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adap tive p osterior factorization

Emmanuel Vincent * and M ark D . P lumb ley **
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Abstract: H a rmonic sinu soid a l mod els a re a n essentia l tool for a u d io signa l a na lysis.

B a yesia n h a rmonic mod els a re p a rticu la rly interesting, since th ey a llow th e joint ex p loita tion

of v a riou s p riors on th e mod el p a ra meters. H ow ev er ex isting inference meth od s often rely

on sp ecifi c p rior d istrib u tions a nd rema in ra th er slow for rea listic d a ta . In th is a rticle,

w e inv estiga te a generic inference meth od b a sed on a p p rox ima te fa ctoriz a tion of th e joint

p osterior into a p rod u ct of ind ep end ent d istrib u tions on sma ll su b sets of p a ra meters. W e

d iscu ss th e cond itions u nd er w h ich th is fa ctoriz a tion h old s tru e a nd p rop ose tw o criteria to

ch oose th ese su b sets a d a p tiv ely. W e ev a lu a te th e resu lting p erforma nce ex p erimenta lly for

th e ta sk of mu sica l score tra nscrip tion u sing d iff erent lev els of fa ctoriz a tion.

K e y -w o rd s: B a yesia n inference, h a rmonic mod el, a d a p tiv e fa ctoriz a tion, p osterior d ep en-
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(Résumé : tsvp)
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Inférence bayésienne efficace pour les modèles

h armoniq ues par factorisation adaptativ e de la

distribution a posteriori

Résumé : Les modèles sinusöıdaux harmoniques constituent un outil essentiel pour

l’analy se des sig naux audio. Les modèles harmoniques b ay ésiens sont particulièrement

intéressants, car ils permettent d’exploiter conjointement les diff érents a priori disponib les

sur les paramètres des modèles. C ependant, les méthodes d’inf́erence existantes reposent

souv ent sur des distrib utions a priori spécifi ques et restent relativ ement lentes sur des

données réalistes. D ans cet article, nous étudions une méthode d’inf́erence g énérique b asée

sur la factorisation approchée de la distrib ution a posteriori en un produit de distrib u-

tions indépendantes sur des petits sous-ensemb les de paramètres. N ous discutons les con-

ditions sous lesquelles cette factorisation est v raie et nous proposons deux critères pour

choisir ces sous-ensemb les de façon adaptativ e. N ous év aluons la performance de cette

méthode expérimentalement pour la tâche de transcription de la partition musicale pour

div ers niv eaux de factorisation.

M o ts c ĺes : Inf́erence b ay ésienne, modèle harmonique, factorisation adaptativ e, dépendance

a posteriori
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1 Introduction

M u sic a n d sp e e ch in v o lv e d iff e re n t ty p e s o f so u n d s, in c lu d in g p e rio d ic , tra n sie n t a n d n o isy
so u n d s. S h o rt-te rm sta tio n a ry p e rio d ic so u n d s c o m p o se d o f sin u so id a l p a rtia ls a t h a rm o n ic
o r n e a r-h a rm o n ic fre q u e n c ie s a re p e rc e p tu a lly e sse n tia l, sin c e th e y c o n ta in m o st o f th e e n e rg y
o f m u sic a l n o te s a n d v o w e ls. H a rm o n ic ity m e a n s th a t a t e a ch in sta n t th e fre q u e n c ie s o f th e
p a rtia ls a re m u ltip le s o f a sin g le fre q u e n c y c a lle d th e fu n d a m e n ta l fre q u e n c y . E stim a tin g
th e p e rio d ic so u n d s u n d e rly in g a g iv e n sig n a l, i.e. e stim a tin g th e ir fu n d a m e n ta l fre q u e n c ie s
a n d th e a m p litu d e s a n d p h a se s o f th e ir p a rtia ls, is re q u ire d o r u se fu l fo r m a n y a p p lic a tio n s,
su ch a s sp e e ch p ro so d y a n a ly sis [1 ], m u sic a l sc o re tra n sc rip tio n a n d in stru m e n t re c o g n itio n
[2 ] a n d lo w b it-ra te c o m p re ssio n [3]. T h is p ro b le m is p a rtic u la rly d iffi c u lt fo r p o ly p h o n ic
sig n a ls, i.e. sig n a ls c o n ta in in g se v e ra l c o n c u rre n t p e rio d ic so u n d s, sin c e d iff e re n t p e rio d ic
so u n d s m a y e x h ib it p a rtia ls o v e rla p p in g a t th e sa m e fre q u e n c ie s.

E x istin g m e th o d s fo r p o ly p h o n ic fu n d a m e n ta l fre q u e n c y e stim a tio n a re o fte n b a se d o n
o n e o f tw o a p p ro a ch e s [2 ]: e ith e r v a lid a tio n o f fu n d a m e n ta l fre q u e n c y c a n d id a te s g iv e n b y
th e p e a k s o f a sh o rt-te rm a u to -c o rre la tio n fu n c tio n [4 , 5 , 6 ] o r in fe re n c e o f th e h id d e n sta te s
o f a p ro b a b ilistic m o d e l o f th e sig n a l sh o rt-te rm p o w e r sp e c tru m b a se d o n le a rn e d te m p la te
sp e c tra [7 , 8 , 9 ]. T h e se a p p ro a ch e s h a v e a ch ie v e d lim ite d p e rfo rm a n c e o n c o m p le x p o ly p h o n ic
sig n a ls so fa r [2 , 6 ]. M o re o v e r n e ith e r a p p ro a ch p ro v id e s e stim a te s fo r th e a m p litu d e s a n d
p h a se s o f th e p a rtia ls, w h ich a re n e e d e d fo r m u sic a l in stru m e n t re c o g n itio n o r lo w b it-ra te
c o m p re ssio n .

A p ro m isin g w a y to a d d re ss th e se issu e s is to re ly o n a p ro b a b ilistic m o d e l o f th e sig n a l
w a v e fo rm in c o rp o ra tin g v a rio u s p rio r k n o w le d g e . T w o fa m ilie s o f su ch m o d e ls h a v e b e e n
p ro p o se d in th e lite ra tu re fo r m u sic sig n a ls. O n e fa m ily in tro d u c e d in [1 0 , 1 1 ] m o d e ls e a ch
m u sic a l n o te sig n a l in sta te -sp a c e fo rm b y a d isc re te fu n d a m e n ta l fre q u e n c y a n d a fi x e d
n u m b e r o f d a m p e d o sc illa to rs a t h a rm o n ic fre q u e n c ie s w ith in d e p e n d e n t tra n sitio n n o ise s.
D e c o d in g is a ch ie v e d e ith e r v ia lin e a r K a lm a n fi lte rin g o r v a ria tio n a l a p p ro x im a tio n [1 2 ],
d e p e n d in g w h e th e r th e d a m p in g fa c to rs a re fi x e d o r su b je c t to a d d itio n a l tra n sitio n n o ise s.
T h e se in fe re n c e m e th o d s re stric t th e p rio r d istrib u tio n o f th e tra n sitio n n o ise s to b e G a u ssia n
o r fro m a c la ss o f c o n ju g a te p rio rs [1 3] re sp e c tiv e ly . A n o th e r fa m ily o f m o d e ls d e sc rib e d in
[1 4 , 1 5 , 1 6 ] re p re se n ts m u sic a l n o te sig n a ls b y c o n tin u o u s fu n d a m e n ta l fre q u e n c y , a m p litu d e
a n d p h a se p a ra m e te rs, in fe rre d u sin g M a rk o v C h a in M o n te C a rlo (M C M C ) m e th o d s [1 3].
T h e se m e th o d s a re th e o re tic a lly a p p lic a b le to a ll p rio r d istrib u tio n s, b u t te n d to b e ra th e r
slo w in p ra c tic e . T h u s th e ch o se n p rio rs a re p a rtly m o tiv a te d b y c o m p u ta tio n a l issu e s [1 6 ].
In p a rtic u la r, th e a m p litu d e s o f th e p a rtia ls a re m o d e le d b y in d e p e n d e n t u n ifo rm p rio rs o r
b y c o n ju g a te z e ro -m e a n G a u ssia n p rio rs.

