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y = f(x1, ..., xn, t)
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f
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R
4 + t

otd¬onWY[�lz�:mx��[
R + t

­µÆ!dx{U[1mx��W�otjkZ\[
lzot[M�

t
r:m¬fg[&q!lt[&iky�lnmwZ\�Yik[Mf�fgj lt�&{t[&otjk¯MmSonjpd3qFdx£

f
jpq�otW![�²w°Éa�lz�:mx��["W!m3l�otd¬�G[��Qjkltu!mwikjk¯&[Mf�¶¤mwoUip[1mxlzo

64 × 64 × 64 × 64
»�­

�Éq�m3fYfgjpotjkdxqsr6Z¬mwqQy�onjpZ\[�lIon[&�!lµmw{n[¨jpqQ�xd3ip�3[Mf ¶¤mx�:d3ugoµm�WQuYq:fg{t[1f!»È­>��lPm��&dxq!lt[M|6uY[Mq!��[3rx�x[M{tyvikmx{t�3[UfYmSo�mxlt[�o�lU¶±Z\dx{n[¨onW!mwq
�x�3·"¸¨»µW!m;�x[�otd\�G[��Y{ndQ�&[Mlnlz[1f®rQ§¨WYj ��W��!{tdS�Qj fg[MlµotW![�Z�dxotjk�SmSotjkdxq��G[&WYjkq!f�otW!jkl�d3ugoz°³dw£¾°É��d3{t["mw�Y�!{td6mx��Ws­

¸�[�£±d3{t[¦fY[Mln��{njp�YjkqY�Çd3uY{�Z\[&otWYdgf®r5ik[�ovu:l�«!{�lIovjpq6ot{ndgfgu!�&[¬otWY[F�YWQyglzj �&mxiµ��d3q6ot[�¢Qo�dx£�otWYj lvmx�Y�Yikjk�MmSonjpd3qsr�ltjkq!��[�otWYj l�j l
§¨W!mwo�W:mxl_fY{tjk�x[MqÇdxuY{�Z¬mwjkqÇZ\dwotjk�SmSonjpd3q!l�mxq!fÇltuY�!lt[M|6uY[Mq3o"��WYdxj ��[1l&­�V�WY[��!{t[1lz[Mq3o�§µd3{t¿�fg[Mmxikl�§¨jpotWÇonWY[��Qj lzu:mwikjp¯1mSotjkdxq
dx£�m ltjpZvuYikmwotjkdxqª��d3Z��!ugotjkqY� otW![¬[&�xd3ipuYotjkdxq8dx£�m��Yi mxltZ¬m�dS�x[&{�onjpZ\[10 �w�
2³­¬}Ki mxltZ\m �Mmwqª�:[¦�&dxq!ltj fg[&{n[Mf¡mxl�otW![\£±dxuY{totW
lzonmwot[edw£"Z¬mSotot[&{1r�§¨WYj ��Wºmx�Y�G[Mmw{�l¬mSo��&[&{tonmxjpqº��d3q!fgjpotjkdxqºdw£�ot[MZ��G[&{�mSonuY{n[Çmwq!f �Y{n[Mlnlzu!{t[À¶¾oIyQ�Yj �&mxipiky

104 3 dx{¦Z\d3{t[;»È­
V�WY[1lz[���d3q!fgjpotjkdxq!l��&mwqe�G[vmwozo�mwjkqY[Mf jkqÇ�Smw{njpd3u!l¨£¤m3��jkipjpotjk[Ml�mwq!fÇjpqe�!mx{zonjk�&uYi mw{_jkqeondx¿SmwZ¬mw¿F{t[1mx��otdx{�lUmxq!f �!mw{totj ��ik[��G[MmxZ
m3�&��[Mip[M{nmwotd3{nlM­�V
d ��W!mw{�mx��ot[&{njk¯&[��Yi mxltZ¬m¦�G[&W!m;�Qjkdx{1r/mF¿Qjpq![�otj ��fg[Mln��{njp�YotjkdxqÇj l�u!lz[1f®r®�xdS�3[&{nqY[Mf �Qy onWY[v��ikm3lzdS� [1|3u:mSotjkdxq
£±uY{totW![&{_�&dxuY�Yik[MfF§¨jpotW }5dxj ltltdxq�dx{¨`Çmw¢Q§�[&iki®[M|6u!mwotjkdxq!l54
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∂~x
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q

m

(

~E +
~v ∧ ~B

c

)

.
∂f

∂~v
= 0.

¶I�;»

6P|6u!mwotjkdxq©¶z�1»_��W!mw{�mx��ot[&{njk¯&[Ml�onWY[�[M�xd3ipugonjpd3qedw£K�!mx{zonjk�&ip[1l_fgj lzot{njp�YuYotjkdxqÇjkqeotjkZ\[vmxq!fe�YW!m3lz[vlz�!m3��[�m3�&�&dx{�fgjpq!�\otd¦onWY[
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t
r6otWY["�Yi mxltZ¬mvltjpZvuYi mSotjkdxq���d3Z��!ugot[1l�mv²w°Éa�ln�&mwi mw{P«![&i f�¶

y = f(x, y, vx, vy)
»K£±{ndxZÎmv{n[&�xu!ikmx{µ�3{tj f®­

¼�[vlzotd3{t["onWYjkl�fYmSo�m¬dxqÇmF�;°Éa mw{n{nm;y�dw£Klzjk¯&[
N × N

�Mmwikip[1f
Dt

¶±dx{
D
»�£±d3{ 7tfgjkmx�xqYd6lIonjk��mwoUotjkZ\[

t
9È­ 6Pmx��WÇ�&dxZ\�:d3qY[&q6o

dx£
Dt

j l_mF�;°Éa mw{n{�m;y¬dw£Klzjk¯&[
N × N

�Mmwikip[1f
Dt

u,v

§¨jpotW
(u, v) ∈ [1, N ]

