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Abstract:

We have seen in a previous article how the theory of “rough paths”
allows us to construct solutions of differential equations driven by pro-
cesses generated by divergence form operators. In this article, we study
a convergence criterion which implies that one can interchange the in-
tegral with the limit of a family of stochastic processes generated by
divergence form operators. As a corollary, we identify stochastic inte-
grals constructed with the theory of rough paths with Stratonovich or
It6 integrals already constructed for stochastic processes generated by
divergence form operators by using time-reversal techniques.
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1 Introduction

In [Lej06al, we have seen how the theory of rough paths developed in [Lyo98]
(See also [Lej03a, LQO2, Lejo6b]) could be used to prove the pathwise exis-
tence of stochastic integrals of type

N o et
Zi=2+y [ax)ax; (1)
i=1 Y0
and solutions of the Stochastic Differential Equations (SDE) of type
N t
Vi—y+ > [ aonax; @)
i=1 70

provided that f and g are smooth enough, where X = (X', ..., X%) is the
stochastic process generated by a divergence form operator of type

N N
10 0 0
L=2 5om (a?) +2 b,

ij=1

(3)

for a measurable function a taking its values in the space of symmetric N x N-
matrix and a measurable function b from RY to R. Here, a and b are bounded
and a is uniformly elliptic, but @ and b are not assumed to be continuous.

Let us denote by £ the map giving Z from X in (1), and J the map giv-
ing Y from X in (2). Since in our case X has the same regularity properties
of the Brownian motion’s trajectories, the maps K and J are not functions
of X, but functions of a pair X = (X', X?) called a rough path or a mul-
tiplicative functional. This path X is a function from [0, 7] with values in
TORY) = RY @ RY @ RY where X! = X, and X2 takes its values in
RY @ RY. On the space ng) (RY) = RY @ RY @ RY in which X lives, we
introduce the gauge!

|| = max{[x'|, v/[x*[}, x = (x',x%), x' e RY, x> e R @ R",

where the norm on RY @ RY is such that |z ® y| < |z| - |y| for all x,y €

RY. This space T{?(RY) is a sub-group of the non-commutative Lie group
T (RY) with the tensor product ® as group operation. For a rough path

Tt can be think as a norm, but does not satisfy [Ax| = |A|-|x| for A\ € R, x € T§2)(RN).
Instead, it satisfies |05 (x)| = |A| - |x|, where dy is the dilatation of parameter A: d)(x) =
(Ax!, A2x2). In addition, [x ® y| < 2(]x| + |y|) for all x, y in T (RN).



X, its increment between time s and t is X = X;l ® X; where x ® y =
x'+yL,x*+y?+x'®@y!) and x! = (—x!, —x? — x! @ x!) for x,y in
2
T (RN).
The maps K and J are continuous on the set of rough paths when one
uses, for a € [2,3), the topology V* generated by the norm

||X||ya = Ssup |Xt| + Vara7[07T] (X)

te€[0,7)

where
k—

1 1/a
Vara, jo,7) (X) = ( Sup Z |Xti7ti+1‘a> : (4)
partition 0<t1<...<tx <T' i—1

The quantity Var, o)X is the a-variation of X. The choice of the range
of @ depends on the regularity of the trajectories of X (a function which is
B-Holder continuous is of finite 3~ !-variation).

In [LejO6a], we have shown that if (X,P,) is the process generated by L
given by (3), one can use for X the process t — (X}, K7(X)); j=1,...n, Where
K1 (X) is either

t t
R0 = [(X = XD oax) or KH(0) = [ (X = X)X,

These integrals are defined using the forward-backward martingales decom-
position (or Lyons-Zheng decomposition) of X, as constructed by A. Rozkosz
[Roz96a] and T. Lyons and L. Stoica [LS99]. In addition to have proved
that X is of finite a-variation under P, for any starting point x, we also
established a result of type Wong-Zakai. Let us note that in a recent arti-
cle [FV06a], P. Friz and N. Victoir have dealt with the same problem in a
completely different way, using Dirichlet forms (see also Section 3.5.2).

Let us consider a family (X¢ K(X®)).~o where X¢ is generated by a
divergence form operator

N N
. 10 . 0 .0
£ 3 o () Xt

for which the uniform ellipticity and boundedness constants of a® and b° are
uniform in €. If (X¢).5( converges uniformly in distribution to X, what can
be said on the convergence of (X, K(X¢))cso in V*7 In particular, does
(K(X¢®))es0 converge to K (X)? If true, the continuity of the maps £ and J
implies the convergence of the stochastic integrals and solutions of SDEs
driven by X¢ to the same stochastic integral and solution of SDE where X*
is replaced by X.



Using the results in [Lej02, LLO6], one can construct examples — when
the coefficients are smooth and X°¢ is then solution to some SDE — giving
a negative answer to this question if we drop the assumption that the drift
b° is uniformly bounded in €. For this, we use the homogenization theory,
which allows us to study the asymptotic behavior as € decreases to 0 of X©
when a® = a(-/¢) and b° = 2b(-/¢) for some a and b that are periodic (See
for example [BPL78, JKO94] among many references).

However, the results of [Lej02, LL06] were developed for processes gener-
ated by non-divergence operators. If we use these results on the processes X*
generated by divergence form operators Zﬁ;zl 50.,(a;;(-/€)0,,) with a pe-
riodic, smooth function a, we get that K(X¢) converges in distribution to
K(X) when Stratonovich integrals are used, where X is the process gener-
ated by a divergence form operator ij:l 50:,(a$%0,,). The coefficient
is a constant matrix that catches the large scale behavior of the process X°©.
Indeed, X© is equal in distribution to the rescaled process €X. .2 for X gen-
erated by Zgjzl %3xi(aaxj), so that the homogenization theory consists in
proving a functional Central Limit Theorem. Using the results in [FV06a]
and some analytical convergence results of [BBJR95], we prove the conver-
gence results of the rough path lying above X¢ even if the coefficients are
not assumed to be continuous.

Still with the homogenization theory, we get that the brackets of the
martingales parts of X® does not necessarily converge to the brackets of the
martingale part of X. Hence, when one uses for K(X¢) and K(X) the Ito
integrals, then K (X*¢) does not converge to K(X), but to t — Ko (X) + ct
for some constant, N x N-symmetric matrix c.

In the case of divergence-form operators without drift, the homogeniza-
tion theory does not give a counter-example of the convergence of the iterated
integrals to the iterated integrals of the limit in the Stratonovich case. We
have been unable to find a sequence (X¢).~¢ such that (K(X¢)).~o does not
converge to K(X) in the Stratonovich case when X*¢ converges in distribu-
tion to X. Yet we give a natural sufficient (but not necessary!) condition to
ensure that (K (X¢)).so converges to K(X) (whatever the type of the inte-
grals), which turns out to be Condition UTD introduced by F. Coquet, A.
Rozkosz and L. Stominiski in [RS98, CS99]. This condition implies that, given
a family of Dirichlet processes converging to a Dirichlet process, their mar-
tingale parts and their zero-quadratic variation parts also converge jointly
the the corresponding parts of the limiting process. In the context of semi-
martingales seen as rough paths, the equivalent criterion is Condition UT
(see for example [KP96]), as seen in [CL03]. From the heuristic point of
view, this may be understood with the notion of (p, ¢)-rough paths defined



in [LV06], although the results in this last article cannot be applied directly
in our case. The basic idea is that the limit of K (X¢) may not correspond to
K (X) when the part of finite or zero-quadratic variation “contributes” to the
martingale part of the limit. In our homogenization example, the sequence
(X?) does not satisfy Condition UTD.

In Section 4, we prove the continuity of &(X) = [ g(X;) dX, with respect
to g. Although this continuity follows easily from the very construction of K,
it seems to have never been stated. The convergence of J with respect to the
function f is also given in [CFV05] under a slightly stronger assumption of
convergence of the vector fields. In Section 5, we identify the integrals given
by the theory of rough paths with the integrals of It6 or Stratonovich type
in function of the choice of K(X). This identification is done by smoothing
the coefficients of L and using a similar identification for semi-martingales
proved in [CLO03].

2 Stochastic integral driven by process gen-
erated by divergence-form operators

For 0 < A < A, let Z°°T()\ A) denotes the set of all the functions (a,b) such
that

a and b are measurable,

a(z) = (a;;(z))ij=1,. ~ is a symmetric matrix,

N
VEeRN, Vo e RN, M¢P <> ay ()68 < AEP,
i,7=1

b= (b;)i=1,..v and Vx € RV, ~sup b;(z)] < A.

For (a,b) € Z«T(\ A), we may define L by (3) as a closed operator
on L2(RY). This operator is then the infinitesimal generator of a continuous,
strong Markov, stochastic process (X, (F¢)i>0, (Ps)zerny): See for example
[Str88, Lej0o].

We denote by Z(A, A) the class of processes generated by divergence form
operators with coefficients in Z¢T(\, A).

Unless its diffusion coefficient a is smooth enough, X € Z(\, A) is not a
semi-martingale, but belongs to the more general class of Dirichlet processes
under P, for any starting point x [RS98, Theorem 2.2] (note that there
are several possible definitions of a Dirichlet process, with slight variations.
For example, the definition of a Dirichlet processes given by the theory of



Dirichlet forms [FOTO04], which may be used to study the process X, is
different).

