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 � ‘� Oa\�^{Oa|!KkdkhjiAeMOa\UO ” hj\q^!wpd4^`Oa\Uz/§ wA\`\`O)g{—[h˜\{\_O)NPOadA^x—[h˜\`ekOa™�i4ekh�d/§ nudA^StHOa\`nuh˜dœz¤§ wpeM|)ekdkO�h˜d]¡

Ÿ nAg`Nwˆ^{h–nAd•NPf�^`g{hjiAeMO�O ” h˜„uO)d4^�^`nuek^`O�Ÿ nAh˜\a¢Az]Oa\
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O�^�¨ˆnue

\`ekg,™˜ONPnuek—uOaNPO)dA^¦zkO™˜w2|)wpNPfag{wMª��vwpdM\�|)O�^¦wug_^{h˜|)™–OA¢�dknueM\,ykg{nuyHnA\`nud8\SekdMOdknueM—uO)™˜™–OP^`Oa|!Kkdkhji4ekO

i4ekh@dkOvdkfa|)Oa\{\_h–^`OvwueM|�ekdMOvz]O¯|�Oa\�|�nudMdMwphj\`\{wpd8|�Oa\aª � w¦NPf�^{Kkn]z]OvOa\_^�z]h˜g{Oa|�^{Ovwpe�\`O)dM\®n��/°�™>§ h˜dA^{O)dM\`h¶^{f

™˜ekNPh–dMO)eM\`OUz]O�^{nueM\
™–Oc\•ykh ” O)™j\
zkO�™:§ h˜Nwp„AO�Oc\q^mO ” yk™˜nuh–^`faO

±

nAdPf)—[h–^`OUz]nudM|�™>§ O ” ^`g!wu|�^`h˜nudPzkO�ykg{h˜Nbh–^`h˜—uOa\

„Af)nuNPf�^{g{h˜i4ekOc\�i4ekh�h–d4^`g{n]z]ekh–^UzkOa\�Oag`g{O)eMg{\!³�´]O)^Un��©™˜wbŸ nAdM|�^{h–nAd2z]O¯^��u|!KkO,ykg{nuyHn4\_faO¯wph˜dM\`h�i4ekO,™jwb™˜nAh

z]O©|)nuNPNwpdMz]O�\`nud4^bOadA^`h˜L)g{O)NPO)d4^PtMwu\`f)Oc\b\_ekgz]Oa\Pz]nudMdkf)Oc\bz¤§ h–Nwu„uO

±

h:ª Ouª�wpeM|)ekdkO�NbOc\_eMg`O�NPf�¡

^{g`hji4ekO�d/§ Oa\_^SO ” h˜„ufaO,nAe2Oa\_^`h˜NPf)O6³�ª ’ d‚yk™˜eM\Sz]O¦d/§ wc—unAh–gUtHOa\`nuh˜dœz¤§ wpeM|)ekdkO•z]O•|�Oa\Uh˜d]Ÿ nug{Nwˆ^`h˜nAdM\xwue

ykg{fawu™˜wutk™˜Ou¢4™jw•NPf�^{Kkn]z]O¯Oa\_^�g{nutke8\q^{Ovwue ” Oag`g{O)ekg!\®z]O¯|awp™˜h–tMg{wp^`h˜nud�\_ekg�™˜Oa\�yMwug{wuNbL)^`g{Oa\šh–d4^`g{h–dM\`Lai4ekOc\

z]O,™˜wP|)wuNbfag{wMª�QxnAeM\�f�^!wptk™˜h˜\{\`nudM\®™˜Oa\�ykg{O)ek—uOc\š^{Kkf)nAg`hji4ekOa\�i4ekO¯™jw•ŸínAdM|�^{h–nAd©z]Ov^��u|!KkO¯ykg`nAyHnA\`f)OSOc\q^

hj\_nANPnug{ykKkO���™jw�yHnA\`OPz]OP™jw©|)wuNbfag{wM¢/i4ekOP™:§ wuykykg{n]|{KkObOc\q^�h–dMzkf)yHO)dMzMwpdA^{OzkOP™jw‹Ÿ nAg`NPOz]OP™:§ nAt[oqO)^

O)^xz]e�NPnuek—uOaNbOadA^xz]O¯™jwb|)wuNPf)g!wk¢4O)^xwpe8\`\`h¤i4ekOv™jw•™˜nuh/z]O,|�nANPNPwudMz]OvyMg`nAy8n4\_faOvwu\{\_ekg{OSekdkO�\q^!wptkh–¡

™˜h¶^{f•™–nk|)wp™˜Ouª
’

d%nue]^{g`OA¢H™˜wŸ nAdM|�^{h–nAd‚z]O¦^��A|{KMO¦ykg{nuyHnA\`f)O�yHOag`NPO�^vekdkO•yk™jwpdMh��8|awˆ^{h–nAdœz]O¦^{g{wˆoqOa|�^`nAh–g{O

\`h–NPyk™˜Ou¢�g{f)„ueM™–h˜L)g{Ou¢�ykK[Z[\`hji4ekO)NPO)d4^¦—pwp™˜h˜zkOO)^¦™˜h–tMg`O‹z]O�\`h–dk„Aek™jwpg{h¶^{fa\a¢�|�O‹i4ekhšNPL)dkO��2ekd£zknuNwph˜dkO

z]O•|�nud[—uO)g{„uO)d8|�Ov^`g{La\x„ug!wpd8z�z]O�™:§ wu\{\_Oag`—[hj\`\`O)NPO)dA^cª
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§ wpykykg{n]|!KkO¯Oc\q^U—pwp™˜h˜zkf)O,yMwugUz]O¦dknuN¦tkg{O)e
”

g{f�¡

\`ek™–^{wˆ^!\UOadœe]^{h˜™–hj\`wudA^¯z]Oc\UnAt]oqO�^{\vz]Obz]h–¼@f)g{O)dA^{Oa\UŸ nug{NPOa\a¢@wc—uOc|�zkOa\S„ug!wpdMzM\Uz]f)yk™jwu|)O)NPO)d4^{\Sh–dMh¶^{h˜wue
”
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±

wu\�wud4Z‹np^`KMO)g�NPO�^{Kkn]z�›�Kkh˜|!K©g`Oa™–h˜Oa\�\`nu™˜O)™˜ZnAd
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”
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„AO)dkO)g!wp™˜h"!awˆ^{h–nAdM\)¢mnp^{KkO)g.h–NPykg{n6—uOaNPO)dA^!\wpg{O©wA|{KMh–Oa—uOaz wu\P›šOa™–™:ª J�KkO2ykg`nAyHnA\`OazF|�nAdA^{g`nA™�Oag`g{nugPh˜\

™˜n]|)wu™–™˜Z�hj\`nuNPnug{ykKkhj|¯^`n.^{KkOb|)wuNbOag{wyHnA\`Ou¢@wudMz2h˜\vwp™j\_n.h˜dˆoqOc|�^`h˜—uObwpg{nueMdMz�^`KkO•Oci4ekh–™˜h˜tkg`h˜ekN Ÿ nugU^{KkO
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±
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”

O)™j\(�DCa…��:ª“J�KkOag`O)Ÿ nug{Ou¢•Kkh˜„uKMO)g

ìíî�ï/ìíÚ



���������
	���������������
������������� ��	�!"�����$#%���
	&	'�(���)�*�,+-�*.,/
���
	0� •

wA|)|�ekg!wu|)Zœh˜\¦wu|!Kkh˜O)—uOcz²\`h–d8|�OdMnuhj\_Ohj\,dknu^�h˜dA^{g`nkz]eM|�Ocz

±

^{KkO)g{Ohj\�dkn©Ÿ Ocwˆ^`eMg`OO ” ^`g!wu|�^{h–nAd²ykg{n]|�Oc\`\!³

wudMz.N¦eM|{K�NPnug{OUh˜d]Ÿ nug{Nwˆ^`h˜nud‹h˜\®O ” yk™˜nuh–^`Oaz/ª

&

ekg®z]h˜g{Oa|�^�—4hj\`eMwp™8^`g!wu|!¥[h–dk„¦NPO�^{Kkn]z �DC C��Hhj\®|)nuKkOag`OadA^
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¸ h¶^{K%g{O)„Awug{z©^`n�^`Kkn4\_OPz]O)„AO)dkOag{wA|�h˜Oa\a¢@w�|�nAdM\_Oag`—pwˆ^`h˜—uO•\_nA™–e]^{h–nAdœ^`n�g`Oc|�nˆ—uO)gU^`KkOc\_ObyMwug{wuNbO)^`Oag{\

hj\Pwpykyk™˜h˜Oaz�h–d �DC*C �:ª�J�KMwˆ^Phj\)¢
Ÿ nugPO)—uO)g{ZždkOa› h˜Nwp„AO�wpd�h˜dkh–^`hjwp™�wp^_^{O)NPy]^P^`n²O
”

yk™jwph˜d£^{KkO�h˜Nwp„uO

z]h–¼@O)g{O)dM|�Oc\,h˜\,yHOag_Ÿ nAg`NPOaz%t4Z%eM\`h–dk„

Q
nudk™˜Zuª‹r�Ÿí^{O)g{›®wpg!z¤¢/^{KkOg{O)Nwuh–dMzkO)g,h˜\�|)nug{g`Oc|�^`Ocz‚›�h–^`K²^{KkO

yMwug{wu™–™jw
”

Oa\

½¤ ª��xOag`OA¢[›šO,wuzMwpy]^®^{KkOv^`Oc|{Kkdkhji4ekO¯ykg{nuyHn4\_Oczh˜d �DC81��@^`nbnAekg�ykg{nˆoqOc|�^{h–—uOSŸ nAg`N¦ek™jwˆ^{h–nAd/ª

J�K[eM\)¢

½¤ hj\Snudk™˜Z©eM\_Ocz

±

wpdMzœ›�KkOadkO)—uOagSeM\_Ocz©^{Kkhj\Shj\UNwuzkO•\`h–N¦eM™¶^!wpdkOanueM\`™–Z©›�h¶^{K

Q
³�^`n�O

”
yk™jwph˜d

^{KkO¦h–Nwp„AO�z]hj\{|�g{O)yMwudM|�h˜Oa\�h–ŸmwpdMz©nAdk™–Z�h¶Ÿ•^`KMO•z]h¶¼@O)g{O)dM|)O�tHO)^¬›šOaO)dœg`Oc\_eM™¶^{h–dk„‹|�n4\q^U—pwp™˜ekOa\�Ÿ g`nAN�^{KkO

±

h–Nwp„AOc³xnuy]^{h–NPh"!awˆ^{h˜nudM\UO
”

|)O)Oczk\x^`KMO•h˜NPwu„uO¦dknAh˜\`OuªvJ�Kkhj\SNPh–dkh˜Nwp™�yMwpg!wpNPO�^{O)g{h !cwˆ^`h˜nud©Ÿ g{wuNbOa›šnug{¥

ykg{Oa\`O)d4^{\bNwpd4Z�\q^{g`Oadk„p^{KM\aª�»�h–g!\_^a¢mh˜d�^{KkO2|)wu\`O‹^{KMwˆ^

Q
KMwu\Pwu™–g{OawAz]ZžO

”
yk™jwph˜dkOaz�NPnA\_^PnpŸU^{KknA\`O

z]hj\{|�g{O)yMwpd8|�h˜Oa\a¢At4Zh˜dM|�™˜eMz]h˜dk„•^`KkOvyMwug{wu™–™jw
”

Oa\mwpŸí^`O)g{›®wug{z›šnueM™˜z.yHO)g`^`eMg`t.^`KkOvOc\q^{h–Nwˆ^{OSnpŸ

Q
h˜d.^{KkO

dkO
”

^®h¶^{O)g!wˆ^`h˜nud�ª�»kekg`^`KMO)g`NPnAg`OA¢AnudM|)Ox^`KMOSnuyk^`h˜NPwu™8y8wpg!wp™˜™˜w
”

