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�Ê°¢jrP�QH��\<§t`bLwQAjrzwzOnbe:µ_h�P)j�`bh�ekgç�<fwjrnljrgD`bQHQvhi^ O(n1/3 log2 n)

£¤ekn.jrg]\
g ≥ 1

§
n
�{QHh�gw�à`pLOQ�^bh�©�Q�ek£�`bLOQ�gOQ�`s��e<nb�®�èKMLOh�^Rhi^*f{^aQ�£¤fO�Mh�gézOnpj<dG`ph�dHjr�MjrzOzO��hid�j�`ph�e<gw^H§�^bh�gwd�Q�h�g

�{jkdl�]�{e<gOQ�gOQ�`s��e<nb�_^M`pLOQ*�<nbe]ekP�h�gO�R£Éjkd�`bekn³h�^¢fw^bfwjr����\��knpQHjr`bQHnM`bLwjkg�`bLOQTgOQ�`s�¥eknp��^bh�©HQk�tu³^t£Éjkn³jk^
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|OQ�`bQHnbP�h�gwjrhi^bekgw^�����QHdG`pnbe<gOhiì<fwQH^H§{d�� QH^a` ��|_h�nbQ���Q*gwekP*�wnbQ*|OQ�!�Z{UW°tx¦K}u�|O|_²¡¬³nbe<zàV�fO��`bh�zO��Q�µ_Q�nl^"!
¶·u¢¬WVv^l¸G�¦¬Wjrgw^�d�Q�`¢jkna`ph�d���Q<§_gOekfw^#��`bfw|Oh�e<gw^M��Qc^M`be<z{e<��e<�kh�QH^M|_Q��$� jkgOgOQcjrf�Q�`���Q�dlLwQ�P�h�g��
¬%� jk�{e<np|�§�gOekf{^�zOnbe<fO¨ke<gw^³��Q)zOnpQ�P�h�Q�n�n��H^bfO�´`lj�`�|�� h�g{jrzOzOnpe:µ_h�P)jk�Oh���h�`��Rz{e<fOn�º�»®¼�½]½D¾¤¿ ÀR»®Â¯Â'&

Ã³¾ÅÄ�ÆéìDfwjrgw|à��Q*£Éjkd�`bQ�fwn�|OQT�<nbe<fOzwjr�<Q
g
QH^a`³¹Oµ��<��mo��f{^³zwn��cd�hi^(�HPRQHgD`H§®gOekf{^¢zOnpekfw¨kekg{^¢ìDfOQ)Ü�¾ÅÄ�Æ

º�»®¼¯½D½]¾¤¿"ÀR»®Â¯Â¯Ã¢¾ÅÄ�Æèz{e<fOn
g ≥ 1

¹Oµ��k§{Q�`�Ý�¼DÞ�ßÇº�»®¼�½]½]¾¤¿çÀR»®Â�Â�Ã³¾ÅÄ�Æ#zJekfOn
g ≥ 2

¹Oµ��<§J^bekgD`
áRÝtâ*²ªd�ekP�zO��Q�`l^���x¦gà|�� jrf_`pnbQc^�`bQHnbP�Qc^�§�d�Qc^tzOnpek�w��NHPRQc^tg'� jkdHd�QHz_`bQHg<`Wzwjk^³|_Q*m�K¯uWZ®§��)P�ekh�gw^³ìDfOQ
Ý

= ã Ý��WS�Q��ijR£¤ekfwnbgOh�`³fwgOQ�n���zJekgw^bQ)�)�ij�d�e<g�qsQHd�`bfOnpQ*|_Q�S�LOe�� Q�`WË�h�gÈ¶2Ì*Í�Î·Ï¦ÐrÑbÒ:ÓlÔ7ÕkÕ{ÖÅ×kØ�ÕwÙªÚDÛ�ÚkÔÚ]ÛkÛ�Õ�¸��v°ter`pnbQ)P*��`bLOe_|_Q�Qc^s`��{jk^���Q�^bfOn���Q)£Éjrh�`TìDfOQ�`bnpekfw¨kQ�n���Q�gOe<P*�OnpQ�P)j�µ_h�PTfOP |_Q�`bnph�jkgO�k��QH^
jkn�+�`bQ�²¡|_hi^Éqsekh�g<`l^¦|Ojkgw^¥fOg��<npjkzOLOQR¶¤Q�`t|_Q³£Éj�,�ekg�zw��fw^M�-��g.�Hnpjk��Q<§<d�\]d���Qc^M|_Q³��ekgw�kfOQHfOn

2g + 1
|wjrgw^¥fOg

�<npjkzOLOQ�|_Q�P)jrh�����Q
2g + 1

¸�QH^a`³áTÝ¢â�²ªd�e<P�zO��Q�`H�
°¢ekfw^¦zOnbe<z{eD^ae<gw^7QHgw^afwh´`pQtfOg�jr���ke<nbh�`bLwPRQt|'� jkzOzOnpe:µ]h�P)j�`ph�e<gTQHg)`bQHPRz{^ozJek��\DgwekP�h�jk�OzJekfOnMÜ�¾ÅÄ�Æ

Q�`RÝ�¼]Þ�ß±º�»®¼�½]½]¾¤¿ À�»JÂ�Â�Ã³¾ÅÄ�Æo§¯j:¨kQcd�fOgænljrzOzJeknb`�|�� jkzOzOnpe:µ_h�P)j�`ph�e<gAh�gw|��Hz{QHgw|Ojkg<`R|_Q
g
��mo��fw^

zwn��cd�hi^aQHPRQHgD`H§D��Q³npjkzOz{e<na`M|�� jrzOzOnpe:µ_h�P)jr`bh�ekg�QH^a` O(n1/3 log2 n)
zJekfOn�`be<f_`bQc^¦��QH^�¨�jr��Q�fOnl^¥|_Q

g ≥ 1
§

e-/
n
QH^a`��ijt`ljrh�����Q�|_fRn��c^aQcjrf���S�QMn��H^bfO��`pj�`�QH^a`�f_`bh���Q�|Ojkgw^���QH^�jrzOzw��hid�jr`bh�ekgw^H§rd�jkn�|Ojkgw^���Qc^�n��c^aQcjrf_µ�|_Q

d�e]Q�fOnc§H��Q7£Éj<dG`bQHfOn¯|OQ¦�knpekfwzwjr�<Q�Qc^s`¯����g0��nljr��Q�P�Q�gD`�zO��fw^��<npjkgw|�ìDfOQo�ijM`pjkh�����Q�|_f�n��H^bQHjrf���ë�h�gwjk��QHP�Q�gD`H§
gwekfw^�jkP*����h�e<nbe<gw^R��Qvnljrzwz{e<na`�|�� jrzOzwnbe:µ_h�P�jr`bh�ekgç^ae<fw^)d�QHna`ljrh�gOQH^�LD\]zJer`pLONH^bQH^�^bfOn)��Qv�knljrzwLOQ�|_QH^
npQHìDf.+�`bQc^��
1Áò �c� ð ��2 � �à� ut���ke<nbh�`bLOP�Q�|�� jrzOzOnpe:µ_h�P)jr`bh�ekg�§�ôWnbe<fOzwjk�kQ*|_QR`pnpjr�)dk§�y3�H^bQHjkfàekzO`bhiì<fwQk§�ZwUW°¢x¦K
u³¬³VÈ§{áTõOö7§{Ý¢º¥á�÷�§_¬¢h���d�fO��`��*|'� jkzOzOnpe:µ]h�P)j�`ph�e<g
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U³zO`bhid�jr�_�Mj:¨kQH��QHgO�r`pLT|_h�¨]h�^bh�ekgRP*fO��`bh�zO��Q�µ_h�gw��¶É«­¬³VA¸�h�^7`be_|Oj:\�`bLwQ�PReD^s`ozwnbe<PRhi^bh�gO�³`bQcdlLOgOe<��e<�k\�`be
j<d�d�ekP�P�e]|wj�`bQ�`pLOQ*Q�µ_zO��eD^ah�¨kQ��<nbe��M`pL�er£7 ªgD`bQHnbgOQ�`Wjkgw|�`bQH��Qcd�ekP�PTfOgOhid�j�`ph�e<g.`bnlj���d�h�gv��hi|_Q�²ªjrnpQHjw§
P�Q�`bnper²ªjrnpQHjO§]jrg{|���e_d�jr��²ªjrnpQHj�gwQ�`s�¥eknp�]^H�,J¢^bh�gw�R«­¬WVæ§_`pLOQ�zJer`bQHgD`bhijr���wjkgw|_��hi|]`bL.ek£LKr��KNM¢©�er£�j
¹{�{QHntd�jrg��JQ�|Oh�¨]hi|_QH|�h�gD`peRPTfO��`bh�zO��Q�gwekg_²¡e�¨kQHnb�ijrzOzwh�gO�*�¥j:¨<Q���Q�gO�k`bL�e<n�£¤npQHìDfOQHgwd�\�dlLwjrgOgwQ��i^��oZ]h�gwd�Q
d�fOnpnbQHg<`p��\A`bLwQ�d�ekP�P�Q�nld�hijr����\èj:¨�jrh���jk�O��Q�ekz_`ph�dHjr��¹w�{QHnp^Rd�jkg0^bfOzOzJeknb`Te�¨kQHn*jvL]fOg{|_nbQc|è£¤npQHìDfOQ�g{d�\
dlL{jrgOgOQH��^H§O^bfwdlL�j)dlLwjrgOgwQ���Lwj<^�e�¨kQHn¥e<gOQ��kh��<jk�Oh�`a²¡z{QHna²ª^aQcd�e<gw|)`pnpjkgw^aP�hi^b^bh�ekg.^azJQ�Qc|��2Mte��¥Q�¨<Q�nc§]`bLOQ
gwQ�`s�¥eknp��hi^Wfw^bfwjr����\�npQHìDfOh�npQH|.`pe�^bfOzOzJeknb`³`pnpjr��dTd�ekgOgOQcdG`ph�e<gw^³jr`Wnlj�`pQH^³`bL{j�`�jrnpQT��e���QHnt`pLwjrgA`bLOQ
£¤fw���O�Mj:¨kQH��QHgO�r`pL*d�jkzwjkd�h´`s\<�� ªgReknl|_Q�n�`pe�^pj:¨kQ¥QHìDfOh�zOP�Q�gD`od�eD^s`ojkgw|*h�P�zOnpe�¨kQ¦gwQ�`s�¥eknp��z{QHna£¤e<nbP)jrg{d�Qk§
h�`�`bfwnbgw^�e<f_`�`be.�JQ)¨kQHnb\vh�P�z{e<na`ljrgD`�`be�jr�<�knpQ��Dj�`bQ*`bLOQ)PTfO��`bh�zO��Q)��e��M²ª^azJQ�Qc|v`pnpjr�)d�d�ekgOgOQcdG`ph�e<gw^�§
g{jrP�Q���\àÑbÍPO�QwÍGÓGÎ·ÓG§wh�g<`pe)LOh��kLOQHn¢^azJQ�Qc|�^s`pnbQcjrP)^H�¥K¯npjr��d��knpeDe<P�h�gO��hi^M`bLwQ�`bQHnbPêfw^bQH|�`be�d�jrnpnp\�ekf_`
`pLOhi^tjr�<�knpQ��<jr`bh�ekg�§<��LOh���Q�e<z_`bh�P�h�©Hh�gO�R`pLOQ�QHìDfOh�zOP�Q�gD`¢d�eD^s`c�� ªg�«­¬WV�ekz_`ph�dHjr��gOQ�`s��e<nb�_^�`bLwQ�PReD^s`
j<d�d�Q�z_`pQH|�d�nph´`pQ�nph�e<g³hi^®`petP�h�gOh�P�h�©HQ7`bLwQ7gDfwP*�JQ�n�ek£]QH��QcdG`pnbe<gOh�d¯`pQ�npPRh�gwjr`bh�ekgw^H§H��Lwh�dlL�hi^�fOgwjkgOh�PRe<fw^b��\
d�ekgw^bhi|_Q�npQH|�jk^¥`bLwQ�|_ekP�h�gwjrgD`td�eD^s`c§_npjr`bLOQHnM`bLwjkg�`pLOQ�g]fOP*�JQ�n�ek£¯�Mj:¨kQH��QHgO�r`pLw^��

ZwUW°¢x¦K­nph�gO�Thi^�`bLOQ�P�e<^a`M��h�|_QH��\)f{^aQc|�ekzO`bhid�jr�®gOQ�`s��e<nb��h�g_£¤nljk^a`bnpfwdG`pfOnbQ¢`be_|Oj:\<�� ªg�`bLwQH^bQ³gOQ�`a²
�¥eknp�_^�§]j�d�e<PRPTfOgOhid�jr`bh�ekg��JQ�`s�¥Q�QHg�jTzwjkh�nMer£�gOe_|_QH^Mhi^�|_e<gOQ�¨DhijRj�RS�S UT_ÎV�.��ÎWT]§wjkgw|�QHjkdlL���h��kLD`pzwj�`pL
f{^aQc^7jrg�u�|O|]²ª¬¢npekzRV�fO��`bh�zO��Q�µ_Q�n¢¶X	ZY\["¸�§�h·� Qk��jrgRQ���QHd�`bnpekgOhido`pQ�npP�h�gwjr`bh�ekg�§<j�`oQHj<dlL*ek£{h�`p^�`s�¥e³QHgw|]²
zJekh�gD`p^H�¦ ¡£7QHj<dlL.nbQcì<fwQH^a`tfw^aQc^ 1

g

er£�`bLOQ*dHjrzwj<d�h�`s\�er£oj��Mj:¨kQH��QHgO�r`pL�§
g
hi^t^bjkh�|�`pe)�{Q�`pLOQ� kÑbÐcÐ��]���^ 

�_����ÎªÐ�ÑG��KMLOQ�zwnbe<�O��QHPåh�^¢QHìDfOh�¨:jk��QHgD`¢`be�jk^p^ah��kgwh�gO��j��¥j:¨<Q���Q�gO�k`bL�`be�QHjkdlL�npQHìDfOQc^s`³h�gà^bfwdlLàj��¥j:\
`pLwj�`M£¤e<ntjrg]\)�¥j:¨<Q���Q�gO�k`bL�jkgw|�jrg]\���h�gO��er£�`pLOQ�gOQ�`s��e<nb�®§<`bLOQHnbQ�d�jkg��JQ�j�`�P�e<^a`

g
nbQcì<fwQH^a`p^¥fw^bh�gO�

`pLOhi^���h�gO�Aekgè`pLOh�^��¥j:¨<Q���Q�gO�k`bL���KMLOQ�jrh�P hi^�`pe�PRh�gOh�P�h�©HQ)`bLOQ�`ber`ljr��gDfwP*�JQ�n�ek£Mu³¬³Vv^H�. ªgè`bLOQ
�<npjkzOL_²2`bLOQHeknpQ�`ph�dHjr�¯jkzOzOnpe<j<dlL�`bLwjr`���QRfw^bQk§�`pLOQ)^aQ�`�ek£�npQHìDfOQc^s`l^¢hi^�P�e]|OQ���QH|A�D\Aj��<npjkzOL

R
§�jrg{|

QcjkdlLv¨<Q�nb`bQ�µ.h�gv`pLOQ)^afw�O�knljrzOL�ek£
R
d�e<nbnpQH^bzJekgw|_h�gO�)`pe�j��Mj:¨kQ���Q�gw�r`bL�npQ�zwnbQc^aQHg<`l^¢jkgAu¢¬WVæ��KMLOQ

zwnbe<�O��QHP.§_h�g�`bLwQ*d�j<^aQ���LOQHnbQW`bLwQ�d�ekP�PTfOgOhid�j�`ph�e<g�gwQ�`s�¥eknp��h�^�j�nph�gO�w§OdHjrg.�{Q�£¤e<nbP)jk����\�^a`pj�`pQH|.jk^
£¤e<����e��t^a`

Ü�¾ÅÄ¯Æçº�»®¼�½]½D¾¤¿çÀR»®Â¯Â¯Ã¢¾ÅÄ�Æ
b�cAd ���<� uÊd�\_d���Q

Cn
e<g

n
¨kQHna`ph�d�QH^*¶ÉgOQ�`s�¥eknp�O¸G§®j)�knljrzwL

R
¶·^aQ�`³er£onpQHìDfOQc^s`l^p¸�ekgv¨<Q�nb`bhid�QH^ter£

Cn
§

jkgw|�jT�<nbe]e<PRh�gO�T£Éjkd�`bekn
g
�

e ��� d �¯�k� ë�h�gw|à£¤ekn�QcjkdlLàQc|_�kQ
r = {x, y} ek£ R

§�j�zwj�`pL
P (r)

h�g
Cn

�JQ�`s�¥Q�QHg
x
jkgw|

y
§�jkgw|àj

z{jrnb`bh�`bh�ekg#er£M`bLOQ)Qc|_�kQc^�er£
R
h�gD`bev^bfO�O�knljrzwLw^

Rω
§
1 ≤ ω ≤ W

§�^afwdlL#`pLwj�`�£¤e<n�QHj<dlLAQc|_�kQ
e
h�g

E(Cn)
jrgw|�£¤e<n¥jk���

ω
§D`bLOQWg]fOP*�JQ�nMek£�zwj�`pLw^

P (r)
fw^bh�gO�

e
§
r
�{QHh�gw�Rjkg�QH|_�<Q¢ek£

Rω
§]hi^�jr`¥P�eD^s`

g
�

e)�gf î �r�UhWi î � V�h�gOh�P�h�©HQ ∑W
ω=1 |V (Rω)| �

KMLOQ�^a`pjr`bQHPRQHgD`Mek£¢Ý�¼DÞ�ßéº�»®¼�½]½D¾¤¿ÇÀR»JÂ�Â¯Ã¢¾ÅÄ�ÆAhi^�jrgwjk��e<�ke<fw^�§]npQ�zO�ijkd�h�gw�
Cn