Definition 1 ([F6181b]). Let (II"),cn be a family of partitions of [0, 7] whose
meshes decrease to 0 as n — oo. For a continuous function A, we introduce

m—1
QAT = |Ap  — Ap[P i II" = {tf <t < -~ <t}

=0

and we say that a process A is of zero quadratic variation (along (I1"),cy) if
Q(A,II") converges to 0 in probability as n — oo.

A Dirichlet process (along (I1"),en) is a F.-adapted process the sum of
a local martingale and a term of zero quadratic variation which are both
F.-adapted.

Let Y°(RY) be the class of functions g € Wy °(RY) for which Vg €
Loo(RY).

Let g € T°(RY) and T > 0, as well as X € Z(\,A). Let us denote by
(F1)tepo,r) the backward filtration of X, that is F;, = o(X; s € [t,T]). From
[LS99, Roz96a, RS98|, the process ¢g(X) may be decomposed under P, for
r € RN as

1 1 — _

where MY is a F-martingale, M’ is a F.-martingale and

t t
1
Vg:/ b(X,)Vg(X, dr—l—/ ———a(X,)Vp(r,z, X, )Vg(X,)dr.
2= | MXVOK ) dr b [ e alX) Vil X V(X))

Such a decomposition is called a Lyons-Zheng decomposition. In addition,
V9 is a term of integrable variation under P, and M9 and M’ are square-
integrable martingales with brackets

t t
(M), = / aVg-Vg(X,)ds and (M?), = / aVg-Vg(Xr_s)ds.
0 0

Finally, the process g(X) is a Dirichlet process under P, for any starting
point = (provided we choose a version of g which is continuous around =,
whose existence follows from the Morrey theorem [A75, Theorem 5.4, p. 97])
whose term of zero quadratic variation A9 is

1 1 — —
Al = —oM{ + 5 (M7, — Mp) + VY,



and MY is its martingale part [Roz96a, RS98]. The backward martingale M’

is the martingale part of the reversed process g(X.) = g(Xr_.), which is also
a Dirichlet process.
We set for g, p € T,

Sﬁwﬂgwﬂ=iAsﬂXJ°dwC&) (6)

mswxnglemwwg )

in the way these integrals are defined in [Roz96a] (see also [LS99]). There are
two ways to characterize them: In the Stratonovich case, where £ is defined

by (6),
Lt X, 9,¢) = lm £7(t; X, g, 0)
! (-1
with £(5 X, 9,0) = = > (9(Xem, )+ 9(Xe)) (X, ) — 0(Xn)))

=3 :
J=0

In the It6 case, where £ is defined by (7),

Lt X, 9,¢) = lIm £(t; X, g, ¢)
ne
mt)—1
with 25X, 9,0) = > 9(Xe)(@(Xin,) — o(Xin)).

Jj=0

In both cases, the limits hold in probability under P, for any = € RY. Of
course, the difference between the It6 and the Stratonovich case lies in the
quadratic variation, since

m()—1
5 O (0(X,) + (X)) (#(Xey,,) — #(Xy))
” 1 () -1
=3 2 6X,) - 9(Xe)) (Pl Xey,) — ¢(Xe)
() —1
+ Z g(th)(QO(Xt?H) o SO(Xt?)) <8)



With (5), we also get that in the Stratonovich case, P,-almost surely,

S X.0.6) = 5 [ (00X0) =gl A + 5 [ (6(X,) = (X)) 0T}
+ 500 = 9@ + [ (0X) = gla)) a7
— S (0(X), ) + S g(X), M#),

with X, = Xy, for t € [0,T]. In the It6 case, P,-almost surely,

06 X,009) =3 [ (60%) = ) QM7 + 3 [ (F0) = oFo)) 43T
+ 3(60X) = g@)T; + / (9(X,) — g()) AV — L {9(X), BT,

We end this section with a convergence result of the integral £(X, g, )
with respect to g and ¢.

Proposition 1. Let (g,)nen and (o, )nex be sequences of functions in T (RY)
and go,po € T(RY). We assume that g,, . are bounded uniformly for
n >0 by a constant K. We assume moreover, that g, (resp. ¢,) and Vg,
(resp. NV, ) converge uniformly to gy (resp. o) and Vgo (resp. Vo).
Then for any x € RN, t — £(t; X, g, 0n) converges in probability under P,
tot — L£(t; X, g,p) with respect to the uniform norm. This is true both for
the Stratonovich and the Ito case.

Proof. Let us note first that ¢ — M¥ and ¢ — V¥ are linear maps, as well
as (g,¢) — £(X,g,9). Hence,

L£(X, gn, on) — £(X, g0, 00) = £(X, gn — g0, ©n) + L£(X, gns o0 — @0)-

We could then assume that gy = ¢o = 0.
Hence, for any C' > 0, the Burkholder-Davis-Gundy inequality (see for
example Theorem 3.28 in [KS91, p. 166]),

t
P, | sup /gn(Xr)dM,‘f’” >C
te[0,T] |J0
1 g 2 2
< EEQE A Vo (X:)|7gn(X,)*dr| —— 0. (9)
0 n—oo



Similarly,

>C

t
/ on(X,) AT
0

te[0,7

P, [ sup

< {A /0 ' |wn<Xr>|an<Xr>2dr} —— 0. (10)

n—oo

In addition, since E, [ fOT |de"]] is bounded by ||Vg,|le times a constant
that depends only on A, A and T" (see [LejO6al),

E,

sup
te[0,T

n—oo

(11)

t T
[ ) = e ave || <2l [/ v
0 0

| —o

This proves that, in the Stratonovich case,

sup |2(t7 X7 9n, 9071) - S(ta X7 07 spn)| — 07
t€[0,T] n—0oo

since £(¢; X,0,p,) = 0.
From Remark 2.5 in [Roz96a, p. 107],

t
(g0 (), M), = / aVgn - Viou(X,) dr
0
T

and <gn(7)>ﬁ¢n>t = / av.gn : V@n(Xr) dr.

T—t

It follows easily that (g,(X), M#") and (g,(X),M"") converges uniformly
int € [0,T] to 0 as n — oo. This proves that, in the Ito case, that
sup;efor) | € X, gn, on) — £(8 X, 0, 5| converges to 0.

To prove the convergence of £(-, X, gn,¢n) to 0 when n — oo (since
£(-, X, gn,0) = 0), it is sufficient to use the previous inequalities (9), (10)
and (11) as well as the convergence of (g, (X), M#") and (g,(X), M"") to 0.

[

3 Convergence of processes generated by a
divergence form operator

Given a process X € =Z(A,A), we have seen in [Lej06a] how to construct a
rough path X lying above X. For this, we have constructed X with X;t =

9



X, — X, and X3}? = K2J(X), where KJ(X) is either [(X! — X!) o dX/
(Stratonovich case) or [*(X! — X?)dX] (Ito case).

According to Lemma Lemma 5.4.1 in [L.QO02], all the rough paths lying
above X may be constructed by adding to X a function (s,t) € A, —
1y — 1, where 9 takes its values in RY @ RY and is of finite a/2-variation.
In this article, we consider only the Stratonovich and the It6 cases, for they
correspond to natural choices.

We have seen in [Lej06a] that for any o > 2, any X in Z(\ A), any
starting point = and any 1 > 0, there exists C' large enough such that

{Pz [Va,l"a’[ng] (X) > C] <,

(12)
C' depends only on (a, A\, A, T,

and that for any C' > 0 and any 1 > 0, there exists d small enough such that

PI [Sup|t—s|<5 ’X| > C} < m, (13)
d depends only on (a, A\, A, T).

3.1 Tightness results

Our first results on sequences of processes in Z(\, A) concern their tightness.
For X € Z(\,A), K(X) denotes either the second-order iterated integrals
of X in the Stratonovich or the It6 case.

We now consider a sequence (X¢).~q of processes in =Z(\, A). We denote
by P, the distribution of X¢ to denote that P, [ X® =2] = 1.

Proposition 2. For any € > 0, let X be in Z(\,A). Under P, for any
x € RY, the sequence (X, K(X¢®)).s0 is tight in V* for any o > 2.

Proof. With (12) and (13), the proof is an immediate consequence from the
tightness criterion presented in [Lej03a, LejO6a).

However, we give a short proof, restricted to the first level for the sake of
simplicity, to endow the role of (12) and (13).

For some constant C, let K (C) be the set of continuous functions z from
[0, 7] to RY such that Var, o 7(z) < C, where Var, jo.71(z) is defined by (4)
with X, replaced by z; — 25 and | - | is the Euclidean norm on RY. Let
also K’ be a set of continuous functions from [0, 7] to RY which is relatively
compact for the uniform convergence. If ().~ is a sequence of functions in
K’ N K(C) that converges to a continuous function z° of finite a-variation,
then (2°).-¢ also converges to 2° in B-variation for any 3 > «. This follows
from

Varg jo.r)(2° — :170)5 < 20“_1||33‘E — x0||fo_a(Vara7[0,T}(xa)°‘ + Var, o7 (xo)).