Oc\
wug`OUnut]^!wph˜dkOaz¤¢4^`KkOag`OShj\mdMn¦g{Oawu\`nudP^`n

Nwph˜dA^!wph˜d�^`KMO)N�h˜d�^`KkO,NPh˜dkh–NPh"!awp^`h˜nud�yMg`n]|)Oaz]ekg{O¯\_h˜dM|)O¯›šO�z]Oawu™¤KkO)g{O¯›�h–^`K©g`h˜„uhjz�nut]oqOa|�^!\�nAdk™˜Zuª

��¾

£•]ŽO@

:*
��[#<� .�:�8-
����9874;)�+$#��&XZX��8���J9��8e/2�:�6��92�5(<� �O���e��9&!.���k;5�8$�O�+9F���..#��:� �&d8�8/&J.#��Q�&d2L

bN�,-,�� �T�D#���(^�J��� �&d8��/=�$#���-:��;)�:����� �[;)��.�A�+9iEW�G9�!$�8-0�I8�8Xf��(^.�g9&74.#��a��.�:�&��k72�`(<�N�N(^�+���,X`��9����,K��^��

�8/��`-���9<��kUM�1A����X_�`G�R1O�N�f�,��987Z/�9%�+1��������Xh$#�����9&��$�A�+1%(*���:��1g1A��UF�N��1./f�N�

½¤
0 = 0

�:��$#����J��!Y$#��6�&dNbN��-0

�3�W(<1A�+9%���Y���T�g!�$#<��-��+;)�:��� /29MX��:� 78�8���T�e(^/����Y�N����8.�A�+9';)�8$�O��9iE��[#&�3�	#���(&(^�:9%� d8�,-��8/2���,If�g9F$#��N�:�

-��������NI

Q
����1O�:1V�Z�kU2(<1A�+��9=�e�+1�1M��;4�+78�QX2�3�N-k����(i�+9M-k�A�N�0E

ï�ï ß�iMä���ä�ñ



Q �����Y��� �������������	��
 ��� ���

�	��� ���#$ &)(��& ��+$�� ����� �

�

���),.��� ��

»Mg`nANø^`KkO®yMwpg!wpNPO�^{O)g!\

Q
wpdMz

½¤ Oc\q^{h–Nwp^`Oaz�t4Zv^{KkOš—[h˜\`eMwp™u^{g{wA|{¥[h˜dk„xNPO�^{Kkn]z

±

\`O)O®X]ektM\_Oc|�^{h–nAd�1kªDCc³�¢

›šOšykg{nuyHn4\_O
h˜d,^{Kkhj\�\`ektM\`Oa|�^{h–nAd¦wU\`ekh¶^!wptk™˜Om^{wu\`¥SŸ eMdM|�^{h–nAd�Ÿ nug�y8n4\_h–^{h–nAdkh–dM„�^{KkOšg`nAtHnp^�Ÿ g`nANµwud�h˜dkh–^`hjwp™

yHn4\_O,^`n^{KkO¦g`O)Ÿ O)g{O)dM|)O

±

z]Oa\`h–g{Oaz8³�nudMOuª�«¬dMz]OaOaz¤¢HeM\`h–dk„ ’ i8ª

±

1A³xwpdMzœwpd2Oa\_^`h˜Nwˆ^`O¦npŸ�^{KkO•|)wpNPO)g!wk§ \

h˜dA^{O)g{dMwp™¤y8wpg!wpNPO�^{O)g{\

K
yHO)g{NPh¶^�^`nnut]^!wph˜d

H = K ¡ 1 G K
±

RA³

wudMz

e0
p = K ¡ 1ep:

±

Ca…4³

J�KkOc\_O�OadA^`h–^{h–Oc\x^`nu„AO�^{KkO)gU›�h¶^{K©^{KkO•|�nud4^`g{nu™�yHnuh˜dA^

m ¤ ±

•4³�›�h˜™–™�tHO¦eM\_Ocz�Ÿ nugSz]O �Mdkh˜dk„^{KkO�^`g!wpdM\`™jwˆ¡

^{h–nAdMwp™¤yMwug_^�nuŸ�^`KkO¯^!wu\`¥Ÿ ekdM|�^`h˜nud/ª

QxO ” ^c¢4z]O �MdkOUtHnp^{K.w��qykg{npoqOa|�^`h˜—uO���w ” h˜\
npŸ¤g{np^!wˆ^`h˜nud

¹ 2 R3 ±

›�Kkhj|!K.zkn[Oa\
dknp^šKMw6—uO�dkOc|�Oa\{\{wpg{h–™˜Z

ekdkh–^xdMnug{N³mŸ g{nuN

H
±

R4³®wA\

[¹ ]£ =
1
2

¡
H ¡ H > ¢

;
±

C*C6³

wudMz�w��qyMg`npoqOa|�^`h˜—uO��¯wpdk„A™–O¯npŸ�g{np^!wˆ^{h–nAd�wA\

Á =

(
arcsin

¡
sat(k¹ k)

¢
;

h–Ÿ

¡
tr( H ) ¡ 1

¢
=2 ¸ 0;

¼¡ arcsin
¡

sat(k¹ k)
¢
;

nu^`KkOag`›�hj\`O

;

±

Cc€A³

›�KkOag`O

tr( ¢)
z]Oadknp^{Oa\®^{KkO¯^`g!wu|)OvnuŸ�wbNPwp^`g{h

”
wpdMz‹^{KkO¯Ÿ ekdM|�^{h˜nud

sat : R¤ 7! [0; 1]
hj\xz]O �MdMOaz©wu\

sat(x) =

(
x;

h–Ÿ

0 · x · 1;

1;
h–Ÿ

x > 1;

±

C814³

\`n%^`KMwp^

arcsin(¢)
hj\w%g{Oawu™¶¡º—ˆwp™˜ekOczžŸ ekdM|�^`h˜nud/ª

&

Ÿv|)nuekg!\_OA¢
h–Ÿ

k¹ k = 0
^{KkO)d

¹
|)wpd tHO©|!Kkn4\_Oad

wug`tkh–^`g!wpg{h–™˜Zuª

;>=

¾[Â
Ž

¾
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ŽO\

=

7>Œ 
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�


!%�g	'��������X�Y�
	0�,���

e =

"
eº

e!

#

=

2

4
H m ¤ + ½¤e0

p ¡ m ¤

¹
k¹ k

Á

3

5 2 R6;
±

C)‡[³

��� �D�8���������K�������K���$#%!X�,�>	'�g	�!�� �����(�
� � #%���
� � 
c���������O�
��� ��	 ��� ���8/
���
	0�����>�������X�Y+g	`!%� �����X���)�,.��������������

	`!%� ��� 	0�����g+ ���(����� ��� ����	 ��	$�,���%��� �����Y��� �������

µ = 0
�����(��# #%��+]	'�].��

e! = 0
�

S

Ž
Â/Â

a




J�KkOvykg`n]npŸ/npŸ/^{Kkhj\®h˜\`nuNPnug{ykKkhj\`N hj\šykg{Oa\`O)d4^`Oaz.h˜d�rUykyHO)d8z]h
”

·vª €k¢4›�Kkhj|!K‹eM\`Oa\š^`KkOvg{Oa\`ek™¶^!\

Ÿ g{nuN
�

O)NPNw-C¯h˜d©rUykyHO)dMzkh
”

r�ª

��¾

£•]ŽO@

Ei
�� ���:�D� ��;Q(^���,���9�`9���G� �&d8��/='.#�� ���� � !G/�9M-,$�O��9 X����&9���X���9 > � ��B4�3�h$#%�&`��6���

-N��9=�0$�,/8-0G�,XR!A�N��; (<���NbN��-0$����� ��9�$��$�O���e��9&1V�fI���E\�+E

j

��$#<��/&W;)�N�2��/2� ��987��+�T�N�"!8/����k�g987��+92�5;)��.� �.- ��9%L

!.�+� ;5�8.�A�+9R�&d8��/=*.#�� �8d�bN�,-, E �[#&�3�[��1����Y;5���+9=�T.#%�8%���&d8/2�0$9��N� �	G� -:��;)�:����� �M��9�G�:�k9%�+1�(*���:��;5�+����k�

�3�e�8-G#&�O������X%E
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	&	'�(���)�*�,+-�*.,/
���
	0� R

��¾ 
£•]ŽO@

9W
��8�g9M-N�6$#<����(M� (^�+1A�J��� -N��;Q(^/&G�,X ��9S$#<�6.�:�8-
����987 (<�N�&-N��� ��I

j

�`-N��/�1.X)/_�:�J��[����1O�:1V�Z��

-N��9=�0$�,/8-0	�)X���-���/,(<1A��Xh$���+9%�D1A�8.�A�+9h��� �N���0I=��E 7<EadN� X����&9&��987

eº = e0
p

±

Cc•A³

��9=�0��N�8XS�+!�$#��8`X����&9���XZ�g9 > � �+B,E �[#��C$���+9=� 1A�8$�O�+9 �:�k���+�C> ���0B6�3��X��,-N��/0(<1O�,XZ!A���+; $#��'���8��&$�O��9

;)��.�A�+9 � �g9*-��

e0
p = K ¡ 1ep = K ¡ 1K t = t

>�9��k7f1A��-0.�g987S�:�k�N���k� ��9

K
B�E�� �

j

��������IM��! $#<�'�8d�bN�,-,

�3� (<1A�+9%���6.#��:9 ��9�� �3�e9���T�0/���� �g!J$#��`���,-N�2�+�:����X

ep
-����k�N����(^��9MX_�`�� .#��'.�0/f�`����1�/&$�O��9�>�d8�,-��8/2���

;)���N�4.#%�+9 ��9�� �8X2;����k� ��d+1O�R����1�/&$�O��9 X����N�Q�kU8���0$B,E�� �+���:�,$#���1A�N� ��I	$#<�5-���/,(<1g��987h��9H> � ��B6���`9���e�

;5��bN���C-��+9M-���� 9H�� .#��)����&d+��1��.�� d8�,-��8/2���5�C(i�8$#�(<1A�+9&9&��987����6(^�:�k!.���k;5��X >3�:�0���=��-0$�O��9 ��B,E��G9

�8X&X2��$�O��9PG�F.#�� (^��� � ��d�1A�Q;)�&X2� �M-:�&$�O��9H> ����B0I

j

�5-���/21$XZ��1����5#%�_���4X8���&9���X�$#�� ���8��&$�O��9%��1	�:�k���+�

X2�
	*�:�N�:9�.1 �fI%�0/8-G#F�����

[e! ]£ = 2[¹ ]£ = H ¡ H > ;
±

Ca•4³

G�Y�N��(<1A��-N�

H ¦ ¡ H >
¦

�2��X����&9<�,X ��9h>�DB0I+�g9'�8/��*78�:9<�:���+1.If/�9&� ���,X !A���+;)�

j

��� �ME��`�

j

�+���:�0I,�N�:;5��� �2�&d+1A�

��;Q(<���_���:;)��9�.�e����� ��-�#&�A�+���,Xh$#&�N��/+7f#

e!
��� X����=9��,X4��9P> � ��B0I

j

#&�.-�#Z����� �0��&���X��g9��	���N��1�1A�+��� �_E
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!%� #Y����#%�O�
��+]	 �O� � ���X� ��	$�,���

e =
£
e>

º ; e>
!