�D\
Pn
�

j9k �.� d 2 îmlonoÐ��wÓP�p�<Í�Ñq�#Ñr���^ æÐ��qs&t�Í��®Ða�<ÍGÓq���g�àÎWTOÍq�lÐ��Z�gR�Í�ÎªÍu kÑ��v�.TçÐ��xwM¾¤Æ�y­×z�:Ó�ÑpÍvO�QwÍ�ÓlÎ
 kÑ��P�4TDÔ&���g�\R�Í�Î

g = 2 {�| Í³Ív��T!�p}��ÅÎ7Î·Ï¦Ð\t~��RV�p�TÓ�Ð�RVQ_Î��ÉÐ��wÓ³Ð���ÎWTOÍ&�JÑpÐ
}�R�Í_�TÔ&}pÐrÎ�TuQ]Ór���^ *Î·Ï¦Ð�ÓrQ.}X rÑ��P�4T]Ó� � { Í { Î·Ï¦ÐTÏ2��t�Í�R�Í_�! rÎWTDÓX� { �gTOÍWÓ�ÍP�lÐ����*Ó�Ð�RSQ_Î��ÉÐ����iÓ�}lÍ�Î2Î¡Í�Ñ9}lÍP�P��Q]Ó�Í��ÅÎ,Q]Ó�ÍGÓ³Ø
t�Í�ÑGÎ��p�lÍ�Ó7���OÓGÎªÍv���)Ð���×kÛ {
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10 ADMs

9 ADMs

ë�h��<fOnpQR��`7K��¥e�¨:jk��hi|�zwjrnb`bh�`bh�ekg{^�ek£
K5

��LwQ�g
g = 2

§Ofw^bh�gO�)|_h�
®Q�npQ�gD`�gDfwP*�JQ�ntek£�u¢¬WVv^

$&%�� ; 14?��ZG�3�5���� 3&14- ),678 3�5Z1�� 326�H 1.G�=�5NH4G�326
KMLwQ¢gOek`bh�ekg�ek£�`bnlj���d��knpe]ekP�h�gO���Mjk^oh�gD`bnpe_|_fwd�Qc|)h�g�� ô�y³Z���� �{£¤e<no`bLwQ³nph�gw��`be<z{e<��e<�k\k�7Z]h�gwd�Q¢`bLOQHg�§
`pnpjr��d��knpe]ekP�h�gO�vLwj<^*�JQ�QHg0��hi|_Q���\æ^s`pfw|_h�QH|Èh�gÈ`pLOQ���h�`bQHnpjr`bfOnpQA¶·dr� £s�!� ¬Wyt�<�O§�VvË¯�O�r§#"®Và�k�$�¥£¤ekn
^bekP�Q�^afOnp¨kQH\_^p¸��ÈKMLOQ.zOnbe<�O��Q�P Lwjk^R�JQ�QHgézOnpe�¨kQc|#`beè�JQ ã Ý¥²ªd�ekP�zO��Q�`pQ�£¤e<n�nbh�gO�#gOQ�`s�¥eknp�_^*jrg{|�<Q�gOQHnpjk�

g
� S¥Vv�k�$�¡�*Vvjkg]\�LOQ�fOnphi^s`ph�dH^¢Lwj:¨<Q*�JQ�QHg#|_e<gOQ%� ¬Wyt�O�&�2§��wf_`�Q�µOjkd�`W^bek��f_`bh�ekgw^WLwj:¨<Q*�JQ�QHg

£¤e<fOgw|�ekgO��\)£¤e<nMd�Q�nb`pjkh�g�¨:jk��fwQH^Mer£
g
jrgw|�£¤ekn¥`bLwQ�fOgOh�£¤eknpP�jr���´²2`bek²¡jk���{`bnlj���dWd�j<^aQWh�g.fOgwh�|_h�npQHdG`ph�e<gwjr�

nph�gO�'� ätS¥�k�(�2§{�Oh�|Oh�npQHd�`bh�ekgwjk��nbh�gO�'� ä�S¥VAZ_�k�$�¡§{jkgw|�zwj�`pL.`be<z{e<��e<�kh�QH^)� ä�S¥�<�$�¡�MU³g�`bLOQ*er`bLwQ�ntLwjkgw|�§
`pLOQ�npQ��Mjk^�gwe�nbQc^afw�´`te<g.`bLOQTh�gwjkzOzOnpe:µ_h�P)jr�wh���h´`s\�er£�`bLOQTzOnpek�O��Q�P�£¤eknt¹wµ]Qc|

g ≥ 1
�¥ ªg*� S¥Ë¯� � ��`bLOQ

jkf_`bLweknl^Td�ekg�qsQcdG`bfwnbQ�`bLwjr`�º�»®¼¯½D½]¾¤¿ÁÀR»®Â�Â�Ã³¾ÅÄ�Æ±h�^,+æ¼�ö ÷ ã ÝM²¡Lwjrnl|"¶¤e<nRQcìDfOh�¨�jk��QHg<`p��\<§�áRÝtâ*²L{jrnl|�§oP�e_|_fO��eæÝ³º�á�÷O²¡nbQc|_fwd�`bh�ekgw^l¸W£¤ekn)jkgD\è¹wµ]Qc|0¨�jk��fOQ.ek£t`bLOQ.�<nbe]ekP�h�gO�v£Éj<dG`peknc�È«AQ�jkgw^a�¥Q�n
jr�)nbP)j�`ph�¨<Q���\*`pe�`pLOh�^¥ìDfOQH^a`bh�ekg�h�g�KMLOQ�e<nbQHP �O§Dzwnbe�¨]hi|_h�gw��`bLOQ¢¹wnl^s`MLwjrnl|_gOQc^b^¦nbQc^afw�´`�£¤ekn�`bLOQ�Ü�¾ÅÄ�Æ
º�»®¼¯½D½]¾¤¿éÀ�»JÂ�Â�Ã³¾ÅÄ�ÆAzOnpek�O��Q�P £¤eknM¹Oµ_QH|�¨�jr��fOQc^Mer£�`pLOQ��knpe]ekP�h�gO�*£Éj<dG`pekn

g
�

S�e<gw^ahi|_QHnbh�gO�
g
j<^�zwjrnb`�ek£�`bLwQ#h�gOzOfO`H§�h�g-� M¢¬Wyt�k� ��h�`��¥j<^�zOnbe�¨<QH|ç`pLwj�`àÝ�¼]Þ�ß º�»®¼�½]½]¾¤¿

À�»JÂ�Â�Ã³¾ÅÄ�Æ |_e]QH^�gOek`�jkd�d�Q�z_`�jèd�e<gw^a`pjrgD`b²·£Éj<dG`be<nRjkzOzOnpe:µ_h�P)j�`ph�e<gÈfOgO��QH^p^�Ý
= ã Ý��Çëwekn�¹Oµ_QH|¨�jk��fOQc^�er£

g
§¯Ý�¼]Þ�ß­º�»®¼�½]½]¾¤¿ À�»JÂ�Â�Ã³¾ÅÄ�Æ0�¥j<^WzOnbe�¨<QH|v`be.�{Q)h�gÈÝÁ£¤ekn

g = 1
� ätS¥�k�$�¡§��wf_`�`bLOQ

d�ekP�zO��Q�µ_h�`s\à£¤e<n�¹Oµ_QH|
g ≥ 2

Lwjk^*�{QHQ�g0jkgæekzJQ�g0ìDfOQc^s`ph�e<gè£¤eknTjv��LOh���Qk�Ay�QHd�Q�gD`b��\k§�h�`TLwj<^��JQ�Q�g
zwnbe�¨<QH|éh�g��üZ J."��D�/�³`bLwjr`�Ý�¼]Þ®ßÊº�»®¼�½]½]¾¤¿ À�»JÂ�Â�Ã³¾ÅÄ�Æ £¤e<n)¹Oµ_QH|

g > 1
hi^ ã ÝM²ªd�ekP�zO��Q�`pQ�£¤ekn}lÐ�Q ���kÍP�]� Q �
}lÍ�ÑWÐ��³Ï2��t�Í�R�Í_�! rÎWTDÓG��U³fOn¥P�Q�`pLOe_|�zJQ�npPRh�`p^�fw^�`beTh�P�zOnpe�¨kQt`bLOhi^¦npQH^bfO��`�h�g�Z]QcdG`ph�e<g��O§

�]\.zOnpe�¨]h�gO��`bLOQ)áRÝtâ*²¡d�ekP�zO��Q�`bQHgOQH^p^tek£�Ý�¼]Þ�ß"º�»®¼�½]½]¾¤¿±ÀR»JÂ�Â¯Ã¢¾ÅÄ�Ææ£¤ekn�jrg]\�¹Oµ_QH|
g > 1

jrgw|
fwgD�Jekfwgw|_QH|.g]fOPT�{QHnter£��Mj:¨kQ���Q�gw�r`bL{^��o ªg.zwjkna`ph�d�fO�ijrnc§_`bLOhi^�Q�µD`pQ�gw|w^�`bLwQ ã Ý�²¡d�ekP�zO��Q�`pQ�gOQc^b^¥npQH^bfO�´`ek£��üZ J."��D�/��`pe�`bLOQ�dHjk^bQ³��LwQ�npQ³`pLOQ�g]fOP*�JQ�n�ek£��Mj:¨kQH��QHgO�r`pLw^¥h�^Mgwer`t�JekfOgw|OQH|��

KMLOQ�P)jrh�gÈh�gw�knpQH|_h�Q�gD`*ek£Me<fOnTjkzOzOnpe<j<dlL#hi^�`pLOQ�zwnbe]er£tek£M`bLOQ.áTÝ¢â�²ªd�e<PRzw��Q�`bQ�gwQH^p^�¶¤�<h�¨<Q�gæh�g
Z_QHdG`ph�e<g0�k¸�ek£�`bLOQ�zOnpek�O��Q�P�er£M¹wgw|Oh�gO�v`bLOQ�P�jrµ_h�PTfOP g]fOPT�{QHnTek£�QH|_�<Q�²ª|_h�^Éqsekh�gD`�`bnph�jkgO�k��QH^*h�gÈj
�<npjkzOLÇ��h´`pL"�{e<fOgw|_Qc|"|_Q��<nbQHQ

B
`�+È¼�ö�¾ÅÃ�0�Ã21�Â30�Ä54367498�4�Æ:6<;WÂ>=36w»�¾ÅÄ�Æ@?BA
º�»�¾i¼¯Ä�Æ:CD6BE

¶F+G8H;³º &I1�£¤ekn�^bLOeknb`l¸��0KMLOQ�zOnbe]ek£¢h�^Re<�_`pjkh�gOQc|æ�]\
L
²¡nbQc|_fwd�`bh�ekgæ£¤npekPJ+È¼�ö�¾ÅÃ�0�ÃK1�Â:0�Ä54:674

;WÂL=36O»�¾ÅÄ�Æ!?BANM &G÷L6_Þ5E�§_��LOhidlL��¥j<^�zwnbe�¨<QH|)`pe��{QO+ÈáTâ ÷ ã Ý�²¡d�ekP�zO��Q�`pQ³h�gP� Q�jrgR�O�S�¡�7u}^ah�P�zO��Q
P�e_|_h�¹{d�jr`bh�ekgéer£¢`pLOhi^�`bQcdlLOgOhiì<fwQ�zJQ�npP�h´`l^)fw^R`be#zOnpe�¨kQ�`bLOQváRÝtâ*²¡d�ekP�zO��Q�`pQ�gOQc^b^Ter£³¹wgw|_h�gO�#`bLOQ
P)jrµ]h�P*fwP
gDfwP*�JQ�n¥er£�Qc|_�kQ�²¡|_hi^Éqsekh�g<`¥e_|O|�d�\]d���Qc^¥er£��<h�¨<Q�g���Q�gO�k`bL�h�g�j*�<npjkzOL���KMLOh�^¥�ij�`pQ�nMd��ijrh�P
h�^

!
B 8 !E'
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`pLOQ�gàfw^aQc|.`be�Q�µ]`bQHgw|�e<fOn³npQH^bfO��`p^t`be�jknb�wh´`pnpjknb\�¨:jk��fwQH^³er£
g
§J^bQ�Q�Z]QHd�`bh�ekgA�]§®��jkgw|vu¢zOz{QHgw|_h�µàu�§

äW�
KMLOQv|OQH^bh��<gÇek£�jkzOzOnpe:µ_h�P)j�`ph�e<géjk���<eknph´`pLOP)^*£¤e<n�º�»®¼�½]½]¾¤¿ ÀR»®Â�Â�Ã³¾ÅÄ�Æ h�^)`bLOQ.`pekzOhid.er£W`bLOQ

^bQHd�ekgw|­zwjrnb`�ek£�`bLOhi^�zwjrzJQ�nc� «AQ#zOnpQH^bQ�gD`�`pLOQAnpQH^bfO��`p^�£¤ekn�`bLOQ#nph�gO�0`be<z{e<��e<�k\k§��wf_`.`bLOQè^bjkP�Q
jk���<eknph´`pLOP �¥eknp�_^�jr�i^ae�£¤e<n�`bLOQ*zwj�`pL.`bekzJek��ek�<\k�¦u³^t�¥Q�^aLwe�� h�gàZ]QHd�`bh�ekgv�_§{h´`³h�^t`bnph�¨]hijr��`pe)ek�_`ljrh�g
j O(

√
g)
²¡jkzOzOnpe:µ_h�P)j�`ph�e<gæ��h´`pLénpfOgOgwh�gO�#`ph�P�Q.z{e<��\]gOe<P�h�jk�¥h�g

g
jkgw|

n
�éëOe<n

g = 1
§7`bLOQ��JQH^a`

jk���<eknph´`pLOP�h�g nph�gO�D^�j<dlLOh�Q�¨kQc^�jkg jkzOzOnpe:µ]h�P)j�`ph�e<g"npjr`bh�eéek£
10/7

� x¦Ë�� � �¡��ëOe<n.�kQ�gwQ�nljr�
g
§³`bLOQ

�JQH^a`WjkzOzOnpe:µ_h�P)j�`ph�e<g�jk���<eknph´`pLOPK� ë�VàZB"®�^K$��jkdlLOh�Q�¨<QH^tjkgvjrzOzOnpe:µ_h�P)jr`bh�ekg�£Éjkd�`bekn¢er£ O(log g)
§{�wf_`

`pLOQ�zOnpek�w��QHP hi^�`bL{j�`�`pLOQ�npfOgOgOh�gO��`ph�P�Q�hi^�Q�µ]zJekgwQ�gD`bhijr�oh�g
g
¶¤`bLwjr`*hi^�§

ng ¸G�vZ]h�gwd�Q�h�gæzOnljkd�`bhid�jr�jkzOzO��h�dHj�`ph�e<gw^�ZwUW°¢x¦Kå«­¬WV nph�gO�D^�jknbQv��hi|_QH��\çfw^bQH|­j<^��{jkdl�]�{e<gOQve<z_`bhid�jk�¢gOQ�`s��e<nb�_^�� VvË¯�O�r§
¬Wyt�D� �2§{`bLwQ��knpe]ekP�h�gw�T£Éj<dG`peknthi^tfw^bfwjk����\��<nbQcj�`pQ�nM`bL{jrg.`bLwQ*^ah�©�Q*er£�`bLOQ*gOQ�`s�¥eknp�®§Oh·� Qk�

g ≥ n
�Mëwekn

`pLOe<^bQ�gOQ�`s��e<nb�_^H§�`bLOQ³nbfwgOgOh�gO��`bh�P�Qter£®`pLOh�^�jr���ke<nbh�`bLOP �{Qcd�e<PRQc^oQ�µ]zJekgwQ�gD`bhijr�Oh�g
n
��KML]fw^�§Dh�`o`bfOnpgw^

e<f_`¢`pe��JQ*h�P�z{e<na`ljrgD`¢`pe�¹wgw|v�ke]e_|�jrzOzOnpe:µ_h�P)jr`bh�ekg�jr���ke<nbh�`bLOP)^¢��h´`pLànpfOgOgOh�gO�)`ph�P�QRz{e<��\]gOe<PRhijr�
h�gà�Jer`pL

n
jkgw|

g
�� ªgèZ]QcdG`ph�e<g � ��QTzOnbe�¨]hi|_QT^bfwdlL#jrgàjkzOzOnpe:µ]h�P)j�`ph�e<gvjr���keknph�`bLOP.§�d�e<gw^ahi|_QHnbh�gO�

gj<^�zwjkna`Rer£�`pLOQ�h�gOzOf_`c�æU³fwnTjr���ke<nbh�`bLwP ¹wg{|O^TjA^ae<��fO`bh�ekgæer£)Ü�¾ÅÄ�ÆÁº�»®¼�½]½D¾¤¿ÁÀ�»JÂ�Â�Ã³¾ÅÄ�ÆÇ`pLwj�`
jkzOzOnpe:µ_h�P)j�`pQH^¢`bLOQ�e<z_`bh�P)jr��¨�jr��fOQ���h´`pLOh�gèj�£Éjkd�`bekn O(n1/3 log2 n)