10



This also implies that K’ N K(C) is relatively compact with respect to the
space of continuous functions of finite a-variation with the norm || - ||ys for
all 8> a.

Now, since the choice of C' and 7 in (12) depend only on A and A and
(X%)e>0 is tight for the uniform norm, we deduce that for any n > 0, there
exists a constant C' such that sup,. P, [ X € K(C)NK'] <n, where K' =
(X®)e>0, which is relatively compact for the uniform norm according to (13).
Thus K(C) N K’ is relatively compact for the space of continuous functions
of finite a-variation with the || - ||ys-norm for any 5 > o > 2.

The similar reasoning is easily carried to deal with the second level. [

Hypothesis 1. The elements of the sequence (X¢).so belong to Z(\, A) and
converge in distribution to X° in Z(\, A) in (C([0, T];RY), | - |leo) under P,
for any starting point x.

Remark 1. Under Hypothesis 1 and Proposition 2, it follows immediately
from the Prohorov theorem [Bil68] that (X¢).~o converges to X? in V* for
any o > 2: As the convergence in V* implies the uniform convergence, any
possible limit of (X¢)..q in V* is necessarily X°. Note that however, V* is
not separable and thus the convergence of (X¢).~o in V* does not necessarily
imply its tightness.

Remark 2. Given a sequence (X¢).o of processes in Z(\, A) corresponding
to a sequence of coefficients (a%, b), it is generally true that any cluster point
X9 belongs to Z(N, A’) for some 0 < X < A’. At least, this is always true if
b = 0 for any € > 0. For that, one has to combine the results of [Mar79] and
[Roz96b] for example. This means that Hypothesis 1 is not stringent at all.

Under Hypothesis 1 and in view of Proposition 2, a natural question is:
Is the limit of (K (X®)).s0 equal to K(X°)? (Q)

As will we show it later in Section 3.5, the answer may depend whether
we consider K (X¢) as Itd or Stratonovich integrals. In addition, we give in
Section 3.3 a sufficient condition that allows one to give a positive answer to
this question, but we show in Section 3.5 that it is not a necessary condition.

3.2 Rough paths and geometric rough paths

The iterated integrals K (X*¢) denote either It6 or Stratonovich type integrals.
We will see that our answer to (Q) may depend on the type of integral we
consider: for this, we need to explain the difference between the rough paths
that are geometric and those which are not.

11



For this, we follow the way of seeing rough paths as paths with values
in a non-commutative group, as introduced first in [FV06a] (see also the
introductory article [LejO6b]). Basically, a rough path is a path with values

in the subspace T§2) (RY) of the truncated tensor space

TORY) =Ra (RY) @ (RN @ RY)

whose projection on R is equal to 1. The space T (R¥) is a Lie group with
respect to the tensor product ® (note that all the terms of type z ® y ® 2
with z,y,2 € RY vanish and 0 ® 2 = z by convention) and an associative
algebra with the addition + and the tensor product ®.

Given a norm on RY @ RY such that |z @ y| < |z| - |y| for z,y € RY, we
introduce ||x|| = max{|x!|, \/[x2[} for x € T (RM).

Let us consider a non-commutative group (HY,H) group of dimension
N(N + 1)/2 with basis {ey, ..., €q4,€;;}1—i<j—n and the operation

( E xlei + Jfl’]€i7j> 25, ( E y’ei + y”em)
1<i<j<N 1<i<j<N

= Z (" +9y')e; + (a:” +y" + E(asly] — :ijz)) €

1<i<j<N

This group is a Carnot group of step 2, as it may be decomposed as HY =
RN & [RY,RY] with [e;,e;] = e;; and [eg, €;j] = [exs, €i;] = 0 for the Lie
bracket [z,y] = x By —y B a (see for example [Bau04]). If N = 2, then
this group is the Heisenberg group. The distance we use on HY is the sub-
Riemannian metric (see [Mon02, Bau04, CD+07] for example), which is

1

A, y) = inf | hsas

'W[Q”HRN 0
(+)(0)=0, (7)(1)=(—a)Ey

~ Lipschitz

N

with ()(t) = Y1) = +'(0))e
=1

oY (/;W(@ —7'(0)) dy/(s) - /Ot(vj(S) —Vj(o))dVi(3)> €ij-

1<i<j<N

Using the sub-Riemannian metric in the context of rough paths was intro-
duced first by P. Friz and N. Victoir in [FV06a] (see also [Lejo6b] for a
presentation of this point of view).

12



A geometric rough path is a path with values in the sub-group G(R") of
(T (RV), ®), which is the image of HY ¢ T (RY) by the (non-commutative)
exponential mapping exp(z) =14z + 3z ® .

Any geometric rough path X = (X!, X?) with X! € R and X? € R @
RY can be identified as a path Y with values in HY by setting Y = log(X)
with

N
. 1 . .
log(x) = E Xl”ei—|—§ E (x2H7 —xBt)e,; 5 for x = (1,x',x%) € TgQ)(RN).
i=1

1<i<j<N

Of course, log is the inverse of the exponential application exp.

A smooth rough path X = (X!, X?) is made of a piecewise smooth path
X! = X living in RN and X7 = fOt(X; — X!)dX?. Any geometric rough
path of finite a-variation can be approximated by a sequence of smooth rough
paths with respect to the topology generated by the [-variation, 5 > « (see
[FV06a, Lejo6b]).

The difference between two geometric rough paths of finite a-variation
lying above the same path necessarily comes from an anti-symmetric path of
finite a/2-variation.

We then introduce the following sub-spaces of RY @ RV:

Anti(RY) = {z e RY @RV |2 = -2/, i,j=1,...,N }

and
Sym(RN):{:L'G]RN®RN‘xi’j:xj’i, i,jzl,...,N}.

Lemma 1 (Lemma 5.4.1 in [LQ02]). IfY is a geometric rough path of finite
a-variation and ¢ : [0, T] — RY @ RN is a path of finite o /2-variation with
values in Anti(RY), then X = Y + 4 is a geometric rough path of finite
a-variation. Conversely, if X and Y are geometric rough paths lying above
a path X, then there exists a such a function 1 for which X =Y + .

As noted first in [LV06], the difference between a geometric rough path
and a non-geometric one lies in the presence of a symmetric term.

Lemma 2 ([LV06]). Any rough path X of finite a-variation, a € [2,3), can
be decomposed as Xy = Y + ¢y, where Y is a geometric rough path of finite

a-variation and and 1 is a path of finite a/2-variation with values in the
space Sym(RY @ RY).

Let us note that in the previous Lemmas 2 and 1, X;' @ X; = Y, ' ®
Y+ — s forany 0 < s <t <T.
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Combining Lemma 2 and 1 for a given rough path X of finite a-variation
lying above a path X : [0,7] — R", we get a complete description of any
rough path Y lying above X: there exist two paths ¢ and ¢ of finite a/2-
variations that are respectively in Anti(RY) and Sym(RY) and such that
Y=X+v9v+o.

In the case of a rough path X = (X, K (X)) generated by a divergence
form operator, we have seen that X is a geometric rough path if we choose
for K(X) the Stratonovich integrals. But this is not a geometric one if we
choose K(X) to be of It6 type. The difference between these two cases lies

1

in the symmetric term —3 (M), since

t t
/ (X, — Xj)dX! :/ (X:— X))o dX! — i(Ml,M]%, t>0, (14)
0 0

where M is the martingale part for X.
Note that however,

o g 3
log(X¢) = Xiei + 5 D (Kl (X) = K§i(X))es;

1<i<j<N

so that it does not make any difference to construct the geometric rough path
log(X) as a path living in the group HY from the choice of It6 or Stratonovich
integrals for the K™(X)’s.

Let us come back to our question (Q). First, let us note that in view
of our previous decomposition results, any limit Y of (X¢, K(X¢)).~o can
be written Y = X% + 9 + ¢, where X° = (X% K (X)), ¢ (resp. ¢) is an
anti-symmetric (resp. symmetric) path from [0, 7] to RY @ RN of finite a/2-
variation. The effect of ¢ and v on differential equations and integrals driven
by XY is to add a drift term (see [LQO2, Lej06b]).

If we use for K(X¢) (¢ > 0) the Stratonovich integrals, then necessarily,
in view of Lemma 1 and the results from [LV06], the symmetric path ¢
vanishes since the limit of geometric rough paths is necessarily a geometric
rough path.

In order to deal with the It6 case, we may study the Stratonovich case
and also the convergence of the brackets (M¢) of the martingale part M¢®
of X=.

In the case of Stratonovich integrals, we believe that the answer to (Q)
is negative in general. However, we have been unable to exhibit a counter-
example. Yet in [Lej02, LLO6], we have shown using the homogenization
theory that the Lévy area of the limit of SDEs can be different from the
Lévy area of the limit. As we will see it in Section 3.5, these results applied

14



to divergence form operators leads to the right convergence of the Lévy areas,
unless we drop the assumption that the drifts are uniformly bounded.

In the Ito case, our homogenization results allows us to give a negative
answer, as the limit of the brackets of the martingale parts of the X®’s will
be different from the brackets of the limit.

Thus, we give below in Theorem 1 a sufficient condition to ensure a
positive answer to our question in both It6 and Stratonovich cases. Yet, the
homogenization result proves that this is not a sufficient condition.

