
HAL Id: inria-00086981
https://inria.hal.science/inria-00086981v2

Submitted on 1 Aug 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Circular Choosability
Frédéric Havet, Ross Kang, Tobias Müller, Jean-Sébastien Sereni

To cite this version:
Frédéric Havet, Ross Kang, Tobias Müller, Jean-Sébastien Sereni. Circular Choosability. [Research
Report] RR-5957, INRIA. 2007, pp.33. �inria-00086981v2�

https://inria.hal.science/inria-00086981v2
https://hal.archives-ouvertes.fr


appor t  


de  r ech er ch e 


IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
59

57
--

F
R

+
E

N
G

Thème COM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Circular choosability

Frédéric Havet — Ross J. Kang — Tobias Müller — Jean-Sébastien Sereni

N° 5957

Juillet 2007





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	��
�������������
����	������

�����! "�#�%$'&)(�*,+.-0/
∗ 13254.6%6
7�8�9 *;:"< † 13=>4.? $@* 6BADC"E'E -#� ‡ 1�7 -,*;:GF�H�� ? * 6 /%$@-#:IH�-#�%-#:"$

∗

JLKNM�OQPSRUTWVYX[Z,\^]`_aM�OQP%]Ub�c#OQOSdNeNfgb�h0e#_�]
ikjac0lmP�_nV)h0]ob�c0_`_oP

pnh0qNq;c0ja_UrNP
jaP%b�KNP�j�b�KNPse;t3u0v#u!wxX[y0dNf{z{z|P�_~}��0�,w~X��#�Qq�h��#P�]

�B���������N�0�0��� e)_oKNf{]Wq�h0q�P�j�����PS]`_ad�r^\x_aKNP�eNc0_af{c0e)c0��b�f{j�b�dNzgh�j�b�KNc,c#]oh��Nf{z{f�_m\�jaP%b�P�e#_oz|\xf{e!_ajoc,rNd�b�P%r
�,\BV)c0K�h0j
� ����h�e�r)�;K,d��|��u%� ��¡�f{j�]m_%�N��P�qNjoc�¢,f{rNP�hQeNP��#h�_af{¢0P
h�e�]a��P�j�_ac5h�£!dNP�]`_af{c0exc0���;K,dxh��;c0d^_
b�f|j�b�d�z{h0j�b�z|fg£!dNP�]��5¤¥P5eNP�¦!_�q�jac�¢#PS_oK�h�_%�§�¨c#j�P�¢#P�jo\)�0j�h�qNK

G
�
cch(G) = O (ch(G) + ln |V (G)|) �¤¥PBf{e,¢0P%]m_of|�!h�_aP
h)�0P�eNP�j�h�z{fg]ah�_af{c0e�c��>b�f|j�b�dNzgh�jQb�KNc,c#]oh��Nf{z{f�_m\#��b�f|j�b�dNzgh�j

f © b�K�c!c!]ah0�Nf{z|f|_m\0���UKNP�e f
fg]

hª�¨dNe�b«_of|c#e¬c��L_oKNP
r^P��0joP�P%]��x¤¥P
h�zg]ac)b�c0e�]`fgr^P�j­_aKNP�b�f{job�dNzgh�j­b�KNc#f{b�P�e,dNO­�;P�jQc��UqNzgh�e�h0j��0j�h�q�K�]��
V)c0K�h0jnh0]a®0P�rB�¨c0jL_oKNP�¢�h�z{dNP
c0�

τ := sup{cch(G) : G
fg]UqNzgh�e�h0j } ��h�e�r���P
qNjac�¢#PW_aK�h�_ 6 ≤ τ ≤ 8

�
_oKNP�joP��,\)q�jac�¢,fgr^f|e��
h�eNP��!h�_of|¢#P�h0e�]a��P�j>_oc)h�eNc0_aKNP�j�£!dNP%]m_of|c#e¯c0��Vªc#K�h�j%��¡�f{e�h0z|z{\0����P�]`_ad�r^\°_aKNP
b�f|j�b�d�z{h0jnb�KNc0fgb�P�e,dNO­�;P�j~c��"qNzgh�e�h0jnh�e�rxc#d^_aP�jaqNzgh�e�h�jL�0j�h�qNK�]L�Uf�_oKªqNjaP%]ab�jaf{�;P�r��0f{j`_oK§��h0e�r��0j�h�qNK�]
�Uf|_aKx�;c0dNe�r^P�rxr^P�e�]`f|_m\0�
±ª²!³.´oµ­¶ ��·��0� b�f|j�b�d�z{h0j~b�KNc,c#]oh���f|z{f�_m\#��b�f|j�b�dNzgh�j~b�KNc0fgb�P�e,dNOS��P�j���b�c0z{c0dNjof|e����NqNzgh�e�h�j>�#joh0qNK�]���c#d^_ ©P�jaq�z{h0e�h�jL�0j�h�q�K�]��,�;c0dNe�r^P�rxr^P�e�]`f|_m\

¸§¹�º¼»G½�¾«¿'À>½§Á�»�Â�Á�¿ÄÃ'ºÅÁ�Æ¼Æ Ç�»'È�Â�Â�¾«¿ÄÃ'ÉmÊ�Ë�Ç�ÌGÍmÎ«º¼¾«Ï�Ð�¿Ä¾aÑ�ÉmÏ�ÒmÉÔÓÖÕ�Æ¼Â0Ém»ÄÓÄ×.Ø�Ã@É�Ê!Ù Õ�ÚmÈ�¿mÛ#Á�Ï�Ê�Ã@¹%É�Ü�È�¿'¾«Â�É`Á�Ï�Â�¿Ä¾�Ý'ÉmÒÔÃ
Þ�ßÔàSá�â�àSã�â%ä#å«æ#ßoç

∗ è Õ"é�×§ê�¸G¸GÜ§Û�ë¨ì�éSíÖ×�î�Ì�é�ï�ð�î"é�Õ"ñ�ï~ë¨î�Ì§ëÖÕ�Û0ò«ó«ó�ô~ÌG¾«È�Ã@ÉkÊ�Ém»"õ,È�Òmº¼¾«Æ¼Ém»aÛ#ö�Ð
÷«ì%Û!ó«ø«÷«ó«ò~é�¾«Â�¹%ºÅÁnÕ�Ï�Ã'º¼Â�¾«Æ¼º¼»×�ÉmÊ�ÉÔù0Û�ú�¿'Á�Ï�ÒmÉ ç Ü�ÓÖûnÁ�º¼Æ¼»`ü^ý�þ�ÿ����������
	�������
�������	����«ÿ���������
��������gþ�� ç
† ê�ù��{¾«¿ÄÊ­ð�Ï�º Ñ�Ém¿Ä»@º ÃÖÇ�Û���ÉmÂ�Á�¿¨Ã'ûUÉ`Ï�Ã3¾��Gé�Ã ÁoÃ'º¼»'Ã'º¼Òm»aÛ��Ué�¾«È�Ã@¹­ÐNÁ�¿'À�»kÌG¾�Á�Ê#Û^ê �!��ì�¸#"�Û,ðGÏ�º Ã@ÉmÊ%$"º¼Ï�Î«Ê�¾«û ç ¸§¹�º¼»Á�È%Ã@¹%¾«¿�º¼»�Â�Á�¿ÄÃ'ºÅÁ�Æ¼Æ ÇU»'È�Â�Â�¾«¿ÄÃ'ÉmÊWË�Çnî"é�Ü;Ì§×B¾��N×§Á�Ï�Á�Ê�Á�Á�Ï�ÊUÃ'¹�É�×.¾«ûUûU¾«Ï�½�É`Á�Æ Ã@¹>é�Ò@¹�¾«ÆÅÁ�¿'»'¹�º¼ÂW×�¾«ûUûUº¼»'»@º¼¾«Ï>ígð#$�ñ çÜ�ÓÖûnÁ�º¼Ægü'&���
�(���	������)	*�+��,-�.��/*�10�& ç
‡ ê�ù��{¾«¿ÄÊ­ð�Ï�º Ñ�Ém¿Ä»@º ÃÖÇ�Û���ÉmÂ�Á�¿¨Ã'ûUÉ`Ï�Ã3¾��Gé�Ã ÁoÃ'º¼»'Ã'º¼Òm»aÛ��Ué�¾«È�Ã@¹­ÐNÁ�¿'À�»kÌG¾�Á�Ê#Û^ê �!��ì�¸#"�Û,ðGÏ�º Ã@ÉmÊ%$"º¼Ï�Î«Ê�¾«û ç ¸§¹�º¼»Á�È%Ã@¹%¾«¿;º¼»�Â�Á�¿ÄÃ'ºÅÁ�Æ¼Æ Ç�»@È�Â�Â�¾«¿¨Ã@ÉmÊnË�ÇLÜ�Ð.é%Ì§×�Û�Ã'¹�É2��ÉmÂ�Á�¿¨Ã@ûUÉmÏ�Ã.¾��!é�Ã@ÁoÃ@º¼»ÄÃ@º¼Òm»aÛ�ö.ÉmÀ�À«É`¿¨ÓÖÆÅÁoÓ¨ö�Á�»ÄÃ@º¼Ê%É2�|¾«Ï�Ê�»`Û���¿ ç�3 ÉmÏ�Ê�¿Äº¼À

