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The Distribution of Heights of Binary Trees
‘ and Other Simple Trees

PHiLIPPE FLAJOLET, ZHICHENG GAO,
ANDREW ODLYZKO, BRUCE RICHMOND

Abstract. The number of binary trees of fixed size and given height is estimated asymptotically
near the peak of the distribution. There, a local limit theorem with convergence to a theta law
is established. Large deviation bounds corresponding to large heights and small heights are also
derived. The methods based on the analysis of singular iterations apply to any simple family of
trees.

. La distribution de hauteur dans les arbres binaires
et autres familles simples d’arbres

Résumé. Le nombre d’arbres binaires de taille fixe et de hauteur bornée est estimé asympto-
tiquement au voisinage du pic de la distribution. La est prouvé un théoréme de limite locale avec
convergence vers une loi theta. Des bornes de grandes déviations correspondant a des hauteurs
petites ou grandes sont aussi obtenues. Les méthodes fondées sur I’analyse d’itérations singuliéres
s’appliquent a toute famille simple d’arbres.
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The number, BLh], of the binary trees of height < h with n internal nodes is shown to satisfy

B _ -1 N 2y/n/np? 2m21(m7r)2(2(m7rﬂ)2 - 3)5—(r:wﬂ)’
TR(BY = BNy | 2/(BVR) Enyy M3 (2m/B)? — 3)e=(M/AY,

uniformly for §,1/8 < 6y/logn, where § = 2\/n/h and § is a positive constant. An asymptotic

formula for Bg'l - BE,"_” is derived for h = en where 0 < ¢ < 1. Bounds for BE,"I are also derived
for large heights and small heights. The methods apply to any simple family of trees and the
general asymptotic results are stated.

1 Introduction

We study rooted plane trees. The height of a tree is the number of nodes in a longest path
from the root node to another node. Height is an important parameter of a tree, and so it has often
been investigated [BS, BKR, FO, L, MM, RS]. For example, in some tree traversal algorithms, the
height of the tree is the size of the stack used by the algorithm. In most situations in combinatorics
and computer science the average height of a tree has been of greatest interest. However, it is often
important to obtain more detailed results about the distribution of heights, for example to be able
to estimate how often pathologically bad cases arise. This paper proves several results in this area.

A tree is called binary if all internal nodes have two successors. Let BLh] be the number of
binary trees with n internal nodes and height < h. It is well known that B, = Zh(BLh] - BL"_”)
is the nth Catalan number and that

1 n
Ba = ——=4"(1+ 0(1/n)).
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We prove a local limit theorem for the distribution defined by the BLh] - ,[1"-1], assuming all binary
trees with n internal nodes are equally likely.

Theorem 1 The numbers Bg' ] satisfy

B - BV | 2/7/nB T 1 (mm)2(28%(mm)? — 3)e~m A
Bn 2/(ﬂ\/ﬁ) 277121 m2(2m2/ﬂ2 _ 3)e_m2/ﬁ2,

uniformly for 8,1/B8 < §\/logn, where 8 = 2 /n/h.

Here and in the rest of the paper, § denotes a positive constant, not necessarily the same at
each occurrence. Note that the formulas in Theorem 1 are equivalent by Poisson’s formula (cf. [3,

p. 52)).

Corollary 1 (Flajolet and Odlyzko [FO, Theorem B)) The average height, H,(B), of binary trees
with n internal nodes satisfies
Ho(B)~2y/7n asn— .

In [FO], Flajolet and Odlyzko showed how their proof of Corollary 1 could be extended by using
the method of moments to a proof of Theorem 1 for 8 and 1/8 bounded. However, that approach
is inherently incapable of yielding a wider range of validity for the approximation. Approximations
such as those of Theorem 1 for 8 and 1/8 bounded had been obtained also for various families of
trees by ex-Soviet mathematicians (see [K] for results and references), but it is not clear to what
extent those methods can be extended to cover wider ranges of 3.

