A(15,24)=(-61)/12
A(15,26)=(~11)/3
A(15,30)=1/2
A{16,1) =(-8)/3
A(16,3) =36/3
A(16,4) ~00/3
A(16,5) =32/3
A{16,9) =32/3
A16,11)==40
A(16,12)=-32
A(16,13)=(-8)/3
A(16,16)~(~33)/2
A(16,18)=51/2
A(16,19)=19/3
A(16,22)=73/6
A(16,24)1=(-251/6
A(16,27)=(-25)/6
A(16,31)=1/2
A{17,2) =(-32)/3
Al17,3) =(-160)/3
A(17,4) ={-3204/3
A{17,8) =(-320)/3
A(17,6) =(-160)/3
A7, T) =(-32)/3
A(17,10)~112/3
A{17,11)=448/3
A(17,12)=224
A(17,13)=448/3
A(17,14)-112/3
Al17,17)=-50
A{17,18)==150
A{17,19)=-150
A{17,20)=-50
A(17,23)=95/3
Al17,24)=190/3
At17,25)=9%/3
A(17,28)=(-28)/3
A(17,29}=(~-28)/3
A(17,32)=1
A(19,4) =32/3
A{10,5) =80/3
A(l8,6) =56/3
A(l8,0) =(-8)/3
A(18,11)=(~8)/3
A(18,12)=-32
A(18,13)==40
Al{18,15)=32/3
Atle,18)-19/3
A(18,19)=51/2
A(18,21)=(-33)/2
A(18,24)=(-25)/6
A(18,26)=13/6
A(18,30)=(-2%)/6
A{18,33)~-1/2
A{19,4) =256
A(19,5) =768
A(19,6) =768
A(19,7) =256
A(19,11)=-64
A(19,12)=-896
A(19,13)=-1600
A(19,14)=-768
A(19,19)=176
Al19,19)=992
A(19,201=816¢
A(19,24)=-160
A(19,25)==352
A(19,29)1=48
A{20,2) =23¢
A{20,3) =768
A(20,4) =768
A(20,5) =256
A(20,10)=-768
A(20,11)=-1600
A{20,12)=-8%¢
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A(20,13)=-64
A(20,17)=816
A(20,10)=992
A{20,19)=-176
A(20,23)=-352
A{20,24)=-160
A{20,28)~40

A(21,4) =128°5qrt(2)
A{21,5) =120°3qrt(2)
A{21,11)=-32°3qrt(2)
Al21,12)=-192°3qrt (2)
Al21,13)=-32°8qrt (2)
A(21,18)=40°5qzt(2)
A(21,19)=40*Sqrt(2)
A(21,24)=-9°5Qrt(2)
A(22,4) =(-65536)/27
A122,8) =(-114688)/27
A22,6) ={~40960)/27
A(22,9) =(-8192)/27
A(22,11)~16304/27
At22,12)-53248/9
A(22,13)=30912/9
A(22,15)-26624/27
A(22,10)=(~32768)/27
A(22,19)~(-10240)/3
A{22,21)=(-10240)/9
A122,24)-16304/27
A122,26)-14336/27
A(22,30)=(-2048)/27
Al23,3) =53248/27
A{23,4) =40960/9
A(23,5) «69632/27
A(23,6) ~(-8192)/27
A(23,8) =~8192/27
A(23,11)={-48128)/9
A(23,12)=(-22528)/3
A(23,13)=-1024
A(23,151=(-10240)/9
A(23,18)=14336/3
A(23,19)-0192/3
A(23,21)-14336/9
A(23,24)=(=27800)/27
A(23,26)=(-26624)/27
A(23,30)~2048/9
A(24,1) =8192/27
A(24,3) «(~8192)/27
A(24,4) =69632/27
A{24,5) =40960/9
A(24,6) =53248/27
A(24,9) ~(-10240)/9
A(24,11)+-1024
A(24,12)=(-22528)/3
Al24,13)=(-48120) /9
A(24,16)=14336/9
A(24,19)=-8192/3
A(24,19)-14336/3
A124,22)=(-26624)/27
Al24,24)=(=37008)/27
A(24,27)=2040/9
A(25,1) -(-8192)/27
A(25,3) =(~40960)/27
A(25,4) =(-114688)/27
A(25,5) ={-65536)/27
A(25,9) =26624/27
A{25,11)=38912/9
A(25,12)=53248/9
A(25,13)=16384/27
A(25,16)=(-10240)/9
A(25,18)=(-10240)/3
Al125,19)=(-32768)/27
A(25,22)=-14336/27
A(25,24)-16304/27
A(25,27)~(-2049)/27
Ai{26,3) =(-71680)/27
A(26,4) =~(-145408)/27
A(26,5) =(-08064)/27
A{26,6) =(=-2048)/9
A{26,11)=150016/27
A(26,12)=183296/27
A(26,13)=31232/27
A(26,18)=(-94208)/27
A(26,19)=(-409601/27
A(26,24)~15872/27
A(27,3) =(-2048)/9
A(27,4) =(-88064)/27
A{27,5) =(-145408)/27
A(27,6) =(~71680)/27
A(27,11)=31232/27
A(27,12)=183296/27
A{27,13)=150016/27
A(27,18)=(-40960) /27
A{27,19)=(-94208)/27
A(27,24)=15872/27
A(28,5) =({-2048)/9
A(28,6) =(-4096)/9
A(29,7) =(-2048)/9
A{28,12)=512/3
A(28,13)=7168/9
A(28,14)=5632/9
A(28,18)=(-256)/9
A{28,19)~({-3584)/9
A(28,20)=(=1792)/3