3.3 Condition UTD

Let (IT"),en be a family of deterministic partitions of [0,7"] whose meshes
decrease to 0 as n — oo.

Definition 2 (Condition UTD [RS98]). A family of Dirichlet processes
(X, P) (along (I1"),ey) with decomposition X{ = X§+ Mf + A for ¢ € [0, T
satisfies Condition UTD if ((M®)7).~0 and (sup;ep 7y [Af])e>0 are tight, and
for any C' > 0,

supP[Q(A%,I1") > C] —— 0.

e>0 n—+00

Condition UTD is a natural generalization of Condition UCV for semi-

martingales (See [KP96] for a review of this notion). The following Proposi-
tion is a “specialization” of Theorem 1.1, p. 84 in [RS98| to processes gener-
ated by divergence form operators.

Proposition 3 ([RS98]). Let (X¢).~q and X" be as in Hypothesis 1. We as-
sume that (X¢).~o satisfies Condition UTD under P,. The decomposition of
X¢ as a Dirichlet process is written x+ M+ A®. Then (M¢, A®).~o converges
in distribution to (M, A°), where X = x + M° + A° is the decomposition
of X° as a Dirichlet process under P,.

Remark 3. Tt follows from Definition 1 that M® and A° are both (F})¢>o-
adapted. Condition UTD (that does not necessarily concern processes gener-
ated by divergence form operators) was introduced in [CS99] where a similar
result is given but without ensuring that M° and A° are (F});>o-adapted. Tt
is shown in [RS98] that the limit (M°, A%) of (M?, A%).-, is really adapted
to the filtration generated by X° and may then be identified with the de-
composition of X° as a Dirichlet process given in Section 2.

Remark 4. Let us note that Condition UTD also implies that (M¢, (M®)).~o
converges in distribution to (M?, (M")) (see for example [KP96, Theorem 7.12,
p. 30]). If the limit of ({(M¥?)).s¢ is different from (M), then (X¢)..q does
not satisfy Condition UTD. This can be an easy way to identify the sequences
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(X?)e>0 for which more work has to be done just by studying the convergence
of the brackets of their martingales parts.

Remark 5. From the proof of Theorem 2.2 in [RS98], we see that X ¢ satisfies
Condition UTD under P, for any € RY if for any compact K and ¢; is
a function with compact support of RY such that ¢;(x) = z; on K, aG%p;
converges uniformly in € to ¢; in H'(K) as a — oo for i = 1,..., N, where
G, is the resolvent operator (o — L¢)~! and L? is the infinitesimal generator
of L¢. This is equivalent to the uniform convergence of L°G%,p; to 0 in H' (K)
uniformly in € as o — o0.

Lemma 3. Let g and ¢ be some functions in T®(RY) and (X).s0 a se-
quences of processes in Z(\,A). Then for all x € RY and all ¢ > 0,
L£(t; X¢,g,9) converges in probability under P, to £(t; X¢, g, ¢) uniformly
int € [0,T). If in addition, (9(X¢))e=0 satisfies Condition UTD, then for
any 0 > 0 and any C > 0, there exists ng large enough such that

suplP; | sup |£%(; X%, g,0) = £"(L; X%, 9,90)[ 2 C | <6
e>0 t€[0,T

for any n > ng and any v € RV,
These statements are true both for the Stratonovich and the Ito integrals.

Proof. Let X be in Z(A\,A). For R > 0, let us denote by ®(z, R) the event
{supsepory [ Xt — 2| > R}. One knows from Lemma I1.1.12 in [Str88] that
there exist some constants K and K’ that depend only on A, A, T" and the
dimension /N such that

P, [®(z,R)] < Kexp (—K'R?) . (15)
Hence, for any C' > 0, ¢t € [0,7] and R > 0,

P, [ sup [£"(t: X, 9,¢9) —L£(6: X, 9,9)| > C | <P, [P(x, R)]

t€[0,T]

+ Py | sup [£%(5X,9,0) = £(5 X, 9,9)| = C; (2, R)* |,

t€[0,T]

where g (resp. @) is any continuous function equal to g (resp. ) on the ball
of radius R around z.

Thus, using this localization argument, one may assume that g and ¢ are
bounded on RY when x is fixed.
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To estimate the speed of convergence of £"(+; X, g, ) to £(+; X, g, ), and
in view of (8), we have only to consider the speed of convergence to 0 of

. kn () —1
1) = / 90 ANE = D ()OI, = M)
kn () —1

I3(t) = / oK) = S (K ) (T2, — T2, ),

i+1
i=1
t k"’L(t)_l
B = [ ox)ave = 3 a(Xa)(VE, - Vi)
i=1
kn(t)—1
L) = (g(X), M = > (9(Xim,,) — 9<Xt—t?>>(Mfft;L+1 — M{_)
i=1
and, in order to deal with the Ito integral,
k" (t)—1
1) = (9(X 9(Xin,,) — g(Xe)) (M, — ME),
=1
where 0 <t} <. < tyn(y <t are the points of TI" N [0, ¢].

We have seen in [Lej06a, Lemma 3] that for any 3 < 1/2, there exists some
random variable Cs such that E, [ Cj ] is finite and depends only on (A, A, )
and such that X is g-Hoélder continuous with constant Cs (and so is X). In
addition, since this relies on the Kolmogorov Lemma [KS91, Theorem 2.1,
p. 25], it is easily obtained that E, [Cé] is also finite and depends only on
(A, A, B). Since g has a Lipschitz continuous version (this result follows from
the Morrey theorem [A75, Theorem 5.4, p. 97]), we get that g(X) and g(X)
are (-Holder continuous with constant Cg||Vg|lw when this version of g is

used. As

v

¢
(M?, M?), = / aVy - Ve(X,)dr < At||V<p||zo for any ¢ > 0,
0

the Burkholder-Davis-Gundy inequality implies that for some constant K,

Ey

T
sup If(t)2] < KE, {/ (9(X,) _Q(Xt?))21r€[t?,t?+1)d<M¢,M“">T
0

te[0,7

< KTAIVIL IVgI2E, [C2] (meshT").
Also (M?, M%), < At| V|2 for any t > 0 and similarly,

Ey

sup f§<t>2] < KTA|V|% | VgZEs [C3] (meshII")’.

t€[0,T
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As seen in [Lej06al, the term V¥ is of finite variation and E, [Varly[oj] V“"]
is finite and bounded by a constant depending only on A, A and ||V¢| .
Besides, I}(t) = f(f Zrdve with Z = g(X,) — g(Xy») when r € [t7,17, ).
Hence, E, [supre[O,T] 1Z"|] < E.[Cs]||Vgloo(meshII")?. Hence, for any
C >0 and any K > 0,

P, | sup |I3(t)]>C | <P, | sup |Z)|Var pnV?>C
te[0,T] te[0,T]
. C
<P, | sup |Z'| > K| +P, | Varyjon V¥ > —
te[0,T K

E,[C s K
< Vgl 2 2 mesh 17+ B [Var oy V]

For any ¢ > 0 and any C' > 0, one may first choose K small enough such
that KC~'E, [Varly[O’T] V“"] < €/2. Then, we choose ng large enough such
that for any n > ng, ||[Vg|leK 'E, [Cs] (meshI1")? < /2 for any n > ny.
It yields that P, [supte[O’T] [I5(t)] > C'] < e for any n > ng and and no may
be chosen in function of mesh(I1"), 5, [|[Vg|loo, [|V¢|loo, A, A, and of course, &
and C.

We now estimate of the speed of convergence of I} to 0 in probability.

It is easily seen that for s € [0,T], ¢(X,) = g(Xo) + M, + S(M§_, —
M)+ Vi — V7. Since V9 is of integrable variation and g(X;) is a Dirichlet

process,

_ _ 1— 1 1
By = g(Xo) + Vi, — Vi - QMZQ +3 P QM:“?

is of zero quadratic variation along (IT )ney where II" = {T —t|t € TI" }.

Indeed, it is the term t € [0,7] — M7 — M;,_, which is of zero-quadratic
variation along (I1"),en.
To simplify the notations, we set for two processes X and Y,
K (t)—1
Q?(X7 Y) = Z (XT_t?+1 - XT_t?)(YT_t?-H - YT_t?)'

=1

Using the previous decomposition of g(X),
Qi (9(X). M7) = (M’ M%) + Q}(B’, M”),

and (g(X), M”) = (M’, M) almost surely.
Asseen in Lemma 6 in Appendix A, the family (¢ — (Mﬂt—Zigt%l(Mﬁ
M?_LP)%N converges in probability to 0 uniformly in ¢ € [0, 7] at a speed that
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depends only mesh I1”, || V|0 and A, since (M7),—(M"), < A(t—s)|| V|2
for any 0 < s < t. o —
Hence, it remains to study the speed of convergence of Q)7 (@g, M S0) to 0.
From the Cauchy-Schwarz inequality and since ¢ — Q?(Bg) and t —
QP(M?) are increasing,
sup |QF(B*, M7)| < Q1(B*)*Qp(M")"?
te[0,T
with Q7 (B’) = Q}(B*, B’) and Q}(M") = Qp(M", M”).
As for any a,b,n > 0, Vab < na 4+ n'b, for any C > 0,

P, | sup QMB’, M")>C | <P, [QWB’) > C/n]+P, [QH(M*) > nC]

te[0,T]
<P, [QHB’) = C/n] +P, [|Q4pM*) — (M*)r| > nC/2]
+ P, [(M7)r >nC/2] .