¤>
2 R6 ����������� ��� �H����� ������� �����	$�,��� ��� 	`!%� ��� �

e¦ =
£
e>

º ¦ ; e>
! ¦

¤>
2 R6

+ ��� �Y��+H������� � ����� ����#Y��� � � ��	�! � .`/
����	0� ���"���
.���	$������� ��!%��#%� ��
c���������O�
��� 	`!%� #Y����#%�O�
��+b������	$� ���

�
�������h����� ��� � �����"�c��	$� ���)�!X	 ������� ����+-#%��	�! # � ��� ����� �!�0��!���� � ��� � ����	$�,���"�#�$�%$ �X��	`!%�
���(����� �����X�

# � � /
���
	$������������� �X� ��	$�,��� �Y��	0�X���������c�
�Y����� #%�O���
��� 	`!%� !��*.����,+H������	$�������
�������

e0
¦ =

£
e0

º
>
¦ ; e0

!
>
¦

¤>
=

£
(®m ¡ m ¤)> ; µu>

¤>
2 R6; ® > 0;

# ����#%������+-���'&�(*) � � !X�,��! � ���
�X��� ���g�-��������
� �(�
	0���,�K����	$� �K��	'�

�� 	`!%���Y��� �K���������
	'������� 	`!%�M#Y� ���Y���>	 ���0����	 �����>����������������� �

e0
! ¦

�

S

Ž
Â/Â
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J�KkO,ykg`n]npŸ�npŸ�^{KkOa\`O�\q^!wˆ^`OaNPO)dA^!\�hj\�ykg`Oc\_OadA^`Ocz�h˜d©rxyMyHO)dMz]h
”

·Sª 1kª

�	��� ���#$ , �� � ( T� � �%� ��� � � � �^� �D���/� 4 � �)���/4#� � �
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!%�K����� 	0������� ���

v = ¤ e; ¤ = diag(¸ º I 3; ¸ ! I 3); ¸ º ; ¸ ! > 0;
±

C6†u³

�^!������

v =
£
º > ; ! >

¤>
2 R6 ����� #Y�����
���-	`!%�h	$�����%��� ��	0�,���Y��� ��� +H����	 ��	$�,��� ���M�O�
� �8�
��	0�,��� ��� +H	�!��

������	$����� �
�������

e =
£
e>

º ; e>
!

¤>
2 R6 �O�H+*�,� � ��+ ����� �-�#� ���������X� ���"�D�8����� �O����� #Y	 ��	$�,� ��	'� .����)��	 �

# � ���8�,+ ��+ 	�!���	 	�!��&#%����� 	

m ¤ ���>��!��O�
�
�"������!-	�!���	 ��	,� #��������`� ��.������D��	$���O�>	 � 	`!%��+ ��� ���Y��� 	 #Y�D��� ����
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J�KkOPykg{n[npŸmhj\¯ykg{Oa\_OadA^{Oaz‚h˜džrxykyHOadMz]h
”

·vª ‡M¢/›�Kkh˜|!K²eM\`Oa\S^{KkOPg{Oa\`ek™¶^!\SŸ g{nuN
�

O)NPNw CPh–d

rUykyHO)dMz]h
”

r�ª
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Cc… �����Y��� �������������	��
 ��� ���

¸ h¶^{K%g`Oc\_yHOc|�^S^`n‹^`KMO•yMwug{wu™˜™˜w ” |�nAdMz]h–^`h˜nud‚h–d²J�KkO)nAg`OaNÅ€k¢H^`KkOag`Obwu™–›�wcZ]\UO ” hj\q^¯w‹yHnuh˜dA^¯›�Kkhj|{K

KMwA\ !)O)g{n�yMwug{wu™–™jw ”

±

wpd8z‚^`K[eM\�|)wpd²tHO|!Kkn4\_Oad²wu\v^`KMO|)nud4^`g{nu™�yHnAh–d4^!³¯\_h˜dM|)Ou¢�h–d²^`KkOPŸ nAg`N¦ek™jwˆ^{h–nAd/¢

^{KkO�z]nuNPh˜dMwpd4^xyk™˜wudkO��vwp™˜›®w6Z]\�|�g{nA\{\`Oa\š^`KkO,nAt[oqOc|�^cª
J�KMO)g`O)Ÿ nug{Ou¢[^`KkO¦|�™˜nA\`Oaz[¡º™–n]nuy�\`Z]\q^{O)N�h˜\xwu™–›®w6Z]\

™˜n]|)wu™–™˜Z�wA\_Z[NPy]^{np^{h˜|awp™˜™–Z�\q^!wptk™˜Ouª	�Un6›®O)—uO)gc¢kŸ nugUg{nutke8\q^{dkOa\{\�g{Oawu\`nud8\)¢kh–^Sh˜\S|�nAd4—uO)dMh–OadA^x^{n‹|!Kkn[nA\`O�w

yHnAh–d4^x|)™–n4\_Ov^`nb^{KkO�|�OadA^{O)g�nuŸ�^`KkO,nAt[oqOc|�^aª

� �

�,	�"

�

�������������

rU™¶^{Kknuek„AK²^`KkO.NPO�^{Kkn]z²hj\,g{nutkeM\_^¯^{n2™jwpg{„uOP|awpNPO)g!w�|awp™˜h–tMg{wp^`h˜nud%Oag`g{nug!\)¢/h–^�hj\�z]Oc\_h˜g!wptk™˜Ob^`KMwp^,^{KkO

^{g{wˆoqOa|�^`nAg`Z•nuŸ¤^`KkOv|)nudA^{g`nA™MyHnuh˜d4^šh˜d^{KkOSh–Nwu„uOxtHOvwu\š|�™˜nA\`O)™˜ZPwu\myHnA\{\_h˜tk™˜O�^{n•w¦\_^`g!wph˜„uKA^š™–h˜dkOAª�¸÷h–^{K

^{Kkh˜\a¢kwb™˜wug`„AOvz]nuNwph˜d�npŸ�|�nud[—uO)g{„uOadM|�OUŸ nug®^{KkO¯—[hj\_eMwu™¤\_Oag`—unAh˜dk„¦hj\�wu|!Kkh–Oa—uOaz�\`h–dM|)Ov›®OvOad]Ÿ nug!|�OS^`K8wˆ^

wp^®™–Ocwu\_^®\`eM|!K�w�yHnAh–d4^�wu™–›®w6Z]\mg`OaNwph˜dM\mh˜d.^`KMOSh˜Nwp„uOAª�»knAgm^{Kkhj\)¢]h–dM\_^`Ocwuz.npŸ�z]g{h˜—4h˜dk„

e(t) ¡ ! 0
wud

wuykykg`nAykg{h˜wp^`OxyMwˆ^{K.^`g!wu|!¥[h–dk„

e(t) ¡ ! e¤(t)
h˜\šyHOag_Ÿ nAg`NPOcz¤ª�J�Kkhj\šh˜\®wA|)|�nANPyk™–hj\`KkOazt4Zg`Oa„uek™jwˆ^{h–dk„•w

^{h–NPO�¡º—ˆwug`Z[h˜dk„b|)nud4^`g{nu™@Oag`g{nug

e0(t) = e(t) ¡ e¤(t):
±

C8Q4³

·®ZwptkeM\`OUnpŸ/dMnp^{wp^`h˜nud/¢4›šOSg`Oaykg{Oa\`O)dA^šh˜d^{Kkh˜\�\_Oc|�^`h˜nud

e¤ wu\
^{KkOvz]Oc\_h˜g`Ocz|)nud4^`g{nu™8O)g{g`nAg
—ˆwu™–eMO�^{n¦tHO

wA|{Kkh˜O)—uOcz¤¢@h˜dM\_^`OawAzœnpŸšw�—ˆwp™˜ekObz]O �MdkOaz‚›�h–^`K%g{Oa\`yHOa|�^U^{n‹^{KkObg{O�Ÿ O)g{O)dM|)O�Ÿ g!wpNPObwA\U^`Kkg{nueM„uKknAe]^U^{KkO

wug_^{h˜|)™–OAª

J�KkOv\_^`g!wˆ^`Oa„uZbykg{Oa\`O)dA^{Oaz.h˜d.^`Kkhj\�\_Oa|�^`h˜nud‹h˜\®zkh¶¼@O)g{O)d4^šŸ g{nuN � Q��º¢4›�KMO)g{Ox^{Kkh˜\®™jwˆ^_^{O)g®hj\®|�nANbyHn4\_Ocz

t[Z‚^{Kkg`OaO.ykKMwu\`Oa\¦wpdMzžg{Oai4ekh˜g`Oc\,wœ|�n4wpg!\_OPNPO)^`g{h˜|Oc\q^{h–Nwˆ^{O.npŸ�^`KMO.dknAg`Nwp™m—uOa|�^{nug�nuŸ®^{KkO‹yk™˜wudMwpg

^!wpg{„uO�^cª�«¬dMz]O)Ocz¤¢pwU\`h˜NbyM™–O®\_^`g!wˆ^{O)„uZvhj\�\`Kknˆ›�d,^`nStHO®\_e �|)h–OadA^�^`nvwˆ^`^{wph˜d�nAekg�ykekg{yHnA\`Oa\a¢ch:ª Ouª�›�h–^`KknAe]^

g{Oai4ekh˜g`h˜dk„œwpd[Z%NPO�^`g{hj|h–d]Ÿ nAg`Nwp^`h˜nud“wudMzžtHO)h˜dk„œh–d8z]O)yHO)d8z]O)d4^•npŸ�^{KkO‹nut]oqOa|�^c§ \•\_K8wpyHO‹wpdMzžnpŸ�^{KkO

|awpNPO)g!wk§ \šNPnu^`h˜nud/ª
J�Kkh˜\�hj\�z]eMOv^{nb^{KkO,ykg`nAyHO)g`^`h˜Oa\®nuŸ�^`KkO,yMg`nAy8n4\_Ocz�|�nud4^`g{nu™¤O)g{g`nAg

±

Ca‡4³�°

�

›šOdkO)Ocz‚^`n©yk™jwud‚^{KkOP^`g!wˆoqOa|�^{nug{Z2npŸ®nudM™–ZœnAdkOPyHnuh˜dA^c¢�›�Kkhj|{KžNbOcwpdM\v^{KMwˆ^�ykK4Z]\`h˜|awp™˜™–Zœ—pwp™˜h˜z

|awpNPO)g!wb\_h–^`eMwp^`h˜nudM\�wug`O,wp™˜›®wcZ]\�\`yHOa|)h��8Oaz¤´

�

^{KkO,ykg`npoqOc|�^{h–—uO,w
”

hj\_¡ºwpdM„u™˜OSyMwpg!wpNPO�^{O)g{h !cwˆ^`h˜nud�wu™–g{OawAz]Zykg{n6—[hjz]Oa\®Ÿ nugxwP\`NPn[np^{K‹^`g!wˆoqOa|�^`nAg`Z@´

�

„Ah–—uOad‹^{KkO,h˜\`nuNPnAg`ykKMh˜\`N©¢4^`KkOag`O,h˜\�dkn\`h–dM„uek™jwpg{h¶^qZ.nug�™˜n]|awp™¤Nbh˜dkh˜Nwbh˜d�^`KkO,™jwpg{„uOuª

J�K[eM\)¢4w¯™˜h˜dkOawugmz]Oa\`h–g{OazbyMwp^`K

e¤(t) =
£
e¤>

º (t); e¤>
! (t)

¤>
; 8t 2 [0; T]

¢4\`eM|!Kb^{KMwˆ^

e¤(0) = e(0)
wpdMz

e¤(T) = 0
¢M|)wpd�tHO,OawA\_h˜™˜Z.|)nudM\_^`g{eM|�^{Oaz¤°

e¤(t) = e¤(0) +
¡
e¤(T) ¡ e¤(0)

¢ t
T

= e(0)
µ

1 ¡
t
T

¶
:

±

C8R4³

QUO)—uO)g`^`KMO)™˜Oa\{\)¢]NPnp^{h–—ˆwp^`Ocz‹t[Z.^`KkO¯Ÿ¹wA|�^

±

\`O)Ov^{KkO,g{Oa\`ek™¶^!\®Ÿ g`nAN
�

O)NPNw-C¯h–d2rxyMyHO)dMz]h
”

rS³š^{KMwˆ^

e! =
¹

k¹ k
Á ¡ ! uµ

wu\

t ¡ ! 0;
±

€p…A³

�

È �[Ò:ÇcÖ
Ì�Ø��>Öqò¬Ò�ÈÊÉ/ß6Ì!Ò�Ñ6ÐÓÏ!ßˆÏ!Íqê6Ò>Ç6ÈÊÉ�Ñ6ÐÓÏ!ß6Ö•ÈÊÉ¤öaÈÊÍ¹Ò>ÕˆÏ!Ðjá

