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POLICY ITERATION ALGORITHM FOR ZERO-SUM STOCHASTIC GAMES
WITH MEAN PAYOFF

JEAN COCHET-TERRASSON AND SHPHANE GAUBERT

ABSTRACT. We give a policy iteration algorithm to solve zero-sum stochastic games with
finite state and action spaces and perfect information, when the value is defined in terms
of the mean payoff per turn. This algorithm does not require any irreducibility assumption
on the Markov chains determined by the strategies of the players. It is based on a discrete

nonlinear analogue of the notion of reduction of a super-harmonic function.

ALGORITHME D' ITERATION SUR LES POLITIQUES POUR LES JEUX

STOCHASTIQUESA SOMME NULLE AVEC GAIN MOYEN

RESUME. Nous donnons un algorithme ditation sur les politiques pouésoudre les
jeux stochastiques somme nulle, avec espacestdt et d’action finis, en information par-
faite, lorsque la valeur du jeu estfihie en termes de gain moyen par tour. Cet algorithme
ne demande pas que les ties de Markov étermirees par les stragies des deux joueurs
soient iréductibles. Il repose sur un analogue discret no@dlire de la notion deeduite

d’une fonction surharmonique.
VERSION ABREGEE EN FRANCAIS

Une applicationf définie surR™ est ditepolyédralesi I'on peut recouvrilR™ par un
nombre fini de polgdres de sorte que la restriction fla chacun des podres soit affine.
Une applicatiory : R” — R™ est ditecontractantepour une normé-|| si|| f(z)—f(y)] <
||z —y||. Kohlberg [12] a @monté que sif : R™ — R™ est polyedrale et contractante pour
une norme quelconque, on peut trouver des vecteets) dansR” tels quef (v + tn) =
v + (t + 1)n, pour tout Eelt assez grand. Nous appellerafesmi-droiteune application

de la formet — v + tn, et nous dirons qu’elle estvariante (relativementa f) si elle

Date June 16, 2006.



2 JEAN COCHET-TERRASSON AND SHPHANE GAUBERT

vérifie la propréte piecedente. L'inérét d’une demi-droite invariante est qu’ellétdrmine
le taux de croissance des orbitesfde((f) := limy_.o. f¥(x)/k, ol 'on désigne parf*
la k-ieme ierée def, et al x désigne un vecteur quelconquee. On \rifie en effet que
x(f) =n.

Dans cette note, nous donnons un algorithme pour calculer une demi-droite invariante
lorsque I'application polgdralef est croissante au sens large (pour I'ordre partiel usuel de
R™) ainsi quadditivement homame ce qui signifie gu’elle commute avec I'addition d'un
vecteur constant. Voil [8] pour plus défils sur cette classe d'applications. Ce travail est
motivé par I'etude des jeux stochastiqueesleux joueurs &t somme nulle, en information
parfaite, avec gain moyen. Lorsque I'espacetals es{1,...,n}, et lorsque les espaces
d’actions sont finis, I'oprateur de programmation dynamique du jéufie les hypotkses
préccdentes. La coordoie y;(f) fournit la valeur du jeu lorsqueétat initial est.

Notre algorithmeetend l'iteration sur les politiques de Howatd [10], qui s’applique au
casa un seul joueur. Hoffman et Karp|[9] ont dd@nnone prengre ¢gréralisation au caa
deux joueurs, cependant, leuéthode exige que les matrices de Markov induites par un
couple quelconque de stegfies stationnaires des deux joueurs soieatlirctibles. Sinon,
on rencontre desétations égererees, dans lesquelles la nouvelle stgge qui est choisie
n'améliore pas gcessairement la valeur de l&prdente. L'algorithme peut alors cycler.

Nous Esolvons ici cette difficuét en incorporant dans chaquérition é¢gerérée un
analogue non-ligaire du calcul de laéduite d’'une fonction surharmonique, ce qui re-
vient a resoudre un probime auxiliaire d’a@t optimal @& un joueur), assurant ainsi la
terminaison de l'algorithme. Ceéitend au cas stochastique les algorithmegetbpis
par Gunawardena et les auteurs[[7, 4] dans le cas des @arministes. La preuve ex-
ploite des esultats d’Akian et du second autelr [1], sur la structure de I'ensemble des
points fixes d’'une application convexe, croissante, additivement hemeod existence
d’un algorithme polybmial pour calculery(f) est un prome ouvert[[5, 2, 11]. Signa-