In addition P, [(M%T >nC/2] <P, [TA|Vel% > nC/2]. We choose first
n and then ng large enough so that P, [|Q’:;(M¢) — (M")p| > nC/Q] <e/2
and

P, [QHB’) > C/n] <e/2 (16)

for any n > ng. The last convergence holds since B’ is of zero quadratic
variation along (IT")pen.

The convergence of IZ(t) to 0 is proved using similar computations by
replacing B” with Bf = g(v) — $M{ + 3(M7._, — M7) + V{ of zero quadratic
variation along (II"),cn.

We deduce that £"(t; X, g,¢) converges to £(t; X, g,¢) in probability
uniformly in ¢ € [0,7]. Moreover, except a priori for the convergence of
QP(B’) and Q}(BY) to 0, the rate of convergence depends only on A, A, T,
[Vglloo, IVolloo and mesh(II™).

We now apply this result on X=. As (g(X*®))co satisfies Condition UTD,
it is easily obtained that (9(75))5>0 also satisfies Condition UTD, but along
the family of partitions (II" )en, where I is constructed from II" by chang-
ing any point ¢ in II" into T — ¢. Using Condition UTD in (16) with B’ re-
placed by the zero-quadratic variation term B~ of ¢(X ) and B9 of g(X*¢),
one sees that the speed of convergence of £"(-; X<, g,¢) to £(-; X¢,9,¢). is

uniform in €. ]

3.4 A criterion ensuring the convergence

The goal of this section is to prove the following convergence theorem. Of
course, its interest lies in the continuity result of the integrals and the solu-
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tions of the differential equations driven by rough paths: See Theorem 5.5.2,
p. 143 and Corollary 6.3.2, p. 179 in [LQO02].

Theorem 1. If (X¢).~o satisfies Hypothesis 1 and Condition UTD, then
(X, K(X¢®)).s0 converges in distribution under P, to (X°, K(X°)) in V* for

any o > 2 for any starting point x.

Remark 6. We will see below in Section 3.5 that Condition UTD is sufficient
but not necessary.

Before proving this theorem, let us state a useful application.

Corollary 1. Let (a°,b°) € Z°°T(X\,A) and (a®,b%) € Z<°T(\, A) such that
(a®,b%) converges almost everywhere to (a,b). For e > 0, let X¢ be the
process corresponding to (a®,b%). Then (X¢, K(X®)) converges in distribution
under P, to (X°, K(X?)) in V* for any a > 2 for any starting point x.

Proof. Tt is well known that the convergence of (a%,b%) to (a,b") ensures
the convergence in distribution of X¢ to X° under P, for any x € R (see
[Str88, Roz96b] for example).

If ¢ is a smooth function with compact support,then the core of the proof
of Theorem 2.2 in [RS98] is to establish that (p(X¢)).~o satisfies Condition
UTD (see in particular (2.33) in [RS98, p. 103]).

With a localization argument, this proves that (X¢).~ also satisfies Con-
dition UTD.

For this, let us note first that, if M = (M= ... MY*) is the martingale
part of X¢, then (M*)r < AT fori=1,..., N and then ({M¢)7).~¢ is tight.

Now, as in the proof of Lemma 3, let us set ®°(R) = {sup,co 7 |X; —
x| > R} for R > 0, and choose ¢(z) such that ¢(z) = z; on the ball
{y € RY||ly — x| < R}. Let us denote A% (resp. A®) the term of zero-
quadratic variation of p(X¢) (resp. X¢). Then

P, [ sup A°>C | <P, | sup A° > C;P°(R)° | + P, [P°(R)]
te[0,7] t€[0,7]
On ®°(R), A® = A so that
P, | sup A°>C| <P, | sup A% >C | +P,[®°(R)]
t€[0,7) t€[0,7]

With (15) (which is uniform in ¢), it is easily deduced that (sup,eo ) A%)e>0
is tight. The same computation with sup,cj7)(A®) replaced by Q(A%,1I")
proves that (X¢).s¢ satisfies Condition UTD.

Theorem 1 allows us to conclude. [
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To prove Theorem 1, let us remark first that in the Stratonovich or the
Ito case, for¢,7 =1,..., N,

In addition, for all € > 0,

K H(XF) = Ky (X7) = Kgu(X©) = (X] = X5)(X] — XY), V(s,t) € Ay, (17)

S

where A, = {(s,t) € [0,T?|0<s<t<T}.
Theorem 1 is proved using Lemma 3 and the following Lemma.

Lemma 4. If forx € RN, any t € [0,T], 4,5 = 1,..., N and any constant
C >0,

limsupsup P, [ |£"(¢; X, x4, x5) — £ X5 xa, x5)| > C =0 (18)
n—oo &>0
then (X¢, K(X*®)) converges in distribution under P, to (X°, K(X")) ase —
0 in V* for any a > 2.

Proof. As for each integer n and each ¢ € 0,77, (X¢, £"(¢; X*, x4, x;)) con-
verges in distribution to (X°, £"(¢; X°, xi, x;)), Condition (18) together with
Theorem 4.2 in [Bil68, p. 25] allow us to assert that (XE,Ké’é(XE)) with
K (X?) = £(t X%, xi, x;) converges in distribution to (X°, Kg7(X?)). With
(17), (X°©, K;{(XE)) converges in distribution to (X, Kzig(XO)) for all (s,t) €
A, . The tightness of (X¢, K(X?))cs0 in V* (see Proposition 2) and the con-
tinuity of (s,¢) — K,(X°) allows us to uniquely identify any possible limit
of (X%, K(X?)).s0 with (X°, K(X9)). O

3.5 Examples from the homogenization theory

Let us consider (a,b) in =T (), A) such that b = 0 and the diffusion coef-
ficient a is smooth and 1-periodic. Set a°(x) = a(x/e) and b = 0. For any
e > 0, (a%, b°) belongs to Z°°(\, A) and gives rise to a stochastic process X©
which is solution to the SDE

t 1 t
X, =z+ / o(X:/e)dB: + % / Va(X:/e)ds, (19)
0 0

P,-almost surely, where B¢ is a Brownian motion. Using a scaling argument,
one gets that X® is equal to distribution to €X;,. under P/, where X is
process corresponding to (a,0).
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3.5.1 Convergence of the process to a non-standard Brownian mo-
tion

The homogenization theory aims to study the asymptotic limit of X¢. In the
case of smooth coefficients, it is standard that X° converges to some non-
standard Brownian motion, whose diffusion coefficient “catches” the large-
scale properties of the behavior of X: see for example the books [BPLT7S,
JKO94]. The case of processes generated by a divergence form operators,
which we present here with smooth coefficients, can be carried without any
regularity assumptions, as shown in [Lej00, Lejo1].

Let us characterize the constant matrix o that is such that (X¢).-¢ con-
verges to o B for a N-dimensional Brownian motion B.

For:=1,..., N, let v; be the variational solution to
N
0 ov; (x a; i(x oo
Z e <ak,j(I> a@( )) - _ 15_()7 v; periodic.
kojet,. N O Tk L = 9T

Thanks to the Fredholm alternative, this problem has a unique solution which
is, since a is smooth, a classical solution. The functions v; are called correc-
tors. With the It6 formula applied to z — = + v;(x) and an ergodic theorem
applied to the projection of X on the torus (whose invariant measure is the
Lebesgue measure on [0, 1]Y), one gets that for any ¢ > 0,

X7+ (I(XD), o (X7)) = 2+ (vi (@), oy () + Ry,

where, for i = 1,..., N, vi(z) = ev;(z/e) (which decreases uniformly to 0)
and R° is a martingale such that for¢,7 =1,..., NV,

<Ri,e7 Rj,s>t
N t/e? v .
= E € apo(Xs) [0 + ——= | | 0i¢v + ——— | ds.
et /0 k,é( ) ( k axk 5,€ &w

With the ergodic theorem, for any ¢ > 0, (R“, R7¢); converges almost surely
under P, to ta®f with

al Ovi(x) 0v;(x)
off def. 7 j
eft = E J; 0; d 20
o k=1 /[0,1]N () ( ol Oy, ) <M+ Oy ) ! (20)
for i,5 = 1,...,N. It follows from a Central Limit Theorem on the mar-

tingales [EK86] that there exists a N-dimensional Brownian motion B such
that R° converges in distribution to 0B with oo™ = af. The coefficient a°f
is called an effective coefficient. It follows that X¢ converges in distribution
in the space of continuous functions to X = oB.
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3.5.2 Convergence of the iterated integrals in the Stratonovich
case

In [Lej02] and [LLO06], we have studied the convergence of (X¢, K(X¢)):~0
for X< equal to €X. /.2, where X is the solution of some SDE with periodic
coefficients. There, we have proved that the Lévy area of the limit may be
different from the limits of the Lévy area. The difference lies in a function
of type t — ct, where c¢ is an anti-symmetric matrix seen as an element of
RY @ RY.