ìíî�ï/ìíÚ
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›�Kkhj|!KbNPOawpdM\�^{KMwˆ^•h–Ÿ

t = 0
^`KkOadb„AO)n]z]Oc\_hj|mg{np^!wˆ^{h–nAdM\�›�h˜™˜™]tHO�h˜dMz]eM|)Oaz¤¢u^`KkO�g`nu^{wˆ^{h–nAdMwp™[yMwpg`^�nuŸ

±

C8R4³

hj\�\`™–h˜„uK4^`™˜Z‹|!KMwudk„uOcz‹h˜dA^`n

e¤
! (t) = e! (t ¡ 1)

µ
1 ¡

t
T

¶
;

±

€XC6³

›�KkOag`Ov^{KkO,dknp^!wˆ^{h–nAd

e! (t ¡ 1)
g{O�Ÿ Oag{\®^`nb^{KkO,™jwu\_^�—ˆwp™˜ekO¯npŸ

e!
ª

J�KkO)g{O�Ÿ nug{Ou¢�|)nudM\`h˜zkO)g{h–dk„ w÷NPnp^{h–nAdk™˜Oa\{\©^{wug`„AO�^‚wpdMzµ›�h˜™–™˜h˜dk„ ^`n g`Oa„uek™jwˆ^{O

±

C8Q4³�¢,^`KkOF|�nAdA^`g{nu™

™jwc›

±

Cˆ†p³šhj\®^{g{wudM\_Ÿ nug{NbOcz‹h–d4^`n

v = ¤ (t) e0(t) +
@e¤(t)

@t
;

±

€u€A³

›�KkOag`Ov^{KkO¯Ÿ O)Oaz]¡>Ÿ nAg`›®wug{z.^`Oag`N

@e¤(t)=@t
wp™˜™–nˆ›x\�|�nANPyHO)dM\{wˆ^{h–nAd�npŸ�^{KkO¯^`g!wu|!¥[h–dk„bOag`g{nug�wpdMz

¤ (t) = diag
¡
¸ º I 3; ¸ ! (t)I 3

¢
±

€�14³

=

"
¸ I 3 0

0 ¸ exp(¡ ° keº (t)k)I 3

#

; ¸; ° > 0;
±

€ˆ‡4³

hj\.wpd wuzMwpy]^{h–—uO2„Awph˜d Nwˆ^{g`h
”

wp™j\_nžNPnu^`h˜—ˆwˆ^{Oaz t4Z

±

€u…A³�°

¸ ! (t)
hj\.\`NPwu™–™�Ÿ nAg.™˜wug`„AO

keº (t)k
wpd8z

¸ ! (t) ¡ ! ¸
wA\

keº (t)k ¡ ! 0
ª

� �

��������	��

«¬d�^{Kkhj\�\`Oa|�^`h˜nud/¢k›šO¯g{O)yHnug`^�wPz]h˜—uO)g!\_O,\_O)^�npŸ�g{Oa\`ek™–^{\®^`nP—pwp™˜h˜zMwˆ^`O¯nuekgxz]h˜g`Oc|�^�—[hj\_eMwu™/\_Oag`—unAh–dk„•^`Oa|!K]¡

dkhji4ekOuª•¸%O¯eM\`OU^{KkO¯›šnug!z �_z]h˜g{Oa|�^�x^{nbO
”

ykg{Oa\{\mtHnu^`K‹^{KMwˆ^�^`KkO)g{Ovh˜\®dMn¦Ÿ Ocwˆ^{ekg`OvO
”

^{g{wA|�^`h˜nud‹ykg{n]|�Oc\`\a¢

wudMzœ^`KMwp^¯^`KkO|)nud4^`g{nu™�O)g{g`nAgvwpd8z%|�nAdA^`g{nu™�™jwc› wpg{Ob|)nuNPyke]^{Oaz%eM\`h–dk„©nudk™˜Z2h˜Nwp„uObNPOawA\_eMg`O)NPOadA^{\aª

»Mnug�^`KkOah–gb|�nuNPykek^{wˆ^{h–nAd/¢�wp™˜™mykh
”

O)™j\�›�h–^`Kkh˜d�wpd£wpg{Oaw©npŸ�h˜dA^{O)g`Oc\q^bwpg{OO
”

yk™˜nuh–^`Ocz¤ª2»knAg¦wu™–™mg{Oa\`ek™–^{\a¢

^{Kkh˜\Pwpg{Oaw2hj\bz]O)™˜h–NPh–^`Ocz£t4Z£wœg`Ocz“„ug{hjz¤ª²J�KkO�—[h˜\`eMwp™�\_O)g{—unAh–dk„2^{wA\_¥“|�nAdM\_hj\_^{\¦h˜d�yHnA\`h¶^{h–nAdkh–dM„2^{KkO

|awpNPO)g!w¯›�h¶^{K.g`Oc\_yHOc|�^
^`n•w,g{h–„Ah˜zPnut]oqOa|�^šh–d8z]O)yHO)d8z]O)d4^`™˜ZPnpŸ¤h–^{\š\`KMwpyHOAª�»knAg
^`Kkhj\)¢[w�g`O)ŸíOag`OadM|�Oxh˜Nwp„uO

hj\,\q^{nug{Oaz‚wp^v^{KkOPg{O�Ÿ Oag`O)d8|�O

±

z]Oc\_h˜g{OazM³SyHnA\`Ouªbr�Ÿí^{O)g¦z]h˜\`yk™jwu|)h–dk„�^{KkO|)wuNPO)g!w

±

›�Kkh˜™˜\_^¯^{g{wA|{¥[h˜dk„‹^{KkO

nAt[oqOc|�^�h˜d�^`KkO,h–Nwu„uOc³m^`nwpdknu^`KkOag�yHnA\`Ou¢4^{KkO¯nAt]oqOa|�^{h–—uO¯hj\®^`KkOad�^`nz]g{h˜—uOS^`KMO,|)wuNbOag{w•tMwu|!¥P^{nb^`Kkhj\

z]Oc\_h˜g{Oaz.yHn4\_OAª�«º^x\`Kknuek™jz‹tHOvdknu^`Oaz.^{KMwˆ^�^`KMOS^{Oa|!KkdkhjiAeMOvhj\�wu™˜\`n•h–d8z]O)yHO)d8z]O)d4^�npŸ�^{KkO¯zkh˜\`yk™jwu|�OaNPO)dA^

tHO�^q›šOaO)d‹^{KkO¯h–dkh–^{h˜wu™¤wpd8z‹zkOa\`h–g{Oaz‹y8n4\_Oc\)¢[h:ª OAª�h–^�Nw6Z.|�nANPykg`hj\`OUyMekg`OS^{g{wudM\`™˜wp^`h˜nudM\a¢4ykekg{OSg{np^!wˆ^{h–nAdM\

nAg,w�|�nAN¦tkh–d8wˆ^`h˜nud%nuŸštHnp^{K/ªb«¬d²nug!z]O)gv^`n©KMw6—uOPw�g{Oawu™�„ug{nuekdMzœ^`g{e]^`K/¢�›®OP|)nudM\_^`g{eM|�^{Oaz%\`Z[dA^`KMO�^`hj|

nAt[oqOc|�^{\¦npŸUz]h¶¼@O)g{O)d4^b\`KMwpyHOa\¦wudMz¤¢�^`n%\_h˜N¦ek™jwˆ^{O.g{Oawp™˜hj\q^{h˜|.\_h–^`e8wˆ^`h˜nud8\¦wu\¦|)™–n4\_Oa™–Z²wu\�yHn4\`\`h˜tk™–OA¢�g`Ocwp™

^{O
”

^`ekg{Oazžh–Nwp„AOa\�wpg{OPNwpykyHOcz²nud4^`n©^{KkO)N©ª�»Mnug¦wu™–™mh–Nwp„AOa\�\_Kknˆ›�džKkO)g{Ou¢�tM™–ekO.Nwpg{¥]\,wpg{OPe8\_Ocz

^{n2z]Oaykh˜|�^,^{KkONPnp^{h–nAd²npŸš^{KkO.|�nAdA^{g`nA™�yHnAh–d4^

±

m ¤ h˜d
’

iHª

±

C)‡[³_³vh–d²^{KkOh˜NPwu„uOPyk™jwpdkOA¢�›�Kkh˜™˜\_^�h–^{\

yk™jwpdMdkOazy8wˆ^`K‹hj\mykg{npoqOa|�^`Oaz.h–d‹„ug{O)Oad/ª�J�Kkh˜\š™jwˆ^`^`O)g®h˜\m^qZ4yMh˜|awp™˜™–Z|�nANbyHn4\_OczPnpŸ

1000
yHnuh˜dA^!\m›�h–^`K�wud

wAzkwpy]^{h–—uO¯„Awuh˜d

±

€p‡4³š›�h–^`K

¸ = ° = 10
ª

«¬d�»�h˜„Mª CA¢[h¶^�h˜\�\`Kknˆ›�d.^`KMwp^®^`KMOvykg{nuyHnA\`OazNPO)^`Kkn]z�|awpd�|)nuyHOS›�h–^`K�yM™˜wudMwpg®nut]oqOa|�^{\a¢[h˜dM|�™˜eMz]h˜dk„

^{K4eM\®^{KkO¯ykg`Oa—[h–nAeM\_™˜ZPyMg`nAyHnA\`Oaz^{wu\`¥PŸ ekdM|�^`h˜nud

±

†p³š›�Kkh˜|!K�h˜\�z]Oa\`h–„AdkOaz.Ÿ nAg®^`Kkhj\�yMwpg`^`hj|�eM™˜wug�\_ekg`Ÿ¹wu|)Ouª

J�KkO•|�nAdA^{g`nA™/™jwc›µhj\U\_^{wutk™–OA°štHnu^`K2^`g!wpdM\`™jwˆ^`h˜nud8wp™�wpdMz©g{np^!wˆ^{h–nAdMwp™/—uO)™˜n]|)h¶^{h–Oc\U|�nud[—uO)g{„uO¯^`n#!aO)g{nMª�r®^

|)nud4—uOag`„AO)dM|)Ou¢H^`KMOP—[h˜\`eMwp™�h˜d]Ÿ nAg`Nwˆ^{h–nAd%|)nuh˜dM|�hjz]Oa\¯›�h¶^{K%^`KkOPg{O�Ÿ Oag`OadM|�Obh–Nwu„uOu¢�wpdMz‚^`KkO|awpNPO)g!w‹h˜\

yHn4\_h–^`h˜nudkOczœwp^S^`KkObg{O�Ÿ O)g{O)d8|�O¦yHn4\_O•—uO)g{Z©wA|)|)ekg{wp^`Oa™–ZAª
’

g{g{nug!\x™˜Oa\{\U^`KMwud C)NPN Ÿ nugS^`KMO¦^{g{wudM\`™˜wp^`h˜nud

ï�ï ß�iMä���ä�ñ
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wudMz%™–Oc\`\v^`KMwudž…kªDC ± Ÿ nug¯^`KMOPg{np^!wˆ^`h˜nud²wpg{OPwu|!Kkh˜O)—uOaz/ªP»�h–„Aekg`OhCwp™j\_n©\`Kkn6›x\v^`KkOO)—unA™–ek^`h˜nud%nuŸm^{KkO

f®wug_^{Oa\`h˜wud©z]hj\`yk™jwu|�OaNbOadA^

±

h˜dœNPO�^{O)g!\Uwpd8z©h–dœg!wuz]hjwpd8\{³�ª�J�KkO¦tk™–ekO¦Nwug`¥]\�h˜d2^`KMO¦g`O)Ÿ O)g{O)dM|�O�h˜Nwp„uO

z]Oaykh˜|�^�^{KkO�\_^`g!wph˜„uK4^�™˜h˜dkO®yHO)g`Ÿ nug{NPOaz�t4Z¯^{KkO�|)nudA^{g`nA™4yHnuh˜dA^a¢uwA\�z]Oa\`h˜g`Ocz¤ª�«¬d¦^{Kkhj\�\`wuNPO®\_O)^�npŸMg{Oa\`ek™–^{\a¢

wœ|�nANby8wpg{h˜\`nud²nuŸ®^{KkO‹t8OaKMw6—4h˜nAg,nuŸ®^{KkO�|�nAdA^`g{nu™mO)g{g`nAg{\¯t4Z²eM\`h–dM„©^{KkO.^¬›šnœNPO)^`Kkn]zM\

