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B�CED�F�G�HJILK	MONQPSRUTVD�F�GWR XQYEF�ZW[]\_^`YEGWR
ab[VcedUG#T/RfNSg�hJijhJkEkEij\ml

nfopkEk@cp[]T qEG�[]G>g/CEG�[/g/CEGrX@s�tvuvwexyM{zJZ>g#G�F.|E[VG�}pupuvt�M ~�� k�op�pGWR

�!���W�����E�e�v�J� G�[]GW�`\jG���R�cvF�G�F�G#TVCEcSqER���cp[�TVCEG�XQYEF�G�[V\jgWoeiSoekEk�[]c�lS\jF�oeT]\jcpX�cp��TV\�F�GfqSGWk�GWX�qSG�X`T�opX�q.R�T]G>opqSP"��[VR�T
cp[/qSGW["�LoeF�\jimTVcpX��`opg�cp|E\�G>^vY�o�T]\jcpX�R���K�cvR�T�ce��TVCEG�qS\_R]g�Y�R]R]\jcpX���cSg�Y�R�G>R"cpXyg#cpXE��cp[VF�opi�T][V\jopXE�pYEi_oe[LTUPQk�G�F�GWR]CEG>R
|EYST���G�R]CEc���C�c�� T]cyG#lQT]GWX�q¡T]CE\_R�T]c�T]CEGF�cvR�T��pGWXEG�[/oei�F�GWR]CEGWRW� � G�[VG��Q\jG��*R]cpF�G���[/RUT�cp[/qSG�[�F�cpX�ceT]cvXEG
RVg/CEG�F�GWR opX�q�oei_R�c�CE\j�pC�cp[/qSG�[�cvXEGWR R]k�G>g#\_oeiji�P�qSGWqS\_g�oeT]G>q¢TVc�RUTVGWopqEP!kE[Vcp|EijG�F�R
£�¤`¥<¦]§&¨ ��©��v� �LoeF�\�i�T]cvX��`opg�cp|E\)G>^`Y�o�TV\�cvX«ªSCE\j�pC�cp[/qSG�[�XQYEF�G�[V\jgWoei«RVg/CEG�F�G>R�ªSYEX�RUTV[]Y�g#T]YE[VGWq�F�GWR]CEGWRW�
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��� ����� � � HfcvY�R�kE[VZWR]G�X`T]cvX�R!^`YEGWij^`YEG>R�F�Z#T]C�cQqEGWR!XQYEF�ZW[]\_^`YEGWR�k@G�[VF�G#T]TVoeX`T¢i�� oekEkE[Vc�lS\�F�oeT]\jcpX�q	� Z>^vY�o�T]\jcpX�R
q
� �JopF�\ji�T]cpX �`opg�cp|E\�RUT/o�T]\jcpX�X�oe\j[]G>R"cpY XEcvX«���ËoF�o�dUGWYE[VG�k�oe[]T]\jG¢qSG!i�� Z#lSk�c`R�Z�TV[Vop\mTVG¢qSG¢g�G¢^`Y	�ËcvX k�GWYST��Áop\�[VG
k@cpYE[�qSGWR.F�oe\ji�i_oe�vGWR�XEcvX RUTV[]Y�gÀT]Y�[]Z>R&qSG�TUPQk@G!TV[]\_oeXE�vYEi_oe\j[]G�ÁcpY T]Z�T][/oeCEZ>qS[V\j^`YEG>R��#ª�F�op\jR&cpX F�cpX`T][VG¢g�cpF�F�G�X`T
T][/oe\�T]GW[LijGWR"gWopRLi�G>RLk�i�Y�RÙ�vZ�XEZW[VopYSl)���LX�kE[]Z>R�GWX`T]G.qEGWR"R]g/C�Z�F�opRLF�cpXEcpT]cpX�GWRÙqSY6kE[VG�F�\jG�["cp[/qS[VG�F�oe\_R"oeY�RVR�\�qSG>R
RVg/CEZ�F�opR�q
��cp[/qS[]GÙZ�ijG��vZ�R�k@ZWg�\jopi�GWF�GWX`TJopqEopkST]Z>R�opY�g�opR�R�TVoeT]\jcpXEX�op\�[VGp�
�r¨ �W� ¦ ��� � �Ù��� ^`Y�oeT]\jcpX�q
� �JopF�\ji�T]cpX.�vovg#cp|�\pqSY�kE[VG�F�\jG�[�cp[/qS[]GvªWRVg/CEZ�F�ovR«XQYEF�Z�[V\j^`YEG>R«q
� cp[/qS[VGbZ�ijG��vZpª>F�op\�iji_oe�pG>R
XEcvX�R�T][VY�gÀTVYE[VZWRW�
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B�CE\_R�k�oek@G�[ qSG>R]g�[]\j|�G>R�R�cvF�GLce��T]CEG"R]g/C�G�F�GWR�T]C�o�T oe[VGÙg�YE[][VG�X`TVi�P�Y�R]GWq!T]c�g#cpF�kEYET]G�oekEk�[]c�lS\jF�oeT]G>q�R�cvi�YSTV\�cvX�R�ce�
��[/RUT cv[VqSGW[ �JoeF�\jimTVcpX��`opg#cv|E\<GW^`Y�oeT]\jcpX�RWªSX�oeF�GWi�P�TVCEG�R�T]GWovqSP¢zL\�[V\_g/CEi�G�TfkE[Vcp|EijG�F

H(x, u,Du) = 0 x ∈ Ω ⊂ R
d

u = ϕ x ∈ ∂Ω

cp[�TVCEG54�oeY�g/C`P�k�[]cv|Ei�GWF
∂u

∂t
+H(x, u(x), Du) = 0 x ∈ R

d, t > 0

u(x, 0) = u0(x).
6ÆX�F�oeXQP&kE[Vcp|�i�GWF�R�cp�)kECQPQR]\_g�oeiS\jX`T]GW[]G>RUT>ªpcpX�G XEG�G>qER�T]c�g�cpF�kEYSTVG T]C�GJR�cvi�YET]\jcpX�ce�«R�Y�g/C�opX�GW^`Y�o�TV\�cvX«� �LXEG ce�

T]C�G"R]\jF�k�i�G>RUT�G#lEoeF�kEijGWR�\_R�T]CEG�g#cvF�kEYSTVoeT]\jcpX�ce��o�qS\_RUT/oeX�g�GJ��YEX�gÀT]\jcpXËªEF�cp[VGLR]cpkECE\_R�T]\_g�o�TVGWq¢G#lEoeF�kEijGWR�g#cvX�R]\jR�T�\jX
G���opi�Y�oeT]\jXE��TVCEGLop[][V\���opiET]\jF�GJcp�Ëo"��[]cvX`T ���o��pG���[VcpX`T>ª87�opF�Gf��[VcpX`TWª`G#T/g �8\jX¢o&XEcpX�CEcvF�cp�pGWXEG�cvY�R8F�GWqE\jo��8NS\�F�\jijop[
kE[Vcp|EijG�F oei_R�c�G#lS\_RUTf\jX�g#cpX`TV[]cvi�TVCEG�cv[]PvªQT]CEGW[]F�cSqSPQX�opF�\_g�RWªSG#T/ge�

� GJ� \ji�i)g#cvX�g#GWX`T][/o�T]GJcpX�TVCEGLXQYEF�GW[]\_g�opi@opkEkE[Vc�lQ\jF�o�TV\�cvX�cp�«T]C�GWR]GJGW^`Y�oeT]\jcpX�R�cpX�g#cpXE��cp[VF�opiETV[]\_oeXE�vYEi_oe[bTUPQk@G
F�GWR]CEGWRW�&B�CE\_R"\_RÙo�F�cp[VG.�vG�XEGW[Vopi�R]\�T]Y�oeT]\jcpX�T]C�opX�T]C�G�R�TVopX�qEop[Vq�4�oe[]T]GWR]\_oeX�F�GWR]CEG>RL� C�G�[VG&TVCE\jR"k�[]cv|Ei�GWF ��ovR
g#cvX�R]\jqSGW[]G>qcp[V\��v\�X�oeiji�Pvª�|EYST�R�T]\ji�i�ijGWRVRf�pGWXEG�[/oeiËT]C�opX�T]C�G�gWopR]G�ce�bXEcvX�g�cpXS��cv[]F�oeiËF�G>R�C�GWRW�Ù�Jc���GW�pG�[>ª���G.R�9pG�TVg/C
CEc�� T]c�G�l`TVG�X�q�TVCEG&RVg/CEG�F�GWRf��G�qSG>R]g�[]\j|@G�CEG�[VGÙT]c�TVCEG�F�cvR�Tf�pG�X�G�[/oei«g�ovR�Gv�:6ÆX�qEG�GWq�TVCEG&R]\mTVY�o�TV\�cvX���G�g#cvX�R]\jqSGW[
\_RLopX6\jXvTVG�[VF�GWqS\_o�TVG&cpX�Gpª<\mTÙ\jRÙ�vG�XEGW[VopiËG�X�cpYE�vC�T]c�|�G�cp|Eij\j�pGWq�T]c¢\jF�oe�v\�XEG�R�cvi�YET]\jcpX�RJT]C�oeTÙop[]G.�pG�X�G�[V\jg�GWXEcpY��pC
oeX�q¢XEcpT T]cQc�R�k@GWg�\m�@g�R�c�T]C�o�T T]C�G�RUTV[]Y�g#T]YE[VG"ce��T]CEG�F�GWR]C�qScQGWR�XEcpT kEijo�P�o&TVcQc�[]\j�p\_q¢[VcpijGp�

6ÆXyT]CEG¢��[/RUT�k�op[�T>ª���G!^`YE\_g;9`ijP6[VGWgWoeiji8T]C�G!XEceTV\�cvX ce���Q\jRVg#c`R�\�TUP�R]cpijYST]\jcpXy��cv[&�J�6GW^`Y�o�TV\�cvX�RWª�GW\mTVCEG�[���cv[�T]C�G
4�oeY�g/C`P�kE[Vcp|EijG�F cp[���cp[�T]CEGÙRUTVGWovqSP�cpXEGf� \�T]C�zJ\j[V\jg/CEijG#T�|�cvYEX�qEop[]P�g#cvX�qS\�T]\jcpX�RW��B�CEG�X«ªQ\jX�TU��c�k�oe[]T]\_g#Y�ijop[�g�ovR�G>R
��GÙ[VGWgWoeiji@T]CEG�G�lSovgÀTfR]cpijYST]\jcpX«�8B�CEG"XEG�lQTJR�G>gÀT]\jcpX�\_R qSG��vceT]G>q�TVc�T]CEG"XQYEF�G�[V\jgWoei«opkEkE[Vc�lQ\jF�o�TV\�cvX!ce��T]CEG54�opY�g/CQP
kE[Vcp|EijG�F�<6ÆX�TVCEGJTVCE\j[Vq!R]GWg#T]\jcpX!��GLqE\jRVg#Y�RVR�T]CEG"oekEk�[]c�lS\jF�oeT]\jcpX�ce�ËT]CEGÙzJ\j[]\_g/CEijG#T�kE[Vcp|EijG�F��B�CEGJ��cvYE[]T]C¢R]GWg#T]\jcpX
g#cvX�R]\jqSGW[VR�o��pGWXEG�[/oei@��cv[]F.YEijoeT]\jcpX¢��cp[ CE\j�pC�cp[/qSG�[ qS\_RVg#[VG#T]\_RVo�T]\jcpXË��B�C�GÙ|�[]\_qS�pG"|@G#TU��G�GWX=4�op[�TVGWR]\jopX¢F�GWR]CEGWR opX�q
XEcvX g#cpXE��cp[VF�opi�F�GWR]CEG>R�\_R.R�9pG�TVg/CEG>q�\jX TVCEG!�E�ÚTVC�R]GWg#T]\jcpX«��B�CEG�ijovRUT�R�G>gÀT]\jcpX¡\jR.qSG��vceT]G>qyT]cyR�cvF�G¢X`Y�F�GW[]\_g�opi
oek�kEi�\_g�oeT]\jcpX�RW�

hJR&��G¢C�o��pG!opi�[VGWovqSP6RVoe\_q)ª�cpYE[�k@cp\jX`T&ce�f�Q\jG�� \jR�^`YE\�T]G!|E\_opR]GWq«�B�C�G�[VG¢oe[VG�|�opR]\_g�oeijijP�TU��c�g#i_opRVR�G>R�ce�foek0>
kE[Vc�lS\�F�o�TV\�cvX�T]G>g/CEXE\_^`YEGWRW�8B�CEGÙ��[VR�T�cpXEGÙT][V\jGWR�T]c�qS\j[]G>gÀT]ijP!Y�R]GLT]CEG"XEcpT]\jcpX¢cp���Q\_R]g�cvR]\mTUP�R]cpijYST]\jcpX«ªER]G�G"R]GWgÀTV\�cvX } ª
T]C�\jR�cpY�[�k@cp\jX`T�cp�Ë�Q\�GW���<6ÆX!T]C�G"R]GWg�cpX�q¢g#i_opRVR�cp�ËF�G#T]C�cQq�R�ªScvXEGJTV[]\jGWR�T]c�G#lSkEijcp\�T�T]CEGÙ��cp[VF�oei@i�\jX09�|@G#TU��G�GWX�R]cpF�G
R]PQR�T]GWF�R�ce�8g#cpX�R�GW[]��o�TV\�cvX¢i_o��fR�oeX�q�T]C�G"�L��GW^`Y�oeT]\jcpX�RW�8B�CEG�ij\�X09¢\jR�TVC�o�Tf\���cpXEG�qS\@?@GW[]GWX`T]\_o�T]G>R�T]CEG�G>^`Y�o�TV\�cvX

∂u

∂t
+H(Du) = 0

� \�T]C[]G>R�k@GWg#T�T]c
x
oeX�q

y
ª�qSGWXEceTV\�X��

pi =
∂u

∂xi

oeX�q
p = Du

ªE��G"C�o��pG

∂pi

∂t
+
∂H

∂x
(p) = 0.