F o r b o th fa m ilie s o f m o d e ls, th e a b o v e p rio rs e x h ib it so m e d iff e re n c e s w ith th e e m p iric a l
p a ra m e te r d istrib u tio n s. In p a rtic u la r, th e y d o n o t p e n a liz e p a rtia ls w ith z e ro a m p litu d e .
T h is c a n le a d to m issin g e stim a te d n o te s fo r sig n a ls c o m p o se d o f se v e ra l n o te s a t sim p le
ra tio n a l fu n d a m e n ta l fre q u e n c y ra tio s [1 4 , 1 6 ], o r to e rro n e o u s fu n d a m e n ta l fre q u e n c y e sti-
m a te s, ty p ic a lly e q u a l to a m u ltip le o r a su b m u ltip le o f th e tru e fu n d a m e n ta l fre q u e n c ie s
[1 6 ]. T o h e lp so lv in g th e se lim ita tio n s, w e re c e n tly p ro p o se d a h a rm o n ic m o d e l in c lu d in g

PI n˚1841



4 Vincent & Plumbley

p ro b a b ilistic p rio rs m o tiv a te d b y e m p iric a l p a ra m e te r d istrib u tio n s a n d u se d a v a ria n t o f
th e d ia g o n a l L a p la c e m e th o d fo r fa st p a ra m e te r in fe re n c e [3 ].

In th is a rtic le , w e p ro p o se a m o re a c c u ra te fa st in fe re n c e m e th o d fo r p ro b a b ilistic h a r-
m o n ic m o d e ls, b a se d o n a p p ro x im a te fa c to riz a tio n o f th e jo in t p o ste rio r in to a p ro d u c t o f
in d e p e n d e n t d istrib u tio n s o n su b se ts o f p a ra m e te rs. T h is m e th o d is d e sig n e d fo r m o d e ls o f
th e fo rm d e sc rib e d in [1 4, 1 5 , 1 6 , 3 ], in v o lv in g e x p lic it fre q u e n c y , a m p litu d e a n d p h a se p a -
ra m e te rs. It is g e n e ric , in th a t it c a n b e a p p lie d to a w id e ra n g e o f p rio rs, a n d a d a p tiv e , sin c e
th e le v e l o f fa c to riz a tio n d e p e n d s o n th e o b se rv e d sig n a l a n d th e h y p o th e siz e d n o te s. T h is
c o n stitu te s a c ru c ia l d iff e re n c e c o m p a re d to v a ria tio n a l a p p ro x im a tio n m e th o d s, w h e re th e
te rm s o f th e fa c to riz a tio n a re fi x e d a p rio ri a n d th e ir p a ra m e te rs c a n o n ly b e c o m p u te d fo r
c e rta in c la sse s o f p rio rs. W e c o m p le te o u r p re lim in a ry w o rk [1 7 ] b y d isc u ssin g th e e x te n sio n
o f th is m e th o d to n o n g a u ssia n re sid u a ls a n d a lte rn a tiv e m o d e l stru c tu re s, in v e stig a tin g a
n e w c rite rio n fo r th e ch o ic e o f th e p a ra m e te r su b se ts a n d p ro v id in g a d e ta ile d e x p e rim e n ta l
e v a lu a tio n .

T h e stru c tu re o f th e re st o f th e a rtic le is a s fo llo w s. In se c tio n 2, w e p re se n t a p o ssib le
B a y e sia n n e tw o rk stru c tu re fo r h a rm o n ic m o d e ls a n d m a k e so m e m ild a ssu m p tio n s a b o u t
th e p a ra m e te r p rio rs. T h e n , w e d e sc rib e th e p ro p o se d in fe re n c e m e th o d in se c tio n 3 a n d
e x te n d it to a lte rn a tiv e m o d e l stru c tu re s. In se c tio n 4, w e e v a lu a te its p e rfo rm a n c e fo r th e
ta sk o f m u sic a l sc o re tra n sc rip tio n o n sh o rt tim e fra m e s. W e c o n c lu d e in se c tio n 5 a n d
su g g e st so m e p e rsp e c tiv e s fo r fu tu re re se a rch .

2 Assumptions about the model

T h e h a rm o n ic m o d e ls in [1 4, 1 5 , 1 6 , 3 ] a re v a ria tio n s o f th e sa m e c o n c e p t. T h e y a ll re p re -
se n t th e o b se rv e d m u sic sig n a l a s a su m o f n o te sig n a ls, e a ch c o m p o se d o f se v e ra l sin u so id a l
p a rtia ls p a ra m e triz e d b y a se q u e n c e o f ra n d o m v a ria b le s sp a n n in g su c c e ssiv e tim e fra m e s.
H o w e v e r, th e ch o se n v a ria b le s a n d th e ir c o n d itio n a l d e p e n d e n c y stru c tu re a re slig h tly d if-
fe re n t fo r e a ch m o d e l. F o r th e sa k e o f c la rity , w e fi rst d isc u ss o u r a p p ro a ch fo r th e m o d e l
stru c tu re in [3 ], w h ich in v o lv e s fe w e r v a ria b le s.

2.1 B ay esian netw ork structure

O n e a ch tim e fra m e , th e m o d e l d e sc rib e d in [3 ] e x h ib its th e fo u r-la y e r B a y e sia n n e tw o rk
stru c tu re sh o w n in F ig u re 1 . E a ch la y e r m o d e ls th e o b se rv e d sig n a l fra m e x(t) o f le n g th T

a t a d iff e re n t a b stra c tio n le v e l.
T h e b o tto m la y e r re p re se n ts th e u n d e rly in g m u sic a l sc o re . In w e ste rn m u sic , th e n o r-

m a liz e d fu n d a m e n ta l fre q u e n c y fp o f e a ch n o te m a y v a ry a c ro ss fra m e s b u t re m a in s c lo se to
a d isc re te p itch o f th e fo rm

µp =
440

Fs

2
p−69

1 2 (1 )

w h e re Fs is th e sa m p lin g fre q u e n c y in H z a n d p a n in te g e r v a lu e o n th e M ID I se m ito n e sc a le .
A ssu m in g n o u n iso n , i.e. se v e ra l n o te s c o rre sp o n d in g to th e sa m e d isc re te p itch c a n n o t b e

Irisa



Efficient Bayesian inference for harmonic models 5

p re se n t a t th e sa m e tim e , e a ch p o in t p o n th e M ID I sc a le is a sso c ia te d w ith a b in a ry a c tiv ity
sta te Sp d e te rm in in g w h e th e r a n o te w ith th a t d isc re te p itch is a c tiv e o r n o t.

T h e sig n a l sp(t) c o rre sp o n d in g to e a ch a c tiv e n o te is th e n d e fi n e d in th e m id d le la y e rs
fo r 0 ≤ t ≤ T − 1 b y

sp(t) = w(t)

Mp
∑

m=1

apm c o s(2π mfpt + φpm) (2)

w h e re w(t) is th e fra m in g w in d o w a n d fp, apm a n d φpm a re re sp e c tiv e ly its n o rm a liz e d
fu n d a m e n ta l fre q u e n c y a n d th e a m p litu d e a n d th e p h a se o f its m-th p a rtia l. T h e a m p litu d e s
o f th e p a rtia ls a re a ssu m e d to d e p e n d o n a n a m p litu d e sc a le fa c to r rp a c c o u n tin g fo r th e
to ta l p o w e r o f n o te p. T h e n u m b e r o f p a rtia ls Mp is c o n stra in e d a s a fu n c tio n o f th e n o te
p itch p to

Mp = m in

(

1

2µp

,Mm a x

)

(3 )

so th a t th e p a rtia ls fi ll th e w h o le o b se rv e d fre q u e n c y ra n g e u p to a m a x im a l n u m b e r o f
p a rtia ls Mm a x . F in a lly , th e o b se rv e d sig n a l is m o d e le d in th e to p la y e r a s

x(t) =
∑

p s.t.Sp=1

sp(t) + e(t) (4 )

w h e re e(t) is th e re sid u a l.

x

s

f r a φ

S

x: observed signal frame

sp: signal of note p

fp: fundamental frequency
rp: amplitude scale factor
apm: amplitude of partial m

φpm: phase of the partial m

Sp: activity state of note p

F ig u re 1: B a y e sia n n e tw o rk stru c tu re o f th e h a rm o n ic m o d e l in [3 ]. C irc le s d e n o te v e c to r
ra n d o m v a ria b le s (so m e o f v a ria b le siz e ) a n d a rro w s c o n d itio n a l d e p e n d e n c ie s.