Figure A.2 : Matrix [Alssx3s

A(28,24)=512/9
A(20,25)=2040/9
A(28,29)=(-256)/9
A(29,3) =(-2049)/9
A{29,4) =(-0192)/9
A(29,5) «(-4096)/3
At129,6) =(-8192)/9
A(29,7) =(-2048)/9
A(29,11)=6656/9
A129,12)=6656/)
A(29,13)=6656/3
A(29,14)=6656/9
A{29,18)=(-7936)/9
A(29,19)=(-15872)/9
A(29,20)=(-7936}/9
A{29,24)~4096/9
A(29,25)=4096/9
A(29,29)=(-256)/)
A(30,2) =(-2040)/9
A(30,3) =(-0192)/9
A(30,4) =(-4096)/3
A(30,9) =(-8192)/9
A(30,6) =(-2048)/9
A(30,10)~6656/5
A(30,11)=6656/3
A{30,12)=6656/3
A(30,13)=6656/9
A(30,17)=(=7936)/9
A(30,18)=(-15072) /9
A(30,19)=(~7936)/9
A(30,23)=4096/9
A(30,24)=4096/9
A(30,28)=(-256)/3
Al31,2) =(-2048)/9
Al31,3) =(~-4096)/9
A(31,4) =(-2048)/9
A{31,10)=5632/9
A(31,111=7168/9
A(31,12)=512/3
Ai31,17)=(-1792)/3
A{31,18)=(-3584}/9
A(31,19)=(=-256)/%
A{31,23)1=2040/9
A(31,24)=8512/9
A(31,28)=(=-256)/9
A{32,3) =1024°sqrt(2)/9
A{32,4) =1024*sqrt(2)/9
A{32,11)=-1792°5qrt(2)/9
A(32,12)=-256°Sqrt(2)/3
Al32,18)=89€°5qre (2)/9
A(32,19)=128°5qrt(2)/9
A(32,24)=-128"sqrt(2)/9
A(33,5) =1024°s5qrri(2)/9
A(33,6) =1024°Sqrt(2)/9
A{33,12)=-256°5qrt (2)/3
A{33,13)=-1792°Sqrt{2)/9
A(33,10)=128°5grt (2)/9
A{33,19)~896°Sqrt(2)/9
A{33,24)=-128°5qrt(2)/9
A(34,3) =4096

A(34,4) =8192

A(34,5) =409¢
A(34,11)=-9216
A(34,12)=-10240
A(34,13)=-1024
A{34,18)=6144
A(34,19)=2048
A(34,24)--1024

A(35,4) =4096

A(35,8) =8192

A(3S5,6) =4096
A{35,11)=~1024
A{35,12)~-10240
A(35,13)=-9216
A(35,18)=2049
A(35,19)=6144
A{35,24)=-1024

A(36,3) =-409¢€

A(36,4) =-122¢8

A(36,5) =-12208

A(36,6) =-4096
A(36,11)=11264
A(36,12)-22529
A(36,13)~11264
A(36,18)=-10240
A(36,19)=-10240
A(36,24)=3072



A1)

ALY

AL, &)

ALLLS)

A(1,6)

A7)

A1, 8)

A1.11)
ALLY)
A1.14)
A(1,18)
AL, 16)
Al1,17)
A(1,20)
A(1,22)
Af1,23)
All,24)
A(1,25)
All1.28)
A(1,30)
A(1.3))
All1,32)
A(1,35)
AL1,37)
Al1,38)
AL, 40)
AL 4))
A(1,46)
A(2,3)

A2, 4)

A(2.5)

A{2,6)

A2,

A(2.8)

A(2,10)
A(2,13)
AL2.14)
A(2.15)
A(2,16)
A(2.17)
A(2.19}
Al2,22)
A2,23)
AL2.24)
A{2,25)
Af2.27)
A(2,30)
AL2,31)
AL2.32)
A(2,34)
AL2,37)
A(2.38)
AL2,40)
A(2.43)
AL2,4%)
AL2.49)
A(3.1)

A(3.3)

A3 4)

A3, 5)

A(3.6)

AT

A3, 8)

A(3.10)
A3, 1)
A(3,13)
A13,14)
A(3,18)
A(3.16)
Af3.1M)
A(3.19)
A(d,20)
A(3,22)
A(3.23)
A3, 24)
A(3,25)
A3, 27)
A(3,.28)
A(3,30)
A3, 31
A(3.32)
A3, 34)
A13,35)
A(3,30)
A3, 38}
A(3.40)
A(3,41)
A(3,43)
A3, 48)
A3, 46)
A(3.49)
A(3,55)
AL, 1)

AG4, )

A4, 4)

ALL,S)

AL4,6)

A4, T)

A48

At4,11)
Al4,1))

=1004509/250
=62720001/1000
=140800939$/1000
«4093681/50
-(-4220667) /500
=(-3686299)/1000
«1239057/1000
=(-2228%53)/128%
=(-2058%9151)/1000
={-162127099) /500
-({-85727727) /1000
=1337229/12%
=(-1224963) /300
=29055969/1000
*994544573/4000
=194869395/800
«92584809/4000
=5508243/4000
-(-23717313) /1000
- (-33656553) /250
«(-61872849) /1000
«(-62931313)/2000
«401433740
=25352583/800
=22167939/4000
-{-2032683) /1000
-(-256161) /100
«14959/100
«1239057/1000
-(-3806299)/1000
-(-4220667) /500
«4098691/50
«148009599/1000
«62720001/1000
«1084509/250
«(-1224%963}/500
«1337229/128
-(-85727727) /1000
={-162127899)/500
-({-205859151)/1000
-(-2228553)/125%
«5508243/4000
=92594809/4000
-194869999/800
=994544973/4000
-29055969/1000
-(-6293133)/2000
-(-61872849) /1000
«{~33656553) /250
«(-23717313) /1000
=22167935/4000
-25352583/800
=401433/40
~({-256161) /100
=(-2032683) /1000
«14959/100
=(-1084509) /250
=7246017/250
-{-9056367) /500
=(-00108109) /500
«(-80108109) /500
«(-9056367) /500
=7246017/250
={-1084509)/250
=212139/10
=(-61872903) /1000
=45764919/250
=223718679/500
«45764919/250
={-61872903) /1000
=21213%/10
-{-42597873) /1000
«27182547/2000
-(-681986169) /2000
-(-681986169)/2000
-271825%47/2000
-(-42597873) /1000
=22436811/500
«51392269/1000
=108928341/500
~51382269/1000
=22436011/500
=(-3263511)/12%

= (-810366133) /2000
-(-61036633) /2000
=(-3263511)/125
=3974259/500
-0433609/1000
=3974259%/500
-(-993043) /1000
=(-993043) /1000
-l

-(-11907)/25%
=(-646623) /100
«(-1491777)/100
-(-40743) /%
~41391/50
«39609/100
-(-12879)/100
~48438/25
=2108673/100

Als,24)
At4.15)
A(4,16)
LYCPR &)
At4,20)
Ai4,22)
A(4,23)
A4.240)
At4,25)
A(4,20)
A4,30)
A(4,31)
A{4,32)
A(4,.35)
A(4,37)
A(4,38)
A(4,41)
A(4,43)
A(4,46)
A(S.2)

A{S,3)

AlS.4)

A(S,5)

A(S,6)

A{S, )

A(S.8)