£¤e<n�jrg]\
g ≥ 1

�RK�e�`bLOQ)�JQH^a`
ek£¥e<fOn��]gOe�����QH|_�<Qk§�`pLOh�^�h�^�`pLOQ�¹wnl^s`�zJek��\]gOekP�hijr��²·`ph�P�Q)jrzwzOnbe:µ_h�P)j�`bh�ekg#jr���ke<nbh�`bLOPY£¤ekn�`bLwQ�Ü�¾ÅÄ�Æ
º�»®¼¯½D½]¾¤¿ ÀR»®Â¯Â¯Ã¢¾ÅÄ¯ÆÇzOnpek�O��Q�P���h´`pL0jrgÈjkzOzOnpe:µ_h�P)j�`ph�e<gènpjr`bh�e���LOh�dlLÈ|OeDQc^�gOek`R|_QHz{QHgw|æe<g

g
�

u¢�´`pLOekfw�kLÈ`pLOQ.z{QHna£¤e<nbP)jkgwd�Q�er£t`pLOhi^)jr���keknph�`bLOP(^bQ�QHP�^RgOek`�`be#�{Q.¨kQHnb\è�<eDe_|éj�`�¹wnl^s`)^ah��kLD`c§¦h�g
£Éj<dG`W��Q*d�ekg�qsQcdG`pfOnbQ�`bLwjr`¢£¤ekn¢`bLOQT�kQHgOQ�nljr��h�gw^a`pjkgwd�Q�ek£7`bLOQTzOnpek�O��Q�P�h´`Wh�^¢gOer`Wz{eD^b^bh��O��Q�`be��<Q�`¢nphi|
ek£Mj�£Éj<dG`be<n

nδ §�£¤ekn�^bekP�Q�d�e<gw^s`ljrgD` δ > 0
��ë�h�gwjk����\k§��¥Q�^bLOe��Á`bLwjr`�`bLOQ��<Q�gOQHnpjk�7^bdlLOQHP�Q)er£¥`bLOQ

jk���<eknph´`pLOPå\]h�QH��|O^�j O(log2 n)
²ªjrzOzwnbe:µ_h�P�jr`bh�ekgvh�£¦`pLOQ)npQHìDfOQH^a`��knljrzOLvQ�µOd���fw|_QH^�j�¹Oµ_QH|A�knljrzwLAjk^

P�h�gOeknc§r£¤e<n�Q�µOjrP�zO��Qth´£
R
hi^¦zO�ijrg{jrnoe<n¦er£��JekfOg{|_QH|)�<Q�g]fw^H��KMLwQ¢P)jrh�g�`bLOQHeknpQ�`ph�dHjr�{d�ekgD`bnph��Of_`bh�ekg)ek£

`pLOQ�^aQcd�ekg{|�zwjrnb`³ek£o`bLwh�^Wzwjkz{QHn³hi^³`be�npQ��ij�`pQ�`pLOQ�º�»®¼¯½D½]¾¤¿±ÀR»®Â�Â�Ã³¾ÅÄ�Ææzwnbe<�O��QHP�`be�`pLOQ�� 6OÄ:E/6
k
&G÷>05?®Æ�»®¼¯õOß.zOnpek�O��Q�P � ë¯m�Q��O�S�¡��«AQWd�ekg{d���fw|_Q¢�]\RzOnpekzJe<^bh�gO��^bekP�Q¢£¤fOna`pLOQ�n�nbQc^aQcjrnldlL)|_h�npQHd�`bh�ekgw^
`pe��{Q�`a`bQHntfOgw|OQ�nl^s`ljrgw|�`bLOQ�d�ekP�zO��Q�µ_h�`s\�er£¢º�»®¼�½]½]¾¤¿ÇÀR»®Â�Â�Ã³¾ÅÄ�Æ7�
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 ªgAd�ekP�zO��Q�µ_h�`s\�`bLOQHeknp\k§J`bLOQRd��ijk^p^WáRÝtâ ¶Éu¢zOzOnpe:µ]h�P)jr�O��Qc¸¢^s`ljrgw|w^t£¤e<nWjk��� ã Ý�²2L{jrnl|�e<z_`bh�P�h�©cj�`ph�e<gzwnbe<�O��QHP)^¢`pLwj�`*dHjrg#�{Q�jkzOzOnpe:µ_h�P)j�`pQH|à��h´`pLOh�gæj.d�e<gw^a`pjrgD`W£Éjkd�`beknc�)KMLOQ)^afw�Jd���j<^b^�Ý³º�á�÷Ç¶Ém�e<��\D²
gwekP�h�jk�7KMh�P�Q�utzwzOnbe:µ_h�P)j�`bh�ekgèZ_dlLOQHPRQ:¸Wd�ekgD`ljrh�gw^³`bLOQ�zOnpek�O��Q�P)^W`pLwj�`�d�jkgA�JQ)jrzOzwnbe:µ_h�P�jr`bQc|vh�g
zJek��\]gOekP�hijr�7`ph�P�Q���h´`pLOh�gÈjvnpjr`bh�e

1 + ε
£¤e<n���R�Rtd�ekgw^a`pjkgD`p^

ε > 0
�. ªgD`bfwh´`ph�¨<Q���\k§�`bLOQc^aQ�zOnbe<�O��Q�P)^

jknbQT`bLwQRQcjk^bh�Qc^s`�ekgwQH^�jrP�e<gO��jk��� ã ÝM²ªd�e<PRzw��Q�`bQRzOnbe<�O��Q�P)^���Z]h�gwd�Q<§�jk^p^afwPRh�gO��Ý 6= ã Ý�§�`bLwQ�npQRhi^j�^s`pnbhidG`Wh�gwd���f{^ah�ekg�ek£�Ý¢º¥á)÷vh�gD`be�áRÝtâ ¶Å£¤eknWh�gw^s`ljrgwd�Qk§�� 6w»kÞ�6_ö ;WÂ>=36O» ∈ áRÝtâ \ Ý³º�á�÷w¸G§�jrgáRÝtâ*²¡Lwjrnl|_gOQc^b^¯nbQc^afw�´`7£¤e<n¦jWzOnbe<�O��Q�PÁh�P�zO��h�Qc^7`bLwQ�gOekg_²¡Q�µ_hi^s`pQ�gwd�QMer£�Ý¢º¥á�÷�� +G8H;³º &I1­L{jk^7�JQ�QHg
zwnbe�¨<QH|T`be��JQ³°¢m7²ªd�ekP�zO��Q�`pQO� Mte<� �w� �2§_jrg{|R`bLOQ�áTÝ¢â�²¡Lwjrnl|_gOQc^b^���LwQ�g)npQHìDfOh�nbh�gO��gOe_|_Q�²¡|_hi^Éqsekh�g<`¦`bnph´²
jkgO�k��QH^��Mjk^�zOnpe�¨kQc|�h�g%� Q�jrgR�O� �¡��KMLOQ�zwnbe]er£{er£J`bLOQtáRÝtâ*²2Lwjknp|OgOQH^p^�ek£�+G8);³º & 1ç`bL{j�`7��QMzOnpe�¨]h�|OQ
dHjrg��JQ*Q�µD`pQ�gw|OQH|.`pe�ek�O`pjrh�g.`bLwQ�áRÝtâ*²¡d�ekP�zO��Q�`pQ�gOQc^b^Mek£7`bLOQTzOnbe<�O��Q�P�er£7¹wgw|Oh�gO��`bLOQTP)j�µ_h�PTfOP
g]fOPT�{QHn�ek£�QH|O�kQ�²ª|_hi^¤qse<h�gD`Md�\_d���QH^�er£���Q�gw�r`bL

2g + 1
£¤eknMjrg]\R¹Oµ_QH|

g ≥ 1
§_jk^¥^b�kQ�`ldlLOQH|�h�g�utzOzJQ�gw|Oh´µ

u*��ëwekn¢d�ekg]¨kQHgOh�QHgwd�Q<§_��Q�zwnbe�¨<Q³`pLOQ +È¼�ö­÷ ã Ý�²2Lwjknp|OgOQH^p^¦ek£.+G8H;³º &I1T§w��LOhidlL.h�^¢�Dgwe���g�`pe��{Q
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`pLOQ�^bjkPRQTjk^¢`bLOQ)áTÝ¢â�²¡Lwjknp|_gwQH^p^MPRe_|_fw��e�Ý¢º¥á)÷w²2npQH|_f{dG`bh�ekg{^��.+ 8);³º &I1Êhi^¢`bnph�¨]hijr����\�h�gèáTÝ¢â�§
^bh�gwd�Q�j�^ah�P�zO��Q��knpQ�QH|O\�jr���keknph�`bLOP zwnbe�¨]hi|_QH^Mj���²ªjrzOzwnbe:µ_h�P�jr`bh�ekg��
��� î]ò � î � l
� �r� +G8H;³º &I1*Ô

B ≥ 10
�iÓ,+È¼�ö ÷ ã Ý�Ù'�lÐ��7��R�Í�ÎªÍ {�� Q_ÑGÎWTOÍ�Ñr�)Ð�ÑbÍ�Ô¥ÎWTOÍ7�®ÑbÐ
}�R�Í�� ÑbÍ��
�����OÓ +æ¼�ö
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(2g + 1)
Ù �.��ÑGÎ��ÅÎªÍZ rÑv�v�4T

G
Ð'�  
�ÅÑGÎWT

2g + 1
Ô&�lÐ��OÓr�iÓGÎ����! �Ð��

(2g + 1)�4�rÑGÎÉÓ
A0, . . . , A2g

ÓrQ.�vT�ÎWT4�rÎoÎ�TwÍ�Ð�� R��)Ív�a <Í�ÓF�rÑbÍ\}lÍ�Î·Ï¦ÍlÍ��
Ai

���g�
Ai+1 (mod 2g +1)

Ô
i =

0, . . . , 2g
ÔL�����TÓrQ.�vT�ÎWT4��Î2��R�R®Î�TwÍN rÑ��P�4T]Ó9������Q.�lÍv�
}��

V (G)\Ai
���

G
Ô ��Ð�Ñ���R�R

i = 0, . . . , 2g
Ô

��Ð�Ñr�:�N��Ð�ÑbÍ�ÓGÎÉÔ7ÎWTOÍ��®ÑbÐ
}�R�Í���Ð'� s2�������^ )ÎWTOÍ��
�a�
���]Q � �.Q ��}lÍ�Ñ�Ð���ÍP�� DÍ ���iÓ
	�Ð����wÎ
C2g+1 � Ó����

G
�iÓRáRÝtâ�Ù'�pÐ��Z�gR�Í�Î¡Í {

� � ò�ò�
 � «AQ��<h�¨<Q³LOQHnbQW`pLOQ�zOnpeDek£¯ek£�zwjkna` � �P��§_`pLOQ�zOnpe]er£¯ek£¯zwjkna` � }���h�^��<h�¨<Q�g�h�g�utzwz{QHgw|_h�µ.u*�
L
²2npQH|_f{dG`bh�ekg�£¤npekP +È¼�ö!M{÷:; &I1��Wjrgw|.Ë�²¡npQH|_fwd�`bh�ekg�`be��lÄ54:6wõ y�÷>6OÞ & 1���`

«#Q�|OQ�¹wgOQ
h :

+G8H;³º &I1 → �pÄ:4:6Oõ y�÷>6_Þ &�� M������ 1 &�������jk^�£¤e<����e��t^a`T�<h�¨<Q�gÈjv�<npjkzOL
G
jk^

h�gw^a`pjkgwd�Q
I
er£ +G8H;³º &I1T§k�¥Qt|_Q�¹{gOQ�`bLwQ�£¤ek����e���h�gO��h�gw^s`ljrgwd�Q

h(I)
ek£��lÄ54:6OõAyW÷>6_Þ &�� M���� � 1 &�������`

`pLOQR�knljrzOL
h(G)

d�e<gD`pjrh�gw^Wj�gwe]|OQ
vT

£¤e<n³QH¨kQ�np\�`bnph�jkgO�k��Q
T
h�g

G
�*KMLOQ�npQ*hi^�jrgAQH|_�<Q {vT0

, vT1
}h�g

h(G)
h�


T0
jrgw|

T1
^aLwjknbQ�jkg�QH|_�<Q�h�g

G
�³ôWh�¨kQ�gvj�^ae<��f_`ph�e<g

A
er£

h(I)
§®��QT|_Q�¹wgwQ*j�^bek��f_`bh�ekg

Sh(A)
er£

I
�D\à`pjk�Dh�gO�.`pLOQ)`bnphijrgO�<��Qc^�d�e<nbnpQH^bz{e<gw|_h�gO��`bevgOe_|_Qc^�h�g

A
�� ¡`Rh�^�QHjk^bh���\A¨kQ�nph�¹wQH|A`bL{j�`

(h, Sh)
h�^�jkg

L
²¡npQH|_fwd�`bh�ekg��

°¢e���§_��Q�|_Q�¹{gOQ
f :

+æ¼�ö M{÷5; &I1 → + 8);³º &!�IM�1�"$#%�¥h�g�`bLOQW£¤ek����e���h�gO�T�¥j:\g`7^bfOzOzJe<^bQ¢`pLwj�`
�¥Q�jrnpQ*�kh�¨kQHgàjk^Wh�gw^a`pjrg{d�Q

I
§�j�d�e<����QHd�`bh�ekg

C
ek£���²¡Q���Q�P�QHg<`�^bfO�w^bQ�`p^Wek£�j�^bQ�`

X
^bfwdlLà`bLwjr`WQH¨kQ�np\

QH��QHP�Q�gD`�er£
X
�JQ���ekgO�D^W`be�j�`�P�e<^a`

B
PRQHP*�JQ�nl^�er£

C
�)KMLOQ)zwnbe<�O��QHP £¤ekn

I
d�ekgw^bhi^s`l^³h�g#¹wgw|_h�gO�

`pLOQ�P)j�µ_h�P)jr�og]fOPT�{QHn
OPT (I)

ek£M|_hi^Éqsekh�g<`R^afO�{^aQ�`p^�h�g
C
�.«AQ�d�ekgw^a`bnpfwd�`*jrgèh�g{^s`ljrgwd�Q

f(I)
er£

+ 8);³º &!�IM�1�"$#%��§�h2� Q<����Q�d�e<gw^s`pnbf{dG`Wj��knljrzwL
G = (V, E)

h�gà��LOhidlLà�¥QRj<^a��£¤e<n¢`pLOQTP)jrµ]h�P*fwP
g]fOPT�{QHn

OPT (f(I))
er£WQH|_�<Q�²ª|_h�^Éqsekh�gD`*`pnbhijrgO�<��Qc^��ÈË�Q�`

C = {c1, . . . , cr}
§o��h�`bL |ci| = 3

�0KMLOQ
��e_d�jk��nbQHzO��j<d�QHPRQHgD`

f
^afO�{^s`ph´`pf_`bQc^M£¤ekn�QcjkdlL�QH��QHP�Q�gD`

ci = {x, y, z} ∈ C
§O`bLOQ��<npjkzOL

Gi = (Vi, Ei)|OQ�zOhidG`pQH|�h�g wM¾¤Æ�y��O�
K¯e�j:¨kekhi|àd�ekg_£¤f{^ah�ekg�§�gwer`bQ��]\

t
jrg]\vQ���Q�P�QHg<`�h�g

ci
§�h2� Qk�

t ∈ {x, y, z} �*°¢er`pQ�`bLwjr`H§�£¤e<n�QHjkdlLQH��QHP�Q�gD`
t
§�`bLOQ�gOe_|_QH^

t[0]
jrgw|

t[1]
§�jrgw|#`bLwQ�QH|_�<Q

t[0]t[1]
¶Éd�e<nbnpQH^bzJekgw|_h�gO��`bev`bLOQ�`bLOhidl�AQc|_�kQc^

h�g wM¾¤Æ�y#�<¸�jrzwz{Qcjrn*e<gO��\Ae<gwd�Q�h�g
G
§�npQ��<jknp|O��Qc^b^�ek£�`bLOQ�gDfwP*�JQ�n*ek£�e]dHd�fOnpnpQ�gwd�QH^�er£

t
�AU³gÈ`bLOQ

ek`bLOQHn�Lwjrgw|�§���Q�jk|w|
9
gOQ�� ¨kQHna`ph�d�QH^

ai[j]
§
1 ≤ j ≤ 9

£¤e<n�QHjkdlL#^afw�w^aQ�`
ci
§
1 ≤ i ≤ |C| ��V�e<nbQzwnbQcd�hi^aQH��\<§

G = (V, E) = ∪|C|
i=1Gi

§w��LOQHnbQ
V =

⋃

t∈X{t[0], t[1]} ∪ ⋃|C|
i=1{ai[j] : 1 ≤ j ≤ 9} jkgw|

E =
⋃|C|

i=1 Ei
�

°¢e���§r�kh�¨kQHgTjW^ae<��f_`ph�e<g
A
ek£

f(I)
ek£{d�eD^s`t¶Éekn�QHìDfOh�¨�jr��Q�gD`b��\k§k^bh�©�Qc¸

c2
§r�¥Q¥PRe_|_h�£¤\*h�gRz{e<��\]gOe<PRhijr�

`ph�P�QT`bLOhi^�^ae<��fO`bh�ekg�`pe�jrgwer`bLwQ�nWQHìDfwjr��ekn³�{Q�`a`pQ�n�^ae<��fO`bh�ekg
A′ h�g�`pLOQT£¤ek����e���h�gO���Mj:\g`Mh�gAQHjkdlL Gi

§
h�£�`bLOQ�`pLOnpQ�Q�`pnbhijrgO�<��Qc^�d�e�¨<Q�nph�gO�T`bLwQ�QH|_�<QH^

x[0]x[1]
§
y[0]y[1]

§wjrg{|
z[0]z[1]

¶¤g]fOP*�JQ�npQH|
1, 7, 13

h�g
&�'�(*)%+�,.-/,$021%-*3*4/5!4762198�5!:;+�3*<>=!?7@BADC%5�E;F�G 7 ú H���	 �2 sþ������� ��·úüþ�	¢þJIe6DIÅû����:û��=�·û®þJIW�2KGú H���	tû��=�aAg���� ¡ù �����ML ��	��

��
�
[�a�lÿÉú�	9K�ú�	��D�NL�þGû��
B
û����cû��=�2û�ABO�	����·ù��PL �DNcúQLG�9L 	g�BLP�[�sÿ�þJIW�cúüûf�ÉþGú�	F��û����:û��=�·ûa:R '�(*)%+�,.-/,S021/-/3*4/5!4UTV3/4*5BW!5B3*4/5!3*EXC%5!E%G 7 ú H���	 ��KGÿ���
:ù�þJIYL �DNHúQLP�9L ���MKGÿ����

≤ B
AZO�	�� ��L �DNHúQLP�BLú�	�����
[��	�����	F��û��=�a:

!
B 8 !E'
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1
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3
4
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x [0] x[1] y [0] y [1] z[0] z [1]

a [1]
i

a [2]
i

a [3]
i

a [4]
i

a [5]
i

a [6]
i

a [7]
i

i

a [8]
i

a [9]
i

ë¯h��kfwnbQ�� `¦ô�j<|_�kQ�`�fw^aQc|�h�g�`bLOQ�npQH|OfwdG`ph�e<g�ek£¯`pLOQ�zOnpeDek£¯ek£�KMLOQHeknpQ�PY�

wM¾¤Æ�y¦�<¸��{QH��e<gO��`be
A
§<�¥QtdlLOe]e<^bQ¥`bLOQ¢^bQ�¨<Q�g�Ða���T`bnph�jkgO�k��QH^�ek£

Gi
`be��JQ���ekgO��`pe

A′ �� ¡£®gwer`H§<��QM`ljr�<Q`pLOQ�^bh´µ#Í�t�Í_��`pnbhijrgw�k��QH^H��Ë�Q�`
c′2 ≥ c2

�JQ�`bLOQ�d�e<^a`ter£
A′ �oKMLOQ�g�§w��Q�|_Q�¹wgOQ�j�^ae<��fO`bh�ekg Sf (A)

er£
I�]\)dlLOe]e<^bh�gO��`pLOQW^bfO�w^bQ�`

ci
`beR�{QWh�g

Sf (A)
h�£¯jrg{|�ekgw��\�h�£

A′ d�ekgD`pjkh�g{^¦Q�µ_j<dG`p��\��W`pnbhijrgw�k��QH^�h�g Gi
�

«#Q�d��ijrh�P `pLwj�`¥`bLwQ³zwjkh�n
(f, Sf )

hi^Mjrg
L
²¡npQH|_fwd�`bh�ekg `�h�g�QHj<dlL

Gi
`bLwQ�npQ³jrnpQ*�c��|_h�
JQHnbQHgD`�`pnbhijrgO�<��Qc^�§

g]fOPT�{QHnbQc|�£¤npekP �T`be#�H��h�gzwM¾¤Æ2y)�]�RKMLOQRekgO��\��¥j:\�`pe�dlLOe]eD^aQ)�)Qc|_�kQ�²¡|_hi^Éqsekh�g<`³`bnph�jkgO�k��QH^³h�g
Gihi^��]\A`pjk�Dh�gO�àjk���¦`bLOQèÐa���#`bnphijrgO�<��Qc^�§�jrgw|#`pL]fw^*�]\èd�e�¨<Q�nph�gO��`pLOQ�`pLOnbQHQ�QH|O�kQH^

x[0]x[1]
§
y[0]y[1]

§
jkgw|

z[0]z[1]
�tut����er`bLwQ�n³dlLwekhid�QH^¢er£7`pnbhijrgO�<��Qc^�\]h�QH��|àj�`³P�eD^s`³��QH|_�<Q�²ª|_hi^¤qse<h�gD`t`pnbhijrgO�<��Qc^��tKMLwQ*�kQH\

e<�w^bQ�np¨:jr`bh�ekgAh�^W`pLwj�`��¥Q)jrnpQRjk�O��QR`pe.dlLweDeD^aQ���`bnph�jkgO�k��QH^WQ�µ_j<dG`p��\
OPT (I)

`ph�P�Qc^��� ªgw|_QHQH|�§¯QHjkdlL
`ph�P�QT��Q*dlLweDeD^aQ��T`bnph�jkgO�k��QH^¢��QTd�e�¨kQHn�`bLwQ*QH|O�kQH^³d�e<nbnpQH^bz{e<gw|_h�gO�R`be��)Q���Q�P�Q�gD`l^¢ek£

ci
§�jrg{|�^ah�gwd�Q

`pLOQ¢g]fOPT�{QHn�ek£�|_hi^¤qse<h�gD`
ci
� ^¦h�g

C
hi^

OPT (I)
§k`pLOh�^MdHjrg)�JQ³|_e<gOQ¢Q�µ_j<dG`p��\

OPT (I)
`ph�P�Qc^��¦U³g)`pLOQ

ek`bLOQHn�Lwjrg{|�§_ekgOQ�dHjrg.QHj<^ah���\�^bQ�Q�`pLwj�`
OPT (I) ≥ |C|

3B

�&M¢Q�gwd�Q
`

OPT (f(I)) = 7 ·OPT (I)+6(|C|−OPT (I)) ≤ OPT (I)+18B ·OPT (I) = (18B+1)OPT (I)

K¯e�d�ekgwd���f{|_Qk§�gOek`bQT`bLwjr`�h´£o`pLOQ)^ae<��fO`bh�ekg
Sf (A)

er£
I
Lwj<^³d�e<^a`

c1
§��¥Q*L{j:¨kQ

OPT (I) − c1 ≤
OPT (f(I)) − c2

�*K¯e�^bQ�QT`bLOhi^H§���QRek�{^aQHnb¨<Q�`bL{j�`
OPT (f(I)) = 6r + OPT (I)

§�jrg{|àjr�i^be
c′2 =

6r + c1
§Ojrgw|.^be

OPT (f(I)) − OPT (I) = c1 − c′2 ≤ c1 − c2
�

ä¥er`pL
(f, Sf )

jrgw|
(h, Sh)

jrnpQ
L
²¡npQH|_fwd�`bh�ekgw^¦jrgw| +0á*â M{÷:; &I1T§

B ≥ 3
jrgw| �lÄ5436Oõ yW÷L6_Þ &I1T§

B ≥ 5
jrnpQH+È¼�ö­÷ ã Ý�²¡d�ekP�zO��Q�`bQ � Q�jrgB�w� �2�oKML]fw^H§R+G8H;³º &I1T§

B ≥ 10
hi^�+æ¼�ö­÷ ã ÝM²ªd�e<P�zO��Q�`bQ<�K¯e�zOnbe�¨<Q¢`pLOQ���j<^s`td���jkh�P.§_gOek`bQW`bLwjr`�`bLOQ��<npjkzOL

G = (V, E)
fw^aQc|�h�g�`bLOQ�zOnpe]er£�h�^�j*`bnph�z{jrnb`bh�`bQ

�<npjkzOL��� ªgw|_QHQH|�§Oh�`�h�^MQcjk^b\�`be)dlLOQcdl�)`bLwjr`M`bLOQW`bLwnbQHQW¨<Q�nb`bQ�µ�^aQ�`p^¥`bL{j�`¢|_Q�¹wgOQW`bLOQW`pnbh�zwjrnb`bh�`bh�ekg.jrnpQ
`

V0 =

|X|
⋃

t∈X

t[0] ∪
|C|
⋃

i=1

{ai[2], ai[5]}, V1 =

|C|
⋃

i=1

{ai[1], ai[4], ai[7], ai[8], ai[9]}, jrg{|

V2 =

|X|
⋃

i=1

t[1] ∪
|C|
⋃

t∈X

{ai[3], ai[6]}.

�
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 ªgç`pLOhi^�^bQHd�`bh�ekgç��QàzOnbe�¨<Q.`bLOQàLwjrnl|_gOQc^b^)npQH^bfO��`p^�£¤ekn�Ü*¾ÅÄ�Æ º�»®¼�½]½]¾¤¿ ÀR»®Â¯Â¯Ã¢¾ÅÄ�Æ}jrgw|­Ý�¼]Þ�ß
º�»®¼¯½D½]¾¤¿ À�»JÂ�Â�Ã³¾ÅÄ�Æo�Èë¯h�nl^s`)�¥Q�zOnpe�¨kQ�`bLwjr`)Ü*¾ÅÄ�Æ º�»®¼�½]½]¾¤¿ ÀR»®Â¯Â¯Ã¢¾ÅÄ�Æ­�JQ���ekgO�D^*`peèáRÝtâ
��LwQ�g

g
h�^¥¹wµ]Qc|��oKMLOQ�^pjrP�Q�nbQc^afw�´`�LOe<��|O^¥£¤e<n¢Ý�¼]Þ®ß0º�»®¼�½]½D¾¤¿çÀR»®Â¯Â¯Ã¢¾ÅÄ�Æo�

Ë�Q�`�fw^�|OQ�¹wgOQ�`pLOQ �<Í_�wÓP�ÅÎ �
ρ
ek£Mj.�<npjkzOL

G
jk^�h�`p^�Qc|_�kQc^s²2`bek²2¨<Q�nb`bhid�Qc^¢nlj�`ph�e `

ρ(G) = |E(G)|
|V (G)|

�
K¯eA^bQ�Q�`bLwjr`�Ü�¾ÅÄ¯ÆÁº�»®¼�½]½]¾¤¿ÁÀR»®Â¯Â¯Ã¢¾ÅÄ¯Æçhi^Th�géáRÝtâY£¤ekn�jrg]\#¹Oµ_QH|

g ≥ 1
§7�¥Q�Lwj:¨<Q)`beA¹wgw|

j�d�e<gw^s`ljrgD`a²2£Éjkd�`be<n¢jrzOzwnbe:µ_h�P�jr`bh�ekg�jr���ke<nbh�`bLwP��¢«AQRfw^bQ�`bLwQ�£Éjkd�`³`pLwj�`³`bLOQR�JQH^a`³zJe<^p^ah��O��QT|_QHgw^ah�`s\
ρ∗
ek£7jkg]\�^bfO�O�knljrzwL�fw^bQH|�h�g.`bLOQ*zwjrnb`bh�`bh�ekg.er£�`bLwQ�nbQcìDfOQH^a`t�knljrzOL�hi^ O(

√
g)
§w�kh�¨kQHg.�D\#¶¤zJe<^p^ah��O��\

jè^bfO�O�<npjkzOLéek£p¸)jæd�h�nld�fO�ijrgD`)�knljrzwL�� ätS¥VàZ_�k�(�2�­«#Q�zOnpe�¨kQ�`bL{j�`)`bLwQvd�e<^a`
A
er£�jrg]\Ç^ae<��f_`ph�e<g

R1, . . . , RW
h�^*h�gè`pLOQ�h�gD`bQ�np¨�jr�

[ |E(R)|
ρ∗

, 2|E(R)|] ��KMLwh�^Td���QHjrnp��\vh�P�zO��h�QH^�`pLwj�`Rjrg]\A^bek��f_`bh�ekgæL{jk^d�e<^a`�j�`�P�e<^a`
2ρ∗ = O(

√
g)
`ph�P�QH^�`bLOQ)e<z_`bh�P)jr�¦d�e<^a`H��K¯e.^bQ�Q�`pLOhi^�§¯gOer`pQ�`bLwjr`�QHjkdlL#QH|O�kQ�er£

Rd�ekgD`bnph��Of_`bQc^�j�`�P�e<^a`M`s��h�d�Q�`beR`bLOQ�d�e<^a`H§O^be
A ≤ 2|E(R)| ��U³g�`bLOQ�ek`bLOQHn�Lwjrgw|�§O��Q�Lwj:¨<Q

A =

W
∑

ω=1

|V (Rω)| =

W
∑

ω=1

|E(Rω)|
ρ(Rω)

≥
W
∑

ω=1

|E(Rω)|
ρ∗

=
|E(R)|

ρ∗

KML]fw^H§<j O(
√

g)
²ªjrzOzwnbe:µ_h�P�jr`bh�ekgRh�^oek�_`ljrh�gOQH|Wqsfw^a`¦�]\�`ljr�]h�gO�������*zwjkna`ph´`ph�e<gRek£®`bLOQtnpQHìDfOQc^s`o�<npjkzOL��

��� î]ò � î ��� Ü�¾ÅÄ¯Æ º�»®¼¯½D½]¾¤¿ À�»JÂ�Â�Ã³¾ÅÄ�Æ �iÓàáTÝ¢â�Ù'�lÐ��7��R�Í�ÎªÍF��Ð�Ñq��R�R s �DÍP�
g ≥ 1 { �gT!Q]ÓlÔ\�ÅÎ

�<ÐHÍ�Ó��JÐrÎ ���v�lÍI�JÎN��Ý³º�á�÷ Q �.R�ÍGÓlÓtÝ
= ã Ý {

� � ò�ò�
 � Z_�kQ�`ldlL��0«#Q.zOnpe�¨kQ�`pLwj�`�Ü�¾ÅÄ¯Æ º�»®¼¯½D½]¾¤¿ ÀR»JÂ�Â¯Ã¢¾ÅÄ�Æ­h�^�áRÝtâ*²ªd�ekP�zO��Q�`pQ�QH¨kQ�géh´£W��Q
^bfOzOzJe<^bQ�`pLwj�`�`pLOQR|OQ��knpQ�QTer£o`pLOQRnbQcì<fwQH^a`³�knljrzwLvh�^W�JekfOg{|_QH|à�D\vj�d�e<gw^s`ljrgD`

B ≥ 10
��ë¯h�nl^s`c§J�¥Q

zwnbe�¨<Q¢`pLOQ�npQH^bfO�´`�£¤e<n
g = 1

�o«#Q*d�e<gw^bh�|_QHntj)^aQ�`ter£�nbQcìDfOQH^a`p^
R
P)j<|_Q�er£7jR`bnph�z{jrnb`bh�`bQ��knljrzwL���h�`bL

`pLOQ¥`bLOnpQ�QMzwjkna`ph´`ph�e<gTd���j<^b^bQH^¯zO�ijkd�Qc|Td�ekgw^bQHd�f_`bh�¨kQH��\�e<g�`pLOQMnbh�gO�w§<jk^�^aLwe���g*h�g
wM¾¤Æ�yo�rjw��K¯e�^ah�P�zO��h�£¤\
`pLOQtzOnpQH^bQ�gD`lj�`bh�ekg�§<^bfOzOzJe<^bQ�`bLwjr`

R
d�jkgR�JQ¢z{jrnb`bh�`bh�ekgOQc|�h�gD`be�`bnph�jkgO�k��QH^H�� ªg�jkg]\T^bek��f_`bh�ekg�§<`bLwQtekgO��\

zJe<^p^bh��O��Q*h�g]¨ke<��¨<QH|v^bfO�O�<npjkzOLw^¢jknbQ
P2
§
P3
§
P4
§�jrg{|

K3
�� ¡`�hi^³d���Qcjrn³`bLwjr`³`pLOQT�JQH^a`���QRd�jkgA|_e�h�^

`pe)�knpe]ekP
`pLOQ�npQHìDfOQH^a`p^Mh�gD`be�`pnbhijrgO�<��Qc^�¶É^bh�g{d�Q�`pnbhijrgO�<��Qc^MLwj:¨kQW`pLOQ�LOh��kLOQc^s`¢|OQ�gw^bh´`s\O¸Me<�_`pjkh�gwh�gO�)jkg
e<z_`bh�P)jr��d�eD^s`¥er£ |E(R)| �7ëwnbe<P `bLOhi^M��Q�|_QHnbh�¨kQ¢`bLwjr` |E(R)| hi^Mj*��e���QHn¦�JekfOg{|�£¤e<n�`pLOQWgDfwP*�JQ�nMer£u³¬³Và^¦ek£�jrg]\R^bek��f_`ph�e<g�§Djkgw|�`pLwj�`¥QHjkdlL)z{j�`bL�fw^aQc|)h�g�j��<h�¨<Q�g�^bek��f_`bh�ekg�j<|O|O^¥jrg�jk|w|_h´`ph�e<gwjr�JfOgOh�`s\
ek£¦d�eD^s`c��ëweknWQHj<dlLà^ae<��fO`bh�ekg

S
§®`pLOQ�jk|O|_h�`bh�ekg{jr��d�e<^a`³hi^�j�`W��Qcjk^a`

4/3
`bh�P�QH^³`bLOQRg]fOP*�JQ�nWer£�QH|_�<QH^

d�e�¨kQHnbQc|)�]\)zwj�`pLw^Mer£
S
�7KMLOh�^M�Jekfwgw|�hi^¥`bh��kLD`�h�£�jr���®`bLwQWz{j�`bL{^¥jknbQ

P4
� ^��7KML]fw^H§]`bLOQ�g]fOPT�{QHn

A
ek£

u³¬³Và^7fw^bQH|R�]\
S
¶¤h2� Q<�¯`pLOQtd�eD^s`oek£

S
¸�§<^pj�`ph�^a¹wQH^

A ≥ (1−ε)|E(R)|+ε 4
3 |E(R)| = (1+ ε

3 )|E(R)| §��LwQ�npQ
ε
hi^¥`bLwQWzJQ�nld�QHgD`pjr�<Q³ek£�QH|O�kQH^Mek£

R
gOek`�d�e�¨kQHnbQc|)�]\)`bnph�jkgO�k��QH^�h�g

S
�oä¥\�KMLOQHeknpQ�P��O§]`bLOQHnbQ

Q�µ_h�^a`p^Mj�d�e<gw^s`ljrgD`
ε0
^bfwdlL�`bLwjr`t��Q�d�jkg�¹wg{|�h�g.z{e<��\]gOe<PRhijr�J`ph�P�Q�j�`MP�e<^a`tj*£¤nljkd�`bh�ekg