lons qu’une version @iminaire du pesent travail est apparue dans [3].
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Présentons maintenant I'analogue noréhire de la notion de fonction surharmonique
réduite utili€ dans l'algorithme. Soiy : R® — R™ une application convexe, crois-
sante, additivement homege, telle que(g) = 0. Un vecteuru € R™ est ditharmo-
nique (relativementa g) si g(u) = w. Il est dit surharmoniquesi g(u) < w. Rappelons
guelques dfinitions et esultats de [1]. Supposons qu'il existe au moins un vecteur harmo-
nique,u. Nous efinissons le sous-défentiel dey au pointu, dg(u) := {M € R"*" |
g(x) — g(u) > M(z —u), Yz € R"}, et notons que cet ensemble est férde matrices
stochastiques. Un nceud est diltique s'il appartienta une classe deecurrence d’'une
des matrices\l € dg(u). Lensemble des noeuds critiques estépeindant du choix du
vecteur harmonique. En fait, lorsquey provient d'un probtme de confile stochastique
avec criere ergodique, un nceud est critique si et seulement si ileestrrent pour une
strakgie stationnaire optimale. Pour tout sous-enserhlate{1, ..., n}, et pour tout vec-
teurz € R™, nous notong;x € RY la restriction der, définie par(r;z); := z;, Nous
posonse; := ryx, SoitJ := {1,...,n} \ I. Nous cfinissons I'applicatiog; := r; o g,
et désignons pai; I'application identifiant canoniquemeRt x R’ aR™, laquelle envoie

(y, 2) vers le vecteur tel quex; = y; pour touti € I etx; = z; pour touti € J.

Théoreme 1. Soitg : R™ — R™ une application convexe, croissante, additivement ho-
mogene, admettant au moins un vecteur harmonique. Gdiensemble des nceuds cri-
tigues deg, N := {1,...,n} \ C, et soitu un vecteur surharmonique. L'une quelconque
des conditions suivante&finit de margre unique le rme vecteus : (i) v est harmonique

et cdncide avea: sur C'; (ii) v est le plus petit vecteur surharmonique majorarsur C';

(i) v coincide avea: sur C, et sa restrictiora N est I'unique point fixe de I'application

y— gn(n(y,uc))-

Nous notongl,u I'unique vecteur harmonique défini dans le TRoeme{]. Lorsque
g(xz) = Mz estlinéaire, et que la matrick/ est stochastiqué&),u caincide avec laéduite
du vecteur surharmoniquerelativement I'ensembleC. Le calcul deQ),u estéquivalent
a la esolution d’'un prol#me d'arét optimal, qui peugtre mege par i€ration sur les

politiques [6].
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Nous cfinissons maintenant un @mteur analoguaQ,, agissant sur les demi-droites.
Nous supposons pour cela ggeR™ — R™ est polyedrale, convexe, croissante, et additi-
vement homogne, et que saiéme coordonge est donee par I'expressior [1) ci-dessous,
dans laquelleB; est un ensemble fini? € R, and P est un vecteur (ligne) stochastique.
Soitn := x(g). Définissons I'applicatiog(x) := lim;_., g(z +tn) — (¢t + 1)n. Les coor-
donrées degj sont donges pag;(x) = max,c 5, —1;+77 + Pz, ol B; est'ensemble des
b atteignant le maximum dans I'expressianx,c g, P’n. Lensemble deaceuds critiques
de g, C(g), est par éfinition I'ensemble des nceuds critiques @deNous dirons qu’'une

demi-droitew(t) estsurinvariantesi g o w(t) < w(t + 1), pourt assez grand.

Corollaire 1. Soitg : R® — R"™ une application polgdrale, convexe, croissante, et ad-
ditivement homaogne. Soitw(t) = v + tn une demi-droite surinvariante dg telle que
n = x(g). Il existe une unique demi-droite invariante gdeui cdncide aveaw sur I'en-

semble des nceuds critiquesgdélle est donge part — Qgv + tn.

Nous posong),w(t) := Qzv + tn. Dans la suite, nous supposons que chaque co-
ordonree f; de f est donge par[(R), @ A; est un ensemble fini, etiochaquef® est
une application polgdrale croissante, additivement hordog, et convexe, dR" dansR.
Une strategie (stationnaire, en boucle feém) est une applicatiom de {1,...,n} dans
Ur<i<nA; telle ques(i) € A;. Pour toute strégiecs, nous @signons pay(?) I'applica-

tion deR™ dans lui néme dont la-iéme coordonge est donge parfi(”) — 70,

(2

Algorithme 1 (ltération sur les politiques pour les jeux stochastiquBgnrée: Une ap-
plication f dont les coordon@es sont de la form@). Résultat Une demi-droite invariante

def.

