
appor t  
de  r ech er ch e 

IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
62

65
--

F
R

+
E

N
G

Thème NUM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Direct visual servoing with respect to rigid objects

Geraldo Silveira — Ezio Malis

N° 6265

August 2007





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	����������������������������� �!	�"#������$%���
	&	��'�������)(*�,+.-/���
	��

021436587:9�;�<�=>7>?@1A=:365
∗† B
C,D =:;FEG5H7>=:I †

J�KML)NPO,QSRUTWVYX[Z]\_^`LaNbOc\�d4eMNbfag`hji4ekOa\
lmg`npoqO�^UrSs�nutMrvX

sxwpyMyHnug`^�z]O,g{Oa|!KkO)g!|{KkO}dH~��A�p�4��V�rUek�ueM\_^S�p�u�[�vVY���PyMwp�AOa\

�����a�)���k�u�u����� hj\q^{h�dk���[h�\`eMwp��\_Oag`�Anuh�dk��^`Oc|{KkdMh�i4ekOc\���Kkhj|{K�z]n�dknp^�dkO)Ocz�NPO�^`g{hj|h�d]� nAg`Nwp^`h�nud�g{O�¡
i4ekh�g`OA¢�nud£^`KkO�nu^`KkOag�KMwudMz¤¢
ykg{h�nAg�¥4dMn6����Oaz]�AO�wptHnuek^¦^{KkO�nut]oqOa|�^c§ \P\_KMwuyHO�wudMz8¨6nAg�^{KkO©|)wpNPO)g!wk§ \
NPnp^{h�nAd/ªS«¬d�^`Kkhj\SyMwuyHO)gc¢H��O¦yMg`nAyHnA\`O�w�dkO)��4hj\`eMwp��\`O)g{�unuh�dk�^`Oc|{Kkdkhji4ekO���Kkhj|!K�zkn[Oa\Udknu^Sg{Oai4ekh�g{O
wud4ZPnp�/^{KkO)N©ª
J�KkOvNbO)^`Kkn]z�h�\�z]h�g`Oc|�^®h�d.^{KkO¯\_OadM\_OU^`K8w�^a°�^`KkOvh�dA^`OadM\_h�^qZ��wu��eMOUnu��wu���@ykh � Oa��\�hj\�e8\_Ocz
± h>ª Ouª/��O.wc�unAh�z�^`KkOP� Oawp^`ekg{OPO � ^{g{wA|�^`h�nud²\_^`Oay²��Kkhj|{K�h�dA^`g{n]z]eM|)Oa\¯O)g{g{nug!\{³�´�wpdMz%^`KMwp^¯^{KkOykg`nAyHnA\`Oaz
|)nudA^{g`nA�/O)g{g{nugxwA\���Oa����wu\�^{KkO¦|)nud4^`g{nu�/�jw6�µwpg{O¯� ek����Z�tMwu\`Oaz©nud2h�Nwp�uO¦zkw�^!w ± h>ª Ouª8NPO)^`g{h�|,NPOawA\_eMg`Oc\
wug`OUdkOah¶^{KkO)g�g{Oai4ekh�g`Oczdknug®Oa\_^`h�Nw�^{OazM³�ª�·®Oa\`h�zkOa\�dknp^�g{O)��Z4h�dk�¦nAd�ykg`h�nug®h�d]� nAg`Nwp^`h�nud/¢A^{KkO¯\`|!KkOaNbOvh�\
g{nutkeM\_^�^{n¯�jwpg{�uO�O)g{g`nAg{\�h�db^{KkOx|awpNPO)g!wk§ \�h�dA^`Oag`d8wp�kyMwpg!wpNPO�^{O)g!\)ª�¸²O�ykg{n��4hjz]O®^{KkO�^`KMO)nug{O�^{h�|awp�]ykg{n[nu�¹\
^{KMw�^�^{KkOSykg{nuyHnA\`Oazb^!wu\`¥�� ekdM|�^`h�nud�hj\���n]|awp����Zbhj\_nANPnug{ykKkhj|�^`n¦^`KkOv|awpNPO)g!w,yHnA\`Ou¢A^`K8w�^�^`KMOvwpykykg{nAwA|{K
hj\�Nbnu^`h�nud]¡¤wpdMz¦\_KMwuyHO�¡ºh�d8z]O)yHO)d8z]O)d4^a¢pwpdMz¦wp�j\_nx^`KMwp^�^`KMO®z]O)g{h��uOaz�|�nAdA^{g`nA�u�jw6��O)dM\`ekg{Oa\���n]|)wu�AwA\_Z[NPy]¡
^{np^`hj|�\q^!wptkh���h�^qZuª�»keMg_^{KkO)g{NPnug{Ou¢6^{KkO�ykg{nuyHnA\`Oaz�|�nAdA^{g`nA�[O)g{g`nAg�wu����n��x\�� nug
\`h�NPyk��Ou¢A\`NPn[np^{K/¢pykK[Z]\_hj|)wu����Z
��wu��h�z¤¢¤\`h�dk�uek�jwpg{h�^¬Z4¡:� g`OaO�yMwp^`K�yk�jwudkdkh�dM�M¢@��KMh�|!K���OawAzk\U^`n©w���wug`�AO¦zknuNwph�d�np��|�nAd4�uOag`�AO)dM|�O�� nugS^{KkO
\`O)g{�unuh�dk�Mª�J�KkO�wpykykg{nAwA|{K¦hj\��pwp��h�zkwp^`Ocz,^{Kkg`nAek�uK���wug`h�nueM\�g{Oa\`ek��^{\�eM\`h�dk�vnut]oqOa|�^{\�np�@z]h¶¼@O)g{O)d4^
\_K8wpyHOa\a¢
�jwpg{�uOvh�dkh¶^{h�wu��z]h�\`yk�jwu|)O)NPO)dA^!\�wA\���O)����wu\���wug`�AOvO)g{g`nAg{\�h�d�^{KkO�|)wuNbOag{wM§ \®h�dA^{O)g{dMwp�¤y8wpg!wpNPO�^{O)g!\)ª
½2¾4¿@À`Á�Â �6Ã��A�ÅÄ hj\`eMwp�/\`O)g{�unuh�dk�8¢4�[hj\_e8wp�@^`g!wu|!¥[h�dk�8¢]z]h�g{Oa|�^xNbO)^`Kknkzk\)ª

Æ/Ç6ÈÊÉ�Ë¤Ì�Í¹Î,ÈÊÉ
Ï!ÐÊÉ:ÌUÑ�Ï!Í Ò:ÈÓÏ!ÐÊÐ Ô�É>Õ6Ñ6ÑpÌ�Í Ò:Öq×bØ�Ô,Ò>Ç6ÖxÙ@Ú�ÛHÜHÝ,Þ�Ì�Õ6ßc×�Ï{Ò:ÈÊÌ�ß�Õ6ß6×cÖ_Í�à�Í:Ï!ß�Òmß6Ì6áSâ_ã�ã�ä�å!æ�ç{è¹éaêkÏ!ß6×¦Ø)ÔÒ:ÇcÖ
ÈÊß�Ò:ÖqÍ¹ß�Ï{Ò:ÈÊÌ�ß�Ï!ÐkÏ!à�Í¹Ö_Öqë�Öqß�Ò�ÞcÚ�ÛHÜHÝcÛMèíì î�ï�ìjÚ�Õ6ß6×6ÖqÍ�à�Í:Ï!ß�Ò�ß6Ì6á8æ!ð)åaâ_ç!ð�ä�é{èíñcá
∗ Ù@Öqß�Û8ï�Ú²ï/ÖqÉ:Ö_Ï!Í>ò:Ç�Ù@Öqß�Ò:ÖqÍ�óUô�ïAõ�Ù©ô�È öaÈÊÉ:ÈÊÌ�ß4ê6ï�Ì)×4á¤ô�Ì�ë÷Û]Öq×6Í>Ì�ìºê�Îaëøâqð�çcê äcê�Ú�ëxÏ!Í:Ï!ÈÊÉ_êpÙ¤ÜHÛ2â_ç�æ�ä�ù{è ù�æcâ�êÙ¤Ï!ë�Ñ6ÈÊß�Ï!É¬å�ÝaÛkê6ú@Í>Ï�ûqÈÊÐjê�ü6ýaþ�ÿ��������	��
�����ý�
)þ�ÿ���cý����pþ�ÿ������������pþ
† ì î�ï�ìíÚ£ÝaÌ�Ñ6ÇcÈÓÏ{èíÚ�ß�Ò:ÈÊÑpÌ�ÐÊÈÊÉ�ó¯ÛMÍ>Ì��>Öqò¬Ò
Ú�ï�Ì�ØcÚ�Ýuê���æ�æ!ðSï/Ì�ÕcÒ:Ö�×6ÖqÉ��4Õ6òqÈÊÌ�ÐÊÖqÉ_ê4ú¤Û©ù�çcê4æ�ä�ù�æ��SÝaÌ�Ñ6Ç6ÈÓÏ{èíÚ�ß)Ò>ÈÊÑpÌ�ÐÊÈÊÉÙ@Ö_×cÖ! Aê�Þ�Í:Ï!ßcò_Ö�ê�"�
)þ$#�%�&�ÿ�'4ý��)(pÿ�#�%�&pÿ�'4ý��#��*��+,
aÿ��!
��pþ$
aÿ���-6þ



� �����������������������	 ����������£(��������m	�$©�,�����,$�$%�,��	������Y�,+.-/�®	��
�������)(����

��� �	��
 � �� Oa\�^{Oa|!KkdkhjiAeMOa\UO � hj\q^!wpd4^`Oa\Uz/§ wA\`\`O)g{�[h�\{\_O)NPOadA^x�[h�\`ekOa��i4ekh�d/§ nudA^StHOa\`nuh�d�z¤§ wpeM|)ekdkO�h�d]¡
� nAg`Nw�^{h�nAd�NPf�^`g{hjiAeMO�O � h��uO)d4^�^`nuek^`O�� nAh�\a¢Az]Oa\
|�nudMdMwphj\`\{wpdM|)Oa\�wvykg{h�nug{h]\_eMg��jwS� nug{NPO�z]O��:§ nAt]o¬O)^
O�^�¨�nue
\`ekg,��ONPnuek�uOaNPO)dA^¦zkO��w2|)wpNPfag{wMª��vwpdM\�|)O�^¦wug_^{h�|)��OA¢�dknueM\,ykg{nuyHnA\`nud8\SekdMOdknueM�uO)����OP^`Oa|!Kkdkhji4ekO
i4ekh@dkOvdkfa|)Oa\{\_h�^`OvwueM|�ekdMOvz]O¯|�Oa\�|�nudMdMwphj\`\{wpd8|�Oa\aª � w¦NPf�^{Kkn]z]OvOa\_^�z]h�g{Oa|�^{Ovwpe�\`O)dM\®n��/°��>§ h�dA^{O)dM\`h¶^{f
��ekNPh�dMO)eM\`OUz]O�^{nueM\
��Oc\�ykh � O)�j\
zkO��:§ h�Nwp�AO�Oc\q^mO � yk��nuh�^`faO ± nAdPf)�[h�^`OUz]nudM|��>§ O � ^`g!wu|�^`h�nudPzkO�ykg{h�Nbh�^`h��uOa\
�Af)nuNPf�^{g{h�i4ekOc\�i4ekh�h�d4^`g{n]z]ekh�^UzkOa\�Oag`g{O)eMg{\!³�´]O)^Un��©��wb� nAdM|�^{h�nAd2z]O¯^��u|!KkO,ykg{nuyHn4\_faO¯wph�dM\`h�i4ekO,�jwb��nAh
z]O©|)nuNPNwpdMz]O�\`nud4^bOadA^`h�L)g{O)NPO)d4^PtMwu\`f)Oc\b\_ekgz]Oa\Pz]nudMdkf)Oc\bz¤§ h�Nwu�uO ± h:ª Ouª�wpeM|)ekdkO�NbOc\_eMg`O�NPf�¡
^{g`hji4ekO�d/§ Oa\_^SO � h��ufaO,nAe2Oa\_^`h�NPf)O6³�ª � d�yk��eM\Sz]O¦d/§ wc�unAh�gUtHOa\`nuh�d�z¤§ wpeM|)ekdkO�z]O�|�Oa\Uh�d]� nug{Nw�^`h�nAdM\xwue
ykg{fawu��wutk��Ou¢4�jw�NPf�^{Kkn]z]O¯Oa\_^�g{nutke8\q^{Ovwue � Oag`g{O)ekg!\®z]O¯|awp��h�tMg{wp^`h�nud�\_ekg���Oa\�yMwug{wuNbL)^`g{Oa\�h�d4^`g{h�dM\`Lai4ekOc\
z]O,��wP|)wuNbfag{wMª�QxnAeM\�f�^!wptk��h�\{\`nudM\®��Oa\�ykg{O)ek�uOc\�^{Kkf)nAg`hji4ekOa\�i4ekO¯�jw��ínAdM|�^{h�nAd©z]Ov^��u|!KkO¯ykg`nAyHnA\`f)OSOc\q^
hj\_nANPnug{ykKkO����jw�yHnA\`OPz]OP�jw©|)wuNbfag{wM¢/i4ekOP�:§ wuykykg{n]|{KkObOc\q^�h�dMzkf)yHO)dMzMwpdA^{OzkOP�jw�� nAg`NPOz]OP�:§ nAt[oqO)^
O)^xz]e�NPnuek�uOaNbOadA^xz]O¯�jwb|)wuNPf)g!wk¢4O)^xwpe8\`\`h¤i4ekOv�jw���nuh/z]O,|�nANPNPwudMz]OvyMg`nAy8n4\_faOvwu\{\_ekg{OSekdkO�\q^!wptkh�¡
��h¶^{f���nk|)wp��Ouª � d%nue]^{g`OA¢H��w� nAdM|�^{h�nAd�z]O¦^��A|{KMO¦ykg{nuyHnA\`f)O�yHOag`NPO�^vekdkO�yk�jwpdMh��8|aw�^{h�nAd�z]O¦^{g{w�oqOa|�^`nAh�g{O
\`h�NPyk��Ou¢�g{f)�ueM��h�L)g{Ou¢�ykK[Z[\`hji4ekO)NPO)d4^¦�pwp��h�zkOO)^¦��h�tMg`O�z]O�\`h�dk�Aek�jwpg{h¶^{fa\a¢�|�O�i4ekh�NPL)dkO��2ekd£zknuNwph�dkO
z]O�|�nud[�uO)g{�uO)d8|�Ov^`g{La\x�ug!wpd8z�z]O��:§ wu\{\_Oag`�[hj\`\`O)NPO)dA^cª � § wpykykg{n]|!KkO¯Oc\q^U�pwp��h�zkf)O,yMwugUz]O¦dknuN¦tkg{O)e � g{f�¡
\`ek��^{w�^!\UOad�e]^{h���hj\`wudA^¯z]Oc\UnAt]oqO�^{\vz]Obz]h�¼@f)g{O)dA^{Oa\U� nug{NPOa\a¢@wc�uOc|�zkOa\S�ug!wpdMzM\Uz]f)yk�jwu|)O)NPO)d4^{\Sh�dMh¶^{h�wue �
wuh�dM\`h/i4ekO,zkO¯�Ag{wudMz]Oa\®Oag`g{O)ekg!\�zkwpdM\���Oc\�yMwug{wuNbL)^`g{Oa\®h�d4^`g{h�d8\_LciAeMOa\�z]O,��wP|awpNPf)g!wkª
�Â �a� À ��� � ��� rU\{\_Oag`�[hj\`\`O)NPO)d4^��[h�\`ekOa�>¢M|�nuNPNwpd8z]O¯g`f)� f)g{O)dM|�faOv�[hj\_h�nud�¢[NPf)^`Kkn]zkOa\xz]h�g{Oa|�^`Oa\aª
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Ä h�\`eMwp�®\_O)g{�unAh�dk�2|)nudM\`hj\q^!\,h�d£|�nAdA^`g{nu����h�dk�©^`KMO.NPnu^`h�nud�np�xw©g{nutHnu^,^`Kkg{nuek�AK²^`KMO� OaOaz]tMwA|{¥²np��h�Nb¡
wu�uOa\��DC��ºª Ä h�\`eMwp����Z�\`O)g{�un[Oaz©\_Z]\_^`O)N\U|awpd©^`KkOad�t8O¦�[h�Oa��Oaz2wA\xg`Oa�uek�jw�^{nug{\�nu�
wpd�wpyMykg`nAykg{h�w�^{Ov^!wu\`¥
� ekdM|�^`h�nud�� ���:ª©J�KMh�\¦wug_^{h�|)��O�|�nudM\`hjz]O)g!\v^{KkO^!wu\`¥�� ekdM|�^{h�nAdM\¦��Kkh�|!K£|)wud�tHO�|)nudM\_^`g{eM|�^{Oaz%� g{nuNW^{KkO
|)ekg`g{O)d4^wpdMz£^{KkO©g{O�� O)g{O)d8|�O�h�Nwp�AOa\aªF»kekg`^`KMO)g{NbnAg`OA¢
��O�� n]|�eM\Pnud�^{Oa|!Kkdkhji4ekOa\b^{KMw�^.z]n�dknp^eM\`O
NPO�^{g`hj|bh�d]� nAg`Nw�^{h�nud²wptHnue]^¯^`KkOnutM\`O)g{�uOaz2^!wpg{�uO�^cª�RUd]� nug`^`ekd8w�^`Oa��ZA¢/O � hj\_^`h�dk��NPO�^`KMn]zk\¯��Kkhj|{K%�¹wp���
��h�^`Kkh�d�^{Kkh�\v|)��wA\`\Ug{Oai4ekh�g`O�yMg`h�nugU¥[dkn�����Oaz]�AO�np��^{KkO�nut]oqOa|�^a§ \v\_KMwuyHO�wpdMzH¨6nugUnu��^`KkOb|awpNPO)g!wk§ \xNbnu¡
^{h�nAd/ª�«¬dMz]O)Ocz¤¢]^{KkO¯^`Oc|{Kkdkhji4ekO,ykg{nuyHn4\_Oaz�h�d�OAª �8ª�� 1�� ± wu\�wud4Z�np^`KMO)g�NPO�^{Kkn]z���Kkh�|!K©g`Oa��h�Oa\�\`nu��O)��ZnAd
^{KkO � \{\`O)dA^{h�wu�]Nw�^{g`h � ³�¢uwu�¶^{Kknuek�AK�dknp^�g{Oai4ekh�g{h�dk�¯wpdbO � yk��h�|)h¶^
NPO�^`g{hj|�NPn]zkO)�]np�8^`KMO�nAt[oqOc|�^a¢ug{Oai4ekh�g`Oc\
w.dknAd]¡ºyk��wudMwpgx^!wpg{�uO�^vwu\U��Oa����wA\Sw�\_e��.|)h�OadA^¯wpNPnAekdA^vnp��^{g{wudM\_�jw�^{h�nAd©^`n�tHOb|)wug`g{h�Oaz©nue]^vh�d�nAg{z]Oag
^{n�wc�unAh�z�^{KkO�z]O)�AO)dkO)g!wu|)h�Oc\)ª�¸ h�^`K�g{O)�4wpg!z�^`n^{KkO,^{Oa|!Kkdkhji4ekO�yMg`nAyHnA\`Oaz�h�d�� ���º¢8wu��^`KknAek�uK2wu��\`ndknp^
g{Oai4ekh�g`h�dk��NPO)^`g{h�|Ph�dk� nug{NPwp^`h�nud/¢�h�^�hj\�z]Oa\`h��AdkOaz�� nAg,yk�jwpd8wpg¯^{wpg{�uO)^{\¯nudk��ZAª¸%O.g`OaNPwug`¥2^`KMwp^�O)�uOad
� nAg,h�Nwp�AO�¡ºtMwu\`Oaz��[hj\_e8wp�m\_Oag`�unAh�dM�©wpykyMg`n4wu|!KkOa\¯Ouª �Mª��Ê���º¢�NPh�dkh�Nwp�mNPO�^{g`hj|P¥[dkn�����Ocz]�uO ± ^`KkO�z]O)y]^{K
z]hj\_^`g{h�tkek^`h�nud8³�hj\mdkOa|)Oa\{\`wug`Z¦^`n¦ykg`n��[hjz]OUw�\_^{wptM��OS|�nud4^`g{nu�M�jwc��� ���ºª�J�KkOv�kª ��� �[hj\_e8wp�8\`O)g{�unuh�dk��\q^{g{wp^_¡
Oa�uZ��Ó���/�®wu\�^{KkO)d�ykg{nuyHn4\_Ocz^`nPO)dk�jwpg{�uOU^`K8w�^xz]nANPwuh�d�nu��\_^{wptMh���h¶^qZAª��xn���Oa�uO)gc¢4h�^�g{Oai4ekh�g`Oc\®wb|)nAwpg!\`O
NPO�^{g`hj|POa\q^{h�NPwp^`Onp��^{KkOdknAg`Nwu���uOc|�^{nug,np��^{KkOyk�jwpdMwug¯^{wpg{�uO)^a¢�h�d�nug!z]Oagv^`n�z]Oa|)h�zkOt8O)^¬�®O)O)d²^{KkO
^q��n�yHnA\{\`h�tk��O�\_nA��e]^{h�nAdM\�np��^`KkO�g{Oa|)nudM\_^`g{eM|�^{h�nAd/ª©rxdknu^`KkOag�wp��^`Oag`d8w�^`h��uOP^{n�wpek�ANbOadA^�^{KkO�z]nuNwph�d
nu�v|)nud[�uO)g{�uO)d8|�O�hj\b^{n�yHO)g`� nug{N w�\`ekh�^{wptM��O©y8w�^`K÷yk��wudkdkh�dk� � Q��ºª �Un���O)�uO)gc¢
^{Kkhj\P�jw�^`^`OagNbO)^`Kknkz¤¢
��KkOad�wpykyk��h�Oaz©^`n�ekdk¥[dkn���d©^!wpg{�uO�^!\ ± nuekgSnut]oqOa|�^`h��uOc³�¢@wp�j\_n.g`OciAeMh�g{Oa\�^`Kkhj\S|)nAwug{\`O¯NPO�^{g`hj|�Oa\_^`h�Nw�^{O
^{nwu|a|�nuNPyk��hj\_K�h¶^!\ �8g{\_^�ykKMwA\_OA¢]h>ª Ouª�^{nPyk�jwpd�^{KkO�|)wuNPO)g!w�^{g{w�oqOc|�^`nAg`ZAª
«¬d.^{Kkhj\®��nAg`¥@¢4��OvyMg`nAy8n4\_Ovw¦dkOa� �[hj\_eMwu�@\`O)g{�unuh�dk��^`Oc|{Kkdkhji4ekOv��Kkhj|!K�z]n[Oa\®dknp^�g{Oai4ekh�g{OUnug®Oc\q^{h¶¡

Nw�^{O¯wpd[ZPNPO)^`g{h�|Sh�d]� nug{Nw�^{h�nAd�wptHnuek^�^{KkOvnAtM\`O)g{�uOazP^!wpg{�uO)^aª�J�KkO¯ykg`nAyHnA\`Oaz.|)nud4^`g{nu�HO)g{g{nug®wu\®��O)���
wA\®^`KkO¦|�nud4^`g{nu�¤�jwc�Gwug`Ov� ek����Z�tMwA\_Ocz�nud�h�Nwp�uO¯NPOcwu\`ekg`OaNbOadA^!\)ª�¸²O,ykg{n6�[hjz]O¯KkO)g{Ov^{KkO¯^{KkO)nug{O�^{h�|awp�
ykg{n[nu�U^{KMw�^.^`KkO�|�nAdA^{g`nA����w6�,¢®��Kkhj|{K h�\.O � ^`g{O)NPO)��ZF\_h�NPyk��O©^`n£|)nuNPyke]^{Ou¢�O)dM\`ekg{Oa\��n]|awp�xwA\_Z[NPy]¡
^{np^`hj|�\_^{wptMh���h¶^qZ²� nAg¦^{KkO�\`O)g{�unuh�dk�8ª%J�KkO�|�nAdA^{g`nA��O)g{g`nAg�yMg`nAy8n4\_Ocz�h�d£^`Kkhj\bwug_^{h�|)��O��AO)dkOag{wu��h"!)Oc\#� �$�º¢
��Kkhj|!K�h�\Sz]Oc\_h��udMOaz�� nAgUyk�jwpd8wpgS\`ekg_�¹wA|�Oa\xnAdk��ZAªx«¬d2�¹wu|�^a¢8^{KkO¦ykg{nuyHn4\_Ocz�NPO�^`KMn]z2h�\Uh�dMz]OayHO)dMz]OadA^vnu�
^{KkO�nut]oqOa|�^a§ \v\_K8wpyHO�wudMz2nu��^`KMOb|)wuNbOag{wM§ \xNPnu^`h�nud/ª¯T2nug{O)n��uO)gc¢8wudknp^{KkO)gS�AO)dkO)g!wp��h"!aw�^{h�nAd2|�nAdM|�Oag`d8\
��Oa����¡ºOa\_^{wptM��hj\_KMOaz©^{Oa|!KkdkhjiAeMOa\¯\_e8|{K²wu\%� R��º¢@��Kkhj|{K%yHO)g`� nug{N\Sw�yMwug_^{h�wu� � eM|���h�zkOawpd%g{Oa|�nAdM\_^`g{eM|�^{h�nAd/ª
& ekgxykg{npoqOa|�^`h��uO¯� nug{N¦ek��wp^`h�nud2wp�j\_nPd8w�^`eMg{wu����Z�O)dM|�nANPyMwu\{\_Oc\®^`Kkhj\x�jw�^`^`O)gS\_nA��e]^{h�nAd/ª�J�KkO,^{KkO)nug{O�^{h�|awp�
ykg{n[nu��np��wp���
np��^{KkOa\`O.\_^{w�^{O)NPO)d4^{\,hj\,ykg{n6�[hjz]Oaz%h�d²^`Kkhj\�g`O)yHnAg_^cª«¬d�wuzkz]h�^{h�nAd%^{n�^{KkOa\`O.w�^`^`g!wu|�^{h��uO
�AO)dkO)g!wp��h"!aw�^{h�nAdM\)¢mnp^{KkO)g.h�NPykg{n6�uOaNPO)dA^!\wpg{O©wA|{KMh�Oa�uOaz wu\P��Oa���:ª J�KkO2ykg`nAyHnA\`OazF|�nAdA^{g`nA��Oag`g{nugPh�\
��n]|)wu����Z�hj\`nuNPnug{ykKkhj|¯^`n.^{KkOb|)wuNbOag{wyHnA\`Ou¢@wudMz2h�\vwp�j\_n.h�d�oqOc|�^`h��uObwpg{nueMdMz�^`KkO�Oci4ekh���h�tkg`h�ekN � nugU^{KkO
OadA^`h�g{O¯z]nANwph�d�np��g`nu^{wp^`h�nudM\aª�J�KkOv^`KkOanug{O�^{h�|awp�@ykg{n[np��np��^`Kkhj\�hj\`nuNPnug{ykKkhj\_N&hj\�wp�j\_nbykg{n6�[hjz]Oaz�KkOag`OAª
»Mekg_^{KkO)g{NPnug{Ou¢�wudknp^{KkO)g�h�NbyHnAg_^!wpd4^¦\q^{g`Oadk�p^{K²nu��nuekg¦|)nudA^{g`nA��Oag`g{nug,h�\,^`K8w�^¦h�^�wp����n��x\v� nAg¦\_h�NPyk��Ou¢
\`NPn[np^{K/¢�yMK4Z]\_hj|)wu����Z���wu��hjz¤¢�\`h�dk�Aek�jwpg{h¶^qZ4¡>� g{O)Oby8w�^`K�yk�jwpdkdkh�dk�Mª�J�Kkhj\,ykg{n]|)Oaz]ekg{O|)wpd�|)nudM\`h�zkO)g!wptk��Z
Oadk��wug`�AOS^`KkO�z]nANPwuh�d�nu��|�nud[�uO)g{�uOadM|�OSnu��^`KkO,�[hj\_e8wp�/\`O)g`�Anuh�dk�Mª
rxdknu^`KkOag�g{O)Nwug`¥pwptk��Omz]h�¼@O)g{O)dM|)OmtHO)^¬�®O)O)d�^{KkO�yMg`nAyHnA\`Oaz,wpykyMg`n4wu|!K,wudMz,^`Kkn4\_O�ykg`Oa�[h�nAeM\_��ZvNPO)d]¡

^{h�nAdkOaz ± O � |�O)yk^�� nug'� ��� ³,hj\�Kkn��&h�Nwp�uO�h�d]� nAg`Nw�^{h�nAd£h�\�O � yk��nAh¶^{Oaz¤°^`KMOa\`O���wp^_^{O)g�^`Oa|!Kkdkhji4ekOa\Pwpg{O
� Oawp^`ekg{O�¡ºtMwA\_Ocz ± Ouª �Mª yHnuh�dA^{\a¢®��h�dkOc\)¢�|)h�g!|���Ou¢®O�^{|uª ³�ª J�Kkhj\PNPOcwpdM\P^`KMwp^�w�\_y8wpg!\_O©\`O�^.np�,|)wpg{O�� eM����Z
|!KknA\`O)d/¢�z]hj\q^{h�d8|�^�� Oaw�^{ekg`Oc\hj\��8g{\_^`��ZFO � ^`g!wu|�^`Oaz h�d÷tHnu^`K |�ekg{g{O)dA^�wudMz÷zkOa\_h�g{Oaz h�NPwu�uOc\)ª f�nAg`g{O�¡
\`yHnudMz]OadM|�Oc\�wpg{OSOa\_^{wutk��hj\`KkOaz�wp�j^{O)g{�®wpg!z.tMwu\`Oaz�nud©z]Oa\{|�g{h�y]^{nug!\m^`nA�uO�^{KkO)g���h¶^{K©w�g`nAtkeM\_^®Nwp^{|!Kkh�dM�
ykg{n]|�Ocz]ekg{Ouª��xOag`OA¢
��O�zkh�g{Oa|�^`��Z�eM\`O�^{KkO�h�dA^{O)dM\`h¶^qZ��pwp��ekO�np�vwp���®ykh � O)�j\(�DCa���:ª�J�KkOag`O)� nug{Ou¢�Kkh��uKMO)g