(1 − ε0)
ek£

`pLOQ�`pnbhijrgw�k��QH^�ek£
R
�³KMLOh�^¢P�QHjrg{^�`bL{j�`

(1 + ε0

3 )OPT
hi^�`pLOQ*�JQH^a`W^bek��f_`bh�ekg��¥Q*P)j:\�ek�_`ljrh�g��]\�j

zJek��\]gOekP�hijr��²·`ph�P�Q�jr���ke<nbh�`bLwP�§]h�P�zO��\]h�gO��`bLwQ�gOekg_²¡Q�µ_hi^s`pQ�gwd�Q³ek£�j)Ý³º�á�÷��
ëwekn

g > 1
§O�¥QW`pjk�kQ�j

(2g + 1)
²2zwjkna`ph´`pQ��knljrzOL.jk^¥`pLOQ�nbQcìDfOQH^a`��knljrzOL�§_h�g�^af{dlL��Mj:\)`pLwj�`tQcjkdlL

d�\_d���Q�P�jk�kQc^7j�`o��QHjk^a`
g
`pekfOnl^7jrnpekfOg{|�`pLOQ¢d�QHgD`bQ�n7ek£®`bLOQ�nph�gw�w��°te���§k�¥Qtd�jkgTnpQH|Ofwd�QM`pLOQt�knpe]ekP�h�gO�

zwnbe<�O��QHP `pev`pLOQ�zOnpek�w��QHP�ek£�¹wgw|_h�gO�#j�P)j�µ_h�PTfOP g]fOP*�JQ�nTer£¢d�\_d���Qc^*ek£t��QHgO�r`pL
2g + 1

h�g0`bLOhi^
�<npjkzOLA¶·jk^¥h�g�`pLOQ�d�j<^aQ

g = 1
¸G�7KMLOhi^M��jr`bQHn�zOnbe<�O��Q�P
hi^�jr�i^ae)áTÝ¢â�²ªd�e<P�zO��Q�`bQ<§]^bQ�Q�KMLOQHeknpQ�P ��jrg{|

u¢zOzJQ�gw|_h�µ�uT�oKMLOQ�|_Q�`pjkh��i^td�jkg��JQ�£¤ekfwgw|.h�g�u¢zOz{QHgw|_h�µ�äW�2M¢Q�gwd�Qk§{Ü�¾ÅÄ¯Æçº�»®¼�½]½D¾¤¿çÀR»®Â¯Â¯Ã¢¾ÅÄ�Æ
hi^�+æ¼�ö"÷ ã ÝM²ªd�e<PRzw��Q�`bQ³£¤ekn��JekfOgw|OQH|�g]fOP*�JQ�ntek£¯npQHìDfOQc^s`l^Mz{QHn�gOe_|_Q B ≥ 10

�
�

!
B 8 !E'



����Ñ����JÍ�ÓlÓ������
	��
�®ÑbÐ���������Î��ÉÐ��èÐ����OÑ��������¥ÑpÐHÐ������! �

b)a)

ë�h��kfOnpQ��4`My�Qcì<fwQH^a`¢�knljrzOL.fw^bQH|.h�g�`pLOQ�zOnpe]er£7er£³áRÝtâ*²¡d�ekP�zO��Q�`pQ�gOQc^b^Mek£Wº�»®¼�½]½]¾¤¿çÀR»®Â�Â�Ã³¾ÅÄ�Æ,`
��� h�g�`bLwQ�nbh�gO�R£¤ekn

g = 1 �
��� h�g�`bLwQ�zwj�`pL�£¤e<n

g = 2

��� î]ò � î ��� Ý�¼]Þ�ß0º�»®¼�½]½]¾¤¿éÀR»®Â�Â�Ã³¾ÅÄ�Æ��iÓRáRÝtâ�Ù'�lÐ��7��R�Í�ÎªÍ&��Ð�Ñ ��� �Zs �DÍP�
g ≥ 2 {

� � ò�ò�
 � ut�Djrh�g�§c`bLOQ�nbQc^afw�´`�Lwek�i|O^�QH¨kQHg�£¤ekn��Jekfwgw|_QH|�gDfwP*�JQ�n
B
er£OnpQHìDfOQc^s`l^�zJQ�n�gOe_|_Qk§

B ≥ 10
��«#Q

zwnbe�¨<Q�`pLOQ¢npQH^bfO��`o£¤ekn
g = 2

§kzOnpe_d�Q�Qc|_h�gO��£¤ekn
g > 2

j<^7h�g�`bLOQtzwnbe]er£�ek£�KMLwQ�eknpQ�P �]�¦S�ekgw^bh�|OQ�n¦j�^bQ�`
ek£{npQHìDfOQc^s`l^

R
P)jk|_QMer£�j³`bnph�z{jrnb`bh�`bQM�knljrzOLT��h´`pLR`bLOQM`pLOnbQHQMzwjrnb`bh�`bh�ekg�d��ijk^p^aQc^�zO��j<d�Qc|Td�ekgw^bQHd�f_`bh�¨kQH��\

e<gè`bLOQ�zwj�`pLæekgOQ�jr£Å`bQHnTjrgwer`bLwQ�nc§¯jk^T^aLwe���g#h�g wM¾¤Æ�yà�k���vZ]h�g{d�Q�QcjkdlLè`bnphijrgO�<��Q)h�gw|_fwd�QH^*��eDjk|
2
§

P�h�gOh�PRh�©�h�gO�è`pLOQvg]fOP*�JQ�n)ek£�u¢¬WVv^�d�e<nbnpQH^bzJekgw|O^T`peè¹wgw|_h�gO�æ`pLOQ�P)j�µ_h�PTfOP g]fOPT�{QHn�er£�QH|O�kQ�²
|Oh�^Éqsekh�gD`¥`pnbhijrgw�k��QH^H��KMLwQ�npQ�£¤eknpQk§]h�`¢|_e]QH^MgOek`¢jkdHd�Q�zO`�j)Ý³º�á�÷�fwgO��Qc^b^tÝ

= ã Ý�� �

� ���������t���������¯����+�������+&!#����$&%('����)�*������+

«#Q�jknbQ�gOe��Êh�gD`pQ�npQH^a`bQH|#h�gè¹wgw|_h�gO���<eDe_|èjrzwzOnbe:µ_h�P)j�`bh�ekgèjr���ke<nbh�`bLwP�^�d�ekgw^bhi|_Q�nph�gw�
g
jk^�zwjkna`�ek£

`pLOQàh�gOzOfO`H� u³^��¥QA^pj:��h�g Z_QHdG`ph�e<g±�O§¢ek�_`ljrh�gOh�gw�0j O(
√

g)
²¡jkzOzOnpe:µ_h�P)j�`ph�e<géhi^�`bnph�¨]hijr�2� Z]h�gwd�Q

h�g�zwnpj<dG`bhid�jk�JjkzOzO��h�dHj�`ph�e<gw^�ZwUW°tx¦K­«­¬³V nbh�gO�D^¥jknbQ³��h�|OQ���\)fw^aQc|�j<^��{jkdl�]�{e<gOQ¢e<z_`bhid�jk�®gOQ�`s�¥eknp�_^
� VvË¯�O�r§�¬Wyt�<� �¡§:`bLwQ¥�<nbe]e<PRh�gO��£Éj<dG`pekn�hi^�fw^bfwjr����\��<nbQcj�`bQHn�`pLwjrg*`bLOQM^ah�©�Q¥er£_`pLOQ¥gOQ�`s�¥eknp�®§ch2� Qk�

g ≥ n
�

KML]fw^H§kh�`¦`pfOnpgw^oe<f_`o`be*�{Q³h�P�zJeknb`pjrgD`o`pe�¹wgw|)jkzOzOnpe:µ_h�P)j�`ph�e<g)jr���keknph�`bLOP)^���h�`bL�jkg�jrzOzOnpe:µ_h�P)jr`bh�ekg
nlj�`ph�e�gOek`¦|_Q�zJQ�g{|_h�gw��ekg

g
��uç�kQHgOQ�nljr�OjkzOzOnpe:µ_h�P)j�`ph�e<gTjk���<eknph´`pLOP ��h�`bLR`bLOhi^ozwnbe<z{QHna`s\�hi^�`pLOQ�P)jrh�g

npQH^bfO��`�er£�`bLOhi^¢^bQHd�`bh�ekg��7 ¡`¢zwnbe�¨]hi|_QH^¥h�g�`pLOQ��¥eknl^s`�d�j<^aQ�j O(n1/3 log2 n)
²ªjrzOzOnpe:µ_h�P)jr`bh�ekg���«#Q�|_Q�²

^pd�nph��{Q�h´`�£¤ekn¯`bLwQ¥nph�gO�w§:�Of_`7Q�µ_j<dG`p��\W`bLwQM^pjrP�Q¥jrnp�kfOP�Q�gD`l^�zOnpe�¨]h�|OQ�jrgTjr���keknph�`bLOP £¤ekn�`pLOQ�z{j�`bL���KMLOQ
P)jkh�g#h�|OQHj�h�^W`pe.�knpQ�QH|Oh���\.¹wgw|#^afw�O�knljrzOL{^³��h�`bLèLOh��kLè|_QHgw^ah�`s\vfw^bh�gO��jkzOzOnpe:µ_h�P)j�`ph�e<gàjr���ke<nbh�`bLwP�^
£¤e<n�`bLwQ � 6OÄ:E/6

k
&G÷>05?®Æ¯»®¼�õOßèzOnpek�w��QHP�§{��LOhidlL�h�^³|_Q�¹wgwQH|vj<^M£¤ek����e��t^a`¦�<h�¨<Q�gvj)�<npjkzOL

G
jkgw|�jrg

h�gD`bQH�kQ�n
k
§D¹wgw|�jkg)h�gw|Ofwd�Qc|�^afw�O�knljrzOL

H ⊆ G
e<g

k
¨kQHna`ph�d�QH^o��h�`bL�`bLOQ³LOh��<LOQH^a`�|_QHgw^bh´`s\)jrP�e<gO��jr���

^bfO�O�<npjkzOLw^�ekg
k
¨<Q�nb`bhid�QH^H�� ªgP� ë�m#Q��O�&��`bLOQ�jrfO`bLOe<np^¥zOnpe�¨]h�|_QWjRz{e<��\]gOe<PRhijr��²2`bh�PRQ�jr���ke<nbh�`bLwPÊ��h�`bL

jkzOzOnpe:µ_h�P)j�`ph�e<g�npjr`bh�e
2n1/3 ��K¯e�^bh�PRzw��h�£¤\�`bLOQMzOnpQH^bQ�gD`lj�`bh�ekg�§r^afOzwz{eD^aQ�`bLwjr` n = 2t £¤e<n�^bekP�Q t > 0

`
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��2�� ò ��h¤� � � A `

ZD`bQHz*l � ¬¢h�¨]h�|OQT`pLOQRnbQcì<fwQH^a`W^bQ�`�h�gD`be
log n

d��ijk^p^bQH^H§®^bfwdlL�`pLwj�`�h�gàQcjkdlLàd���j<^b^
Ci
`bLOQR��QHgO�r`pLàek£o`bLOQ

nbQcìDfOQH^a`p^¢��h�QH^¢h�g�`pLOQ*h�gD`bQHnb¨�jr�
[2i, 2i+1)

§
i = 0, . . . , log n − 1

�tëwekn³QHjkdlL�d���j<^b^
Ci
§w`pLOQ*nph�gw�

d�jkgÇ�JQà|_h�¨]h�|OQH|çh�g<`peæh�gD`pQ�np¨:jk��^�ek£W��Q�gw�r`bL
2i ^af{dlLé`pLwj�`�`bLOQ�e<gO��\énbQcìDfOQH^a`p^�jknbQ.�JQ�`s�¥Q�QHgd�e<gw^aQcd�f_`ph�¨<Q�h�g<`pQ�np¨�jr�i^��³ ªgv`bLwh�^³�¥j:\��¥Q*ek�O`pjrh�g n

2i

^bfO�OzOnpek�O��Q�P)^¢£¤ekn³QHjkdlLAd��ijk^p^�`MQHj<dlL�ekgOQ
d�e<gw^ahi^a`p^�h�g�¹wgw|_h�gO��jrg�ekzO`bh�P�jk�w^bek��f_`bh�ekgRh�g)j��Oh�zwjkna`ph´`pQ¥�<npjkzOLRer£�^ah�©�Q

2 ·2i �7V�e<nbQMzOnpQHd�h�^bQ���\k§QHj<dlL�^bfO�OzOnpek�w��QHP�d�jkg��JQ�£¤eknpP*fO�ij�`pQH|�jk^a`

1�¾ÅõH¼¯»kÞ�¾iÞ�6Aº�»®¼¯½D½]¾¤¿éÀ�»JÂ�Â�Ã³¾ÅÄ�Æ
b_c d �¯�k� u �Oh�zwjrnb`bh�`bQ��<npjkzOL

R
§Ojkgw|.jT�<nbe]e<PRh�gO�T£Éjkd�`bekn

g
�

e �¯� d ���<� m7jrnb`bh�`bh�ekg}ek£�`bLOQéQH|_�<QH^�ek£
R
h�gD`be±^bfO�O�<npjkzOLw^

Rω
��h�`bLÁjr`àP�e<^a`

g
Qc|_�kQc^�§

1 ≤ ω ≤ W
�

e��Ef î �k�ahpi î � V�h�gwh�P�h�©�Q ∑W
ω=1 |V (Rω)| �

Z]ek��¨kQ�jr���{`bLOQc^aQH1�¾ÅõH¼¯»kÞ�¾iÞ�6vº�»®¼�½]½]¾¤¿0ÀR»®Â¯Â¯Ã¢¾ÅÄ�Æà^bfO�OzOnpek�O��Q�P)^�h�g{|_Q�zJQ�gw|OQ�gD`b��\k§Ojkgw|�e<f_`a²
zOf_`�`pLOQ�fOgOh�ekg.er£7jr����^bek��f_`bh�ekgw^H�

ZD`bQHz � � K�e#^ae<��¨<Q�QHj<dlL 1�¾ÅõH¼¯»kÞ�¾iÞ�6­º�»®¼�½]½]¾¤¿ ÀR»JÂ�Â¯Ã¢¾ÅÄ�Æ­^afO�wzOnbe<�O��Q�P h�géjv�Oh�zwjrnb`bh�`bQ��knljrzOL
R
§

zOnpe]d�Q�Qc|è�knpQ�QH|Oh���\Ç¶ÉfOgD`bh��¥jk���¥QH|O�kQH^TjrnpQ�d�e�¨<Q�npQH|w¸��]\A¹wgw|_h�gO�#j�`T^a`bQHz
i
jv^afw�O�knljrzOL

Ri
ek£

G \ (R1 ∪ · · · ∪ Ri−1)
��h´`pL.jr`�PReD^s`

g
Qc|_�kQc^�h�g�`bLOQ�£¤e<����e���h�gO���¥j:\g`

ëOe<n�QcjkdlL
k = 2, . . . , 2g

¹wgw|�j*^bfO�O�<npjkzOL
Bk

er£
R \ (R1 ∪ · · · ∪Ri−1)

fw^ah�gO�*`bLOQWjr���keknph�`bLOP
er£ � ë�m#Q��w�S��£¤e<nM`bLOQ � 6OÄ:E/6

k
&G÷>05?®Æ¯»®¼�õOßàzOnbe<�O��Q�P.�

•  ¡£�£¤ekn³^ae<PRQ k∗ § |E(Bk∗)| > g
§Ojkgw| |E(Bi)| ≤ g

£¤ekn¢jk���
i < k∗ §wnbQHPRe�¨<Q |E(B∗

k)| − gjknb�wh´`pnpjknb\�QH|_�<QH^³er£
Bk∗

jkgw|vnpQ�zO�ijkd�Q
B∗

k

��h�`bLA`bLwh�^WgOQH� �knljrzOL���ZD`pekzà`bLOQ)^bQHjrnldlLvj�`
k∗ §wjkgw|�ekf_`pzOf_`�`bLwQ�|_Q�gw^bQH^a`t�knljrzwL�jrP�e<gO� B2, . . . , Bk∗−1, Bk∗

�
•  ¡£�gOek`H§Oe<f_`bzOfO`�`bLOQ�|_QHgw^bQH^a`�^bfO�O�<npjkzOL�jkP�ekgO� B2, . . . , B2g

�

Ë�Q�`
OPT

�JQ�`pLOQRekz_`ph�P)jr��^ae<��fO`bh�ekgvek£WÜ�¾ÅÄ�Æ±º�»®¼�½]½D¾¤¿­ÀR»®Â�Â�Ã³¾ÅÄ�Æ7§®jrg{|���Q�`
OPT1

�{QT`bLOQ
d�e<^a`�er£�`bLOQ�^bek��f_`ph�e<g�e<�_`pjkh�gwQH|��]\�^bek��¨Dh�gO�vÐv�®Î�������R�R���jk����`pLOQ�^bfO�OzOnpek�O��Q�P)^��<Q�gOQHnpjr`bQc|��]\�ZD`pQ�zzl
ek£�u¢���<eknph´`pLOP A �o«#Q�zOnpe�¨kQWj���Q�P�P)jR�{Q�£¤eknpQ�^s`lj�`bh�gO�R`bLwQ�`bLOQHeknpQ�P.�
��î � �È� l���Í�Î

β
}lÍ��] 
��t:Í�� � Q �
}lÍ�Ñ { � QU���OÐ�Ó�Í*ÎWT4��ÎMÏ¦Í]�P���
s&���u���m��� ��}�� �4�rÑGÎ��ÅÎªÍF rÑv�v�4T R

Ð��
�rÎ&�)Ð:ÓGÎ

n
t:Í�ÑGÎ��p�lÍ�ÓlÔ&�TÓrQ.}X kÑ��v�.T�Ï,�ÅÎ�T ��Î&�)Ð:ÓGÎ

g
ÍP�� DÍGÓ�Ï T!�p�PT�T.�:Ó��kÍ��OÓr�ÅÎ �u�rÎ&R�ÍP�:ÓGÎ

1/β
Î����)ÍGÓWÎ�TwÍ

�<Í_�wÓr�ÅÎ �.Ð���ÎWTOÍ��<Í_�wÓ�ÍGÓGÎ¥ÓrQ.}� kÑ��P�4TàÏ,�ÅÎ�Tm�rÎN��Ð�ÓlÎ
g
ÍP�� DÍGÓ { �gTOÍ��*���AÎWTOÍ� kÑbÍlÍP� �\�JÑbÐU�lÍv��Q_ÑbÍ)Ð�� �{ÎªÍX�

� Ð��Z	9R  DÐ�Ñr�ÅÎWT!� A Ï¦Í*Ð
}�ÎX����� �RÓ�Ð�RSQ_Î��ÉÐ��àÐ����lÐ:ÓGÎ
OPT2

ÓrQ.�PT�Î�T.��Î
OPT2 ≤ O(log n) · β ·OPT1 {

� � ò�ò�
 � Ë�Q�`
m
�JQ¢`pLOQ³g]fOPT�{QHn�ek£�QH|_�<QH^�er£�`pLOQ³npQHìDfOQc^s`��knljrzOL