2.2 Assumptions about the parameter priors

T h e in fe re n c e m e th o d p ro p o se d b e lo w is v a lid g iv e n so m e m ild a ssu m p tio n s a b o u t th e p a -
ra m e te r p rio rs. C la ssic a lly , w e a ssu m e th a t th e fu n d a m e n ta l fre q u e n c ie s fp o f d iff e re n t n o te s
p a n d th e p h a se s φpm o f d iff e re n t p a rtia ls (p,m) a re in d e p e n d e n t a p riori a n d th a t th e a m -
p litu d e s apm o f d iff e re n t p a rtia ls a re in d e p e n d e n t a p riori g iv e n th e a m p litu d e sc a le fa c to rs

PI n˚1841



6 Vincent & Plumbley

rp. W e a lso a ssu m e th a t th e p rio r d istrib u tio n o f e a ch fu n d a m e n ta l fre q u e n c y fp e n fo rc e s
p ro x im ity to th e u n d e rly in g d isc re te p itch µp. F in a lly , w e m a k e th e h y p o th e sis th a t th e re sid -
u a l e(t) h a s a c o n tin u o u s d istrib u tio n a n d th a t its v a lu e s a t d istin c t fre q u e n c ie s a re a lm o st
in d e p e n d e n t a p rio ri, i.e. its p rio r d istrib u tio n P (e) = P (x|f,a,φ) c a n b e a p p ro x im a te ly
fa c to re d a s

P (e) ≈
T−1
∏

ν= 0

P (Eν) (5 )

w h e re Eν a re th e d isc re te F o u rie r tra n sfo rm c o e ffi c ie n ts o f e(t).
N o te th a t th e u b iq u ito u s tim e -d o m a in G a u ssia n i.i.d . p rio r sa tisfi e s th is h y p o th e sis, sin c e

it is e q u iv a le n t to a G a u ssia n i.i.d . p rio r o n th e F o u rie r c o e ffi c ie n ts. A m o re g e n e ra l p rio r
o f p a rtic u la r in te re st in th e fo llo w in g is th e fre q u e n c y -w e ig h te d G a u ssia n d istrib u tio n [3 ]

P (e) = (2π σ2)−T/ 2

T−1
∏

ν= 0

e x p

(

−
γν |Eν |

2

2σ2

)

(6)

w h e re γν a re c o n sta n t p o sitiv e w e ig h ts. T h is p rio r c a n b e re w ritte n a s P (e) = (2π σ2)−T/ 2

e x p (−‖e‖2

γ/(2σ2)) w h e re ‖e‖2

γ =
∑T−1

ν= 0
γν |Eν |

2 is th e sq u a re d w e ig h te d E u c lid e a n n o rm o f
th e F o u rie r c o e ffi c ie n ts.

3 Bayesian inference via adaptive posterior factoriza-

tion

H a rm o n ic m o d e ls a re ty p ic a lly e m p lo y e d to so lv e th e sc o re tra n sc rip tio n ta sk , w h ich c o n sists
o f e stim a tin g th e M a x im u m A Po sterio ri (M A P ) v e c to r o f a c tiv ity sta te s Ŝ = a rg m a x P (S|x).
T h e p o ste rio r p ro b a b ility o f S e q u a ls

P (S|x) =

∫

P (S,f,r,a,φ|x) df d r d a d φ (7 )

w h e re f , r, a, φ d e n o te th e v e c to rs o f p a ra m e te rs fp, rp, apm , φpm , a n d th e jo in t p o ste rio r
is g iv e n b y B a y e s la w

P (S,f,r,a,φ|x) ∝ P (e)P (a|r,S)P (φ|S)P (r|S)P (f |S)P (S). (8 )

T h e c o m p u ta tio n o f th e in te g ra l in (7 ) is k n o w n a s th e B a y e sia n m a rg in a liz a tio n p ro b le m
[1 2].

A n u m b e r o f sa m p lin g te ch n iq u e s a re a v a ila b le to c o m p u te su ch in te g ra ls [1 2]. H o w -
e v e r th e y a p p e a r u n sa tisfa c to ry in th is c o n te x t. N u m e ric a l in te g ra tio n o n a u n ifo rm g rid is
in tra c ta b le , sin c e th e n u m b e r o f p a ra m e te rs is ty p ic a lly o f th e o rd e r o f o n e h u n d re d . In te -
g ra tio n v ia im p o rta n c e sa m p lin g [1 8 ] is slo w , sin c e th e v a ria n c e o f th e im p o rta n c e w e ig h ts,
w h ich is p ro p o rtio n a l to th a t o f th e e stim a te , in c re a se s sh a rp ly w ith th e n u m b e r o f p a -
ra m e te rs [1 2]. S a m p lin g o f th e jo in t p o ste rio r v ia re v e rsib le ju m p M C M C [1 3 ] is a lso slo w
[1 6].

Irisa



Efficient Bayesian inference for harmonic models 7

F a st in fe re n c e c a n b e a ch ie v e d in ste a d b y e stim a tin g th e M A P p a ra m e te r v a lu e s (f̂ , r̂ , â, φ̂)
= a rg m a x P (S , f, r, a, φ|x) u sin g a n y sta n d a rd n o n lin e a r o p tim iz a tio n a lg o rith m a n d a p -
p ro x im a tin g th e jo in t p o ste rio r a ro u n d th e se v a lu e s b y a sim p le r d istrib u tio n w h ich c a n b e
in te g ra te d a n a ly tic a lly o r b y ta b u la tio n . R e le v a n t te ch n iq u e s in c lu d e th e d ia g o n a l L a p la c e
a p p ro x im a tio n [19 ], w h ich fa c to rs th e p o ste rio r in to a p ro d u c t o f p a ra m e te r-w ise u n iv a ria te
G a u ssia n d istrib u tio n s, a n d its v a ria n t p ro p o se d in [3 ] w ith a sp e c ifi c n o n g a u ssia n d istrib u -
tio n fo r th e p h a se p a ra m e te rs. T h e fu ll L a p la c e a p p ro x im a tio n [19 ] p e rfo rm s p o o rly d u e to
u n b o u n d e d in te g ra tio n o v e r th e p h a se p a ra m e te rs [17].

T h e p ro p o se d in fe re n c e m e th o d c a n b e se e n a s a c o m p ro m ise b e tw e e n sa m p lin g -b a se d
a n d fu ll fa c to riz a tio n -b a se d te ch n iq u e s, sin c e it re lie s o n p a rtia l fa c to riz a tio n o f th e p o ste rio r
a n d sa m p lin g o v e r su b se ts o f p a ra m e te rs. V a rio u s le v e ls o f fa c to riz a tio n c a n b e a ch ie v e d
d e p e n d in g o n th e M A P p a ra m e te r v a lu e s.

3.1 Conditional posterior factorization over the partials

L e t u s a ssu m e in itia lly th a t th e re sid u a l fo llo w s th e fre q u e n c y -w e ig h te d G a u ssia n p rio r (6 )
a n d th a t th e h a rm o n ic p a rtia ls o f th e h y p o th e siz e d fu n d a m e n ta l fre q u e n c ie s h a v e “ d iff e re n t
e n o u g h ” fre q u e n c ie s. T h is is tru e fo r a sin g le h y p o th e siz e d n o te , b u t g e n e ra lly n o t fo r se v e ra l
n o te s. M a th e m a tic a lly , th is tra n sla te s in to th e fa c t th a t th e w in d o w e d c o m p le x sin u so id a l
sig n a ls

zpm(t) = w(t)e2iπ mf pt (9 )

c o rre sp o n d in g to d iff e re n t p a rtia ls a re m u tu a lly o rth o g o n a l

〈zpm, zp′m′〉γ = 0 ∀(p, m ) 6= (p′, m ′) (10 )

a c c o rd in g to th e d o t p ro d u c t 〈., .〉γ c o n siste n t w ith th e w e ig h te d E u c lid e a n n o rm ‖.‖γ. T h is
d o t p ro d u c t is d e fi n e d fo r tw o sig n a ls z(t) a n d z′(t) b y

〈z, z′〉γ =

T−1∑

ν= 0

γνZνZ̄ ′

ν (11)

w h e re Zν a n d Z ′

ν a re th e d isc re te F o u rie r tra n sfo rm c o e ffi c ie n ts o f z(t) a n d z′(t) a n d Z̄ ′