è È�Æ¼Æ¼Ém¿`Ù »54;Á�Ê�Ém¿'ÆÅÁ�Ï�Ê%»@Ò ¹6�|¾«Ï�Ê�»`Û�Á�Ï�ÊWÐ�¿Äº¼Ï�»�ö.É`¿ÄÏ�¹�Á�¿ÄÊ­×.È�Æ Ã'È�È�¿+�{¾«Ï�Ê%» ç Ü�ÓÖûnÁ�º¼Ægü�7)0)8�8�������	������)	*�+��,-�.��/*�10�& ç



�������������G���
�x��	������ ���«�"����	��������

��� ����	 � ��
 c0d�]���_ad�r^f{c0e�]~zgh5e�c�_af{c0e¯r^PQb�K�c0fg]`fg]a]oh���f|z{f�_
�Sb�f|j�b�dNzgh�f{joP0�;j��%b�P�O�O�P�e!_Wf|e!_ajoc^r^dNf|_aPQq�h�j
V)c0K�h0j5� ����P�_��;K,d �{�%u%� ����e qNjoP�O�f|P�j�z{f|P�d§�3eNc0d�]�j
��q;c0e�r^c#e�]�e����#h�_af{¢0P�OQP�e!_��ªdNeNP�£!dNP�]`_af{c0e¬r^P
�.K!d���qNjoc0q;c#]
r^P%]
b�z{f{£!dNP%]
b�f{job�dNz{h0f|joP�]�����e�]adNf�_oP0��eNc0d�]
r���O�c0e!_ojac#e�]�£#d�P0�Gq;c0d�j�_ac0dN_��0j�h�qNKNP

G
�

cch(G) = O (ch(G) + ln |V (G)|) �"i�dNfg]��NeNc0d�]���_ad�rNf|c#e�]�dNeNP�����e���j�h�z{f{]oh�_of|c#eBr^PWz{hQb�KNc#f{]af{]o]oh��Nf{z|f|_��b�f|j�b�d�z{h0f|joP0��z|c#jo]o£!dNP"z{h�_�h�f{z|z{Pkr^P�zghLz{f{]`_aPkr�� dNe�]ac0O�O�P�_§P%]m_G�¨c0e�b�_af{c0e�r^P�]ac0e
r^P��0j
�0� 
 c0d�]�b�c0e�]`fgr���joc0e�]
���#h0z|P�OQP�e!_nz|P
eNc#O­�NjoP�r^P­b�K�c0f|¦�b�f{j�b�dNzgh�f{jaP
r^P%]U�0j�h�q�KNP�]LqNzgh�e�h�f{jaP%]���Vªc0K�h0jnh5r^P�O�h0e�r��
zgh�¢�h�z{P�dNj
rNP

τ := sup{cch(G) : G
P%]m_nqNzgh�e�h�f{jaP } � 
 c0d�]�qNjac#dN¢0c#e�]
£!dNP 6 ≤ τ ≤ 8

�"b�P5£!dNfk�¨c0dNjoeNf|_­dNeNP
j
��q;c0e�]`P�e����#h�_af{¢0P��5dNeNPSh0d^_ajoPS£!dNP%]m_of|c#e)r^PSV)c0K�h0j����ke���e§�.eNc#d�]���_ad�rNf|c#e�]>z{P­e�c0O­��jaP­rNPSb�KNc#f�¦
b�f|j�b�d�z{h0f|joPUr^P�]3�#joh0qNKNP%]"qNz{h0e�h�f{joP�]"P�_�qNz{h0e�h�f{joP�]"P�¦,_
��jof|P�dNjo]3rNPnO�h�f{z|z{Pnr^c0e�e���P#�0P�_�b�P�z{dNf�rNP�]3�#joh0qNKNP�]
rNP�rNP�e�]af�_
�
��c#jae���P0�
��¶ �%� ´ �� � �D� b�K�c0fg]`fg]a]oh���f|z{f�_
�°b�f{j�b�dNzgh�f{jaP#�neNc#O­�NjoP¯r^P�b�KNc#f�¦ b�f{j�b�dNzgh�f{jaP#�nb�c#z|c#joh�_af{c0e§�U�#joh0qNKNP�]
q�z{h0e�h�f{jaP%]��,�#joh0qNKNP�]�qNzgh�e�h�f{jaP%]�P�¦,_���jof{P�dNj�]��NrNP�e�]af�_
����c#jae���P



���������
	��
������������������	������ �

� � � �G�"�"!��
�k����� �

#GP�_
G = (V, E)

��P�hQ�0j�h�q�K§� � �
p
h�e�r

q
h�joP~_m��cQf|e!_aP��0P�jo]��Nh

(p, q) $
�%��	��
�
�&��')( c0�

G
fg]Uh­�¨d�e�b«_of|c#e

c
�¨joc0O

V
_ac {0, . . . , p − 1} ]ad�b�K¯_aK�h�_ q ≤ |c(u) − c(v)| ≤ p − q

�¨c0j
h�e,\ªP�rN�0P
uv ∈ E

�QJLK�P
b�f|j�b�d�z{h0jLb�K�jac#O�h�_afgb>e,dNOS��P�jUc���_aKNP
�#joh0qNK

G
fg]

χc(G) = inf

{
p

q
: G

h#r^O�f�_�]Uh
(p, q) © b�c0z{c0d�jaf{eN�

}

.

¡�c0jkh0e,\Sf{e!_aP��#P�j
a
�!��P>rNP�eNc0_aPn�,\

[a]q
_aK�P>f{e#_oP�jo¢�h�z

[a− q +1, a+ q−1]
�"pUP�O�h�jo®�_oK�h�_�f��

uv ∈ E_oKNP�e
c(u) = a ⇒ c(v) /∈ [a]q

�N�UKNP�jaPW_aK�P�b�c0O�qNdN_oh�_of|c#e�]Uh�joP�O�c,rNdNz|c
p
�

* 	+�,�&�-�����&��(.'�/"0�'1�
L
c��

G
f{]�hSO�h0qNqNf{eN�S_aK�h�_Lh#]a]af|�#e�]3_ocSP�¢0P�ja\�¢0P�j`_oP�¦�c��

v
hS]`P�_�c0�Gf{e#_oP��#P�j�]��

b�h�z{z|P%r ���
	����
�%� � * e
L $
�%�
	����
�&��'2( c��

G
f{]�hxO�h0qNqNf{eN�

c
_aK�h�_Sh0]o]`f{�0e�]W_acªP�¢#P�jo\)¢0P�j`_oP�¦

v ∈ V
h

b�c0z{c0dNj
c(v) ∈ L(v)