B�CE\_R�\_R8TVCEGJk@cp\jX`T�cp�«�`\jG�� cp�)T]CEGLk�oek@G�[/R�T]C�o�T�G�lQT]G�X�q���XE\�T]GL�pcpijYEF�Gfcv[�zL\jRVg#cvXvTV\�XQYEcvY�R�A"opi�GW[�9Q\jX�F�G#T]C�cQq�R�ªQR�GWG
B ~ C)��cp[fopXG#lEoeF�kEijGp�
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� G"g�cpX�R]\_qSG�[�T]C�G54�oeY�g/CQP�kE[Vcp|EijG�FML���X�q
u ∈ C0(Ω)

ªET]CEG�R]k�opg�GÙcp��g�cpX`T]\jXQYEcpY�R���YEX�gÀT]\jcpX�cpX�T]C�G�cpk@G�XR�YE|�R�G�T
Ω ⊂ R

d ª�R]Y�g/C¢TVC�o�T
H(x, u,Du) = 0 x ∈ Ω ⊂ R

d

u = g x ∈ ∂Ω

U~ �

\jX�TVCEG��Q\jRVg#c`R�\�TUP!R]G�X�R]Gp�<6ÆX  ~ �Àª
(x, s, p) ∈ Ω × R × R

d 7→ H(x, s, p)
\_R YEXE\���cp[VF�i�P¢g�cpX`T]\jXQYEcpY�R��

NON Ê�P0QÀÖÀ×/Ð
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�G#��cv[]G.�pcp\jXE�¢��YE[�TVCEG�[>ª)ijG#T�Y�RÙ|E[V\�G 7�P�[]GW�Q\�GW� T]CEG�XEcpT]\jcpX6cp���Q\jRVg#c`R�\�TUP�R�cvi�YET]\jcpX���cv[  ~ �#���Ecv[�oeXQP���YEX�gÀTV\�cvX
z
ª@��G.g�cpX�R]\_qSG�[LT]CEG�YEkEk@G�[�R]G�F�\�Qg#cvX`T]\jX`Y�cpY�R �Y«� R�� g �LoeX�q�ijc���GW[LR]G�F�\�Sg#cvXvTV\�XQYEcvY�R Ái°� RW� g��fGWX`�vG�ijcpk@GWRJce�

z
� \mTVC

[VGWR]k�G>gÀT�T]c!opi�i<TVCEG���oe[V\jop|Ei�G>R���B�CEGWP�oe[VG"qSG#��X�GWq�|QP

z∗(x) = lim sup
x→y

z(y)
oeX�q

z∗(x) = lim inf
x→y

z(y).

�Ecvi�ijc�� \jXE� B } CÎªE��G"\�X`T][VcSqSY�g�GLTVCEG"��YEX�g#T]\jcpX
G

G(x, s, p) =

{
H(x, s, p) x ∈ Ω
s− g(x) x ∈ ∂Ω.

B�CEG�g�cpF�kEYST/o�T]\jcpX�ce�
G∗

oeX�q
G∗ \jR�G>opR]P¢oeX�q���G�C�o��pG�L





G∗(x, s, p) = G∗(x, s, p) = H(x, s, p)
\��
x ∈ Ω

G∗(x, s, p) = min(H(x, s, p), s− g(x))
\m�
x ∈ ∂Ω

G∗(x, s, p) = max(H(x, s, p), s− g(x))
\m�
x ∈ ∂Ω

°}��

h i�cSg�opi�ijP|�cvYEX�qSG>q�Y«� RW� g&��YEX�g#T]\jcpX
u
qSG���XEG>q6cvX

Ω
\_RÙo��Q\jRVg#c`R�\�TUPR�YE|0>ÎR]cpijYST]\jcpX6ce�  ~ �J\m��oeX�q�cvXEijP�\m�Uª<��cv[

oeXQP
φ ∈ C1(Ω)

ªE\m�
x0 ∈ Ω

\jRJo.ijcSg�opi)F�oelS\�F.YEF�ce�
u− φ

ªST]CEGWX

G∗(x0, u(x0), Dφ(x0)) ≤ 0.
 1 �

NQ\jF�\�i_oe[Vi�Pvª
u
ª`o"ijcSg�opi�ijP.|@cpY�X�qSGWq«ªviA� RW� ge����YEX�gÀTV\�cvX¢qSG���XEGWq�cvX

Ω
\jR�o"�`\_RVg#cvR]\�TUP.R]YEk�GW[�>ÆR]cpijYST]\jcpX�ce�  ~ �8\��«oeX�q�cvXEi�P

\��UªS��cp[fopX`P
φ ∈ C1(Ω)

ªE\��
x0 ∈ Ω

\_R o�i�cSg�opi)F�\�XE\jF&Y�F*ce�
u− φ

ªST]CEGWX

G∗(x0, u(x0), Dφ(x0)) ≥ 0.
�x �

h �Q\jRVg#c`R�\�TUP�R�cvi�YSTV\�cvX6\_R"R�\jF&YEi�TVopXEG�cvY�R]i�P�o�R�YE|��opX�q�o�R]YEk�GW[�>ÆR]cpijYST]\jcpX�cp�  ~ ��� B�CE\jR"gWoeX6|@G��pGWXEG�[/oeij\��WGWqTVc
ceTVCEG�[�TUPQk@GWR�cp��|@cpYEX�qEoe[VP¢g#cvX�qS\�T]\jcpX�R R]Y�g/CopR HJG�YEF�oeX�X«ªEG#T/ge�

6ÆX�T]CEG�gWopR]GÙcp�ËTVCEG54�oeY�g/CQP!k�[]cv|Ei�GWFª

∂u

∂t
+H(x, u(x), Du) = 0 x ∈ R

d, t > 0

u(x, 0) = u0(x)

°w��

� CEGW[]G
u0
|�GWi�cvXE�vR�TVc�T]C�G�R�G�Tfce�8|�cvYEX�qSG>qoeX�q�YEXE\���cp[VF�i�P�g#cvXvTV\�XQYEcvY�R���YEX�gÀT]\jcpX�R�ª

BUC(R2)
� �LXEG�g�opX�opqEopkST

GWovR�\jijP�T]CEG�op[]�vYEF�G�X`TVR�[/oe\_R�G>q���cv[�T]CEG�R�T]G>opqSP!k�[]cv|Ei�GWF�b�fG�[VGpª
G
\_R R�\jF�kEi�P

G(x, s, p) = pt +H(x, s, px), x ∈ R
d, s ∈ R

d, p = (pt, px) ∈ R × R
d

R]c�T]C�oeT
G∗ = G∗ = G

�yNQY�|�R�cvi�YET]\jcpX�R �[VGWR]k«��R]YEk@G�[/R�cvi�YET]\jcpX�R ��oe[VG!GWi�GWF�GWX`TVR.ce�
BUC(Rd × [0, T ])

� C�G�[VG
T > 0

ªER]c�T]C�oeTf\�X�GW^`Y�oeij\�TUP  1 � �[VGWR]k«�  x � ��CEcvijq�R��
hfiji)TVCE\jR gWoeX|@G�G#lQT]GWX�qSGWq¢T]c�TVCEG54�oeY�g/C`P�SzJ\j[]\_g/CEijG#T�kE[Vcp|EijG�F

∂u

∂t
+H(x, u(x), Du) = 0 x ∈ Ω ⊂ R

d, t > 0

u(x, 0) = u0(x) x ∈ Ω
u(x, t) = g(x, t) x ∈ ∂Ω, t > 0

Át �

IfX�qSG�[&R�TVopX�qEop[Vq�opRVR�YEF�kSTV\�cvX�R�cvX6TVCEG!cpk@G�X R]YE|�R]G#T
Ω
ª
g
oeX�q

H
oeX�q

u0
ª�cpXEG�gWoeX kE[Vc��pG�G#lS\jR�T]GWX�g#G!opX�q

YEXE\_^`YEG�X�GWRVRfce��TVCEG&�Q\_R]g�cvR]\mTUP¢R]cpijYSTV\�cvX�Rfcp�  ~ �#ª  w � opX�q  t �#ª@R�GWG B } CÎ� 6ÆX6k�oe[]T]\_g#YEi_oe[>ªSTVCE\jRL\_R T][VYEG�\���T]CEG��JopF�\ji@>
T]cvXE\_oeX

H
\_R g#cvXQ�pG#l!\jX

p ∈ R
d oeX�q�\�� ∂Ω

ij\�k�R]g/CE\�T���g�cpX`T]\jXQYEcpY�R��
6ÆX T]C�\jR.k�oek@G�[>ª8��G¢opRVR�Y�F�G!T]C�oeT  ~ ��C�ovR&o�Y�XE\j^`YEGWXEGWRVR.kE[]\jX�g�\�kEijGpª�TVC�o�T�\jR�oeXQP R�YE|�QR]cpijYST]\jcpX

u
oeX�q opXQP

R]YEk�GW[�SR�cvi�YET]\jcpX
v
ce�  ~ ��RVo�TV\jR���P

∀x ∈ Ω, u(x) ≤ v(x)
Î� �

oeX�q
∀x ∈ R

d, t > 0, u(x, t) ≤ v(x, t)
����

\jX�TVCEG�g�ovR�GÙce��T]C�G54�oeY�g/CQP�kE[Vcp|EijG�F�
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B���c�G�lSopF�kEi�G>R�oe[VG!g#cvX�R�\_qSGW[]G>q)� � \�T]CEGW[���G�i�cQc896��cp[�TVCEG!R�T]GWovqSP6k�[]cv|Ei�GWF  ~ �Ù� \�T]C o�g#cvXQ�pG#ly�JoeF�\jimTVcpXE\_oeXËª
cp[Ù��G.ijcQc89��cp[ÙTVCEG 4�oeY�g/CQPkE[Vcp|EijG�F  w �L� \mTVC�GW\mTVCEG�[�o�g#cpXQ�vG#l �cv[Ùg�cpX�gWo��pG.�LoeF�\jimTVcpXE\_oeX �Jcp[�o�g#cvX`�vG#l �cv[
g#cvX�g�o��vG���\�X�\mTV\jopiËg#cvX�qS\�T]\jcpX«�

B�CEG"F�oe\jX�T]cQcpi)\_R�T]CEG �ËG��vG�X�qS[VGÙT][/oeX�R���cp[VF� 6Î�
f
\jR o�g#cvXQ�pG#l���Y�X�gÀTV\�cvXR]Y�g/C�T]C�o�T

lim
||x||→+∞

f(x)

||x|| = +∞ �� �

��G"qEG#��XEG"TVCEG �«GW�pGWX�qS[VGJTV[VopX�RU��cv[]F*ce�
f
|QP

f?(p) = sup
y∈Rd

(
p · y − f(y)

)
.