ìíî�ï/ìíÚ
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wA|)|�ekg!wu|)Z�h�\¦wu|!Kkh�O)�uOcz²\`h�d8|�OdMnuhj\_Ohj\,dknu^�h�dA^{g`nkz]eM|�Ocz ± ^{KkO)g{Ohj\�dkn©� Ocw�^`eMg`OO � ^`g!wu|�^{h�nAd²ykg{n]|�Oc\`\!³
wudMz.N¦eM|{K�NPnug{OUh�d]� nug{Nw�^`h�nud�h�\®O � yk��nuh�^`Oaz/ª & ekg®z]h�g{Oa|�^��4hj\`eMwp�8^`g!wu|!¥[h�dk�¦NPO�^{Kkn]z �DC C��Hhj\®|)nuKkOag`OadA^
��h�^`K�^`KkO�ykg`nAyHnA\`Oaz�|)nud4^`g{nu���jwc� h�d£^{KkO�\`O)d8\_O�^`KMwp^bh�^Pz]n]Oa\¦dMnp^bNwp¥uO�wpd[Z�wA\`\`ekNPy]^{h�nAd�wptHnAe]^
tHnu^`K%^{KkOnAt[oqOc|�^a§ \�\_K8wpyHOwpd8z�^`KkO.Nbnu^`h�nud�|awpg{g`h�Oaz�nue]^�t[Z�^`KkO.|awpNPO)g!wkªJ�KMw�^�hj\)¢�^`KkOP^{g{wA|{¥[h�dk�
ykg{n]|�Ocz]ekg{O.��h�¥uOa��h�\`O�z]n[Oc\¦dknu^�g{Oai4ekh�g{O�wpd[Z²nu��^{KkOa\`O�ykg`h�nug�¥[dkn6����Oazk�uOa\aª�«¬d£�¹wu|�^a¢�^`KkO�\{wpNPO�\`O�^
nu��yMwug{wuNPO�^`Oag{\Se8\_Ocz�t[Z2^{KkOb^{g{wA|{¥[h�dk��ykg`nk|�Oazkekg`Obh�\�wp�j\_n�eM\`Oaz%t4Z�^`KkO.|�nAdA^{g`nA����w6�,ªb«¬dMz]OaOaz¤¢���O
\_^`g{nudk�A��Z¦tHO)��h�O)�uO�^`K8w�^mtHnu^`K�[hj\_h�nudwudMz|�nud4^`g{nu�MwA\_yHOc|�^{\mwpg{O�h�d4^`g{h�d8\_hj|)wu����Z�|)nuekyk��OazPykg{n]|)Oa\`\`Oa\a¢uwudMz
wug`OP^`g{Oawp^`Oaz²KMO)g{O.wu\�\`eM|!K/ª©J�Kkhj\�g`Oaykg`Oc\_OadA^{\�w©g{eky]^{ekg{Onp��yMwpg!wuzkh��AN���h�^`K�g{Oa\`yHOa|�^,^`n2^`KMO.��wu\_^
Nw�oqnug{h¶^qZ£nu�vO � hj\q^{h�dM���4hj\`eMwp�x\`O)g{�unuh�dk�%^`Oc|{Kkdkhji4ekOa\P^{n�zMw�^`OA¢®��KkO)g{O�� Oaw�^{ekg{O©O � ^{g{wA|�^`h�nAdFykg`nk|�Oa\{\
wudMz2|)nudA^{g`nA��|�nuNPyke]^!w�^{h�nAd�wpg{O,� nug{N¦ek��wp^`Ocz2\_OayMwpg!w�^{O)��Zuª�rU�¶^{Kknuek�AK�|)nudM|)O)y]^{eMwp����Z�wpyMyHOawp��h�dk�M¢M^`Kkhj\
�jw�^`^`O)g�ekdM|�nAekyk��Oaz¤¢[� Ocw�^`eMg`O)¡:tMwA\_Ocz� g{wuNbOa��nug{¥Pykg{Oa\`O)dA^!\�\_nANPOSg{O)��O)�pwpdA^�z]g!wc��tMwA|{¥]\aª�»Mnug�O � wuNbyM��OA¢
�A��nAtMwp��|)nudM\_^`g!wph�dA^!\Uwpg{O�dknp^vOawA\_Z�^`n�OaN¦tHOaz�h�d4^`n.� Ocw�^{ekg`O�|)nug{g`Oc\_yHnudMz]OadM|�O¦wp���unAg`h�^`KkN\ � C6���º¢H\`eM|!K
wA\�^`KkO¦� wA|�^U^{KMw�^S�jwpg{�uO,yHnAg_^{h�nAdM\xnp��^{KkO�\{|�OadkO�NPn6�AO���h¶^{K�w.|�nAKkO)g{O)d4^Ug`h��uhjz©NPnp^`h�nud�¢8nugx^{KMw�^U^{KkO
wuykyHOawpg!wpd8|�O¦|!KMwpdk�AOa\vz]ekO¦^{n�NPnp^{h�nAd�nu�
^`KkOP\{|�O)dMO�g`O)�jwp^`h��uO�^`n�^{KkOb��h��uK4^{\aª,r®^_^`OaNPy]^{\v^`n�h�NPyHnA\`O
^{KkOa\`O.|�nAdM\_^`g!wph�dA^{\,wug`OPe8\_eMwu����Z�yHO)g`� nug{NPOaz²w©yHnA\_^`Oag`h�nug{h���h�^`KMh�d�^{Kkh�\,� g!wpNPO)��nAg`¥@ª & d²^{KkOnu^`KkOag
KMwudMz¤¢�^`KkO2g{h��Ah�zkh¶^qZ£np�S^{KkO�\`|�OadkO2wpd8z�^`KkO2g{nutkeM\_^`dMOa\{\�^`n���h��uKA^{h�dk��|{KMwudk�uOc\P|)wud tHO©O�¼@Oa|�^`h��uO)��Z
h�dM|�nAg`yHnAg{w�^{Oaz.��h�^`KMh�d2z]h�g{Oa|�^xNPO�^`KMn]zk\a¢k\`O)O¯OAª �8ª�� C1k¢�C)�$�:ª
J�KkO�yMg`nAyHnA\`Oaz�wpykyMg`n4wu|!K£hj\b�pwp��h�zkwp^`Ocz�^{Kkg{nuek�uKF��wug`h�nue8\¦g{Oa\`ek��^{\beM\`h�dk�²nut]oqOa|�^{\Pnp�¯z]h�¼HO)g{O)d4^

\`KMwpyHOc\)¢]�jwpg{�uOvh�dMh¶^{h�wu�/zkh�\`yk�jwu|�OaNPO)dA^!\)¢k��wug`�AOSOag`g{nug!\�h�d�^{KkO�|)wpNPOag{wM§ \®h�dA^`Oag`d8wp�¤yMwug{wuNPO�^`Oag{\a¢]wu\���O)���
wA\®y8w�^`K©yk�jwpdkdkh�dk�PO � wuNPyk��Oc\)ª

� � "����,���®	������¦��� ������,��������(

�	��
 ���������������
f�nAdM\_hjz]O)g©w 1�� yHnuh�dA^©ykg{npoqOa|�^{Oaz h�d ^`KkO�g`O)� O)g`OadM|�O%h�Nwp�uO I∗ wu\�wFykh � Oa�¯��h¶^{KøKknuNPnu�AO)dkOanueM\|)n[nug!z]h�dMw�^{Oa\

p∗ ∈ P
2
ª�J�KMO)d/¢/h�^{\¯h�dA^`OadM\_h�^qZ���wu��ekObhj\¯z]Oadknp^{Oaz�t4Z I∗(p∗)

ª�r��í^{O)g�z]hj\_yM��wA|�h�dk��^{KkO
|awpNPO)g!w�t4Z�w©^`g!wpdM\`�jw�^`h�nud

t ∈ R
3
wpdMz�w2g`nu^{wp^`h�nud

R ∈ SO(3)
¢�wpdknu^`KkOag�h�Nwu�uO I hj\¦wA|)i4ekh�g`Ocz¤ªJ�KMwp^xz]hj\_yM��wA|�O)NPOadA^U|)wpd�tHO,g`Oaykg`Oc\_OadA^{Oaz�h�d�KMnuNPnu�AO)dkOanueM\�|�n[nAg{z]h�dMwp^`Oa\�wu\

T =

[
R t

0 1

]
∈ SO(3) × R

3.
± Cc³

J�KkOPg`nu^{wp^`h�nud�h�\¯yMwpg!wpNPO�^{O)g{h !aOaz2KMO)g{O�t[Z2^`KkOw � hj\Snu��g`nu^{w�^{h�nAd
u ∈ R

3 : ‖u‖ = 1
wpdMz%wudk�u��O�np�

g{np^!w�^`h�nud
θ
¢[h:ª OAª

R = exp([uθ]×)
¢[��KkOag`O

[r]×
zkO)dknu^`Oa\m^{KkOvwudA^`h�¡¬\_Z[NPNPO�^`g{hj|xNw�^`g{h � wA\`\`n]|)h�w�^{Oazb^`n

^{KkO¦�uOc|�^{nug
r
ªU¸²Obwp�j\_n� nA����n6�µ^`KkO�eM\`eMwp��dknu^{wp^`h�nudM\

v̂, v′,v>, ‖v‖ ^{n�g`Oaykg{Oa\`O)dA^Ug{Oa\`yHOa|�^`h��uO)��Z�wudOc\q^{h�Nw�^{Ou¢�w©Nbnkz]h��8Oaz²�uO)g!\_h�nud/¢¤^{KkOP^`g!wpd8\_yHn4\_Ou¢�wpd8z�^`KkO��6¡ºdknug{NÅnp��w���wug`hjwptk��O
v
ª.T2nAg`Oan6�uOaga¢

0z]Oadknp^{Oa\�wbNwp^`g{h � nu��!)Oag`n4\®np��wpyMykg`nAykg{h�w�^{Ovzkh�NPO)dM\`h�nudM\aª

�	��� ���� �"!#��$%�'&)(��*+$-,.���/!�$�0�$1�23$%��(�4
l
g{npoqOa|�^`h��uO��AO)nuNPO�^{g{Z�hj\wpdFO � ^{O)dM\`h�nudFnp�S^`KkO � eM|���h�zkOawpd �AO)nANbO)^`g{Zu¢m��Kkh�|!K÷z]Oa\{|�g{h�t8Oc\Pw%�jwpg{�uO)g
|)��wA\`\Pnu�S^{g{wudM\q� nAg`Nwp^`h�nudM\�^{KMwpd²oqeM\_^�g`nu^{w�^{h�nAdM\wpdMzF^`g!wpdM\`�jw�^{h�nAdM\)¢�h�dM|���eMz]h�dk��h�d÷yMwpg`^`hj|�eM��wugb^{KkO

ï�ï ß�iMä���ä�ñ
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yHO)g!\`yHOa|�^{h��uO�ykg{npoqOa|�^`h�nud¦yHO)g_� nAg`NPOcz,t4Z�wS|awpNPO)g!w � C6���ºª�«¬d�^{Kkhj\��uO)dMO)g!wp�u� g!wpNPO)��nAg`¥@¢�|�nug{g{Oa\`y8nud8z]h�dM�
h�Nwp�uO¯yHnuh�dA^!\

p ↔ p∗ wug`O¯g`Oa��wp^`Ocz�t4Z

p ∝
(
G∞ + epq

∗>
)

︸ ︷︷ ︸
G

p∗ + ρ∗ep,
± �u³

��KkOag`O�^{KkOPNPnug{ykKkhj\`N
G ∈ SL(3)

h�dM|)��eMzkOa\v^`KMOPKknuNPnA�ug!wpykK4Z2wp^¯h�d �Mdkh�^qZ
G∞
wpdMz�^`KkOO)ykh�yHnu��O

ep ∈ R
3
h�d I ¢H��Kkh���O ρ∗ ∈ R

h�\x^{KkO¦ykg{npoqOa|�^`h��uO�yMwug{wu���jw � ��h¶^{K�g{Oa\`yHOa|�^U^`n�w ± h�d��uOadkO)g!wp�í³��[h�g`^`eMwu�
yk�jwpdMOUg{O)yMg`Oc\_O)d4^`Oczh�d�^`KkOvh�Nwu�uO I∗ t[Zb^{KkOv�uOa|�^`nug q∗ ∈ R

3
ª�«¬d8z]O)Oaz/¢4^`KkO � h�OS�Ag`nAeky

SO(3)×R
3h�d ± Cc³�hj\�w¯\`ektM\`yMwu|)O®nu�8^`KMO � h�O��ug{nueMy

SL(3)×R
3
¢u��KMO)g{O�wpdbKknANbnA�uOadkO)nue8\�Oa��OaNbOadA^
nu�8^`KkO��jw�^`^`Oag

hj\�g{O)ykg{Oa\`O)d4^`Oaz�KkO)g{O¯t4Z

Q =

[
G ep

0 1

]
∈ SL(3) × R

3.
± 1A³

»Mg`nAN � iHª ± �u³�¢Mwb�®wug`yMh�dk�PnuyHO)g!w�^{nug
w( · ;Q, ρ∗) : P

2 7→ P
2
|awpd�^`K[eM\�tHO�z]O �MdMOaz¤°

p∗ 7→ p = w(p∗;Q, ρ∗).
± �4³

�	��� � ��(�$-,.� !#� ���#��� � $-(�!��� �)0 ��� (1� �%� &������)��( 	�	*+$-,.���
J�KkO2KknANbnA�ug!wpykK4Z4¡:t8wu\_OazF���Å�4hj\`eMwp�x\`O)g{�unuh�dk��^{Oa|!Kkdkhji4ekO2ykg{nuyHnA\`Oaz�h�d�� ���UKMwu\wA\Pnut]oqOa|�^{h��uO�^`n
|)nudA^{g`nA�H^`KkO,NPnp^{h�nAd�nu��wb|awpNPO)g!w¦��h�^`K©g{Oa\`yHOa|�^�^`nwbyk�jwpdMwug�nut]oqOa|�^aª
»Mnug®^{Kkhj\)¢M|)nudM\`h�z]Oag®^`K8w�^�^`Kkhj\
nAt[oqOc|�^���h�Oa\�nAd�^`KkO,yk�jwpdkO

Π
¢k��Kkh�|!K�hj\�dMnp^�g{Oa|)nudM\_^`g{eM|�^{Oaz�O)h�^`KMO)g�nu¼8¡º��h�dkO¯nAg�z]ekg{h�dk�b^`KkO�\`O)g{�unuh�dk�Mª

J�KkO¦NPO�^`Kknkz©hj\xh�d©�¹wu|�^UtMwA\_Ocz�nAd�^{KkO¦g{Oa|�n��uO)g{Z.nu��^{KkO¦ykg{n�oqOc|�^{h��uO�KknANbnA�ug!wpykK4Z
GΠ

h�dMz]eM|�Ocz©t[Z
^{Kkh�\
yk�jwpdkO�tHO�^q��OaO)db^q��n,�[h�Oa�x\)ª�«¬dMz]O)Ocz¤¢A�uh��uO)dPwudbOa\_^`h�Nw�^{O�nu�8^{KkOU|)wpNPO)g!wk§ \�h�dA^{O)g{dMwp�kyMwug{wuNbO)^`Oag{\
K
¢]^`KkOad

GΠ

|)wpd�tHO¯^`g!wpdM\_� nug{NPOaz�h�dA^{nwud � eM|���h�zkOawpd©KknANbnA�ug!wpykK[Zb^{Kkg{nuek�uK

HΠ = K−1 GΠ K,
± �u³

wA\®�®O)���/wA\�wP|{Kkn4\_Oad�h�Nwp�AOvyHnuh�d4^ ± wp�j\_n|)wu����Oaz�|�nAdA^`g{nu�¤yHnuh�dA^�³�|)wud�tHO,dknug{Nwp��h"!)Oaz�t[Z

m∗ = K−1p∗.
± �A³

J�KkOv^!wu\`¥� ekdM|�^`h�nud
eΠ =

[
e>ν Π

, e>ωΠ

]> ∈ R
6
��h�^`K

{
eνΠ = HΠm∗ − m∗

[eωΠ]× = HΠ − H>
Π

± �p³

hj\�^{KkO)d2ykg{n6�AO)d � ���/^{ntHO���nk|)wp����Z.hj\_nANPnug{ykKkhj|U^{nP^{KkO¦|)wpNPOag{wbyHnA\`Ouª �Un6�®O)�uO)gc¢kh¶^Uhj\xdknud]¡ºh�dpoqOa|�^{h��uO
wug`nAekdMzP^{KkOvOci4ekh���h�tkg`h�ekN&h���^{KkOvOadA^`h�g{Ovz]nANwph�d�np��g`nu^{wp^`h�nudM\�h�\�|�nAdM\`h�z]Oag`Ocz¤¢[\`h�d8|�OvtHnp^{K