±

zkO �MdkOczžt[Z

±

†p³¯wudMz²nuekg!\!³v|)wud²tHO‹\_OaO)džh–dž^`KkO.tHnp^`^`nANWyk™˜np^!\)ª‹¸²O.|awpdžnutM\`O)g{—uOb^`KMwp^¦w©g{wuykhjz]™–Z‚h˜dM|�g{OawA\_h˜dk„

g{np^!wˆ^`h˜nud8wp™¤O)g{g{nug�hj\xnut]^!wph˜dkOaz©t4Z‹^{KkO�O ” hj\q^{h–dM„P^`Oa|!Kkdkhji4ekOuª�J�KMh˜\xtHO)K8wc—[h˜nug�Nw6Z‹™˜OawAz�^`nŸ¹wph˜™–eMg`O,nuŸ

^{KkOx\`Z]\q^{O)N©ª��mO�^mwudknp^{KkO)g•h˜NPykg{n6—uOaNbOadA^m|�nAdM|�O)g{dM\•w¯yHnA\`h¶^{h–nAdkh–dM„S^!wu\`¥�ŸínAg
w¯g`nu^{wp^`h˜nud•nuŸ

µ = 180± ¢

›�Kkhj|!K |)wudkdknp^‹tHOœyHOag_Ÿ nug{NPOaz t[Z�^{KkO‚O ” h˜\_^{h–dk„£NPO�^`KMn]z¤ª J�KkO‚g`Oc\_ek™–^{\‹wu|!Kkh˜O)—uOcz t4Z eM\`h–dM„ž^{KkO

ykg{nuyHn4\_Ocz¦^{wA\_¥¦Ÿ eMdM|�^{h–nAdPŸ nAg
^`Kkhj\š|)wu\`Oxwug`O�ykg{Oa\`O)d4^`Oczbh˜d.»�h˜„Mª•€k¢4wpdMzP›�h–^`KknAe]^®wpd4Z•y8wˆ^`K.yk™˜wudkdkh˜dk„M¢

h:ª OAª8eM\_h˜dk„ ’ i8ª

±

Cˆ†p³�›�h–^`K

¸ º = ¸ ! = 1
ªUX[h˜dM|�O•wykeMg`O�g{np^!wˆ^{h–nAd©h˜\U„uh˜—uO)d/¢M^{KkO¦g`Oc\_ek™–^U›�h˜™˜™�t8O�^{KkO

\{wpNPO•g{O)„4wpg{zk™–Oc\`\x^`KkO\_KMwuyHO•nuŸ
^{KkObnAt[oqOc|�^,wudMz‚\`n�›šObe8\_OPw�\_ykKkOag`OAª�QUO)—uOag_^{KkO)™˜Oa\{\)¢¤h–^¯hj\¯\_Kknˆ›�d

h˜d©»�h˜„Mª 1¦^{KMwˆ^�^`KMOv^{Oa|!Kkdkhji4ekO,|awpd©wp™j\`nPz]Oawp™/›�h¶^{K�^{Kkhj\�dMnud]¡ºyk™jwpdMwpg�nut]oqOa|�^�eMdMz]O)gxg`nu^{wp^`h˜nudMwu™@wudMz

^{g{wudM\_™jwˆ^{h–nAdMwp™kz]h˜\`yk™jwu|)O)NPO)dA^!\

±

µ0 = 84± wudMz

kt 0k = 0:72
N.³�›�h¶^{Kknue]^myHO)g`Ÿ nug{NPh–dM„¯wud4Z•wAzkz]h–^`h˜nudMwu™

NPn]z]h �8|)wp^`h˜nud�ª

&

dM|�Oxwu„Awuh–d/¢unutM\`O)g{—uO®^`KMwp^
^`KkOU|)nudA^{g`nA™]yHnAh–d4^•Ÿ nA™–™˜nˆ›x\•w�\q^{g{wuh–„AKA^•™˜h˜dkOxh–dP^`KkOxh˜Nwp„AOuª

«¬d�™jwu\_^P\`O�^PnuŸUg{Oa\`ek™¶^!\)¢
›®O�\`O�^Peky w²|{KMwu™–™˜O)dM„uh˜dk„%\{|�OadMwpg{h˜nM°P^{KkO�nAt[oqOc|�^P›®wA\bwpdFK4Z[yHO)g{tHnu™˜h˜|

yMwug{wutHnu™˜nuh˜z

±

^{KkOKknug!\_OA§ \¯\`wAzkz]™˜Oc³�´�^`KMOPeM\`OazœŸ nk|)wp™•™–Oadk„p^{KM\¯›šO)g{OPwp™˜NPnA\_^v^`KkO.z]nuektk™˜OPnpŸm^{KkOb^{g`eMO

nAdkOa\a¢•h>ª Ouª�h–dM\_^`Ocwuz£npŸ

f u = f v = 500
›šO�eM\`Oaz bf u = 900

wudMz bf v = 800
´®wpdMz�w‚™˜wug`„AO.h–dMh¶^{h˜wu™

z]hj\`yk™˜wA|�O)NPOadA^

±

µ0 = 162± wpdMz

kt 0k = 0:3
N.³v›®wA\¯|awpg{g`h˜Oaz‚nue]^cª

’
—uO)džh˜d%^`KMh˜\�|)wA\_OA¢¤^`KkO—[hj\_eMwu™

\`O)g{—unuh˜dk„b›®wu\�yHOag_Ÿ nAg`NPOcz�\`eM|)|)Oa\{\qŸ eM™–™˜ZuªšX[O)O�»�h˜„Mª
‡bŸ nug�^`KkO¦|�nug{g{Oa\`yHnudMz]h˜dk„•g{Oa\`ek™–^{\aª
J�Kkhj\xz]O)NPnudk¡

\_^`g!wˆ^{Oa\m^`KMwp^®^`KMOvykg{nuyHnA\`OazP^{Oa|!KkdkhjiAeMO¯wp™j\`n•|�nAyHOa\š›�h–^`K�dMnud]¡ºyk™jwpdMwugšnut]oqOa|�^!\)¢[^`KMwp^®^`KMO¯\q^{g!wˆ^`Oa„uZPh˜\

g{nutkeM\_^®^`nb™jwpg{„uOSO)g{g{nug{\šh–d�^`KkO,|)wuNPO)g!wk§ \mh˜dA^{O)g{dMwp™@yMwug{wuNPO�^`Oag{\a¢[wpdMz.^{KMwˆ^�^{KkO¯\`O)g{—unuh˜dk„•KMwu\�w•—uO)g{Z

™jwpg{„uO¯z]nuNwuh–d�npŸ�|)nud[—uO)g{„uO)d8|�Ouª

�

2
�����š���������¦���

«¬d¦^`Kkhj\�y8wpyHO)gc¢ˆ›šO®KMwc—uOšyMg`nAyHnA\`Oaz�wUdkOa›�wuykykg{nAwu|!K,^`nv—[h˜\`h–nAd]¡ºtMwu\`Oaz�|�nud4^`g{nu™A^{KMwˆ^•z]n]Oa\�dknu^�g{Oai4ekh˜g{O

nAg¯Oc\q^{h˜NPwp^`O.wpd[ZœNPO)^`g{h˜|Ph˜d]Ÿ nug{NPwp^`h˜nud/ª

&

ekg,„uOadkO)g!wp™�^`Oa|!Kkdkhji4ekOhj\,h–d8z]O)yHO)d8z]O)d4^¦npŸš^{KkOnAt[oqOc|�^a§ \

\`KMwpyHO�wpdMz“nuŸ�^{KkO�|)wpNPOag{wM§ \�Nbnu^`h˜nud/ª%J�K4e8\)¢•›šO�zknœdMnp^•g{O)™˜Z²nud£ykg`h˜nug¦¥[dknˆ›�™˜Oaz]„AO

±

™˜Oawuzkh–dk„œ^`n

\`Z]\q^{O)N��MO
”

h–tkh˜™˜h¶^qZk³�¢¤wpd8z©›®O•wu|!Kkh˜O)—uO�g{nutMeM\q^{dkOa\{\�^{n‹O)g{g`nAg{\�h˜d2^`KMO•|awp™˜h–tkg!wˆ^{h˜nud©yMwug{wuNPO�^`Oag{\aªxJ�KkO

\`nu™˜Ovg{Oai4ekh˜g{O)NPO)dA^�hj\®^{KMwˆ^�^{KkO,nut]oqOa|�^xKMwA\®^`ntHO¯g{h–„Ah˜z/ª�«¬d©wuzMz]h¶^{h–nAd/¢]^`KkO,—[hj\_eMwu™@^`g!wu|!¥4h˜dk„bO
”

yM™–nAh¶^!\

wu™–™�h–Nwu„uO�h˜d]Ÿ nug{Nwˆ^`h˜nudF›�h–^`KknAe]^.wud4Z“Ÿ Oawˆ^{ekg{O�O
”

^{g{wA|�^{h–nAd�ykg{n]|�Oc\`\a¢mwp™˜™˜n6›�h˜dk„²eM\b^`n“wˆ^`^{wuh–d Kkh–„AK

™˜O)—uOa™˜\npŸ,wA|)|�eMg{wA|�Z“Ÿ nug^`KMO2yHn4\_h–^`h˜nudMh–dk„“›�Kkh–™j\_^.tHOah–dk„£|)nuNPyke]^!wˆ^{h–nAdMwp™˜™–Z�O��.|�h˜O)d4^aªGJ�Kkhj\™jwˆ^`^`Oag

\_^`g{O)dk„u^`K�h˜\�wp™j\`n•h–NPyHnAg_^!wpdA^�\`h˜dM|�Ovg{Oawu™¶¡:^`h˜NPOSyHOag_Ÿ nAg`Nwpd8|�OSh˜\�wp™˜›®w6Z]\®w•Nw6oqnAg�|�nud8|�O)g{d‹h˜d�g{nutHnu^`hj|

\`Z]\q^{O)N\)ª,»�h–d8wp™˜™–ZA¢H^`KMO•ykg{nuyHn4\_Ocz2|)nudA^{g`nA™�™jwc›O)dM\`ekg{Oa\Sw‹—uOag`Z©™jwpg{„uO¦zknuNwph˜d‚npŸš|�nud[—uO)g{„uOadM|�O,Ÿ nAg

^{KkO\`O)g{—unuh˜dk„�zkekOb^`n2w�\_^`g!wph˜„uK4^_Ÿ nAg`›®wug{z2yMwp^`K²yk™jwpdkdkh˜dk„2\`|!KkO)NPOAª �UO)dM|)Ou¢�—4hj\`eMwp™•\`O)g{—unuh˜dk„‹^{wA\_¥]\

|awpd�tHO¯yHOag_Ÿ nAg`NPOaz�z]Oa\`ykh–^`O,™˜wug`„AOvh–dkh–^`hjwp™�zkh˜\`yk™jwu|�OaNbOadA^!\)ª

�

������U� ����(�� �����•	��

J�Kkhj\
›šnug{¥�hj\
wu™˜\`n¯yMwug_^{h˜wu™–™˜Z¦\`ekykyHnAg_^{Oazbt4Z¦^{KkO f®rxl
’