6Î��T]CEG�R]YEkE[VG�F.YEF�\_R []G>opg/CEG>q¢oeT
y? ªE��GÙC�o��pGLT]CEG�[VG�i_o�TV\�cvX

f?(p) + f(y?) = p · y?.

B�CE\_RJR]CEc��fR TVC�o�T
f?(p)

gWoeX�|@G&R�GWG�X6ovR�T]C�G.oe|�R]g�\jRVR]o�cp��T]CEG&TVoeX��pG�X`TJcp��T]CEG.�p[/oekECce�
f
o�T
y∗
�JB�C�\jRJ�p[/oekECE\_g

\jXvTVG�[VkE[VG#TVoeT]\jcpXCEGWi�k�RfT]c¢R]G�G�T]C�oeTWª�\��
f
\jRJ[]GW�pYEi_oe[ GWXEcpY��pC«ª�T]CEG��v[VopkECce�

f
\jRfT]CEG�GWXQ�pG�ijcpk@G�ce�8\�TVRfTVoeX��pG�X`T>ª�R]c

T]C�o�T
(f?)? = f.

�J�8g#cpY�[VR]GJTVCE\_R []GWijoeT]\jcpX�\jR �vG�XEGW[Vopi�\ �Wop|EijGfT]c!o�g�cpXQ�pG�l
f
� CEGWX�\�TJRVo�T]\_R���GWR� � �À�

hfiji)TVCE\jR��vG�XEGW[Vopi�\ ��G>R�T]c!o�g#cvX�g�o��vGf��YEX�g#T]\jcpX�R ÁR]\�X�g�G −f \_R g#cpXQ�vG#l �Àª

f?(p) = −(−f)?(p) = inf
y∈Rd

(
− y · p− f(y)

)
.

����� �
	����������������
������	��! "�$#
� G�opRVR�YEF�GÙT]C�o�T T]C�G��JoeF�\jimTVcpXE\_oeX�\_R��p\j�pG�X�|QP

H(x, u, p) = sup
v∈V

{−b(x, v) . p+ λu− f(x, v)}

� CEGW[]GLT]CEG�R]k�ovg#GÙce��g�cpX`T][Vcpi_R
V
\_R g#cvF�k�opgÀT>ªEoeX�q¢��G"C�o��vGLR�TVopX�qEoe[/q¢ovR]R]YEF�kSTV\�cvX�R�cpX

b
ª
f
oeX�q

λ > 0
ªER]G�G B } CÎ�

�Ecv[�TVCEGLzL\j[]\_g/CEijG#T�g�cpX�qE\mTV\�cvX«ª`T]CEGÙR�cvi�YSTV\�cvX!ce�  ~ ��\jR��p\j�pGWX�|QP.TVCEG"qSPQX�oeF�\_g�oei�kE[Vcp�p[/oeF�F�\jXE��kE[V\�X�g�\�k�i�Gvªv��cv[�opXQP
T > 0

ª

u(x) = inf
v(.)

[∫ min(T,τ)

0

f(yx(t), v(t))e−λtdt

+ 1{T<τ}u(yx(T ))e−λT + 1{T≥τ}ϕ(yx(τ))e−λτ

]
U~Wu �

B�CEG"TV[VoedUGWgÀTVcp[VP
yx(.)

RVo�TV\jR���GWR
yx(0) = x ∈ Ω

opX�q

d

dt
yx(t) = b(yx(t), v(t))

��cv[
t > 0.

B�CEGWP¢oe[VG�qSG#��X�GWq�\m�
f
\_R [VG��vYEijop[�GWXEcpY��pC«ªERVo�P��«\jk�RVg/CE\�T���g#cvXvTV\�XQYEcvY�RW��B�C�G�G#lS\mT�TV\�F�G

τ
\jR

τ = inf{t ≥ 0, yx(t) 6∈ Ω}.
zLG#TVop\�i_R g�opX�|@G"��cpY�X�q�\�X B 1 ª } C
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B�CEG�opX�oeijP`T]\_g�oei<G�lQk�[]G>R]R]\�cvX!��cv[�T]CEG�R]cpijYST]\jcpX�ce�  w �Àª�� CEG�X

H
cpXEijP¢qSGWk�GWX�qER cvX

p ∈ R
d ªE\jR��v\��vG�X�\�X B x CÎª

~v� � CEG�X
H
\jR�YEX�\m��cv[]F�ijP �«\jk�RVg/CE\�T���g#cvXvTV\�XQYEcvY�R�oeX�q

u0
g#cpXQ�vG#l)ª

u(x, t) = sup
p∈Rd

[
x · p− u?

0(p) − tH(p)

]
,

U~p~ �

� CEG�X
u0
\_R g#cvX�g�o��vGpª

u(x, t) = inf
p∈Rd

[
− x · p+ u?

0(p) − tH(p)

]
.

U~>}��

}E� � CEG�X
u0
\_R�YEXE\���cp[VF�i�P�g#cvXvTV\�XQYEcvY�RWª`��G"C�o��pGÙ��cv[fo�g�cpXQ�pG�l¢�JopF�\ji�T]cpX�\jopX

u(x, t) = inf
p∈Rd

[
u0(y) + tH?

(
y − x

t

)]
,

U~ 1 �

oeX�q¢��cp[fo�g#cvX�g�o��vGÙ�LoeF�\jimTVcpXE\_oeX

u(x, t) = sup
p∈Rd

[
u0(y) + tH?

(
x− y

t

)]
.

U~�x �

B�CEG���cp[VF&Y�ijo  ~v~ �"oeX�q  ~>} �Ù[VG-7�G>gÀT"T]C�G!�fYEPQ�pGWX�R � R"kE[V\jX�g#\jkEijGpª«� CE\jijG� ~ 1 �"oeX�q  ~Wx �"oe[VG�g#cpX�R�G>^vY�G�X�g�G.cp��T]C�G
qSPQX�opF�\_g�opi)kE[Vcp�p[/oeF�\jXE�&k�[]\jX�g#\jkEijG  ~Wu �À�

HfcpT]GÙT]C�o�Tf\��
u0
\jR ij\jXEGWop[ \�X

x
ª
u0(x) = A+ p · x ªE��G"C�o��pG

u(x, t) = u0(x) − tH(p).

B�CEG>R�G�[VGWR]YEimT/R�oe[VG�cvXEijP���opi�\_q.��cp[bR]k�G>g#\_oeiS\jXE\�T]\_oeiEg#cvX�qS\�T]\jcpX�R�cv[�k�oe[]T]\_g#YEi_oe[8�LoeF�\�i�T]cvXE\_oeX«� � G C�o��pG�T]CEG F�cp[VG
�pGWXEG�[/oei<[VGWR]YEi�TVR
��¤ � �¡�
	  
�oe[/qS\@> �ÙR]CEG�[ B w C ���� �

u0 = uconv
0 + uconc

0 � /0� ��� uconv
0 � ���-$#� � uconc

0 � 
 $��;�����"��� � ���-$#� � �;�"������ � ���� /0� �&� /0� $ ��� � ��
����
u

� �  w � $ "�#
 $�� �+$
∀(x, t) ∈ R

d × [0, T ], ψ2(x, t) ≤ u(x, t) ≤ ψ1(x, t)

� 
�� /
ψ1(x, t) = inf

q∈Rd
sup
p∈Rd

(
x · p−

(
uconv

0

)?
(p) −

(
uconc

0

)?
(q) − tH(p− q)

)

"���
ψ2(x, t) = sup

p∈Rd

inf
q∈Rd

(
− x · q −

(
uconv

0

)?
(p) −

(
uconc

0

)?
(q) − tH(q − p)

)

� ��� � � �LB�CEG�kE[VcQce��Y�R�G>R�T]CEG"�ÁovgÀT�T]C�o�T
uconc

0 (x) = supp∈Rd

(
x · p−

(
uconc

0

)?
(p)

) R�c�T]C�o�T���cp[fopX`P
p
ª

uconc
0 (x) ≥ vp,0(x) := x · p−

(
uconc

0

)?
(p).

B�CEGWX6��G�R]cpij�pG&T]CEG 4�oeY�g/CQPkE[Vcp|EijG�F ��cv[
v0 + u0

� C�\jg/C�\jR"g#cvXQ�pG#l)ª<Y�R]G&TVCEG�g#cpF�k�op[]\_R]cpX�kE[V\jX�g#\jkEijG  � �#ª«opX�q
TVo89pGÙT]C�G�F�oelS\�F.YEF��B�C�\jR �v\��vGWR�T]C�G"��[VR�Tf\jXEGW^`Y�opi�\�TUPp�8B�CEG�R]GWg�cpX�q¢cpXEG�\_R�cp|ST/oe\jXEGWq�\jXo�R]\�F�\jijop[ ��o�Pv�
��¤ � �¡���  B t C ���� �

H = Hconv +Hconc � /!�-��� Hconv � ���+$#� � Hconc

 $ �;�"���"��� � ���+$#� � �;�"������ � � � �K
 �-�"�+� �"!�;�"�K��
��K�!�"� $ � ��/!� $ � � � ��
����.� ����/!� (*"���;/#! ������� �@� �  w � $ "�#
 $$���-$

Φ2(x, t) ≤ u(x, t) ≤ Φ1(x, t)

Í�� N ÍÚ¹
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�� /
Φ1(x, t) = inf

q∈Rd
sup
y∈Rd

[
u0(y) + tH?

conv(q) + tH?
conc

(
y − x

t
+ q

)]

Φ2(x, t) = sup
p∈Rd

inf
y∈Rd

[
u0(y) + tH?

conc(q) + tH?
conv

(
x− y

t
+ q

)]

B�CEG"kE[VcQce��\_RfR]\�F�\jijop[ oeX�q�\_R��p\j�pG�X�\jX B t CÎ�

� � �À��()� ����+���� ���������f���W���"���#���1��%�������� �&
���� J ������2�#�f�

6ÆX¢cv[VqEG�[�T]c�R�\jF�kEij\m��P�TVCEGÙT]G#lQT>ªS��G"opRVR�Y�F�GJ��[]cvF XEc�� cvX
d = 2

ªQ|EYSTfoeiji@T]CEG"[VGWR]YEi�TVR�g�oeX�|�G"G>opR]\�ijP��pG�X�G�[/oeij\��WGWq
T]c�ceTVCEG�[ qS\jF�G�X�R]\jcpX�RWªQ\�X�k�oe[]T]\_g#YEi_oe[

d = 3
� � G�g�cpX�R]\jqEG�[�o�TV[]\_oeXE�vYEi_o�T]\jcpX¢ce�

R
2 ªQT]CEG"�vG�[]T]\_g#GWR�oe[VG {Mi}i=1,ns

ª
T]C�G.TV[]\_oeX��pijGWR"oe[VG {Tj}j=1,nt

� � G�qSGWXEceTVG.|QP
T
o¢�vG�XEGW[]\_g�TV[]\_oeX��pijGp�&B�CEG��vG�[]T]\_g#GWRLce�

Tk
oe[VG

Mi1

ª
Mi2

opX�q
Mi3

ª���cp[�R�\jF�kEi�\_g#\�TUPy��G�cp�ÚT]G�X qEG�XEcpT]G�TVCEG�F |QP
i1
ª
i2
ª
i3
cp[&|`P

1
ª
2
ª
3
� CEG�X T]CEGW[]G�\_R�XEc�oeF&|�\��vYE\mTUPv��B�C�G

�ÁoeF�\ji�P�ce��T][V\jopXE�pYEi_o�TV\�cvX�R���G�g�cpX�R]\jqEG�[ \_R R�C�opk�G�[VG��vYEi_oe[>�
Ifk�T]c¢cvYE[ 9`X�c�� i�G>qS�pGvªET]C�G&��[/R�TLk�opk�GW[JTVc�qS\_R]g�Y�RVRf\jX�qSG�TVoe\ji�T]CEG�oekEk�[]c�lS\jF�oeT]\jcpXce�  w �J\_R B � CÎ�ÙhLRJ\jX�TVCE\jR

[VG#��G�[VG�X�g#Gpª	 w ��\_RfoekEk�[]c�lS\jF�oeT]G>q!|QP

un+1
i = un

i − ∆tHi, i = 1, · · ·ns, n ∈ N
∗

u0
i = u0(Mi)