Brown and Shubert [BS] claimed to prove that the approximation of Theorem 1 is valid for
n3/8+8 < h < n. However, there are doubts about the validity of their proof. One problem is that
they use the approach of Rényi and Szekeres [RS], which is based on the paper of Szekeres [S] on
iteration of analytic functions. Szekeres assumes in [S] that the analytic functions he deals with have
real Taylor series coefficients. That is not true for some of the functions in [BS, RS]. Presumably
the results of [S] hold more generally, but there is no proof in the literature, although Rényi and
Szekeres [RS] outline how to do this. A more serious problem with the Brown-Shubert paper [BS]
is that the proof of the key inequality (2.19) is wrong, and that the inequality itself is incorrect.
For example, taking € < 1/12 and ¢ = 0 in that inequality implies that the f;.(1/4) converge to
w(1/4) = 2 exponentially in k, whereas it is proved in [FO] that the difference fi(1/4) — w(1/4)
decreases at the rate of 1/k. (The proof of this fact is simple, since for ¢ = 0 only iterations of real
functions are involved.)

Our methods are a refinement of the estimates in [FO] and an adaptation of the arguments of
Rényi and Szekeres [RS]. Our proof of Theorem 1 is simpler than those of Rényi and Szekeres [RS]
and Brown and Shubert [BS] in that we do not need accurate estimation for the iterations near
a fixed point. We prefer to develop the self-contained analysis of Flajolet and Odlyzko [FO] since
little more needs be done. It seems that one could derive the results of Szekeres {S, Lemma 5] for
the iteration of the generating functions of simple families of trees by developing the analysis in
[FO] (using techniques of De Bruijn [BD, p. 157]). It is not necessary to do this for our theorems
so we have not done so. The main advantage of the analysis of [FO] is that it is clear how the
extension to simple families of trees, as defined by Meir and Moon [MM], is done. For our paper



we may extend their definition as follows : Let y,[1] be the number of trees in a family with n nodes
and height < h. The family is simple if the generating functions

)= 3 gl

satisfy
y(z) = 0, yH(2) = 24(y1(2)).

We assume that the coefficients [z"]¢(z) are bounded. Some families of trees that satisfy such
functional equations are (examples from [FO])

(a) the family of binary trees (in Theorem 1).

(b) the family of general planar trees; the analysis of De Bruijn, Knuth and Rice [BKR] gives the
average height.

(c) the family of unary-binary trees; they appear as shapes of expression trees when unary as well
as binary operations are allowed, and are counted by the Motzkin numbers.

(d) the family of 2-3 trees (unbalanced); their balanced counterparts are a useful data structure
and have been counted by Odlyzko [O].

(e) the family of t-ary trees (which appear in digital search).

(f) the family of nonplanar labelled trees (when the derivative of the exponential generating func-
tion is considered, this is not a simple family in the sense of Meir and Moon).

We show how the proof of Theorem 1 can be extended to derive the following result.

Theorem 2 For simple families of trees corresponding to the equation

B(y), $(¥) = ey’

and for
n=1 (mod d) withd = gcd{r:c, # 0}

[A] satisfy, with y, = 3, th], T the smallest positive solution of

o(r) - 76/() =

the numbers yn,

and
c=2¢¢"/¢' and 8 = 24/n/(ch) ,
the relation
A A { 2e\/TT0B* Tz, (mr)2(2(mn B)? — 3)e(mn0)?
Yn 2¢/(Bv/R) Tmy1 mA(2(m/B)? — B)e~(m/0)*

uniformly for 8,1/8 < é§/Togn.
Remarks :

1.Ifn#1 (modd) then y& = 0 for all A.



2. From [FO],

Yn ~ derp "%, p = 7/9(7),c1 = \/¢(r)/(2n ().

3. For binary trees counted according to » nodes (internal plus external) ¢(y) = 1+ y2, y(z) =
zB(2?) [FO], so 7 = 1 and ¢ = v/2. Also, n internal nodes gives 2n + 1 nodes in total. Our
formula in Theorem 2 with n replaced by 2n + 1 gives the formula of Theorem 1.