ν

is th e c o m p le x c o n ju g a te o f Z ′

ν. T h e o rth o g o n a lity p ro p e rty (10 ) fo rm a liz e s th e fa c t th a t
p a rtia ls w ith “ d iff e re n t e n o u g h ” fre q u e n c ie s h a v e a lm o st d isjo in t fre q u e n c y su p p o rts a n d
c a n b e a ssu m e d to h o ld tru e fo r a ll p o ssib le fre q u e n c y w e ig h ts γν. W h e n th e fre q u e n c ie s o f
th e p a rtia ls a re n o t to o c lo se to N y q u ist, th e n e g a tiv e fre q u e n c y sin u so id a l sig n a ls z̄pm(t) =
w(t)e−2iπ mf pt a re a lso o rth o g o n a l to th e ir p o sitiv e c o u n te rp a rts: 〈zpm, z̄p′m′〉γ = 0 fo r a ll
(p, m ) a n d (p′, m ′). T h e o b se rv e d sig n a l x(t) c a n th e n b e d e c o m p o se d in to a su m o f sin u so id a l
sig n a ls a t th e fre q u e n c ie s o f th e h y p o th e siz e d p a rtia ls b y o rth o g o n a l p ro je c tio n o n to th e tw o -
d im e n sio n a l su b sp a c e s sp a n n e d b y (zpm, z̄pm)

x(t) =
1

2

∑

p,m

ãpm(eiφ̃pm zpm(t) + e−iφ̃pm z̄pm(t)) + ẽ(t). (12)
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8 Vincent & Plumbley

T h e p ro je c tio n c o e ffi c ie n ts g iv e n b y

ãpmeiφ̃pm = 2
〈x, zpm〉γ
‖zpm‖2

γ

(13 )

re p re se n t th e a m p litu d e a n d p h a se v a lu e s o f e a ch p a rtia l m in im iz in g th e n o rm o f th e re sid u a l
e(t). G iv e n h y p o th e siz e d v a lu e s apm a n d φpm, th e re sid u a l c a n b e d e c o m p o se d a s a su m o f
m u tu a lly o rth o g o n a l te rm s

e(t) =
1

2

∑

p,m

(

ãpmeiφ̃pm − apmeiφpm

)

zpm(t)

+
(

ãpme−iφ̃pm − apme−iφpm

)

z̄pm(t) + ẽ(t). (14 )

T h e sq u a re d n o rm o f th e re sid u a l th e n e q u a ls b y a n a ly tic a l c o m p u ta tio n

‖e‖2
γ =

∑

p,m

Dpm + D0 (15 )

w ith D0 = ‖ẽ‖2
γ a n d

Dpm =
1

2
‖zpm‖2

γ

(

(apm − ãpm)2 + 4 ãpmapm sin 2 φpm − φ̃pm

2

)

. (16 )

U sin g (8) a n d th e re la tio n sh ip b e tw e e n P (e) a n d ‖e‖2
γ, th is d e c o m p o sitio n le a d s to th e

e x a c t fa c to riz a tio n o f th e jo in t p o ste rio r in to a p ro d u c t o f p a rtia l-w ise b iv a ria te c o n d itio n a l
d istrib u tio n s o v e r a m p litu d e a n d p h a se p a ra m e te rs

P (S, f, r, a, φ|x) ∝ P0(x, f)P (r|S)P (f |S)P (S)

×
∏

p,m

Ppm(apm, φpm;x, fp)P (apm|rp)P (φpm) (17 )

w h e re P0(x, f) = (2π σ2)−T /2 e−D0/(2σ2) is a c o n sta n t a n d Ppm(apm, φpm;x, fp) = ex p (−Dpm

/(2σ2)) a b iv a ria te p a ra m e tric d istrib u tio n th a t c a n b e q u ick ly c o m p u te d , sin c e it d e p e n d s
o n th re e h y p e r-p a ra m e te rs o n ly : ‖zpm‖2

γ, ãpm a n d φ̃pm. T h e to p p a rt o f F ig u re 2 illu stra te s
th e v a lid ity o f th is fa c to riz a tio n .

D e n o tin g b y â a n d φ̂ th e M A P a m p litu d e a n d p h a se v e c to rs g iv e n f a n d r a n d b y âpm

a n d φ̂pm th e se v e c to rs re d u c e d b y o n e c o e ffi c ie n t c o rre sp o n d in g to p a rtia l (p , m ), th e a b o v e
e x p re ssio n c a n b e e q u iv a le n tly re w ritte n a s

P (S, f, r, a, φ|x) = P (S, f, r, â, φ̂|x)
∏

p,m

P (apm, φpm|S, f, rp, âpm, φ̂pm, x)

P (âpm, φ̂pm|S, f, rp, âpm, φ̂pm, x)
. (18)
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Efficient Bayesian inference for harmonic models 9

T h is e q u a tio n a d m its th e fo llo w ing inte rp re ta tio n: th e fi rst te rm is th e jo int p o ste rio r v a lu e
fo r th e M A P a m p litu d e a nd p h a se p a ra m e te rs a nd e a ch q u o tient te rm d e sc rib e s th e re la tiv e
d ro p o f th is v a lu e w ith d iff e rent p a ra m e te rs a s p ro p o rtio na l to th e p o ste rio r d istrib u tio n o f
th e p a ra m e te rs o f e a ch p a rtia l w ith o th e r p a ra m e te rs b e ing fi x e d . T h is e q u a tio n re m a ins
a p p ro x im a te ly v a lid in th e m o re g ene ra l c a se w h e re th e re sid u a l fo llo w s a no ng a u ssia n p rio r
sa tisfy ing (5 ), a lth o u g h q u ick c o m p u ta tio n o f th e q u o tient te rm s is no t p o ssib le a ny m o re .
Ind e e d , w h en th e a m p litu d e a nd p h a se p a ra m e te rs a re c lo se to th e ir M A P v a lu e s, th e F o u rie r
c o e ffi c ients o f th e sig na l a sso c ia te d w ith e a ch p a rtia l (p, m) a re ne a r z e ro e x c e p t fo r a fe w
b ins ν w h o se fre q u enc ie s a re c lo se to mfp. T h u s, if th e p a rtia ls h a v e “ d iff e rent eno u g h ”
fre q u enc ie s, e a ch F o u rie r c o e ffi c ient Eν o f th e re sid u a l d e p end s m o stly o n th e p a ra m e te rs
o f th e p a rtia l w ith c lo se st fre q u enc y . T h e p ro b a b ility o f th e re sid u a l P (e) c a n th en b e
a p p ro x im a te ly fa c to re d into a p ro d u c t o f b inw ise te rm s, e a ch inv o lv ing th e p a ra m e te rs o f a t
m o st o ne p a rtia l, w h ich le a d s to (1 8 ) a fte r sim p le a na ly tic a l c o m p u ta tio n.

3.2 Conditional posterior factorization over subsets of partials

In th e g ene ra l c a se w h e re se v e ra l p a rtia ls m a y h a v e c lo se fre q u enc ie s, th e te rm s o f (1 8 )
c a n still b e c o m p u te d b u t th is e q u a tio n m a y no t h o ld tru e , a s sh o w n in th e m id d le p a rt o f
F ig u re 2 . It is h o w e v e r p o ssib le to g ro u p p a rtia ls into su b se ts su ch th a t p a rtia ls fro m d iff e rent
su b se ts h a v e fre q u enc ie s a s d iff e rent a s p o ssib le . T h is c a n b e m a th e m a tic a lly fo rm a liz e d b y
g ro u p ing p a rtia ls (p, m) a nd (p′, m′) if a nd o nly if

|mfp − m′fp′ | ≤ fmax (1 9)

w h e re fmax is a m a nu a l fre q u enc y th re sh o ld . S im ila r a rg u m ents a s a b o v e le a d to th e
a p p ro x im a te fa c to riz a tio n o f th e p o ste rio r into a p ro d u c t o f m u ltiv a ria te c o nd itio na l d is-
trib u tio ns o v e r su b se ts o f a m p litu d e a nd p h a se p a ra m e te rs ag = {apm , (p, m) ∈ g} a nd
φg = {φpm , (p, m) ∈ g}, w h o se te rm s c a n b e q u ick ly c o m p u te d b y o rth o g o na l p ro je c tio n in
th e p a rtic u la r c a se w h e re th e re sid u a l fo llo w s a fre q u enc y -w e ig h te d G a u ssia n p rio r

P (S , f, r, a, φ|x) ≈ P (S , f, r, â, φ̂|x)
∏
g

P (ag, φg|S , f, r, âg, φ̂g, x)

P (âg, φ̂g|S , f, r, âg, φ̂g, x)
. (2 0 )