U~>w��

� CEGW[]G
∆t > 0

\jR8T]CEG TV\�F�GfR�T]GWk!oeX�q
un

i

\_RbopX�opkEkE[Vc�lS\�F�o�TV\�cvX&cp�
u(Mi, n∆t)

ª`oeX�q.T]C�GfXQYEF�G�[V\jgWoeiE�JopF�\�i�T]cvXE\jopX
Hi

qEG�k@G�X�qER&cpX
un

i

ª�TVCEG!��oeijYEG>R�ce�
un

j

� CEG�[VG
j ∈ Vi

 Vi
\jR�T]CEG�R�G�T&ce� XEGW\��vC`|@cp[/R�cp�

Mi
\jX�g#ijY�qS\jXE�

Mi
|`P

g#cvXQ�pG�X`TV\�cvX �ÀªSoeX�q�\���XEGWg�GWRVR]op[]P�cvX
Mi
ª

Hi := H(Mi, u
n
i , {un

i }j∈Vi).
U~Wt �

6ÆXyT]CE\_R�[VG#��GW[]GWX�g#G�\_R�\jXvTV[]cSqSY�g#GWq�TVCEG�XEceTV\�cvX ce� g#cpX�R�\_RUTVG�X�g�Pp�¢B�C�G!XQYEF�G�[V\jgWoeib�JopF�\�i�T]cvXE\jopX Hi
\jR&g#cpX�R�\_RUT/oeX`T

� CEGWX«ªE\��
vi = A+ p · ~OMi

ªQT]CEGWX�� C�o�T GW�pG�[
Mj

oeX�q
s ∈ R

ª

H(Mj , s, {vi}j∈Vi) = H(M, s, p).
�~�� �

h ijGWRVR�[]G>RUTV[]\_gÀTV\��vGÙqSG���XE\�T]\jcpX«ª�� CE\jg/C\_R�CEG�ijkS��YEiË��cp[�TVCEG�kE[Vc`cp�UªS\jR��v\��vG�X�\�X B � CÎª
��¤����
	 � 	°¨�� 	 �� � $  !�� /0"�:��/!���%��5
	� � �"�K
�"� H 
 $ � ���� � ! �;���0$+
 $+�,� �!� 
 �<�-�"����	�

x ∈ Ω
"���

φ ∈ C∞
b (Ω) � � /0�$ �-�G� �

C∞
�;��� � �8� � �;� � � ��
����0$ ���

lim sup
h→0,y→x,ξ→0

H(y, φ(y) + ξ, φ+ ξ) ≤ G∗(x, φ(x), Dφ(x))
�~ ���

"���
lim inf

ρ→0,y→x,ξ→0
H(y, φ(y) + ξ, φ+ ξ) ≥ G∗(x, φ(x), Dφ(x)).

�~ ���

� $ �;/0� � � ��/!"� $ "�#
 $$���-$  ~�� � � H 
 $�$+�����"� � �"! �;���0$+
 $+�,��!� � � $+������� � �"!��;���0$+
 $+�,� �!� $ ��/!�-� � 
 $ � �;����"! �;�"�0$+
 $+� �-�K� �
B�CEG�R�T][VY�gÀTVYE[]G�cp��TVCEG!R�cvi�YET]\jcpXyce�  w �Ù��opRÙ��[VR�T�Y�R�G>qy\�X B w ª ~ CÎ� 6ÆX k�oe[]T]\_g#YEi_oe[>ª)TVCEG�P�Y�R�G>q6TVCEG�[VGWR]YEimT/R"ce�

�«GWF�F�o ~ T]c�qSG���XEG o AÙcQqEYEXEc���`ij\@9vG�RVg/CEG�F�Gv� 6ÆX B t CAªp\mTb\_R�R�CEc�� X.T]C�o�TWªp\�X��pGWXEG�[/oeiAª���cp[8XEcvX.R�T][VY�gÀTVYE[VGWq.F�G>R�C�GWRWª
T]C�G��vG�XEGW[Vopi�\ �WoeT]\jcpX�cp��T]C�G�AÙcSqSYEX�c�� Qi�\ 9pG�R]g/C�G�F�G.cp� B w CbijGWopq�RJTVc�o�XEcvX�g#cvX�R]\jR�TVopXvT��JopF�\�i�T]cvXE\jopX«�&�Jc���GW�pG�[>ª
�«GWF�F�o } kE[Vc��Q\jqSG>R o�R�cvi�YSTV\�cvX«�

hJRVR]YEF�GfT]C�o�T {un
j }j=1,··· ,ns

\_R:9QXEc�� X¢opX�q!qSGWXEceTVGJ|QP
un

h

TVCEGJk�\�G>g#G�� \_R]GJij\�XEG>oe[�\�X`T]GW[]k@cpi_o�TV\�cvX!ce�)TVCE\_R�qEoeTVo��
�Ecv[�oeXQP�F�G>R�C�k@cp\jX`T

Mi
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ª`R�GWG����pY�[]G ~ � � ovg/C�oeXE�vYEijop[

R]GWgÀTVcp[
Ωi

g�cp[V[]G>R�k@cpX�q�R T]c�cpXEG.ce�bTVCEG�TV[]\_oeX��pijGWRJT]C�oeTÙR]C�oe[VG
Mi

oeX�q6��G�qSG�X�ceT]G.|QP
Ui
TVCEG��p[/opqS\jG�X`TJcp�
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h

\jX
T]C�o�T T][V\_oeXE�vi�Gv��B�C�GL��Y�X�gÀTV\�cvX�R

Φ1
oeX�q

Φ2
GW��opi�Y�o�T]G>q�oeT

x = Mi
oe[VG

Φ1(Mi,∆t) = un
i − ∆t min

q∈R2
max

1≤k≤ωi

sup
z∈Ωk

(
Ui · z −H∗

1 (z − q) −H∗
2 (q)

)

Φ2(Mi,∆t) = un
i − ∆tmax

q∈R2
min

1≤k≤ωi

inf
z∈Ωk

(
Ui · z −H∗

1 (z − q) −H∗
2 (q)

)
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Mi
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��\��vYE[VG�~�L 6ÆijijY�RUTV[VoeT]\jcpXce��T]C�G�oeXE�vYEijop[ R�G>gÀT]cv[VR
Ωi
ª
θi
oeX�q¢TVCEG��pG>gÀTVcp[/R

~ni+1/2
T]C�oeTJoe[VG"XEG�G>qSGWq�\jX�X`Y�F�GW[]\_g�opi

�JopF�\�i�T]cvXE\jopX�R qSG���XE\�T]\jcpX�RW�

B�CEG*9vG�PL[]GWF�op[�9J\jR<TVC�o�T�oeXQPJcp�vTVCEG8T]GW[]F�RËF&YEi�T]\jkEij\�G>q"|`P
∆t
ª�RVo�P

min
q∈R2

max
1≤k≤ωk

sup
z∈Ωk

(
Ui·z−H∗

1 (z−q)−H∗
2 (q)

) ª
[VGWqSY�g�GWR�TVc

H(p
� C�G�X

Ui ≡ p ∀i ���fGWX�g#Gvª�opX`P�ce��T]C�GWR]G"T]G�[VF�RfqSG���XEGWRLo�g#cvX�R�\_R�TVoeX`T XQYEF�G�[V\jgWoeiË�LoeF�\jimTVcpXE\_oeX«ª��cp[ G�lEoeF�kEijGpª
Hi := max

q∈R2
min

1≤k≤ωi

inf
z∈Ωk

(
Ui · z −H∗

1 (z − q) −H∗
2 (q)
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,
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j ∈ Vi

oekEk@GWop[VRL\jX�T]C�G.�v[VovqS\�GWX`TVR
Ui
��B�CE\_RL��cp[VF&YEi_o!gWoeX6G>opR]\�ijP|�G�G#lQTVG�X�qSG>q�TVc!T]C�G

F�cp[VG"�pG�X�G�[/oei)g�ovR�G
H = H(x, u,Du)

oeX�q�R]\jF�k�i�\���GWR�� C�G�X
H
\_Rfg�cpXQ�pG�l<ª`��cv[ G#lEoeF�kEijG

Hi = max
1≤k≤ωi

max
z∈Ωi

(
Ui · z −H∗(z)

)
.
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 � ��� /!"� � �"�-� Mi ∈ Σ � uj ≤ vj � "����-�"� "��!
s ∈ R �

H(Mi, s, {uj}j∈Vi) ≥ H(Mi, s, {vj}j∈Vi).

B�CEG��JoeF�\jimTVcpXE\_oeX  }eu �f\_RJF�cvXEceTVcpXEG�|QP�g#cvX�R�T][VY�gÀTV\�cvX�\m�
∆t/hmax||Du|T ||∞≤L ||DpH(p)||∞ ≤ 1/2

L�T]CE\_RÙ\jR
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hfX�ceT]C�G�[ 9pG�P�[VG�F�op[�9�\jR�TVC�o�T�T]C�GL��oeijYEGÙce� Hi
qSG���XEG>q¢|QP  }eu ��cp[� }E~ ��qScQGWR�XEceT qSGWk�GWX�q¢cvX!TVCEGÙR�T][VY�g#T]YE[VG

ce�)TVCEGfF�GWR]C«ªQ|EYST�cpX�TVCEGJ\jX`T]G�[Vk@cpi_oeX`T
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H : R
2 → R

2
��� �;�"�K��
��K�!�"� $ "� �

u0 ∈ BUC(R2)
"��� � 
 �K$ ��/ 
���� �;���!�#
��!�!�"� $

� � 
���/ �;�"�!$;� "�K� L � ��� �-� T �;�� ���+
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T]C�o�T T]C�G"T]\jF�G�R�T]GWkcpXEijP¢qSGWk�GWX�q�cpX

u0
��R�k@GWg�\m��gÙTVc�YEX�R�T][VY�gÀTVYE[]G>q¢F�G>R�CEG>R�� � G�[VG#��G�[�TVc B t CA�

B�CEG�kE[/opg#T]\_g�opi�GW��oeijY�o�TV\�cvXycp��TVCEG �«GW�pGWX�qS[VG.TV[VopX�R���cp[VF \jR"X�ceT&oeij��o�PQR"opXyG>opR]P�TVovR�9<ª�R�cceTVCEG�[&X`Y�F�GW[]\_g�opi
�JopF�\�i�T]cvXE\jopX�R�G#lS\_RUT/R��8B�CEG"R�\jF�kEijGWR�T�cvXEGJ\_R�T]C�G ��o�l �E[V\jGWqS[V\jg/C�R�cvXEGpªQ� CE\_g/C¢\_R�\�X�R�kE\j[VGWq!|QP�TVCEG ��o�l ��[]\jGWqS[V\_g/C�R
RVg/CEG�F�GÙ��cp[fg�cpX�R]G�[V��o�T]\jcpX�ijo��fRW�<6ÎTfC�opR R]G��vG�[/oei<�pGW[VR]\jcpX�RW��B�C�GL��[VR�TfcpXEG"\_R

HLF
i (Duh|Ω1

, · · · , Duh|Ωki
) = H(Ū) − ε

h

∮

Ch

[uh(M) − uh(Mi)]dl,
A}p}eo �

� CEGW[]G
Ch

�[VGWR]k«�
Dh

��\_Rfo�g#\j[/g#ijG °qS\_R�9 ��ce��g#GWXvTVG�[
Mi

opX�q�[VovqS\�Y�R
h
ª

Û =

∫
Dh

Duh dxdy

πh2
,

oeX�q
ε
\_R8i_oe[V�pGW[ËTVC�oeX�oeXQP �Ë\�k�RVg/CE\�T�� g#cvX�R�TVoeX`T8ce�

H
qE\��Q\_qSGWq�|QP

2π
��B�CE\_R8qSG#��X�GWRboLF�cpXEcpT]cpX�G�RVg/CEGWF�G�kE[Vc��Q\jqEGWq

T]C�o�T
∆t/h ≤ ε

2π

�
h qE\ ?<G�[VG�X`TL�vG�[/R�\jcpXcp�8T]CEG �Ëo�l �E[V\jGWqS[V\jg/C�RJ�JopF�\�i�T]cvXE\jopX«ª@T]C�oeTL\_RfF�cpX�ceT]cvXEG&Y�X�qSG�[JT]CEG�RVoeF�G&g#cvX�R�T][/oe\jXvT>ª
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HLF
h (Duh|Ω1

, · · · , Duh|Ωki
) =

∫

Dh

H(Duh)

πh2
− ε

h

∮

Ch

[uh(M) − uh(Mi)]dl.
A}p}�| �

B�CE\_R �pGW[VR]\jcpX¢gWoeX|�G�[VG�� [V\�T�T]GWX�ovR

HLF
h (Duh|Ω1

, · · · , Duh|Ωki
) =

∑

0≤l≤ki

θi
l

2π
H(Duh|Ωi

l
) + ε

∑

0≤l≤ki

tan θi
l

~ni
l−1/2 + ~ni

l+1/2

2
·Duh|Ωi

l
.