­¨V�WYjkl�mw{n{nm;y�§¨jpiki'�G[v�Mmwikip[1f � 	
�����5�Y� ÐFdw£5otW![
fgj mw�3qYd3lzotj �

Dt
­_� ��d3Z��Gdxq![&q6o

Dt
u,v[i][j]

dw£5otWYj l�lzuY�:lz�!m3��[xrG§¨jpotW
(i, j) ∈ [1, N ]

r:{n[&�Y{n[Mlt[&q6o�l�otWY[ ���Y�1�$�¤��� Ð ��Õ ÐT� �$�±� Ñ
mwo"m

(u, v)
�Gd3ltjÌonjpd3q¡mxq!f8m

(i, j)
�x[&ikdg��jpoIy�£±dx{�m��3jp�3[&qeonjpZ\[

t
­�V�WY[\m;�x[M{nmx�x[�fg[Mq!lzjpoIyxr

Du,v

r®d3qeotW![\lt�!mwotj mwi��:d6lzjpotjkdxq
(u, v)

j l¨�xjk�x[Mq��Qy 4

Du,v =
1

N2

N
∑

i=1

N
∑

j=1

Du,v[i][j].
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Æ�jk�xuY{n[\�"fY[&�Yj �Èo�l�otWYj lUfYmwonm\lzot{nu!�ÈonuY{t[3­

j

Particles density

u

i

Subspace
v

x

y

Diagnostic

vx

vy

Du,v

Du,v[i][j]

D

Æ�jp�3uY{n[��"4>a�mwonm¬lzot{nu!�ÈonuY{t[�£±d3{Um�fYjkmx�xqYd6lIonjk�
D
­

� 7I£±dg��u!l�mwq!fª��d3q6ot[�¢Qo!9¬mx�Y�Y{nd3mx��W���d3Z��YjkqY[Mf�§¨jpotWÅm 7z§µd3{ti fYl"§¨jpotWYjkqÀ§�dx{nikfYl 9�Z\[&otWYdgfªj l�u!lt[Mf�otde�Qj lzu:mwikjp¯M[\otWYj l
²x°³a ln�&mwi mw{P«![&i f®­>V�WY[ 7É£±dg�&u!l#9_j l�Z¬mSot[M{tj mwikjk¯&[Mf¦�6y¬m � ÐT� � r6§¨WYj ��WF�&mxq¦�G[�jkq6ot[&{�mx��otjk�x[Mipy¬ltWYjÌ£¾on[Mf��6y\onWY[�u!lz[M{M­>V�WYj lµip[Mq!l
LuL,vL,SL

��d3{t{n[Mlt�:d3q!fYlPotd¦m\lt[�oUdw£5lzu!�!lz�:mx��[1l�dw£
D
fY[�«!qY[1f��6y 4

LuL,vL,SL
= {DuL+k,vL+l}

§¨jpotW
(k, l) ∈ [1, SL]

mwq!f
(uL, vL) ∈ [1, N − SL + 1].

SL

��d3{t{n[Mlt�:d3q!fYl_otd onWY[¬lzjk¯&[\dw£µotWY[¬ik[&q:l�mwq!f
(uL, vL)

otd jponl"�Gd3ltjÌonjpd3q ¶¤ip[&£¾o�uY�À��d3{tqY[M{�»_jkq8onWY[¦fgj mw�xq!d3lzotj �
D
­¬��o�m

�3jp�3[&qFotjkZ�[
t
rYotWY[�fgj mw�3qYd3lzotj �

D
j l��Qjkltu!mxipjk¯&[1f�jkqeÄS°Éa�mxl¨fg[M�Yjk��ot[1fFd3q�«!�xuY{n[��g­

N

N

uL

vL

SL

Height map
Average density

Lens LuL,vL,SL

Lens

SL

Æ�jk�xuY{n["� 4�Äw°³aE�Qj lzu!mxipjk¯Mmwotjkdxq¦dx£sotW![�fgj mw�3qYd3lzotj �
D
u!ltjpq!�vmv{t[1�ÈonmxqY�xu!ikmx{Pik[&q!l

LuL,vL,SL

dx£
lzjk¯&[
SL ×SL

�!ikm3��[Mf�jpq:lzj fg[
D
dxq

(uL, vL)
§¨jpotW

SL = 8
­

( 6Pmx��W ltuY�!lt�!mx�&[
Du,v

[�¢Qon[&{njpd3{PondvonWY["ip[Mq!l;�¤Â"ÁMÂµltu!��W¦onW!mSo
Du,v /∈ LuL,vL,SL

rgjkl¨fYjklt�Yi m;yx[Mf��Qy¦m�ln|6u!mw{n[�7t|6u!mxf 9
§¨jÌonW �&dxikdx{

cu,v

fg[&«!qY[Mf¹�Qy
cu,v = F

(

Du,v

) §¨WY[&{n[
F
jkl\m �&�S� � ��2 Ð �42 	 � �x��� Ô � {n[&i mSonjpqY��[Mm3��W©ln�&mwi mw{votdÀm

(R, G, B)
��d3ipd3{M­

( �Éq!ltjkfg[�otW![�ik[&q!l �¤Â"Á1ÂKltu!��W¦onW!mSo Du,v ∈ LuL,vL,SL

rYm�£±uYiki®fgjklt�Yi m;y\dw£sonWY[�lzuY�:lz�!m3��[
Du,v

j l�Z\m3fg[�§¨jÌonW�m�WY[&jk�xW6o
Z¬mw� ��dxikdx{n[Mf�u!ltjpqY�\onWY[�lnmwZ\[�ot{�mwq!lz£±[&{�£±uYq!��otjkdxq