4. For labelled general trees, y, = n" "%, ¢(y) = e¥,so 7 = 1 and ¢ = V2 and we get the
Rényi-Szekeres formula [RS, (3.31)].

Corollary 2 (Flajolet and Odlyzko [FO, Theorem S]) The average height, Hy,, satisfies

Hn~ M, A= /2m/($(r)¢"(7))8 (1)

Theorems 1 and 2 deal with the distribution of heights near the average. In Section 3 we
consider large and small heights and prove upper bounds for them.

Theorem 3 The number of binary trees with n internal nodes and height h, for 1 < h < n, satisfies
B~ BY = 0 (Band/e W ltom)

and
BL"] =0 (Bnna/Qe'é"/hQ) .

Remarks :

1. By Theorem 1, the number of trees of height A for §/logn < n/h%? = o(1) is

3
 Bnh® k2 jan)
2n? ’
so the bound in Theorem 3 is quite sharp. When h = n however, the bound is poor. The
bounds in Theorem 4 are much better for h = ¢n, 0 < ¢ < 1.

2. The proof of Theorem 3 generalizes easily to obtain similar bounds for any simple family.

3. It is possible to derive comparable bounds for large h using the relation between height and
the number of nodes at a given altitude. The number of nodes at a given altitude is easier to
analyze than height, see [MM] for example. It is possible to derive an accurate estimate for
the mean height of a simple family of trees.

We also mention in Section 2 that it is possible to prove that BLh] —BLh_ll is monotonic increasing

then decreasing near the peak (that is for h%/n, n/h? < élogn). This answers a question raised
by Wimp [W].

There are other approaches to studying extremely large or small heights. B. Pittel in an
unpublished work obtained upper bounds somewhat weaker than those of Theorem 3 for trees
of small heights by probabilistic and combinatorial arguments. Luczak [L] found a method for
rigorously extrapolating the Rényi and Szekeres results [RS] about general labeled trees to all
values of h such that h/\/n — oo. In Section 4 we will present yet another method and will show
how to apply local limit theorems to obtain results such as the following.



Theorem 4
BLh] _ B.Lh-l]
42 A(e)
(1-€)2/n(1 +e)n

uniformly for all h such that h/n = 2¢/(1 + €) with € € [§', 1 — &'], where §' is a positive constant
which can be arbitrarily small and A(¢) is a positive and continuous function for € € [§', 1 - &].

—hf2¢
((1 - 1791+ e)(H‘)) /2 gn

2 Densities for heights near the mean

We begin with some notation from [FO]. Let

B(z) =Y BlM:", B(z) =Y Ba2",

n>0 n>0
and
en(2) = (B(2) - BM(2))/2B(2) . (1)
Then
ent1(2) = (1 — €(z))en(2)(1 - en(2)), eo(2) = 1/2, (2)
and
B(z) = (1- /22, (3)

where € = €(2) = /1 — 4z, the determination of /1 — 4z being positive for real z < 1/4. It is an
easy consequence of [FO, Lemmas 1-7] that

len(2)] < el1 = ()" (4)

for some constant ¢ and all |z] < 1/4. As Brown and Shubert [BS] point out, it is easily seen that
if 2 = e'*/4, then |1 — ¢(2)| is a decreasing function of ¢ on 0 < |¢| < 7 with maximum 1 att =0
and minimum /2 - 1 at |t| = 7.

We shall, with Brown and Shubert [BS], follow Rényi-Szekeres [RS] and investigate ex(z) for
z = €' /4. We first consider

It < p?/h%, (5)
where p = p(h) = h®. For this range of ¢ the first equality in the proof of Lemma 8 of [FO] is
(1-e*en=(1-(1-€*)/e+O(logle|™?), (6)

and this estimate is uniform in {z = €"*/4 : |t| < 6}. All the bounds below will be uniform in the
range of t in (5). We have

e=vV=il\/1+it/2+ - = V=ii(1+ O(p*/h?)) = O(p/h) . (7)
Now
(1 — * = exp(—he + O(he?)) = exp(—he) (l + O(h|€|2)) . (8)