(1) Initialisation Choisir une stratgie arbitraire o, et calculer une demi-droite in-

variante def(?), w® () = v 4 tn(), Poserk = 1.
(2) Sifow”(t) = w*(t + 1) alieu pourt assez grand, I'algorithme s’agéte.

(3) Sinon,ankliorer la straégie en €lectionnant une nouvelle strategig. ; telle

que f o wk(t) = flox+1) o wk(t) ait lieu pourt assez grand. Le choix dg,
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doit étre effecté de margre conservatrice, ce qui signifie qug;1 (i) = o (4) Si

fiowk(t) = fl.(”") o wk(t) pourt assez grand.

(4) Calculer une demi-droite invariante arbitraire(t) = v + tn de f(“x+1), Sip #
n(%) on posew* ! = w. Sin = n@¥), it ération est qualife dedégerérée et
on posew* ™ = Q (o, w". On cfinitv* etn(@x+1) par wht1(t) = vkt 4+

tn(0k+l).

(5) Augmentetk d’'une unig, et retourne@ I’ étapq 2.

Théoreme 2. La méme stragégie n’est jamais&ectionrée deux fois et donc 'algorithme

s'arréte.

Ce fesultat estémontea 'aide du Teormd 1. On montre notamment quef (++1)) <
x (%)), et que six(f(o+1)) = x(f*)), on awhtt < w*, wF = wk pour tout

i

i € O(flor), etC(flor)) © O(for),

1. INTRODUCTION

A map f defined onR™ is polyhedralif there is a covering oR™ by finitely many
polyhedra such that the restriction pto any of these polyhedra is affine. A self-mApf
R™ is nonexpansiven a norm|| - || if || f(z) — f(y)| < [|x —yl|. Kohlberg [12] showed that
if f is a polyhedral self-map dR” that is nonexpansive in some norm, then, there exist
two vectorsv andy in R™ such thatf (v + ¢tn) = v + (¢t + 1)n, for all ¢t € R large enough.
A map of the formt — v + ¢n is called ahalf-line. It is invariantif it satisfies the latter
property. The interest of an invariant half-line is that its linear part determines the growth
rate of the orbits off, x(f) := limy_ f*(z)/k. Here, f* denotes thé-th iterate off,
andz is an arbitrary vector oR™. If f has an invariant half-lineé — v + tn, then,x(f)
does exist and is equal tp

In this note, we give an algorithm to compute an invariant half-line, when the polyhedral

map f satisfies the following conditions. We requifeto be order-preserving meaning
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thatz <y = f(z) < f(y), where< denotes the standard orderingdf. We also
require f to beadditively homogeneousneaning that it commutes with the addition of
a constant vector. These two conditions imply tligs nonexpansive in the sup-norm.
(Seel[8] for more background on this class of nonlinear maps.)

This work is motivated by the study of zero-sum two players stochastic games with
perfect information and mean payoff. When the state spaé,is.,n}, and when the
action spaces are finite, the dynamic programming operator of the game satisfies the pre-
vious assumptions. The coordinatg f) gives the value of an infinite game withean
payoff in which the initial state ig and the payoff of the infinite trajectory induced by a
pair of strategies of the two players is defined as the Cesaro limit of the expectations of the
payoffs of the successive transitions.

Our algorithm extends Howards’ policy iteration algorithm|[10], which applies to the
one player case. Hoffman and Kafp [9] gave a partial extension to the two players case.
However, their method requires every Markov chain associated to a pair of stationary feed-
back strategies of the two players to be irreducible. If this assumption does not hold,
degenerate iterations may occur, in which the new strategy which is selected may not have
an improved value. Then, the algorithm may cycle.

We solve this difficulty by computing a non-linear analogue of a reduced super-harmonic
function, at each degenerate iteration, which requires solving an auxiliary (one player) op-
timal stopping problem. This is intimately related with Perron’s method in the study of the
Dirichlet problem. The present algorithm extends the ones which have been developed by
the authors and Gunawardehal[7, 4] in the case of deterministic games. Its proof exploits
earlier results of Akian and the second author [1], on the structure of the fixed point set of a
convex order-preserving additively homogeneous map. The existence of a polynomial time
algorithm to compute(f) is an open question][5], even in the deterministic case [2, 11].

