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�
	���	 �
�����������O�5���/�8�t�
�8¡������P���t���@������¡µ�z�|���t�z���

¬�?A4/13?A­a-
t × q(t)

&(<2-54@-
q(t) = ∅

¸,Æ�³2°�<à)*®A0�´A³2®A´A-�1
L
?A¬s®�0�0�?A6@®�63-87"634@-5-81·®A43-


�ã�ä&ien�åq��ä&`�lM'«0"63<2®�6�¬�?A4Ë-8ºA-54@:
Σ
Ä�634@-5-

t
6@<�-54@-O-W¯�'µ1�6�1�®�6Ë­a?z1�6�?z0�-*�s?�?A)*-8®�096@43-8-

β
1�³2°�<96@<2®�6

t × β ∈ L(A)
%
02®�­a-5)*:

β = q(t)
BW¸

�V�
	M	����8�l!|	�� � äàÈ;É.Ê=Ê ���~]5â
Σ
åµço`�nlâa]�]*`�ã�n����	`~n���ä

A
���{]5â

Σ ×Bool
n j4`�n

âa]ki��3æAä2å��%]Wç3` 
�ã�ä�i�n�åq��ä�`~l&lm`�ä�æ�ã `8æ"]o� 
�`�ä|ä&�~n�`~n�]�r*n�âa]k]Wç !�� �~]Wâ��¼ÈcÉFÊ=Ê
A

r"]q��ä&]Wç
` ����ä&`2r�åqi�pWã ]5â��

qA

çCã ikj n j4`�n 
���â
`~l lvã�ä2âa`�ä�%2]�r
Σ
��n�âa]k]Wç

t
�

qA(t) = {v | ∃Bool
��n�âa]k]

β
ç ! n !

t × β ∈ L(A), β(v) = 1}
ìË1(-W¯�®�­a²�)*-A±�&s-/²�43-�1�-80z6('«0 c�'«´z³�4@- n ® 7�-563-843­a'*0�'*1�63'µ°=È;É.Ê=Ê 63<|®�6�7�-5Ì20�-81i6@<�-
¶t³�-54@: �%�+�%����	
�+ "!����' ����%� � ¸ Z,-W6\³21=4@-8°8®�)*)M63<2®�6O&s-a¬�4@-5-8)«:Ñ&(4@'«63-

ab

'*021�63-�®A7U?�¬
(a, b)

¸
ìÙ¶t³�-54@:

q
'*1câa]�á.âa]Wç�]5ä;nB]�rJ^ �J`�äwÈ;É.Ê=Ê

A
'«¬

A
7�-WÌ20�-�1/63<�-¼¶z³2-54@:

q
±,'�¸ -A¸

qA = q
¸|ìË1�&s-\7�?;0�?�6»°5®A43-=®A+.?A³�6�634@-5-81

t
1�³2°�<Ã63<2®�6

q(t) = ∅
±|®c¶t³�-843:

q
­c®�:

+.-¼4@-5²�4@-813-50z6@-87Ï+t:Ï13-5ºA-84@®A)sÈ;É.Ê=Ê/18¸$Ç$&s?àÈ;É.Ê=Ê/1
A
®�027

A′
®�4@-¼13®A'*7U6@?
+.-

]�pWã�å �~`~lm]5ä nK'«¬
qA = qA′

¸

 "! � �iâCã�ä2åÀä�æÃÈ;É.Ê=ÊHç 
���â=ã�ä|âa`�ä %"]�r	nlâa]�]Cç
Ò»0�-(?�¬|6@<�-�7�'*1@®A7�º�®�0z6�®�´z-81�?�¬�È;É.Ê=Ê/1{'*1M63<|®�6{6@<�-5:H0�-5-�7\6@?=­ ?�7�-5)2®�)*)21�³�+�634@-5-818±
-5ºA-80H63<2?z13-i63<2®�6P®A43-K'«4@4@-5)*-5º�®A0z6�¬�?A4P0�?�7�-(13-5)*-8°W63'*?A0,¸AÇK<�-�È;É.Ê=Ên'*0�c�'*´A³�4@-�p2±�¬�?A4
'*021�6�®�02°5-A±�<2®A1$4@³�)*-81v63?·43-�°W?A´z0�'*ù5-PÌ2)«­c1$6@<2®�6{®�4@-�0�?A6M7�'*4@-8°C6@-87O+�:oX�'«6@°�<2°W?�°�¾;%�+�³�6
+t: ª -50|7�-54�1@BW¸ ß 0 ª -5+
'«0�¬�?A4@­a®�63'*?A0"-W¯�634�®A°W63'*?A0,±|1�³2°�<"'*0�¬�?z43­c®�6@'«?z0Ã'µ1(6�:�²�'µ°5®�)*)*:
0�?A6�®�º�®�'*)µ®�+�)*-·?A4�7�'>×;°5³�)>6�63?a)*-8®A4309¬�43?z­û6@<�-=ºA-54@:c¬�-5&^´z'«ºz-50V-W¯�®�­a²�)*-818¸
ª -V²�4@?A².?z13- ��È;É.Ê=Ê/1\6@?U13?A)*ºA-;63<�'µ1 ²�4@?A+�)*-5­Ã¸MÇK<2-81�-Ã®�4@-¼­c®A°�<�'«02-81\6@<2®�6