XP»MnueMdMzkwˆ^{h–nAdbeMdMz]O)gm„ug!wpd4^•dkn8ª�CQ*QA•4¨ˆ…�1ˆ¡q†[¢

wudMz�t4Z.^{KkO,h–d4^`Oag`dMwp^`h˜nudMwu™¤wu„ug{O)O)NPOadA^�»]rxl
’

X[l•¡º«qQUs�«qr}ekdMz]O)gx„ug!wpd4^�dkn8ª•…u‡[¨ C1p‡u•4†c¡¬•]ª

ìíî�ï/ìíÚ
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fšnAdM\_hjz]O)g¦w 1�� yHnuh˜dA^c¢�›�Kkhj|{K“KMwA\�|�n]nug!z]h–d8wˆ^`Oc\

X ¤ = [X ¤; Y ¤; Z ¤]>
g{O)™jwˆ^`h˜—uOP^`n2^`KkO‹g`O�Ÿ Oag`OadM|�O

Ÿ g!wpNPOu¢kwpdMz‹h˜d‹Ÿ g{nud4^�nuŸ�^`KkO,|)wuNPO)g!w

Z ¤ > 0
ª�«º^!\�™–n]|awˆ^{h–nAd�|)wpd�tHO¯O ” ykg{Oa\{\_Ocz.›�h¶^{K�g{Oa\`yHOa|�^š^{n•^{KkO

|)ekg`g{O)d4^�|awpNPO)g!w¦Ÿ g{wuNPOv^`Kkg{nuek„AK

X = R X ¤ + t :
±

€u•A³

fšnAdM\_hjz]O)g�^{KkO‹ykh˜dkKknu™˜O‹Nbnkz]O)™:ª2«¬d“^`Kkhj\•|)wA\_OA¢�^`KkO‹yMg`npoqOa|�^`h˜nud“npŸ

X ¤ wudMz

X
h˜d“^`KkO‹dMnug{NPwu™–h"!)Ocz

h˜Nwp„uO¯yk™jwpdkO¯hj\�g`Oc\_yHOc|�^`h˜—uO)™˜Z

m ¤ = [x¤; y¤; 1]> =
1

Z ¤ X ¤ wpdMz

m = [x; y; 1]> =
1
Z

X :
±

€p•4³

�

�

�����¯	����¦� +%�®	H�}����� 	�"��W	����1���ˆ�����
	������ ����(#�®� �������'$%�����

� O�^�eM\�\_^{wp^`O¯wpd�h–NPyHnAg_^!wpdA^�g`Oc\_eM™¶^�›�Kkhj|{K�hj\®™jwpg{„uO)™˜Zbe8\_Oaz.^{Kkg`nAek„uK.^{Kkhj\®g{O)yHnug`^aª�»Mnug®^`Kkhj\)¢]dkOa„u™˜Oa|�^

Ÿ nAg�^`KkO,NPnuNPO)d4^�^`KkO,Oag`g{nug!\šh–d�^`KMO�|)wpNPOag{wM§ \®h˜dA^`Oag`dMwu™¤yMwug{wuNbO)^`Oag{\aª

+

¾

 
“•

3 � ;

•kŒ8@ba �

6

•p•7
Â

6

•

6

Ã •u• 

¾

Žˆ•c\
Â

Œ
¾

	


 


!%�g	'��������X�Y�
	0�,���%������� �D��� .�#Y�������
��+��O���

���X� ��	$�,���H�� 	`!%� �����K�
��� #%�����K.��(� ����� ���

eº =
¡
(R ¡ I 3)X ¤ + t

¢ ¯
Z ¤ ; ¯ > 0;

±

€A†u³

���Y+

e! = ¹
k¹ k Á

� ��	�!

¹ = sin(µ)u +
1
2

[q¤0]£ t
±

€�Q4³

���Y+ � � ��� �����$�

� �������¦���¤	����¯	��������

�

� 
 � $-23���� ��(������ �� 

�

���)$�� $-2 23� 


S

Ž
Â/Â

a

� ;

•kŒ
@ a �

6

•p•7
Â

6

•

6

Ã •A• 

¾

Žˆ•c\
Â

Œ
¾

	




¸²Ošykg{n6—[hjz]OšwU|�nAdM\q^{g`e8|�^`h˜—uOmykg{n[npŸqª
�

O�^�eM\�\_^{wpg`^

t[Z.O
”

ykg`Oc\`\`h˜dk„

eº
wu\�w•Ÿ ekdM|�^`h˜nud©nuŸ�^`KkO�|)wuNPO)g!w¦yHn4\_OAª•»kg{nuN

’
i[\)ª

±

RA³�wpdMz

±

Ca…4³�¢]›šO,KMw6—uO

G = K H K ¡ 1 wudMz

ep = K e0
p:

±

€�R4³

»Mekg_^{KkO)gc¢]h–Ÿ�O)g{g`nAg{\šh˜d

K
wug`O¯dknp^U|�nAdM\_hjz]O)g{Oaz‹^`KkOad

e0
p = K ¡ 1ep = K ¡ 1K t = t

ª

·šZ‚h–dpoqOa|�^{h–dk„

±

€�R4³Uh˜d

±

€u³�¢�N¦ek™–^`h˜yk™˜Z[h–dk„2tHnp^{K%^{O)g{NP\,npŸš^`KkOg{Oa\`ek™–^,t4Z

K ¡ 1 ¢�wpdMz‚^{KkO)džeM\`h˜dk„

±

•A³®Z4h˜O)™jz

m / H m ¤ + ½¤e0
p = ®m; ® > 0:

±

1u…A³

ï�ï ß�iMä���ä�ñ



Ca‡ �����Y��� �������������	��
 ��� ���

J�Kkhj\�yHO)g{Nbh–^{\�^`n›�g`h–^`O

eº = H m ¤ + ½¤e0
p ¡ m ¤ ±

1%C6³

= ®m ¡ m ¤:
±

1A€A³

»Mg`nAN&^`KkO�\{|)wu™–OvŸ¹wu|�^`nug

® = ¯
Z
Z ¤ ; ¯ > 0;

±

1*14³

wudMz ’ iHª

±

€p•A³�¢]›šO�|)wpd�g{O)›�g{h¶^{O

±

1A€A³®wu\

eº = (X ¡ X ¤)
¯

Z ¤ ;
±

1p‡[³

›�KkOag`O

¯
h˜\�nAdk™˜Z÷w�dknug{Nwp™˜h !cwˆ^{h–nAd Ÿ¹wA|�^`nAg�›�Kkhj|{KøzkO)yHO)dMzM\�nud ^`KkO²g`Oc|�nudM\_^{g`eM|�^`h˜nud wp™˜„Anug{h¶^{KkN©ª

»�h˜dMwp™˜™–ZA¢ ’ iHª

±

€A•u³šyHO)g{NPh¶^!\®^{nPnutk^{wph˜d�^`KkO�zkOa\_h˜g{Oaz�g`Oa™˜wp^`h˜nud�tHO)^¬›šOaO)d

eº
wpd8z‹^`KkO�|awpNPO)g!w•yHnA\`Ou°

eº =
¡
(R ¡ I 3)X ¤ + t

¢ ¯
Z ¤ :

±

1A•A³

¸ h¶^{K©g`Oc\_yHOc|�^�^`n

e!
¢k¥[dkn6›�h˜dk„b^`KMwp^

G 1 = K R K ¡ 1 wudMz

ep = K t
±

1u•4³

wudMz�eM\`h–dk„

±

RA³®Z[h–Oa™˜z

H = R + tq ¤0> ±

14†u³

›�h–^`K

q¤0 = K > q¤:
±

1*Q4³

J�KkOad/¢]^`KkO,yMg`npoqOa|�^`h˜—uO,w
”

hj\®nuŸ�g`nu^{wˆ^{h˜nud

±

C Cc³®|)wud�tHO¯›�g{h¶^`^`Oad

[¹ ]£ =
1
2

¡
H ¡ H > ¢

±

1*R4³

=
1
2

¡
R + tq ¤0> ¡ R > ¡ q¤0t > ¢

:
±

‡A…4³

RS\_h˜dk„s�nkz]g`h˜„uekOc\)§[Ÿ nug{N¦ek™˜w

R = I 3 + sin(µ)[u]£ +
¡
1 ¡ cos(µ)

¢
[u]2£

±

‡�C6³

›šO,KMw6—uO

R ¡ R > = 2sin(µ)[u]£ ;
±

‡4€A³

wudMz‹^`nA„uO�^{KkO)g�›�h–^`K�^`KkO,yMg`nAyHO)g_^qZ

tq ¤0> ¡ q¤0t > =
£

[q¤0]£ t
¤

£ ;
±

‡ 14³

ìíî�ï/ìíÚ
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›šO,nut]^!wph˜d�^`KkO,h˜NPyHnug`^{wpd4^�g`Oa™˜wp^`h˜nud‹Ÿ g{nuN ’ iHª

±

‡4…A³�°

¹ = sin(µ)u +
1
2

[q¤0]£ t :
±

‡u‡[³

J�KkO,ykg{npoqOa|�^{h–—uO,wudk„u™˜OvnuŸ�g`nu^{wˆ^{h˜nud‹Ÿ nu™˜™–nˆ›x\�z]h˜g`Oc|�^`™˜Z‹t4Z‹h˜dˆoqOa|�^{h–dM„P^`KkO,dknAg`N nuŸ

±

‡A‡4³šh˜d

±

Cc€A³�°

Á =

(
arcsin

¡
sat

¡
k sin(µ)u + 1

2 [q¤0]£ t k
¢¢

;
h–Ÿ

¡
tr( H ) ¡ 1

¢
=2 ¸ 0;

¼¡ arcsin
¡

sat
¡
k sin(µ)u + 1

2 [q¤0]£ t k
¢¢

;
np^{KkO)g{›�hj\_O

:

±

‡4•A³

»�h˜dMwp™˜™–ZA¢Ht4Z©eM\`h–dM„ ’ i4\aª

±

‡u‡[³�¢

±

‡[•u³xwpdMz

±

14†u³®^{KkObz]Oa\`h–g{Oaz2g`Oa™˜wp^`h˜nud2tHO�^q›šOaO)d

e!
wpdMz©^{KkO•|awpNPO)g!w

yHn4\_O¯h˜\xwu|!Kkh˜O)—uOcz¤ª

�

� � � $-23���� ��(������ �� 

�

���)$ ���)$1 (�$-2 


J�Kkhj\xz]O)NPnudM\_^{g{wp^`h˜nud�eM\`Oa\®^{KkO,g`Oc\_eM™¶^!\®Ÿ g`nAN � OaNPNPwhC¯h–d2rxykyHOadMz]h ” r¦ª

S

Ž
Â/Â

a

� 4

Œ
Â



Â

ŽO\

=

7¹Œ 
 	




J�KkO�yMg`n[nuŸH|�nud8\_hj\q^!\�h˜dz]O)NPnudM\_^{g{wp^`h˜dk„S^`KMwp^

e =
£
e>

º ; e>
!