Finally, we note that a preliminary account of the present work has appeafed in [3].
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2. REDUCED SUPERHARMONIC VECTORS AND POLICY ITERATION ALGORITHM

We first present the non-linear analogue of a result of classical potential theory, on which
the algorithm relies. Assume thatis a self-map ofR™ that is convex, order preserving,
additively homogeneous, with(g) = 0. We say that a vectar € R” is harmonic(with
respect t) if g(u) = u, and that it issuper-harmonidf g(u) < u. Let us recall some
definitions and results of [1]. Assume that there exists at least one harmonic vector,
The subdifferentialof g at pointw is defined bydg(u) := {M € R™*" | g(x) — g(u) >
M(x —u), Yo € R™}. This set consists of stochastic matrices. We say that a node is
critical if it belongs to a recurrence class of some mafvixe dg(u). The set of critical
nodes is independent of the choice of the harmonic vecttndeed, whery arises from a
stochastic control problem with ergodic reward, a node is critical iff it is recurrent for some
stationary optimal strategy. [fis any subset of1, ..., n}, we denote by, the restriction
fromR"™ to R’, such tha{r;z); := z;, foralli € I. For allu € R", we defineu; := ru.

LetJ :={1,...,n}\I. We define the map, := r; og, and we denote by the canonical
map identifyingR! x R” to R", which sendgy, z) to the vector, such thatu; = y; for

alli € I andu; = z; forall i € J.

Theorem 1. Let g denote a convex, order preserving, and additively homogeneous self-
map ofR™. Assume thay admits at least one harmonic vector. L@&tdenote the set of
critical nodes ofg, let N denote the complement 6f in {1,...,n}, and letu denote

a super-harmonic vector. Then, any of the following conditions defines uniquely the same
vectorv: (i) v is harmonic and coincides witlhhon C; (i) v is the smallest super-harmonic
vector that dominates on C; (iii) v coincides withu on C' and its restriction toV is the

unique fixed point of the map— gy (¢n (v, uc)).

We denote by, u the unique harmonic vecterdefined in Theorer|1. Whey(z) =
Mz is a linear operator, and/ is a stochastic matrix;),u coincides with theeduced

super-harmonic vector af with respect to the s&t. Wheng is a max-plus linear operator,
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the operator), coincides with thespectral projectomwhich has been defined in the max-
plus literature, see [4]. For this reason, we @@l the (nonlinearspectral projectorof
g.

Let us now explain how to compui@,v wheng is polyhedral. Assume that every
coordinatey; is given as follows:

1) 9i(x) = max rl+ Plx

where B; is a finite sety;? € R, and P? is a stochastic (row) vector. Note first that
an invariant half-line ofy can be computed by applying the multichain policy iteration
algorithm of Denardo and Fok|[6]. This providg$g), together with an harmonic vector
of g whenx(g) = 0. Once an harmonic vector gfis known, the set of critical nodes
can be computed by the algorithm &f fL6.3]. Hence, to compute := P,u, it suffices
to apply the standard fixed point iteration to the latter map. Alternatively (experiments
indicate this is faster), one may note that the vegtsolution ofy = gn (¢n (y, uc)) is the
value of an optimal stopping problem, in which the process dies when reaching tie set
This vector can be computed by the original policy iteration algorithm of Howard [10].
We now define a spectral projector acting on half-lines. We assume tisa poly-
hedral, convex, order preserving, and additively homogeneous self-ni&p. dfetn :=
x(g), and defingj(x) := lim;_,o g(x + tn) — (t + 1)n. Sinceg is polyhedral, the limit
is attained for all sufficiently large. Indeed, if the coordinates gfare of the form[(L),
we haveg;(z) = max,cg, —n; + r? + Pz, whereB; is the set of actions attaining the
maximum inmax,c g, P'n. We define the set afritical nodesof g, C(g), to be the set of
critical nodes ofj. An half-linew(t) = v + tn is super-invariantf g o w(t) < w(t + 1),

for ¢ large enough.

Corollary 1. Assume thay is a polyhedral, convex, order preserving, and additively ho-
mogeneous self-map Bf*. Assume that(t) = v + tn) is a super-invariant half-line of
with » = x(g). Then, there exists a unique invariant half-linegofhich coincides withv

on the set of critical nodes gf It is given byt — Qzv + tn.
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We defineQ,w to be the mag — Qzv + tn. In order to present the algorithm, we

assume that every coordinate fofs given by:

@) filz) = inf fi(z) ,

a€A;
whereA; is a finite set, andg? is a polyhedral order preserving, additively homogeneous,
and convex map fronR™ to R. We call (stationary, feedbaclsfrategya mapo from
{1,...,n} to Uj<;<, A; such thatr (i) € A;. For all strategies, we denote byf(?) the

self-map ofR™ thei-th coordinate of which is given by(? = 7).

?