A h ig h e r th re sh o ld fmax inc re a se s th e a c c u ra c y o f th is e q u a tio n, b u t a lso le a d s to la rg e r
su b se ts. In p ra c tic e , it is o ften p o ssib le to o b ta in a fa c to re d e x p re ssio n o f sim ila r a c c u ra c y
w ith sm a lle r su b se ts. Ind e e d th e re e x ist so m e c o nd itio ns w h e re p a rtia ls a t c lo se fre q u enc ie s
m a y still b e a sso c ia te d w ith d iff e rent su b se ts. A n e x a m p le o f su ch a c o nd itio n is g iv en in th e
b o tto m p a rt o f F ig u re 2 a nd d isc u sse d in [1 7 ]. D eno ting b y th e v e c to rs y a nd y′ tw o d isjo int
su b se ts o f v a ria b le s a nd b y ŷ a nd ŷ′ th e ir M A P v a lu e s g iv en th e re st o f th e v a ria b le s y′′, w e
a sse ss th e a c c u ra c y o f th e a p p ro x im a tio n o f th e jo int p o ste rio r d istrib u tio n P (y, y′|y′′) b y
th e fa c to re d d istrib u tio n P (y|ŷ′, y′′)P (y′|ŷ, y′′) u sing th e K u llb a ck -L e ib le r d iv e rg enc e [1 2 ]

D(y, y′) =

∫
P (y, y′|y′′) lo g

2

P (y, y′|y′′)

P (y|ŷ′, y′′)P (y′|ŷ, y′′)
d y d y′. (2 1 )
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F ig u re 2 : S h a p e o f th e jo in t p o ste rio r fo r a sig n a l c o n ta in in g tw o p a rtia ls (p, m) a n d (p′, m′)
w ith 6 0 d B a m p litu d e s, u sin g th e p rio rs d e fi n e d in [3 ]. D a rk a re a s d e n o te h ig h p ro b a b ility .
T o p : p a rtia ls a t d iff e re n t fre q u e n c ie s w ith m e a n p rio r a m p litu d e s o f 5 0 d B a n d 6 0 d B .
M id d le : p a rtia ls a t th e sa m e fre q u e n c y w ith id e n tic a l m e a n p rio r a m p litu d e s o f 6 0 d B .
B o tto m : p a rtia ls a t th e sa m e fre q u e n c y w ith m e a n p rio r a m p litu d e s o f 4 0 d B a n d 6 0 d B .
T h e p o ste rio r d e p e n d e n c e b e tw e e n apm a n d ap′m′ e q u a ls 0, 0.9 9 a n d 0.09 3 b its re sp e c tiv e ly .
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T h is q u a n tity is a lw a y s p o sitiv e a n d e q u a l to z e ro o n ly w h e n th e a p p ro x im a tio n is e x a c t. It
c a n b e se e n a s a m e a su re o f th e lo c a l p o ste rio r d e p e n d e n c e b e tw e e n y a n d y′ e x p re sse d in b its.
In d e e d , it is a n a lo g o u s to m u tu a l in fo rm a tio n [12 ], e x c e p t th a t th e m a rg in a l d istrib u tio n o f
e a ch v a ria b le is re p la c e d h e re b y its p o ste rio r d istrib u tio n g iv e n th e M A P v a lu e o f th e o th e r.
T h is su g g e sts th a t p a rtia ls (p, m ) a n d (p′, m ′) sh o u ld b e lo n g to th e sa m e su b se t if a n d o n ly
if

D({apm, φ pm}, {a′

pm
, φ ′

pm
}) ≥ cmin (2 2 )

w h e re cmin is a m a n u a l th re sh o ld .
F ig u re 3 sh o w s th a t th e p o ste rio r d e p e n d e n c e b e tw e e n th e p a ra m e te rs o f tw o p a rtia ls

te n d s to d e c re a se a s a fu n c tio n o f th e ir fre q u e n c y d iff e re n c e . H o w e v e r, th is d e c re a se is n o t
m o n o to n ic : th e p o ste rio r d e p e n d e n c e is ty p ic a lly sm a lle r fo r fre q u e n c y d iff e re n c e s c o rre -
sp o n d in g to c e rta in z e ro e s o f th e d isc re te F o u rie r tra n sfo rm o f th e fra m in g w in d o w w(t).
A lso , fo r a g iv e n fre q u e n c y d iff e re n c e , p o ste rio r d e p e n d e n c e v a lu e s d iff e rin g b y u p to th re e
o rd e rs o f m a g n itu d e c a n b e o b se rv e d . F ig u re 4 d e p ic ts th e p o ste rio r d e p e n d e n c e b e tw e e n
th e p a ra m e te rs o f tw o n o te s w ith a fu n d a m e n ta l fre q u e n c y ra tio o f 1.5 , c o n sid e rin g p a ra m -
e te rs o n e b y o n e . T h e th ird a n d six th p a rtia ls o f th e lo w e r n o te h a v e th e sa m e fre q u e n c y
a s th e se c o n d a n d fo u rth p a rtia l o f th e h ig h e r n o te . T h e p o ste rio r d e p e n d e n c e b e tw e e n th e
p a ra m e te rs o f th e se p a irs o f p a rtia ls e q u a ls b e tw e e n 10−2.4 a n d 10 1.3 b its, w h ile it is sm a lle r
th a n 10−11 b its b e tw e e n o th e r p a irs.
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F ig u re 3 : P o ste rio r d e p e n d e n c e b e tw e e n th e p a ra m e te rs o f tw o p a rtia ls a s a fu n c tio n o f
th e ir fre q u e n c y d iff e re n c e , e x p re sse d in n u m b e r o f b in s o f th e d isc re te F o u rie r tra n sfo rm .
T h e b la ck c u rv e a n d th e g ra y a re a d e n o te re sp e c tiv e ly th e m e d ia n a n d th e tw o -ta ile d 9 5 th
p e rc e n tile o f th e v a lu e s c o m p u te d fo r a ll th e d a ta o f S e c tio n 4 .

PI n˚1841



12 Vincent & Plumbley

10−4

10−3

10−2

10−1

100

101

f
79

f 79

r
79

r 79

a
79,1

a 79
,1

φ
79,1

φ 79
,1

a
79,2

a 79
,2

φ
79,2

φ 79
,2

a
79,3

a 79
,3

φ
79,3

φ 79
,3

a
79,4

a 79
,4

φ
79,4

φ 79
,4

a
79,5

a 79
,5

φ
79,5

φ 79
,5

a
79,6

a 79
,6

φ
79,6

φ 79
,6

f
86

f 86

r
86

r 86

a
86,1

a 86
,1

φ
86,1

φ 86
,1

a
86,2

a 86
,2

φ
86,2

φ 86
,2

a
86,3

a 86
,3

φ
86,3

φ 86
,3

a
86,4

a 86
,4

φ
86,4

φ 86
,4

po
st

er
io

r d
ep

en
de

nc
e 

(b
its

)

F ig u re 4 : P o ste rio r d e p e n d e n c e b e tw e e n th e p a ra m e te rs o f tw o n o te s w ith p itch e s p = 7 9 a n d
8 6 fo r a sig n a l c o n sistin g o f th e se n o te s, u sin g th e p rio rs d e fi n e d in [3 ]. U p p e r p a rtia ls a re
n o t sh o w n fo r le g ib ility . B la ck sq u a re s o n th e d ia g o n a l d e n o te in fi n ite p o ste rio r d e p e n d e n c e
v a lu e s a n d w h ite sq u a re s v a lu e s b e lo w 10−4 b its.
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3.3 An exploitable posterior factorization

T h e c o n d itio n a l fa c to riz a tio n (2 0 ) c a n b e e x p lo ite d fo r n u m e ric a l in te g ra tio n o f th e p o ste -
rio r, e ith e r b y sa m p lin g o n a u n ifo rm g rid o r b y im p o rta n c e sa m p lin g . In d e e d in te g ra tio n
o v e r a m p litu d e a n d p h a se p a ra m e te rs c a n b e a ch ie v e d b y m u ltip ly in g lo w e r d im e n sio n in -
te g ra ls o v e r th e p a ra m e te rs o f e a ch su b se t o f p a rtia ls. U sin g sa m p lin g o n a u n ifo rm g rid
a n d d e n o tin g b y N th e n u m b e r o f g rid p o in ts fo r e a ch sc a la r v a ria b le , P th e n u m b e r o f
h y p o th e siz e d n o te s, M =

∑
p Mp th e ir to ta l n u m b e r o f p a rtia ls a n d G th e siz e o f th e la rg e st

su b se t o f p a rtia ls, th is re su lts in a m a x im a l c o m p le x ity o f O(M
G

N2P + 2G). T h is is sm a lle r
th a n th e c o m p le x ity o f O(N2P + 2M ) a sso c ia te d w ith stra ig h tfo rw a rd in te g ra tio n o f th e jo in t
p o ste rio r, b u t still in tra c ta b le .