A(5,12)
A(5,13)
A(S,14)
A(S,15)
AtS,16)
A(S,17)
A(5,21)
AtS,22)
A(S5,23)
A(S,24)
A{(S,25)
A(S,29)
A(S,30)
ALS,31)
A(5,32)
A(S5,36)
A(3,30)
A(5,39)
A(5,42)
A(5,43)
A(5,47)
A(6,3)

A6, 4)

A(6,5)

A6, 6)

A6, 7}

A6, 8)

A6, )

At6,13)
Al6,14)
A(6,15)
At6,16)
A(6.17)
A6, 19)
A(6,22)
A(6,23)
A6, 24)
A(6,29)
A(6,26)
A(6,30)
A(6,31)
A(6,32)
A(§,33)
A(6,37)
Al6,38)
A(6,39)
A(6,43)
A6, 44)
A(6,48)
A1)

A4

A{7,5)

A(7,6)

ACYLTY

AL,

At7,10)
A(7,13)
A(7,14)
A(7,19)
Al7,16)
A2,17)
A(7,19)
A(7,22)
A(7,23)
Al7,24)
A(2,25)
A(7,27)
A(7,30)
A(7.31)
A(7,32)
A(7,34)

T AL7,37)

A(7,38)
A(7.40)
Al7.43)
AL7,45)

-1629477/50
«853021/100
=(-53703)/50
=6399/25
«(~312687) /100
~({-10136979) /400
={-10555%7) /80
=(-919827) /400
=(-59229) /400
=252999/100
«1367451/100
=1240929/200
=31797/100
-(-4251)/¢
={-1284763)/400
=(-44513) /00
=21409/100
«$1069/200
-(-157)/10
-(~25434)/25%
=(-56781) /100
«(-50301)/100
=(-107406) /25
=(-100621) /25
={-39609) /100
=12879/100
«90639/2%
-37584/25
-298647/100
-445501/50
=283257/100
=(-6399)/2%
=(-10218)/2
-{-687627) 7400
=({-1640007) /400
=(-1602207)/400
={-10927) /400
=72297/20
-8379/8
=63837/40
=12231/40
«(-67117) /50
=(-115031}) /400
={-53323) 7400
=24449/100
=593/2%
={-167)/10
=12875/100
={-39609) /100
={-108621)/25
=(-107406) /25
«(-50301) /100
=(-56781) /100
=(-25434)/25
={-6399)/25%
=283257/100
«445581/50
=298647/100
=37504/25
=50639/25
~(-18927) /400
=(-1602207) /7400
=(~1640007)/400
«(-687627) /400
=(-1921%)/2
~12231/40
«63837/40
-8$379/8
=72297/20
={-55323) /400
=(-115031) 7400
«(-67117) /50
=593/25
=24449/100
=(-167) /10
-{-12879) /100
=39609/100
=41391/5%0
-{-40743)/5
«(-1491777)/100
=(~646623)/100
«(-11907) /25
=6399/25
«(-53703) /50
-853821/100
=1629477/50
=2108673/100
-48438/25
={-39229) 7400
=(-919827) /400
-{-1055557)/80
=(-10136979) /400
=(-312687)/100
=31797/100
=1240929/200
~1367451/100
«252999/100
-(-44513) /80
=(-1284763)/400
=(-4251)/4
=51865/200
~21409%/100

A(7,49)
LYL PR}

«-(~157) /10
«(~11907) /2%

A(8,3)=106191/25

As.4)

A{8.3)

A9, 6)

A, M)

Als.8)

A(8,9)

A(s,11)
Al8,13)
Als,14)
A{0.1%)
At(s,16)
A(8,1)
Ats,10)
A(8,20)
A(8.22)
A(9,23)
A(9,24)
A(8,25)
As,26)
A(8,28)
A(8,30)
A{0,31)
A(9,32)
A(8.3))
A(8.35)
A(R,37)
A8, 38)
A(8,39)
Ai(9,.41)
A(8,43)
A(s,44)
A(8,46)
A(8.48)
A($,53)
A(9.2)

A(9.%)

A3, 4)

Ai9.5)

A(9,6)

A(9.7)

A(9.8)

A(9.10)
At9,12)
A(9.13)
A(9,14)
A(9.15)
A(9,16)
A1)
A(9.19)
A(9,21)
A(9.22)
A19.23)
A(9,24})
A(9.295)
A(9.27)
A(9.29)
A(9,30)
A(9.31)
A(9,32)
A(9.34)
A(9.36)
A(9.3M)
A(9,38)
A(9,40)
A(9.42)
A(9,.43)
A(9,45)
A(9.47)
A(9.49)
A(9,54)
A(10,1)
A{10,3)
A(10,4)
A(10,3)
A(10,6)
Af10,.7)
A(1C, 8)

=148959/50
«(~320679) /2%
=(~1257049)/50
=(-470934) /23
=(-160318)/25
-{-25434)/23
=2349
=(-1121769)/100
=654399/100
=5075211/100
=5612409/100
=632448/25
=112033/28%
=({-477279) /100
=1666503/200
={~1395352)1/%0
=(-12094003) 7200
=(-3747951)/100
~(-410733) /50
=255753/50
=225423/200
«1351359/50
=5469291/200
«157311/20
=(~76431) /25
«(-744541) /200
«(-490793) /50
=(~-420119) /100
«483787/50
=276743/200
«120393/7100
=(-13389) /100
=(-15059) /100
-1
=(-25434)/2%
=(-168318) /25
={-470934) /25
=(-1257849) /50
={~320679) /25
=148959/50
«106191/25
={~11907)/2%
=112833/25
~632448/25
=5612409/100
=5075217/100
«654399/100
={-1121769}7100
=2349%
={-410733)/50
«(-3747951) /100
«(-12094803) /200
={-1395351)/50
=1666503/200
=(-477279) /100
=157311/20
=5469291/200
=13513%9/50
=225423/200
=255753/50
=(-420119)/100
-(-490793) /50
-{-744541) /200
-{-76431}/25
=120393/100
=276743/200
=48757/50
=(-15059) /100
={-13389) /100
=1

-$1/%

=3969/20
-3991/20

=243
=({-243)/10
-(-243)/20
-31/20

Af10,12)=(~-324) /5
A{10.13)=(-1287%)/20
A{10,34)=(-9801)/10
A(10,15)=(-5103)/20
A(1C,16)=162/5
A{10,17)=(-81)/10
A{10.20)~2061/20
A(10,22)=61677/80
Af10,23)=11151/16
A{10,24)=5481/80
Ai10,251=307/80
A{10,28)=(-1647)/20
A(10,30)=(-4149) /10
A{10,31)=(-1863)/10
A(10,32)=(-387) /40
A(16,351=137/4
A(10,37)=7783/80
A(10,38)=1339/80
A(10,41)=(-137}/20
A(10.43)=(-157)/20
A(10,46)=1/2
A(11,2) =324/5