� *
t $ (p, q) $

	+�,�&�
$
�3�%�&��(
'1/40�'��

L
fg]kh
z{f{]`_�h#]a]af|�#eNO�P�e!_k]ad�b�K�_aK�h�_��#�¨c0j�h�e,\­¢#P�ja_aP�¦

v ∈ V
�
L(v) ⊆ {0, . . . , p − 1} h0e�r |L(v)| ≥ tq

�
JLKNP~�0j�h�qNK

G
fg]k]oh�fgrQ_ac��;P

(p, q) $ L $
�%��	��
�
���.��	�0 f���_oKNP�joPnP�¦,fg]`_o]kh

(p, q) $ L $
�%��	5���
�&��')(

c
�!f'� P0�

c
f{]

�;c�_oK�h
(p, q) © b�c0z{c0dNjof{eN�Wh0e�r�h�e L © b�c0z{c0d�jaf{eN����¡Nc0j�h0e,\�jaP%h�z^e,dNOS��P�j t ≥ 1

��f|_�f{]
t $ (p, q) $

�%�6�7�3���.��	�0
f|��f|_Uf{]

(p, q) © L © b�c0z{c0dNj�h��Nz{PU�¨c#jLh0e,\ t © (p, q) © z{f{]`_ © h0]o]af|�#eNO�P�e!_ L
��#�h0]`_��

G
fg] ���������
	��
�&	+�

t $
�%�6�7�3���.��	�0

f|�"f�_>fg]
t © (p, q) © b�KNc,c#]oh��Nz{P~�¨c0jnh�e,\ p, q

�kJLKNP ���������
	�����	+�,�&�8�%�2���
/4�
���9�:'1�
/4�%0��<; c0j ���������
	5���=�%�6�
�9��0
'1�
/4�%0��?> c��

G
fg]

cch(G) = inf{t ≥ 1 : G
f{]>b�f{job�dNz{h0jaz{\

t © b�KNc,c#]oh��Nz{P }.
* ]k]aKNc��Ue�f|eª�{�%u��@�

cch(G) ≥ ch(G)−1
�¨c#jkh�e,\S�0j�h�qNK

G
�A@�\�b�c#e,¢0P�e!_of|c#e§����Pnr^P�eNc0_aP ; c0j�r^f{e�h�jo\ >

z{fg]m_>b�KNjoc0O�h�_afgb>e,dNOS��P�jU�!\
ch(G)

�

 c�_aP�_oK�h�_U_oKNfg]nr^P ��eNf�_of|c#exc��3b�f{job�dNz{h0jUb�KNc,c#]oh��Nf{z|f|_m\Br^f�B.P�j�]U]`z{f|�#K!_az{\��¨jac#O _oKNP
c0eNP�f{e!_ajoc,rNd�b�P%r

f{e��|��u%�@�0f|eS�UKNf{b�K
p
f{]"joP�£!dNf{jaP%r�_ac��;PUh�_"z|P%h0]`_

2q
��¤¥P�K�h�¢0Pkc#q^_aP%r��¨c#j3h�eNc0_aKNP�j�r^P ��eNf|_af{c0e§�0��P%b�h�d�]`P

_oKNP>joP�£!dNf{joP�O�P�e!_�rNc!P%]ke�c�_�]aP�P�O _acQO�h0®0P>]aP�e�]`P#� � eBq�h�ja_afgb�dNzgh�j%�!f�_Lb�c0e!_ojoh#r^f{b�_o]-#§P�O�O�hQw
c��k�{�%u��DC
d�e�r^P�j~_aK�PQr^P ��eNf|_af{c0e¯�0f{¢0P�e°f|e �|��u%�@�;_oKNPQb�f|j�b�d�z{h0j~b�KNc,c#]oh���f|z{f�_m\�c��k_aKNP�]`f{eN�#z|PSP�r^�#P

K2
��c#dNz{r°��P

c#eNP0��J�cx]`P�P­_oKNf{]��G]adNqNq;c#]aP­_oK�h�_
L1, L2 ⊆ {0, . . . , p − 1} h�joP­�#f|¢#P�e)�Uf|_aK |L1|, |L2| ≥ (1 + ε)qh0e�r

p ≥ 2q
� � _�f{]WeNc0_�rNf�E5b�d�z�_�_acx]aP�PS_aK�h�_~_oKNP�joPSOSd�]`_WP�¦,fg]`_

c1 ∈ L1, c2 ∈ L2
]ad�b�K)_oK�h�_

q ≤
|c1− c2| ≤ p−q

�!]ac�_aK�h�_
K2

��c#dNzgrSf{e�r^P�P�r�K�h�¢#Pnb�f{job�dNzgh�j�b�KNc,c#]oh���f|z{f�_m\­c0eNPnd�e�r^P�j�_aKNPWr^P ��e�f�_of|c#e
�¨joc0O �|��u%�@��T~e
_aK�P
c�_aK�P�jUK�h0e�r���#GP�O�O�h�w­c0���{�%u%��f|O�qNz{f|P%]�_aK�h�_

cch(K2) ≥ χc(K2) = 2
�

Vªc#jaP�c�¢0P�j��"�¨c#j�]ac0O�P��0j�h�qNK�]
G
�k�¨c0j

t
]az|f{�0K!_oz|\¬z{P�]o]S_aK�h�_�_aKNPªb�f{j�b�dNzgh�j�b�KNc#f{b�P
e,dNOS��P�j��k_aKNP

t © (p, q) © z{f{]`_ © h0]o]`f{�0e�OQP�e!_o] L
�¨c0j
�UKNfgb�K

G
fg]
eNc0_

(p, q) © L © b�c0z{c0dNj�h���z|P�]ah�_afg] ��P�]W_aK�h�_ p
fg]
eNc�_
_oc,c

zgh�jo�0P
b�c0O�q�h�joP�rB_ac
q
��¡�c0jnP�¦^h0O�qNz|P#��h#]Uf|ex_oKNP�qNjoc,c��"c��3i�joc0q;c#]af�_of|c#e���w ; f|f > ��c0eNP­b�h�eª]aKNc�� _oK�h�_

f|�
t ≥ 2

_oKNP�eBh
t © (p, q) © z{f{]`_ © h0]o]af|�#eNO�P�e!_ L

�¨c0j��UKNfgb�K
K3

f{]�eNc0_
(p, q) © L © b�c#z|c#dNjoh0�Nz{PL]oh�_of{] ��P%]3_aK�h�_

p ≤ 4q2 �N�UKNP�joP�h#] cch(K3) = 3
�

¤¥P�h0z{]acUjaP�O�h�jo®n_aK�h�_G_oKNP�joP�fg]Gh0e�h�z|_aP�joe�h�_af{¢0P0��b�c#e!_af{e!d�c0d�]§rNP ��eNf|_af{c0e��¨c0jGb�f|j�b�dNzgh�j�b�KNc,c#]oh��Nf{z|f|_m\0�
R�c#e�]adNz�_ª� ���nc#jª�|��u%�U�¨c0j�_oKNf{]Br^P ��e�f�_of|c#eGFnKNc���P�¢#P�j%��f|e _aK�PªjaP%]m_�c��W_aK�P�q�h�q;P�j%����Px�Uf|z{znjoP�]`_ajof{b�_
c#dNj�]`P�z|¢#P�]�P�e!_af{jaP�z|\5_ac 	+�,�&�

(p, q) $
�%��	��
�
�&��')( �^_aK�P�b�c0e�b�P�qN_L��P
K�h�¢#Pklmd�]`_nc0dN_az{f|eNP%r�KNP�joP0�

JLKNP¯q�h�q;P�jBf{]
c0jo�#h0eNf{]aP�r h0]5�¨c0z{z|c��n]�C°f{e _aK�P���j�]m_�]`P%b«_af{c0eG�U��P°rNP�h�z~�Uf�_oK b�f{job�dNzgh�jBb�z|fg£!dNP�]
; i�joc0q;c#]af�_of|c#eB} > h0e�r�P�¢#P�e5b�\,b�z|P%] ; R�c0joc0z{z{h0ja\IH��#ikjac#q�c!]`f|_af{c0eBu
h0e�rBR�c0e�lmP�b«_odNjoP<J > ��JLK�P�e§�,f{e�_aKNP
]aP�b�c0e�r¥]aP�b«_of|c#e§�G��P�b�c#e�]`fgr^P�j�_aKNP5£!dNP%]m_of|c#e§�G�#f|¢#P�e�h
�#joh0qNK

G
�Gc��L�UKNP�_aKNP�j

cch(G)
fg]
�;c0dNe�r^P�r

�Uf|_aK�f|eªh�b�c#e�]`_oh�e!_L�Äh0b�_ac#jUc��
ch(G)

F���P�h0e�]`��P�jLf{e�_aKNP
q;c#]af�_of|¢#P
�UKNP�exjoP�]`_ajof{b�_aP%r5_oc�} © b�K�c!c!]ah0�Nz{P

Ì�Ì Ï�K�L«÷&L�M



H � ����0������4��'2(����
	
	�	�0�����
 0���0�'1�

�#joh0qNK�] ; R�c0joc0z{z{h0ja\B�0� > �#h0e�rQ_aKNP�e5d�]aP>h
qNjoc0��h��Nf{z|fg]`_afgbL_aKNf{eNeNf{eN�Qh�jo�0dNO�P�e!_3_oc���c#dNe�r�_oKNP>b�f|j�b�dNzgh�j
b�K�c0fgb�P�e!d�O­�;P�j�c���h¯�#joh0qNK¬�,\ h¥b�c#e�]m_�h�e!_Q�Äh0b«_oc0j�c��

(ch(G) + ln n)
�UKNP�jaP

n
fg]Q_aKNPxe,dNOS��P�j

c0�U¢0P�ja_afgb�P%] ; JLK�P�c0joP�O �%} > � � e�_aK�P5_aK�f|j�r ]`P%b«_of|c#e§�"��P5f{e,¢0P%]m_of|�!h�_aP�hª�#P�eNP�joh0z|fg]oh�_af{c0e¥c��nb�f|j�b�dNzgh�j
b�K�c!c!]ah0�Nf{z|f|_m\0�kb�f|j�b�d�z{h0j
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�30��&���9�%0�� � ���A����	B.��I�������

cch(G) ≤ 36 ch(G) + 54 lnn + 3.

� � ¶§¶��o�;¡�f|¦
p, q

h0e�r)]aP�_
t = 36 ch(G) + 54 lnn + 3

�WZ,d�qNq�c!]`P­_aK�h�_~z{f{]`_o]
L(v) ⊆ Zp

c��k]af���PSh�_
z{P�h#]m_

tq + 1
h�joP­�#f|¢#P�e§� � �

q = 1
�;_aK�P�e°��PSb�h�e°b�P�ja_oh0f|eNz{\

(p, q) © L © b�c0z{c0d�j G
��h0]

t + 1 > ch(G)
�

Z^cQ��P�O�h�\Bh0]o]`d�OQPW_oK�h�_
q ≥ 2

���Uf�_oKNc0d^_nz{c#]o]�c��"�0P�eNP�j�h�z{f�_m\#�
#GP�_Ud�]�q�h�ja_af|_af{c0e {

0, . . . ,
⌊

p−1
q−1

⌋} f|e!_acQ�0joc0d�q�]
gi = {3i, 3i+ 1, 3i + 2} c��§_oKNjoP�P�b�c0e�]`P%b�d^_of|¢#Pe,dNOS��P�jo]����UK�P�joP
_aKNPSz{h#]m_~�0joc0dNqxO�h�\
q;c#]o]af|�Nz{\xb�c0e!_�h�f{eªz|P%]a]n_aK�h0eª_aKNjoP�P­e!d�O­�;P�j�]��~T~d^_~c���P�h#b�K

�#jac#dNqBc0��_oKNjoP�P0��P�¦Nb�P�q^_L_aKNP�¢#P�jo\�z{h#]m_nc#eNP0�^��P��Uf|z{z§qNfgb�®Bc#eNP�P�z{P�O�P�e!_>h�_njoh0e�r^c0Ox�^�NdN_nf|eª]ad�b�K�h
�Lh�\5_oK�h�_W��P­eNP�¢#P�j>q�f{b�®
_m��c
b�c0e�]`P%b�d^_of|¢#P�e,dNO­�;P�j�]��nJ�cB�;P­O�c#jaP�q�jaP%b�fg]`P#�N�¨c0j

i = 0
��P­]af|O�qNz{\

q�f{b�®5c#eNP�c��
0, 1, 2

dNeNf|�¨c0joOQz{\Bh�_Lj�h�e�r^c0Ox�kT~e�b�P
h�b�KNc#f{b�PWK�h0]L�;P�P�e�O�h0r^P��¨c#j
gi−1

�^��P�qNfgb�®5c0eNP
c0�

3i, 3i + 1, 3i + 2
dNeNf|�¨c0joOQz{\Bh�_Lj�h�e�r^c0O qNjoc�¢,f{rNP�r5��P
r^fgr
e�c�_nb�KNc,c#]aP

3(i− 1) + 2
�¨joc0O

gi−1
�

T>_oKNP�jo�Ufg]`P#�#��P~b�KNc,c!]`Pnc#eNP>c0�
3i+ 1, 3i+2

h�_�j�h�e�r^c0O P�h#b�K5�Uf�_oKBqNjoc0��h��Nf{z|f|_m\ 1
2

�A#§P�_Ld�]�r^P�e�c�_aP
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_oKNP�]`P�_�c��G]aP�z{P�b�_aP%r5f{e�r^fgb�P�]��,\ K = {k : k
�Lh0]Ub�KNc!]`P�e } �"¤ f�_oKBP%h0b�K5f{e�r^P�¦

k ∈
{

0, . . . ,
⌊

p−1
q−1

⌋} �
��P~h#]a]ac^b�fgh�_oP>h�e
f|e!_aP�ja¢�h0z

Ik = {k(q − 1), . . . , (k + 1)(q − 1)− 1} c�� Zp
� 
 c�_of{b�P>_oK�h�_�_aKNP

Ik
h�joP

rNf{]Älmc0f{e!_Lf{e!_aP�ja¢�h�zg]Lc���z|P�eN��_oK
q − 1

� * b�jod�b�fgh�z.c0��]`P�ja¢�h�_of|c#e5�¨c#jL_aKNP�]aP�£!dNP�z�f{]�_oK�h�_%�Nf��
k, l ∈ K h0jaP

rNf{]`_af{e�b«_>h0e�r
a ∈ Ik, b ∈ Il

�N_aKNP�e |a − b|p ≥ q
�kZ^P�P�¡�f|�#dNjoPS�#�

. . .

3(q − 1) 6(q − 1) 9(q − 1)

I

p − 1

j

p−1
3(q−1)

k

(q − 1)

0

· · ·

¡�f{�0d�jaP��.C * e�f{z{z|d�]`_aj�h�_of|c#e
c0�G_oKNP��Ô_oKNf{eNeNf{eN���
qNjoc,b�P�r^d�jaP~�¨c0jnJLKNP�c0joP�OY��}^�

#GP�_nd�]n]aP�_ I =
⋃

k∈K Ik
��¡Nc#jUP�h#b�K

v ∈ V
�Nz{P�_nd�]Ur^P ��e�P

S(v) = {k ∈ K : Ik ∩ L(v) 6= ∅}.
JLK�Pnf{rNP�h
�¨c#j�_oKNP>joP�]`_kc��._oKNP>qNjoc,c���fg]�_oc­]`K�c�� _oK�h�_

t
��h#]kb�KNc!]`P�eQf{eB]ad�b�K5h
�Lh�\­_oK�h�_

P(|S(v)| <
ch(G)) < 1

n

�¨c0jnh0z|z
v
� � _n�Uf|z{z�_oKNP�e��¨c0z{z{c�� _aK�h�_

P(|S(v)| < ch(G)
�¨c#jn]`c#OQP

v ∈ V ) < n · 1

n
= 1.