θ = 0
wpdMz

θ = π
wpg{OvNwpyMy8Ocz�^{nPt4Z

eωΠ = 0
ª

��¾ 
£�]�O@ 3�
������������������������ ��!��"$#%�&
GΠ

���'�)(*�+�,$�.-0/213���4-������5��!6$#���78�:9����:��1	;)�+��(<#=��� ;
G��9?>A@�B'!.���6(<1A�+9%�+�C����D7&����0EF�G9H$#&�3�)-:�2�:��IJ$#<�CK�LD���,-0G���

q∗ ���C$#��5����(M���N�:��9���&$�O��9P��!Q$#��R(<1A�+9<�
Π = [n∗>,−d∗]>

��9S$#��T(M�VU%�:1W-N�����0X2��9%�8G�Y���=��G�:;ZE[��E\�+E
q∗ = K−>n∗ EJ]Y!^-N��/��:�:��I_7_�����:9F.#%�8

p∗

�3�`.#��a(<�N��bN��-0.�A�+9Z�+!^�4K+cH(^����9�ed8�:1O��987f�g9&7h��
Π

Ii$#<�a(*�+���+1�13�+U4!A�N��;
p∗ j E ��EVkE

Π
�3�

ρ∗ = 0
E

ìíî�ï/ìíÚ
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J�Kkhj\,\`Oa|�^`h�nud%yMg`Oc\_OadA^{\,wud%ekdMh��MOcz�� g!wpNPOa��nug{¥©��KMO)g`Ob^{KkOPnAt[oqOc|�^¦|)wpd²tHOPOah¶^{KkO)g,yM��wudMwpg¯nAg¯dknAd]¡
yk�jwpd8wpg�g`Oa�Awug{z]��Oa\{\
^{KkO¯NPnp^{h�nAd�|awpg{g`h�Oaz.nAe]^�t4Z.^`KkO�|)wpNPO)g!wkª�T�nug{O)n��uO)ga¢A^{KkO¯yMg`nAy8n4\_Ocz^{wA\_¥� ekdM|�¡
^{h�nAd��uOadkO)g!wp��h !aOa\®ykg`Oa�[h�nAeM\®��Oa����¡ºOa\_^{wptM��hj\_KMOaz.� nAg`N¦ek�jw�^{h�nudM\aª

�	��
 ���#$?�)���
	�$������(�$-,.� !#���f�)��� ��(���,�� � �)0
«¬d�nAg{z]Oag�^{n%g`Oc|�n��uO)g�^{KkO�yMwug{wuNPO�^`Oag{\���KMh�|!K�g{O)�jw�^`O.^{KkO�ykg`npoqOc|�^`h�nud£nu�Swpd£nAt[oqOc|�^Pt8O)^¬�®O)O)d�^¬�®n
�[h�O)�x\a¢
^{KkO2»MekdMzkwuNbOadA^!wp�xNPwp^`g{h � |�nAek�jz�tHO©Oc\q^{h�NPwp^`Ocz �DCc���ºª �xn���O)�uOaga¢mh�^hj\Pdknu^.z]O �MdMOaz�� nAg
yk�jwpd8wpg�\`|)O)dkOc\)¢�wpd8z�h���^{KkO�|awpNPO)g!w©ekd8z]O)g{�un[Oc\�w�ykekg{O.g{np^!w�^{h�nAd�NPnp^{h�nAd�^{KkO�Oc\q^{h�Nw�^{h�nud�nu��^{KkO
^{g{wudM\_�jw�^{h�nAdh�\®z]O)�AO)dkOag{wp^`Ouª �xOadM|�Ou¢]w�g{nutkeM\_^�NPO�^`KMn]zOAª �8ª �DCa���8^{n�z]O�^{Oa|�^�^`Kkn4\_OSzkO)�uOadkO)g!wu|)h�Oc\
wudMz
^{n©\`��h¶^!|{K²tHO�^q��OaO)d²NPn]z]Oa��\ ± w��PdkO»MekdMzkwuNPO)dA^!wp��Nwp^`g{h � ¢/KknuNPnu�Ag{wuykK4ZA¢@O�^!|pªÊ³£KMwu\v^`n©tHOPeM\`Oaz¤ª
rU�¶^{O)g{dMw�^{h��uOa��Z2^{n©eM\_h�dk��^`KMOa\`Ob� Oaw�^{ekg{O�¡ºtMwu\`Oaz¤¢/N¦ek�¶^{h�yk��OK[Z[yHnp^`KMOa\`Oa\v^`Oa\_^`h�dk�©NPO�^{Kkn]zk\a¢���OPeM\`Ow
NPnug{OU�AO)dkOag{wu�8�[h�\`eMwp�8^{g{wA|{¥[h�dk��^`Oc|{KMdkh�i4ekOv��Kkhj|!K�O � yM��nAh¶^!\®wp���Hh�Nwp�uOSh�d]� nug{Nw�^`h�nud���h¶^{Kkh�d�w¦g`Oa�uh�nud
nu��^{KkO�g{O�� O)g{O)d8|�O�h�NPwu�uO R∗ ⊆ I∗ �DC*C �:ª�J�KkO�wu\{\`ekNPy]^`h�nud£nu��^{Kkhj\¦^{g{wA|{¥[h�dk��ykg{n]|)Oaz]ekg{O.hj\¦^`K8w�^^{KkO.|)wuNbOag{w�nutM\`O)g{�uOa\¯w©|)nud4^`h�d4eknAeM\v^{O � ^`ekg{Oaz�\`ekg_�¹wA|�OAªP«¬d²^`KMh�\¦|)wu\`Ou¢�wpd²O �.|�h�O)dA^�\_Oc|�nud8z[¡:nAg{zkO)g
nAy]^`h�NPh !cw�^`h�nud�^{Oa|!KkdkhjiAeMObhj\,wpykyM��h�Oaz�^{n�NPh�dkh�Nbh"!)Ozkh�g{Oa|�^`��Z©^{KkOPh�d4^`OadM\_h�^qZ�z]hj\{|�g{O)yMwpd8|�h�Oa\StHO)^¬��OaO)d
^{KkO²|�ekg{g`OadA^�wpdMz ^`KkO%g{O�� O)g{O)dM|)O�h�Nwp�uOc\)ª J�KMw�^�h�\a¢x��O²\_OaO)¥F^{KkO%yMwpg!wpNPO)^`O)g!\

Q
wpdMz

ρ
∗
± \`O)O

X[ekt8\_Oc|�^`h�nud��]ªÊ�u³m^`K8w�^xNbh�dkh�NPh !aO¯^`KkO¯� nA����n���h�dk�|�n4\q^�� ekdM|�^`h�nud/°

1

2

∑

p∗

i
∈R∗

[
I
(
w(p∗

i ;Q, ρ∗i )
)
− I∗(p∗

i )
]2

.
± QA³

J�KkO�nutk^{wph�dkOcz©\_O)^xnu��yMwpg!wpNPO)^`O)g!\�|)wud�tHO�eM\`Oaz2wu\xwud©Oa\_^`h�Nw�^`O,� nug�^{KkO¦\{wpNPO,ykg{n]|�Ocz]ekg{O¯��KkO)d�w
dkOa�øh�NPwu�uO¯h�\xwu|)i4ekh�g{Oaz¤ª
¸ h¶^{K%g{O)�Awug{z©^`n�^`Kkn4\_OPz]O)�AO)dkOag{wA|�h�Oa\a¢@w�|�nAdM\_Oag`�pw�^`h��uO�\_nA��e]^{h�nAd�^`n�g`Oc|�n��uO)gU^`KkOc\_ObyMwug{wuNbO)^`Oag{\

hj\Pwpykyk��h�Oaz�h�d �DC*C �:ª�J�KMw�^Phj\)¢
� nugPO)�uO)g{Z�dkOa� h�Nwp�AO�wpd�h�dkh�^`hjwp��wp^_^{O)NPy]^P^`n²O � yk�jwph�d£^{KkO�h�Nwp�uO
z]h�¼@O)g{O)dM|�Oc\,h�\,yHOag_� nAg`NPOaz%t4Z%eM\`h�dk�

Q
nudk��Zuª�r��í^{O)g{�®wpg!z¤¢/^{KkOg{O)Nwuh�dMzkO)g,h�\�|)nug{g`Oc|�^`Ocz���h�^`K²^{KkO

yMwug{wu���jw � Oa\
ρ
∗ ª��xOag`OA¢[��O,wuzMwpy]^®^{KkOv^`Oc|{Kkdkhji4ekO¯ykg{nuyHn4\_Oczh�d �DC81��@^`nbnAekg�ykg{n�oqOc|�^{h��uOS� nAg`N¦ek�jw�^{h�nAd/ªJ�K[eM\)¢

ρ
∗ hj\Snudk��Z©eM\_Ocz ± wpdMz���KkOadkO)�uOagSeM\_Ocz©^{Kkhj\Shj\UNwuzkO�\`h�N¦eM�¶^!wpdkOanueM\`��Z©��h¶^{K Q

³�^`n�O � yk�jwph�d
^{KkO¦h�Nwp�AO�z]hj\{|�g{O)yMwudM|�h�Oa\�h��mwpdMz©nAdk��Z�h¶��^`KMO�z]h¶¼@O)g{O)dM|)O�tHO)^¬��OaO)d�g`Oc\_eM�¶^{h�dk��|�n4\q^U�pwp��ekOa\�� g`nAN�^{KkO
± h�Nwp�AOc³xnuy]^{h�NPh"!aw�^{h�nudM\UO � |)O)Oczk\x^`KMO�h�NPwu�uO¦dknAh�\`OuªvJ�Kkhj\SNPh�dkh�Nwp��yMwpg!wpNPO�^{O)g{h !cw�^`h�nud©� g{wuNbOa��nug{¥
ykg{Oa\`O)d4^{\bNwpd4Z�\q^{g`Oadk�p^{KM\aª�»�h�g!\_^a¢mh�d�^{KkO2|)wu\`O�^{KMw�^

Q
KMwu\Pwu��g{OawAz]Z�O � yk�jwph�dkOaz�NPnA\_^Pnp�U^{KknA\`O

z]hj\{|�g{O)yMwpd8|�h�Oa\a¢At4Zh�dM|���eMz]h�dk��^`KkOvyMwug{wu���jw � Oa\mwp�í^`O)g{�®wug{z��nueM��z.yHO)g`^`eMg`t.^`KkOvOc\q^{h�Nw�^{OSnp�
Q
h�d.^{KkO

dkO � ^®h¶^{O)g!w�^`h�nud�ª�»kekg`^`KMO)g`NPnAg`OA¢AnudM|)Ox^`KMOSnuyk^`h�NPwu�8y8wpg!wp����w � Oc\
wug`OUnut]^!wph�dkOaz¤¢4^`KkOag`OShj\mdMn¦g{Oawu\`nudP^`n
Nwph�dA^!wph�d�^`KMO)N�h�d�^`KkO,NPh�dkh�NPh"!awp^`h�nud�yMg`n]|)Oaz]ekg{O¯\_h�dM|)O¯��O�z]Oawu�¤KkO)g{O¯��h�^`K©g`h��uhjz�nut]oqOa|�^!\�nAdk��Zuª
��¾ 
£�]�O@ :*
��[#<� .�:�8-
����9874;)�+$#��&XZX��8���J9��8e/2�:�6��92�5(<� �O���e��9&!.���k;5�8$�O�+9F���..#��:� �&d8�8/&J.#��Q�&d2L
bN�,-,�� �T�D#���(^�J��� �&d8��/=�$#���-:��;)�:����� �[;)��.�A�+9iEW�G9�!$�8-0�I8�8Xf��(^.�g9&74.#��a��.�:�&��k72�`(<�N�N(^�+���,X`��9����,K��^��
�8/��`-���9<��kUM�1A����X_�`G�R1O�N�f�,��987Z/�9%�+1��������Xh$#�����9&��$�A�+1%(*���:��1g1A��UF�N��1./f�N�

ρ
∗
0

= 0
�:��$#����J��!Y$#��6�&dNbN��-0

�3�W(<1A�+9%���Y���T�g!�$#<��-��+;)�:��� /29MX��:� 78�8���T�e(^/����Y�N����8.�A�+9';)�8$�O��9iE��[#&�3�	#���(&(^�:9%� d8�,-��8/2���,If�g9F$#��N�:�
-��������NI

Q
����1O�:1V�Z�kU2(<1A�+��9=�e�+1�1M��;4�+78�QX2�3�N-k����(i�+9M-k�A�N�0E

ï�ï ß�iMä���ä�ñ



Q �����Y��� �������������	��
 ��� ���

�	��� ���#$ &)(��& ��+$�� ����� � � ���),.��� ��
»Mg`nANø^`KkO®yMwpg!wpNPO�^{O)g!\

Q
wpdMz

ρ
∗ Oc\q^{h�Nwp^`Oaz�t4Zv^{KkO��[h�\`eMwp�u^{g{wA|{¥[h�dk�xNPO�^{Kkn]z ± \`O)O®X]ektM\_Oc|�^{h�nAd�1kªDCc³�¢��O�ykg{nuyHn4\_O
h�d,^{Kkhj\�\`ektM\`Oa|�^{h�nAd¦wU\`ekh¶^!wptk��Om^{wu\`¥S� eMdM|�^{h�nAd�� nug�y8n4\_h�^{h�nAdkh�dM��^{KkO�g`nAtHnp^�� g`nANµwud�h�dkh�^`hjwp�

yHn4\_O,^`n^{KkO¦g`O)� O)g{O)dM|)O ± z]Oa\`h�g{Oaz8³�nudMOuª�«¬dMz]OaOaz¤¢HeM\`h�dk� � i8ª ± 1A³xwpdMz�wpd2Oa\_^`h�Nw�^`O¦np��^{KkO�|)wpNPO)g!wk§ \
h�dA^{O)g{dMwp�¤y8wpg!wpNPO�^{O)g{\

K
yHO)g{NPh¶^�^`nnut]^!wph�d

H = K−1 GK
± RA³

wudMz
e′p = K−1ep.

± Ca�4³
J�KkOc\_O�OadA^`h�^{h�Oc\x^`nu�AO�^{KkO)gU��h¶^{K©^{KkO�|�nud4^`g{nu��yHnuh�dA^

m∗
± �4³���h�����tHO¦eM\_Ocz�� nugSz]O �Mdkh�dk�^{KkO�^`g!wpdM\`�jw�¡

^{h�nAdMwp�¤yMwug_^�nu��^`KkO¯^!wu\`¥� ekdM|�^`h�nud/ª
QxO � ^c¢4z]O �MdkOUtHnp^{K.w��qykg{npoqOa|�^`h��uO���w � h�\
np�¤g{np^!w�^`h�nud

µ ∈ R
3
± ��Kkhj|!K.zkn[Oa\
dknp^�KMw6�uO�dkOc|�Oa\{\{wpg{h���Z

ekdkh�^xdMnug{N³m� g{nuN
H
± R4³®wA\

[µ]× =
1

2

(
H − H>

)
,

± C*C6³
wudMz�w��qyMg`npoqOa|�^`h��uO��¯wpdk�A��O¯np��g{np^!w�^{h�nAd�wA\

φ =

{
arcsin

(
sat(‖µ‖)

)
,

h�� (
tr(H) − 1

)
/2 ≥ 0,

π − arcsin
(
sat(‖µ‖)

)
,
nu^`KkOag`��hj\`O

,

± Cc�A³

��KkOag`O
tr(·) z]Oadknp^{Oa\®^{KkO¯^`g!wu|)Ovnu��wbNPwp^`g{h � wpdMz�^{KkO¯� ekdM|�^{h�nud sat : R

∗ 7→ [0, 1]
hj\xz]O �MdMOaz©wu\

sat(x) =

{
x,
h��

0 ≤ x ≤ 1,

1,
h��

x > 1,

± C814³

\`n%^`KMwp^
arcsin(·) hj\w%g{Oawu�¶¡º��wp��ekOcz�� ekdM|�^`h�nud/ª & �v|)nuekg!\_OA¢
h�� ‖µ‖ = 0

^{KkO)d
µ
|)wpd tHO©|!Kkn4\_Oad

wug`tkh�^`g!wpg{h���Zuª
;>= ¾[Â � ¾ 
 3�� ; �k�8@ba � 6 �u�87 Â 6 � 6 Ã 7¹� Â 
 Â �O\ = 7>� 
�	 
�
 !%�g	'��������X�Y�
	0�,���

e =

[
eν

eω

]
=




Hm∗ + ρ∗e′p − m∗

µ

‖µ‖φ


 ∈ R

6,
± C)�[³

��� �D�8���������K�������K���$#%!X�,�>	'�g	�!�� �����(�
� � #%���
� � 
c���������O�
��� ��	 ��� ���8/
���
	0�����>�������X�Y+g	`!%� �����X���)�,.��������������
	`!%� ��� 	0�����g+ ���(����� ��� ����	 ��	$�,���%��� �����Y��� �������

θ = 0
�����(��# #%��+]	'�].��

eω = 0
�
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 J�KkOvykg`n]np�/np�/^{Kkhj\®h�\`nuNPnug{ykKkhj\`N hj\�ykg{Oa\`O)d4^`Oaz.h�d�rUykyHO)d8z]h � ·vª �k¢4��Kkhj|!K�eM\`Oa\�^`KkOvg{Oa\`ek�¶^!\
� g{nuN � O)NPNw-C¯h�d©rUykyHO)dMzkh � r�ª
��¾ 
£�]�O@ Ei
�� ���:�D� ��;Q(^���,���9�`9���G� �&d8��/='.#�� ���� � !G/�9M-,$�O��9 X����&9���X���9 > � ��B4�3�h$#%�&`��6���
-N��9=�0$�,/8-0G�,XR!A�N��; (<���NbN��-0$����� ��9�$��$�O���e��9&1V�fI���E\�+E j ��$#<��/&W;)�N�2��/2� ��987��+�T�N�"!8/����k�g987��+92�5;)��.� �.- ��9%L
!.�+� ;5�8.�A�+9R�&d8��/=*.#�� �8d�bN�,-, E �[#&�3�[��1����Y;5���+9=�T.#%�8%���&d8/2�0$9��N� �	G� -:��;)�:����� �M��9�G�:�k9%�+1�(*���:��;5�+����k�
�3�e�8-G#&�O������X%E
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��¾ 
£�]�O@ 9W
��8�g9M-N�6$#<����(M� (^�+1A�J��� -N��;Q(^/&G�,X ��9S$#<�6.�:�8-
����987 (<�N�&-N��� ��I j �`-N��/�1.X)/_�:�J��[����1O�:1V�Z��
-N��9=�0$�,/8-0	�)X���-���/,(<1A��Xh$���+9%�D1A�8.�A�+9h��� �N���0I=��E 7<EadN� X����&9&��987

eν = e′p
± Cc�A³

��9=�0��N�8XS�+!�$#��8`X����&9���XZ�g9 > � �+B,E �[#��C$���+9=� 1A�8$�O�+9 �:�k���+�C> ���0B6�3��X��,-N��/0(<1O�,XZ!A���+; $#��'���8��&$�O��9
;)��.�A�+9 � �g9*-��

e′p = K−1ep = K−1Kt = t
>�9��k7f1A��-0.�g987S�:�k�N���k� ��9

K
B�E�� � j ��������IM��! $#<�'�8d�bN�,-,

�3� (<1A�+9%���6.#��:9 ��9�� �3�e9���T�0/���� �g!J$#��`���,-N�2�+�:����X
ep

-����k�N����(^��9MX_�`�� .#��'.�0/f�`����1�/&$�O��9�>�d8�,-��8/2���
;)���N�4.#%�+9 ��9�� �8X2;����k� ��d+1O�R����1�/&$�O��9 X����N�Q�kU8���0$B,E�� �+���:�,$#���1A�N� ��I	$#<�5-���/,(<1g��987h��9H> � ��B6���`9���e�
;5��bN���C-��+9M-���� 9H�� .#��)����&d+��1��.�� d8�,-��8/2���5�C(i�8$#�(<1A�+9&9&��987����6(^�:�k!.���k;5��X >3�:�0���=��-0$�O��9 ��B,E��G9
�8X&X2��$�O��9PG�F.#�� (^��� � ��d�1A�Q;)�&X2� �M-:�&$�O��9H> ����B0I j �5-���/21$XZ��1����5#%�_���4X8���&9���X�$#�� ���8��&$�O��9%��1	�:�k���+�
X2�
	*�:�N�:9�.1 �fI%�0/8-G#F�����

[eω]× = 2[µ]× = H − H>,
± Ca�4³

G�Y�N��(<1A��-N�
HΠ−H>

Π

�2��X����&9<�,X ��9h>�DB0I+�g9'�8/��*78�:9<�:���+1.If/�9&� ���,X !A���+;)� j ��� �ME��`� j �+���:�0I,�N�:;5��� �2�&d+1A�
��;Q(<���_���:;)��9�.�e����� ��-�#&�A�+���,Xh$#&�N��/+7f#

eω

��� X����=9��,X4��9P> � ��B0I j #&�.-�#Z����� �0��&���X��g9��	���N��1�1A�+��� �_E

[ Â � Â � �>�]� ¿ 3�� G�¾ 6 ¾ ��� �,7¹� ¿ � 6 Ã 7 
 \�� Â N ¾ 
 ¾ 6 �a� 	 
 
 !%� #Y����#%�O�
��+]	 �O� � ���X� ��	$�,���

e =
[
e>ν , e>ω

]> ∈ R
6
����������� ��� �H����� ������� �����	$�,��� ��� 	`!%� ��� �

eΠ =
[
e>ν Π

, e>ωΠ

]> ∈ R
6

+ ��� �Y��+H������� � ����� ����#Y��� � � ��	�! � .`/
����	0� ���"���
.���	$������� ��!%��#%� ��
c���������O�
��� 	`!%� #Y����#%�O�
��+b������	$� ���
�
�������h����� ��� � �����"�c��	$� ���)�!X	 ������� ����+-#%��	�! # � ��� ����� �!�0��!���� � ��� � ����	$�,���"�#�$�%$ �X��	`!%�
���(����� �����X�
# � � /
���
	$������������� �X� ��	$�,��� �Y��	0�X���������c�
�Y����� #%�O���
��� 	`!%� !��*.����,+H������	$�������
�������

e′
Π

=
[
e′ν

>
Π
, e′ω

>
Π

]>
=[

(αm − m∗)>, θu>
]> ∈ R

6, α > 0,
# ����#%������+-���'&�(*) � � !X�,��! � ���
�X��� ���g�-��������
� �(�
	0���,�K����	$� �K��	'�

�� 	`!%���Y��� �K���������
	'������� 	`!%�M#Y� ���Y���>	 ���0����	 �����>����������������� �
e′ωΠ

�

S � Â/Â a 
 J�KkO,ykg`n]np��np��^{KkOa\`O�\q^!w�^`OaNPO)dA^!\�hj\�ykg`Oc\_OadA^`Ocz�h�d©rxyMyHO)dMz]h � ·Sª 1kª

�	��� ���#$ , �� � ( T� � �%� ��� � � � �^� �D���/� 4 � �)���/4#� � �
;>= ¾[Â � ¾ 
 : � + Â �u� ���a�a�k�V7 �,7 � ¿ 	 
 
 !%�K����� 	0������� ���

v = Λe, Λ = diag(λνI3, λωI3), λν , λω > 0,
± C6�u³

�^!������
v =

[
ν
>,ω>

]> ∈ R
6
����� #Y�����
���-	`!%�h	$�����%��� ��	0�,���Y��� ��� +H����	 ��	$�,��� ���M�O�
� �8�
��	0�,��� ��� +H	�!��

������	$����� �
�������
e =

[
e>ν , e>ω

]> ∈ R
6
�O�H+*�,� � ��+ ����� �-�#� ���������X� ���"�D�8����� �O����� #Y	 ��	$�,� ��	'� .����)��	 �

# � ���8�,+ ��+ 	�!���	 	�!��&#%����� 	
m∗ ���>��!��O�
�
�"������!-	�!���	 ��	,� #��������`� ��.������D��	$���O�>	 � 	`!%��+ ��� ���Y��� 	 #Y�D��� ����
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 J�KkOPykg{n[np�mhj\¯ykg{Oa\_OadA^{Oaz�h�d�rxykyHOadMz]h � ·vª �M¢/��Kkh�|!K²eM\`Oa\S^{KkOPg{Oa\`ek�¶^!\S� g{nuN � O)NPNw CPh�d
rUykyHO)dMz]h � r�ª
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Cc� �����Y��� �������������	��
 ��� ���

¸ h¶^{K%g`Oc\_yHOc|�^S^`n�^`KMO�yMwug{wu����w � |�nAdMz]h�^`h�nud�h�d²J�KkO)nAg`OaNÅ�k¢H^`KkOag`Obwu����wcZ]\UO � hj\q^¯w�yHnuh�dA^¯��Kkhj|{K
KMwA\ !)O)g{n�yMwug{wu���jw � ± wpd8z�^`K[eM\�|)wpd²tHO|!Kkn4\_Oad²wu\v^`KMO|)nud4^`g{nu��yHnAh�d4^!³¯\_h�dM|)Ou¢�h�d²^`KkOP� nAg`N¦ek�jw�^{h�nAd/¢
^{KkO�z]nuNPh�dMwpd4^xyk��wudkO��vwp���®w6Z]\�|�g{nA\{\`Oa\�^`KkO,nAt[oqOc|�^cª
J�KMO)g`O)� nug{Ou¢[^`KkO¦|���nA\`Oaz[¡º��n]nuy�\`Z]\q^{O)N�h�\xwu���®w6Z]\
��n]|)wu����Z�wA\_Z[NPy]^{np^{h�|awp����Z�\q^!wptk��Ouª	�Un6�®O)�uO)gc¢k� nugUg{nutke8\q^{dkOa\{\�g{Oawu\`nud8\)¢kh�^Sh�\S|�nAd4�uO)dMh�OadA^x^{n�|!Kkn[nA\`O�w
yHnAh�d4^x|)��n4\_Ov^`nb^{KkO�|�OadA^{O)g�nu��^`KkO,nAt[oqOc|�^aª

� � �,	�" � �������������

rU�¶^{Kknuek�AK²^`KkO.NPO�^{Kkn]z²hj\,g{nutkeM\_^¯^{n2�jwpg{�uOP|awpNPO)g!w�|awp��h�tMg{wp^`h�nud%Oag`g{nug!\)¢/h�^�hj\�z]Oc\_h�g!wptk��Ob^`KMwp^,^{KkO
^{g{w�oqOa|�^`nAg`Z�nu�¤^`KkOv|)nudA^{g`nA�MyHnuh�d4^�h�d^{KkOSh�Nwu�uOxtHOvwu\�|���nA\`O)��ZPwu\myHnA\{\_h�tk��O�^{n�w¦\_^`g!wph��uKA^���h�dkOAª�¸÷h�^{K
^{Kkh�\a¢kwb��wug`�AOvz]nuNwph�d�np��|�nud[�uO)g{�uOadM|�OU� nug®^{KkO¯�[hj\_eMwu�¤\_Oag`�unAh�dk�¦hj\�wu|!Kkh�Oa�uOaz�\`h�dM|)Ov�®OvOad]� nug!|�OS^`K8w�^
wp^®��Ocwu\_^®\`eM|!K�w�yHnAh�d4^�wu���®w6Z]\mg`OaNwph�dM\mh�d.^`KMOSh�Nwp�uOAª�»knAgm^{Kkhj\)¢]h�dM\_^`Ocwuz.np��z]g{h��4h�dk�

e(t) −→ 0
wud

wuykykg`nAykg{h�wp^`OxyMw�^{K.^`g!wu|!¥[h�dk�
e(t) −→ e∗(t)

h�\�yHOag_� nAg`NPOcz¤ª�J�Kkhj\�h�\®wA|)|�nANPyk��hj\`KkOazt4Zg`Oa�uek�jw�^{h�dk��w
^{h�NPO�¡º��wug`Z[h�dk�b|)nud4^`g{nu�@Oag`g{nug

e′(t) = e(t) − e∗(t).
± C8Q4³

·®ZwptkeM\`OUnp�/dMnp^{wp^`h�nud/¢4��OSg`Oaykg{Oa\`O)dA^�h�d^{Kkh�\�\_Oc|�^`h�nud
e∗
wu\
^{KkOvz]Oc\_h�g`Ocz|)nud4^`g{nu�8O)g{g`nAg
��wu��eMO�^{n¦tHO

wA|{Kkh�O)�uOcz¤¢@h�dM\_^`OawAz�np��w���wp��ekObz]O �MdkOaz���h�^`K%g{Oa\`yHOa|�^U^{n�^{KkObg{O�� O)g{O)dM|)O�� g!wpNPObwA\U^`Kkg{nueM�uKknAe]^U^{KkO
wug_^{h�|)��OAª
J�KkOv\_^`g!w�^`Oa�uZbykg{Oa\`O)dA^{Oaz.h�d.^`Kkhj\�\_Oa|�^`h�nud�h�\®zkh¶¼@O)g{O)d4^�� g{nuN � Q��º¢4��KMO)g{Ox^{Kkh�\®�jw�^_^{O)g®hj\®|�nANbyHn4\_Ocz

t[Z�^{Kkg`OaO.ykKMwu\`Oa\¦wpdMz�g{Oai4ekh�g`Oc\,w�|�n4wpg!\_OPNPO)^`g{h�|Oc\q^{h�Nw�^{O.np��^`KMO.dknAg`Nwp�m�uOa|�^{nug�nu�®^{KkO�yk��wudMwpg
^!wpg{�uO�^cª�«¬dMz]O)Ocz¤¢pwU\`h�NbyM��O®\_^`g!w�^{O)�uZvhj\�\`Kkn���d,^`nStHO®\_e �|)h�OadA^�^`nvw�^`^{wph�d�nAekg�ykekg{yHnA\`Oa\a¢ch:ª Ouª���h�^`KknAe]^
g{Oai4ekh�g`h�dk��wpd[Z%NPO�^`g{hj|h�d]� nAg`Nwp^`h�nud�wudMz�tHO)h�dk��h�d8z]O)yHO)d8z]O)d4^�np��^{KkO�nut]oqOa|�^c§ \�\_K8wpyHO�wpdMz�np��^{KkO
|awpNPO)g!wk§ \�NPnu^`h�nud/ª
J�Kkh�\�hj\�z]eMOv^{nb^{KkO,ykg`nAyHO)g`^`h�Oa\®nu��^`KkO,yMg`nAy8n4\_Ocz�|�nud4^`g{nu�¤O)g{g`nAg ± Ca�4³�°

� ��OdkO)Ocz�^`n©yk�jwud�^{KkOP^`g!w�oqOa|�^{nug{Z2np�®nudM��Z�nAdkOPyHnuh�dA^c¢���Kkhj|{K�NbOcwpdM\v^{KMw�^�ykK4Z]\`h�|awp����Z��pwp��h�z
|awpNPO)g!wb\_h�^`eMwp^`h�nudM\�wug`O,wp���®wcZ]\�\`yHOa|)h��8Oaz¤´

� ^{KkO,ykg`npoqOc|�^{h��uO,w � hj\_¡ºwpdM�u��OSyMwpg!wpNPO�^{O)g{h !cw�^`h�nud�wu��g{OawAz]Zykg{n6�[hjz]Oa\®� nugxwP\`NPn[np^{K�^`g!w�oqOa|�^`nAg`Z@´
� �Ah��uOad�^{KkO,h�\`nuNPnAg`ykKMh�\`N©¢4^`KkOag`O,h�\�dkn\`h�dM�uek�jwpg{h¶^qZ.nug���n]|awp�¤Nbh�dkh�Nwbh�d�^`KkO,�jwpg{�uOuª

J�K[eM\)¢4w¯��h�dkOawugmz]Oa\`h�g{OazbyMwp^`K
e∗(t) =

[
e∗>ν (t), e∗>ω (t)

]>
,∀t ∈ [0, T ]

¢4\`eM|!Kb^{KMw�^
e∗(0) = e(0)

wpdMz
e∗(T ) = 0

¢M|)wpd�tHO,OawA\_h���Z.|)nudM\_^`g{eM|�^{Oaz¤°

e∗(t) = e∗(0) +
(
e∗(T ) − e∗(0)

) t

T
= e(0)

(
1 − t

T

)
.