A(11,3) «243/710
A(11,4) =243/10
A{l11,8) =1296/8
A(11,6) =1296/5
A(11,7) =243/10
A{(l11,8) =(-01)/10
A(11,12)=(-1134)/%
A(11,13)=(-324) /8
A(11,14)-(-1701)/10
A(11,15)=(-2673)/5
A(11,16)=(-1701)/10
A(11,17)1=81/8
A(11,21)=318
A(11,22)=3141/40
A(11,23)~9621/40
A(11,24)=96€21/40
A(11,25)=01/40
A(11,29)=(-441)/2
A(11,30)=(-207) 74
A(11,31)~(~189) /2
A(11,32)=-18
A(11,36)=406/%
A{11,37)=599/40
A{11,38)=-65/8
A(1l1,42)=(~147)/10
All11,43)=(-5)/4
Atll,47)=1

A(12,3) =81/4
A(12,4) =(-~-242)/20
A(12,5) =(-640)/5
A(12,6) =(~640)/5
A(12,7) =(-243)/20
A(12,8) =81/20
A(12,13)=(~243) /5
A(12,14)=1701/20
A(12,15)=2673/10
A(12,16)=1701/20
A(12,17)=(~91)/10
A(12,22)=2979/00
A(12,23)=(~9621)/00
A{12,24)=(~9621)/00
A(12,25)=(~81)/80
A(12,30)=(~63)/8
A(12,31)1~-18%/4
A(12,.32)~9
A(12,37)=(~51}/80
A{12,38)=(~-65)/16
A(12,43)=1/8
A(13,3) =81/20
A(13,4) ={-243)/20
A(13.5) =(-648)/5
A(13,6) =(-648}/5
A{13,7) =(-243})/20
A{13,8) «81/4
A(13,13)=(-81)/10
A(13,14)-1701/20
A{13,15)=2673/10
A(13,16)=1701/20
A(l3. 1N =(-243) /5
A{13,22)=(-81)/80
A(13,23)=(-9621) /80
A(13,24)~(-9621) /80
A(13,25)=2979/00
A{13,30)«9
A{13,31)=189/4
A(13.32)=(-63)/8
A{13,37)=(-65)/16
A(13,38)=(-51)/80
A{13,43)-1/8
A(14.3) =(-81)/10
A(l14,4) =243/10
A(14,35) «1296/5
A(14,6) =1296/5
A(14,7) «243/10
A(14,9) =243/10
A(14,9) ~324/8
A{14,13)=81/5
A(14,14)-(-1701}/10
A(14,19)=(-2673)/5
A(14,16)=(-1701)/10
A(14,17)=(-324) /5
A(14,18)=(-1134}/3
A(14,22)-01/40
A(14,23)-9621/40
A(14,24)=9621/40
A{14,25)=3141/40
A(l4,26)=315
A(14,30)=-18
Al14,30)-(-189) /2
A(14,32)=(-207) /4
Ail4,33)=(-441)/2
A(14,37)=65/8
A(14,38)=599/40
A(14,39)=406/3
A{l4,43)=(-5)/4
A(14,84)~(-147)/10
A(14,40)=1

A{15,3) =81/20
A(1S,4) =(-243)/20
A(15,5) =(-243)/10
A(15.6) =243
A(15,7) =8991/20

Figure A.3, : Matrix [A"]ssxss
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A(13,89) =3969/20
A{15,10)=81/3
A(15,13)=(-81)/10
A(15,14)-162/8
A{15,18)~{-5103)/20
A{l3,16)=(-9801)/10
A(15,17)=(-12879) /20
A(15,19)=(-324)/$
A(15,22)=387/%0
A(15,23)=5401/80
A{l5,24)=11151/16
A(15,25)1=61677/80
A(15,27)~2061/20
A(15,30)-(-287) 740
A(15,31)=(-1863)/10
A{15,32)=(-4149)/10
A(15,34)=(-1647) /20
A(15,37)=1339/00
A(15,38)=7783/00
A{15,40)=137/4
A(15,43)=¢(-157) /20
A{15,45)=(-137)/20
A(15,49)-1/2
A{16,1) =(-02)/S
A{16,3) =1053/5
A(16,4) ~4617/10
A{16,3) =1863/5
A(16,6) =1053/10
A(16,11)~81
A{16,13)=(-13527)/20
A{16,14)=(-21303) /20
A(16,15)=(-10449)/20
A(16,16)=(~1053)/20
A(16,20)=(-3357)/20
A(16,22)=32409/40
A(16,23)=4006/5
Af1€,24)«7551/40
A(16,25)=117/20
A(16,29)~927/5
A(16,30)=(-17631)/40
A(16,3))=(-4671)/20
A(16,32)=(-747} /40
A(16,35)=({-593)/S
A(16,37)-4191/40
A{16,30)-104/5
A(l6,41)=411/10
A{16,43)=(-339)/40
A(16,46)~(-147) /20
A{(16,50)=1/2
A(17,2) =(=324)/5
A(17,3) =(-2268)/5
A(17,4) =(-6804)/S
A{17,5) =-2263
A(17,6) =-2268
A(17,7) =(-68C4)/5
A(17,0) =(-2268)/5
A(17,9) =(-324)/5
A{17,12)=1458/5
A(17,13)-8748/5
A(17,14)=4374
A(17,15)=5032
A(17,16)=4374
A(17,17)=8740/5
A{l7,18)-1458/5
A(17,21)=(-2709)/5
A(17,22)--2709
A(17,23)=-5418
A(17,24)=-5418
A(17,25)=-2709
A(17,26)=(-2709}/5
A(17,29)=1071/2
A(17,30)-2142
A(l17,31)=3213
A(17,32)=2142
A{17,33)-107172
A(17,36)=(-3017}/10
A(17,37)=(~9051)/10
A(17,30)=(-9051)/10
A(17,39)=(-3017)/10
A(17,42)-95%/10
A(17,43)=959/5
A(17,44)=959/10
A(17, 4N =(-157) /10
A(17,48)=({-157)/10
A(17,51)=1