From (6), (7), and (8), we see that for h=20 < |t| < p?/h2,

e™™(1+ 0(p*/h))
(1 - e7<(1+ O(hlel))/e + O(log |¢| ")

ee—he 2,2
= {-om TOW/R). . (9)

er(z) =

Setting it = 472/h?, we obtain from (7) and (9), again for h=2° < |t| < p?/h?,

i2r e 2,12
& Toer O/

= %(cot(r) — i)+ O(p*/R?) . (10)

en(2)

Using (2), (7), and (10), we obtain the estimate, valid for h=2° < |t| < p?/h?,

2

en-1(¢"/4) — en(e"*/4) = h—() +0(p°[h%) . (11)
Noting
B(z) = 2¢7%(1 — €) = 2(1 — i27/h) + O(p%/R?) , (12)
we obtain from (1) and (11) that for h=20 < |t| < p?/h?,
Bt /4) - B-U(et/a) = AT 1 0(p%/h%) (13)
h?sin?(1)

This agrees with [BS, (2.33)]. (Note our 7 = £/2.) Now we write

W _ ph-3 _ 1 / R,y _ glh-1] —n-1
B!Y - B, 277 Dot (B (2)- B (z))z dz

. /" (B™(e®/a) - BE-1(ei*/4)) et .

2 Jon

Using (4) and the comments immediately following (4), we obtain

BLh] _ BLh— 1}

= ﬁ [h] i - [h_ ] i -in n _ h

C 2 /ItISp’/h2 (BY(e"/4) = BM(e"/4)) et + O(47(1 - p/(20))")

= 47 ! it _ plh- it —int n_—p

T or /lllspz/hz (B Pl(e*/4) - B (e /4)) e~ dt + O(4me?/?). (14)

We now use (13) for A=20 < |t| < p?/h?, and the bound (4) for |t| < A=%0. (Eq. (13) can be shown
to be valid for all |t] < p?/h?, but we do not need to use this.) When we substitute 472/h2 = it,
we can rewrite (14) as

BLh] _ BLh— 1]
4n+2

= T [P st (r)dr + O + e

6



where . .
T = {ze~"/* : z from p/2 to 0} U {ze™/* : z from 0 to p/2} .

It now follows by a standard argument that

BLh] _ BLh—l]

an [p/27]
= 9% Z Res(r3e"ﬁ2’2/ sin? 7,7 = p7)
p=1
+O(4"(p°/h® + €7 + =72 [hY))
32 .4" {p/27]

= = X (2B (mn)* - 3(mm)e ) (15)
m=1

+O(4™(p°[h® + €7 + e 2 [h%)),
where 8 = 2,/n/h and O(e~?°?) comes from the integral along the arc
{(p/2)e" : —7/4 < 0 < 7/4}.
Noting p = h®, we obtain
_ 32.4" —(mx
BIM Bi-1 e 22(2[32(171#)‘1 — 3(mm)?)e~" 8y (16)

m>1

uniformly for § < 8 < 61/logn. Using Poisson’s formula (cf. [BD, p. 52]), we have

4"32 2
B _ -1l m?(2(m/B)? — 3)e~(m/P) (17)
o
uniformly for § < 1/8 < §\/log n. Now Theorem 1 follows from (16), (17) and the classical formula
4n 0
B, ~ 14+ 0(1/n)).

Using (15) and Poisson’s formula, one can easily deduce

plHl _ -1l

5—— =0 (n1/2-9) (18)

for h > 6/Togn or h < §/logn, which, together with Theorem 1, gives Corollary 1.
We now give the proof of Theorem 2, relying heavily on the results of [FO, Section 6]. There
we find that

["y(2) ~ derp™n™2, 1 = \/(r)/(27¢"(7)).
Furthermore, if
en(z) = y(z) - yP¥(2)
then
en+1(2) = (1 = €)en(2)(1 — ¢"(T)en(2)/2¢'(7)) + O(leR(2)| + len(2)lly — 1),