¤>
= 0

h¶Ÿ¤wpd8z

nAdk™–Z�h¶Ÿ

µ = 0
wpdMz

t = 0
ª�¸%O¦g{O)Nwug`¥.^{KMwˆ^U^`KMO•z]nuNwph˜d2npŸ�^{KkO•wpdk„A™–O�npŸ•g{np^!wˆ^`h˜nAd©wu™˜\`nh˜dM|�™˜eMz]Oc\

µ = ¼
ª

»�h˜g!\q^xnpŸ�wu™–™:¢]h–^xhj\�O)—[h˜zkO)dA^�^{KMwˆ^xh–Ÿ

µ = 0
wpdMz

t = 0
^`KMO)d

e = 0 (( =)
ª �xnˆ›šO)—uOaga¢]›šO,dkO)Ocz‹^{n

ykg{nˆ—uOv^`KkO¦h–NPyk™˜h˜|awˆ^{h–nAd©h˜d�^{KkO�np^{KkO)gUz]h˜g{Oa|�^{h˜nud

(=) )
°mh¶Ÿ

e = 0
^`KkOad

µ = 0
wpdMz

t = 0
ª®J�KMwp^xhj\a¢

›šO¯KMwc—AOU^{nP\_KMn6› ^{KMwˆ^�^{KkO¯KknuNPnu„AO)dkOanueM\šdknud]¡º™˜h–dkOcwpg�\`Z]\q^{O)N&nuŸ�Oai4eMwp^`h˜nudM\

e = 0
KMwA\�wpd�ekdkhji4ekO

\`nu™˜e]^`h˜nud›�Kkhj|{K.h˜\

µ = 0
wpdMz

t = 0
¢

8q¤ wudMz

8X ¤ \_eM|!KP^{KMwˆ^

Z ¤ > 0
ª�¸%OS\_^{wug_^mt4ZP|�nAdM\q^{g`e8|�^`h˜dk„

\`eM|!K©wP\_Z]\_^`OaN nuŸ�Oai4eMwˆ^{h–nAdM\a¢[›�Kkhj|!K�hj\�„Ah–—uOad�wA\

8
>><

>>:

(R ¡ I 3)X ¤ + t = 0

sin(µ)u +
1
2

[q¤0]£ t = 0
¡
tr( H ) ¡ 1

¢
=2 ¸ 0:

±

‡A•4³

J�KkO �8g{\_^�Oci4eMwˆ^{h–nAd�npŸ

±

‡A•4³®|)nuNPOa\xz]h˜g`Oa|�^`™˜Z.Ÿ g{nuN
’

iHª

±

€4†p³®\`h˜dM|�O

¯ > 0
wudMz

Z ¤ > 0
ªmJ�K[eM\a¢knudMO

nAt]^{wuh–dM\�z]h˜g{Oa|�^{™–Z

t = (I 3 ¡ R )X ¤ =
¡
I 3 ¡ exp([uµ]£ )

¢
X ¤:

±

‡[†u³

J�KkOv\`Oa|)nudMzOci4eMwˆ^{h–nAd‹wpdMz^`KkOvh˜dkOai4eMwp™˜h–^¬ZPh˜d

±

‡A•A³
›šOag`OS|)nudM\_^`g{eM|�^`Oazt[ZPh˜dˆoqOc|�^`h˜dk„
’

i[\)ª

±

‡u‡[³
wudMz

±

‡4•u³¯h˜d

±

C)‡[³v^`nA„uO�^{KkO)g¦›�h–^`K“^`KkO.Ÿ nA™–™˜n6›�h˜dk„2Ÿ¹wu|�^!\aª2J�KkO�\q^!wˆ^{O)NPO)d4^

e! = ¹ Á=k¹ k = 0
h˜NPyk™–h˜Oa\

Á = 0
\_h˜dM|�O

¹ =k¹ k
hj\�wpd²ekdkh–^

±

ykg{npo¬Oc|�^{h–—uO6³vw
”

h˜\¯npŸ�g`nu^{wˆ^{h–nAd/ªJ�Kkhj\¯h˜NPyk™–h˜Oa\,h˜d²^`KkOh˜dkOciAe8wp™˜h¶^qZ

h˜d

±

‡4•A³
„Ah–—uOad.^`KMwp^

sat(k¹ k) 2 [0; 1]
wudMz^{KkO)d

arcsin
¡
sat(k¹ k)

¢
2 [0; ¼=2]

ª
J�K4eM\a¢

Á = 0
h–Ÿ�wpdMz

nAdk™–Z‹h¶Ÿ

k¹ k = 0
ª

l
g`O)¡:N¦eM™¶^{h–yk™˜Z[h–dM„b^`KMO�\_Oc|�nud8z‹Oai4eMwp^`h˜nud�npŸ

±

‡A•A³®t4Z

t > wpdMz�^`KkO)d©h˜dˆoqOc|�^`h˜dk„

±

‡[†p³�¢]nudMO¯nut]^!wph˜dM\

£¡
I 3 ¡ exp([uµ]£ )

¢
X ¤¤>

sin(µ)u = 0;
±

‡�QA³

ï�ï ß�iMä���ä�ñ
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eM\`h˜dk„b^`KkO,ykg{nuyHOag_^qZ

b> [a]£ b = 0:
±

‡ R4³

�

h˜—uO)dP^{KMwˆ^št[ZbzkO �Mdkh–^`h˜nud

Z ¤ > 0
¢

¡
I 3 ¡ exp([uµ]£ )

¢
X ¤ = 0

h–Ÿ/wpd8zPnudk™˜Z•h–Ÿ

µ = 0
ª

&

dP^`KkOUnu^`KkO)g

KMwudMz¤¢@^{KkOP\`nu™˜e]^`h˜nud8\SnpŸ

sin(µ)u = 0
wpg{O

µ = 0
nug

µ = ¼
¢/\`h–d8|�O

u
h˜\¯wud‚ekdkh–^,w ” h˜\SnuŸmg{np^!wˆ^`h˜nud�ª

·®np^{K2|)wA\_Oc\�h˜NPyk™–Z

q¤0 = 0
wudMz8¨6nAg

t = 0
Ÿ g{nuN�^`KMO¦\_Oc|�nud8z�Oci4eMwˆ^{h–nAd�nuŸ

±

‡4•A³�ªšJ�KMO)d/¢8eM\_h˜dk„P^{Kkhj\

h˜NPyk™–hj|)wp^`h˜nud�^{nu„uO)^`KkOag�›�h–^`K

±

14†u³®wpdMz‹^{KkO,h˜zkO)dA^{h¶^qZ

cos(µ) =
¡
tr( R ) ¡ 1

¢
=2

±

•p…4³

yHO)g{NPh–^{\®^{nPNwp¥uO,|)nudM|�™˜eM\`h˜nudM\šŸ g{nuN ^`KkO,h˜dkOciAe8wp™˜h¶^qZ.h˜d

±

‡4•A³�°

¡
tr( H ) ¡ 1

¢
=2 ¸ 0 =)

¡
tr( R ) ¡ 1

¢
=2 ¸ 0

±

•XC6³

=) jµj · ¼=2:
±

•u€u³

J�KkOag`O)Ÿ nug{Ou¢k^{KkO•nudk™˜Z©\_nA™–e]^{h–nAd©^`n

±

‡ QA³�hj\

µ = 0
¢

8q¤ wpdMz

8X ¤ \`eM|!K2^`KMwp^

Z ¤ > 0
ªx«¬d‚wAzkz]h¶^{h˜nud/¢

t[Z‹wuykyk™˜Z[h–dk„b^{Kkh˜\x\`nu™˜e]^{h–nAd‹^{n

±

‡]†p³�¢]›šO¯N•eM\q^xK8wc—uO

t = 0
ª

�

�.� � $-23���� ��(������ �� 

�

���)$��� (�T� ��� (�4 
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J�KkO�„uOadkO)g!wp™˜h¶^qZ‹g{O)„Awug{zk\®^{n‹|�nuyMh–dk„.›�h¶^{K2nut]oqOa|�^{\

nuŸ/wpg{tkh¶^{g{wug`Z•\_KMwuyHOuª�J�KMwp^mh˜\a¢AtHOc\_hjz]Oc\m|�nAykh–dM„,›�h–^`K.dknAd]¡:yk™jwpd8wpg
nut]oqOa|�^{\a¢u^`KMOxyMg`nAyHnA\`Oaz¦^!wu\`¥¦Ÿ ekdM|�¡

^{h–nAd

±

Ca‡4³�|)nuNPykg{h˜\`Oa\/^{KkO�|�nAdA^`g{nu™4O)g{g`nAg

±

†p³�wu\�›šOa™–™:¢ˆ›�Kkhj|!K•zkOawp™j\�›�h–^`K•yk™jwpdMwug�nut]oqOa|�^{\�nudk™˜ZAª�J�Kkhj\�h˜\

Ocwu\`Z,^{n�\_KMn6› „uh˜—uO)db^`KkO�Ÿ nu™˜™˜n6›�h˜dk„vŸ¹wA|�^!\)ª�»Mg`nAN s�O)Nwug`¥b€]¢unAekg
—[h˜\`eMwp™]^{g{wA|{¥[h˜dk„¯NPO�^`KMn]zbykg{nˆ—4hjz]Oc\

^{KkOvyMwpg!wp™˜™˜w
”

½¤
i = 0; 8m ¤

i ;
h–Ÿ/^`KMOSnAt]oqOa|�^�hj\šyk™jwpdMwugaª�T2nAg`Oan6—uOaga¢uŸ nugš^`KMh˜\š^!wpg{„uO�^�s�O)Nwpg{¥hCS\_^{wp^`Oc\

^{KMwˆ^�^`KkO,zknuNPh–d8wpdA^�yk™jwpdkOvhj\�h–d�Ÿ¹wu|�^�^{KkO¯yk™˜wudkO

¦
nAd‹›�KMh˜|!K‹^{KkO¯nut]oqOa|�^�™˜h˜Oa\a¢[h:ª Ouª

q¤ = K ¡> n¤ ª

rUykyk™˜Z4h˜dk„P^`Kkhj\�g{Oa\_eM™¶^�^{n

±

1*QA³š„Ah˜—uOa\

q¤0 = K > q¤ = K > K ¡> n¤ = n¤:
±

•�14³

J�KkOad/¢]^`KkO,yMg`nAyHnA\`Oaz.^{wu\`¥Ÿ ekdM|�^`h˜nud

±

C)‡4³šhj\�g`Oa›�g`h–^_^{O)d©wu\

8
<

:

eº = H m ¤ + ½¤e0
p ¡ m ¤ = H m ¤ ¡ m ¤ = H ¦ m ¤ ¡ m ¤

e! =
¹

k¹ k
Á = ´

¡
H ¦ ¡ H >

¦

¢
;

±

•ˆ‡[³

›�KkOag`Ov^{KkO¯Ÿ ekdM|�^{h–nAd

´ : R3£ 3 7! R3 h˜\�„uh˜—uO)d�t4Z

´
¡

H ¦ ¡ H >
¦

¢
=

¹ ¦

k¹ ¦ k
Á¦

±

•u•A³

›�h–^`K

£
¹ ¦

¤
£ =

h
sin(µ)u +

1
2

[n¤]£ t
i

£
=

1
2

¡
H ¦ ¡ H >

¦

¢
;