Al18,5) =1053/10
A(le,6) =1863/5
A{l18,7) 4617710
A(l8,8) =1053/5
A(18,10)=(-01)/5
A(18,14)~(-1053}/20
A{19,15)=(-10449)/20
A(18,16)=(-21303}/20
A{18,17)=(-13527} /20
A(ls, 19)=81
A(l18,22)=117/20
A(18,23)~7551/40
A(l8,24)~4086/5
A(18,25)~32409/40
A(18,27)={-23357)/20
A(18,305=(-7475/40
A(18,31)=(-4672)/20



Al18,32)=(-17631) /40
A(16.34)=927/3
A(18,37)=104/8
A(10,30)=4191/40
A(18,40)=(-583) /S
A(18.43)=(-339) /40
A(19,43)~411/10
A(18,49)=(-147) /20
A(10,52)-1/2

A(19,5) =-3184

A(19,6) =-20736¢

A(19,7) =-31104

A(19,8) ~-20736

Al19.9) =-S184
A(19,14)=2592
A(19,18)=28512
A(19,16)=69984
A(19,17)=64800
A(19,101220736
A(19,22)=-208
A{19,23)=-10224
A(19,24)~-52560
A(19,25)=-75600
A(19,26)=-32976
A{19,30)=1008
A(19,31)=14032
A(19,32)=40176
A(19,33)=26352
A(19,37)e-1312
A(19,38)=-9392
A(19,39)=-10960
A(19,43)=752
A(19,44)=2192

(19, 48)=-160

A(20.2) =-5104

A(20,3) =-20736

A(20,4) =-31104

A(20,5) =-20736

A(20,6) =-5184
A(20,12)=20736
A(20,13)=64200
A(20,14)=69984
A(20,15)=28512
A(20,16)=2892
A(20,21)=-32976
A120,22)=-75600
A(20,23)=-52560
A(20,24)=-10224
A123,25)=-288

A 27.29)-26352
4.22.30)=40176
A(20,31)=14832
A(20,32)=1008
A(20,36)=-10960
A(20.37)=-9392
A120,38)=-1312
A(20,42)=2192
A120,43)=752
A(20,47)=-160

A(21,8) =2592+5qrt (2)
A(21,6) =2592°Sqrt (2)
A(21,14)=-129635qrt (2)
A(21,15)=-518475qrt (2}
A(21,16)=-12965qre(2)
A(21,22)-14495qrt (2}
A(21,23)=2088°Sqrt (2)
A{21,24)=20088°SqQrt (2)
A(21,25)=14425qrt (2)
A(21,30) =-216°5qrt (2)
A(21,31)=-79245qrt (2)
A(21,32)=-2168qrt (2)
A(21,37)=00°Sqrt (2)
A(21,38)=00°Sqrt (2)
A(21,43)=-8°5qrt (2)
99128) /125
A(22,6) =~(~28973376)/125
A(22.7) =(-31702752) /125
A(22,8) ={-10077636) /125
A(22,10)=(-839808) /125
A(22,14)=4094064/125
A(22,15)~40625712/12%
A(22,16)=75827664/125
A(22,17)=35796816/125
A(22.19)-139968/5
A(22,22)=(-454896) /125
A(22,23)=(~14679144) /125
A(22,24)=(-$9463072) /125
A(22,25)=(-46381896) /125
A(22,27)=(-5705344) 7125
A(22,30)-1452168/125
A(22,31)=17180848/125
A(22,32)=26693064/125
A(22,34)=4790016/125
A(22,37)=(~1539648) /125
A(22,38)=(~6572664) /125
A(22,40)=(-2052064) 7123
A(22,43)=542376/12%
A122,45)=419904/125
A(22,49)=(~31104) /225
A(23,5) =255879/4
A(23,6) =347733/2
Al23.7) =597051/4

A(23.8) =72171/2
A(23,10)-6561/2
A(23,14)=(-255079) /8
A(23,18)=(-2119203)/8
A(23,16)=(-3112101)/8
A(23,17)=(~1135083)/8
A(23,19)=(~28421) /2
A(23,22)-28431/8
A(23,23)-1570285/16
A(23,24)=329508
A(23,28)=3227283/16
Al23,27)=196101/8
A(23,30)=(-156193) /16
A(23,31)=({-795825)/8
A(23,32)=(-2012769) /16
A{23,34)=(-84807) /4
A(23,37)~10225/2
A(23,30)=522693/16
A(23,40)=-9477
A(23,43)=(~44469) /16
A(23,45)=(-8019)/4
A(23,49)=1215/8

A(24,4) =-61236

A(26,5) =(-863065) /4
A(24,6) =(-333815)/2
A(24,7) =(-505197)/4
A(24,.8) ~(-19683)/2
A(24,10)=(-6561)/2
A(24,13)=10206
A(24,14)=1971945/8
A(24,15)=4630909/9
A(24,16)=3483091/8
A(24,17)~-570807/8
A124,19)=15309
A(24,22)~(-200665)/8
A(24,23)=(~5725323) /16
A(24,24)-(-1011609)/2
A{24.25)=(-2422953)/16
A(24,27)=({-231093)/8
A(24.30)=714015/16
A(24,31)=1773981/8
A(24,32)-2139453/16
A(24,34)-223317/8
A(24,37)=(-49653) /2
A(24,38)~(-781893) /16
A{24,40)~(-114453)/8
A{24,43)-81243/26
Al24,45)=28431/8
A(24.49)=(-1215)/4
A(25,3) «5213808/125
A(25.4) =29183328/125
A(25,5) =58471632/125
A(25,6) =49408704/125
Al25,7) =12387168/125
A{25.8) «{-3359232)/12%
A125,10)-839808/12%
A(25.13)=(-21893328) /125
A(25.34)=(-96899696) /125
A(25,15)=(-136492228) /125
A(25,16)=(-63090576) /125
A(25,17)=3254256/12%
A(25.19)=(-4059072) /125
A(25,.221=36398484/125
A(25,23)=115928496/125
A(25,24)=98365428/125
A(25,251=10285704/125
A(25.27)~8024832/125
A(25.30)=(-29893212) /125
A(25,31)=(-59819472) /125
A(25,32)=(~10911556) /125
A(25,34)=(-8273664)/125
A(25,37)~12095244/125
A{23,38)=10651824/125
A{25,40)=186624/5
A{25,43)=-(-1920996)/125
A(25,45)=(-1353024) /125
A(25,49)-31104/25
A(26,1) =839808/125
Al26,3) =(-3359232)/125%
A(26,4) =12387168/125
A(26,5) =49408704/125
A(26,6) ~58471632/125
A(26,7) =29183328/125
A(26,8) =5213808/125
A(26,11)=(-4059072)/125
A(26,13)=3254256/125
A(26,14)=(-63090576) /125
A(26,15)=(-136492128) /125
A(26,16)-(-96099696) /125
A(26,17)=(-21893328) /125
A(26,20)=8024832/125
A(26,22)=10285704/125
A(26,23)=98365428/125
A{26,24)=115920496/125
A(26,25)=36390404/125
A(26,28)=(-0273664) /123
A(26,30)=(-10911556) /125
A(26,31)~-(-59819472) /125
A(26,32)=(-29093212) /125
A(26,35)=1866247/5
A(26,37)-10651824/125
A(26,38)=12095244/125