B�CEGf�vGWg#T]cp[
~nl+1/2

\_R8TVCEGfYEX�\mT��vGWg#T]cp[8cp�<T]CEGfG>qS�pG�TVC�o�T�R�GWk�oe[/o�TVGWR�T]C�GJoeXE�vYEi_oe[bR]GWgÀTVcp[/R
Ωl
oeX�q

Ωl+1
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l

\_R�TVCEG�oeXE�vi�GLce��T]CEG"oeXE�vYEi_oe[�R�G>gÀT]cv[�oeT
Mi
ªER]G�G���\j�pY�[]G ~ �bB�CEGÙk�oe[/oeF�G�T]G�[

ε
\_R�TVCEG"R]opF�G"opR�\jX!TVCEG"kE[]GW�Q\�cvY�R

�pGW[VR]\jcpX«�
h T]CE\j[/q��vG�[/R�\jcpX�\jR

HLF (Duh|Ω1
, · · · , Duh|Ωki

) =

∑

T3Mi

|T |H(Duh|T ) + α
∑

Mj∈T

(ui − uj)

∑

T3Mi

|T |
A}p}eg��

oeX�q
α ≥ hT maxp ||DpH || � CEG�[VG hT

\_R�T]C�G�ijop[]�vGWR�T�G>qS�pG"ce�
T
�

B�CEG F�oe\jX!qS\@?@GW[]GWX�g#GJ|�G�TU��GWG�X�T]C�GWR]GJqS\@?@GW[]GWXvT���cp[VF&YEi_opR�\_R8TVC�o�T  }p}po �8oeX�q� }p}e| �bop[]G�\jXvTV[]\jX�R]\jgf\�X�TVCEGJR]G�X�R]G
�p\j�pGWX�\jX B t CË� CE\ji�G  }p}pg ��\_R XEceT>���JG�X�g�GpªS��cvi�ijc�� \�X��.TVCEG�RVoeF�G�[]G���G�[VG�X�g�Gpª	 }p}eo ��oeX�q  }v}�| ��op[]G�g�cpXQ�pGW[]�vG�X`T�opX�q
T]C�GÙGW[][Vcp[�GWR�T]\jF�o�TVGÙ\_R O(h1/2)

� �Ecv[� }p}pg �#ªER�Y�g/CoeX�G�[V[Vcp[�GWR�T]\jF�oeT]GÙ\jR�X�ceTfo���oe\jijop|Ei�G ÁoeT i�G>opR�T�� C�G�X���cpiji�c�� \jXE�
T]C�G"T]GWg/C�XE\j^`YEG"cp� B t CÎªS|EYSTf\�Tf\jRJg#cpXQ�vG�[V�pG�X`T L�T]CE\_R \_R o�R�\jF�kEi�G�opkEkEij\jgWo�T]\jcpX�ce� B � CA�

B�CEG"opqS��opXvT/oe�vGJce�� }v}eg ��c��vG�[bTVCEG"ceTVCEG�[�TU��c.�vG�[/R�\jcpX�R�\jR�\�TVR�R]\�F�kEij\_g#\�TUP!\�Xg#cSqS\jXE��g#cvF�k�oe[VGWq�TVc  }p}eo ��opX�q
 }v}�| ���

� � ����� �À���#�����#���-������2����f�

B�CEGyoekEkE[Vc�lS\�F�oeT]\jcpX�ce��T]C�G�zL\�[V\jg/C�i�G�T¢kE[Vcp|EijG�F \jR�XEcpT�opR�R�\jF�kEi�GyopR¢\mT�i�cQc89SRW� hfX \jiji�Y�R�T][/o�TV\�cvX \jR¢T]c ��X�q
u : [0, 1] → R

R]Y�g/C¢TVC�o�T

|u′| − 1 = 0
\jX
x ∈ [0, 1], u(0) = 1

opX�q
u(1) = 2

� CE\_g/CC�opR X�c!g#i_opRVR�\_g�opi«R�cvi�YSTV\�cvX«ªE|EYETJ� CE\_g/C��Q\_R]g�cvR]\mTUP�R�cvi�YSTV\�cvX«ª�qSG���XEG>q�cvXEijP¢\jX
[0, 1[

\_R
u(x) = x

� � G�C�o��vG
lim

x→1−
u(x) = 1 6= 2

� 6ÆX�ceTVCEG�[bgWopR]GWRWªpRVo�P
u(0) = u(1) = 0

ªp��G C�o��vG
u(x) = |x−1/2| � CE\_g/C�F�oeTVg/CEG>R8RUTV[]cvXE�pijP

T]C�G�|�cvYEX�qEop[]P¢g�cpX�qE\mTV\�cvX�R��
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Mi ∈ ∂Ω
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T < τ
ª

oeX�q
V2
��cp[ � C�\jg/C

T ≥ τ
���fGWX�g#Gvª

u(x) = min( inf
v∈V1

[· · · ] , inf
v∈V2

[· · · ]).

�«G�T
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|@GT]CEG�\jX`T]G�[V\jcp[�XEcp[VF�oei�T]c

Ω
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x ∈ Ω
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T → 0
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��cpYEi_q�|@G�T]CEG�R]G#T"ce��g#cpX`TV[]cvijRJ��cp["� CE\_g/C

b(x, v) . ~n > 0
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g#cvX`T][Vcpi`��cp[8� CE\_g/C.T]CEG�TV[VoedUGWgÀTVcp[VP��pcQGWR�\jX`T]c
Ω
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infv∈V1
[· · · ]−u(x) = 0g#cv[][VGWR]k@cpX�qER�TVc.TVCEG��JopF�\�i�T]cvXE\jopX

Hb(x, t, p) = sup
v∈V1

{b(x, v) . p+ λt− f(x, v)}.

� G�oei_R�c�C�o��pGÙTVCEG�[]GWijoeT]\jcpX
Hb ≤ H

�
B�CEG��
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� cpX

V2
g�opX|�G�opkEkE[Vc�lQ\jF�o�TVGWq)ªS\��

T
\_RfR]F�oeiji°ªE|QP
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T ' τ
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0 = max(Hb
i , u(x) − ϕ(x))

� CEGW[]G Hb \_R o�g#cvX�R]\jR�TVopXvT oek�kE[]c�lS\jF�o�T]\jcpX�ce� Hb
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|QP R]o�PQ\jXE� TVC�o�T

S(x, s, {uj}j∈Vj ) = S(Mi, s, {uj}j∈Vj )
\m�
x
|�GWi�cvXE�vR�TVc�T]CEG�qSY�oeiËg�cpX`T][Vcpi<�pcvi�Y�F�G�ovR]R]cSg#\_o�T]G>q�TVc

Mi
�

� GÙC�o��pGÙT]CEG"��cvi�ijc�� \jXE�.[VGWR]YEi�T
��� ¤Q¨ � ¤ � �  B � C ��� � $;$+� � � � /0"�

� �
Hb ≤ H �

� � H � Hb
"���%���������,����� "� � ��/!� $ ��� � ��
����0$%� �  } 1 � ����%� �!
 �-�"�+� �"! �;��� � �8� � �

� � �-�"�% �	�
φ ∈ C∞

b (Ω) � � � /! �"�
� �"�%���!

x ∈ Ω, lim
h→0,y→x,ξ→0

H(y, ϕ(y) + ξ, ϕ+ ξ) = H(x, ϕ(x), Dϕ(x))
A}pweo �

� ���%"� !%� 
��� ��� 
�� / �;�"��/!�	� ��� �
∂Ω, lim

h→0,y→x,ξ→0
Hb(y, ϕ(y)+ξ, ϕ+ξ) = Hb(x, ϕ(x), Dϕ(x))

°}vw�| �

� � 	 /!�5�;� �!"�#
��"� � � � /0 $5 � �!
�� �!�-�'�+$;$����+
����-
 � �@� �
	 /0� �&� /0���-"� 
	�"!

uh
��� �:��� � � ! � ��� � �;�����"�-��� �-$��@� �;��	�"! � �!
 �-���+� � ! �,� ��/!� $ � � � ��
����.� � � � � 
��

Ω
�

� ��� � � �LB�CEG 9vG�P¢op[]�vYEF�G�X`T�cp��TVCEG"kE[Vc`cp��\_Rfo�g#cvX`�vG�[V�pGWX�g#GL[]G>R�YEi�T |QP 
�oe[Vi�G>R�oeX�qNQcpY��voeX�\jqS\_R B � CA�

Í�� N ÍÚ¹
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�"�.���-$�/0�-$ ~p~IfXE��cp[]T]YEX�oeT]GWi�PvªvTVCE\_R�[VGWR]YEi�TVR�\_R�X�ceT�G�XEcvYE�pC�TVc.�vY�oe[/oeX`TUP�o ���pcQcSq � g#cvXQ�pG�[V�pGWX�g#Gv��B�o�9vGfT]C�GÙG�lEoeF�kEijGLo�T�T]C�G
|@G��p\jXEXE\jXE��ce��T]C�G�R�G>gÀT]\jcpXËªEo.[VG��vYEi_oe[�F�GWR]C 

1/∆x = N + 1
�#ªST]CEG%AÙcSqSY�XEc��¢RVg/CEG�F�GÙT]C�oeTf[]G>qSY�g�GWR�CEGW[]GÙT]c

Hi = H(ui−1, ui, ui+1) = max

( |ui+1 − ui|
∆x

,
|ui−1 − ui|

∆x

)
− 1

oeX�q Hb = −∞ �bB�CE\jR opF�cpYEX`TVR�TVc!R�G�T�TV\�XE�
u0 = 0

ª
uN = 2

�bB�CEG�cv[]GWF } oekEk�i�\jGWR�|EYETfX`Y�F�GW[]\_g�opi)G#lSk@G�[V\�F�G�X`T/R
\jX�qS\_g�o�TVGÙT]C�oeT�TVCEG��p[/opqE\�GWXvT�ce��T]CEG�R]cpijYST]\jcpX�\_R�XEceT |@cpYEX�qEGWq�R�c�T]C�o�T�T]CEGW[]G"\_R�XEc�CEcpk@GÙT]c�C�o��vGÙo�g#cvX`�vG�[V�pGWX�g#G
ij\@9vG

∆xα � \mTVC α > 0
[VGWopR]cpX�oe|EijGp�

6ÆX B � CAªvT]C�\jR�kE[Vcp|EijG�F \jR�RUTVY�qS\jGWq!opX�q�\mT�\jR�R�CEc�� X�TVC�o�T�\m�
H
\_R�g�cpXQ�pG�l<ªp\m�)TVCEG AÙcSqSYEXEc���RVg/CEG�F�Gfg#cvX�R�T][VY�gÀTVGWq

cpX TVCEG!|@cpYEX�qEoe[VPy�LoeF�\jimTVcpXE\_oeX
Hb

\_R&g�cpX�R�T][VY�g#T]GWq«ª�opX�q \m�Jo6g#cQG�[/g#\j�Q\mTUPyopRVR�YEF�kSTV\�cvX CEcpi_qER���cv[
H
ª
Hb

opX�q
T]C�G�ovR]R]cSg#\_o�TVGWq�XQYEF�G�[V\_g�oei��JopF�\�i�T]cvXE\jopX«ª)TVCEG�X�cpXEG�g�opX�g�cpX`T][Vcpi