In our context, when we use for X¢ the solution to (19), it follows from a
short computation performed on the formula given in Proposition 5 in [Lej02]
that in the Stratonovich case, (X¢, K(X¢)) converges in distribution in V* to
(X, K(X)), where X is given above (let us recall that the Lévy area of X is
just the anti-symmetric part of matrix values functions (K™7(X)); j=1. ).

Remark 7. There is an error in the statement of Proposition 5 in [Lej02],
although the proof is correct. The article [LLO6] presents a correct statement.

Now, we drop the assumption that a is smooth, so that X*¢ is the process

generated by SOV o1 6‘; (am(- / 5)(%) where a is measurable, uniformly el-
liptic, bounded and 1-periodic. We denote by X its limit which equal to 0B
as above.

Although the homogenization results for X¢ holds without any smooth-
ness assumption on a, we have assumed that a is smooth in order to apply the
results in [Lej02]. The proof given in this article relies on the It6 stochastic
calculus and the ergodic theorem, as in Section 3.5.1. Using the recent article
[FVO06b] from P. Friz and N. Victoir as well as analytical tools, we can extend

the previous convergence results to the case of discontinuous coefficients.

Theorem 2. Let K(X*) (resp. K (X)) denotes the iterated integrals of X¢
(resp. X ) constructed with the Stratonovich integrals. Then (X, K(X¢))

converges in a-variation to (X, K(X)) for any o > 2 under P, for any
x € RV,

Proof. In this proof, we use the notations introduced in Section 3.2.
Let D; be the differential operator

D = axl Z xj Z 33]

1<]<1<N 1<z<]<N

where

-2 is the derivative in the direction e; ;. We denote by H'(H") the
i,

completion of the space of smooth functions with compact support on HY
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with respect to the norm

(@NU’ dx-+§j/"|Df ))Ui

where m(dx) is the Haar measure on HY.
In [FV0O6b], P. Friz and N. Victoir consider the bilinear form

§j/’%] D1 (@) Dygla)m(de), f.g € H(EHY),

when the coefficient a is a measurable function from HY to the space of
symmetric matrices that are uniformly elliptic and bounded. To this bilin-
ear form corresponds a semi-group (P;)s~o that maps L'(HY) into L (HY).
The semi-group (P;);~¢ has a density p(t, z,y) that satisfies a Gaussian type

estimate: 4 )
p(t,l’7y) S Cl exXp (_(g;;t/)) )

where C and Cy depend only on A and A and d(x,y) is the sub-Riemannian
distance between z and y defined in Section 3.2. From this, it is easily
obtained that the semi-group (P;);~0 is a Feller semi-group, and then that it
generates a diffusion process X with values in H".

As they proved a theorem of type Wong-Zakai for X along the dyadic
partition using the piecewise linear interpolation, the rough path generated
by the Dirichlet form £ is the same as (X, K(X)) — up to the application of
the exponential map from H”Y to T§2) (RY) — where we use the Stratonovich
integral for K(X).

Now, let (Pf);~0 be the semi-groups associated to the Dirichlet forms
E(f,g) = 223:1 Jan @ij(x/e)D; f(x)D;g(x)m(dx), where a is 1-periodic. It
has been proved in [BBJR95, Corollary 3.2] that for any f in L2(HY) and
any t > 0, Pff converges in L2(H"Y) to P,f, where (P;);¢ is the semi-group
generated by &(f,g) = Zf\; y S @5 D; f () Djg(x)m(de), for a®® defined
in (20) when the coefficient a is only a function of R and not of HY, which
Is our case.

Using the Gaussian bound on (21), we obtain easily that for a function f
on H” that vanishes at infinity, then Pff converges uniformly to P;f, when
using integral representations of the semi-groups (Pf);so and (P;);~¢ with
their transition density functions. It follows then from standard results (see
for example Theorem 2.5 in [EK86] or [Roz96b] for the case of divergence-
form operators) that the process generated by (Pf )~ converges uniformly in
distribution to the process generated by (P;);so under P, for any x € RY. [

(21)
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Remark 8. In [FV06b], P. Friz and N. Victoir actually deal with the (1/«)-
Holder norm, instead of the a-variation norm, which gives more precise re-
sults. In a forthcoming article, we will study the relationship between the
constructions and results presented here and in [Lej06a] and those in [FV06b].

Let us remark that if we drop the assumption that the drift b is uniformly
bounded, it is easy to consider a sequence of processes with a different Lévy
area. As noted at the end of Introduction of [Lej06a], our theory may be
applied to the case of time-homogeneous coefficients. For example, one has
only to consider the family of the two-dimensional SDEs

X5 = Bove [0

The infinitesimal generator of X¢ is then, with the complex notations, %A +

ie"1el/*V. and ¢ = [_f/z 1(/)2} (See [LLOG]).

3.5.3 Convergence of the brackets and convergence of the iterated
integrals in the Ito case

Although the homogenization result does not allow us to give a negative an-
swer to our question (Q) in the case of Stratonovich integrals, this example
is interesting because it shows that Condition UTD is not a necessary con-
dition. In addition, it may give a negative answer to (Q) in the case where
It6 integrals are used for K (X¢).

Lemma 5. The martingale part M of X converges to pP/, where B is a
N -dimensional Brownian motion and p is a symmetric N X N-matriz with

ppt =a= / a(z) dz,
[0.1]%

which is in general different from a®® given by (20). In this case, then X*
does not satisfy condition UTD, and (M¢®) does not converge to (X).

Proof. Let us remark that the brackets (M¢€) of M¢ are equal in distribution
to t — &2 fOt/EQ a(X,)ds. As the projection of X* on [0,1]" is ergodic with
respect to the Lebesgue measure and a is 1-periodic, (M¢) converge almost
surely uniformly on [0, 7] to ¢t — ta. The details of the convergence may be
found for example in [LejO1]. The latter quantity differs in general from a°f,
and then ((M°?)).so does not necessarily converge to the bracket of ¢ B which
is equal to t — ta°f.

If @ # @, then Remark 4 allows us to conclude. O
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Theorem 3. Let K(X¢) (resp. K(X)) denotes the iterated integrals of X¢
(resp. X ) constructed with the Stratonovich integrals. Then for any x € RY,
(X®, K(X¢)) converges in distribution under P, in a-variation for any o > 2
o (X, ]?(Y)) under P, for any x € R, where
Rou(X) = Ko, (%) + 5(a™ ), >0
Proof. Asthat K(X¢) converges to K (X) in the Stratonovich case and (M*®),
converges in probability to at for any ¢t > 0, this proves with (14) that in the
It6 case, Ko .(X°®) converges to [A(o,t(Y) for any t > 0. The convergence of
(M?) to t — ta also holds in a-variation in RY x RY for any a > 1, since
the finite variation of ((M€)).~¢ is uniformly bounded. O

4 Continuity of integrals along rough paths

We give now a general result of convergence that allows us to ensure that
the rough path integral [ f5(X;)dX, converges to [ f(X;)dX, when f5 con-
verges to f in an approprlate sense. This result will be used in the next
section to identify the integrals constructed in [Lej06a] using the rough paths
theory with the one constructed using time-reversal techniques presented in
Section 2.

We denote by X = (X!, X?) a rough path of finite a-variation with
a € [2,3). We assume that X lies above X with X, = z for a fixed x, which
means that X{, = X; — Xj.

For v € (0,1) such that 2 + v > «, we denote by Lip(y) the set of
continuous, bounded functions ¢ : RN — R™ with a bounded first derivative
which is v-Holder continuous. On this space, we define the norm

—1 T,YERN, z#y |Q? - y|7

19lltip = llglleo + Z 109

The theory of rough path allows us to construct a new rough path Z(f) =
(Z'(f),Z*(f)) from (fi,..., fy) € Lip(y)" and X that corresponds to the
integral of f — identified as a differential form — along X. We set

Zui(1) = | (X

For such a function f = (fi,..., fn), we set || fllip = maxi—1__~ || fillLip-
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Proposition 4. Let f € Lip(y)" and (fs)s>0 a sequence of functions in
Lip(7)N such that || fs||Lip remains bounded in &, f5 converges uniformly to f
and V fs converges uniformly to Vf as § — 0.

Then Z( fs) converges to Z(f) in a-variation.

Proof. For (s,t) € Ay, set

81 X
Yl = zf XéHZa;f] 3

2,j=1
and
N ..
Y2,0f) =) filX) f(X)XE
ij=1

We also assume that X is controlled by some function w : Ay — R, which
means that

X, < w(s, t)V* with w(s,r) + w(r,t) < w(s,t)

forall 0 < s <r <t <T and w is continuous near its diagonal. Then, Y (f)
is an almost rough path, in the sense that

Yo i(f) = Yor(£) @ Y,i(f)] < Cw(s,t)?, VO< s <r <t <T,

for = (y+1)/a > 1 and a constant C' that depends only on w(0,7"), a, 7y

and || fl[vip-
Given a family of partitions (I1"),cn whose meshes decreases to 0, we set

(f)® Yt?<s>:t/z(s>n+1(f) - Yt?(t)’l’t“f)” (He Ytzl(”’t(f)

where 1" = {0 = ¢f < --- < t}, = T} and {(s)" and {(t)" are such that
tisy—1 < 8 < Ty and t?t <t < j,- The rough path Z(f) is constructed
from Y( f) as the hmlt of YH (f). Indeed by construction (see Theorem 3.2.1
in [LQO2, p. 41]), one gets that there exists a sequence (K, )nen decreasing
to 0 such that

YS:(f) = Yszt?(s)

‘Z87t<f) o Yg:(f” < an(57t>07 v<3>t) S AJr' (22)

These constants K, depend on C' and n, and thus on || f|Lip, w(0,7), «
and 7.