F
­

Æ�jk�xuY{n[�Ä�fg[M�Yjk��onl�onWY[v�3{nmx�YWYj �&mxi
�Yjk�G[&ikjpqY[\dx£µdxu!{�²x°³a �Qj lzu!mxipjk¯Mmwotjkdxqeon[M��WYq!jk|6uY[3­�¼½WY[Mq�m�otjkZ\[\lzot[M�
t
jkl"lt[&ik[M�Èon[Mf

�QyeonWY[¬u!lt[&{1r®otWY[¬fgj mw�3qYd3lzotj �
D
j l��Qjkltu!mxipjk¯&[1f8mxl�fY[Mln��{njp�G[Mf¡mw�GdS�x[x­\Æ�jp{�lzotikyxr'm��!mx{zo"dw£�otWY[¬�&dxZ\�Y{n[Mlnlz[1fÇjkqg£±dx{nZ¬mSotjkdxq

�&dxq!�&[&{nqYjpq!�¦otW![�fgj mw�3qYd3lzotj �
D
jkl�ikd3mxfY[Mf £±{ndxZ otW![�W:mw{�fÇfgj lz¿/­�V�WYj l�jkqg£±d3{tZ¬mSonjpd3qÇj lUonWY[&qªfg[M�&dxZ\�Y{n[Mlnlz[1f jpq¡Z\[&Z\dx{ny

mxq!fÇlzonm;ygl¨onWY[&{n[vm3l_ikdxqY�Fmxl_otWY[�otjkZ�[\lzot[&�
t
jkl�qYdwo"Z\dgfgjÌ«:[Mf®­"�Q[M�&dxq!fgikyxr®m3�&��d3{nfYjpqY�\ond¦onWY[

(uL, vL)
�Gd3ltjÌonjpd3qÇdw£>onWY[
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d3qYipy�dxqefg[&Z¬mxq!f<�¤Â"Á1Â §¨WY[MqY[&�3[&{¨§�[�W:m;�x[�otd¬�Qjkltu!mxipjk¯&[�otWY[��&dx{n{t[1lz�Gdxq:fgjpq!�vWY[Mjp�3W6o�Z¬mx�s­
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RAM CPU GPU
Rasterisation

Modification of time

time
Lens moving

Load time

Decompression
time and triangle

coordinates generationD
t1
ui,vi

D
t1

D
t2

D
t2
ui,vi

Æ
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V�WY[vqQuYZ��G[&{�dw£P�3[&qY[M{nmwot[1f�ot{njkmxqY�xik[Ml
NT

£±d3{�fYjklt�Yi m;y6jkqY�¬onWY[�WY[&jk�xW6o�Z¬mx�!l��MmwqÇ�G[��x[&{ny�jpZ\�Gdx{tonmwq6o1rG[1lz�G[M�&jkmxipiky jÌ£
m��Y{tuYot[�£±d3{n�&[�mw�Y�!{td6mx��W jkl�u!lt[Mf®r:otW:mSo�j lMr:[1mx��We�Yjp¢g[&i�dw£>[Mm3��WÇlzuY�:lz�!m3��[

Du,v

jkl�fgj lz�!ikm;y3[Mf�u!ltjpqY�Fm¦�!mxjp{�dw£5ot{njkmxqY�xik[MlM­
V
d8m;�xd3jkf�lt[&q!fgjkqY� ond6deZ¬mxq6y¡ot{nj mwqY�3ip[1l�otdeonWY[F·�}P^�r'§�[¦�Y{ndx�Gd3lt[vond8mxf!mw�go�onWY[¦{n[Mltdxikugotjkdxqªdw£�otW![

Du,v

ltuY�!lt�!mx�&[Ml
m3�&��d3{nfYjpqY�"ond�otW![&jk{P�Gd3ltjÌonjpd3q!l>jkq!lzj fg[¨onWY[_ik[&q:lPmxlK§µ[MipiGmxl>ond�otW![U�:d6lzjpotjkdxq¬dx£/otWY[�dx�!lt[&{n�x[M{M­'V�W![_fg[M�&dxZ\�Y{n[Mlnlzjkdxq¬ln��WY[&Z\[
jkZ\�Yip[MZ\[&q6ot[1f�mxipikdS§Ul�u!l�ond¦��dxq6on{td3iG�!{t[1��j lz[Mipy\onWYjklU{t[1lzd3ipugonjpd3qs­

Æ�jk�xuY{n[�Ä�jkipiku!lzot{�mSon[MlµotWY["onWY{n[&["Z¬mwjkqF�Gdwototik[&qY[1��¿Ql�dx£
onWYjkl¨ltyglIon[&Z 4¨¶I�;»KonjpZ\[�lt�:[Mq6o�ond\ipd6mxf�«!ip[1l¨fg[&�G[&q:fgjpq!��d3q�onWY[
fgj lt¿��:mwq!fg§¨j fQonW8mwq!feotWY[�lzjk¯&[�dx£>otWY[�«!ik[Ml�¶¾otW![�i mSozon[&{"mwi lzd¦fY[&�G[&q!fYl�d3q otWY[���dxZ\�Y{n[Mlnltjpd3q�{�mSonjpdQ»Èr5¶-�3»Ufg[1��dxZ\�Y{n[Mlnltjpd3q
onjpZ\[�fg[&�G[&q:fgjpq!��d3q¦onWY["�Y{tdg�&[Mlnlzd3{µmwq:f¦onWY[�fg[M�&dxZ\�Y{n[Mlnlzjkdxq¬Z\[�onWYdgfFmxq!f�¶¤Ä3»KotjkZ\[�lz�G[&q6o�otd\fgj lz�Yi m;y\otW![�W![&jk�xW6oµ«:[&i fYl
fg[M�:[Mq!fgjkqY��d3q\otWY[_q6u!Z��G[&{Pdx£/ot{njkmxqY�xik[MlM­�V�W![Mlt[¨otWY{n[&[�fgj://[&{n[&q6oKonjpZ\jkqY�3lµmxfYfY[Mf�otd3�x[&otWY[M{KW!m;�x[�ond�£±uYikiÌ«:ipiGotW![U{t[1mwip°-onjpZ\[
�&dxq!lzot{�mwjkq6oM­
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��lUlzW!dS§¨qFd3q�Æ�jk�xuY{n[��grQotW![�ip[Mq!l