Figure A.3;

Al(20,41)=(-1353024)7125
A(26, €43)=(-3920996) /123
A(26,46)=31104/25
A(27.1) =(-6561)/2
A(27.3) =(-19683)/2
A(27,4) =(-505197) /4
A(27,5) =(-333015)/2
A(27.6) =(-863865)/4
A(27,7) =-61236¢
A(27,11)=15309
A(27,13)~570807/8
A(27,14)=3483091/8
A127,13)-4680303/9
A{27.16)=1971945/8
A{27,17)=10206
A(27,20)=(-231093)/0
A(27,22)=(-2422953)/16
A(27,23)=(-1011609)/2
A(27,24)=(-5725323) /16
A(27,25)=(-280665) /8
A(27,28)=223317/8
A(27,30)+2139453/16
A(27,31)=1773881/8
A(27,32)=714018/16
A(27,35)={~114453)/8
A(27,37)=(-701093) /16
A{27,38)=(-49653) /2
A(27,41)~20431/8
A(27,43)=81243/16
A(27,4€)=(-1218)/4
A(20,1) =6561/2

A(28,3) =72171/2
A(28,4) =537051/4
A(28,5) =347733/2
A(20,6) =255879/4
A(28,11)=(-20431})/2
A(28,13)=(-1135053)/0
A(28,14)=(-3112101)/8
A(28,15)=(-2119203) /8
A(20,16)~(~255879) /8
A(29,20)-196101/8
A(28,22)=3227283/16
A(20,23)=329508
A(20,24)=1570205/16
A(28,25)=20431/8
A(28,20)~(-24807)/4
A(29,30)=(-2012769)/16
A(28,31)=(-795825) /0
A(20,32)=(-158193) /16
A129,35)=9477
A(28.37)=522693/16
A(28,38)=18225/2
A(20,41)=(-8019)/4
A(28,43)=(-44469)/16
A(20,46)=1215/8

A129.3) =(-839808) /125
A(29,3) =(-10077696)/125
A(29,4) =(-31702752)/125
A(29,5) =(-28973376)/12%
A(29.6) =(-0188128)/125
A(29,11)1=139960/5
A(29.13)=35796816/12%
A(29.14)=75827664/125
A(29,15)=40625712/125
A(29,.16)=4094064/125
A(29,20)=(-5785344) /125
A(29,22)=(-463018%6) /125
A(29,23)=(~59463072) /125
A(29,24)=(-14679144) /125
A(29,25)~(-454096) /125
A(29,28)=4790016/125
A(29,30)~26693064/125
A(29,31)=17188048/125
A(29,32)=1452168/12%
A(29,35)~(-2052864) /125
A{29.37)=(~6572664) /125
A(29,38)=(-1539648) /125
A129,41)-419904/125
A(29,43)-542376/128
A(29.46)=(-31104)/125
A{30,3) =(-6071112)/125
A(30.4) =(-192456)/5
A(30,5) =9552816/125
A(30,6) ~10252656/125
A30,7) -857304/125
A(30,8) =(-52488)/25
A(30,13)=653104/5
A(30,14)=32425%2/125
A(30.15)~{-20435329) /125
A(30,16)=(-6555168) /125
A(30.17)=513216/129%
A(30,22)~(-15723558) /125
A(30,23)=3546342/125
A(30,24)-9193662/125
A(30,25)=-108082/12%
A(30,30)=26373¢/5
A(30.31)=-10144
A(30,32)=-(-147096} /25
A(30.37)=(-1212246)/125
A{30,38)=212706/125
A(30,43)=83916/125
A(31,3) =(-32005)/8

Matrix I_A'J55x55
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A(31,4) =(-018921)/8
A(31,5) «-148716
A(31,6) =-8529)
A(31,7) =(-41553)/8
A31,8) -10935/9
A(31.13)-92583/4
A(31,14)=1661391/9
A(31,18)-955719/4
A(31,16)=410427/9
A(31,17)=(-5103)/2
A(31,22)=(-1285227)/32
Ai31,23)=(-5039047) /32
A(31,24)=({-305%9127)/32
A(31,25)=(-94527) /32
A(31,30)-227529/8
A(31,31)=57429
A(31,32)=136971/16
A31,37)=(-256527) /32
A(31,38)-(-163701}/32
A(31,43)=13097/16
A(32,3) ~10935/8
A(32,4) =(-41553)/8
A132,5) =-85293
A(32,6) =-148726
Ai(32.7) -(-618921)/0
A(32.8) =(-32005)/8
A(32,13)=(-5103)/2
A{32,14)=410427/8
A132,15)=955718/4
A(32,16)=1661391/8
A(32,17)=92583/4
A(32,22)=(-94527)/32
A(32,23)=(-3059127)/32
A132,24)~({-5839047)/32
A{32,25)=(-1285227)/32
A(32,30)=136371/16
A(32,31)-57429
A(32,32)-227529/8
A(32,37)=(-163701) /32
A(32,38)=(-256527) /32
A(32.43)-11097/16
A{33.3) =(-52488)/25
A(33.4) =857304/125
A(33,5) =10252656/125
A(33,6) =9552816/125
A(33,7) =(-192456)/5
A(33,8) =(-6071112)/125
A(33,13)=513216/125
A(33,14)=(-6555168) /125
A(33,15)=(-20435328} /125
A(33,16)=3242592/125
A(33,17)=653184/5
A(3),22)-188002/125
A(33,23)-9193662/125
A(33,24)=3546342/125
A(33,295)={-15723558) /125
A(33,30)=(-147096) /25
A(33,31)~-10144
A(33,32)-263736/%
A(33,37)=212706/125
A(33,30)=(-1212246) /125
A(33,.43)=83916/125
A(34,7) «(-69994)/25
A(34,8) =(-139968) /25
A(34,9) ~(-69984)/25
A(34,16)=23320/5
A(34,17)~373248/25
A(34,18)=256608/25
A(34,24)=(-13608) /5
A(34,25)-(-73872)/5
A(34,26)~(-371304) /25
A{34,31)~648
A(34,32)-33696/5
A(34,33)=53704/5
A(34,37)=(-1296)/25
A(34,39)=(-34992)/25
A(34.39)=(-101736) /25
A{34,43)=2592/25
A(34,44)=10792/25
A(34,48)=(-1296)/25
A(35,6) =4374