� e c�_aK�P�j­��c0j�rN]���_aKNP�jaP
O­d�]`_SP�¦,fg]`_Qh)b�KNc#f{b�PBc0�neNc0e © h0r�l`h0b�P�e!_�f|e!_aP�ja¢�h0z{]��3c0eNP5�¨jac#O P%h0b�K �#jac#dNq
c0�L_aKNjoP�P#�G�¨c#j­�UKNfgb�K |S(v)| ≥ ch(G)

�¨c0jSh0z|z
v ∈ V

� @�\°_aKNP
rNP ��eNf|_af{c0e c0�
ch(G)

�"_oKNP�joP5OSd�]m_
P�¦^f{]`_Qh¥b�c#z|c#dNjaf{eN�

c
c��

G
�Uf|_aK

c(v) ∈ S(v)
� #§P�_�d�]�r^P ��eNPxh)eNP�� b�c#z|c#dNjaf{eN�

f
�,\ b�KNc,c#]af{eN�

f(v) ∈ Ik ∩ L(v)
f��

c(v) = k
�
JLKNfg]�b�h�e°��P�r^c0e�P��¨c0jWP�h#b�K

v
���,\�_aK�PQr^P ��eNf|_af{c0e¯c��

S(v)
� 
 c��

f
f{]­h

(p, q) © L © b�c0z{c0dNjof{eN�����;P�b�h�d�]aP�f�� vw ∈ E(G)
_oKNP�e

c(v), c(w)
h�joP�r^f{]`_af{e�b�_­P�z{P�O�P�e!_�]�c�� KX b�c#e�]aP�£!dNP�e!_oz|\#�

f(v)
h�e�r

f(w)
K�h�¢0Pn�;P�P�eBb�KNc#]aP�e��¨joc0O eNc#e © h0r�l`h#b�P�e!_kf{e!_aP�ja¢�h�zg] Ic(v), Ic(w)

�^]ac
_oK�h�_ |f(v) − f(w)|p ≥ q

�
� _LjaP�O�h�f{e�]3_ocS]aKNc�� _aK�h�_

t
fg]�b�KNc!]`P�e5]`d�b�K�_aK�h�_

P(S(v) < ch(G)) < 1
n

KNc0zgrN]���¤¥P���j�]`_�b�zgh�f{O
_oK�h�_U_oKNP
qNjoc0��h0�Nf{z|f|_m\�_aK�h�_ |S(v)| < ch(G)

f{]n��c#dNe�r^P%r�h0��c�¢#P~�,\

P

(

Bi

(

s,
1

6

)

≤ ch(G)

)

,

�UK�P�joP
s =

⌈
t
3

⌉
− 1

� � exc0j�r^P�jU_oc�qNjoc�¢0PW_aKNPSb�zgh�f{O�����j�]m_neNc0_aP�_oK�h�_>��P�b�h0e��Ô_oKNf{e��W_oKNP�z{f{]`_o]
L(v)_oc��0P�_>]adN�Nz{fg]m_�]

L′(v) ⊆ L(v)
�Uf|_aK

|L′(v)| ≥
⌈ |L(v)|

3(q − 1)

⌉

− 1 >
t

3
− 1,

Ì�Ì Ï�K�L«÷&L�M
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h0e�r¥h
r^fg]`_oh�e�b�P�c��Lh�_
z|P%h0]`_
3(q − 1)

��P�_m��P�P�e°P�z|P�O�P�e!_o]�c0�
L′(v)

�Q¤¥P5b�h0e¯b�c0e�]`_ajod�b«_
L′(v)

�,\
_�h�®,f{eN��_aKNP���j�]m_%�N_aK�P

(3(q − 1) + 1) © _aKG�N_aK�P (6(q − 1) + 1) © _aK§�.h�e�rª]`c�c#eªdNqx_acBh0e�rxf{e�b�z{d�r^f{eN�_oKNP
((M − 1)(q − 1) + 1) © _aK P�z{P�O�P�e#_�c0�

L(v)
���UK�P�joP

M =
⌈

tq
3(q−1)

⌉ �Lh�e�r ��PxrNf{]ob�h0jor _aKNP
(M(q − 1) + 1) © _oK P�z{P�O�P�e#_%��_oc�h�¢#c0fgr q;c#]o]`f{�Nz{P
�Uj�h�q © h�joc0d�e�r P�B.P�b�_o]�� #GP�_�d�]Q�Ujaf|_aP

L′(v) =
{a1, . . . , al}

�Uf|_aK
ai ≤ ai+1

�3¡Nc0j
J ⊆ {1, . . . , i − 1} �,z|P�_ A(i, J)

r^P�eNc�_oP~_oKNP
P�¢#P�e!_L_aK�h�_
aj ∈ I�¨c#j

j ∈ J
h�e�r

aj 6∈ I �¨c#j�h0z|z j ∈ {1, . . . , i− 1} \ J
�§¤¥PWb�z{h0f|O _aK�h�_k�¨c#j�P�¢0P�ja\

J ⊆ {1, . . . , i− 1}��P�K�h�¢0P
P(ai ∈ I|A(i, J)) ≥ 1

6
.

; � >
J�c�_aKNfg]�P�e�r��GeNc0_aPQ_aK�h�_

a1, . . . , ai−1
P�h#b�K°�0f{¢0PQf{e^�¨c0joO�h�_af{c0e�h��;c0dN_W_oKNP5b�KNc#f{b�PSO�h0rNPS�¨c#j�]`c#O�P

�#jac#dNq
gl
� * zg]acªc0��]aP�jo¢0PS_aK�h�_��"f|�

ai ∈ I3k+1
c#j

ai ∈ I3k+2
�¨c0j�]ac0O�P

k
��_aKNP�e¥_aKNP5q�jac#��h��Nf{z{f�_m\

_oK�h�_
ai
f{]nb�c�¢0P�jaP%rB�,\ I ���0f{¢0P�e�_aK�h�_ A(i, J)

KNc0zgrN]��Nf{]~h�_nz{P�h#]m_ 1
3

���;P�b�h�d�]aP0��jaP��#h�j�r^z{P�]o]Lc��"�UKNfgb�K
P�z|P�O�P�e!_
c��

gk−1
�Lh0]
]aP�z{P�b�_aP�r§�§_aK�P�qNjac#��h���f|z{f�_m\x_oK�h�_

3k + 1
; joP�]aq;P�b«_of|¢#P�z{\

3k + 2
> fg]
]`P�z|P%b«_aP%r

fg]Wh�_�z|P%h0]`_ 1
3

� 
 c��
��]`dNq�q�c!]`f{eN�5_oK�h�_
ai ∈ I3k

�¨c0j�]ac0O�P
k
�;_oKNP�e

ai−1 6∈ I3(k−1)+1 ∪ I3(k−1)+2

�
JLK�P�joP��¨c0joP0��_oKNPUqNjoc0��h0�Nf{z|f|_m\
_aK�h�_

ai
f{]3b�c�¢0P�jaP%r��0f{¢0P�e­_oK�h�_

A(i, J)
KNc#z{rN]"fg]�h�_"z{P�h#]m_"_oKNPUO�f|eNf{O­d�O

c0�"_m��c�qNjoc0��h��Nf{z|f|_af{P�]�C�_oKNP�qNjoc0��h��Nf{z|f|_m\5_oK�h�_
3k

f{]~b�KNc#]aP�ex�#f|¢#P�e�_aK�h�_
3(k − 1)

��h#]nb�KNc!]`P�e
�¨joc0O
gk−1

F§h0e�rx_oKNP­qNjoc0��h��Nf{z|f|_m\
_aK�h�_
3k

fg]Wb�KNc#]aP�eª�#f|¢#P�ex_aK�h�_
3(k − 1)

��h#]neNc0_Wb�KNc!]`P�ex�¨jac#O
gk−1

�
� _nfg]LeNc0_nK�h�j�r5_oc�]`P�P~_oK�h�_U_oKNfg]UO�f|eNf{O­d�O fg] 1

6

�^�UK�f{b�KxqNjoc�¢0P%]�_oKNP�b�zgh�f{Ox�
* ��P�z{z§®,eNc��UeB�;c0d�e�r�c0e�_aKNP
��f|eNc#O�f{h0z'�N]aP�PW�¨c0jUf{e�]`_oh0e�b�P��Åw%� ��]m_�h�_oP�]�_aK�h�_

P(Bi(k, p) ≤ kp − r) ≤ e−2 r2

k .
JLK�f{]Uh0z|z{c��n]�d�]L_ac��Ujof�_oP

P(S(v) < ch(G)) ≤ exp

[

−2
(

ch(G) − s

6

)2

/s

]

.