L
fg[�on[&{nZ�jkqY[1l�otWY[��!mx{zo¨dx£'otW![�fgjkmx�xqYd6lIonjk���Qj lzu!mxipjk¯&[1f¦u!ltjkqY�¬m�£±u!ipi�ÄS°Éa�fgjklt�Yi m;y1�¤Â"ÁMÂ

§¨jpotWem\WY[Mjp�3W3o¨Z¬mw�'­
¼�["qYdwon[_onW!mSo¨jkq�onWY["�!mxlzoMrYmvikmx{t�3[_qQuYZv�:[M{¨dw£'�Qj lzu!mxipjk¯MmwotjkdxqFZ�[&otWYdgfYl�W:m;�x[_�G[&[MqF�!{td3�:d6lz[1f¬otd�[�¥¦�&jp[Mq3onipyFfgjklt�Yi m;y

WY[Mjp�3W6ovZ¬mw�!lvlzu:��W©mxl�£±dx{�[&¢YmwZ\�Yik[F� % ��`ejkqY�%0k�M�
2�¶¤�¨[1mwip°-onjpZ\[ % �YotjkZ\mxipikyÀ�¨fYmw�YotjkqY�¡`e[1lzW![Ml�»È­8V�WY[1lz[�ot[1��WYqYj |3u![Ml
m3fYmw�go¨onWY[�qQuYZ��G[&{�mwq!f ltjp¯M[Ml�dw£�otW![�ot{njkmxqY�xik[Ml¨m3�&�&dx{�fgjpq!��ond\otWY[��Gd3ltjÌonjpd3q dw£�otWY[�d3�!lz[M{t�3[&{¨mxl�§�[&iki'm3l�otWY[�u!q!fg[&{niky6jkqY�
WY[Mjp�3W6o�£±uYq!��otjkdxqÀZ¬mwjkqYiky¡�Qy¡�&dxZ\�Yugonjpq!�Ç[&{n{td3{nlM­�^_qg£±dx{totuYq:mSot[Mipy3r'onWYj l�[&{n{ndx{���d3Z\�Yugonmwotjkdxqªj l�u!ltu!mwikiky¡��d6lIonipy3­F�ÉqÀd3uY{
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V
dÀlzd3ip�3[�onWY[e�Y{ndx�Yik[&Z r�§µ[ �Y{ndx�Gd3lt[�ondÅ��d3q3on{td3i�otWY[e�Qj lzu!mxipjk¯Mmwotjkdxq¹{t[1lzd3ipugonjpd3q©dx£�onWY[eWY[&jk�xW6o¬Z¬mw�!l¬fYjp{n[M��otikyÅ�Qy
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Du,v
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onWY[UWY[Mjp�3W3oKZ¬mx�v£±d3{Km"�xjk�x[&q�{n[Mltdxikugotjkdxq
ik[&�3[&i

m
­
Hm[i][j]

j l�fYjp{n[M��otiky�d3�gonmxjpqY[1f¬u!ltjpq!��onWY[�jkqQ�x[M{nlt[S�_m3mw{Pot{�mwq!lz£±dx{nZ r3§¨WYj ��W�j l�lzjkZ\�Yipy¦lzotd3�Y�G[Mf�mwoµik[&�3[&i
m
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m
jkl�«Y¢g[Mf¡[&Z\�Yjk{tj �&mxipiky8mx�M��d3{nfgjkqY�Fotd�otW![¬�:d6lzjpotjkdxqªdw£µotWY[¬d3�!lt[&{n�x[&{"mwq:f�m3�&�&dx{�fgjpq!�¦otd onWY[

�Gd3ltjÌonjpd3qedw£5otW![vltuY�!lt�!mx�&[
Du,v

jpq:lzj fg[�onWY[�ik[&q!lM­¨V�WY[�Z\dx{n["otW![vltuY�!lt�!mx�&[�jkl���ikd3lt["otd¬onWY[v�&[&q6ot[M{Udw£5otW![�ik[&q!lv¶±dxq onWY[
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t
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D
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( ��oKm � Ô �x� ��� Ð 0 Ð � �¤Â�ÁMÂ�£±d3{>[Mm3��WvltuY�!lt�!mx�&[ Du,v

­
�Éq:fg[&[1f®rx[1mx��WvltuY�!lt�!m3��[���dx{n{n[Mlt�:d3q!fYl
otd�m��;°Éa½mw{n{nm;y�§¨WYj ��W¬�&mwq
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(2) Visualization support

(4)

(5)

(1) Interval defined by the lens

(3)

Æ�jk�xuY{n[�> 45�_j ltu!mwikjp¯1mSonjpd3qFdx£
onWY[�mw�Y�!ipj �&mwotjkdxq�§¨jÌonWFonWY[�ik[&q!lM­