Algorithm 1 (Policy iteration for stochastic gamesnput A map f the coordinates of

which are of the forn{2). Output An invariant half-line off.

(1) Initialisation Select an arbitrary strategy;. Compute an invariant half-line of
FO, w® () = 0@ 49D, Setk = 1.

(2) If fowk(t) = wk(t+ 1) holds fort large enough, the algorithm halts.

(3) Otherwisejmprove the strategypy selecting a strategy, 1 such thatfow” () =
flor+1) o wk(t), for t large enough. The choice of,;; must be conservative,
meaning thatry,, 1 (i) = o4 (i) if f; o wk(t) = f\7%) o wk(¢), for ¢ large enough.

(4) Compute an arbitrary invariant half-lines(t) = v 4 tn of f(ox+1)_1f 5 £ (o),
we setw*t! = w. If n = n(®*), we say that the iteration idegenerate Set
Wt = Q oy w*, and define 1 andn(7x+1) pywk (1) = F 1 nlon),

(5) Incrementk by one and go to stép 2.
Theorem 2. A strategy cannot be selected twice, and so, the algorithm terminates.

This resultis proved using Theor@n 1. We show, as intermediate resultg( fhat+1)) <
x(f(@¥)), and that, when(f(7s+1)) = x(f(“¥)), we havew*+! < w*, wh™ = wk for
alli € C(flex+1), andC/(flox+1)) c C(fer)).

Let us give the missing details in the implementation of Algorifim 1, when every map
fiis given by f{* = supyege i + Pz, whereBy is a finite sety{” € R, and P is
a stochastic vector. Then, for all strategiesf” is the dynamic programming operator

of a Markov decision process with finite state and action spaces. Recall that an invariant
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half-line of f(*) can be computed by applying the policy iteration algorithm for multichain
Markov decision processe€s [6]. The next state is to evaluate the asymptotic behaviour of
f ow(t), wherew(t) is an half-line, ag tends to infinity. Computing the sum of two
half-lines, multiplying an half-line by a scalar, and computing the infimum or supremum
of two half-lines when tends to infinity, are linear time operations. It follows thfatw(t)

can be evaluated (Stgp 2) in a time which is linear in the size of the coding of the operator
f,and a strategy,1 satisfying the conditions of Stép 3 is obtained as a byproduct of this

evaluation.

Examplel. Consider a directed graph, with set of nodes..,n and set of arcdy C
{1,...,n}?, in which each ardi, j) is equipped with a weight;; € R. The mapf
defined by:

1 .
— max r;; +T; + min 1 + :Ej)
2V j: (i,5)€eE j: (4,9)€E

filz) =
arises as the dynamic programming operator of a variant with mean payoff of the “tug of
war” game [14] and in a class of auction games [13]. Let us apply the algorithm to the
complete graph witt3 nodes, with the weightsy;; = 1, rio = 2, 113 = 7, 101 = 3,
roo = 3,793 = 4, 131 = 8, r32 = 5, r33 = 1. The action space in every statean
be identified with{1,...,3}. Let us choose the greedy strategy, such thato; (1) =
1, 01(2) = 1, 01(3) = 3. The corresponding operator is given ") (z) = ((1 +
x1 +max(l + 1,2 + 22,7+ 23))/2,(3+ z1 + max(3 + x1,3 + 2,4 + 23))/2, (1 +
x3 + max(8 + x1,5 + w2, 1 + xg))/2)T. We compute an invariant half-line gf“1) by
the algorithm of [[6]. We obtain for instanee! = v!' + tn', wherev! = (0.5,0,1)T
andn' = (M N)T, with A := 4.25. Since f(w'(t)) < f)(w'(t)), we improve
the policy. We geba(1) = 1, 02(2) = 2, 02(3) = 3. One can check, again by the
algorithm of [6], thaty(f(°2)) = (X, A, \)7, and so, the iteration is degenerate. Using
the algorithm of[[1,§ 6.3], we get that the set' of critical nodes off(°2) is {1,3}, and
so,N = {2}. Letg := f(°2), By Corollary@, the image ofv!' by the spectral projector
Q, is of the formz + tn"), wherez, = v}, z3 = v}, andz, is obtained by solving the

equatiord.25 + z2 = (3 + 22 + max(3 + 21,3 + 22,4 + 23))/2. The unique solution is
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zo = —0.5 (in general, this solution could be found by the basic policy iteration algorithm
of [10]). So,w®(t) = (0.5,—0.5,1)T + t(A\, A\, \)7 is an invariant half-line off(°2).
Sincef(w?(t)) = w?(t + 1), the algorithm stops, showing thatf) = (A, A\, A\)T.
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