Z^c��^��PW��c0d�z{r
z|f{®0P�_oc�K�h�¢0P

2
(

ch(G) − s

6

)2

> s ln n,

c#jLf|exc�_oKNP�jU��c0j�rN]
s2

36
−

(
ch(G)

3
+

ln n

2

)

s + ch2(G) > 0.

JLK�f{]Lfg]nb�P�j`_�h�f{eNz{\�_ajodNP�f��

s >

ch(G)
3 + ln n

2 +

√
(

ch(G)
3 + ln n

2

)2

− 4 ch(G)2 1
36

2
36

,

h0e�rB_aKNfg]Uf{e
_odNjoe�fg]Ub�P�j`_�h�f{eNz{\�_ajodNP�f��

t

3
− 1 ≥ 12 ch(G) + 18 lnn,

f@� P0�^f|�
t ≥ 36 ch(G) + 54 lnn + 3

�
�
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pUP%b�h0z|z�_aK�h�_ * z{c0eª�{�«��K�h0]�]aKNc��UeQ_aK�h�_
ch(G) = Ω(ln d)

�#�UK�P�joP
d
r^P�eNc�_oP�]"_oKNP>h�¢0P�joh0�0PLr^P��#jaP�P

c0�
G
��JLKNP�c#jaP�O ��}5_oK,d�]�]aKNc��n]W_aK�h�_�_aK�P5P�¦^fg]m_oP�e�b�PQc0�n]`d�b�K hxb�c#e�]`_oh�e!_

α
�¨c#j
i�joc0�Nz{P�O �ªb�h�e

c#eNz{\���P
r^fg]`q�jac�¢#P�r��,\5b�c#e�]af{r^P�jaf{eN�Q]`q�h0jo]aP>�#joh0qNK�]�F!_aKNP�jaPWf{]LhQb�KNc0fgb�PWc��
α = α(ε)

_aK�h�_U��c#ja®^]3�¨c#j
h0z|z��#joh0qNK�]��Uf|_aKªh�¢0P�joh0�0P~rNP��0joP�P�h�_nz{P�h#]m_

εn
�

¤¥P�h�zg]`c�joP�O�h�jo®�_aK�h�_nf|_nf{]n]`_aj�h�f{�0K!_a�¨c0jo��h0jorQ_oc��0f{¢0P�h�exdNqNq;P�jn�;c0d�e�r
�¨c0j
cch

f|e�_oP�joO�]nc��
ch_oK�h�_"fg]�P�¦^q�c#eNP�e!_afgh�z!f{e

ch
C�_oKNPLO�P�e!_af{c0eNP%r
joP�]adNz�_"c�� * z{c0eSh0z{]ac>]aKNc��n]G_aK�h�_

ch(G) = Ω(ln(δ∗(G)))X h#]k_oKNP�joP>fg]L]`c#O�PW]adN�N�#joh0qNK5c��
G
�Uf|_aKBO�f{eNf{O­dNO rNP��0joP�P

δ∗(G)
�^_oKNf{]L]adN�N�#joh0qNKBb�P�j`_�h�f{eNz{\�K�h0]

h�¢#P�j�h��#P>r^P��#jaP�P
h�_Uz|P%h0]`_
δ∗(G)

��T~e�_aKNP
c0_aKNP�jUK�h�e�r��
cch(G) ≤ 2δ∗(G)

�;]`cQ_aK�h�_

cch(G) ≤ eβ ch(G),

�¨c#jn]`c#O�P
β > 0

�

��� � �2��� #������ ��� � ��� � # ����� ��� ��! ���+# � �
R�c#O�qNz|P�_aP���f|q�h0j`_of�_oP­�#joh0qNK�]nh0jaP­h5e�h�_odNjoh0z�b�z{h#]a]L_oc
b�c0e�]af{rNP�j%���;P�f{eN�5_oKNPSb�h�eNc#eNf{b�h�z§P�¦Nh�O�qNz{P�]nc0�
�#joh0qNK�]U�Uf|_aK°z|c��sb�KNjoc0O�h�_of{b�e,dNOS��P�j��;\0P�_>KNf{�0K°b�K�c!c!]ah0�Nf{z|f|_m\0�UJLKNP­�¨c0z{z|c��Uf{eN�Bh#rNh�q^_�h�_of|c#e�c0��c0dNj
h0ja�#dNO�P�e!_U]`K�h0jaq;P�e�]�_aKNP
�#P�eNP�joh0z;d�qNq�P�jn�;c0dNe�r��#f|¢#P�eB�,\�JLKNP�c#jaP�O��%}Sf|e�_oKNP�]`q;P�b�f{h0z§b�h#]`P��UKNP�e
G = Kr∗m = Km,...,m

︸ ︷︷ ︸
r

fg]~_aKNPS��h�zgh�e�b�P�r��.b�c#O�qNz|P�_aP
r © q�h0j`_of�_oPS�#joh0qNK§���Uf|_aK¯P�h#b�Kªq�h�ja_~c0�k]`f ��P m

�

pnP�b�P�e!_"��c0jo®�c�� 1 h ��f|_�h�e�r���jof|¢#P�z{P�¢,f{b�KB� J���]`KNc��n]�_oK�h�_
ch(Kr∗m) = (1+o(1)) ln m

ln(1+ 1
r−1 )

�0]ac~_oK�h�_
_oKNP��;c0dNe�rxc0e

cch(Kr∗m)
�#f|¢#P�e��!\�i�joc0q;c#]af�_of|c#e�����fg]Uf|e�r^P�P%rª]`K�h0jaq;P�jn_aK�h0e
_oKNP­�#P�eNP�joh0z�dNqNq;P�j

�;c0d�e�r��0f{¢0P�e¯�,\�JLKNP�c#jaP�O �%}N�
JLKNP5��c0jo®)c0� 1 h ��f|_­h�e�r	��jof{¢0P�z{P�¢,fgb�K¯h0z{]ac)b�c#e�]`fgr^P�jo]
b�c0O�qNz{P�_aP
OSdNz|_af{q�h�ja_af|_aP
�0j�h�qNK�]­�Uf�_oK eNc0_�h0z|z�q�h0j`_�]­c0�nP�£!d�h�zL]af���P0�3�Nd^_��Uf|_aK e�c�_Q_ac,c°OSd�b�K r^f�B;P�jaP�e�b�P�f{e
]af ��P���P�_m��P�P�e¥_aK�P5]`O�h�z{z{P�]`_
h0e�r°_aKNP�zgh�jo�0P%]m_�q�h�ja_o]�� � e�qNjaf{e�b�f|qNz{P0��c0dNj
joP�]adNz|_�h�e�r¯qNjoc!c0��b�h�e���P
h#rNh�qN_aP�r¬_ac h�zg]ac¯b�c�¢#P�jS_aKNfg]�h0r�r^f�_of|c#e�h�zUb�z{h#]a]Sc���b�c0O�qNz{P�_oP
OSdNz|_af{q�h�ja_af|_aPx�0j�h�q�K�]��k�Nd^_���P�K�h�¢#P
b�K�c#]aP�e¯_acxc0O�f|_�_aKNfg]
KNP�jaP#� � _­]`K�c0dNzgr¥��P�eNc0_aP%r°_oK�h�_ * z|c#e h�e�r¬�.h0®,]�� ���kq�jac�¢#P�h�¢#P�jo\°]`f{O�f|zgh�j
joP�]adNz|_n_ac
i�joc0q;c#]af�_of|c#e �����;P�z{c�� �¨c0j