(3) Average value

(1) Position inside the subspace

(2) Selectioned value
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onjpd3q!l_mx{t[���d3Z\�Yugot[1f®­¨¸�ugo�ltjpq!�&[���d3Z��!{t[1ltltjpd3qF{n[MltuYiponlUmx{t[�mxipZ\d6lIo_ltjpZ\jkikmx{¨£±dx{�mwiki'dw£�otW![Mlt[�£±dxuY{�lzjkZ�uYi mSonjpd3q!lMrY§µ[�dxqYiky
�Y{n[Mlt[&q6oU{n[MltuYiponl�£±dx{UotWY[�jkq6ot[M�x{�mSotjkdxq�lz�:mx��[

(x, y)
dx£�d3qY[�dw£�otW![Mlt[�lzjkZ�uYi mSonjpd3q!lM­PV�WY[�fgj�/G[M{t[Mq6o_lzjkZ�uYi mSonjpd3q!l¨W!m;�3["�:[M[&q

{nuYq8d3qÇ²w°Éa �YW!m3lz[�lz�!m3��[v�x{njkfYl�dw£Pltjk¯&[
644

dS�x[M{
40
otjkZ�[\lzot[&�:l&r®§¨WYj ��WÇ{n[&�Y{n[Mlt[&q6o�l

128
`Ç¸E£±d3{�mFlzjkqY�xik[vfYjkmx�xqYd6lIonjk�x­

V
dÅlzjkZ\�YikjÌ£±y¹otWY[e�:mw{�mwZ\[�on[&{njp¯1mSotjkdxq¹dw£�otWY[Ç�&dxZ\�Y{n[Mlnlzjkdxq'rP§�[Çmwik§�m;yglv«Y¢©onWY[eonWY{t[M[�otWY{n[MltWYdxi fYl\ond�otWY[8lnmwZ\[ �SmwikuY[
¶
ε0 = ε1 = ε2 = ε

»�­ 6>¢g�G[&{njpZ\[&q6o�mwikipy3r
§�[\dx�!lt[&{n�x[�otW:mSo�otW![¬{t[1lzuYipotjkqY�Çmx�!lzd3ipuYot[\[&{n{td3{"{t[MZ\mxjpq:l"ip[1ltl"onW!mwq�onWY[
ε
§�[

«Y¢g[1f�£±d3{�otWY[��&dxZ\�Y{n[Mlnlzjkdxq'­
V�WY[��Y{n[�°³�Y{tdg�&[MlnlzjkqY��lIon[&�¬o�mw¿3[MlKmx�:d3ugo

2− 3
l�otd���d3Z��!{t[1ltlKm�lzjkqY�xik[_fgj mw�3qYd3lzotj ��£±d3{µm��!mx{zonjk�&uYi mw{P�!{tdx~I[M�Èonjpd3qsr3ltd�onWY[

§¨WYd3ip[�ltjkZ�uYi mSonjpd3qF��d3Z\�Y{t[1ltltjkdxqF�Mmwq �G["�&dxZ\�Yugon[Mf�jkq�ik[Mlnl�otW:mwq
6
Z\jkq�£±d3{�otWY["£±d3uY{Ufgj�/G[M{t[Mq3oU�!{tdx~I[M�Èonjpd3q!lM­

�Éq�Æ�jk�xuY{n[��1��m��&dxZ\�Y{n[Mlnlzjkdxq\{�mSotjkd��3{t[1mSot[M{>otW:mwq
90 � jklµdx�go�mwjkqY[Mf\[M�x[Mq¬£±dx{µ�x[&{ny�ipdS§º[&{n{ndx{>ondxik[&{�mwq!�&[Ml_¶ ε = 10−8

»�­
V�WY[v{t[1lzu!iÌonjpqY�Flzjk¯&[vdw£Km�ltjpq!�xik[�fgj mw�xq!d3lzotj �"jkl��:[&oI§µ[M[&q

3
`Ç¸ ¶

ε = 1
»Umwq!f

11
`Ç¸ ¶

ε = 10−8
»Èr/§¨WYj ��We[&q!mx�Yip[1l¨ond�ikd3mxf

�G[�oI§�[&[Mq¡{n[Mlt�:[1�Èonjp�3[&iky
5
mxq!f

25
onjpZ\[¬lIon[&�!l"�G[&{�lt[M�&dxq!f¡mx�&�&dx{�fgjkqY�¦ond m

50
`Ç¸��Sl�W!mw{�f8fgj lt¿Ç�!mwq:fg§¨jkfgotWs­\V�WY[�otjkZ\[

lt�:[Mq6o¨otd¦fg[1��dxZ\�Y{n[MlnlµotWY[�u!qYjÌ«:[Mf fgj �Èotjkdxq:mw{ny¬jklUmwo¨Z�d6lIo
11− 12µs

¶
ε = 10−8

»È­

Haar compression rate
Total compression rate
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Size after the Haar compression
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ε

Æ�jk�xuY{n[e�M�)4��µdxZ\�Y{n[Mlnlzjkdxq�{�mSotjkdÇmwq:f�ltjk¯&[¦dx£�mÇltjkqY�xik[¦fgj mw�xq!d3lzotj �vjkqÅ`Ç¸ mS£¾on[&{��&dxZ\�Y{n[Mlnlzjkdxqªmx�M��dx{�fgjkqY��otd
ε
£±dx{�onWY[

jkq6ot[&�3{nmwotjkdxq�lz�!m3��[
(x, y)