± C8R4³

QUO)�uO)g`^`KMO)��Oa\{\)¢]NPnp^{h���wp^`Ocz�t[Z.^`KkO¯�¹wA|�^ ± \`O)Ov^{KkO,g{Oa\`ek�¶^!\®� g`nAN � O)NPNw-C¯h�d2rxyMyHO)dMz]h � rS³�^{KMw�^

eω =
µ

‖µ‖φ −→ uθ
wu\

t −→ 0,
± �p�A³

� È �[Ò:ÇcÖ
Ì�Ø��>Öqò¬Ò�ÈÊÉ/ß6Ì!Ò�Ñ6ÐÓÏ!ß�Ï!Íqê6Ò>Ç6ÈÊÉ�Ñ6ÐÓÏ!ß6Ö�ÈÊÉ¤öaÈÊÍ¹Ò>Õ�Ï!Ðjá
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	0� C*C

��Kkhj|!KbNPOawpdM\�^{KMw�^�h��
t = 0

^`KkOadb�AO)n]z]Oc\_hj|mg{np^!w�^{h�nAdM\���h����]tHO�h�dMz]eM|)Oaz¤¢u^`KkO�g`nu^{w�^{h�nAdMwp�[yMwpg`^�nu� ± C8R4³
hj\�\`��h��uK4^`��Z�|!KMwudk�uOcz�h�dA^`n

e∗ω(t) = eω(t − 1)

(
1 − t

T

)
,

± �XC6³
��KkOag`Ov^{KkO,dknp^!w�^{h�nAd

eω(t − 1)
g{O�� Oag{\®^`nb^{KkO,�jwu\_^���wp��ekO¯np�

eω

ª
J�KkO)g{O�� nug{Ou¢�|)nudM\`h�zkO)g{h�dk� w÷NPnp^{h�nAdk��Oa\{\©^{wug`�AO�^�wpdMzµ��h�����h�dk� ^`n g`Oa�uek�jw�^{O ± C8Q4³�¢,^`KkOF|�nAdA^`g{nu�

�jwc� ± C��p³�hj\®^{g{wudM\_� nug{NbOcz�h�d4^`n

v = Λ(t) e′(t) +
∂e∗(t)

∂t
,

± �u�A³
��KkOag`Ov^{KkO¯� O)Oaz]¡>� nAg`�®wug{z.^`Oag`N

∂e∗(t)/∂t
wp����n��x\�|�nANPyHO)dM\{w�^{h�nAd�np��^{KkO¯^`g!wu|!¥[h�dk�bOag`g{nug�wpdMz

Λ(t) = diag
(
λνI3, λω(t)I3

) ± ��14³

=

[
λI3 0

0 λ exp(−γ‖eν(t)‖)I3

]
, λ, γ > 0,

± ���4³

hj\.wpd wuzMwpy]^{h��uO2�Awph�d Nw�^{g`h � wp�j\_n�NPnu^`h���w�^{Oaz t4Z ± �u�A³�°
λω(t)

hj\.\`NPwu����� nAg.��wug`�AO ‖eν(t)‖ wpd8z
λω(t) −→ λ

wA\ ‖eν(t)‖ −→ 0
ª

� � ��������	��

«¬d�^{Kkhj\�\`Oa|�^`h�nud/¢k��O¯g{O)yHnug`^�wPz]h��uO)g!\_O,\_O)^�np��g{Oa\`ek��^{\®^`nP�pwp��h�zMw�^`O¯nuekgxz]h�g`Oc|�^��[hj\_eMwu�/\_Oag`�unAh�dk��^`Oa|!K]¡
dkhji4ekOuª�¸%O¯eM\`OU^{KkO¯��nug!z �_z]h�g{Oa|�^�x^{nbO � ykg{Oa\{\mtHnu^`K�^{KMw�^�^`KkO)g{Ovh�\®dMn¦� Ocw�^{ekg`OvO � ^{g{wA|�^`h�nud�ykg{n]|�Oc\`\a¢
wudMz�^`KMwp^¯^`KkO|)nud4^`g{nu��O)g{g`nAgvwpd8z%|�nAdA^`g{nu���jwc� wpg{Ob|)nuNPyke]^{Oaz%eM\`h�dk�©nudk��Z2h�Nwp�uObNPOawA\_eMg`O)NPOadA^{\aª
»Mnug�^`KkOah�gb|�nuNPykek^{w�^{h�nAd/¢�wp���mykh � O)�j\���h�^`Kkh�d�wpd£wpg{Oaw©np��h�dA^{O)g`Oc\q^bwpg{OO � yk��nuh�^`Ocz¤ª2»knAg¦wu���mg{Oa\`ek��^{\a¢
^{Kkh�\Pwpg{Oaw2hj\bz]O)��h�NPh�^`Ocz£t4Z£w�g`Ocz��ug{hjz¤ª²J�KkO��[h�\`eMwp��\_O)g{�unAh�dk�2^{wA\_¥�|�nAdM\_hj\_^{\¦h�d�yHnA\`h¶^{h�nAdkh�dM�2^{KkO
|awpNPO)g!w¯��h¶^{K.g`Oc\_yHOc|�^
^`n�w,g{h��Ah�zPnut]oqOa|�^�h�d8z]O)yHO)d8z]O)d4^`��ZPnp�¤h�^{\�\`KMwpyHOAª�»knAg
^`Kkhj\)¢[w�g`O)�íOag`OadM|�Oxh�Nwp�uO
hj\,\q^{nug{Oaz�wp^v^{KkOPg{O�� Oag`O)d8|�O ± z]Oc\_h�g{OazM³SyHnA\`Ouªbr��í^{O)g¦z]h�\`yk�jwu|)h�dk��^{KkO|)wuNPO)g!w ± ��Kkh���\_^¯^{g{wA|{¥[h�dk��^{KkO
nAt[oqOc|�^�h�d�^`KkO,h�Nwu�uOc³m^`nwpdknu^`KkOag�yHnA\`Ou¢4^{KkO¯nAt]oqOa|�^{h��uO¯hj\®^`KkOad�^`nz]g{h��uOS^`KMO,|)wuNbOag{w�tMwu|!¥P^{nb^`Kkhj\
z]Oc\_h�g{Oaz.yHn4\_OAª�«º^x\`Kknuek�jz�tHOvdknu^`Oaz.^{KMw�^�^`KMOS^{Oa|!KkdkhjiAeMOvhj\�wu��\`n�h�d8z]O)yHO)d8z]O)d4^�np��^{KkO¯zkh�\`yk�jwu|�OaNPO)dA^
tHO�^q��OaO)d�^{KkO¯h�dkh�^{h�wu�¤wpd8z�zkOa\`h�g{Oaz�y8n4\_Oc\)¢[h:ª OAª�h�^�Nw6Z.|�nANPykg`hj\`OUyMekg`OS^{g{wudM\`��wp^`h�nudM\a¢4ykekg{OSg{np^!w�^{h�nAdM\
nAg,w�|�nAN¦tkh�d8w�^`h�nud%nu��tHnp^{K/ªb«¬d²nug!z]O)gv^`n©KMw6�uOPw�g{Oawu���ug{nuekdMz�^`g{e]^`K/¢��®OP|)nudM\_^`g{eM|�^{Oaz%\`Z[dA^`KMO�^`hj|
nAt[oqOc|�^{\¦np�Uz]h¶¼@O)g{O)d4^b\`KMwpyHOa\¦wudMz¤¢�^`n%\_h�N¦ek�jw�^{O.g{Oawp��hj\q^{h�|.\_h�^`e8w�^`h�nud8\¦wu\¦|)��n4\_Oa��Z²wu\�yHn4\`\`h�tk��OA¢�g`Ocwp�
^{O � ^`ekg{Oaz�h�Nwp�AOa\�wpg{OPNwpykyHOcz²nud4^`n©^{KkO)N©ª�»Mnug¦wu���mh�Nwp�AOa\�\_Kkn���d�KkO)g{Ou¢�tM��ekO.Nwpg{¥]\,wpg{OPe8\_Ocz
^{n2z]Oaykh�|�^,^{KkONPnp^{h�nAd²np��^{KkO.|�nAdA^{g`nA��yHnAh�d4^ ±

m∗ h�d � iHª ± C)�[³_³vh�d²^{KkOh�NPwu�uOPyk�jwpdkOA¢���Kkh���\_^�h�^{\yk�jwpdMdkOazy8w�^`K�hj\mykg{npoqOa|�^`Oaz.h�d��ug{O)Oad/ª�J�Kkh�\��jw�^`^`O)g®h�\m^qZ4yMh�|awp����Z|�nANbyHn4\_OczPnp�
1000

yHnuh�dA^!\m��h�^`K�wud
wAzkwpy]^{h��uO¯�Awuh�d ± �p�4³���h�^`K

λ = γ = 10
ª

«¬d�»�h��Mª CA¢[h¶^�h�\�\`Kkn���d.^`KMwp^®^`KMOvykg{nuyHnA\`OazNPO)^`Kkn]z�|awpd�|)nuyHOS��h�^`K�yM��wudMwpg®nut]oqOa|�^{\a¢[h�dM|���eMz]h�dk�
^{K4eM\®^{KkO¯ykg`Oa�[h�nAeM\_��ZPyMg`nAyHnA\`Oaz^{wu\`¥P� ekdM|�^`h�nud ± �p³���Kkh�|!K�h�\�z]Oa\`h��AdkOaz.� nAg®^`Kkhj\�yMwpg`^`hj|�eM��wug�\_ekg`�¹wu|)Ouª
J�KkO�|�nAdA^{g`nA�/�jwc�µhj\U\_^{wutk��OA°�tHnu^`K2^`g!wpdM\`�jw�^`h�nud8wp��wpdMz©g{np^!w�^{h�nAdMwp�/�uO)��n]|)h¶^{h�Oc\U|�nud[�uO)g{�uO¯^`n#!aO)g{nMª�r®^
|)nud4�uOag`�AO)dM|)Ou¢H^`KMOP�[h�\`eMwp��h�d]� nAg`Nw�^{h�nAd%|)nuh�dM|�hjz]Oa\¯��h¶^{K%^`KkOPg{O�� Oag`OadM|�Obh�Nwu�uOu¢�wpdMz�^`KkO|awpNPO)g!w�h�\
yHn4\_h�^`h�nudkOcz�wp^S^`KkObg{O�� O)g{O)d8|�O¦yHn4\_O��uO)g{Z©wA|)|)ekg{wp^`Oa��ZAª � g{g{nug!\x��Oa\{\U^`KMwud C)NPN � nugS^`KMO¦^{g{wudM\`��wp^`h�nud

ï�ï ß�iMä���ä�ñ
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wudMz%��Oc\`\v^`KMwud��kªDC ◦ � nug¯^`KMOPg{np^!w�^`h�nud²wpg{OPwu|!Kkh�O)�uOaz/ªP»�h��Aekg`OhCwp�j\_n©\`Kkn6�x\v^`KkOO)�unA��ek^`h�nud%nu�m^{KkO
f®wug_^{Oa\`h�wud©z]hj\`yk�jwu|�OaNbOadA^ ± h�d�NPO�^{O)g!\Uwpd8z©h�d�g!wuz]hjwpd8\{³�ª�J�KkO¦tk��ekO¦Nwug`¥]\�h�d2^`KMO¦g`O)� O)g{O)dM|�O�h�Nwp�uO
z]Oaykh�|�^�^{KkO�\_^`g!wph��uK4^���h�dkO®yHO)g`� nug{NPOaz�t4Z¯^{KkO�|)nudA^{g`nA�4yHnuh�dA^a¢uwA\�z]Oa\`h�g`Ocz¤ª�«¬d¦^{Kkhj\�\`wuNPO®\_O)^�np�Mg{Oa\`ek��^{\a¢
w�|�nANby8wpg{h�\`nud²nu�®^{KkO�t8OaKMw6�4h�nAg,nu�®^{KkO�|�nAdA^`g{nu�mO)g{g`nAg{\¯t4Z²eM\`h�dM�©^{KkO.^¬��n�NPO)^`Kkn]zM\ ± zkO �MdkOcz�t[Z
± �p³¯wudMz²nuekg!\!³v|)wud²tHO�\_OaO)d�h�d�^`KkO.tHnp^`^`nANWyk��np^!\)ª�¸²O.|awpd�nutM\`O)g{�uOb^`KMwp^¦w©g{wuykhjz]��Z�h�dM|�g{OawA\_h�dk�
g{np^!w�^`h�nud8wp�¤O)g{g{nug�hj\xnut]^!wph�dkOaz©t4Z�^{KkO�O � hj\q^{h�dM�P^`Oa|!Kkdkhji4ekOuª�J�KMh�\xtHO)K8wc�[h�nug�Nw6Z���OawAz�^`n�¹wph���eMg`O,nu�
^{KkOx\`Z]\q^{O)N©ª��mO�^mwudknp^{KkO)g�h�NPykg{n6�uOaNbOadA^m|�nAdM|�O)g{dM\�w¯yHnA\`h¶^{h�nAdkh�dM�S^!wu\`¥��ínAg
w¯g`nu^{wp^`h�nud�nu�

θ = 180◦
¢

��Kkhj|!K |)wudkdknp^�tHO�yHOag_� nug{NPOaz t[Z�^{KkO�O � h�\_^{h�dk�£NPO�^`KMn]z¤ª J�KkO�g`Oc\_ek��^{\�wu|!Kkh�O)�uOcz t4Z eM\`h�dM��^{KkO
ykg{nuyHn4\_Ocz¦^{wA\_¥¦� eMdM|�^{h�nAdP� nAg
^`Kkhj\�|)wu\`Oxwug`O�ykg{Oa\`O)d4^`Oczbh�d.»�h��Mª��k¢4wpdMzP��h�^`KknAe]^®wpd4Z�y8w�^`K.yk��wudkdkh�dk�M¢
h:ª OAª8eM\_h�dk� � i8ª ± C��p³���h�^`K

λν = λω = 1
ªUX[h�dM|�O�wykeMg`O�g{np^!w�^{h�nAd©h�\U�uh��uO)d/¢M^{KkO¦g`Oc\_ek��^U��h�����t8O�^{KkO

\{wpNPO�g{O)�4wpg{zk��Oc\`\x^`KkO\_KMwuyHO�nu�
^{KkObnAt[oqOc|�^,wudMz�\`n���Obe8\_OPw�\_ykKkOag`OAª�QUO)�uOag_^{KkO)��Oa\{\)¢¤h�^¯hj\¯\_Kkn���d
h�d©»�h��Mª 1¦^{KMw�^�^`KMOv^{Oa|!Kkdkhji4ekO,|awpd©wp�j\`nPz]Oawp�/��h¶^{K�^{Kkhj\�dMnud]¡ºyk�jwpdMwpg�nut]oqOa|�^�eMdMz]O)gxg`nu^{wp^`h�nudMwu�@wudMz
^{g{wudM\_�jw�^{h�nAdMwp�kz]h�\`yk�jwu|)O)NPO)dA^!\ ±

θ0 = 84◦
wudMz ‖t0‖ = 0.72

N.³���h¶^{Kknue]^myHO)g`� nug{NPh�dM�¯wud4Z�wAzkz]h�^`h�nudMwu�
NPn]z]h �8|)wp^`h�nud�ª & dM|�Oxwu�Awuh�d/¢unutM\`O)g{�uO®^`KMwp^
^`KkOU|)nudA^{g`nA�]yHnAh�d4^�� nA����n��x\�w�\q^{g{wuh��AKA^���h�dkOxh�dP^`KkOxh�Nwp�AOuª
«¬d��jwu\_^P\`O�^Pnu�Ug{Oa\`ek�¶^!\)¢
�®O�\`O�^Peky w²|{KMwu����O)dM�uh�dk�%\{|�OadMwpg{h�nM°P^{KkO�nAt[oqOc|�^P�®wA\bwpdFK4Z[yHO)g{tHnu��h�|

yMwug{wutHnu��nuh�z ± ^{KkOKknug!\_OA§ \¯\`wAzkz]��Oc³�´�^`KMOPeM\`Oaz�� nk|)wp����Oadk�p^{KM\¯��O)g{OPwp��NPnA\_^v^`KkO.z]nuektk��OPnp�m^{KkOb^{g`eMO
nAdkOa\a¢�h>ª Ouª�h�dM\_^`Ocwuz£np�

fu = fv = 500
��O�eM\`Oaz

f̂u = 900
wudMz

f̂v = 800
´®wpdMz�w���wug`�AO.h�dMh¶^{h�wu�

z]hj\`yk��wA|�O)NPOadA^ ±
θ0 = 162◦

wpdMz ‖t0‖ = 0.3
N.³v�®wA\¯|awpg{g`h�Oaz�nue]^cª � �uO)d�h�d%^`KMh�\�|)wA\_OA¢¤^`KkO�[hj\_eMwu�

\`O)g{�unuh�dk�b�®wu\�yHOag_� nAg`NPOcz�\`eM|)|)Oa\{\q� eM����Zuª�X[O)O�»�h��Mª
�b� nug�^`KkO¦|�nug{g{Oa\`yHnudMz]h�dk��g{Oa\`ek��^{\aª
J�Kkhj\xz]O)NPnudk¡
\_^`g!w�^{Oa\m^`KMwp^®^`KMOvykg{nuyHnA\`OazP^{Oa|!KkdkhjiAeMO¯wp�j\`n�|�nAyHOa\���h�^`K�dMnud]¡ºyk�jwpdMwug�nut]oqOa|�^!\)¢[^`KMwp^®^`KMO¯\q^{g!w�^`Oa�uZPh�\
g{nutkeM\_^®^`nb�jwpg{�uOSO)g{g{nug{\�h�d�^`KkO,|)wuNPO)g!wk§ \mh�dA^{O)g{dMwp�@yMwug{wuNPO�^`Oag{\a¢[wpdMz.^{KMw�^�^{KkO¯\`O)g{�unuh�dk��KMwu\�w��uO)g{Z
�jwpg{�uO¯z]nuNwuh�d�np��|)nud[�uO)g{�uO)d8|�Ouª

� 2 ���������������¦���

«¬d¦^`Kkhj\�y8wpyHO)gc¢���O®KMwc�uO�yMg`nAyHnA\`Oaz�wUdkOa��wuykykg{nAwu|!K,^`nv�[h�\`h�nAd]¡ºtMwu\`Oaz�|�nud4^`g{nu�A^{KMw�^�z]n]Oa\�dknu^�g{Oai4ekh�g{O
nAg¯Oc\q^{h�NPwp^`O.wpd[Z�NPO)^`g{h�|Ph�d]� nug{NPwp^`h�nud/ª & ekg,�uOadkO)g!wp��^`Oa|!Kkdkhji4ekOhj\,h�d8z]O)yHO)d8z]O)d4^¦np��^{KkOnAt[oqOc|�^a§ \
\`KMwpyHO�wpdMz�nu��^{KkO�|)wpNPOag{wM§ \�Nbnu^`h�nud/ª%J�K4e8\)¢���O�zkn�dMnp^�g{O)��Z²nud£ykg`h�nug¦¥[dkn�����Oaz]�AO ± ��Oawuzkh�dk��^`n
\`Z]\q^{O)N��MO � h�tkh���h¶^qZk³�¢¤wpd8z©�®O�wu|!Kkh�O)�uO�g{nutMeM\q^{dkOa\{\�^{n�O)g{g`nAg{\�h�d2^`KMO�|awp��h�tkg!w�^{h�nud©yMwug{wuNPO�^`Oag{\aªxJ�KkO
\`nu��Ovg{Oai4ekh�g{O)NPO)dA^�hj\®^{KMw�^�^{KkO,nut]oqOa|�^xKMwA\®^`ntHO¯g{h��Ah�z/ª�«¬d©wuzMz]h¶^{h�nAd/¢]^`KkO,�[hj\_eMwu�@^`g!wu|!¥4h�dk�bO � yM��nAh¶^!\
wu����h�Nwu�uO�h�d]� nug{Nw�^`h�nudF��h�^`KknAe]^.wud4Z�� Oaw�^{ekg{O�O � ^{g{wA|�^{h�nAd�ykg{n]|�Oc\`\a¢mwp����n6��h�dk�²eM\b^`n�w�^`^{wuh�d Kkh��AK
��O)�uOa��\np�,wA|)|�eMg{wA|�Z�� nug^`KMO2yHn4\_h�^`h�nudMh�dk����Kkh��j\_^.tHOah�dk�£|)nuNPyke]^!w�^{h�nAdMwp����Z�O��.|�h�O)d4^aªGJ�Kkhj\�jw�^`^`Oag
\_^`g{O)dk�u^`K�h�\�wp�j\`n�h�NPyHnAg_^!wpdA^�\`h�dM|�Ovg{Oawu�¶¡:^`h�NPOSyHOag_� nAg`Nwpd8|�OSh�\�wp���®w6Z]\®w�Nw6oqnAg�|�nud8|�O)g{d�h�d�g{nutHnu^`hj|
\`Z]\q^{O)N\)ª,»�h�d8wp����ZA¢H^`KMO�ykg{nuyHn4\_Ocz2|)nudA^{g`nA���jwc�O)dM\`ekg{Oa\Sw��uOag`Z©�jwpg{�uO¦zknuNwph�d�np��|�nud[�uO)g{�uOadM|�O,� nAg
^{KkO\`O)g{�unuh�dk��zkekOb^`n2w�\_^`g!wph��uK4^_� nAg`�®wug{z2yMwp^`K²yk�jwpdkdkh�dk�2\`|!KkO)NPOAª �UO)dM|)Ou¢��4hj\`eMwp��\`O)g{�unuh�dk��^{wA\_¥]\
|awpd�tHO¯yHOag_� nAg`NPOaz�z]Oa\`ykh�^`O,��wug`�AOvh�dkh�^`hjwp��zkh�\`yk�jwu|�OaNbOadA^!\)ª

� ������U� ����(�� ������	��

J�Kkhj\
��nug{¥�hj\
wu��\`n¯yMwug_^{h�wu����Z¦\`ekykyHnAg_^{Oazbt4Z¦^{KkO f®rxl � XP»MnueMdMzkw�^{h�nAdbeMdMz]O)gm�ug!wpd4^�dkn8ª�CQ*QA�4¨���1�¡q�[¢
wudMz�t4Z.^{KkO,h�d4^`Oag`dMwp^`h�nudMwu�¤wu�ug{O)O)NPOadA^�»]rxl � X[l�¡º«qQUs�«qr}ekdMz]O)gx�ug!wpd4^�dkn8ª��u�[¨ C1p�u�4�c¡¬�]ª

ìíî�ï/ìíÚ
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f�nAdM\_hjz]O)g¦w 1�� yHnuh�dA^c¢���Kkhj|{K�KMwA\�|�n]nug!z]h�d8w�^`Oc\ X ∗ = [X∗, Y ∗, Z∗]>
g{O)�jw�^`h��uOP^`n2^`KkO�g`O�� Oag`OadM|�O

� g!wpNPOu¢kwpdMz�h�d�� g{nud4^�nu��^`KkO,|)wuNPO)g!w
Z∗ > 0

ª�«º^!\���n]|aw�^{h�nAd�|)wpd�tHO¯O � ykg{Oa\{\_Ocz.��h¶^{K�g{Oa\`yHOa|�^�^{n�^{KkO
|)ekg`g{O)d4^�|awpNPO)g!w¦� g{wuNPOv^`Kkg{nuek�AK

X = RX ∗ + t.
± �u�A³

f�nAdM\_hjz]O)g�^{KkO�ykh�dkKknu��O�Nbnkz]O)�:ª2«¬d�^`Kkhj\�|)wA\_OA¢�^`KkO�yMg`npoqOa|�^`h�nud�np� X ∗ wudMz X h�d�^`KkO�dMnug{NPwu��h"!)Oczh�Nwp�uO¯yk�jwpdkO¯hj\�g`Oc\_yHOc|�^`h��uO)��Z

m∗ = [x∗, y∗, 1]> =
1

Z∗
X ∗ wpdMz

m = [x, y, 1]> =
1

Z
X .

± �p�4³

� � �����¯	����¦� +%�®	H�}����� 	�"��W	����1���������
	������ ����(#�®� �������'$%�����

� O�^�eM\�\_^{wp^`O¯wpd�h�NPyHnAg_^!wpdA^�g`Oc\_eM�¶^���Kkhj|{K�hj\®�jwpg{�uO)��Zbe8\_Oaz.^{Kkg`nAek�uK.^{Kkhj\®g{O)yHnug`^aª�»Mnug®^`Kkhj\)¢]dkOa�u��Oa|�^
� nAg�^`KkO,NPnuNPO)d4^�^`KkO,Oag`g{nug!\�h�d�^`KMO�|)wpNPOag{wM§ \®h�dA^`Oag`dMwu�¤yMwug{wuNbO)^`Oag{\aª
+ ¾ 
 
�� 3 � ; �k�8@ba � 6 �p�7 Â 6 � 6 Ã �u� 
 ¾ ���c\ Â � ¾ 	 
 
 !%�g	'��������X�Y�
	0�,���%������� �D��� .�#Y�������
��+��O���
���X� ��	$�,���H�� 	`!%� �����K�
��� #%�����K.��(� ����� ���

eν =
(
(R − I3)X ∗ + t

) β

Z∗
, β > 0,

± �A�u³

���Y+
eω = µ

‖µ‖φ
� ��	�!

µ = sin(θ)u +
1

2
[q∗′]×t

± ��Q4³
���Y+ � � ��� �����$�

� �������¦���¤	����¯	��������

� � 
 � $-23���� ��(������ ��  � ���)$�� $-2 23� 

S � Â/Â a � ; �k�
@ a � 6 �p�7 Â 6 � 6 Ã �A� 
 ¾ ���c\ Â � ¾ 	 
 ¸²O�ykg{n6�[hjz]O�wU|�nAdM\q^{g`e8|�^`h��uOmykg{n[np�qª � O�^�eM\�\_^{wpg`^
t[Z.O � ykg`Oc\`\`h�dk�

eν

wu\�w�� ekdM|�^`h�nud©nu��^`KkO�|)wuNPO)g!w¦yHn4\_OAª�»kg{nuN � i[\)ª ± RA³�wpdMz ± Ca�4³�¢]��O,KMw6�uO

G = KHK−1
wudMz

ep = Ke′p.
± ��R4³

»Mekg_^{KkO)gc¢]h���O)g{g`nAg{\�h�d
K
wug`O¯dknp^U|�nAdM\_hjz]O)g{Oaz�^`KkOad

e′p = K−1ep = K−1Kt = t
ª

·�Z�h�dpoqOa|�^{h�dk� ± ��R4³Uh�d ± �u³�¢�N¦ek��^`h�yk��Z[h�dk�2tHnp^{K%^{O)g{NP\,np��^`KkOg{Oa\`ek��^,t4Z
K−1
¢�wpdMz�^{KkO)d�eM\`h�dk�

± �A³®Z4h�O)�jz
m ∝ Hm∗ + ρ∗e′p = αm, α > 0.

± 1u�A³

ï�ï ß�iMä���ä�ñ
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J�Kkhj\�yHO)g{Nbh�^{\�^`n��g`h�^`O

eν = Hm∗ + ρ∗e′p − m∗ ± 1%C6³
= αm − m∗.

± 1A�A³
»Mg`nAN&^`KkO�\{|)wu��Ov�¹wu|�^`nug

α = β
Z

Z∗
, β > 0,

± 1*14³
wudMz � iHª ± �p�A³�¢]��O�|)wpd�g{O)��g{h¶^{O ± 1A�A³®wu\

eν = (X − X ∗)
β

Z∗
,

± 1p�[³

��KkOag`O
β
h�\�nAdk��Z÷w�dknug{Nwp��h !cw�^{h�nAd �¹wA|�^`nAg���Kkhj|{KøzkO)yHO)dMzM\�nud ^`KkO²g`Oc|�nudM\_^{g`eM|�^`h�nud wp���Anug{h¶^{KkN©ª

»�h�dMwp����ZA¢ � iHª ± �A�u³�yHO)g{NPh¶^!\®^{nPnutk^{wph�d�^`KkO�zkOa\_h�g{Oaz�g`Oa��wp^`h�nud�tHO)^¬��OaO)d
eν

wpd8z�^`KkO�|awpNPO)g!w�yHnA\`Ou°

eν =
(
(R − I3)X ∗ + t

) β

Z∗
.

± 1A�A³

¸ h¶^{K©g`Oc\_yHOc|�^�^`n
eω

¢k¥[dkn6��h�dk�b^`KMwp^

G∞ = KRK−1
wudMz

ep = Kt
± 1u�4³

wudMz�eM\`h�dk� ± RA³®Z[h�Oa��z
H = R + tq∗′> ± 14�u³

��h�^`K
q∗′ = K>q∗.

± 1*Q4³
J�KkOad/¢]^`KkO,yMg`npoqOa|�^`h��uO,w � hj\®nu��g`nu^{w�^{h�nud ± C Cc³®|)wud�tHO¯��g{h¶^`^`Oad

[µ]× =
1

2

(
H − H>

) ± 1*R4³

=
1

2

(
R + tq∗′>− R> − q∗′t>

)
.

± �A�4³

RS\_h�dk�s�nkz]g`h��uekOc\)§[� nug{N¦ek��w

R = I3 + sin(θ)[u]× +
(
1 − cos(θ)

)
[u]2×

± ��C6³
��O,KMw6�uO

R − R> = 2 sin(θ)[u]×,
± �4�A³

wudMz�^`nA�uO�^{KkO)g���h�^`K�^`KkO,yMg`nAyHO)g_^qZ

tq∗′>− q∗′t> =
[
[q∗′]×t

]
×

,
± � 14³

ìíî�ï/ìíÚ
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��O,nut]^!wph�d�^`KkO,h�NPyHnug`^{wpd4^�g`Oa��wp^`h�nud�� g{nuN � iHª ± �4�A³�°

µ = sin(θ)u +
1

2
[q∗′]×t.

± �u�[³

J�KkO,ykg{npoqOa|�^{h��uO,wudk�u��Ovnu��g`nu^{w�^{h�nud�� nu����n��x\�z]h�g`Oc|�^`��Z�t4Z�h�d�oqOa|�^{h�dM�P^`KkO,dknAg`N nu� ± �A�4³�h�d ± Cc�A³�°

φ =

{
arcsin

(
sat

(
‖ sin(θ)u + 1

2
[q∗′]×t‖

) )
,

h�� (
tr(H) − 1

)
/2 ≥ 0,

π − arcsin
(
sat

(
‖ sin(θ)u + 1

2
[q∗′]×t‖

) )
,
np^{KkO)g{��hj\_O

.