T © b�K�c!c!]ah0�Nf{z|f|_m\�c��kb�c0O�qNz{P�_aPS�Nf{q�h�ja_af|_aPS�0j�h�qNK�] ; h�e�rªf|e)�Äh0b«_�#f|¢#PWh�]af{OQf{zgh�jLqNjoc!c0� > �

� � ¶(%k¶ ���Ä��� ¶ � 1 �
cch(Kr∗m) ≤ 3(ln m+ln r)

ln(1+ 1
6r−1 )

+ 1
:

� � ¶§¶��o��¤¥PnqNjoc,b�P�P%rQh#]3f{eS_oKNPnqNjoc,c��.c���JLKNP�c#jaP�O ��}^�0]aP�z{P�b�_af{eN��h
]`d���]`P�_ K ⊆
{

0, . . . ,
⌊

p−1
q−1

⌋} c0�
f{e�r^fgb�P%]��^e�cS_m��c�b�c0e�]`P%b�d^_of|¢#P0�Nh�_Uj�h�e�rNc0O f{eB_oKNP�]ah0O�P~�Lh�\5h0]Lf{eB_oKNP
qNjoc,c��Gc0��JLKNP�c0joP�OY��}^�"¤¯P
]aK�h0z|z�eNc��Dq�h�ja_af|_af{c0ex_aK�P­f{e�r^fgb�P�]n_aK�h�_~K�h�¢#P
��P�P�e)]aP�z{P�b�_aP�rxf{e!_ac

r
]aP�_�] K1, . . . ,Kr

�;�,\�h#]a]af|�#eNf{eN�
P%h0b�K)f{e�r^P�¦

k ∈ K dNeNf|�¨c0joO�z|\)h�_~j�h�e�rNc0O _ac
c0eNPSc�� K1, . . . ,Kr
��f{e�r^P�q�P�e�r^P�e#_oz|\x�¨joc0O�h0z|z"c�_oKNP�j

P�z|P�O�P�e!_o]Lf{e K � #GP�_nd�]n�Ujaf|_aP I1 =
⋃

k∈K1
Ik, . . . , Ir =

⋃

k∈Kr
Ik
�

� �L_aK�PBq�h0j`_of�_of|c#e¥c0�L_aKNP5¢#P�ja_aP�¦ © ]aP�_
f{] V = V1 ] · · · ] Vr
��_aKNP�e ��P��Uf{z{z�h�_a_aP�OQqN_­_ac)b�c0z{c0dNj

Kr∗m
d�]af|eN��c#eNz|\5_aKNP
b�c#z|c#dNj�]k�¨joc0O I1

�¨c#j�_aKNP
¢#P�ja_afgb�P�]�c0�
V1
�^c#eNz|\5_aKNP
b�c#z|c#dNj�]k�¨joc0O I2

�¨c#jL_aKNP
¢#P�ja_afgb�P%]3c��

V2
�,h�e�r�]ac�c0eG��JLKNfg]kb�h�e��;P~r^c#eNPUqNjoc�¢,f{r^P%rS_aK�h�_��#�¨c0jkP%h0b�K

i ∈ {1, 2, . . . , r} h�e�r�P%h0b�K
v ∈ Vi

�^��P�K�h�¢#P
L′(v) = L(v) ∩ Ii 6= ∅. ; } >
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f(v) ∈ L′(v)

�¨c0jQP�h#b�K
v ∈ V

�¥¤¥P��0P�_�h)q�jac#q�P�j
(p, q) © L © b�c0z{c0dNjof|e��ªf|e _aKNfg]Q��h�\#���;P�b�h�d�]aPBf|�

vw ∈ E(Kr∗m)
_aKNP�e

f(v)
h�e�r

f(w)
�Uf{z{zkK�h�¢#P���P�P�e¬b�KNc!]`P�e°�¨joc0O r^f{]`_af{e�b�_
X h0e�r¯_aK,d�]­h0z{]ac

e�c0e © h0r�l`h#b�P�e#_~X f{e#_oP�jo¢�h�zg]Wh#]Wf�_�OSd�]m_
�;PQ_aKNP�b�h#]`PS_aK�h�_
(v, w) ∈ Vi × Vj

�¨c#j�]`c#OQP
i 6= j

h�e�r
Ki,Kj

h0jaP�r^fg]¨lmc#f|e!_��-@�P%b�h0d�]`P
f(v), f(w)

K�h�¢0PW��P�P�eªb�KNc#]aP�e
�¨joc0O eNc#e © h0r�l`h#b�P�e!_Uf|e!_oP�jo¢�h0z{]��,_aK�P�f{jrNf{]`_oh0e�b�P�fg]Uh�_nz{P�h0]`_
q
f{e

Zp
�

Z,cS��PW]`P�Pn_oK�h�_Lf�_L]`d6E�b�P�]k_acQ]`KNc�� _oK�h�_
P(L′(v) = ∅) < 1

rm

�3¤¥P~b�h�eBh0�#h�f{e�_oh0®0P
a1 ≤ · · · ≤

al
f|e

L(v)
�Uf�_oK�hQr^fg]m_�h�e�b�P~c0��h�_�z{P�h#]m_

3(q − 1)
��P�_m��P�P�e
_aKNP�O h�e�r

l > t
3 − 1

�3JLKNP�qNjoc0��h��Nf{z|f|_m\
_oK�h�_

aj ∈ Ii
�#f|¢#P�e)_oK�h�_

a1, . . . , aj−1 6∈ Ii
fg]
h�_
z{P�h#]m_ 1

6r

; �,\°h�e�h�jo�0dNO�P�e#_
h�e�h�z{c0�0c#d�]>_ac�_aKNP
h0ja�#dNO�P�e!_Ld�]`P%r
_aKNP
qNjoc,c���c���JLK�P�c0joP�O �%} > �N]`cQ_oK�h�_

P(L′(v) = ∅) <

(

1 − 1

6r

) t
3−1

h0e�r)f|_
f{]
b�z|P%h�j~_aK�h�_
t ≥ 3(ln m+ln r)

ln(1+ 1
6r−1 )

+ 1
�Uf{z{z��#f|¢#P­_oK�h�_

P(L′(v) = ∅) < 1
rm
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hxqNjoc0q;P�j

L © b�c0z{c0dNjof{eN�
c0� G
� * _aKNP�c0joP�O f|e�rNP�q;P�e�r^P�e!_az{\

q�jac�¢#P�r��,\ @�c#jac^r^f{e � H��nh�e�r ��j�r��#]��kpUdN��f|e h�e�r J�h�\,z{c0jB�¼u%��X ]`P�P
h0z{]ac �{�%}%��X ]`_oh�_oP�]­_aK�h�_�h
b�c0eNe�P�b«_oP�rx�#joh0qNKªf{]~r^P��#jaP�P © b�KNc,c#]oh��Nz{P0�^d�eNz|P%]a]~f|_~fg]>h�� �
	�	���� ����0�0 �;f'� P0�;dNeNz{P�]o]nP%h0b�Kªc���f|_o]~�Nz{c^b�®,]fg]
b�c#O�qNz|P�_aP�c#j�h�e¥c,r�r¥b�\^b�z{P0� � e¥_aKNfg]�]aP�b�_af{c0e§����P�]`_ad�r^\°_aKNP
h�e�h0z|c#�0c0d�]>qNjoc0��z|P�O��¨c0j�b�f|j�b�dNzgh�j
b�K�c!c!]ah0�Nf{z|f|_m\0�kJLK�f{]>jaP%]`dNz|_nfg]Uf|e!_oP�joP�]`_af{eN��f|eªf|_o]aP�z|�3�Nd^_~b�h�eªh�zg]ac���P�d�]`P%r�h#]nhQ_ac,c#z§_ac�P�¦,_aP�e�rxz|fg]m_
b�f|j�b�d�z{h0jLb�c0z{c0dNjof{eN�­�¨joc0O hS�#joh0qNK
_ac�z{h0ja�#P�jL�0j�h�q�K�]��3Z,P�PI#§P�O�O�h��N�W�¨c0jnh0e
P�¦Nh�O�qNz{P0�

#GP�_
G
�;P
h)�0j�h�qNK¬h0e�r

f
hª��P�f|�#K!_��¨dNe�b�_af{c0e¬c#e _aKNP
¢0P�j`_of{b�P�]���f@� P#�

f : V (G) → � p + � * e
f $ (p, q) $

	+�,�&�
$
�����&��(.'�/"0�'1�

L
f{]xh z|fg]m_ªh0]o]af|�#eNO�P�e!_�]ad�b�K _oK�h�_��¨c0jxh�e,\ ¢0P�j`_oP�¦

v ∈ V
�

L(v) ⊆
{0, . . . , p − 1} h�e�r |L(v)| ≥ max{1, f(v)q} � ¡Nc#j
h0e!\ joP�h0z>e,dNO­�;P�j

t ≥ 1
�

G
fg]

f $ (p, q) $�%�6�7�3������	�0 f|��f|_~fg]
(p, q) © L © b�c#z|c#dNj�h��Nz{PW�¨c0j�h�e,\ f © (p, q) © z{f{]`_ © h0]o]`f{�0e�OQP�e!_ L

�<#�h0]`_��
G
fg] ���������
	��
�&	+�

f $
�%�6�7�3������	�0 f��.f|_�f{]

f © (p, q) © b�KNc,c#]oh��Nz{P��¨c#j�h�e,\ p, q
��JLK�PLb�c0e�rNf�_of|c#e |L(v)| ≥ max{1, f(v)q} O�h�\]aP�P�O dNeNe�h�_ad�joh0z��Nd^_nfg]"lmd�]`_nKNP�joPW_ac�h�z{z|c�� ]`c#O�PW¢#P�ja_afgb�P%]

v
_ac�K�h�¢#P

f(v) = 0
�

� _�f{]~P�h#]`\�_oc
]aP�P�_oK�h�_�P�¢#P�jo\
�#joh0qNKªfg]Wb�f|j�b�d�z{h0jaz{\
2d © b�KNc,c#]oh��Nz{P0�WJLKNf{]~fg]>�;P�]`_Wq;c#]o]af|�Nz{PS]af{e�b�P

cch(K2) = 2
F"KNc���P�¢0P�j���_oKNP5P%r^�0P�fg]�P%]a]aP�e!_afgh�z{z{\)_aK�P5dNeNfg£!dNP��0j�h�qNK h�_`_oh0f|e�f|eN�x_oKNP5�;c0dNe�r��x¤¯P

e�P�¦,_>b�c#e�]`fgr^P�j
(2d − 1) © b�KNc,c#]oh���f|z{f�_m\#�#GP�_

G
�;PUh~�#joh0qNK­h0e�r

v
h~¢0P�j`_oP�¦�� *

v $
(
��0%0 .�� c0j�r^P�jof{eN�>c0�

G
fg]3h�eSc0j�r^P�jof|e��

(v1, v2, . . . , vn =
v)
c0�^_aKNP�¢0P�j`_of{b�P�]G]ad�b�K
_oK�h�_��¨c0j�P�¢0P�ja\

i ∈ {1, 2, . . . , n−1} � vi
K�h0]�hne�P�f{�0K,��c#dNjGf{e {vi+1, . . . , vn}

�
� _�f{]3P%h0]a\�_oc�]`P�PL_aK�h�_kf��

v
f{]�h�¢#P�ja_aP�¦Sc���h
b�c#eNeNP%b«_aP%rQ�0j�h�qNK

G
_aKNP�e�_aKNP�jaPUfg]�h

v © �#jaP�P�r^\Sc0j�r^P�jof|e��c0�
G
�
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� � ¶§¶��o� � _S]ad
E5b�P%]�_acªqNjoc�¢0PQf|_��¨c0j­b�c0eNe�P�b«_oP�r¥�0j�h�q�K�]�� #§P�_
G
�;P5hªb�c0e�eNP�b�_aP�r¥�#joh0qNK h�e�r

v
h

¢#P�ja_aP�¦��Uf|_aK r^P��0joP�P
h�_�z|P%h0]`_­_m��c�� R�c#e�]`fgr^P�jQh
v © �0joP�P%r^\�c0j�r^P�jof{eN� (v1, v2, . . . , vn = v)

c0�
G
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 c�_oP
_aK�h�_
vn−1v

f{]~h�eªP%r^�0P#�~R�c0z{c0dNjn�#jaP�P�r^f{z{\5_aK�P�¢0P�j`_of{b�P�]
vi
�¨c0j

i ∈ {1, 2, . . . , n − 2} FN_oKNf{]~fg]q;c#]o]af|�Nz{P~]af{e�b�P#�,h�_�P%h0b�KB]`_aP�q§�
vi
K�h#]�h�_�z{P�h#]m_

(2d(vi)− 1)q − (d(vi)− 1)(2q− 1) = q + d(vi)− 1b�c0z{c0dNj�]�h�¢�h0f|zgh���z|P#��JLKNP�e§�^�,\ #§P�OQO�h��0�
vn−1

K�h0]Lh�_Uz{P�h#]m_
q + d(vn−1)− 1

P�¦,_aP�e�rNh0�Nz|P�b�c#z|c#dNj�]��
JLK�P�joP��¨c0joP0���,\ #GP�O�O�hª�0�

vn
K�h0]Wh�_~z|P%h0]`_>c0eNPSP�¦,_aP�e�rNh0�Nz|PSb�c0z{c0d�j���%>P�e�b�P0�;c0eNP­b�h�e)P�¦,_aP�e�rx_aKNP
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v
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JLK�PWO�h0f|exjoP�]adNz�_Uc0��_oKNf{]>]`P%b«_af{c0e�fg]Uh0]��¨c0z{z{c��n]�C
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G
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�,�����������
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|V (G)| − |V (H)| = 0
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x
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(2d − 2) © b�KNc,c#]oh��Nf{z|f|_m\��¨c0j
]ac0O�PQ]aO�h�z{z"f|O�q;c0ja_oh�e!_��0j�h�qNK�]���pUP ©b�h�z{z3�¨joc0O Z^dN��]aP�b«_of|c#e¬�N�{��_aKNP
r^P ��e�f�_of|c#e c��

θi,j,k
F�h0]
��P��Uf{z|z�c0��]aP�jo¢0P�zgh�_aP�j���_aK�P�]aP5�0j�h�qNK�]
h�joP

f{O�q�c#j`_�h�e!_L�¨c0j
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qNjoc!c0��c0�G_aK�P
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]ad�b�Kª_oK�h�_W_aKNP���h��
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c(v) = kv, c(w) = 0
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� � _��¨c#z|z{c��n]�_oK�h�_�_oKNP�joP5P�¦,fg]`_o]
lv ∈ L(v) \ J

�ªJLKNP�e
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6 2
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P�OS��P%rNrNh0�Nz|P�dNq;c0e S �Uf�_oKx�0f{j`_oKxh�_Uz|P%h0]`_

kK�h0]UO�h�¦^f{O­dNO h�¢0P�joh0�0P�r^P��#jaP�P�h�_>O�c#]`_
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i ∈ {0, . . . , k − 3}, h�e�r

ë¨î�Ì§ëÖÕ



���������
	��
������������������	������ ���
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i ∈ {1, . . . , k − 2}.
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�¨c0j

i ∈ {1, . . . , k − 3},
L(x0) = [a]q ∪ J0,
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