Du
ª«oeX�q6\mT�\_RÙR]CEc�� X�\�X B ~>u C�T]C�oeT"T]CEG�G�[V[Vcp[

|@G�C�o��vGWR�i�\ 9pG
h−1/2 ��NQ\jF�\�i_oe[ GW[][Vcp[�GWR�T]\jF�o�TVGWR ���cp[ 4�oe[]T]G>R�\_oeX�F�GWR]CEGWR ����GW[]GÙcp|ETVoe\jXEG>q¢\jX B ~v~ CA�

� , �����1����+����-������� ��(��#���

Ifk¢T]c.XEc���ªSoeiji�TVCEGLG�lEoeF�kEijGWR���GLC�o��pGf�v\��vG�X¢op[]GLcpXEijP���[/RUT�cp[/qSG�[�opg�g�YE[/o�T]GÙR]g/C�G�F�GWRW��B�C�G�[VGLoe[VGLR]G��vG�[/oeiE��o�PSR
g#cvX�R�T][VY�gÀTV\�XE��CE\j�pC�cp[/qSGW[�RVg/CEGWF�G>R��

�LXEG�k�c`R]R]\�|�i�G g#cvX�RUTV[]Y�gÀT]\jcpX \jR�o�g#cpX�R�G>^vY�G�X�g�G6ce�.T]CEG���cpijijc�� \�XE�¡�Áopg#TW�*B�CEG �
Du

� qSG�k@G�X�qSG�X�g�P \jX T]C�G
�JopF�\�i�T]cvXE\jopX¢g#cvF�GWR���cp[VF T]CEGLT]GW[]F � {uj, j ∈ Vi}

� \jX  ~Wt ���8K�cp[VGJk�[]G>g#\_R�GWi�Pvªv\jX�opi�i@T]C�G 9QXEc�� X!G�lEoeF�kEijGWRWªpTVCE\jR
qSGWk�GWX�qSG�X�g#P!cSg�g�YE[/RbTVCE[]cvYE�pC�qS\ ?<G�[VG�X�g#GWRWª

uj − ui
��cp[

j ∈ Vj
�8B�CEG>R�GLT]GW[]F�R�g�opX¢|@G"[]GW� []\�T�TVG�X¢\jX!TVG�[VF�R�cp�«T]C�G

�p[/opqE\�GWXvT/RJcp�
u
\�X�T]CEG.T][V\_oeXE�vi�G>RLR]YE[V[]cvYEX�qS\jXE�

Mi
�T]CE\_R"[]GWF�oe[�9�C�opRÙoeij[]G>opqSP|@G�G�X�Y�R]GWq�\jX  }p}po �Àª  }p}e| �LopX�q

 }v}eg � �À� �LXEG�g�opX�G�lQk�i�cv\mT TVCE\jRJ[]GWF�oe[�9@ªSovR \�X B ~ C«��cv[ G#lEoeF�kEijGpª�|`P�F�cQqE\m��PQ\jXE��T]CEG�GW��oeijY�o�TV\�cvX�cp��TVCEG��p[/opqE\�GWXvT/R
\jX�TVCEGT][V\_oeXE�vi�G>R�� 6ÆX�R�T]G>opq�ce�"i�\jXEGWop[�\�X`TVG�[Vk�cvijopXvT>ª�cvXEG�g�opX�Y�R]GCE\j�pCEGW[!qSG��v[]GWG�k@cpijPQXEcpF�\_oei_R.T]C�opX09SR�T]cyT]C�G
� H ��� � � H � F�G#TVCEcSqScpijcp�vPpª B t ª ~�} ª ~ 1 CA�

h ceTVCEG�[ R]cpijYST]\jcpX�\jR�TVCEG�zJ\_RVg#cpX`TV\�XQYEcvY�R�A"oeijG�[�9Q\�X�RUTV[VoeT]G��vP B ~Wx ª ~>w ª ~Wt CÎ� � G�qSc�XEcpTfqSG#T/oe\ji<T]CE\_R�T]G>g/CEXE\_^`YEG
CEGW[]Gv�

h i_opR�TfF�G#T]C�cQq\_RJo�|�i�GWX�qS\jXE�¢R�T][/o�T]GW�pPvª B ~�� CÎ��B�CEG&\jqSG>o�\_R�T]c!|�i�GWX�q�o�i�c�� cp[/qSGW[WªEF�cvXEceTVcpXEG��LoeF�\�i�T]cvXE\_oeX
 HM ��� \�T]Co&CE\j�pC�cp[/qSG�[��JopF�\ji�T]cpX�\jopX g�cpX�R]\_RUTVG�X`T��LoeF�\�i�T]cvXE\_oeX  HH �À� 
�P�CE\j�pC¢cv[VqEG�[���GÙF�G>oeX¢T]C�oeT�\�� u \_Ro�R�F�cQceTVC�R]cpijYSTV\�cvX�cp�  ~ �ÀªET]CEGWX

HH(Mi, ui, {uj}j∈Vi) = O(hk)
°}et �

��cp[
k > 1

�8B�CEG�RVg/CEG�F�G"� []\�T]G>R

H(Mi, ui, {uj}j∈Vi) = `iHM (Mi, ui, {uj}j∈Vi) + (1 − `i)HH(Mi, ui, {uj}j∈Vi) + ε(h)
A}v� �

� CEGW[]G
ε(h) = Chk ��cp[fR]cpF�G"k�c`R�\�T]\j�pG�g�cpX�R�TVopXvT C oeX�q

`i
\_R g/CEcvR]G�XR�Y�g/C¢TVC�o�T>ªE\m�

ri :=
HH

i

HM
i

ª���G"C�o��vG

`i + (1 − `i)ri ≥ ε′(h).
A}�� �

� CEGW[]G
ε′(h)−1ε(h) = o(1)

� � G�C�o��pGLT]CEG�R]\�F�kEijG�ijG�F�F�o.� C�\jg/CkE[VcQce�Ë\_R \jF�F�G>qS\joeT]Gvª
��¤ � �¡��� �  � HM

�� � HH
"����$+�#���"� ��� ! �;���0$+
 $+�,� �!� � H �8���*�'� � � !  }`� � 
 $ � �;����"! �;���0$+
 $+�,� �!� �

B�CEG�dUY�R�T]\���g�oeT]\jcpXce�  }�� ��g�cpF�GWR���[VcpF TVCEG�R]\�F�kEijG�[]GWijoeT]\jcpX

H(Mi, ui, {uj}j∈Vi) =

(
`i + (1 − `i)ri

)
HM (Mi, ui{uj}j∈Vi) + ε(h)

A} ���

��[VcpF � CE\_g/C«ªQY�R]\�XE��cpX�g#GÙF�cv[]GJT]CEGÙTVGWg/CEXE\_^`YEGÙce�«TVCEG�g#cpXQ�vG�[V�pG�X�g#Gf[VGWR]YEi�T�ce� B � CAªScvXEGÙgWoeX�R�CEc�� ��cv[�T]CEG"R]g/C�G�F�G
 } 1 � >  }�x ��� CEGW[]G H \jRf�p\j�pG�X�|QP  }v� ��TVCEG"��cpiji�c�� \jXE��[]G>R�Y�imT
��� ¤Q¨ � ¤ ��� �
	 ��� � � ���;�"�!$+
 �8� ����/!� $ �;/0� ���  } 1 � � /0� ��� � 
��  }�x � H 
 $��8���*�'� � � !  }`� � � � �% $;$+� � ��� /0��

� � HM � HH
�� � Hb

"��� $+�#���"� ���"! �;���0$+
 $+�,� �!�
� � HM

�� � Hb
������ �"�'�"� �"�'� �5"� 
	� �,���!
���0$ �
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Hb ≤ H �

� � 	 /!� � �@� � ��
�� ���0���"� � �,� �
`
��� �@��� ��$��,�

[0, 1]
�� � $-���
 $$� �+$

r =
HH(x, uh(x), uh)

HM (x, uh(x), uh)
, `(x) + (1 − `(x))r ≥ ε′(h)

� /0� ����� /0� �!"������ �,� �;$
ε(h)

"���
ε′(h)

$ "�#
 $�� �+$
ε′(h)−1ε(h) = o(1) �

� � 	 /!�-���5����
 $;��$� � �K
��-�!� $-��� � �#
��"�
uh

���  } 1 � ��/!"��$ "�#
 $�� �+$
L∞

�;��� � � � /0���
 $ � �K
 �-�"�+� 
��
h �

� � 	 /!�5�;� �!"�#
��"� � � � /0 $5 � �!
�� �!�-�'�+$;$����+
����-
 � �@� �
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uh
��� �:��� � � ! � /0��$ �;/0� � � �;�"� � � ��� �+$�� � �; �	� ! � �!
 �-���+� �"! �,��� /0��$ � � � �#
��"��� � � � � 
��

Ω
�

� lEoeF�kEijGWR�cp�ËTVCEG�|EijG�X�qS\jXE��k�op[VopF�G#T]GW[ oe[VGpªS�p\j�pGWX�g�cpX�R�TVopXvT/R
α− ≥ 1

ª
α+ > 0

oeX�q
β > 0

ª
`∗

` =





min(1, α−|r|)
\m�
r ≤ 0

0
\��

0 ≤ r ≤ β
min(1, α+(r − β))

G�i_R]Gp�
 1 u �

B�CE\_RfTVCEG�cpXEG.��G�C�o��pG&g/CEc`R�GWX�\jX�kE[/opgÀTV\jgWoei�oekEkEij\_g�o�TV\�cvX�Rf� \�T]C
β = 0

opX�q
α+ = 1

� 6ÆF�kEijG�F�GWXvT/o�TV\�cvX6qSG#T/oe\jijR
g�opX�|@G"��cpY�X�q�\�X B ~�� CÎ�

� � �#����(�2y���KH � � � � ���Ë��� (��#���1����+1���&�$������%���������� ��� (���� (

6ÎT \jR�X�ceTfqS\���g�YEi�T�TVc�g#cpX�RUTV[]Y�g#T�XQYEF�GW[]\_g�opi<�LoeF�\jimTVcpXE\_oeX�R�TVC�o�T ��cp[�9�cpX��pG�X�G�[/oei@XEcpXg#cvXS��cp[VF�oei@F�G>R�C�GWRW�bB�CEG
cpX�i�P 9vG�P k@cp\jXvT�\_R.T]c g#cvX�RUTV[]Y�gÀT �������"� �"�'� �JopF�\�i�T]cvXE\jopX�RW�¡B�CEGg#cpXQ�vG�[V�pG�X�g#G![VGWR]YEi�TVR�ce� B � C opX�q�B�CEG�cv[]GWF
} gWoeX G>opR]\�ijP |�G�opqEopkST]G>q L!o�g#ijcvR]G¢\jX�R]k�G>gÀTV\�cvX ce� TVCEG¢kE[VcQce�JR]CEc��fR�TVC�o�T.T]CEGR�T][VY�gÀTVYE[]G¢ce� T]C�G�F�GWR]C kEi_o�PSR
��� []cvi�Gv� � C�oeT&F�o�T]T]G�[/R�\_R�TVc6qSG#��XEGpª���cp[�oeXQP6F�GWR]C k�cv\�X`T

Mi
ª8oi�cSgWoei�\jX`T]GW[]k@cpi_o�TV\�cvX«ª

π
T]C�o�T&cvk�GW[VoeT]GWR�cpX

Ui := {uj}j∈Vj

cvX`T]c�TVCEG�R�k�opg#G�ce�LkE\�G>g#GW� \jR]G�ij\jXEGWop[&��YEX�gÀT]\jcpX�R�ª�oeX�q�R�Y�g/C¡T]C�oeT�\m�
uj ≤ vj

ª
j ∈ Vj

ª8T]CEGWX
π(Ui) ≤ π(Vi)