A(35,7) =13122

A35,8) =13122

A{35,9) =4374
A(35,15)=-4374
A(35.16)~=-2551%
A(35,17)=-37508
A(35,18)=-16767
A(35,23)=2673/2
A(35,24)-32805/2
A(35,25)-80919/2
A(33,26)=50787/2
A(35,30)=(-243)/2
A(35,31)=(~16605) /4
A(35,32)--19602
A(35,33)=(-76069) /4
A(35,37)=-1377/4
A(35,38)~8505/2
A(35,39)+30213/4
A(35,43)=-324
A(35,44)=(-3751)/4
A(35,48)405/4



A(36,4) =437
A(36.3) =21870

A(36 6) ~43740
A{36.7) =434
A-IE, B, ~g)00
A(I6, 9 =4374
A{35,1))=-T729
A{36,14)=--21241
A(36,13)=-77274
A(36,16)=-112266
Af3€,17)==73629
A136,18)=-1822%
A(36,22)=-2916
A(36,23)=73489/2
A(36,24)=200475/2
A(36,25)=180811/2
A{(36,26)-60993/2
A(36,30)=(-18387) /4
A(36,31)~(-140697) /4
A(I6,22)=(-226223}) /4
A(36,33)=(-103923)/4
A{36,37)=3564
A(36,38)=30537/2
A(36,39)~23409/2
A(36,40)={-5427) /4
A(36,44)~(-10287) /4
A(36,48)~-405/2
A{37,3) =(-69%84) /23
A(37,4) =(-419904)/2%
A(I7,5) =(-209952)/5
A(37,6) =(-279936)/5
A(37,7) =(-209952)/5
A(37.8) =(-419904)/2%
A(37,9) =(-69984)/25
A(37,13)=303264/25
A(37,14)=303264/5
A(37,15)=606528/5
A(37.16)=606528/5
A(37,17)=303264/5
A(37,18)=303264/25
A(37,22)=-21384
A(37,23)=-05536
A(37,24)=-120304
A(37,25)=-05536
A(37,26)=-21384
A(37,30)=97848/S
A(37,31)=293544/5
A(37,32)=293544/5
A(37,33)=97848/5
A(37,37)=(-244296)/25
A(37.38)~(-488592) /25
A{37,39)=(-244296) /25
A(37,43)-62856/29%
A(37,44)-62056/25
A(37,48)=(-1296)/5
A(38,2) =(-69984) /25
A(38,3) =(-419904)/25
A(30.4) =(-209952)/8
A(38,5) ={-279936)/5
A(38,6) =(-209952)/5
A(38,7) =(-419904) /25
A(36,8) =(-69984)/25
A(38,12)=303264/25
A(38,13)=303264/5
A(38.14)-606528/5
A(38,15)=606528/5
A(38,16)=303264/5
A{38,17)=303264/25
A(38,21)=-21384
A(38,22)=-85536
A(38,23)=-128304
A(38,24)=-85536€
A(38,25)=-21384
A(38,29)~978408/5
A{38,30)=293544/5
A(38,31)=293544/5
A(39,32)-97848/5
A(38,36)~(-244296) /25
A(38,37)=(-438582}) /25
A(30,38)=(-244296) /25
A(38,42)=620856/2%5
A(38,43)=62056/25%
A(38,47)=(-1296)/5
A(39,2) =404
A(39.3) =21870
A(39,4) =43740
A(39,5) -43240
A(39,6) -21870
A(39,7) =434
A(39,12)=-18225
A(39,13)~-73629
A(39,14)=-112266
A(39,15)=-77274
A(39.16}=-21141
A(39, 1N ==-729
A(39,21)=60993/2
A{39,22)=1088011/2
A(39,23)=200475/2
A(39,24)=784089/2
A(39,25)=2916
A{19,29)~({~103923} /4
A{39,.30)=(-226233) /1

A(39,31)=(~-140097}/4
A(39,32)=(~18387) /4
A(39, 36)=23409/2
A(39,37)=30837/2
A(39,38)=3564
A(39,42)=(-10287) /¢
A(39,43)=(-5427) /4
A(39,47)=405/2

A(80,2) «4374

At40,3) =23122

A(40,4) =13122

A(40,5) =4374
A(40,12)=-16767
A(60,13)=-37308
A(80,14)=-23515
A(40,15)=-4374
A(40,21)=50707/2
A(40,22)=00219/2
A(40,23)=3200%/2
A(40,24)=2673/2
A(80,29)=(-76869) /4
A(40,30)=-19602
A(40.31)=(~16605) /4
A(60,32)=(-243) /2
A(40,36)~30213/4
A(40,37)=8505/2
A{40,30)=1377/4
A(40,42)=(-5751) /4
A(40,43)=-324
A(40,47)=405/4