7



it

where
€(z) = 1 - 2¢'(y) = de(1 = 2/p) 2 + O((y - 7)),

c=2¢"¢/¢', and (y— 1)’ = O(1 — z/p).
The analysis is now similar to that for binary trees. We find that

(1 - e(2))*
1- (1~ €(2))*)/e(2) + O(log|e(2)[ 1)’

where ¢y = 2¢/(7)/¢"(7). The analysis of this paper is now easily extended. We consider z = pe'’,
[t| < k=2, B = 2y/n/(ch) and find that

en(z) = cz(

(h) _  [h=1]

LB aefn/nft Y (mr)(2(mnp)? - 3)e O

yn le

which gives Theorem 2.
The proof of Corollary 2 is essentially the same as that of Corollary 1.

3 Bounds for large and small heights

First we make some observations about extending the range of A for which we can obtain
asymptotic estimates. Note that given an approximation for y[”](z) of the form

co+ c1(T)/h + (c2(7) log h + ¢3(7))/R?
+ (ca(r)log?h + es(T)logh + ce(T))/ R + - -- (19)

it is possible to use the method of variable coefficients as do Rényi and Szekeres to find ¢;(7)
explicitly. One can then obtain an approximation for y* — yl#=1 to an accuracy of

(polynomial in log h of degree [ — 1)/h' .

From such an approximation it is possible to obtain asymptotic estimates for y[h](z) - y[h‘]](z) for
h in the range
h%/n, n/h? < cylogn, ¢, — oo with h.

It is possible to derive the required approximations for y!*(z), but it is tedious to do so. The
approximations seem complicated.

It may be more interesting to observe that if such an approximation is determined to O((log h)™h~3)
accuracy it is easy to show the second difference of th] has the same sign as the derivative of the
density functions in Theorems 1 and 2. To do this is rather routine so we simply sketch the proof.

Eq. (19) allows us to refine (13) and hence (16). (It suffices to know the A=2 term in (19).) The
(co(7)logh + ca(T))/R?

term in (19) gives a complicated expression that can be evaluated as a sum of residues when it is
used to refine (13). The higher terms in (19) are negligible as we shall see.



If h is incremented by one then the summation in (16) is altered by its derivative plus a second
derivative term. The derivative of 3? is of the form cnh~3, ¢ a constant. For the relevant A, that
is near /7, such a term introduces a factor of k=1, a second derivative term a factor of h~2. Thus

(M = 291 4 g2y,

is asymptotically the derivative of the density function of the O-distribution of Theorem 2 plus
terms smaller by a factor of A™!. Since the limiting ©-distribution is unimodal, see the graph
in Brown and Shubert [BS], our claim about the unimodality follows. It would be possible in
principle to derive asymptotic expressions to any accuracy of the form n~M for H, from (19).
These expressions become complicated. "

It is possible to derive upper bounds for yn] for h far away from /n. We illustrate with BH'].
Since the coefficients of B(z) — Bl?(z) are > 0, we find that for every real z, 0 < z < 1/4,

B, ~ B < (B(z) - BM(2))z7"

and so by (4),
B, — B = 0((1 - e(r))*(1 — €(r))""4™) (20)

for 0 < r < 1/4. To minimize the expression in (20) we set the logarithmic derivative with respect
to € to zero. We find
h/(1-¢€) =2ne/(1-€), €=h/(2n - h).
So X
(1= M1 =)™ = 0 (1 - €)179/2(1 + 1+/2) ™"
Now the first part of Theorem 3 follows from
(1 = €)1-/2(] 4 )12 5 ge/2

The second part can be derived by an argument similar to that of Wright, Richmond, Odlyzko
and McKay [WROM]. For h > 2, let z; be defined by

BM(z,)= B(1/4)=2.
It is clear that 1 = 23 > 23 > -+ > 1/4. We use D f(u) to denote the derivative of f(2) at z = u.
Lemma 1 There exist positive constants hg and ¢ > 0 such that for h > hy,
DBM(1/4) > ch .