?A².-84@®�63-�)*'«¾z-·ÈcÉFÊ=Ê/1�-W¯�°W-8²�6�6@<�-5:aÌ24@1�6s²�4@³�0�-Ë634@-5-81�02?A0�Ä�7�-W6@-54@­a'«0�'µ1�63'µ°5®�)*)*: ®A027
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63<2-50Ï13-5)*-8°W6/02?�7�-81·¬�43?z­ë63<�-c²�43³20�-87Ñ634@-5-z¸�ÇK<�'µ1/&i®�:A±F63<2-5:Ñ®A43-a®�+2)«- 63?Ã'«´z0�?A4@-
®�)*)�²�4@³�0�-�7V13³�+�6@43-8-815¸

Zv-W6�Ç½+.-=®a1�².-�°W'µ®�),°W?A021�6@®A0z6�±t6@<2®�6�&s-/³213-·63?a­c®�4@¾c)*-8®�ºA-81i'*0V²�4@³�0�-87¼6@43-8-81
&(<�-843-\°5?A­a²�)*-W63-H1�³2+�634@-5-�1�<2®�ºA-O+.-8-50Ñ°W³�6»?2��¸.ì áFâCã�ä&]�r�nlâa]�]\?�ºA-54Ë®¼1�'*´A02®�63³�4@-
Σ
'*1�®�0V³�0�4�®�02¾A-87;6@4@-5-/?�ºA-54i6@<�-O1�'*´A0|®�63³243-

Σ � = Σ ∪ {
Ç
}

&(<�?t1�-¼'*0�0�-84H02?�7�-81 ®�4@-;)µ®A+|-8)«-�7�'*0
Σ
¸PÒ»02)«:Ï)*-8®�ºA-81\?�¬Ë²�4@³�0�-87�634@-5-�1\­c®�:U+.-

)µ®�+.-5)*-87 +�:HÇ/¸"c�?z4P-5ºA-54@:
Σ
Ä�634@-5-

t
±A)*-W6 ������	

(t)
+.-(63<�-Ë13-W6�?�¬

Σ �
Äl6@43-8-81{?A+�6�®�'*0�-87

+t:¼²�43³20�'«02´a13?A­a-/13³�+�634@-5-�1i?A¬
t
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?�¬
t
+�:9Ç/¸2Ç$&s?a²�4@³�0�-�7¼6@43-8-81

t1
®�027

t2
®�4@-/1@®�'µ7¼63?c+.-�ik����á `~n�åq^�lm]H'«¬�63<2-5:9°8®�0

+.-»?A+�6�®�'*0�-87c+�:a²�4@³�0�'*0�´O¬�43?z­ñ13?A­a-»°5?A­a­a?A0c63<�'*4�7a6@43-8-A±z'�¸ -A¸*±t'>¬,6@<�-54@-Ë'µ1s®=6@4@-5-
t
13³2°�<963<2®�6

t1, t2 ∈
������	

(t)
¸

Æ�-5-
c�'*´A³�4@-að ¬�?A4·13?A­a-\-W¯�®�­a²�)*-81Ë?A¬P²�4@³�0�-87Ñ®�0�0�?A6@®�63-87Ã634@-5-�15±|&(<2'*°�<
<|®�ºA-
63<2-s13'*´A02®�63³�4@-

(Σ×Bool) �
¸ ß 6�&('*)«)t+.-i°W?A0�ºA-50�'*-50t6v63?»'*7�-80z6@'>¬�:=²�4@³�0�-87\®�0�0�?A6@®�63-87

634@-5-�1P?�ºA-54
(Σ ×Bool) �

&('>6@<c6@43-8-81�?�ºA-84
(Σ ×Bool)]{

Ç
� }
±z'�¸ -A¸*±z&s-Ë'*­a²�)*'*°5'>6@)«:

®A1@13³�­a-/Ç
=
Ç
�
&(<�-80Ã7�-�°W?A­a².?t1�'*0�´a®H634@-5-=?�ºA-84

(Σ × Bool) �
'*0z6@?c® ²�4@?�7�³2°W6

t× β
?A¬�6@43-8-81

t
?�ºA-84

Σ �
®�027¼®=6@43-8-

β
?�ºA-54

Bool �
¸ ß 0z63³2'>6@'«ºA-8)«:z±t63<�-·®A0�0�?A6@®�6@'*?A0

?�¬vÇw+�:aÇw­a-8®A021P63<2®�6s&s-»7�?A0?W 6s¾�0�?�&w&(<2-W63<2-54s0�?�7�-�1P'*0;²�43³20�-87;1�³2+�634@-5-�1P&('«)*)
+.-O1�-8)«-�°C63-�79?A4(0�?�6�¸
ª -H°5®A)«)�®c)*®A0�´A³2®A´A-

L
?�¬

(Σ × Bool) �
Äl6@43-8-81
iWã�n � 
�ã�ä&ien�åq��ä&`�l�'«¬M¬�?z4»®�)*)

t1 ×
β1, t2 × β2 ∈ L

1�³2°�<V6@<2®�6
t1
®�027

t2
®A43-O°W?A­a²2®�63'*+�)*-A±�'«6Ë<�?A)µ7�1K6@<2®�6

β1

®A027
β2®�4@-c°W?z­a²2®�6@'«+�)*-A¸vÇK<2'*1O­ -�®�021/6@<2®�6H7�' �F-54@-50t6\²�43³�02'«0�´t1

t1
®�0|7

t2
?�¬i6@<�-;1@®�­a-

63<2'«4�7 634@-5-
t
&('«)*)202-5ºA-54s°5®A434@:\°5?A0t634�®A7�'µ°C6@?A4@:O'«0�¬�?A4@­a®�63'*?A0,¸zì

Σ �
Äl6@43-8-

t
'µ1�°5®A)«)*-87

ã�ä�áFâCã�ä&]�rx'«¬=Ç 7�?�-81c02?�6¼?�°5°5³�4c'*0¿63<�-Ñ13-W6¼?�¬/02?�7�-")µ®�+.-8)*1c³|1�-87¿+t:
t
¸ Å ?�63-

63<|®�6 °W³�63Äl¬�³�02°W63'*?A02®A)s)*®A0�´A³2®A´A-�1/?�¬(³�0�²�4@³�0�-�7U6@43-8-81¼%
®A027U63<�³21\&('>6@<x1�'*´A02®�63³�4@-
Σ ] Bool

BK®A43-·¬�³�02°C6@'«?z02®�)�¸
y ?z0213'*7�-84\¬�?z4H'*021�6@®A02°W-¼6@<�-96�&s?Ï®�0�0�?A6@®�63-87�²�4@³�0�'*0�´z1H?�¬ ��!���� 	 '«0Oc$'*´A³243-

ð�¸FÇK<�-8'«43�i?�?A)*-8®A0"®A0�0�?�6�®�6@'«?z021»®�4@-\°5?A­a²2®�6@'«+2)«-H'«0
6@<2®�6·+.?A63<Ñ?�¬P63<�-8­ë43-�¶z³2'«4@-
63<2-;4@?�?�6=63?
+.-;³2021�-8)«-�°C6@-87�¸Sc�?z4\®�)*)�?�6@<�-54\0�?�7�-�15±,6@<�-54@-;-W¯�'*1�6\0�?
?�ºA-843)µ®�²2²�'«0�´
®�020�?�6�®�63'*?A0|15¸|ÇK<�-O¬
®z°C6Ë6@<2®�6»63<�-H)*-W¬À6�Ä�­a?z1�6 %�4@-813²,¸|4@'«´z<z63Ä�­a?z1�6�B�qtÄ�0�?�7�-O'µ1�6@?;+.-
13-5)*-8°C6@-879'µ1(®�º�®A'«)µ®�+2)«-·?A096@<�-=)«-5¬À6�Ä�­a?z1�6O%
43-�1�²,¸�43'*´A<t6�Ä�­ ?t1�6CB�²243³�0�'*0�´a?z0�)*:A¸
�V�
	M	����8�l!|	�� � �2ÈcÉ.Ê=Ê ���~]Wâ