In o rd e r to g e t fa ste r in te g ra tio n , it is n e c e ssa ry to re m o v e a d d itio n a l p a ra m e te r d e p e n -
d e n c ie s. A n a p p ro x im a te so lu tio n is to re p la c e th e fre e fu n d a m e n ta l fre q u e n c y a n d a m p litu d e
sc a le p a ra m e te rs b y th e ir M A P v a lu e s w ith in th e c o n d itio n a l d istrib u tio n s o f a m p litu d e a n d
p h a se p a ra m e te rs. T h e re m a in in g jo in t p o ste rio r d istrib u tio n o f fu n d a m e n ta l fre q u e n c y a n d
a m p litu d e sc a le p a ra m e te rs c a n b e sim ila rly fa c to re d o v e r e a ch p a ra m e te r. T h is g iv e s

P (S , f, r, a, φ|x) ≈ P (S , f̂ , r̂, â, φ̂|x)
∏

p

P (fp|S , f̂p, â, φ̂, x)

P (f̂p|S , f̂p, â, φ̂, x)

×
∏

p

P (rp|S , âp)

P (r̂p|S , âp)

∏

g

P (ag, φg|S , f, r, âg, φ̂g, x)

P (âg, φ̂g|S , f, r, âg, φ̂g, x)
. (2 3)

T h is e q u a tio n a llo w s a p p ro x im a te n u m e ric a l in te g ra tio n o f th e p o ste rio r w ith a m a x im a l
c o m p le x ity o f O(M

G
N2G). A lth o u g h it is n o t stra ig h tfo rw a rd to ju stify m a th e m a tic a lly ,

it a p p e a rs e x p e rim e n ta lly v a lid w h e n th e p rio r d istrib u tio n o f th e fu n d a m e n ta l fre q u e n c y
p a ra m e te rs e n fo rc e s p ro x im ity to th e u n d e rly in g d isc re te p itch e s, in th e se n se th a t th e e rro r
in tro d u c e d b y fa c to riz a tio n o f th e jo in t p o ste rio r o v e r fu n d a m e n ta l fre q u e n c y a n d a m p litu d e
sc a le p a ra m e te rs is sm a lle r th a n th e o n e in tro d u c e d b y fa c to riz a tio n o v e r a m p litu d e a n d
p h a se p a ra m e te rs fo r ty p ic a l v a lu e s o f cm in . T h is is illu stra te d in F ig u re 4 , w h e re th e
p o ste rio r d e p e n d e n c e b e tw e e n fu n d a m e n ta l fre q u e n c y a n d a m p litu d e sc a le p a ra m e te rs a n d
o th e r p a ra m e te rs lie s b e lo w 10−1.6 b its, w h ich is sm a lle r th a n th e v a lu e s o f cm in ch o se n in
S e c tio n 4 .

3.4 E xtension to alternativ e m od el stru ctu res

T h e p ro p o se d m a rg in a liz a tio n c o u ld b e e x te n d e d to a lte rn a tiv e h a rm o n ic m o d e l stru c tu re s,
su ch a s th o se d e sc rib e d in [14 , 15 , 16 ]. In d e e d , th e a p p ro x im a te p o ste rio r in d e p e n d e n c e
p ro p e rty o f p a rtia ls a t d iff e re n t fre q u e n c ie s re m a in s v a lid .

A m o n g a ll stru c tu ra l d iff e re n c e s, th e se m o d e ls c o n sid e r th e n u m b e r o f p a rtia ls p e r n o te
Mp a s a ra n d o m v a ria b le su b je c t to a c e rta in p rio r. W ith n a rro w fu n d a m e n ta l fre q u e n c y
p rio rs a s in [14 , 15 ], th e p ro p o se d m e th o d c a n b e d ire c tly a p p lie d to c o m p u te th e in te g ra ls
o f th e jo in t p o ste rio r fo r e a ch v a lu e o f Mp. N o te th a t th is re su lts in little a d d itio n a l c o st
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14 Vincent & Plumbley

c o m p a re d to fi x e d Mp. In d e e d , w h e n in c re a sin g o r d e c re a sin g Mp b y o n e , o n ly o n e su b se t
o f p a rtia ls n e e d s to b e u p d a te d , w h ile th e in te g ra l o v e r th e o th e r su b se ts re m a in s c o n sta n t.
W ith w id e r fu n d a m e n ta l fre q u e n c y p rio rs a s in [16 ], th e p o ste rio r b e c o m e s m u ltim o d a l w ith
lo c a l m a x im a a t a ll fu n d a m e n ta l fre q u e n c ie s p re se n t in th e sig n a l a n d ra tio n a l m u ltip le s o f
th e se . A m p litu d e a n d p h a se p a ra m e te rs th e n e x h ib it a stro n g d e p e n d e n c e w ith fu n d a m e n ta l
fre q u e n c y p a ra m e te rs. T h e p ro p o se d m e th o d c a n still b e a p p lie d b y sp littin g th e fu n d a m e n -
ta l fre q u e n c y ra n g e in to d isjo in t n a rro w b a n d s, sim ila r to th e se m ito n e b a n d s c o n sid e re d
a b o v e , a n d su m m in g th e in te g ra ls o f th e jo in t p o ste rio r w ith in e a ch b a n d .

A n o th e r d iff e re n c e is th a t th e m o d e ls in [15 , 16 ] in v o lv e a d d itio n a l p a ra m e te rs, n a m e ly
o n e g lo b a l in h a rm o n ic ity p a ra m e te r a n d o n e sp e c tra l sh a p e p a ra m e te r p e r n o te in [15 ] a n d
o n e lo c a l in h a rm o n ic ity p a ra m e te r p e r p a rtia l in [16 ]. T h e p ro p o se d m e th o d c a n b e d ire c tly
a p p lie d in th e se c o n d c a se b y g ro u p in g lo c a l in h a rm o n ic ity p a ra m e te rs w ith a m p litu d e a n d
p h a se p a ra m e te rs fro m th e sa m e p a rtia ls, y ie ld in g a m a x im a l c o m p le x ity o f O(M

G
N3G). W e

b e lie v e th a t it c o u ld a lso b e a p p lie d in th e fi rst c a se a fte r a d d itio n a l fa c to riz a tio n o f th e jo in t
p o ste rio r o v e r g lo b a l in h a rm o n ic ity a n d sp e c tra l sh a p e p a ra m e te rs. In d e e d th e se p a ra m e te rs
a re p h y sic a lly sim ila r to fu n d a m e n ta l fre q u e n c y a n d a m p litu d e sc a le p a ra m e te rs a n d sh o u ld
e x h ib it a sim ila r le v e l o f p o ste rio r d e p e n d e n c e w ith o th e r p a ra m e te rs.

F in a lly , th e m o d e ls in [14, 15 , 16 ] d e sc rib e th e re sid u a l b y a G a u ssia n w h o se v a ria n c e
is c o n sid e re d a s a ra n d o m v a ria b le . A lth o u g h th is p rio r d o e s n o t sa tisfy (5 ), th e p ro p o se d
m e th o d c a n still b e a p p lie d a fte r a d d itio n a l fa c to riz a tio n o f th e p o ste rio r o v e r th is v a ria n c e
p a ra m e te r. W e b e lie v e th a t th is fa c to riz a tio n re m a in s a p p ro x im a te ly a c c u ra te p ro v id e d th a t
th e p o ste rio r d istrib u tio n o f th e v a ria n c e is u n im o d a l a n d n a rro w .

4 Evaluation

T h e p re c isio n o f th e in te g ra l e stim a te s o b ta in e d b y th e p ro p o se d m a rg in a liz a tio n m e th o d
c a n n o t b e a sse sse d fo r re a listic sig n a ls, sin c e g ro u n d tru th in te g ra l v a lu e s a re n o t a v a ila b le .
H o w e v e r, th e a im o f m a rg in a liz a tio n is o fte n n o t to c o m p u te a c c u ra te e stim a te s o f th e sta te
p o ste rio rs P (S|x), b u t ra th e r to p ro v id e a n a c c u ra te m u sic a l sc o re b y se le c tin g th e rig h t
M A P sta te Ŝ. T h e re fo re w e e v a lu a te d th e p e rfo rm a n c e o f th e p ro p o se d m e th o d fo r th e
sc o re tra n sc rip tio n ta sk .