Proof: The proof is by induction on h. The claim is clearly true for h < 8 if ¢ is small enough.
Suppose it is true for h. From [FO, Eq. (8)]

1/(4h) < en(1/4) < 1/h,

and hence
1/h <2 - BM(1/4) < 4/h . (21)

Using (21) and
BH(z) = 1+ 2(BM(2))?,

9



we obtain

DB"(1/4) = (BM(1/4))+(1/2)BM(1/4)DBM(1/4)

> (2-4/h)*+ (1 -2/h)DBM(1/4) > 4 - 16/h + (1 = 2/h)ch > ¢(h + 1)
provided h > ho =8 and ¢ < 1/6. 1

Lemma 2 There ezist positive constants C and hy such that for h > h,

DBM(z,) < Ch (22)

and

zp > 1/4 4+ 1/(Ch?) . : (23)
Proof: Using Lemma 1, (21) and
2 - BW(1/4) = BM(2),) - BM(1/4) > DBM(1/4)(zh - 1/4)

we have
zh— 1/4 < 4/(hDBW(1/4)) < 4/(ch?) . (29)

Now for hy > 8/cand C > max{8,DB["1](1/4)/h1},

DBW (2, 1) 4 + 4z, DBM(z})

<
; 44 (14 4/(ch®)Ch < C(h+1).
So (22) follows by induction. Now (23) follows from (21), (22) and
2 — BM(1/4) = B (2,) - BM(1/4) < DBM(z1) (21 — 1/4) . 1
We now complete the proof of Theorem 3. From Lemma 2
zp > 1/4+1/(Ch?) .

Hence

B

IA

B[h](:ch)z;"
0 (47(1+4/(Ch*)™) = O (Ban®2e=*/F) .

4 Trees with large heights

In this section, we use the local limit theorem of Bender and Richmond [BR, Th. 2] to obtain
an asymptotic formula for the number of trees with n internal nodes and heights A = c¢n where
0 < ¢ < 1. Let é and @ be some positive constants which can be arbitrarily small, and define

R=1[61/4—-6) and N(R)={z=re":r€R,|t|< 0} .

It was shown in [FO] that
en(1/4) = O(1/h) .

10



For |z| < 1/4, we have
20B(2)en(2)| = |B(z) - B(2)| < B(1/4) - BM(1/4),
and hence
lea(2)l < B(1/4)en(1/4)/1B(2)| -
Since |B(z)] > 0 for |2| < 1/4,
er(2) = O(1/h) uniformly for |z} <1/4.
It is easy to check that
|1 —e(2)] < |1—€(|z])] < 1for 2 # |2|,|2] < 1/4.
Using (25), (26) and [FO, (7)], we obtain

(1-e)t/ep ~ 1/6+2+Z

720

I_(1-¢y

€
1—¢

uniformly for |2] € N(R). Let

A(2) = (1/e+2+2

i20

-1
€; ;
1—¢) .
l—ej( 6))

We know from [FO] that A(z) is continuous in N(R). It follows from (27) and (1) that
B(2) - BIM(2) ~ 24(2)B(2)(1 - «(2))"

and hence 2()
(R(5) = BlA=1(5) A 28420 - h
B (z) - Bi-1(2) w O A)B)(1 - ()
uniformly for z € N(R).
Now we compute

_dlog(l—¢) 1+e€
T dlogz T 2

and
2 _ d*log(l-€) 1-¢

(dlogz)? =~ 4e
It follows from (26), (29)-(31) and [BR, Theorem 2] that

By[;h] _ BLh'I] ~ QA(Z)B(Z)I i 6(1 - e)"z‘"/\/?kha

uniformly for all A and n such that

n_l+4e , '
Palary for e€ [, 1-4,

(25)

(26)

(28)

(29)

(30)

(31)

(32)

(33)

where 6 is any small positive constant. Noting B(z) = 2/(1+¢€) and z = (1—¢€2)/4, we can simplify

(32) as
B'Lh] _ B,[lh_ll
4e2A(e)

(1-e2/x(1+ e)n

)—h/2c

((1 _ €)(1—()(1 + 6)(1+c) 4" ,

which gives Theorem 4.

11
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