±

•p•4³

t[Z.h˜dˆoqOc|�^`h˜dk„

±

•�1A³šh˜d

±

‡u‡[³�¢MwpdMz�h˜d

±

‡4•A³m^`nPnAt]^{wuh–d

Á¦
ª

ìíî�ï/ìíÚ
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»kekg`^`KkOag`NPnAg`OA¢®›®Oœg{O)Nwpg{¥£^`K8wˆ^‹^`KMOœ¥[dknˆ›�™˜Oaz]„AO2npŸ

q¤0 h˜\‹dknu^‹g{Oai4ekh˜g`Ocz h–d nAekg.yMg`npoqOa|�^`h˜—uO

Ÿ g!wpNPO)›®nug{¥H¢Hg`Oa„Awug{z]™˜Oa\{\xnpŸ
^{KkO•nAt]oqOa|�^c§ \¯\`KMwpyHOuª¯«¬d²wpd ’ eM|)™–hjz]OawudœŸ g!wpNPOa›šnug{¥@¢

q¤0 = 0
N¦e8\q^¯tHO

Oad]Ÿ nug!|�Oaz2wu\x›šO)™˜™�wu\�^`Kkhj\U™˜wp^_^{O)gUg`Oci4ekh–g{Oa\�yHOag_Ÿ Oa|�^S|awpNPO)g!wby8wpg!wpNPO�^{O)g!\)ª®J�KkOc\_O�g{Oai4ekh˜g`OaNPO)dA^!\x|awpd

tHO�\`Kkn6›�d2z]h–g{Oa|�^`™˜Z‹t4Z‹h˜dˆoqOa|�^`h˜dk„ ’ i8ª

±

€u•A³šh˜d

±

€A•u³�¢[^{nu„AO�^`KMO)g�›�h–^`K ’ i[\aª

±

•4³�¢

±

1u•4³®wpd8z�wˆŸí^{O)g{›®wpg!z

z]h˜—[h˜zkh–dk„Oawu|!K�^`Oag`N�npŸ�^{KkO,g{Oa\`ek™¶^�t[Z

Z ¤ °

p / K R K ¡ 1p¤ +
1

Z ¤ Kt :
±

•A†u³

«¬d�^`ekg{d/¢keM\`h–dk„

±

1u•4³šZ[h–Oa™˜zk\

p / G 1 p¤ +
1

Z ¤ ep;
±

•�Q4³

›�Kkhj|!Kœhj\UnudM™–Z©w‹\_^`g!wˆ^{ekN nuŸ•^`KkO•„uOadkO)g!wp™�g{O)™jwˆ^{h–nAd

±

€u³�ªSJ�KMh˜\vz]O)NPnAdM\q^{g{wp^`Oc\�^`KMwp^SnAekgU^{wu\`¥�Ÿ ekdM|�¡

^{h–nAd

±

Ca‡4³šhj\�wu™˜\`nPwb„uOadkO)g!wp™˜h"!awˆ^{h–nud�npŸ�^`KMO,K4Z[tkg{h˜z�|)nudA^{g{nu™@Oag`g{nug

e0
¦ =

£
e0

º
>
¦ ; e0

!
>
¦

¤>
2 R6 ›�h¶^{K

(
e0

º ¦ =
£

Z
Z ¤ x ¡ x¤; Z

Z ¤ y ¡ y¤; Z
Z ¤ ¡ 1

¤>
= ®m ¡ m ¤

e0
! ¦ = uµ

±

•�R4³

ykg{nuyHn4\_OczPh˜d � R��º¢4›�h–^`K‹^{KkOvwAz]—ˆwudA^!wp„uOUnpŸ�dknp^�dkO)Ocz]h–dM„¦^`KkO¯|)nAwpg!\`OxNbO)^`g{h˜|SOa\_^`h˜NPwp^`OSnuŸ/^`KkOvdknAg`Nwp™

—uOc|�^`nAg•^{n�yHO)g`Ÿ nug{N}h–^!\
g{Oai4ekh˜g`OczbyMwpg`^`hjwp™
’

eM|)™–hjz]Ocwpd.g`Oa|)nudM\_^`g{eM|�^`h˜nud

±

^`n¦g`Oc|�nˆ—uO)g

e0
! ¦ = uµ

³�ª•J�KMwˆ^

hj\)¢[h¶Ÿ

q¤0 = 0
±

nAg

t = 0
³•^`KkOad

±

‡A‡4³
wudMz

±

‡4•A³•Z[h–Oa™˜z^`KkOvOai4ekh˜—ˆwp™˜O)d8|�Oa\

¹ =k¹ k = u
¢

Á = µ
ª•rx™j\_n8¢

^{KkO�^`g!wpd8\_™jwˆ^{h–nAdMwp™]Oag`g{nug

e0
º ¦

h˜d

±

•*RA³�h˜\m\`Kknˆ›�db^`n�tHOxOai4ekh˜—ˆwp™˜O)d4^•^{n,nAekg!\�t[Z•eM\`h–dM„¯^{KkOxg{Oa\`ek™¶^

±

14€u³�¢

›�h–^`K

¯ = 1
Ÿ g{nuN ^`KkOah–g�Ÿ Oawp^`ekg{O�¡ºtMwu\`Oaz‹ykg{npoqOa|�^`h˜—uO¯g`Oa|)nudM\_^`g{eM|�^`h˜nud/ª

·šOc\_hjz]Oc\U^{KkOa\`Ob„uOadkO)g!wp™˜h–^`h˜Oa\a¢@h–NPykg{n6—uOaNPO)dA^!\vh–d%^`KkOPtHO)KMw6—[h–nAgvnpŸm^`KkO\`O)g{—unuh˜dk„‹hj\¯wˆ^`^{wuh–dkOczœt[Z

eM\`h˜dk„b^`KMO,ykg`nAyHnA\`Oaz‹g{np^{wp^`h˜nud8wp™¤|�nAdA^`g{nu™¤O)g{g{nugaª�«¬d�Ÿ¹wA|�^c¢kh¶^UzkO�^`Oag`NPh˜dkOa\�O
”

yk™˜hj|�h–^`™˜Z‹h–d©›�Kkhj|!K©i4eMwAz[¡

g!wpd4^š^{KkOvykg{npoqOa|�^`h˜—uOvwudk„u™˜OSnpŸ�g`nu^{wp^`h˜nud‹nuyHO)g!wˆ^{Oa\a¢4h–dM\_^{Oawuz‹npŸ�eM\`h–dM„b\`h–NPyk™˜Z

±

Ca•4³

±

nug
’

iHª

±

†u³
Ÿ nug�w

yk™jwpd8wpg•nut]oqOa|�^�³�ª•J�Kkh˜\•hj\•yMwpg`^`hj|�ek™jwug`™˜Z,h˜NbyHnAg_^!wpd4^�Ÿ nug•^`KkO�h˜dkh–^`hjwp™M|)nudMz]h–^`h˜nud8\

µ0 > ¼=2
wpdMz

t 0 ¼ 0
ª

«¬dœ^`KMh˜\¯\_h–^`e8wˆ^`h˜nud�¢Ht[Z©eM\`h–dM„.Ÿ nugvO
”

wpNPyk™˜O

±

†p³UwudMz©^{KkO)d

±

•u•A³�¢

e! ¦ ¼ 2sin(µ)u
wpdMz2^`KMO•dknug{N

nuŸ•^`Kkhj\SO)g{g`nAgxhj\Uh˜dkh–^`hjwp™˜™–Z©h˜dM|�g{OawA\_Ocz©zkekg`h˜dk„.^{KkOb\_Oag`—unAh–dk„‹\_h˜dM|)O

sin(µ0) < 1
wpdMz

sin(µ) ¡ ! 1
wu\

µ ¡ ! ¼=2
¢]tHOa|awpeM\`OU^`KkO,\_Oc|�nud8z‹iAe8wuz]g!wpdA^®hj\®dkO)—uOag�\`yHOa|�h �MOcz¤ª•J�Kkhj\®NwcZ™˜Oawuz.^`nP\_Z]\_^`OaN Ÿ¹wuh–™˜ekg{Ouª

«¬d�wuzkzkh¶^{h–nAd/¢A^{Kkhj\šdknudk¡:h˜dˆoqOa|�^`h˜nud�z]n[Oa\mdMnp^�wp™˜™–nˆ› Ÿ nAg®w•\q^{g{wuh–„AKA^_Ÿ nAg`›�wpg{zbyMwp^`K‹yk™jwpdkdkh˜dk„8ª�J�KkOU^!wu\`¥

Ÿ ekdM|�^`h˜nud

±

†u³šwpdMz.^`KkO,|�nAg`g{Oa\`yHnudMz]h˜dk„

±

Ca•4³mwug`Ovwu™˜\`n¦dMnud]¡ºh–dˆoqOc|�^{h–—uO¯wug`nAekdMzP^{KkO¯Oai4ekh˜™–h˜tkg{h–ekN yHnuh˜dA^

h–Ÿ

µ = ¼
tHOa™–nAdk„A\®^`nb^{KkO�|�n]zknuNwph˜d�npŸ�^{KkOa\`Ov^!wu\`¥Ÿ ekdM|�^`h˜nudM\aª

�

��� � $-23���� ��(������ �� 

�

���)$ ���)$1 (�$-2 �

»Mnugv^{Kkh˜\a¢�›šOPdkO)Ocz‚^`n2z]O)g{h–—pwˆ^{O¦^{KkOPykg{nuyHn4\_Ocz‚|�nAdA^`g{nu™�Oag`g{nugv›�h¶^{K²g{Oa\`yHOa|�^v^{n�^`h˜NbO.wpdMz‚^`KkOad%^`n

nAt]^{wuh–d�^`KMO�|�™˜nA\`Oaz[¡º™–n[nAy‹Oai4eMwp^`h˜nud/°

_e =
·

_eº

_e!

¸
= L

·
º
!

¸
= L v = L ¤ e;

±

•A…A³

›�KkOag`O

¤ = diag(¸ º I 3; ¸ ! I 3); ¸ º ; ¸ ! > 0
wudMz

L
z]Oadknp^{Oa\�^`KkO�h–d4^`Oag{wA|�^`h˜nud•Nwˆ^{g`h

”
¢p›�Kkh˜|!Kbhj\�dkO)—uOag

eM\`Oaz�^`nPyHOag_Ÿ nAg`N&^{KkO,—4hj\`eMwp™/\`O)g{—unuh˜dk„Mª�J�KkO,Nwˆ^`g{h
”

L
h˜\�dkOa|)Oa\{\`wug`ZnAdk™–Z.Ÿ nugxwudMwp™˜Z]\_hj\®ykekg{yHnA\`Oa\aª

ï�ï ß�iMä���ä�ñ
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J�KMO•ykg{n[npŸm|�nAdM\_hj\_^{\Uh˜d%wudMwp™˜Z !)h˜dk„^{KkObtHO)KMw6—4h˜nAgUnuŸ•^{KkOb|)™–n4\_Ocz[¡º™–n[nAy

\`Z]\q^{O)N

±

•u…A³�wug`nAekdMz�^`KkO¦OciAeMh–™˜h–tMg`h˜ekN©ª	�xOadM|�OA¢8nudM™–Z�™˜n]|)wu™�\_^{wutkh–™˜h–^¬Z�›�h˜™–™�tHO¦z]OaNPnudM\_^`g!wˆ^{Oaz�KkOag`OAª

J�Kkhj\.|awpd÷tHOœwu|!Kkh˜O)—uOaz t4ZFeM\`h–dk„ž^{KkOœg`Oc\_ek™–^{\PŸ g{nuN � O)NPNw C©h˜d rUykyHO)dMz]h ” r¦ª � O�^.e8\.\_^{wpg`^

›�h–^`K

eº
°

_eº = ( _R X ¤ + _t )
¯

Z ¤ :
±

•%C6³

·®Z.h˜dˆoqOc|�^`h˜dk„P^{KkO,›šO)™˜™¶¡º¥[dknˆ›�d�g{O)™jwˆ^`h˜nAdM\

_t = ¡ º ¡ [! ]£ t
±

•A€A³

_R = ¡ [! ]£ R
±

•*14³

h˜d

±

•%C6³�¢]eM\`h˜dk„

±

€4†p³m^{nu„uO)^`KkOag�›�h–^`K�^{KkO,ykg{nuyHO)g`^¬Z

[a]£ b = ¡ [b]£ a;
±

•p‡[³

›šO,nut]^!wph˜d

_eº = ¡
¯

Z ¤ º +
£
eº + ¯ m ¤¤

£ ! :
±

•A•A³

¸ h¶^{K©g`Oc\_yHOc|�^�^`n

e!
¢k›šO¯K8wc—uOA°

_e! =
@sin(µ)u

@t
+

1
2

[q¤0]£ _t :
±

•u•4³

·®Z.e8\_h˜dk„b^`KMO,g`Oa™˜wp^`h˜nud

@sin(µ)u
@t

= ¡ L ! !
±

•4†u³

›�h–^`K

L ! = I 3 ¡
sin(µ)

2
[u]£ ¡ sin2

µ
µ
2

¶
(2I 3 + [u]2£ )

±

•*Q4³

wudMz
’

i[\)ª

±

•A€A³�¢

±

•p‡[³�¢]›šO,nut]^!wph˜d/°
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