For each integer n, Y[ (fs) converges to YL/ (f) as § — 0. In addition,
for each § > 0, Y1 (f5) converges to Z(fs) at a speed that does not depend
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on 9, since (|| f5||Lip)s>o is bounded. This is sufficient to ensure that Z;.(fs)
converges to Z,(f) for each (s,t) € A,.
Moreover, it is easily checked that

Y (fs) - Y () < Cmax{sup [1fs = flloc, sup IV f5 = flloc (s t)l/e
> >

for some constant C' that depends only on sups. || f5|lLip and || f{|Lip- With (22),
one obtains that for any € > 0, there exists dp small enough such that for all
§ < 00, |Zisi(f5) — Zis s (f)] < ew(s, )Y/ for all (s,t) € A,

The result is then proved. Il

5 Identification of the integrals

Let us note that a function in Lip(y) also belongs to T*. Given g =
(g1,--.,9n) € Lip(7)", we are given two ways in considering the integrals of
type SOV fot gi(X,) o dX? and SV, f(f gi(Xs)dX! for X € Z(A\,A): either
by using the Lyons-Zheng decomposition (5) or by using the rough paths
(X, K(X)), where K(X) is either the Stratonovich or the Ito integral, as
constructed in [Lej06a].

We have seen in [CL03| that the integrals given by the proper choice of
K(X) are the same as the Itd or Stratonovich integral when X is a semi-
martingale. The identification relies on the Wong-Zakai theorem for semi-
martingales.

In our case, we will approximate a process X by semi-martingales ob-
tained by smoothing the coefficients of its infinitesimal generator, and then
pass to the limit.

We denote by &(t; X,g) the integral Zg,(g) with Z = [ g(X,)dX,,
where X is the rough path X = (X, K (X)) with K (X) defined as a Stratonovich
integral. Similarly, if we use an It6 integral for K'(X), then we denote Zg,(g)
by Ki(t; X, g).

We also set £4(t; X, g) = ZZ]\LI £(t; X, gi, xi), when £ is defined in the
Stratonovich, and £(¢; X, g) = Zf\il £(t; X, gi, xi) when £ is defined in the
[t0 sense.

Remark 9. Here, we consider only the “first level”, and not the iterated
integrals of [ g(X)dX against itself since it is useless for our result.

Theorem 4. For any X € Z(\,A) and g € Lip(y)™ with v € (0,1). Then
R(X,9) = L£(X,9) and Ri(X,9) = L£i(X,g9) under P, for any starting
point © € R,

We already know that this result is true for semi-martingales.
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Proposition 5 ([CL03]). Let (X,P) be a continuous semi-martingale and
g € Lip(7y)" with v € (0,1). Then P-almost surely, R(X, g) = £:(X,g) and
Ri(Xv g) = 'Qi(Xa g)

Proof of Theorem 4. We drop any references to the subscripts s and i in £
and R, since the proof is the same in both cases.

Let (a%,b°) a sequence of elements in Z°°T(\ A) such that a® and b°
are smooth and converge almost everywhere to a and b. The corresponding
process X°¢ is then a semi-martingale, since L = %V(aev-) + b°V may be
transformed into a non-divergence form operator.

In addition, let us assume in a first time that ¢ is smooth. From the
proof of Theorem 2.2 in [Roz96a] (see also the proof of Corollary 1 on the
localization argument), (g(X¢)).>o satisfies Conditions UTD. From Lemma 3,
one knows that for ¢ = 1,..., N, £"(t; X¢, g, x;) converges to £(t; X, g, x:)
in probability at a speed that is uniform in €. As in the proof of Lemma 4, it
is then easily deduced from Theorem 4.2 in [Bil68] that £(¢; X, g) converges
£(t; X, g) in distribution. Yet we have seen in Corollary 1 that (X¢, K(X¢))
converges in V to (X, K(X)). From the continuity of K in V¢, we deduce
that R(X¢, g) converges in distribution to (X, g). Necessarily, £(X,g) =
R(X, g) under the assumption that g is smooth.

Now, if g only belongs to Lip(y)", let us introduce a sequence of mollifiers
(ps5)s>0.- Then the convolution g * @5 of g with s is a smooth functions
satisfies ||g * @sllLip < [l9llLip- In addition, g x ¢5 and Vg % s converge
uniformly to g and Vg.

The conclusion follows from Propositions 1 and 4. ]

A On the convergence of the sum of squares
of a martingale to its bracket

The following Lemma is used in the proof of Lemma 3. It corresponds to a
classical result, but we write it explicitly to show the dependence of the rate
of convergence with respect to the Lipschitz constant of the brackets.

Lemma 6. Let (Q, F,P) be a probability space with a filtration (Fi)io. Let
M be a square integrable martingale with respect to (Fi)i>o such that for
some constant K, (M); — (M)s < K(t —s) for any 0 < s <t < T for a
n be a partition of [0,T] such that

-----

.....

1

e (t) -
Q? = Z (Mt:?+1 - Mt?)27
i=1
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where ((t) is the integer such that 1y, <t <ty
Then, for any k > 0 and any € > 0, there emsts an integer ng such that

P| sup |QF — (M) > k| <e foralln > ng
t€[0,T]

and the choice of ng depends only on K, k, T and the meshsup,_; 1 (t}—
t) of {t7 }i=1,..n-

Proof. The convergence in probability of @} to (M), for any t > 0 is classical
(See for example [KS91, Theorem 1.5.8, p. 33|). However, we write it to show
that the rate of convergence depends only on K. Let N be the martingale
defined by N = M? — (M) (note that with our condition on the growth of
(M), N is really a martingale and not a local martingale).

Let us set AfM = Myr,  — My, AN = Nyp | — Ny», AV M) = (M) —

i+1

<M>t?.
Then
o ()-1 2 o ()-1 2
Z AYM — (M), | <2 Z AYM — (M) +2(<M>t—<M>t?n(t>)2

(-1 2

_9 Z (A7M — A7) | +2((M), = (M), )

o () —
—9 Z APN?+2 Y AINAIN +2((M), — (M), )2

=1 1,j=1,...,0"(t)—1

If 7 < i, since N is a martingale,
E[ANAIN] =E[AINE [A7N[ £ || =0,

Thus,

o () — 2 o ()-1

E Z APM - (M), | | <2 Y E[A?N2}+2E[((M>t—(M>t?n(t))2].

With the Burkholder-Davis-Gundy inequality, there exists a constant C” such
that for e =1,...,0"(t) —

E[AIN?] = E[AfMY] - 2B [ AjARAN(M)?] + E [ AF(M)?)
< CE[ANM)?] < KCO'(t7,, — )",
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so that

o (1)-1 2

E > APM — (M), <2K(C'T+1) sup (8, —t7).
i=1

i=1,...n—1

This proves the L?(P)-convergence of the one-dimensional marginals of Q"
to (M).

To now turn to prove the uniform convergence of Q™ to (M). For this,
let us choose two integers 1 < k < ¢ < n and let us note that

-1 2
(Z A;UW) =AM 42 ) AIMPATM.
i=k ]

i=k i,j=Fk,....0—1

With the Burkholder-Davis-Gundy inequality, there exists some constant C’
such that

—1 =1
E Y AMM* | <CE | ) ANM)? | < C'K(t — t) sup (th, —th).
i=k 1=k 1=k,..., -1

On the other hand,

>OANMPAIM? = > AINANM)+ Y ANM)AIN

ij=k,..0—1 ij=k,..0—1 ij=k,...0—1
i#]) i#j i#j
+ Y AINAIN 4> ANM)AT(M).
ij=k,....0—1 i,j=k,...0—1
i#] 17

for a; = AN or a; = AMM). In addition, since A'N? = (AM? —
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AP (M))? < ATM* + AP (M)?,

> AINANM ZA”N dip = (M)up,))

< (Mg — thZA”N2

< (M) — (M))? (Z APM* + X_:A?<M>2> :

-----

With (23), E {Z” ko t-t APNAT(M) | < C(t7 — t7)* for some constant
C that depends only on T and K. On the other hand, still using the fact
that (M) is increasing, Y i k. -1 AF{(M)AN(M) < (M) — (M))? <
i#£]
K2(tp — )2
Hence, we finally get that

-1 2
(Z A?M2> < Ot —th)? (24)
i=k

for some constant C' that depends only on K and T'.
Now, for a partition {s"};=1. ., of [0,77],

sup [Qf — (M),

te(0,7)

< s s (JQF - Q|+ [QE — (M
i=1,.,m=1telt tm ]

(M), = (M)p ).