A(41,2) =(-69984)/25
A(41,3) =(-139968) /25
A(41,4) =(-699084) /25
A(41,12)=256608/25
A(41,13)=373248/25
A(41,14)=23328/5
A(41,21)=(-371304) /25
A(41,22)=(-73872) /5
A(41,23)=(-13608) /5
A(41,29)-53784/8
A(41,30)~33696/5
Al81,31) =648
A(41,36)=(-101736) /25
A(41,37)=(-34992) /25
A(41,38)=(-1296) /25
A(41,42)-18792/25
A(41,43)-2592/28
A(81,47)=(-1296) /25
A(42,3) =34992°5qrt(2)/25
A(82,4) =34992°5qrt(21/25
A(42,13)=-93312+8qrt (2} /25
A(42,14)=-11664°5qrt (2} /5
A(42,22)=18468°5qrt (2) /5
A(42,23)=6804*5qrt (2)/5
A(42,30)=~0424°5q1t (2) /5
A(42,31)=-324*Sqrt (2)
A(42,37)~8748°5qrt (21 /25
A(42,38) =64895qrt (2) /25
A(42,43)=-648+5qrt (2) /25
A(43,4)=218705qrt (2)
A(43,5) =2187+5qrt (2)
A(43,13)=-729*5qrt (2)/2
A(43,14)=-947725qrt (2) /2
A(43,15)=-2187*5qrt (2)
A(43,22)+729%5qrt (2)
A(43,23)~12879°Sqrt (2) /4
A(43,24)=267375qrt (2) /4
A(43,30)=-3807*5qrt(2) /8
A(43,31)=-6723*5qrt(2) /8
A(43,32)=-243°8qrt (2) /4
A(43,37)=24308qrt (2) /2
Al43,38)=567*Sqrt (2) /9
A(43,43)=-81°5qrt (2) /8
A(84,6) =2187°5qrt (2)
A(44.7) =2187*sqrt(2)
A(44,15)=-2187*Sqrt (2)
A(44,16)=~947705qre(2) /2
Al44,17)=-72925qrt (2) /2
Al44,23)~2673°5qrt (2) /4
A(44,24)=12879°Sqrt (2) /4
A(44,25)=7295qrt (2)
A(44,30)=-243°Sqrt (2) /4
A(44,31)=-672375qre (2} /8
A(44,32)=-380775Grt (2) /8
A(44,37)=56775qrt (2) /8
A(44,38)=2435qrt (2) /2
A(44,43)=~817Sqrt (2) /8
A45,7) =24992°8qrei(2) /25
A(45,8) =34992°5qre(2) /25
A(45,16)=~11664°5qre (2) /$
A(45.17)=-933125qrt (2) /2§
A(45,24)=6804°Sqrt (2)/5
A(45,25)=18468-5qrt (2)/5
A(45,31)=~324°5qrt (2)
A(45,32)=~3424°Sqrt (2) /5
A(45.37) =648°Sqrt (2) /25
A(45,38)=0748°Sqrt (2) /25
A(45,43)=~648°5qrt {2) /25
A(46,6) =104976

A(46,7) =209952

A(46,8) 104976
A(46,15)=~104976

Figure A.3;

Matrix [A.]55x 55
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Atas, 10} =—q19%04
At46,17)~-314928
A(46,23)=3207¢
At46,24)=274104
Af46,25)=347004
A{46,30)=-2916
A{46,31)=-69904
A146,32)=-172044
A(46,37)~5832
A(46,30)-37%08
A{46,43)=-2916
A(47,5) =-139960
A(47,6) =419904
A(47,7) =-419904
A(47,8) ~-139968
A(47,14)=69504
A(47,15)=606528
A{47,16)=1003104
A{47,17)=466560
A(47,22)=-7776
A(47,23)=-221616
A(47,24)=-793182
A(47,25)=-579312
A(47,30)=22032
A(47,31)=2306808
A(47,32)=32329¢
A(47,37)=-20736
A(47,38)=-79056
A(47,43)=6480
A(40,4) =1399%60
A(48,5) =559872
A{48,6) =839308
A(48,7) =559072
A(48,8) =139968
A(48,13)~-23328
A(49,14)=-583200
A(40,15)=-1609632
A{48,16)=-1562976
A(48,17)=-513216
A(48,22)1=81640
A{48,23)-882576
A(48,24)=1520208
A(48,25)=719280
A{48,30)=-106272
A(49,31)=--578016
A(48,32)=-471744¢
A(48,37)=60912
A(48,20)=130672
A(48,43)=-12960
A(49,3) =-104976
A(49,4) =-524880
A{49,5) =-104%760
A(49,6) =-1049760
A(49.7) =-524880
A(49.8) =-10497¢
A(49,13)=419904
Af49, 14)=167961¢
A{49,15)=2519424
A{49,16)=167961¢
A(49,17)=419904
A(49,22)=-661932
A(49,231~-198579¢6
A{49,24)--1985796
A(49,25)=-661932
A(49,30)=513216
A{45.31)=1026432
A(49,321=513216
A(49,37)=-195372
A(49,38)«-195372
A(49,43)=29160
A(50,3) =139968
A(50.4) «559872
A(50,5) =839808
A($0,6) =559872
A(50,7) =139568
A(50,13)=-513216
A(50,14)=-1562976
A(50,15)=-1609632
A(50,16)=--583200
A{50,17)=-23329
A(50,22)=719280
A{(50,23)=1520208
A(50,24)=082576
A(50,25)=81648
A(50,30)=-471744
A{50,31)=--578016
A(50,32)=-106272
A(50,37)-130672
A(50,38)=60912
A{(50,43)=-12960
A(51,3) =-139968
A(S1.4) =-419904
A($1.5) =-419904
A(S1,6) =-1399¢68
A(51,13)=466560
A(51,14)=1003104
A(S1.15)~606520
A(51,16)=69984
A(51,22)=-579312
A(31,23)=-793152
A(51,24)=-221616
A(51,25)=-7776
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A(S1,30)-32329
A(51,31)=2306088
A(51,32)-22032
A(51,37)=-7905¢
A(S1,38)=-20736
A(51,43)=6480
Ai(52,3) =104976
A(52.4) =209952
A152,9) =104976¢
A(52,13}=-314928
A(52,14)=-419904
A(52.15)=-104976
A(52,22)=347004
A(52,23)=274104
A(52,24)=32076
A(52,30)1=-172044
A(52,31)=-69904
A(52,32)=-291¢
A(52,37)=37900
A(52,28)-5832
A(52.43)=-2916
A(53,4) =139968
A(53,5) =27993¢
A(53,6) =139968
A($3,1))=-23328
A(53,14)~-39657¢
A(53,15)=-443232
A(S$3.16)=-69904
A(53,22)~58320
A(53,23)-357696
A{53,24)-167184
A(53,25)=7276
A(53,30)=-47952
A{53.31)=-111456
A(53,32)=-16848
A(53,37)=14256
A(53,38)=10363
A(53,43)=-1296
A(54.5) =1393¢8
A(S4.6) =279936
A{54.7) =139968
A(54,24)=-69984
A(54,15)=-443232
A(54,16)=-39657¢
A(54,.17)=-22328
A(54,22)1=7776
A(54,20)=16718¢
A(54,24)=357656
A{54,25)=58320
A(54,30)=-16848
A(54.31)=~111456
A(54,32)~~47952
A(54.37)=-10368
AlS4,30)=14256
A(54,43)=~1296
A(55.4) =~157464
A{55.3) =-~472392
A(55,6) =~472392
A(55,7) =~157464
A{55,13)1=26244
A(55, 141551124
A(55.15)=1049760
A(S5,161=551124
Ai55,.17)=26244
A(55.22)=-78732
A(85,23)=-656100
A(55,24)~-656100
A(55,25)=-78732
A(55,301-92377
A(55,31)=295974
A(55,32)-82377
A(55.37)=-33534
A(55,38)=-33534
A(55.43)=3645
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