­

�ÉqeÆ�jp�3uY{n[��3��§�[��Y{n[Mlt[&q6o�otWY["onjpZ\[�lt�:[Mq3oUjkq�otWY[�jkqQ�x[M{nlt[ ��mxmx{�ot{�mwq!lz£±dx{nZ £±dx{Ult[&�3[&{�mwi/{t[1lzd3ipuYotjkdxq!l�mx�M��d3{nfgjkqY�votd
ε
­

V�WYj l5onjpZ\[xrQ��d3q!lzonmwq6o5£±dx{KotWY[Ufgj�//[&{n[&q6o>otWY{n[MltWYd3ikfYlMrwj l>�G[�oI§�[&[&q
426µs

¶
64×64

{t[1lzd3ipuYotjkdxq:»�mwq:f
2µs

¶
4×4

{n[Mltdxikugotjkdxq:»�­

Æ�jk�xuY{n[_�;�UltWYdS§UlsonWY[�Z¬mS¢gjpZ¬mxixonjpZ\[¨lz�G[&q6o�£±dx{5ikd3mxfYjpqY��lzu!�!lz�:mx��[1l
lt[&ik[M��ot[1f��Qy�m_ik[&q!l�dx£:lzjk¯&[
8×8

mwq!f�otWY[�Z¬mS¢gjkZ\mxi
onjpZ\[�lz�G[&q6o�otd��YuYjkikf¦otWY[�WY[Mjp�3W3o�Z¬mw�!lµjkq�onWY[��Mmxlt[_dx£'Z¬mS¢gjpZ¬mxi:{n[Mltdxikugotjkdxq¡¶

H′(Du,v)
{n[M�&dxq!lzot{nu!��otjkdxqF´EjkqQ�x[&{�lt[S�_m3mw{

on{nmxq!lI£±d3{tZ¦»�­5V�W!["otWYjk{nf��Yikdwo�¶-lzuYZ dw£�otWY["oI§�dv«!{nlzo�»��&dx{n{t[1lz�Gdxq:fYlµotd�otWY["ondwo�mwi/otjkZ\[�lz�G[&q6oU§¨WY[Mq�otWY[�ik[&q!l�j l¨Z\dS�x[1f®­

V
d���d3q!��iku!fg[3r:d3q!��[�otWY[��!{t[&°B�Y{ndg��[1ltltjpq!�\lzot[M�Çj l¨«!qYj ltWY[Mf®r/d3uY{UZ\[�onWYdgfe[&q!mx�Yik[MlUu:l¨otdF�Qjkltu!mwikjk¯&[�mSo�{t[1mwip°-onjpZ\[�{�mSon[Ml
onWY[Ç²w°ÉaÍfYmwonm

f(x, y, vx, vy)
�&dxZ\�Yugon[Mf �QyÅotW![Ç�Yi mxltZ\mªltjpZvuYi mSotjkdxq'­Ë�

8 × 8
ip[Mq!l¬j l¦��d3q!lzj fg[M{t[1fÅ£±d3{¬£±{nmxZ\[&{�mSot[1l

[M�;mxipu:mSotjkdxq'­5V�W![_{n[Mltdxikugotjkdxq\j lPWYjk�xW![Mlzo�¶
64× 64

»>mSoPotWY["��[Mq3on[&{1r3�3{nm3fgu!mxipikyvfg[1��{n[Mm3lzjkqY�"otdS§�mw{�fYl5onWY[_�Gdx{�fg[M{�¶
16× 16

»È­
¼�[¨Z\[MmxltuY{n[Mf�otWY[�£±d3ipikdS§¨jkqY��£±{nmxZ�[M{nmwot[1l�4

15−20
£±�!l
§¨WY[MqvonWY[�otjkZ\[UlIon[&�\j l>��W!mwqY�3[Mf®r

15−20
£±�!l
§¨WY[MqvonWY[¨�Y{ndw~I[1�Èotjkdxq

lt�!mx�&["jklU��W:mwqY�3[Mf�mxq!f
25 − 34

£±�!l�§¨WY[Mq�otWY[�ik[&q!l�j l�Z\dS�x[1f®­

Ø
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�M² �µÂ�� ��� �����8Â � �xÁ���Á��kÁ	��
KÂ��1��	�,
���gÂ ���8Â�� �'����� �kÁ��
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Æ�jk�xuY{n[¦�x�"4PV�jkZ�[�jpq
µs

lz�G[&q6o_jkq otWY[vjpqQ�3[&{�lz[Q�_m3mw{¨on{nmxq!lz£±dx{nZ £±dx{�lz[M�x[&{�mwi®{n[Mltdxikugonjpd3q!l
(64, 32, 16, 8, 4)

mx�&�&dx{�fgjkqY��otd
ε
£±dx{�otW![�jpq6ot[M�x{�mSonjpd3qFlt�!mx�&[

(x, y)
­

Construction of height maps
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»�lt�G[&q6oU§¨WY[&qFotW![�ip[Mq!l�¶