Σ
åµçb`�nlâa]�]J`�ã�n����	`~n���ä����~]Wâ

(Σ × Bool) �_ j4��çe]bl `�ä�æ�ã `8æ"]ÑåµçbiWã�n � 
�ã�ä&ien�åq��ä&`�l ! � �~]5â����2ÈcÉ.Ê=Ê
A

r2] �Pä�]Cç n j4] p5ã ]Wâ��
qAçCã ikj�n�j4`�n 
���â*`�l�l

Σ
��n�âa]k]Wç

t
�

qA(t) = {v ∈ ��������� (t) | ∃ t′ ∈ �
� ��� (t),∃β′ : t′ × β′ ∈ L(A), β′(v) = 1}
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��o���H�m\t��!2�3�4���^���¼�F�'���A��� ^2�
�v�8�[\a�8¡F�m\t�k� ���������@�������z�(�8¡F�m\t�(�z:l�z���z���{����di�����[\t�@����
�� � ���'�=���

ÇK<�-(0�?�7�-�1�?A¬
qA(t)

°5®�0H6@<t³21{+.-(°5?A­a²�³�6@-87 0�?A0�Ä�7�-W6@-54@­a'«0�'µ1�63'µ°5®�)*)*:A±�+t:\´A³�-�1313'*0�´
®U²�4@³�0�'*0�´Ï?�¬

t′
?A¬

t
®�027Î'*0213².-8°C6@'«02´U63<�-b�i?�?z)«-�®�0Î®A0�0�?A6@®�6@'«?z0

β′
1�³2°�<Î6@<2®�6

t′ × β′ ∈ L(A)
±�&(<�'*°�<Ã'*1(³�0�'µ¶t³�-/+�:9°W³�63Äl¬�³�0|°C63'*?A0|®�)*'>6�:¼'«¬�'«6�-W¯�'µ1�6�18¸

ìû7�-W63-843­a'*0�'µ1�6@'*° ��È;É.Ê=Êû63<2®�6=43-�°W?z´A0�'*ù5-81Ë6@<�-c®A°W63?z4@1»)*'µ1�6�1·?A¬1X�'«6@°�<2°5?�°@¾�W 1
Ì2)*­c1P'*1P´A'*ºA-50a'*0	c�'*´A³�4@-�ï�¸ ß 027�-5-�7�±A'«6�)«-�®�ºz-81M63<�-Ë1�634@³2°C6@³�4@-(?�¬�®�)*)�Ì2)«­c1P+�:H?�63<2-54
7�'*43-�°C6@?A4�1s63<2®A0 X�'«6@°�<2°5?�°@¾¼³�027�-WÌ20�-�7�±213'*02°W-·6@<�-813-O°5®�0V+.-=²�43³20�-87963?cÇ/¸
ìÙ¶t³�-54@:

q
'*1câa]�á.âa]Wçe]Wä;nB]�rJ^ �J`��2ÈcÉ.Ê=Ê

A
'«¬

A
7�-5Ì20�-�1/63<�-¼¶z³2-54@:

q
±,'�¸ -A¸

qA = q
¸2ì ¶t³�-54@:

q
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�
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��k5KO�l���

�»³�-843'*-81s7�-WÌ202-87;+�:¼È;É.Ê=Ê/1s®A027 ��È;É.Ê=Ê/1s<2®�ºA-�63<243-8-Ë'*­a².?A436@®�0t6i®�)*´A?z43'«63<2­ 'µ°
?A497�-81@°W4@'«²�6@'«ºA-Ñ²�43?z².-54363'*-81c63<2®�694@-5027�-84;63<2-5­T13³�'>6�®�+�)*-
¬�?A49'«0t63-54�®A°W63'*ºA-Ñ¶t³�-54@:
'*027�³2°W63'*?A0,¸
Ð"-8­\+.-54@13<�'*²?dK&(<�-563<�-84{®·7�-W63-843­a'*0�'µ1�6@'*°s634@-5-K®A³�63?z­a®�63?z0\?�ºA-84

Σ×Bool
'*1�¬�³�02°WÄ

6@'«?z02®�)�±�®�027\<�-502°5-K®�0 È;É.Ê=ÊÍ°8®�0\+.-K7�-�°W'µ7�-87\'*0H².?A)*:t02?A­a'*®A)z63'*­ -z¸ ª <2-W63<2-54
®=634@-5-»®�³�6@?A­c®�6@?A0c?�ºA-84

(Σ×Bool) �
'*1s°5³�6�Ä�¬�³�02°C6@'«?z02®�)F®�027a63<�³21s® ��ÈcÉFÊ=Ê

°8®�0V+.-O7�-8°5'*7�-�79'*0V².?z)«:�0�?z­a'*®A).6@'«­a-A¸
ú{×;°W'*-50|°W:�d(­ ?z02®A7�'*°P¶t³�-54@'*-81v7�-WÌ202-87=+t:OÈ;É.Ê=Ê/1v?A4 �2ÈcÉ.ÊOÊ/1v°5®A0=+.-�®A021�&i-54@-87
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