R
§_jrgw|)��Q�`

R1, R2, . . . , Rr
�{Q³`bLOQ

^bfO�O�<npjkzOLw^³�kQHgOQ�nlj�`pQH|�h�gAe<np|OQ�nW�D\.`pLOQ)jr�Je�¨kQRjr���keknph�`bLOP ��LOhidlLAd�e�¨kQHnWjk����`bLwQRQc|_�kQc^�§®h2� Q<�
R1

h�^

!
B 8 !E'



����Ñ����JÍ�ÓlÓ������
	��
�®ÑbÐ���������Î��ÉÐ��èÐ����OÑ��������¥ÑpÐHÐ������! �<�

dlLwe<^bQ�g�¹{np^a`H§
R2

hi^�dlLOe<^bQ�g.^aQcd�e<gw|�§Ojrg{|�^be�ekg��7«#Q���h�����zOnpe�¨kQ
∑

|V (Ri)| ≤ log(m) · β · OPT1

K¯e�zOnpe�¨kQW`bLwh�^H§{�¥Q�¹wnl^s`³Q�g]fOP�Q�nlj�`pQ�`bLOQTQH|_�<QH^�ek£
R
h�gàeknl|_Q�n�ek£7jkzOzJQHjrnljrg{d�Q�h�g

Ri
� ^a`¥jk����`bLOQ

Qc|_�kQc^¢h�g
R1

��h������{QRQ�g]fOP�Q�nlj�`pQH|
e1, . . . , eg1

¶
g1 = |E(R1)| ≤ g

¸�§®jk����`pLOQTQc|_�kQc^¢h�g
R2

��h������{Q
QHg]fOP�Q�nlj�`bQc|

eg1+1, . . . , eg1+g2

¶
g2 = |E(R2)| ≤ g

¸G§�jkgw|#^ae�ekg��RË�Q�`
ρi
�JQT`pLOQ)|_Q�g{^ah�`s\ver£�`bLOQ

^bfO�O�<npjkzOL
Ri
§wh2� Q<�

ρi = |E(Ri)|
|V (Ri)|

§Jjrgw|
Σ =

∑

|V (Ri)|
`bLOQ�`per`ljr�¯d�e<^a`ter£�`bLOQT^ae<��f_`ph�e<g���ëwekntQH¨kQHnb\

Qc|_�kQ
ej ∈ Ri

§<�¥Q³|OQ�¹wgOQ
c(ej) = 1

ρi

��«AQ�d��ijrh�PÁ`pLwj�` ∑

j c(ej) = Σ
�7K�e*zOnbe�¨<QM`bLOhi^�QHìDfwjr��h�`s\¢qsfw^a`

gwer`bQ*`bLwjr` ∑

ej∈E(Ri)
c(ej) = |E(Ri)|

ρi
= |V (Ri)|

§�jrgw|�^be ∑

j c(ej) =
∑

i |V (Ri)| = Σ
�WË�Q�`Wfw^

|OQ�¹wgOQ
R′

i

`be��JQ�`bLOQ�fOgOh�ekg.ek£
Ri, Ri+1, . . . , Rr

�7«#Q�|_Q�¹{gOQ
ρ′i
`peR�JQ�`bLwQ�|OQ�gw^bh´`s\�er£�`bLOQ�|_QHgw^aQc^s`

^bfO�O�<npjkzOLvek£
R′

i

d�ekgD`pjkh�gOh�gO��j�`�P�e<^a`
g
QH|O�kQH^H��Ë�Q�`�fw^³`pjr�<QTjkgàekzO`bh�P�jk�o^ae<��fO`bh�ekg�£¤e<n

R′
i

§�h·� Qk�*j
|OQHd�e<P�z{eD^ah�`bh�ekg#er£

R′
i

h�gD`be�^bfO�O�knljrzwLw^
A1, . . . , As

^afwdlL#`pLwj�` ∑s
k=1 |V (Ak)| hi^�P�h�gOh�P*fwP���Ë�Q�`

ρ1, . . . , ρs

�{QW`bLwQ�|_Q�gw^bh�`s\�er£¯`bLOQc^aQ�^bfO�O�<npjkzOLw^H�¯«#Q�Lwj:¨<Q
`

• ∀k ≤ s, ρk = dens(Ak) ≤ ρ′i
`��{Qcd�jkfw^aQ¢QHjkdlL

Ak
h�^¥j�^bfO�O�<npjkzOL�er£

R′
i

d�e<gD`pjrh�gOh�gO��j�`�PReD^s`
g
QH|O�kQH^H§_jrgw|

ρ′i
h�^�`bLOQ�|_QHgw^ah�`s\�ek£�`pLOQ�|_Q�g{^aQc^s`¢^bfO�O�<npjkzOL���h�`bL�j�`tP�eD^s`

g
QH|O�kQH^Mh�g

R′
i

�

• ρ′i ≤ βρi
`o�JQHdHjrfw^bQ���Q�^bfOzOzJe<^bQW`bLwjr`¢�¥Q�d�jrg�¹wgw|�jkg�jrzOzOnpe:µ_h�P)jr`bh�ekg�ek£

ρ′i
fOz.`pe�jR£Éjkd�`bekn

1/β
�

KMLwh�^Mh�P�zO��h�QH^th�g.zwjkna`ph�d�fO��jkn¥`bLwjr`
1

ρk

≥ 1

βρi
,
jkgw|�^be

∑

k

|V (Ak)| =
∑

k

|E(Ak)|
ρk

≥
∑

k

|E(Ak)|
βρi

=
|E(R′

i)|
βρi

ä¥f_`¥jrg)ekzO`bh�P�jk�w^bek��f_`bh�ekg�£¤e<n
R
zwnbe�¨]hi|_QH^oj�^bek��f_`ph�e<gT£¤e<n

R′
i

ek£�d�e<^a`¦j�`¦��QHj<^s`7`pLOQ¢e<z_`bh�P)jr�J^ae<��f_`ph�e<g
£¤e<n

R′
i

§�h2� Q<� ∑

k |V (Ak)| ≤ OPT1
�
J¢^bh�gw��`pLOh�^�h�gA`bLOQ)jk�{e�¨<QTh�gOQHìDfwjk��h�`s\��¥QR�<Q�` 1

ρi
≤ β·OPT1

|E(R′

i)|

§
jkgw|�^aeR£¤ekntjkg�Qc|_�kQ

ej ∈ Ri
�¥QWL{j:¨kQ

c(ej) =
1

ρi
≤ β · OPT1

|E(R′
i)|

≤ β · OPT1

m − j + 1
,

jrgw|�`bLwh�^MzOnpe�¨kQc^

Σ =
∑

j

c(ej) ≤ β · (
∑

j

1

m − j + 1
) · OPT1 ≤ β · log(m) · OPT1 ≤ 2β · log(n) · OPT1

�

��� î]ò � î ��� 	9R  DÐ�Ñr�ÅÎWT!� A �iÓ\���wÐ�R����®Ð��]�p��R ÙªÎ�����Í
�P�
�JÑpÐ������
�rÎ��ÉÐ��*��R  DÐ�Ñr�ÅÎWT!�åÎ�T.��Î �v�
�®ÑbÐ���������ÎªÍGÓ
Ü*¾ÅÄ�Æçº�»®¼�½]½]¾¤¿éÀR»®Â¯Â¯Ã¢¾ÅÄ�Æ"Ï,�ÅÎ�T ���m�7�_�
��Î¡ÐrÑ O(n1/3 log2 n)

��Ð�Ñ���� �
g ≥ 1 {
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� � ò�ò�
 � u¢���<eknph´`pLOP A npQ�`bfwnbgw^Wj�¨�jr��hi|v^ae<��fO`bh�ekgvek£�Ü�¾ÅÄ�Æ º�»®¼�½]½]¾¤¿­ÀR»®Â¯Â¯Ã¢¾ÅÄ�Æo§®�{Qcd�jkfw^aQTQHj<dlL
npQHìDfOQc^s`Mhi^�d�ekgD`ljrh�gOQH|�h�g.^bekP�Q��Oh�z{jrnb`bh�`bQ��knljrzOL�§]jkgw|�gOe�nbQcì<fwQH^a`Mhi^�d�e<fOgD`bQc|�`s��hid�Q<��KMLwQWnpfOgOgwh�gO�
`ph�P�Q�h�^*z{e<��\]gOe<PRhijr��h�g0�{ek`bL

n
jkgw|

g
§��JQHd�jkfw^bQ��¥Q�nbfwgÈj�`TP�eD^s`

2g − 1
`ph�P�Qc^�`pLOQ�jk���<eknph´`pLOP

ek£	� ë�m#Q��w�S�¯£¤e<ntQHj<dlLv^afw�OzOnpek�O��Q�P.§{jkgw|�`bLwQ�npQ*jrnpQ
n(

∑t−1
i=0

1
2i ) − 1 = 2n − 3

^afO�wzOnbe<�O��Q�P)^��M«#Q
zwnbe�¨<Q³gOe��±`bLOQ�jkzOzOnpe:µ_h�P)j�`ph�e<g��kf{jrnljrgD`bQHQ
`

• «AQ�d���jkh�P `bLwjr`
OPT1 ≤ 2 logn ·OPT

�� ªgw|_QHQH|�§w��Q�`
ci
�JQ�`bLOQ�e<z_`bh�P)jr��d�eD^s`Mer£�`bLwQ�^bfO�w^bQ�`

er£�npQHìDfOQH^a`p^oer£®��QHgO�r`pL)h�g�`pLOQth�g<`pQ�np¨�jr�
[2i, 2i+1)

§
i = 0, . . . , log(n)−1

�� ¡`�h�^�d���QHjrno`bLwjr`
ci ≤

OPT
£¤ekn¢QcjkdlL

i
§Jjkgw|�`bL]fw^ ∑log n−1

i=0 ci ≤ log n · OPT
�të�h�gwjr����\k§

OPT1 ≤ 2
∑log n−1

i=0 ci
§

�{Qcd�jkfw^aQ�QcjkdlL�¨kQ�nb`bQ�µ�hi^¥`pjr�<Q�g�h�gD`pe�j<d�d�ekfOgD`�h�g�`s�¥e)^afO�wzOnbe<�O��Q�P)^��

• KMLOQ��knpQ�Qc|_\ÈzOnpe_d�Qc|_fOnpQ.|OQH^pd�nph��JQH|Çh�g"Z]`bQ�z � ek£�u¢���<eknph´`pLOP A ekfO`bzOf_`l^�jè�knljrzwLé��LOeD^aQ
|_Q�g{^ah�`s\�h�^�jr`���QHj<^s` 1

2n1/3

`ph�P�QH^¯`pLOQMLOh��<LOQH^a`7|_Q�gw^bh�`s\�¶¤��h�`bL�j�`�PReD^s`
g
QH|_�<QH^l¸�ek£O`bLwQ�fOz®|Ojr`bQH|

nbQcìDfOQH^a`³�<npjkzOL���K�e.^aQHQ�`pLwj�`c§�gOer`pQ�`bL{j�`W`bLOQRekz_`ph�P)jk��|OQ�gw^bh´`s\.hi^�jkdlLOh�Q�¨<QH|.�]\vj�^bfO�O�<npjkzOL
ekg.j�`�P�e<^a`

2g
¨kQ�nb`bhid�Qc^�¶¤h�`t��e<fO��|��{Q�`pLOQ�d�j<^aQWer£

g
|_h�^Éqsekh�gD`�QH|_�<QH^l¸G�7KMLOQ�g�§]£¤ekn�QHj<dlL�¨�jr��fOQ

er£
k
§w`bLOQRjr���keknph�`bLOP ek£	� ë�m#Q��w�&��¹{gw|O^¢j

2n1/3 ²¡jkzOzOnpe:µ]h�P)j�`ph�e<g�er£�`pLOQ*P)j�µ_h�P*fOPêg]fOP*�JQ�n
er£�Qc|_�kQc^oek£�jrg�h�gw|_fwd�QH|�^afO�w�knljrzOL)e<g

k
¨kQHna`ph�d�QH^����7KML]fw^�§Dh�£���Q¢`pjk�kQ�`pLOQW|OQ�gw^bQH^a`¥^bfO�O�<npjkzOL

jrP�ekgw�
B2, . . . , B2g

¶¤npQ�P�e�¨]h�gO�tQH|O�kQH^¯h�£wgOQHd�QH^p^bjknb\O¸®�¥Q�jk��^bete<�_`pjkh�g*j
2n1/3 ²ªjrzOzOnpe:µ_h�P)jr`bh�ekger£�`pLOQ¢LOh��kLwQH^a`�|_Q�g{^ah�`s\Tek£�j�^bfO�O�knljrzwLR��h�`bL�j�`¦P�e<^a`

g
QH|_�<QH^H��Ë�Q�`

ρk
�JQ�`bLwQ³|_QHgw^ah�`s\�er£

Bk�{Q�£¤eknpQ*npQ�P�e�¨]h�gw��QH|_�<QH^H�³KMLOQRQ�µ_zO��hid�h�`¢£¤eknpP*fw��j)ek£o`bLwQ*LOh��kLOQc^s`�|_QHgw^ah�`s\
ρ
`pLwj�`���Q*ekf_`pzOf_`

h�gvZD`pQ�z � ek£�ut���ke<nbh�`bLwP A h�^a`

ρ := max
k∈{2,...,2g}

min
(

ρk,
g

k

)

Ë�e]ek�]h�gO��j�`�`pLOQ�£¤eknpP*fO�ij���Q�fOg{|_Q�nl^s`ljrgw|A��L]\à�¥Q)^s`pekzæj�`
k = k∗ h�g#`bLOQ�jk���<eknph´`pLOP.�) ªger`pLOQ�n��¥eknl|O^H§_��Q�Lwj:¨<Q³zOnpe�¨kQc|)`pLwj�`t�¥Q�d�jrg�fw^bQ

β = 2n1/3 h�g�Ë�Q�P�P)j��<�

• ä¥\�d�ekPT�Oh�gwh�gO��`bLOQ³nbQHP�jknb�_^ojk�{e�¨<Q¢jrg{|�Ë�QHPRP)j)�³��Q¢ek�_`ljrh�g)`bLwjr`¦`pLOQ³d�e<^a` A
npQ�`pfOnpgOQH|��]\

ut���ke<nbh�`bLOP A ^pj�`ph�^a¹wQc^
A ≤ 2n1/3 · OPT2 ≤ 4n1/3 log n · OPT1 ≤ 8n1/3 log2 n · OPT.

�«#QTdHjrg�h�PRzwnbe�¨<Q�`bLOQTjrzOzOnpe:µ_h�P)jr`bh�ekg.npjr`bh�e�er£�`pLOQTjk���<eknph´`pLOP�h�£¦jr����`pLOQ*npQHìDfOQc^s`l^�Lwj:¨<Q*^aLweknb`
��Q�gw�r`bLvd�ekP�zwjknbQc|�`pe)`bLwQ*��Q�gO�k`bL�er£7`pLOQ�nph�gw�w�tKMLOhi^¢^bh´`pfwj�`ph�e<g�h�^¢fw^bfwjr�¯h�gvzwnpj<dG`bhid�jk��jrzwzO��hid�jr`bh�ekgw^
^bh�gwd�Q�gwe]|OQH^³P�j:\��MjrgD`t`be�d�e<PRPTfOgOhid�jr`bQ�e<gO��\���h�`bLv`pLOQ�h�nWgOQHjknbQc^s`tgOQHh��<L]�{e<np^H�¢Ë�Q�`

f(n)
�{QRjrg]\

£¤fwgwdG`ph�e<gTek£
n
�� ¡£®jr���<`pLOQMnbQcìDfOQH^a`p^¯Lwj:¨kQ���QHgO�r`pLTjr`�P�e<^a`

f(n)
§:`pLOQ�gT`bLwQMjk�{e�¨<Q¦jr���ke<nbh�`bLwP zwnbe�¨]hi|_QH^

jkg�jrzOzOnpe:µ_h�P)jr`bh�ekg�nlj�`ph�e�ek£ O(f(n)1/3 log2 n)
�¦ ªgw|OQ�QH|�§wh�g�Z]`bQ�z � er£7ut���keknph�`bLOP A §O��Q�L{j:¨kQW`be¹{gw|à|_QHgw^bQT^bfO�O�knljrzwLw^th�gv�Oh�zwjrnb`bh�`bQR�knljrzwLw^tek£¦^ah�©�QRj�`³P�eD^s`

2f(n)
§{LwQ�gwd�Q*`pLOQ*£Éj<dG`pekn

2n1/3 d�jkg�JQ�npQ�zO�ijkd�QH|���h�`bL
2(2f(n))1/3 �y�QHP)jrnp�È`bL{j�`�jr���t`pLOQ�h�gw^s`ljrgwd�QH^)ek£ � 6OÄ:E/6

k
&G÷>05?®Æ�»®¼¯õOß zOnpek�O��Q�P h�gçekfOn�jr���keknph�`bLOP jknbQ

�wh�zwjkna`ph´`pQk�7J³^ah�gO�)`pLOQ*npQH^bfO��`p^¢er£ �üZ_K���K �¡§Jh´`Wh�^³z{eD^b^bh��O��Q�`be�e<�_`pjkh�gvj��{Q�`a`bQHnWjkzOzOnpe:µ_h�P)j�`ph�e<g.npjr`bh�e
��LwQ�g�`pLOQ�nbQcìDfOQH^a`¥�<npjkzOL�hi^¥�Oh�zwjrnb`bh�`bQ�jrgw|�^pj�`bhi^a¹wQH^¥^ae<P�Q³fOgwh´£¤e<nbP�|OQ�gw^bh´`s\�d�ekgw|Oh´`ph�e<gw^���«#Q�ekP�h´`
`pLOQ�zOnpe]er£�|OfOQW`be)�ijkdl��ek£�^bzwjkd�Qk�

� !E	PIl�� =��AD�·ù��®úQL 
:ÿÉþ H����G��
�
:ÿÉþaNHúQL �D�2úüþ�	¦ÿ��D�2úüþ¯þJI��2ù���� 5B3*FM5
k
AVC%-*=9<%: (/W�� 
:ÿÉþ������ML#úüû

O(nδ)
I�þGÿDû2þ L �; sþ�	:û��\��	��

δ < 1/3 � $ <	� J�
��E:&),��HHúüþ��:û�� ��A��·ù��7û\�JL �(��
�
��üú��sû1�·þMþ��:ÿ1���QKGþGÿÉú �2ùBL"A:ÿ���
����� aú�	BK �2ù�� �=Ng
kþ�	���	�� 1/3
ý�ú �2ù

δ < 1/3
:
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� ò � ò 2 2É�_� ïxl��p�.Î�TwÍvÑbÍPO�QwÍGÓGÎF rÑ��P�4T
R

�iÓ.ÓrQ.�PTçÎWT4��Î]��� ��� �zR �rÑ� DÍAÍ��JÐ�Q
 UTçÓPQ.}X kÑ��v�.T
H ⊆ R

Ô
� �kÍ��OÓ�ÍGÓGÎ*ÓPQ.}X kÑ��v�.T

(A ∪ B, E)
Ó���Î��iÓWs�Í�Ó |A|, |B| = O(

√
g)

����� |E| = Ω(g)
ÔTÎWTOÍ��<��Ð�Ñ<��� �

�lÐ��OÓGÎX���wÎ
ε > 0

Î�TwÍ�ÑbÍAÍ����iÓGÎ·Óq���wÐ�R����JÐ��]�p��R´ÙªÎ����)Í*��R  DÐ�Ñr�ÅÎWT!�:��Ð�ÑÈÜ�¾ÅÄ�Æ º�»®¼¯½D½]¾¤¿ ÀR»JÂ�Â¯Ã¢¾ÅÄ�Æ
Ï,�ÅÎWT �P�
�®ÑbÐ���������Î��ÉÐ��èÑ���Î��ÉÐ O(nε log2 n) {
K¯eèQ�gw|0`bLwh�^�^bQHd�`bh�ekg�§�gOer`pQ�`bLwjr`)`bLOQ�npQH^bfO��`p^Rer£ � ¬�M�Q��^K �¢^bLOe�� `pLwj�`�`bLwQv|_Q�gw^bh�`s\0d�jkgé�JQvjrz_²
zwnbe:µ_h�P�jr`bQc|���h´`pLOh�gèj�d�e<gw^a`pjrgD`W£Éjkd�`beknW`s�¥e�h�gA`bLOQ)d��ijk^p^Wer£¥�knljrzOLw^³Q�µOd���fw|Oh�gO�.j�¹Oµ_QH|A�knljrzOL

Hj<^WPRh�gOe<nH�)KML]fw^H§�h´£�`bLOQ)npQHìDfOQc^s`��<npjkzOL
R
hi^

H
²¡P�h�gOe<nW£¤nbQ�Q�¶¤£¤ekn�h�gw^s`ljrgwd�Q�h´£

R
h�^�zw��jkgwjrnc§�ekn�ek£

�Jekfwgw|_QH|��<Q�g]fw^H§������ü¸G§_e<fOntjr���ke<nbh�`bLwP jkdlLOh�Q�¨<QH^Mjrg.jrzOzwnbe:µ_h�P�jr`bh�ekg�£ÉjkdG`pekn�ek£ O(log2 n)
�

� � ����%�����
�������
ê������� ��������	M� �ê	�
¯	�����%��

KMLwh�^tjkna`ph�d���Q�|_Qcjr�i^M��h´`pL�Lwjrnl|_gOQc^b^Mjkgw|.jrzOzOnpe:µ_h�P)jk�Oh���h�`s\)er£�`bLOQTº�»®¼¯½D½]¾¤¿éÀ�»JÂ�Â�Ã³¾ÅÄ�ÆAzOnpek�O��Q�P.§
j�d�Q�gD`bnljr��zOnpek�w��QHP h�g�«­¬WV�ekz_`ph�dHjr��gwQ�`s�¥eknp�]^H�7KMLOQ�d�e<g<`pnbh��Of_`ph�e<g.er£�`pLOhi^t�¥eknp��d�jrg��JQ*|_h�¨Dhi|_Qc|
h�g�`s��e�P)jrh�g.zwjrnb`p^a`�U³g�`bLOQ�e<gOQ�Lwjkgw|�§O�¥Q�^s`lj�`pQ³`pLOQ�¹wnl^a`tLwjrnl|_gOQc^b^¥npQH^bfO�´`l^M£¤ekn¢Ü*¾ÅÄ�Æ"º�»®¼�½]½]¾¤¿
À�»JÂ�Â�Ã³¾ÅÄ�Æ#jrg{|.Ý�¼]Þ�ß0º�»®¼¯½D½]¾¤¿çÀR»JÂ�Â¯Ã¢¾ÅÄ�Æà£¤e<n�¹Oµ_QH|�¨�jr��fOQH^ter£

g
�¥V�eknpQ�zOnbQcd�hi^aQH��\<§O�¥Q�zOnbe�¨<Q

`pLwj�`�Ü�¾ÅÄ�Æ0º�»®¼�½]½D¾¤¿æÀR»®Â¯Â¯Ã¢¾ÅÄ¯Æ.hi^¥áRÝtâ*²¡d�ekP�zO��Q�`pQM£¤ekno¹wµ]Qc|
g ≥ 1

§Djkgw|R`bL{j�`MÝ�¼]Þ�ßèº�»®¼�½]½]¾¤¿
À�»JÂ�Â�Ã³¾ÅÄ�Æèhi^³áRÝtâ*²ªd�ekP�zO��Q�`pQ�£¤ekn¢¹Oµ_QH|

g ≥ 2
�t ªgvek`bLOQHn¢�¥eknp�]^H§w�¥Q*npfO��Q�ekfO`¢`bLwQ*Q�µ_hi^s`pQ�gwd�Q*ek£

j�Ý¢º¥á)÷�£¤e<n¢¹Oµ_Qc|�¨�jr��fOQH^¢er£
g
�³K¯e�zOnpe�¨kQ�`pLOh�^³npQH^bfO�´`l^t�¥Q*npQH|_f{d�QTÜ�¾ÅÄ¯Æ±º�»®¼�½]½]¾¤¿­ÀR»®Â¯Â¯Ã¢¾ÅÄ�Æ

£¤e<n
g = 1

`pev`bLwQ�zOnpek�O��Q�P ek£�¹wgw|_h�gO�v`pLOQ�P�jrµ_h�PTfOP gDfwP*�JQ�nRer£tQH|O�kQ�²ª|_hi^¤qse<h�gD`�`pnbhijrgw�k��QH^�h�g0j
�<npjkzOLàek£M|OQ��knpQ�Q��JekfOg{|_QH|#�]\

B
¶F+G8);³º & 1 £¤eknT^aLOe<na`G¸G�)«#Q)zOnpe�¨kQT`bLwjr` +G8);³º & 1 hi^*áRÝtâ*²

d�ekP�zO��Q�`pQk§<jkgw|��¥Qt�kQHgOQ�nljr��h�©HQ¥`bLOhi^onpQH|_f{dG`bh�ekg�£¤e<n�Ý�¼]Þ�ßAº�»®¼�½]½]¾¤¿æÀR»JÂ�Â¯Ã¢¾ÅÄ�Æ�jkgw|R£¤ekn¥jr���O¨�jr��fOQH^
ek£

g ≥ 1
�oU³g�`bLOQWer`pLOQ�n¥Lwjrg{|�§<�¥Q¢zwnbe�¨]hi|_Q�`bLwQ¢¹wnl^a`�zJek��\DgwekP�h�jk�´²2`bh�P�Q³jkzOzOnpe:µ]h�P)j�`ph�e<g�jk���<eknph´`pLOP

£¤e<nMÜ*¾ÅÄ�Æ#jrgw|�Ý�¼]Þ®ßèº�»®¼�½]½]¾¤¿0ÀR»®Â¯Â¯Ã¢¾ÅÄ¯Æ���h�`bL.jrg�jkzOzOnpe:µ_h�P)j�`ph�e<g)npjr`bh�e*gOek`M|OQ�zJQ�gw|_h�gO��ekg
g
§

d�ekgw^bhi|_Q�nph�gw�
g
j<^Mzwjrnb`�er£�`bLOQ�h�gOzOf_`c�

KMLOQHnbQRnpQ�P)jrh�gw^W^s`ph����7j���er`�er£¦�¥eknp��`be��{Q�|_ekgwQk�� ¡`�h�^�j�dlLwjr����QHgO�kh�gO��e<z{QHgàzOnpek�w��QHPå`be.d���e<^bQ
`pLOQ¢d�ekP�zO��Q�µ_h´`s\T�<jkzRek£�º�»®¼�½]½]¾¤¿èÀR»®Â�Â�Ã³¾ÅÄ�Æ7§r`bLwjr`¦h�^H§<`be�zOnpe�¨]h�|_Qtjkg)jrzOzOnpe:µ_h�P)jr`bh�ekg�jr���keknph�`bLOP
��h�`bLAjrgvjrzwzOnbe:µ_h�P)j�`bh�ekg.nlj�`ph�e�P)jr`pdlLOh�gO�)`pLOQTd�eknpnbQc^azJekgw|Oh�gO�)h�gwjkzOzOnpe:µ]h�P)jr�Oh���h´`s\�nbQc^afO��`H�¢«AQRjrnpQ
d�ekg]¨]h�g{d�QH|é`pLwj�`�`pLOQvh�gOLOQHnbQHg<`�|_h´��d�fO�´`s\Çer£�`pLOQvzOnpek�O��Q�P npQH^bh�|_Qc^)h�gç¹wgw|_h�gO�0|_QHgw^bQv^afO�w�knljrzOLw^
��h�`bL��Jekfwgw|_QH|vgDfwP*�JQ�ntek£�Qc|_�kQc^���KMLOhi^tzwnbe<�O��QHP�hi^¢^a`bnpekgO�<��\�nbQH��jr`bQc|�`pe)`bLwQ�zOnpek�O��Q�P�er£�¹wgw|Oh�gO�
`pLOQT|OQ�gw^bQH^a`³^bfO�O�knljrzwL���h�`bLà�{e<fOgw|_Qc|�g]fOP*�JQ�n³er£o¨kQHna`ph�d�QH^H§O��LOhidlLvLwj<^t�JQ�Q�gànbQcd�Q�gD`p��\�zOnbe�¨<QH|�`be
L{j:¨kQk§kQH^p^aQHg<`ph�jk����\k§r`bLOQt^pjrP�Qt|_h���d�fO��`s\Tj<^�`bLOQ � 6OÄ3E 6

k
&G÷>0:?JÆ¯»®¼�õOß�zOnpek�O��Q�P � u¢gw|O�]� �¡��KMLOQ�gwekg_²

Q�µ_h�^a`bQHgwd�Q7ek£_j³Ý¢º¥á)÷�£¤ekn�`bLOQ � 6wÄ:E 6
k
&�÷>05?®Æ�»®¼�õwßRzOnbe<�O��Q�P±L{jk^��JQ�QHg�zOnbe�¨<QH|Wh�g � Q�Lwe<� � �Dh�g]¨<ek��¨<²

h�gO�T¨kQ�np\�`pQHdlLOgwh�dHjr�JzOnbe]ek£É^�§Djrgw|�`pLOhi^�hi^7`pLOQW�{Qc^s`¥Q�µ_h�^a`bh�gO�TLwjrnl|_gOQc^b^7npQH^bfO��`H�7u­��ekgw�r²ª^s`ljrgw|_h�gO�*d�ekg_²
qsQcdG`pfOnbQMd��ijrh�P)^¯`bLwjr`¯`pLOQ�npQ�Q�µ_h�^a`p^�^bekP�Q�d�ekgw^a`pjkg<`

ε > 0
^bfwdlL�`pLwj�`�¹wgw|Oh�gO��j

nε ²ªjrzOzOnpe:µ_h�P)jr`bh�ekgW£¤ekn
� 6OÄ3E 6

k
&G÷>0:?JÆ¯»®¼�õOßAhi^ ã Ý�²2L{jrnl|�� ë¯m�Q��O�S�¡�¦u¢^t��Q�zOnpe�¨kQc|�h�gvZ]QHd�`bh�ekg � §wjkg

α
²ªjrzOzOnpe:µ_h�P)jr`bh�ekg

£¤e<n � 6wÄ:E 6
k
&G÷>0:?JÆ¯»®¼�õOß�\]h�QH��|O^7j O(α log2 n)

²¡jkzOzOnpe:µ]h�P)j�`ph�e<g�£¤eknoÜ�¾ÅÄ�Æ#º�»®¼�½]½]¾¤¿AÀR»®Â�Â�Ã³¾ÅÄ�Æ7�
«#Q³^bfw^bz{QcdG`¥`bLwjr`¥jT^ah�P�h��ijrn¥nbQc^afw�´`¦h�g�`pLOQWer`bLwQ�n�|Oh�npQHd�`bh�ekg�^bLOekfw��|�jk��^be�Q�µ]hi^a`H�7ä¥QHd�jkfw^bQter£�`pLOh�^H§]��Q
d�ekg�qsQcdG`pfOnbQW`pLOQ�£¤ek����e���h�gO�
� ò�c f î �r� ��� îzl �gTOÍ�ÑbÍ�Ív���iÓlÎ·Ó�Ó�Ð��)Í��lÐ��OÓGÎX���wÎ

δ > 0
Ô³ÓPQ.�PTÈÎ�T.��ÎRÜ*¾ÅÄ�Æ}º�»®¼�½]½]¾¤¿ À�»JÂ�Â�Ã³¾ÅÄ�Æ7Ô

Ï TwÍ_�
g
�iÓ0�.��ÑGÎ�Ð���ÎWTOÍ �����gQ_ÎÉÔ,�iÓ9T4�rÑ���ÎªÐ��P�
�®ÑbÐ���������ÎªÍ*Ï,�ÅÎWT!���*�7�_����ÎªÐ�Ñ

nδ {
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����� c�ò]ñ 2 î ó � î � î!c ��� Vvjkg]\*`pLwjrgO�_^¦`be*¬Wj:¨]h�|�S�ekfw|_QHna`c§<V�e<np|OQHdlLwjkh{Z]Lwjk��e<P jkgw|�Z]LOPTfOQ��5"®jk�]^
£¤e<n�LOQ���z_£¤fO�¯|_h�^pd�f{^b^bh�e<gw^H�
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� utg{|O�D�$� y��cu¢gw|_QHnp^bQ�g��rë�h�gw|_h�gO�¢�ijrnp�kQ7jkgw|�^aP)jk���D|_Q�gw^bQ¦^bfO�O�<npjkzOLw^H��Z_fO�OP�h´`b`bQc|�£¤ekn�zOfO�O��h�dHj�`ph�e<g
¶Éjrn��¢h�¨g` dH^��r�D�r�<�r�<�<�r¨J�:¸G§këwQ��Onpfwjknb\��k�k�D�_�

� ätS¥�k� � �r²aS³��ä¥Q�npPRe<gw|àjkgw|à¬T��S�e<fw|_Q�nb`H�z�gTOÍ<n	��nC� �����
}lÐcÐHÒàÐ�� noÐ���}_���g��ÎªÐ�Ñr�p��R YRÍGÓr�S 
�OÓ
� Ú����æÍP���ÅÎ��ÉÐ��
��§¦dlLwjrzO`bQ�n�
¢ G�ü�<�_§¦ôWnbe]ekP�h�gO�w�æS¥ytS monbQc^b^H§�S³� �w�oS�ek���{e<fOnpg0jrgw|0�w� M��
¬¢h�gOh�`b©�Qc|_h´`ph�e<g�§{�k�k�k�w�¯K¯e�jrzOzJQHjknH�

� ätS¥VàZ_�<�(���r²aS³�¯ä¥Q�npP�ekgw|�§�¬T�7S�e<fw|_QHna`c§��T��Vvf�
Oek©<§�jkgw|æ G��Z_jrf��vK¯nlj���d�ôWnbe]e<PRh�gO�vh�gÈä¥h�|Oh´²
nbQcdG`bh�ekg{jr��«­¬WV y�h�gw��°tQ�`s�¥eknp�_^��7 ªg��������¥Ù ��� � �'��n7� � Ì���n � �&�0Ú<Ø��m���7	9	 ��§
¨kek��fOP�Q��O§_zwjk�kQc^��/���O�k�O§]�k�k�k�w�

� S¥Ë�� � � K��_S�LOe��çjrg{|�m�� �{�DË�h�g���KMLwQtnbh�gO���<nbe]e<PRh�gO��zOnpek�O��Q�P.��Ì*Í�Î2Ï¦Ð�ÑbÒ�Ól§ ��� `�� � � �_�r�D�_§r�r�<� � �
� S¥Vv�<�(� u��JS�LOh�f�jrgw|�xt� M��JV�e_|_h�jkgOew�7K¯npjr��d¢�<nbe]ekP�h�gO��jr���keknph�`bLOP)^�£¤ekn�npQH|_f{d�h�gO��Q���QHdG`pnbe<gOhid

P*fO��`bh�zO��Q�µ_h�gw�Èd�e<^a`p^Rh�gé«­¬WV�nbh�gO�ègOQ�`s��e<nb�_^H�!��������� � �4	��]Ð�Q_Ñr����R¢Ð�� �L�S ~T]Î2Ï2��t�Í
�wÍP�PT!�JÐ�R�Ðv ;��§��/�{¶s�c¸_` ���J�:�_§D�k�k�<�O�

� ¬�M�Q���K(� xt��¬³Q�P)jkh�gOQ<§7Væ�¯K�� M¢j�qshijr�<Lwj:\]h·§¯jrgw|*Q��7S³�3Q�j:�Mjrnljr�wj:\Djk^bLOh·�)u¢���<eknph´`pLOP�h�d��<npjkzOL
PRh�gOe<n�`pLOQ�e<nb\g`�¬³QHd�e<P�z{eD^ah�`bh�ekg�§�jkzOzOnpe:µ]h�P)j�`ph�e<g�jkgw|�d�ek��eknph�gO�{�r ªg*Õ��:ÎWT\	9�.� Q.��R(�������
�����7�OÐ�ÓP��Q �ÊÐ�� � Ð�������Î��ÉÐ��OÓMÐ��9n7Ð��Z�gQ_Î¡Í�Ñ �E�_�ÉÍ����lÍ � � � n ���:§�zwjr�<QH^��<�D���_� � �O§cUWd�`bek�JQ�n�r�k�^K_�

� ¬Wyt�O� � y���¬¢f_`b`pj�jrgw|àôR� °Êy�ekfw^b��jk^H�WU³g#U³z_`ph�P)jk��K¯npjr��d*ôWnbe]e<PRh�gO��h�gv«­¬WV y�h�gO�D^��³ ªg
� ÑbÐU�pÍlÍP�����! �ÓTÐ'�7	�n [ ���S ��)Í�Î·Ñr�p��Ó�� � Í�ÑW��Ð�Ñr�����g�pÍ�§Jzwjr�<QH^W�H� � �J��� � §]S¥jrPT�Onph�|_�<Qk§O�r�<�O�<�

� ¬Wyt�<�(� y��D¬³f_`b`pj*jkgw|)°��]y�e<fw^a��j<^���K¯npjr�)dM�<nbe]e<PRh�gO��h�g)«­¬³V gOQ�`s�¥eknp�_^�`�m�j<^s`¥jrgw|�£¤fO`bfOnpQk�
�������±Ì*Í�Î·Ï¦ÐrÑbÒ�§��H�w¶·�<¸_` � ��� Kk�O§]�r�k�D�_�

� x¦Ë¯� � � Ëo�oxoz{^s`pQ�h�gçjkgw|çu��oË�Q�¨]h�g��­ä�Q�`a`pQ�n�ä¥ekfOg{|O^R£¤ekn�V�h�gOh�P�h�©Hh�gO�0Z{UW°tx¦K�u¢¬WVv^H�" ªg
| 	 � 	�§]zwjk�kQc^t� �O���_��� � §Dä¥Q�np�kQ�g�§]°¢eknp�¥j:\<§O�r�k� � �

� ë�VàZB"®�^K$�èVæ�të���jkPRP�h�gOh2§�Ë¦�tV�e<^pd�jknp|OQ�����h2§³Væ�¢Z_Lwjr��ekP.§�jrgw| Z®� "®jr�_^H��utzwzOnbe:µ_h�P)j�`bh�gO�é`bLOQ
`bnlj���dR�knpeDe<P�h�gO��zOnpek�O��Q�P.�) ªgçÎWTOÍ�× �:ÎWT��_�wÎªÍ�Ñr�g��Î��ÉÐ�����R �����7�wÐ:Ór��Q � Ð��m	9R  DÐ�Ñr�ÅÎWT!�TÓ
����� noÐ��7��Q_ÎI��Î��ÉÐ�� � �S� 	7	�n���§_Ë�QcdG`bfwnbQ�°tek`bQc^�h�gàS�ekP�zOf_`pQ�ntZ_d�h�QHgwd�Q����D�<�_§]Z]zwnbh�gO�kQHna²

7Q�np��jk�w§_zwjk�kQH^ �w�UK����<� � §<¬³QHd�Q�PT�{QHn³�r�<��K_�

� ë�m#Q��O� � J��wëwQ�h��kQk§_¬T�Om�Q���Q��{§]jkgw|.ôR�7Q¢e<na`l^bjknb©<��KMLOQ�¬¢QHgw^bQ
k
²ªZ]fw�O�knljrzOL�m¦nbe<�O��QHP.�,	9R  DÐ�Ñr�ÅÎWT]Ù

���p�P��§®� �{¶É�<¸_` � �H�!� � �O�k§<�k�k�w�k�
�üô�y¢Z�� �(� UT��ôWQHnp^a`bQH�·§�y���ytjrP)jk^b�MjrP�h·§®jrg{|AôR��Z_j<^bjk�Dh2�TS�e<^a`³x 
JQcdG`bh�¨kQ)K¯npjr��dRôWnpe]ekP�h�gw��h�g

«­¬³V y�h�gO�D^��� ªg � ÑbÐU�lÍpÍP�����^ rÓ�Ð'���aÌ � � n � [.§_z{jr�kQc^����!�O�k�_§]ZOjrg.ëOnljrgwd�h�^pd�e{§��/��� �O�
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«#Q�zOnpe�¨]h�|OQ)LOQ�npQ)`bLwQ�zOnpe]er£�er£M`bLwQ)£Éjkd�`*`bL{j�`�¹wg{|_h�gw�v`bLwQ�P)j�µ_h�PTfOP�gDfwP*�JQ�n*ek£
C2g+1

� ^*h�gÈj
�<npjkzOL

G
hi^Wjk��^be�áRÝtâ*²¡d�ekP�zO��Q�`pQ�£¤ekn�jrg]\�¹wµ]Qc|

g > 1
�³ ªg�£Éj<dG`c§J�¥Q*gwQ�QH|àjrgw|�zwnbe�¨<Q*j�^a`bnpekgO�<Q�n

npQH^bfO��`�¶¤zwjkna` � }I��ek£�KMLwQ�eknpQ�P �:¸r`
��� î]ò � î ��� � ��t�Í_� �

(2g + 1)
Ù �4�rÑGÎ��ÅÎªÍ� rÑv�v�4T

G
Ð��F ��ÅÑGÎWT

2g + 1
Ô �lÐ��wÓP�iÓGÎ����^ �Ð'�

(2g + 1)
�.��ÑGÎ·Ó

A0, . . . , A2g
ÓrQ.�PT�ÎWT4�rÎ¥ÎWTOÍ�Ð��.R��.Ív�a <Í�Ó]�rÑbÍ
}pÍ�Î2Ï¦ÍpÍ��

Ai
���g�

Ai+1 (mod 2g + 1)
Ô
i = 0, . . . , 2g

Ô
�����)ÓPQ.�PT�ÎWT4�rÎ ��R�R�Î�TwÍ9 kÑ��P�4TDÓ����g��Q.�lÍP��}��

V (G) \Ai
���

G
Ô.��Ð�Ñ ��R�R

i = 0, . . . , 2g
Ô4��ÐrÑr�:�7��Ð�ÑbÍ�ÓGÎÉÔ

ÎWTOÍL�JÑbÐ�}_R�Í_� Ð��Es2�������^ *Î�TwÍZ���������]Q � �.Q ��}lÍ�ÑtÐ'�tÍv�a <Í����iÓ
	�Ð����wÎ
C2g+1 � ÓN��� G

�iÓ³áRÝtâ�Ù'�pÐ��Z�gR�Í�Î¡Í {
� � ò�ò�
 � ë�h�np^a`H§JgOer`pQ*`pLwj�`�j��<nbQHQH|_\.jr���ke<nbh�`bLOP�zOnpe�¨]h�|_Qc^¢j�d�ekg{^s`ljrgD`¢£Éj<dG`be<n³jkzOzOnpe:µ]h�P)j�`ph�e<g���h�`bL
£Éj<dG`pekn

2g + 1
�7°¢e���§]d�ekgw^bhi|_Q�n�`bLOQW�<j<|_�kQ�`�ek£�`bLOQ�zOnpe]er£�ek£¯KMLOQ�e<nbQHPå��¶É^bQ�Q�w¥¾¤Æ�y¥�r¸G�7«#Q�PRe_|_h�£¤\

`pLOhi^��<j<|_�kQ�`Mh�g�^af{dlL.j��Mj:\�`bL{j�`t`pLOQ�^bjkP�Q�zOnbe]ek£¯LOe<��|O^�£¤ekn
C2g+1

� ^�h�g{^s`pQHjk|�ek£
C3
� ^�¶¤`bnph�jkgO�k��QH^l¸G§

jkgw|è^af{dlLà`pLwj�`Tjk����`pLOQ�d�ekgw|_h�`bh�ekg{^�er£�KMLOQ�e<nbQHP K.jrnpQ�¨kQ�nph�¹wQH|���ôWh�¨kQHg
g > 1

§��¥Q�jk|w|#j.dlLwjkh�g
ek£

4g + 1
`bnphijrgO�<��Qc^��{Q�`s��QHQ�gvjkgD\�`s�¥e�zwjrh�ntek£7`bnph�jkgO�k��QH^td�eknpnbQc^azJekg{|_h�gw�T`pevÎWT!�p�lÒ.QH|O�kQH^T¶Å`pLwj�`Wh�^H§

�JQ�`s�¥Q�QHg�`bLOQ�Qc|_�kQc^td�e<nbnpQH^bzJekgw|_h�gO�R`be�Q���Q�P�Q�gD`p^ter£
X
¸G�MKMLOQHg���Q�j<|O|

g − 1
h�gwgOQ�ntzJekh�gD`p^t`be�jr���

`pLOQ�QH|O�kQH^M�<ekh�gO�T£¤nbe<P fOz�`be)|_e���g�h�g�`pLOQ�`bnph�jkgO�k��QH^H�7utg.Q�µOjkPRzw��Q�h�£�^bLOe���g�h�g wM¾¤Æ2y � �

1
2

3
4

4g+1

4g+2

4g+3

4g+4

4g+5 8g+1

8g+2

8g+3

x[0] x[1] y[0] y[1] z [0] z[1]

a [g]
i

a [3g]
i

a [2(2g)g+g]
i

a [2(2g+1)g+g]
i

a [2(2g+2)g+g]
i

a [4(2g)g+g]
i

a [4(2g)g+3g]
i

i

a [2(2g)g]
i

a [4(2g)g]
i

add
inner points

g-1

a [4g]
i

a [2(2g+3)g]
i

ë�h��kfOnpQ � `�u�|O|Oh�gO�
g− 1

h�gOgwQ�n¦zJekh�gD`p^¦`beTzOnbe�¨<QM`bLOQ�áTÝ¢â�²ªd�e<P�zO��Q�`bQHgOQH^p^7er£�¹{gw|_h�gO�*Qc|_�kQ�²¡|_hi^Éqsekh�g<`
C2g+1

� ^

 ¡`¢hi^tQcjk^bh���\�^bQ�QHg.`bLwjr`t`bLOQ��<npjkzOL.�OfOh��´`³h�g.`pLOh�^¢�¥j:\�h�^
(2g + 1)

²2z{jrnb`bh�`bQk�� ªgw|_QHQH|�§{h´`³j<|_P�h´`l^tj
z{jrnb`bh�`bh�ekg�h�gD`be

(2g + 1)
zwjkna`l^�§_g]fOPT�{QHnbQc|

0, . . . , 2g
§]��LOhidlL�d�ekgw^bh�^a`�er£�Q�g]fOP�Q�nlj�`ph�gO�T`bLwQW¨<Q�nb`bhid�Qc^

d�\_d���h�dHjr����\<� Ë�Q�`
A0, . . . , A2g

�JQ�`bLwQà|_h�
JQHnbQHg<`�zwjrnb`p^H�± ªg­^bfwdlL"j
(2g + 1)

²2z{jrnb`bh�`bh�ekg�§¥£¤ekn�jrg]\
QH��QHP�Q�gD`

t ∈ X
§{`bLOQT¨kQHna`pQ�µ

t[0]
�{QH��e<gO�<^¢`be

A0
§Jjkgw|.`pLOQ*¨<Q�nb`bQ�µ

t[1]
�JQ���ekgw�<^�`pe

A2g
�³«AQTgOQ�Qc|

`pLOhi^¦zOnpekzJQ�nb`s\�`pe�Q�g{^afOnpQ�`pLOQ³d�ekgw^bh�^a`bQHgwd�\Ter£�e<fOno�<j<|_�kQ�`¦��LOQHg�jrg�QH��QHPRQHgD`�jrzOzJQHjknp^oh�g�P�e<nbQ�`pLwj�`
e<gOQ�^afO�{^aQ�`H�)°tek`bQR`bLwjr`�`bLOQ)�<npjkzOLvh�gw|_fwd�QH|#�]\

V (G) \ Ai
h�g

G
§�£¤ekn�jk���

i = 0, . . . , 2g
§�£¤eknpPYj

£¤e<nbQc^s`c�Wu¥`³`bLOhi^Wz{e<h�gD`c§Je<gOQTdHjrgvnpQ���nph�`bQ�`pLOQRzOnbe]ek£�ek£�KMLOQHeknpQ�P���`be�ek�O`pjrh�g�`pLOQ*npQH^bfO��`H§Dqsfw^a`W�]\
dlL{jrgO�<h�gO�T`bLwQ�P*fO��`bh�zO��h�dHj�`bh�¨kQ�d�ekgw^a`pjkg<`l^��

�
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g > 1

«#Q)�kQHgOQ�nljr��h�©�QR`bLOQ)zwnbe]er£Mer£¥`bLwQ�d�jk^bQ
g = 1

��Ë�Q�`
G
�JQ�j.�knljrzOLè^bjr`bhi^s£¤\]h�gO��`bLOQ�d�ekgw|Oh´`ph�e<gw^�er£

KMLwQ�eknpQ�P:K `
G
h�^³j

(2g + 1)
²¡zwjrnb`bh�`bQ��<npjkzOL�§Jd�ekg{^ahi^s`ph�gw�)er£

2g + 1
z{jrnb`p^

A0, . . . , A2g
^afwdlL.`pLwj�`

`pLOQ�e<gO��\AQH|_�<QH^�jknbQ)�JQ�`s�¥Q�QHg
Ai

jkgw|
Ai+1 (mod 2g + 1)

§
i = 0, . . . , 2g

§¯jkgw|è^af{dlLè`bLwjr`�`bLOQ
�<npjkzOL�h�g{|_fwd�Qc|��{Q�`s��QHQ�g�`s�¥e*d�e<gw^bQHd�fO`bh�¨kQ�zwjkna`l^7er£

G
£¤eknpP)^¦j�£¤e<nbQc^s`¢¶Éekn¦P�eknpQ��kQHgOQ�nljr����\*j��knljrzwL

ek£��kh�na`pL�j�`M��QHjk^a`
g + 1

¸G�7ut�Djrh�g�§]h�g�eknl|_Q�n�`beR^ah�P�zO��h�£¤\�`bLwQ³zOnpQH^bQ�gD`lj�`bh�ekg�^bfOzOzJe<^bQt`pLwj�`¥`bLwh�^¥�knljrzwL
dHjrg��{Q�z{jrnb`bh�`bh�ekgOQc|�h�gD`be

C2g+1
� ^H�

°¢e���§���Q�`
c0, . . . , c2g

�JQ�j�z{QHnbPTf_`pjr`bh�ekgàek£�`pLOQ�¨kQHna`ph�d�QH^Wer£�`bLOQ�d�\]d���Q
C2g+1

§�^bfwdlLA`bLwjr`�`bLOQ
zJek��\]�ke<g

(c0, . . . , c2g)
P�jk�kQc^

g
`pekfOnl^�jrnpekfwgw|v`pLOQ�d�QHgD`bQ�n�¶¤£¤ekn

g = 1
`pjk�kQR`bLwQ�`bnph�jkgO�k��Qk�)ëOe<n

gjknb�wh´`pnpjknb\<§¯��Q�`
ci = exp( 2igπ

2g+1 )
¸��#°¢e��
nbQHzO��j<d�Q�QcjkdlLæ¨<Q�nb`bQ�µ

ci
��h´`pLéjkgæh�gD`bQHnb¨�jk�¥d�ekgw^bh�^a`bh�gO�vek£

¨<Q�nb`bhid�Qc^*ek£
Ai
�È ªgÈ`pLOhi^Rd�\_d���h�d�nbQHzOnpQH^bQ�gD`pjr`bh�ekgÈek£t`bLOQ��knljrzwL

G
§¦QcjkdlLéd�\_d���Q�P)jr�<QH^Rj�`)��Qcjk^a`

g`pekfOnl^MjrnpekfOg{|)`bLwQWe<nbh��kh�g��7K¯eR^bQ�QW`bLwh�^H§_nbQcd�jk���J`bL{j�`M`bLOQ�e<gO��\�z{eD^b^bh��w��QWQH|_�<QH^MjrnpQW�{Q�`s��QHQ�g
Ai
jrg{|

Ai+1 (mod 2g+1)
§
i = 0, . . . , 2g

§kjrg{|Tjk��^be¢`pLOQ��knljrzwL*h�gw|_fwd�QH|R�{Q�`s��QHQ�gT`s��e�d�e<gw^bQHd�fO`bh�¨kQMzwjrnb`p^
£¤e<nbP)^tj)£¤eknpQH^a`H�MKMLOh�^¢h�P�zO��h�QH^�`pLwj�`WQ�¨<Q�np\�d�\_d���Q*^bLOekfw��|.h�gD`bQ�nl^bQHdG`tQcjkdlL

Ai
j�`¢��QHj<^s`³ekgwd�Qk§{jkgw|�^be

`pLOhi^³d�\]d���QRP)jr�<QH^¢jr`³��QHj<^s`
g
`pekfOnl^³jknbe<fOgw|�`pLOQTe<nbh��kh�g�§®jk^¢`bLOQReknph��kh�gwjr��d�\_d���Q {c0, . . . , c2g}

|_e]QH^
^bew�¢x¦jkdlLvd�\]d���QTfw^bQH|�h�g�`bLwQT^bek��f_`bh�ekgv^bLOekfw��|��JQ*ek£o��QHgO�r`pLvQ�µOj<dG`b��\

2g + 1
§{`bLwQ�npQ�h�^³gOe�d�\_d���Q�er£

^bP)jr����QHn���Q�gw�r`bL�§Ojrgw|���e<gO�kQHn¥d�\]d���Qc^¥fw^aQWQHj<dlL�QH|O�kQWPRe<nbQ³`bL{jrg
g
`ph�P�QH^H§Ojk^¦`bLwQ�\�P)jr�<Q¢P�eknpQ³`bLwjkg

g
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