8 × 8
»µj l¨Z\dS�x[MfFmx�M��dx{�fgjkqY�votd

ε
­
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V�WYj l"{n[&�Gdx{to��Y{ndx�Gd3lt[Ml�mwq¡dx{njp�3jpq!mxi'd3ugoz°³dw£¾°É��d3{t[�ot[M��W!qYjk|6uY[votdFonm3��¿Qip[votWY[\fgjp¥¦��uYipo��Y{td3�Yik[&ZÍdw£µ�6j ltu!mwikjp¯Mjpq!�F�3[&{ny�i mw{n�x[
{n[&�3uYikmx{"£±dxuY{t°ÉfgjpZ\[Mq!lzjkdxq:mwiKln�&mwi mw{"«:[&i fYl�[&�3dxik�QjpqY� §¨jpotWªonjpZ\[x­ V�WY[��&dx{n[¬��dxq6on{tjk�Yugonjpd3q�ikjk[Ml�jkqªotWY[�§�m;yeonWY[�fYmwonmemx{t[
{n[&�Y{n[Mlt[&q6on[Mf®rQ��d3Z��!{t[1ltlt[Mf¦mxq!f¬onWY[&qFWYjk[&{�mw{���WYjk�Mmwikipyv�Qjkltu!mwikjk¯&[Mf�u!ltjpqY��m�§�dx{ni fYlK§¨jpotWYjkq�§µd3{ti fYl>on[M��WYq!jk|6uY[\¶¾onW!mSo�jklMr!�;°Éa
ltuY�!lt�!mx�&[Ml�dxqÀ�;°Éa mw{n{nm;ygl�»È­�V�W![�Z\[&otWYdgf¡jkl�ltjpZ\�Yik[¬mwq!f¡ltmwotj lI«:[Ml"§�[&iki
onWY[¬��{nu!��j mwi5{n[MmxiÌ°BotjkZ\[��&dxq!lzot{�mwjkq6o�jkq�lt�Yjpot[\dw£
onWY[���d3q3onjpqQuYd3u!l�ikd3mxf�£±{ndxZ onWY[�Z¬mxlnlI°ÉlIondx{�mw�3[_fg[&�Qj ��[3­

¼�[��!mxlt[Mf�otWY[UÄw°³a �Qj lzu!mxipjk¯MmwotjkdxqvdxqvotWY[¨u!lt[�dw£/m�ik[&q:l&rwikdg�&mxipiky�[&q!mx�YikjpqY��onWY[�£±uYipi:fgjklt�Yi m;y�dw£/m�fYjklzot{njp�!ugotjkdxq�£±uYq!��otjkdxq
f(x, y, vx, vy)

�QyeZ\[Mmxq!l�dw£�WY[&jk�xW6o�«![&i fYlM­vV�WYj l�ÄS°Éa �6j ltu!mwikjp¯1mSonjpd3qeotuY{nq!l"d3ugo�ond �:[\Z�u:��W8Z\dx{n[v[&¢g�Y{t[1ltltjk�x[�onW!mwqªm
�S°³a�d3qY[xrg§¨W!jk��W�§µd3uYi f�d3qYipyFu!lt[��S°³aEon[�¢Qotu!{t[1l�£±dx{�otW![�lzuY�:lz�!m3��[1l�jpq!lzot[1mxfFdw£5WY[&jk�xW6o¨Z¬mw�!lM­

¼�[vltdxik�x[1f�otWY[�Z¬mS~Idx{��Y{ndx�Yik[&Z dw£Pfg[1mwikjpq!��§¨jpotWÇ�3[&{nyFi mw{n�x[�f!mSonm3lz[&onl_�6y jkZ\�Yip[MZ\[&q6otjkqY�FmxqÇ[�¥¦�&jp[Mq3o�WYjk[&{�mw{���WYjk�Mmwi
�&dxZ\�Y{n[Mlnlzjkdxq�ln��WY[&Z\[KmwikikdS§¨jpqY��u!lsotdUd3qYiky�ikd3m3f_onWY[KqY[1��[1ltlnmw{ny_fYmwonm�£±d3{sdxuY{ 3�£±dg��u!l5´Å�&dxq6ot[&¢Qo 9>�6j ltu!mwikjp¯1mSonjpd3qs­'`ed3{t[MdS�x[&{
jpo¨¿x[&[M�!l�m�WYjk�xW�mx�M��uY{�mx�&y\fY[Mltjp{n[Mf¬�Qy¬�Yi mxltZ¬m�ln��jk[&q6otj lzonl�§¨WYd\mw{n[_u!ltu!mwikiky¬ipdQdx¿QjkqY��£±d3{��YW!mxlt[�lt�!m3��[�{t[M�xjkdxq!lP§¨WY[&{n[_onWY[
onWY[��!mx{zonjk�&ip[1l_fgj lzot{njp�YuYotjkdxqej lUikdS§�­¨�Éq!fg[&[1f®r/lzZ¬mwiki'�:mw{totj ��ik[�fg[&q!ltjpotjk[Ml��&mwqeW:m;�x[�m¬i mw{n�x[�jkZ\�!mx��o_dxq onWY[�§¨WYd3ip[��Yikm3lzZ¬m
�G[&W!m;�Qjkdx{1­

�ÉqvotWY[�qY[1mw{
£±ugotu!{t[3rxmwq!fv§¨jpotWvotWY[¨��d3q6otjkq6u!dxu!l
jpq:��{n[Mmxlt[�dw£:�&dxZ\�Yugo�mSotjkdxq:mwiQ�:dS§�[&{�jpo>ltWYd3uYikfv�G[µ�Gd3lnlzjk�Yik[�otd"��dxZ\�YuYot[
£±uYikiµ�w°³a lt[&Z\jp°³�
mw�3{nmxqY�xj mwqÇ�!ikm3lzZ¬m lzjkZ�u!ikmwotjkdxq!lM­¦V�WY[Mlt[\§¨jpikiK{�mwj lz[¬mxq¡[M�x[&qªZ\dx{n[¬fgjp¥¬�&uYipo��Y{td3�Yik[&ZÊdx£�lzotd3{nmx�x[�mwq!f
�Qj lzu!mxipjk¯Mmwotjkdxqs­�¼�[�mw{n[¬�Y{n[Mlt[&q6otiky¡lzonmx{zonjpqY� ondeonm3��¿Qip[\onWY[��Y{ndx�!ip[MZÊdw£Ufg[1mwikjpq!�e§¨jÌonWÅ[&�3[&qªZ\dx{n[¦fYmSo�mYr�jpqÅ�:mw{totj ��uYi mw{
u!ltjkqY�¦m��!mw{�mwikip[Mipjk¯Mmwotjkdxq¦dx£
onWY[���u!{t{n[&q6oUmwik�xd3{tjpotWYZ ­
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�1� �µÂ�� ��� �����8Â � �xÁ���Á��kÁ	��
KÂ��1��	�,
���gÂ ���8Â�� �'����� �kÁ��

� � �S�����¨)����¨�

0p��2���lzjkZ\dS�/­ V�W![8�x{�mwq:f©ondxuY{+4ª�ÍotdQd3iU£±dx{F�Qjp[M§¨jpqY�©Z�ugonipj fgjkZ�[Mq!ltjpd3q!mwi�fYmSo�mY­������ � � �YÁ ��	�
���, ��� 	H��� ���¤Á�, � � ���
� � ��� �'�������(���&�(	�� � 
���� ,6Ãxr!�)4p�;��>	�/�&²6ÄYrY�1� >3�Y­

0 ��2Q��­¨�µW![&{nqYd�/5­ V�WY[¡u!lz[¡dw£�£¤m3��[Ml¦otd¹{t[M�Y{t[1lz[Mq6o��:d3jpq6o�l¦jkqË¿6°³fgjkZ\[&q!ltjkdxq!mxi�lt�!mx�&[Ç�x{�mw�YW!jk�Mmwikipy3­�� 	�
���, ��� 	O�<� �!Á
� �¬Á���������,
� � ��� �'������������� �(��	+������� ��	�,!r!�"> 4 Äx�Y���QÄ3� >Yr:�M�Q�SÄY­

0 Ä�2���­ �/­:�µd:rQ��­YÆY{njp[1fgZ¬mwqsrYav­ }�­!·�{ndwon[xr�
6�K­Q�Km;yxrgmxq!f86_­g¼¡[1l�¸�[&otWY[Mi-­5�Éq6ot[M{nm3�Èotjk�x[�Z\[�otW!dQf!l�£±dx{�[�¢g�Yikdx{njpq!���!mx{zonjk�&ip[
ltjkZ�uYi mSonjpd3q�fYmwonm!­�������� $ �'��
)������*+��� ��	�,!rG�Yr!�w�3�w²!­

0 ² 2���­µ�µd3q!lzonmwq6onjpqY[1lt�&u¹mxq!f�
:­>��­µ�Qotdx{n[&{1­Å�ÉZ\�Y{ndS�x[1fÀot[1��WYqYj |6uY[Mlv£±dx{¦ltjkqY�xik[�°³�!mxlnl�mxfYmx�gotjk�x[��x[1�Èotd3{�|6u!mxq6otjk¯MmSonjpd3qs­
� � 	5��Á�Á( �� ,QÃ�� 	O��� �!Á���������r)>6�Y¶-�3»�4 �xÄ3Ä	�g�xÄx�!r�
3uYqY[\�M�3�w²:­

0 ��2���­¨�µdxq!lzonmxq6otjkqY[Mln��u½mwq:f�
!­���­¨�6otd3{t[M{M­ % qYikjpqY[¡mxfYmx�gotjk�x[e�3[M�Èondx{�|6u!mxq6otjk¯MmSonjpd3qº§¨jÌonWË�Smw{njkmx�Yip[Çltjk¯&[8�&dQfY[&�Gd6d3¿
[Mq6ot{njp[1l&­���,$��Â ��� 	+��Á��(�&Â��<��, �&Ã6ÁMÂkrGÄx�!¶-�3»�4 �S²6���!�w� >YrY�1�x�w²:­

0 ��2�a�j mwqYqY[��µdQdx¿Fmwq!fF�Uq!fg{n[Mm3l¨¸�uS~zmY­>`Çmxq6u:mwi®��d3q3on{td3iklµ£±d3{�W!jp�3Wg°³fYjpZ\[&q:lzjkdxq!mxi®fYmSo�mv�!{tdx~I[M�Èonjpd3q!lM­ ��	�
���, ���&	H�	
 	�� �
� 
�� ��� ��	�, ���&��,  
� � �(�C� ���(����� � ��� �'���������ÈrY�!¶¤²6»�4 ²6�w²��Q²">3�Yr!�1�x�Q�Q­

0 �
2"�È­Ya�mwu!�:[1��WYjp[1l&­ % {totWYd3�xdxq:mwi!�:mxlt[Ml�dw£5��dxZ\�!m3�Èonipy¦ltuY�Y�Gdx{tot[1f¦§�m;�x[&ik[�o�l&­6
 	�� �\Â ��
��nÁ�� �"� �pÂ��<��� � ��r®�1� 4 �x�3�	�Q�3�x�!r
�1� >">Y­

0 >�2���­:��­:a_[M�xdx{n[xr:¸�­�
3m;§�[&{totWsrYmxq!f ¸�­�
:­!�su!�&jp[M{M­µ�ÉZ¬mw�x[��&dxZ\�Y{n[MlnlzjkdxqFotWY{ndxu!�xW�§�m;�3[&ik[�o�ot{�mwq!lz£±dx{nZ �&dQfYjpqY�:­��������
� � ��, ��� ��� ��	�, � 	�,���,$��	�����������	�,��&�!Á(	����Sr:Ä">!¶B��¶¤}5mx{zoU�t�z»z»�4 �g�M�	�!�;²6�YrQ`Çmw{���W8�1�x�3�Y­
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