4.1 D ata and evaluation p roc e d ure

T h e p a ra m e te r p rio rs w e re ch o se n a s in [3 ], w ith o u t a ssu m in g k n o w le d g e o f th e tru e n u m b e r
o f n o te s: th e a c tiv ity sta te s Sp w e re m o d e le d b y B e rn o u lli p rio rs, th e fu n d a m e n ta l fre q u e n c ie s
fp, th e a m p litu d e sc a le fa c to rs rp a n d th e a m p litu d e s o f th e p a rtia ls apm b y lo g -G a u ssia n
p rio rs, th e p h a se s o f th e p a rtia ls φpm b y u n ifo rm p rio rs a n d th e re sid u a l e(t) b y a fre q u e n c y -
w e ig h te d G a u ssia n p rio r. N o te th a t th e p rio r o v e r apm h e lp s to a v o id p a rtia ls w ith z e ro
a m p litu d e . T h e m e a n s a n d v a ria n c e s o f th e se p rio rs w e re le a rn e d o n a su b se t o f th e R W C
M u sic a l In stru m e n t D a ta b a se1, w h ile te st sig n a ls w e re g e n e ra te d b y se le c tin g a n d m ix in g

1http://staff.aist.go.jp/m.goto/RWC-MDB/
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Efficient Bayesian inference for harmonic models 15

iso la te d n o te sig n a ls p la y e d b y fi v e d iff e re n t w in d in stru m e n ts fro m th e U n iv e rsity o f Io w a
M u sic a l In stru m e n t S a m p le s d a ta b a se2. M o re p re c ise ly , th e te st se t in c lu d e d 10 0 o n e -n o te
sig n a ls sp a n n in g a ll d isc re te p itch e s fro m p = 4 0 to 8 7 a n d 10 0 tw o -n o te sig n a ls c o rre sp o n d in g
to a ll p o ssib le p itch in te rv a ls b e tw e e n 1 a n d 2 5 se m ito n e s w ith fo u r d iff e re n t lo w e r p itch e s
p = 4 0 , 4 7 , 54 a n d 6 1. A ll sig n a ls w e re sa m p le d a t 2 2 .0 5 k H z a n d fra m e d w ith a H a n n in g
w in d o w w(t) o f le n g th T = 10 2 4 (4 6 m s).

In o rd e r to a v o id te stin g a ll p o ssib le v e c to rs o f a c tiv ity sta te s S, 6 c a n d id a te v e c to rs (3
w ith o n e a c tiv e n o te a n d 3 w ith tw o a c tiv e n o te s) w e re p re -se le c te d fo r e a ch te st sig n a l a s
th o se m in im iz in g th e re sid u a l o f th e o rth o g o n a l p ro je c tio n o f th e o b se rv e d m a g n itu d e sp e c -
tru m o n to th e su b sp a c e sp a n n e d b y th e ty p ic a l m a g n itu d e sp e c tra o f th e a c tiv e n o te s d e riv e d
fro m th e a m p litu d e p rio r, a s e x p la in e d in [3 ]. T h e M A P p a ra m e te rs v a lu e s (f̂ , r̂ , â , φ̂) w e re
c o m p u te d fo r e a ch c a n d id a te u sin g th e su b sp a c e tru st re g io n o p tim iz a tio n a lg o rith m im p le -
m e n te d in M a tla b ’s lsq n o n lin fu n c tio n 3. T h e fa c to re d e x p re ssio n (2 3 ) w a s th e n o b ta in e d
b y g ro u p in g th e p a rtia ls u sin g e ith e r th e fre q u e n c y d iff e re n c e c rite rio n (19 ) o r th e p o ste rio r
d e p e n d e n c e c rite rio n (2 2 ). T h e la tte r w a s c o m p u te d b y n u m e ric a l in te g ra tio n o n a u n ifo rm
g rid w ith 11 p o in ts p e r v a ria b le (o r a b o u t 1.5×10 4 sa m p le s p e r p a ir o f p a rtia ls) fo r a ll p a irs
o f p a rtia ls w ith fre q u e n c y d iff e re n c e sm a lle r th a n 2 .5 b in s. T h e th re sh o ld s fm a x a n d cm in

w e re v a rie d b e tw e e n 0 a n d 2 b in s a n d b e tw e e n 10 3 a n d 10−1.5 b its re sp e c tiv e ly , re su ltin g in a
v a ria tio n o f th e m a x im a l n u m b e r o f p a rtia ls p e r su b se t fro m o n e to th re e . E a ch te rm o f th e
fa c to re d p o ste rio r w a s su b se q u e n tly in te g ra te d b y sa m p lin g o n a u n ifo rm g rid w ith N p o in ts
p e r v a ria b le , re su ltin g in a to ta l o f Nto t = N2P +

∑
g N2|g| sa m p le s p e r c a n d id a te w h e re |g|

d e n o te s th e n u m b e r o f p a rtia ls in su b se t g. T h e a v e ra g e v a lu e o f Nto t o v e r a ll te st sig n a ls
a n d a ll c a n d id a te s w a s v a rie d b e tw e e n 10 5 a n d 10 7. W e a lso trie d in te g ra tio n o f th e se te rm s
v ia im p o rta n c e sa m p lin g [18 ], b u t th is d id n o t sig n ifi c a n tly a ff e c t p e rfo rm a n c e , d e sp ite a n
in c re a se d c o m p u ta tio n tim e . W e a lso e v a lu a te d th e v a ria n t o f th e d ia g o n a l L a p la c e m e th o d
e m p lo y e d in [3 ] fo r c o m p a riso n .

E a ch e stim a te d n o te w a s c o n sid e re d to b e c o rre c tly tra n sc rib e d if it w a s a c tu a lly p re se n t
in th e te st sig n a l. P e rfo rm a n c e w a s th e n c la ssic a lly a sse sse d b y th e F -m e a su re F = 2RP/ (R+
P ) in p e rc e n t, w h e re th e re c a ll R is th e ra tio o f th e to ta l n u m b e r o f c o rre c tly tra n sc rib e d
n o te s d iv id e d b y th e tru e n u m b e r o f n o te s a n d th e p re c isio n P is th e p ro p o rtio n o f c o rre c tly
tra n sc rib e d n o te s a m o n g th e e stim a te d n o te s [2 0 , 6 ]. T h e c o m p u ta tio n tim e w a s m e a su re d
fo r a M a tla b im p le m e n ta tio n o n a 1.2 G H z d u a l C P U c o m p u te r.

4.2 Results

W ith o n e -n o te sig n a ls, th e p ro p o se d m e th o d re su lte d in F=10 0 % (R=10 0 % , P=10 0 % ) fo r
a ll se ttin g s o f fm a x , cm in a n d Nto t. T h e m e th o d in [3 ] a lso g a v e p e rfe c t re su lts w ith a fa ste r
a v e ra g e c o m p u ta tio n tim e o f 1.1 s p e r c a n d id a te , m o stly d u e to th e o p tim iz a tio n o f th e M A P
p a ra m e te rs.