�
4�cpX�R�\_qSG�[ ��\j�pYE[VG } � B�CEG�XEGW\��vCQ|�cv[VR�ce�

Mi
oe[VG {Pi}i=1,··· ,8

ª���[VcpF � CE\jg/C���G�g�cpX�R�T][VY�g#T�oÙijcQgWoei`T][V\_oeXE�vYEijoeT]\jcpX
ÁqEceT�TVGWq6i�\jXEGWR ��TVC�o�TÙ\jRLY�R]GWqTVc�qSG���XEG�o�kE\jGWg#G `� \_R�G&i�\jXEGWop[J\jX`T]G�[Vk@cpi_oeX`TW� 6ÎTÙqScQGWRLXEcpTLXEGWGWqTVc!|�G�g#cvX`T]\jX`Y�cpY�RW�
B�CEGWX���G�gWoeXY�R]G�cpYE[f�LoeF�\jimTVcpXE\_oeX�R T]c¢qSG���XEG&RVg/CEGWF�G>R�T]C�oeTLoe[VG�g#ijGWop[]ijP¢g�cpX�R]\jR�TVopX`TWªEF�cpX�ceT]cvXEGp��B�CEG�TV[]\_g;9QP
k�op[�T�\_R"T]CEG!g/C�cp\_g#G�ce��T]CEG!X�G�\j�pCQ|�cv[VRW� ��\��vYE[]G } R]CEc��fR�oeXyG#lQT][VG�F�G�g�ovR�Gv�!h kE[Vcp|�op|Ei�P�|@G#T]T]GW[&g/CEcp\_g#G���cpYEi_q
C�o��vGL|@G�GWX�TVc!g/CEcQcvR]GLcvXEijP {P2, P3, P4, P5, P7}

|@GWg�opY�R]GLTVCEG�opR]k@GWgÀTf[/o�TV\�c�ce��T]C�G"T][V\jopXE�pijGWR�\_R�ijop[]�vG�[>�
HfcpT]GÙT]C�o�T T]C�G��JoeF�\jimTVcpXE\_oeX�R�ce� B ~ CÎªSTVC�oeX09SR�TVc.TVCE\_RfR�G�Tfce��[]GWF�op[�9SRWªSoe[VGÙk�oe[]T]\_g#YEi_oe[ g�ovR�G>R�ce��cpYE[���cv[]F.YEijo��

� 	 
�������#����� ��� (Ë
��/��(

6ÆX�pGWXEG�[/oeiAªS\mTL\jRfqE\
�!g#Y�imTfTVc!g#cvF�k�YST]G�opX�oeijP`T]\_g�oeijijP�T]CEG�R]cpijYSTV\�cvX�cp��o.��[/R�Tfcp[/qSG�[f�LoeF�\�i�T]cvX Q�`opg�cp|E\<G>^vY�o�T]\jcpXËª
oeX�q�T]CEG&R]\�T]Y�oeT]\jcpX\jRJG��vG�X���cp[/R�G"� CEGWXT]CEG&�LoeF�\jimTVcpXE\_oeX�\_R XEcpTLg#cvX`�vG#l ÁXEcp[Ùg#cvX�g�o��vG���|�G>g�opY�R�G"TVCEG.opX�oeijcp�vP
� \�T]C!CQPQk�GW[]|@cpij\_gfR�PSR�T]GWF�R�|@GWg#cvF�GWRbijcQcvR]G�[b\jX!�vG�XEGW[Vopi°���fGWX�g#Gvªv\�T�|@GWg�cpF�GWR�F�cv[]GLqS\
�!g�YEimT�T]cfdUY�qS�pGJT]CEGÙ^`Y�oeij\mTUP
ce��XQYEF�G�[V\jgWoei�[]G>R�YEi�TVRW�&B�cc��pG�[/g#cvF�G�T]CE\_R�qS\��!g#YEi�TUP�\�X o�R�k@GWg�\jopibg�opR]Gpª<��G�g#cpX�R�\_qSG�[

H(p) = (||p|| − 1)3
opX�q

T]C�G�kE[]cv|EijG�F
H(Du) = 0

cpX
Ω,

u = 0
cvX

Γ1,
u = 10

cpX
Γ2

 1 ~ �

� CEGW[]G
Ω
\_RJqSGWkE\jg#T]G>q\�X���vYE[VG 1 �fNQ\�X�g#G

t 7→ t3
\_R F�cpXEcpT]cpX�G�\�X�g�[]G>opR]\�X���ª

u
\_RJR]cpijYSTV\�cvX�cp�  1 ~ ��\m�bopX�qcpXEijP¢\��

\�Tf\jR o�R]cpijYST]\jcpX�ce�
||Dv|| − 1 = 0

cvX
Ω,

v = 0
cvX

Γ1,
v = 10

cpX
Γ2.

 1 }��

B�CEG�R]cpijYST]\jcpX�ce�  1 ~ ��oeX�q  1 } ��\_R�T]CEG�qE\jR�TVopX�g#G"TVc
Γ1
�

Í�� N ÍÚ¹
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P1

P2

P3

P4

P5

P6

P7

P8

��\j�pY�[]G�} L 4�opR]G"ce��o�XEcvX�g#cpXE��cp[VF�opi<F�G>R�CË�
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��\��vYE[VG 1 L.4�cpF�kEYETVo�TV\�cvX�oeiEqEcpF�oe\jX���cp[bkE[Vcp|�i�GWF  1 ~ �
Γ1
\_R�T]CEGJ\�XEX�G�[�g�\�[/g#ijG�ce�)g#G�X`TVG�[

(0, 0)
opX�q�[VovqS\jY�R

r = 1
ª

Γ2
\_R�T]C�G�cpYSTVG�[fg#\j[/g#ijG °g#GWXvTVG�[

(0, 0.5)
ªS[VovqS\jY�R

r = 3
�À�

6ÆX¡cv[VqEG�[.T]c qS\jRVg#[VG#TV\��WG  1 ~ �#ªb��G�� [V\mTVG
H = H1 + H2

� \mTVC
H1(p) = max(|p|| − 1, 0

)3 opX�q
H2(p) =

min(||p|| − 1, 0
)3 ��B�CEG>R�G.��YEX�g#T]\jcpX�R"oe[VG&[VGWR]k@GWgÀTV\��vG�ijP�g#cpXQ�vG#l�oeX�q�g#cpX�g�o��pGv�LB�CEG�XQYEF�G�[V\jgWoei��JopF�\ji�T]cpX�\jopX6\_R

T]C�G �Ëoel ��[]\jGWqE[]\_g/C	� R�oeX�q�T]CEGL|�cvYEX�qEop[]P��JopF�\�i�T]cvXE\jopX!\_R�AÙcSqSYEXEc�� � R���B�CEGLX`Y�F�GW[]\_g�opi�R]cpijYST]\jcpX¢\jR�qS\jR]kEi_o�PpG>q�cpX
��\��vYE[VG x > Áo��#�JB�CEG&R]cpijYSTV\�cvX�ce�  1 } � � \�T]C�T]CEG�AÙcQqEYEXEc���JoeF�\jimTVcpXE\_oeX�\_RLkE[]c��Q\_qSGWq�cvX ��\j�pY�[]G x > Á| �À�Lh g#ijcvR]G
g#cvF�k�oe[V\jR]cpX�R�C�c�� T]C�oeT T]CEGWP�op[]G Áopi�F�c`RUT ��\_qSGWXvTV\jgWoeiA�
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��\��vYE[VG�x!L�°o���L�NQcpijYST]\jcpX cp��k�[]cv|Ei�GWF  1 ~ �#ª�F�\jX��
0
ª�F�o�l��

1.48
��Á| � L�NQcpijYST]\jcpX cp��kE[Vcp|�i�GWF  1 } �Àª�F�\jX��

0
ª

F�o�l��
1.504

hfX ceT]C�G�[�opkEkEij\jgWo�TV\�cvX ce��TVCEG6|@cpYEX�qEoe[VP�g�cpX�qE\mTV\�cvX�R!\_R¢�v\��vG�X |QP�T]CEG oek�kE[]c�lS\jF�o�T]\jcpX cp�ÙTVCEG���cpiji�c�� \jXE�
kE[Vcp|EijG�FªScvX¢TVCEG�R]opF�GÙ�vG�cvF�G�T][VPpª

H(Du) = 0
cpX

Ω,
u(x, y) = 0 (x, y) ∈ Γ1,
u(x, y) = 3 cos(2πx) (x, y) ∈ Γ2.

 181 �

NQ\jX�g#G
H
\_R"XEcpX g#cvXQ�pG#l)ª)\�T�\jR�qE\
�!g#Y�imT�TVc=9`X�c��  �'�+
��"�+
 � C�o�T���cpY�ijq�|�G�TVCEG���oeijYEG�ce��T]CEG!R]cpijYST]\jcpXycpX�T]C�G

|@cpYEX�q�oe[VPp��B�CEG¢g�cpF�kEYSTVGWq R]cpijYST]\jcpX \_R��v\��vG�X cpX ��\j�pYE[VG w > Áo �À��6ÎT�gWoeX |@G¢R�GWG�X TVC�o�T�TVCEG�R]cpijYSTV\�cvX R]oeT]\_RU��G>R
R�T][VcpXE�vi�P"TVCEGf|@cpYEX�q�oe[VP&g#cvX�qS\�T]\jcpX�cpX

Γ2
opX�q�cpXEijP���GWo�9QijP�cpX

Γ1
Ág#cvX`T][/oe[V\�ijP"T]c"TVCEG kE[VG��Q\�cvY�R�G#lEopF�k�i�G �À��HfceTVG

CEc���G��vG�[�T]C�oeTbT]C�G�P&C�o��pG�|�GWG�X�XQYEF�G�[V\_g�oeijijP � �;����"! \�F�k@cvR]GWq�cpX Γ1
oeX�q

Γ2
�8B�CEGfR�cvi�YET]\jcpX�\jR�oei_R�c"\jX��vG�[VP��pcQcSq

oe�v[]GWG�F�G�X`T�� \mTVC�T]CEG�cvXEG"cp|ST/oe\jXEGWq���[VcpF TVCEG�qS\_R]g�[]G�T]\ �Wo�TV\�cvX¢cp�

||Dv|| − 1 = 0
cpX

Ω,
v(x, y) = 0 (x, y) ∈ Γ1,
v(x, y) = 3 cos(2πx) (x, y) ∈ Γ2.

 1 x �

� CE\jg/C�\_RfqS\_R�kEi_o�PpG>q!cvX ��\j�pYE[VG w > �| �#�
� G¢oei_R�c�R]CEc�� CEc�� T]C�G!CE\j�pC cv[VqSGW[�G#lQTVG�X�R]\�cvX ce�JR]GWgÀTV\�cvX t ��cp[�9QR"� C�G�X TVCEG AÙcSqSYEXEc�� R]cpij�pG�[&� \mTVC

P 2\jXvTVG�[Vk�cvijoeT]\jcpX���cp[¢T]CEG6CE\��vC cp[/qSG�[�R]g/CEGWF�Gp� B�CEG �Wc`cvF \_R¢qS\_R]kEijo�PvGWq�cpX ��\j�pYE[VG t � 4�ijGWop[]ijPpª o �vG�[VP¡i_oe[V�pG
c��pGW[VR]CEcQceTÙG#lS\_RUT/R"� CEG�[VG

u
\jR"X�ceT

C1 ªËT]CEGW[]G�TVCEG!R]cpijYST]\jcpXyce��T]CEG�|�i�GWX�qSGWq RVg/CEG�F�G�\_R"F�cvXEceTVcpXEG�opX�q6\_R��vG�[VP
R]\�F�\jijop[&TVc�T]C�G¢��[/R�T�cv[VqSGW[&cvXEGp�.6ÆX TVCEG�R]F�cQceT]C¡k�oe[]T.cp�fT]CEGR]cpijYST]\jcpX«ª�TVCEGR�G>g#cpX�q cp[/qSG�[�oeX�q T]CEG�|EijG�X�qSG>q
RVg/CEG�F�G"oe[VGL�vG�[VP�R]\jF�\ji_oe[�ÚTVCEG"[]G>R�YEi�TVR�|QP�T]C�GÙ|�i�GWX�qSGWq�RVg/CEG�F�GÙ\jR R]i�\j�pC`TVi�P�F�cp[VGLqE\jRVR�\jk�oeT]\j�pGLT]C�opX¢TVCEcvR]GLcp�«T]C�G
R]GWg#cvX�q�cp[/qSG�[�YEXEij\jF�\�T]G>q�R]g/C�G�F�G��#�

B�CEG�i_opR�T ��\��vYE[VG�R�CEc�� T]C�oeTJcpY�[f\�F�kEijG�F�GWXvT/o�TV\�cvX�ce��T]CEG&|�cvYEX�qEop[]P�g#cpX�qS\mTV\�cvX�R \_R G-?<GWg#T]\j�pGv��6Î�b��G�\�F�k@cvR]G
R�T][VcpXE�vi�P TVCEG�|@cpYEX�qEoe[VP�g�cpX�qS\�T]\jcpX�R�ª�opR�\jX ��\��vYE[VG �  °o���B�CE\_R�C�ovR�T]c |@G6g�cpF�k�oe[VGWq�� \�T]C ��\j�pYE[VG w � B�CEG
��\��vYE[VG � R�CEc�� T]C�o�TfTVCEG�[VG�\jRLo�RUTV[]cvXE��|@cpYEX�q�oe[VP!ijo�PvG�[ cvX�k�oe[]TVR cp��TVCEG�cvYST]GW[f|�cvYEX�qEop[]P �� CEGW[]G"TVCEG�\_R�cvi�\jXEG>R
oe�v�pijcpF�G�[/o�TVG��#�JB�CE\_RL\_RLXEceTÙT][VYEG���cv[JTVCEG ��\j�pY�[]G �  °o��#� 6ÆX6�ÁopgÀT>ª<cpX�R]cpF�G.k�oe[]TVRJce�bTVCEG.cvYST]GW[L|@cpY�X�qEoe[VPpª�T]C�G
g#cvF�k�o�TV\�|E\jij\mTUPg#cvX�qS\�T]\jcpX�ce� B 1 C�\jRfT][VYEGpª<R]c�T]C�oeTLcvXEG&g�opX�\�F�k@cvR]G�T]C�G&|@cpYEX�q�oe[VP�g�cpX�qS\�T]\jcpX�RJR�T][VcpXE�vi�Pvª�oeX�qcpX
ceTVCEG�[�k�oe[]TVRLT]CE\_R"\_R"XEceT"T][VYEG�oeX�q6��G�C�o��pG.T]c�oek�kEi�P�T]CEGWF ��GWo�9QijPp��B�CE\jR"k�oe[]T]\�T]\jcpXyce��TVCEG�|�cvYEX�qEop[]P6\jR"XEcpT
9QXEc�� Xo.k�[]\jcp[V\<L8cpYE[ \jF�kEi�GWF�G�X`TVoeT]\jcpX�TVo89pGÙT]CE\_R�\jXvTVc!opgWg#cpY�XvT oeYET]cpF�oeT]\_g�oeijijPp�

� � �&�����#
�(Ë�#����(

� G.C�o��vG.qSG>R]g�[]\j|@G.R]G��pGW[Vopi«TVGWg/CEXE\_^`YEG.��cp[LT]CEG�R�cvi�YET]\jcpX6cp�b��[/RUTÙcp[/qSG�["�JopF�\�i�T]cvX6�vovg#cv|E\�G>^`Y�o�TV\�cvX�R�� � G.C�o��pG
T][V\jGWq�TVcLG�lSkEijop\�X�T]CEG�CE\_qEqSGWX.qSG�TVoe\ji_R�opX�q�TVCEG�cp[V\��v\�X�R�ce��T]CEG�R]g/C�G�F�GWRW��NQGW�pGW[VopieT]C�G�cp[VG#TV\jgWoei`[]G>R�Y�imT/R�op[]G�kE[Vc��`\_qSG>q)ª
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°o�� Á| �

��\��vYE[VG w0L °o�� L8NQcpijYST]\jcpX�ce�<kE[Vcp|EijG�F  181 �ÀªpF�\jX�� −3
ªeF�oel � −1.53

� �| � L�NQcvi�YET]\jcpX�ce�<kE[]cv|EijG�F  1 x �Àª`F�\�X�� −3
ª

F�o�l�� −1, 47

O1.desc

u,  min = -3,  max = -1.993

O2.desc

u,  min = -3,  max = 23.25

O2blend.desc

u,  min = -3,  max = -1.996

��\��vYE[VG!t0L 4�cvF�k�oe[V\jR]cpX ce��T]C�G�R]cpijYST]\jcpX ce� kE[Vcp|�i�GWF  1 x ��� \�T]C R]G��vG�[/oeibRVg/CEG�F�G>R�� 6ÆX |EijYEG8L.T]CEG!��[VR�T&cv[VqSGW[
RVg/CEG�F�G 

min = −3,max = −1.993
�Àª`\�X�v[]GWG�X&L8R]GWg�cpX�q�cp[/qSG�[�YEXEij\jF�\�T]G>qR]g/CEGWF�G 

min = −3,max = 23.25
�#ª

\jX�[VGWq LbR]GWg#cvX�q�cp[/qSG�[�|EijG�X�qEGWqR]g/C�G�F�G 
min = −3,max = −1.996

�À�
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~Wt ��� ����������	�
sol.desc sol.desc

Áo � �| �

��\��vYE[VG"� L Áo ��LbNQcvi�YET]\jcpX!cp�ËkE[Vcp|EijG�F  1 x ��� CEG�X�TVCEGÙ|�cvYEX�qEop[]P�g#cvX�qS\�T]\jcpX�R�oe[VGf\jF�k�c`R�G>q¢R�T][VcpXE�vi�Pvª Á| ��L�F�GWR]C

T]C�G�kE[Vc`cp�ÁR�oe[VG�p\j�pG�X \jX T]CEG�[VG#��GW[]GWX�g#G>R�� �LX�g#G�F�cp[VGpª�T]C�G�[VG�oe[VG�F�opXQP ceTVCEG�[!F�G�T]CEcSqER!��cp[¢R]cpij�Q\�XE�yTVCEGWR]G
kE[Vcp|EijG�F�RWª«R�cvF�G�op[]G��pGW[]P��vG�XEGW[Vopi°ª«R]cpF�G�oe[VG�R]k@GWg#\_oeijijP�T]YEX�GWq6��cp[�o�R�k@GWg�\m��g�G�lEoeF�kEijG�R]Y�g/C opR"g#cvF�k�YST]\jXE��o
qS\_RUT/oeX�g�GÙ��YEX�gÀTV\�cvX� CE\jg/C\_R�cpXEG"cp��TVCEG 9pGWP!\�X��p[VGWqS\jG�X`T ce��T]CEG�ijG��vG�i«R]G#TfF�G#TVCEcSq)�

� � %������ ����� (

B ~-C&N<� �ÙR�CEGW[foeX�q 4L� � �@NQCQY«���J\��vC `cv[VqSGW[�GWRVR�GWXvTV\jopi�ijP!XEcvXEcvRVg#\jijijoeT]cp[VP!RVg/CEG�F�GWR���cv[f�JopF�\ji�T]cpX�Q�`opg#cv|E\)GW^`Y�o�>
TV\�cvX�R����  ��� � ��� � � �-� � � �' � �jªË~ � ��~p�

B } C%A�� 
�op[]ijGWRW��� ��� � �#
��"�0$������ 
 $ �;� $+
��	� ���+$
�;� �!"�#
��"�!$ ���G�%"� 
	� � �"�����  �;� � 
 �)K�o�TVCEZ�F�oeT]\_^vY�GWR8G�T�hfkEkEij\_g�o�TV\�cvX�RW�
NQk�[]\jXE�pGW[�8G�[Vijop��ª)~ ���ex��

B 1 C�a�� > ��� �Ë\�cvX�RW��� � ��� ���� 
 � � �=$ � � � �#
��"�!$�� � �5"� 
	� �,����� �  �;���-
��;�-�!���
����0$ �.n GWR]GWop[Vg/C6HJceTVGWRÙ\�XyK�o�TVCEG�F�oeT]\_g�RWª
t��E��
�cvR�T]cpX > �«cvX�qScvX >�K�GWi�|@cpY�[]XEG�L8ab\�T]F�oeX�h qS��oeX�g#GWq�abY�|Ei�\_R]CE\�X���ab[]cv�p[/oeF�<ª)~ ���v}S�

B x�C�K ��
�op[VqE\�oeX�q ��� 4L� � ��opX�RW�
�LX!�JcpkS� � R8��cv[]F.YEi_oJ��cv[�R]cpijYST]\jcpX�R�cp�<��[VR�Tbcp[/qSGW[b�JoeF�\jimTVcpX S�vovg#cv|E\SGW^`Y�oeT]\jcpX�RW�
� �"� � 
����;"� � �' � � 	 /0�;����!��&�-� /0� � $ � �8� � �jª � �~p~ �+Lj~ 1 � 1 <~ 1 ��~pªS~ � �ex��

B w C�K � 
�oe[/qS\8oeX�q�N<���ÙR]CEG�[>��B�CEG�XEcvX�g#cvX`�vG#lF&YEi�T]\@>ÆqS\�F�GWX�R�\jcpX�oei8n \jG�F�oeXEXykE[Vcp|EijG�F-��cv["�LoeF�\jimTVcpX >Æ�vovg#cv|E\
G>^vY�o�T]\jcpX�R����# ��� � � � ���/ � � ���� �jª�}v} °}��+L 1 xvx  1 wS~vªE~ ���E~p�

B t"C�n���hf|��p[/oeiji°� HfYEF�GW[]\_g�opiÙzL\jRVg#[VG#TV\��>o�TV\�cvX ce����\j[VR�T��L[/qSG�[�JopF�\�i�T]cvX Q�`opg�cp|E\ � ^vY�o�T]\jcpX�R�cvX B�[]\_oeXE�vYEi_oe[
K�G>R�C�GWRW� (*���5� � � � ��� ����� � � �&���/ �jª�� �O6��%Lj~ 1�1 � <~ 1 � 1 ª`zJG>g#GWF&|@G�[�~ ���pt��

B � C�K � A�� 4�[/oeX�q�oeijifoeX�q�a�� ��� �«\jcpX�R�� B���c oek�kE[]c�lS\jF�o�T]\jcpX�R.cp�"R]cpijYSTV\�cvX�R�ce���JopF�\ji�T]cpX�Q�`opg#cv|E\�GW^`Y�oeT]\jcpX�RW�
�&"� / � ( ����� �jª�x 1 ª)~ ���ex��

B �"C%A�� 
�oe[VijGWR"oeX�q�a�� � ��NQcpY��voeX�\jqS\_RW� 4�cvX`�vG�[V�pGWX�g#G�cp��opkEkE[Vc�lQ\jF�o�TV\�cvX�RVg/CEG�F�GWRL��cv["��YEi�ijP�XEcvXEij\�XEG>oe[�R]GWg#cvX�q
cv[VqSGW[�GW^`Y�o�TV\�cvX�RW� � $�!"���'�,����
 � � ����"! $+
 $ ª�x�ª)~ ���E~v�

B �"C�n��<hf|��p[/oeiji°�JHJYEF�G�[V\jgWoei�qS\jRVg#[VG#TV\��>o�TV\�cvX�ce�b|@cpYEX�q�oe[VPg�cpX�qE\mTV\�cvX�R ��cv[f��[/RUTÙcp[/qSG�[Ù�JopF�\ji�T]cpX��vovg#cp|�\ËGW^`Y�o�>
TV\�cvX�R����  ��� � ��� � � �-� � � �' � �jª�x�~�°t��-L }v} 181 S}v}etE~vªp}euvuex��

B ~Wu"C�n���hJ|E�p[/oeiji`opX�q�.��a�GW[][V\jG�[>� � [V[]cv[�G>RUTV\�F�oeT]GWRË��cp[8�LoeF�\�i�T]cvX Q�`opg�cp|E\vGW^`Y�oeT]\jcpX�R�� \mTVC&|@cpYEX�qEoe[VP�g#cpX�qS\mTV\�cvX�RW�

����'��� �0���"�#
��"� ª@}euvupt��

B ~p~-C�����zLGWg;9vG�ijXE\_g;9�oeX�q&4L� K � � iji�\jceT>�fIfXE\_^`YEG�X�GWRVRfoeX�qGW[][Vcp[fopX�oeijPSR�\_R���cv[L�JopF�\�i�T]cvX Q�`opg�cp|E\)G>^vY�o�T]\jcpX�R � \mTVC
qS\_RVg#cpX`TV\�XQYE\�T]\jGWRW�  �!� � � �- �;�+$%�� � �;��� � �8���! ª�t!L 1 } �  1 x �Eªv}pupuex��

Í�� N ÍÚ¹
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�"�.���-$�/0�-$ ~��B ~>} C������L\jY�opX�q 4L� � �<NQCQY«���fGW[]F�\�T]G � � H � R]g/CEGWF�GWR���cv[f�JoeF�\jimTVcpX >Æ�`opg#cv|E\)GW^`Y�oeT]\jcpX�RW� � � (*�"� ��� � � � /#! $ �jª
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