(25)
Let us note that, since ¢ — QY is increasing, for t € [s]", s7},
£t (imn)—1
sup  |Qf — Qm| < Z (M, — M)
telsisil =0 (i,n)
— (M — Mg )%, (26)

where £7(i,n) is such that ¢j-, » , < s < ¢, and ¢y, < sf; <

i i)+
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With (25) and (26),

P

sup |Qf — (M),] >4f<c] S]P’[ sup  sup  [(M); — (M)n| >F&]
t€[0,7) i=1

7777 m te[szn78ﬁ>1]
£+ (in)—1

+P | sup Z (M, — M )? > K

B[ sw Q% - (Mgl > k]
. 1 k3

For any x > 0, it follows from (24) that

£t (in)—1 T et (in)—1 2
P A M? > < -3 E A, M?
D DL D DL | B DR
T =t (im) i=1 j=t=(i,n)
C&=,. ., CT
S ? (Sz—‘rl — S )2 S ?(5 (28)
=1

,,,,,

P[sup sup |<M)t—<M>SZm\>/<;]§]P’[080(<M>76)>/1]§

i te[ssi]

where osc(f, ) = sup; ,eo.77, |1—s|<s |f(£) — f(8)| is the modulus of continuity
of a continuous function f. With the Burkholder-Davis-Gundy, there exists
a constant C” such that

_ n 2
P|iz1,sf.l,l’31 I(Mt?_(i’”)_l MZ_(@”)) >H:|
m—1
1 9 mC'K .
< B[O, =M ) ST s (8-, (0
Finally,
m—1
P|_sw 105~ (Mgl > x| < P[0 - (0l > ] 6D
1=1,..., m— 1



Given k,e > 0, the idea is now to fix first the mesh ¢ of the partition
{s"}iz1...m, — which is arbitrary chosen — so that the quantities in (28)
and (29) are smaller than /4. This fix m. We choose then ng large enough
such that for any n > ng, the quantities in (30) and (31) are also smaller
than ¢/4. We then obtain that with (27)

P | sup |QF — (M) > 4k | < e for all n > nyg
te[0,7

and we remark that the choice of ¢ depends only on K, T" and k, as well as
the choice of ng, as we claimed. Il

Acknowledgments. This work was started while the author was a post-
doctoral student in Oxford and granted by the TMR Stochastic Analysis
Network. Thus, the author wishes to thank Prof. T.J. Lyons for his kind
hospitality and for having taught him the theory of rough paths.

The author wishes also to thank the anonymous referee whose remarks
have greatly improved the quality of this article.

References

[AT75] R. ApamSs. Sobolev spaces. Academic Press, 1975.

[Bau04] F. BAUDOIN. An introduction to the geometry of stochastic flows.
Imperial College Press, London, 2004.

[BPL78] A. BENSOUSSAN, J.-L. LIONS and G. PAPANICOLAOU. Asymp-
totic Analysis for Periodic Structures. North-Holland, 1978.

[Bil68] P. BILLINGSLEY. Conwvergence of Probability Measures. Wiley,
1968.

[BBJR95] C.J.K. Barrty, O. BrATTELI P.ET. JORGENSEN, and
D.W. ROBINSON. Asymptotics of periodic subelliptic operators.
J. Geom. Anal., 5:4, 427-443, 1995.

[CD+07] L. CapocNA, D. DANIELLI, S.D. PAuLs and J.T. TySoN, An
Introduction to the Heisenberg Group and the Sub-Riemannian

Isoperimetric Problem,  Progress in Mathematics, Vol. 259
Birkhauser, 2007.

34



[CFV05]

[CL03]

[CS99]

[EKS6]

[F&181D)

[FOT04]

[FV06al

[FVO6Db]

[JKO94]

[KP96]

[KS91]

[Lejoo]

L. CouTin, P. Friz and N. VICTOIR. Good Rough Path Sequences
and Applications to Anticipating & Fractional Stochastic Calcu-
lus, 2006. <arXiv:math.PR/0501197>.

L. CouTiN and A. LEJAY. Semi-martingales and rough paths
theory. FElectron. J. Probab., 10:23, 761-785, 2005.

F. CoQUET and L. SLOMINSKI. On the convergence of Dirichlet
processes. Bernoulli, 5:4, 615-639, 1999.

S.N. ETHIER and T.G. KURTZ. Markov Processes, Characteriza-
tion and Convergence. Wiley, 1986.

H. FOLLMER. Dirichlet processes. In Stochastic integrals (Proc.
Sympos., Univ. Durham, Durham, 1980), vol. 851 of Lecture Notes
in Math., 476-478. Springer, Berlin, 1981.

M. FukusHIMA, Y. OSHIMA and M. TAKEDA. Dirichlet Forms
and Symmetric Markov Process, De Gruyter, 1994.

P. Friz and N. VICTOIR. A note on the notion of geometric rough
path. Probab. Theory Related Fields, 136:3, 395-416, 2006.

P. Friz and N. VicToIlR. On Uniformly Subelliptic Opera-
tors and Stochastic Area. Preprint Cambridge University, 2006.
<arXiv:math.PR/0609007>.

V.V. Jikov, S.M. KozLov and O.A. OLEINIK. Homogenization of

Differential Operators and Integral Functionals, Springer-Verlag,
1994.

T.G. KurTZ and P. PROTTER. Weak Convergence of Stochas-
tic Integrals and Differential Equations. In Probabilistic Models
for Nonlinear Partial Differential Equations, Montecatini Terme,
1995, edited by D. TALAY and L. TUBARO, vol. 1629 of Lecture
Notes in Math., 1-41. Springer-Verlag, 1996.

I. KARATZAS and S.E. SHREVE. Brownian Motion and Stochastic
Calculus. Springer-Verlag, 2°¢ edition, 1991.

A. LEJAY. M¢éthodes probabilistes pour [’homogénéisation des
opérateurs sous forme-divergence : cas linéaires et semi-linéaires.
PhD thesis, Université de Provence, Marseille, France, 2000.
<URL: www.iecn.u-nancy.fr/"lejay/>.

35



[Lejo1]

Lej02]

[Lej03a)

[Lej06a]

[Lejo6b]

[LLOG]

[LVO6]

[LQO2]

[LS99]

[Lyo98]

[Mar79]

[Mon02]

A. LEJAY. A Probabilistic Approach of the Homogenization of
Divergence-Form Operators in Periodic Media. Asymptot. Anal.,
28:2, 151-162, 2001.

A. LEJAY. On the convergence of stochastic integrals driven by
processes converging on account of a homogenization property.
Electron. J. Probab., 7:18, 1-18, 2002.

A. LEJAY. An introduction to rough paths. In Séminaire de
probabilités, XXXVII, vol. 1832 of Lecture Notes in Math., 1-59,
Springer, Berlin, 2003.

A. LEJAY. Stochastic Differential Equations driven by processes
generated by divergence form operators I: a Wong-Zakai theorem.

ESAIM Probab. Stat., 10, 356-379, 2006.

A.  LEJAY. Yet another introduction to rough
paths. Preprint Institut Elie Cartan, Nancy, 2006.
<http://hal.inria.fr/inria-00107460>.

A. LEJAY and T.J. Lyons. On the Importance of the Lévy Area
for Systems Controlled by Converging Stochastic Processes. Ap-
plication to Homogenization. In New Trend in Potential Theory,
D. BAKRY, L. BEzZNEA, Gh. BUCUR and M. ROCKNER (eds), The
Theta Foundation, 2006.

A. LEJAY and N. VICTOIR. On (p, q)-rough paths. J. Differential
Equations, 225:1, 103-133, 2006.

T. Lyons and Z. QIAN. System Control and Rough Paths. Oxford
Mathematical Monographs. Oxford University Press, 2002.

T.J. Lyons and L. SToICA. The limits of stochastic integrals of
differential forms. Ann. Probab., 27:1, 1-49, 1999.

T.J. Lyons. Differential equations driven by rough signals. Rewv.
Mat. Iberoamericana, 14:2, 215-310, 1998.

P. MARCELLINI. Convergence of Second Order Linear Elliptic
Operator. Boll. Un. Mat. Ital. B (5), 16:1, 278-290, 1979.

R. MONTGOMERY. A tour of subriemannian geometries, their
geodesics and applications. Mathematical Surveys and Mono-
graphs, 91. American Mathematical Society, Providence, RI, 2002.

36



[Roz96a] A.R0zKOSz. Stochastic Representation of Diffusions Correspond-

ing to Divergence Form Operators. Stochastic Process. Appl.,
63:1, 11-33, 1996.

[Roz96b] A. Rozkosz. Weak Convergence of Diffusions Corresponding to
Divergence Form Operator. Stochastics Stochastics Rep., 57, 129—
157, 1996.

[RS98]  A. RozKo0szZ and L. SLOMINSKI. Extended Convergence of Dirich-
let Processes. Stochastics Stochastics Rep., 65:1-2, 79-109, 1998.

[Str88] D.W. StrOoOCK. Diffusion Semigroups Corresponding to Uni-
formly Elliptic Divergence Form Operator. In Séminaire de Prob-
abilités XXII, vol. 1321 of Lecture Notes in Math., 316-347.
Springer-Verlag, 1988.

37