2http://theremin.music.uiowa.edu/MIS.html
3http://www.mathwork s.com/access/helpdesk r1 3 /help/toolb ox /optim/lsq nonlin.html
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T h e re su lts w ith tw o -n o te sig n a ls a re d e p ic te d in F ig u re 5 . T h e p e rfo rm a n c e o f th e
p ro p o se d m e th o d w ith a la rg e n u m b e r o f in te g ra tio n sa m p le s Ntot = 10 7 in c re a ses fro m
F = 9 3 .7 % (R= 8 9 .5 % , P = 9 8 .4 % ) to F = 9 6.9 % (R= 9 4 .5 % , P = 9 9 .5 % ) fo r b o th g ro u p in g c ri-
te ria w h e n th e a v e ra g e n u m b e r o f p a rtia ls p e r su b se t in c re a ses. T h is d iff e re n c e is sta tistic a lly
sig n ifi c a n t, a s c o n fi rm e d b y a M c N e m a r’s p v a lu e [2 1] o f 5×10−4. B y c o m p a riso n , th e m e th o d
in [3 ] a ch ie v e d a p e rfo rm a n c e o f F = 9 2 .6% (R= 8 8 .0 % , P = 9 7 .8 % ), w h ich is n o t sta tistic a lly
d iff e re n t fro m th a t o f th e p ro p o se d m e th o d w ith a sin g le p a rtia l p e r su b se t. T h e p o ste rio r
d e p e n d e n c e g ro u p in g c rite rio n a p p e a rs m o re ro b u st to w a rd s a sm a ll n u m b e r o f in te g ra tio n
sa m p le s. In d e e d th e p e rfo rm a n c e c u rv e w ith Ntot = 10 5 w a n d e rs le ss a ro u n d th e c u rv e w ith
Ntot = 10 7 fo r th is c rite rio n . T h e la rg e st v a lu e o f cm in y ie ld in g m a x im a l p e rfo rm a n c e is
cm in ' 10 0 b its, re su ltin g in a s little a s 7 % o f p a rtia ls fo u n d w ith in su b se ts o f tw o p a rtia ls
fo r tw o -n o te c a n d id a te s a n d n o p a rtia ls fo u n d w ith in su b se ts o f th re e o r m o re . T h e c o m p u -
ta tio n tim e w ith Ntot = 10 5 is th e n e q u a l to 2 .0 s p e r c a n d id a te o n a v e ra g e . T h is c a n b e sp lit
in to a b o u t 1.1 s fo r th e o p tim iz a tio n o f th e M A P p a ra m e te rs, 0 .2 s fo r th e c o m p u ta tio n o f
th e p o ste rio r d e p e n d e n c e b e tw e e n th e p a rtia ls a n d 0 .7 s fo r th e n u m e ric a l in te g ra tio n o f th e
te rm s o f th e fa c to re d p o ste rio r. T h is is m u ch fa ste r th a n p re v io u sly re p o rte d c o m p u ta tio n
tim e s fo r M C M C m e th o d s w ith sim ila r m o d e ls, e.g. 10 8 0 s p e r n o te w ith T = 60 0 0 u sin g
a 2 .6 G H z d u a l C P U c o m p u te r in [16], c o rre sp o n d in g to a b o u t 8 0 0 s p e r te st sig n a l fo r
tw o -n o te sig n a ls o f le n g th T = 10 2 4 w ith o u r c o m p u te r.

T h e re m a in in g e le v e n e rro rs m a d e b y th e p ro p o se d m e th o d w ith th e b e st se ttin g a re a s
fo llo w s. T h e u p p e r n o te is m issin g fro m th e tra n sc rip tio n o f th re e ch o rd s w ith fu n d a m e n ta l
fre q u e n c y ra tio s o f 2 , tw o ch o rd s w ith fu n d a m e n ta l fre q u e n c y ra tio s o f 3 a n d fi v e ch o rd s fro m
1 to 5 se m ito n e s w ith lo w e r p itch p = 4 0 . In a d d itio n , th e u p p e r n o te is w ro n g ly tra n sc rib e d
w ith in a 6-se m ito n e ch o rd w ith lo w e r p itch p = 4 0 , c o rre sp o n d in g to a fu n d a m e n ta l fre q u e n c y
e rro r ra tio o f 4 . T h e se e rro rs c o rre sp o n d to situ a tio n s w e ll k n o w n to b e d iffi c u lt, w h e re a ll th e
p a rtia ls o f o n e n o te o v e rla p w ith th e p a rtia ls o f th e o th e r o r w h e re th e fre q u e n c y re so lu tio n is
to o sm a ll to d istin g u ish m u ltip le n o te s a t lo w fu n d a m e n ta l fre q u e n c ie s. It is lik e ly th a t th e se
e rro rs a re d u e to th e in h e re n t u n c e rta in tie s o f th e m o d e l ra th e r th a n th e ch o se n in fe re n c e
m e th o d . N o te th a t c o rre c t tra n sc rip tio n w a s n e v e rth e le ss a ch ie v e d fo r o n e ch o rd w ith a
fu n d a m e n ta l fre q u e n c y ra tio o f 2 , tw o ch o rd s w ith fu n d a m e n ta l fre q u e n c y ra tio s o f 3 a n d a ll
(fo u r) ch o rd s w ith fu n d a m e n ta l fre q u e n c y ra tio s o f 4 , w h ile su ch situ a tio n s ty p ic a lly re su lt
in tra n sc rip tio n e rro rs fo r o th e r m o d e ls [14 , 16].

5 Conclusion

W e p ro p o se d a m e th o d fo r th e a p p ro x im a te fa c to riz a tio n o f th e jo in t p o ste rio r o f a h a rm o n ic
m o d e l b a se d o n th e u se o f a lo c a l p o ste rio r d e p e n d e n c e c rite rio n a n d e x p lo ite d it fo r fa st
B a y e sia n in fe re n c e . A lth o u g h fa c to riz a tio n b a se d o n th is c rite rio n is th e o re tic a lly fe a sib le
fo r a n y B a y e sia n m o d e l, it d o e s n o t n e c e ssa rily p ro v id e sm a ll p a ra m e te r su b se ts, w h ich a re
n e e d e d fo r su b se q u e n t n u m e ric a l in te g ra tio n . T h e k e y p ro p e rty o f h a rm o n ic m o d e ls d e m o n -
stra te d h e re is th a t th e p a ra m e te rs o f p a rtia ls w ith d iff e re n t fre q u e n c ie s a re a p p ro x im a te ly
in d e p e n d e n t a po sterio ri. T h e p ro p o se d m e th o d is g e n e ric a n d a d a p tiv e , in th e se n se th a t it
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F ig u re 5 : S c o re tra n sc rip tio n re su lts fo r tw o -n o te sig n a ls u sin g p o ste rio r fa c to riz a tio n b a se d
o n p o ste rio r d e p e n d e n c e (le ft) o r fre q u e n c y d iff e re n c e (rig h t) a n d in te g ra tio n o n a u n ifo rm
g rid . T o p : F -m e a su re w ith v a rio u s g rid siz e s (p la in : Ntot = 10 7, d a sh e d : Ntot = 10 6,
d a sh -d o tte d : Ntot = 10 5). B o tto m : P e rc e n ta g e o f p a rtia ls fro m tw o -n o te s c a n d id a te s w ith in
su b se ts o f o n e , tw o o r th re e p a rtia ls. T h e p e rc e n ta g e o f p a rtia ls w ith in su b se ts o f th re e
e q u a ls 0 .2 % fo r cm in = 10−1.5 b its, 1% fo r fm a x = 2 b in s a n d 0 in a ll o th e r c a se s. A ll
p a rtia ls fro m o n e -n o te c a n d id a te s a re w ith in su b se ts o f o n e .
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c a n b e a p p lie d to a w id e ra n g e o f p rio rs a n d th a t th e le v e l o f fa c to riz a tio n d e p e n d s o n th e
o b se rv e d sig n a l a n d th e h y p o th e siz e d n o te s. T h is is a n im p o rta n t d iff e re n c e w ith v a ria tio n a l
a p p ro x im a tio n m e th o d s, w h ich a lso re ly o n fa c to riz a tio n o f th e p o ste rio r b u t a re lim ite d to
c e rta in c la sses o f p rio r d istrib u tio n s a n d o fte n a ssu m e a fi x e d fa c to re d e x p re ssio n . A n o th e r
d iff e re n c e is th a t th e p ro p o se d m e th o d re lie s o n th e c o m p u ta tio n o f M A P p a ra m e te r v a lu e s
in ste a d o f th e ite ra tiv e u p d a te o f v a ria tio n a l p a ra m e te rs, w h ich is in trin sic a lly fa ste r.

T o im p ro v e th e a c c u ra c y o f th e fa c to riz a tio n , it w o u ld b e in te re stin g to in v e stig a te tra n s-
fo rm a tio n s o f th e p a ra m e te rs re su ltin g in a sm a lle r p o ste rio r d e p e n d e n c e . T h e m in im iz a tio n
o f th e d e p e n d e n c e b e tw e e n su b se ts o f ra n d o m v a ria b le s d e sc rib e d b y a se q u e n c e o f sa m p le s
is k n o w n a s th e In d e p e n d e n t S u b sp a c e A n a ly sis (IS A ) p ro b le m a n d c a n b e so lv e d in th e c a se
o f lin e a r tra n sfo rm a tio n s b y In d e p e n d e n t C o m p o n e n t A n a ly sis (IC A ) fo llo w e d b y g ro u p in g
o f th e tra n sfo rm e d v a ria b le s [2 2 ]. T h is a p p ro a ch c o u ld e a sily b e c o m b in e d w ith su b se q u e n t
in te g ra tio n b a se d o n im p o rta n c e sa m p lin g , a n d th is m a y a lso a llo w o th e r B a y e sia n m o d -
e ls, w h ich d o n o t re a d ily sa tisfy th e p o ste rio r in d e p e n d e n c e p ro p e rty , to b e n e fi t fro m th e
p ro p o se d in te fe re n c e m e th o d .
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