± �4�A³

»�h�dMwp����ZA¢Ht4Z©eM\`h�dM� � i4\aª ± �u�[³�¢ ± �[�u³xwpdMz ± 14�u³®^{KkObz]Oa\`h�g{Oaz2g`Oa��wp^`h�nud2tHO�^q��OaO)d
eω

wpdMz©^{KkO�|awpNPO)g!w
yHn4\_O¯h�\xwu|!Kkh�O)�uOcz¤ª

� � � � $-23���� ��(������ ��  � ���)$ ���)$1 (�$-2 

J�Kkhj\xz]O)NPnudM\_^{g{wp^`h�nud�eM\`Oa\®^{KkO,g`Oc\_eM�¶^!\®� g`nAN � OaNPNPwhC¯h�d2rxykyHOadMz]h � r¦ª
S � Â/Â a � 4 � Â 
 Â �O\ = 7¹� 
 	 
 J�KkO�yMg`n[nu�H|�nud8\_hj\q^!\�h�dz]O)NPnudM\_^{g{wp^`h�dk�S^`KMwp^

e =
[
e>ν , e>ω

]>
= 0
h¶�¤wpd8z

nAdk��Z�h¶�
θ = 0

wpdMz
t = 0

ª�¸%O¦g{O)Nwug`¥.^{KMw�^U^`KMO�z]nuNwph�d2np��^{KkO�wpdk�A��O�np��g{np^!w�^`h�nAd©wu��\`nh�dM|���eMz]Oc\
θ = π

ª
»�h�g!\q^xnp��wu���:¢]h�^xhj\�O)�[h�zkO)dA^�^{KMw�^xh��

θ = 0
wpdMz

t = 0
^`KMO)d

e = 0 (⇐=)
ª �xn���O)�uOaga¢]��O,dkO)Ocz�^{n

ykg{n��uOv^`KkO¦h�NPyk��h�|aw�^{h�nAd©h�d�^{KkO�np^{KkO)gUz]h�g{Oa|�^{h�nud
(=⇒)

°mh¶�
e = 0

^`KkOad
θ = 0

wpdMz
t = 0

ª®J�KMwp^xhj\a¢
��O¯KMwc�AOU^{nP\_KMn6� ^{KMw�^�^{KkO¯KknuNPnu�AO)dkOanueM\�dknud]¡º��h�dkOcwpg�\`Z]\q^{O)N&nu��Oai4eMwp^`h�nudM\

e = 0
KMwA\�wpd�ekdkhji4ekO

\`nu��e]^`h�nud��Kkhj|{K.h�\
θ = 0

wpdMz
t = 0

¢ ∀q∗ wudMz ∀X ∗ \_eM|!KP^{KMw�^ Z∗ > 0
ª�¸%OS\_^{wug_^mt4ZP|�nAdM\q^{g`e8|�^`h�dk�

\`eM|!K©wP\_Z]\_^`OaN nu��Oai4eMw�^{h�nAdM\a¢[��Kkhj|!K�hj\��Ah��uOad�wA\




(R − I3)X ∗ + t = 0

sin(θ)u +
1

2
[q∗′]×t = 0

(
tr(H) − 1

)
/2 ≥ 0.

± �A�4³

J�KkO �8g{\_^�Oci4eMw�^{h�nAd�np� ± �A�4³®|)nuNPOa\xz]h�g`Oa|�^`��Z.� g{nuN � iHª ± �4�p³®\`h�dM|�O
β > 0

wudMz
Z∗ > 0

ªmJ�K[eM\a¢knudMO
nAt]^{wuh�dM\�z]h�g{Oa|�^{��Z

t = (I3 − R)X ∗ =
(
I3 − exp([uθ]×)

)
X ∗.

± �[�u³
J�KkOv\`Oa|)nudMzOci4eMw�^{h�nAd�wpdMz^`KkOvh�dkOai4eMwp��h�^¬ZPh�d ± �A�A³
��Oag`OS|)nudM\_^`g{eM|�^`Oazt[ZPh�d�oqOc|�^`h�dk� � i[\)ª ± �u�[³
wudMz
± �4�u³¯h�d ± C)�[³v^`nA�uO�^{KkO)g¦��h�^`K�^`KkO.� nA����n6��h�dk�2�¹wu|�^!\aª2J�KkO�\q^!w�^{O)NPO)d4^

eω = µφ/‖µ‖ = 0
h�NPyk��h�Oa\

φ = 0
\_h�dM|�O

µ/‖µ‖ hj\�wpd²ekdkh�^ ± ykg{npo¬Oc|�^{h��uO6³vw � h�\¯np��g`nu^{w�^{h�nAd/ªJ�Kkhj\¯h�NPyk��h�Oa\,h�d²^`KkOh�dkOciAe8wp��h¶^qZh�d ± �4�A³
�Ah��uOad.^`KMwp^
sat(‖µ‖) ∈ [0, 1]

wudMz^{KkO)d
arcsin

(
sat(‖µ‖)

)
∈ [0, π/2]

ª
J�K4eM\a¢
φ = 0

h���wpdMz
nAdk��Z�h¶� ‖µ‖ = 0

ª
l
g`O)¡:N¦eM�¶^{h�yk��Z[h�dM�b^`KMO�\_Oc|�nud8z�Oai4eMwp^`h�nud�np� ± �A�A³®t4Z

t>
wpdMz�^`KkO)d©h�d�oqOc|�^`h�dk� ± �[�p³�¢]nudMO¯nut]^!wph�dM\

[(
I3 − exp([uθ]×)

)
X ∗

]>
sin(θ)u = 0,

± ��QA³

ï�ï ß�iMä���ä�ñ



Cc� �����Y��� �������������	��
 ��� ���

eM\`h�dk�b^`KkO,ykg{nuyHOag_^qZ
b>[a]×b = 0.

± � R4³
� h��uO)dP^{KMw�^�t[ZbzkO �Mdkh�^`h�nud

Z∗ > 0
¢ (

I3− exp([uθ]×)
)
X ∗ = 0

h��/wpd8zPnudk��Z�h��
θ = 0

ª & dP^`KkOUnu^`KkO)g
KMwudMz¤¢@^{KkOP\`nu��e]^`h�nud8\Snp�

sin(θ)u = 0
wpg{O

θ = 0
nug

θ = π
¢/\`h�d8|�O

u
h�\¯wud�ekdkh�^,w � h�\Snu�mg{np^!w�^`h�nud�ª

·®np^{K2|)wA\_Oc\�h�NPyk��Z
q∗′ = 0

wudMz8¨6nAg
t = 0

� g{nuN�^`KMO¦\_Oc|�nud8z�Oci4eMw�^{h�nAd�nu� ± �4�A³�ª�J�KMO)d/¢8eM\_h�dk�P^{Kkhj\
h�NPyk��hj|)wp^`h�nud�^{nu�uO)^`KkOag���h�^`K ± 14�u³®wpdMz�^{KkO,h�zkO)dA^{h¶^qZ

cos(θ) =
(
tr(R) − 1

)
/2

± �p�4³
yHO)g{NPh�^{\®^{nPNwp¥uO,|)nudM|���eM\`h�nudM\�� g{nuN ^`KkO,h�dkOciAe8wp��h¶^qZ.h�d ± �4�A³�°

(
tr(H) − 1

)
/2 ≥ 0 =⇒

(
tr(R) − 1

)
/2 ≥ 0

± �XC6³
=⇒ |θ| ≤ π/2.

± �u�u³
J�KkOag`O)� nug{Ou¢k^{KkO�nudk��Z©\_nA��e]^{h�nAd©^`n ± � QA³�hj\

θ = 0
¢ ∀q∗ wpdMz ∀X ∗ \`eM|!K2^`KMwp^ Z∗ > 0

ªx«¬d�wAzkz]h¶^{h�nud/¢
t[Z�wuykyk��Z[h�dk�b^{Kkh�\x\`nu��e]^{h�nAd�^{n ± �]�p³�¢]��O¯N�eM\q^xK8wc�uO

t = 0
ª

� �.� � $-23���� ��(������ ��  � ���)$��� (�T� ��� (�4 

S � Â/Â a � G�¾ 6 ¾ ��� �07 � ¿ � 6 Ã 7 
 \�� Â N ¾ 
 ¾ 6 �a��	 
 J�KkO��uOadkO)g!wp��h¶^qZ�g{O)�Awug{zk\®^{n�|�nuyMh�dk�.��h¶^{K2nut]oqOa|�^{\
nu�/wpg{tkh¶^{g{wug`Z�\_KMwuyHOuª�J�KMwp^mh�\a¢AtHOc\_hjz]Oc\m|�nAykh�dM�,��h�^`K.dknAd]¡:yk�jwpd8wpg
nut]oqOa|�^{\a¢u^`KMOxyMg`nAyHnA\`Oaz¦^!wu\`¥¦� ekdM|�¡
^{h�nAd ± Ca�4³�|)nuNPykg{h�\`Oa\/^{KkO�|�nAdA^`g{nu�4O)g{g`nAg ± �p³�wu\���Oa���:¢���Kkhj|!K�zkOawp�j\���h�^`K�yk�jwpdMwug�nut]oqOa|�^{\�nudk��ZAª�J�Kkhj\�h�\
Ocwu\`Z,^{n�\_KMn6� �uh��uO)db^`KkO�� nu����n6��h�dk�v�¹wA|�^!\)ª�»Mg`nAN s�O)Nwug`¥b�]¢unAekg
�[h�\`eMwp�]^{g{wA|{¥[h�dk�¯NPO�^`KMn]zbykg{n��4hjz]Oc\
^{KkOvyMwpg!wp����w �

ρ∗i = 0, ∀m∗
i ,
h��/^`KMOSnAt]oqOa|�^�hj\�yk�jwpdMwugaª�T2nAg`Oan6�uOaga¢u� nug�^`KMh�\�^!wpg{�uO�^�s�O)Nwpg{¥hCS\_^{wp^`Oc\

^{KMw�^�^`KkO,zknuNPh�d8wpdA^�yk�jwpdkOvhj\�h�d��¹wu|�^�^{KkO¯yk��wudkO
Π
nAd���KMh�|!K�^{KkO¯nut]oqOa|�^���h�Oa\a¢[h:ª Ouª

q∗ = K−>n∗ ªrUykyk��Z4h�dk�P^`Kkhj\�g{Oa\_eM�¶^�^{n ± 1*QA³��Ah��uOa\

q∗′ = K>q∗ = K>K−>n∗ = n∗.
± ��14³

J�KkOad/¢]^`KkO,yMg`nAyHnA\`Oaz.^{wu\`¥� ekdM|�^`h�nud ± C)�4³�hj\�g`Oa��g`h�^_^{O)d©wu\




eν = Hm∗ + ρ∗e′p − m∗ = Hm∗ − m∗ = HΠm∗ − m∗

eω =
µ

‖µ‖φ = η
(
HΠ − H>

Π

)
,

± ���[³

��KkOag`Ov^{KkO¯� ekdM|�^{h�nAd
η : R

3×3 7→ R
3
h�\��uh��uO)d�t4Z

η
(
HΠ − H>

Π

)
=

µ
Π

‖µ
Π
‖φΠ

± �u�A³

��h�^`K
[
µΠ

]
×

=
[
sin(θ)u +

1

2
[n∗]×t

]
×

=
1

2

(
HΠ − H>

Π

)
,

± �p�4³
t[Z.h�d�oqOc|�^`h�dk� ± ��1A³�h�d ± �u�[³�¢MwpdMz�h�d ± �4�A³m^`nPnAt]^{wuh�d

φΠ

ª

ìíî�ï/ìíÚ
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»kekg`^`KkOag`NPnAg`OA¢®�®O�g{O)Nwpg{¥£^`K8w�^�^`KMO�¥[dkn�����Oaz]�AO2np�
q∗′ h�\�dknu^�g{Oai4ekh�g`Ocz h�d nAekg.yMg`npoqOa|�^`h��uO� g!wpNPO)�®nug{¥H¢Hg`Oa�Awug{z]��Oa\{\xnp�
^{KkO�nAt]oqOa|�^c§ \¯\`KMwpyHOuª¯«¬d²wpd � eM|)��hjz]Oawud�� g!wpNPOa��nug{¥@¢

q∗′ = 0
N¦e8\q^¯tHO

Oad]� nug!|�Oaz2wu\x��O)����wu\�^`Kkhj\U��wp^_^{O)gUg`Oci4ekh�g{Oa\�yHOag_� Oa|�^S|awpNPO)g!wby8wpg!wpNPO�^{O)g!\)ª®J�KkOc\_O�g{Oai4ekh�g`OaNPO)dA^!\x|awpd
tHO�\`Kkn6��d2z]h�g{Oa|�^`��Z�t4Z�h�d�oqOa|�^`h�dk� � i8ª ± �u�A³�h�d ± �A�u³�¢[^{nu�AO�^`KMO)g���h�^`K � i[\aª ± �4³�¢ ± 1u�4³®wpd8z�w��í^{O)g{�®wpg!z
z]h��[h�zkh�dk�Oawu|!K�^`Oag`N�np��^{KkO,g{Oa\`ek�¶^�t[Z

Z∗ °

p ∝ KRK−1p∗ +
1

Z∗
Kt.

± �A�u³

«¬d�^`ekg{d/¢keM\`h�dk� ± 1u�4³�Z[h�Oa��zk\
p ∝ G∞p∗ +

1

Z∗
ep,

± ��Q4³
��Kkhj|!K�hj\UnudM��Z©w�\_^`g!w�^{ekN nu��^`KkO��uOadkO)g!wp��g{O)�jw�^{h�nAd ± �u³�ªSJ�KMh�\vz]O)NPnAdM\q^{g{wp^`Oc\�^`KMwp^SnAekgU^{wu\`¥�� ekdM|�¡
^{h�nAd ± Ca�4³�hj\�wu��\`nPwb�uOadkO)g!wp��h"!aw�^{h�nud�np��^`KMO,K4Z[tkg{h�z�|)nudA^{g{nu�@Oag`g{nug

e′
Π

=
[
e′ν

>
Π
, e′ω

>
Π

]> ∈ R
6
��h¶^{K

{
e′νΠ

=
[

Z
Z∗

x − x∗, Z
Z∗

y − y∗, Z
Z∗

− 1
]>

= αm − m∗

e′ωΠ
= uθ

± ��R4³

ykg{nuyHn4\_OczPh�d � R��º¢4��h�^`K�^{KkOvwAz]��wudA^!wp�uOUnp��dknp^�dkO)Ocz]h�dM�¦^`KkO¯|)nAwpg!\`OxNbO)^`g{h�|SOa\_^`h�NPwp^`OSnu�/^`KkOvdknAg`Nwp�
�uOc|�^`nAg�^{n�yHO)g`� nug{N}h�^!\
g{Oai4ekh�g`OczbyMwpg`^`hjwp� � eM|)��hjz]Ocwpd.g`Oa|)nudM\_^`g{eM|�^`h�nud ± ^`n¦g`Oc|�n��uO)g

e′ωΠ
= uθ
³�ª�J�KMw�^

hj\)¢[h¶�
q∗′ = 0

± nAg
t = 0

³�^`KkOad ± �A�4³
wudMz ± �4�A³�Z[h�Oa��z^`KkOvOai4ekh���wp��O)d8|�Oa\
µ/‖µ‖ = u

¢
φ = θ

ª�rx�j\_n8¢
^{KkO�^`g!wpd8\_�jw�^{h�nAdMwp�]Oag`g{nug

e′νΠ

h�d ± �*RA³�h�\m\`Kkn���db^`n�tHOxOai4ekh���wp��O)d4^�^{n,nAekg!\�t[Z�eM\`h�dM�¯^{KkOxg{Oa\`ek�¶^ ± 14�u³�¢
��h�^`K

β = 1
� g{nuN ^`KkOah�g�� Oawp^`ekg{O�¡ºtMwu\`Oaz�ykg{npoqOa|�^`h��uO¯g`Oa|)nudM\_^`g{eM|�^`h�nud/ª

·�Oc\_hjz]Oc\U^{KkOa\`Ob�uOadkO)g!wp��h�^`h�Oa\a¢@h�NPykg{n6�uOaNPO)dA^!\vh�d%^`KkOPtHO)KMw6�[h�nAgvnp�m^`KkO\`O)g{�unuh�dk��hj\¯w�^`^{wuh�dkOcz�t[Z
eM\`h�dk�b^`KMO,ykg`nAyHnA\`Oaz�g{np^{wp^`h�nud8wp�¤|�nAdA^`g{nu�¤O)g{g{nugaª�«¬d��¹wA|�^c¢kh¶^UzkO�^`Oag`NPh�dkOa\�O � yk��hj|�h�^`��Z�h�d©��Kkhj|!K©i4eMwAz[¡
g!wpd4^�^{KkOvykg{npoqOa|�^`h��uOvwudk�u��OSnp��g`nu^{wp^`h�nud�nuyHO)g!w�^{Oa\a¢4h�dM\_^{Oawuz�np��eM\`h�dM�b\`h�NPyk��Z ± Ca�4³ ± nug � iHª ± �u³
� nug�w
yk�jwpd8wpg�nut]oqOa|�^�³�ª�J�Kkh�\�hj\�yMwpg`^`hj|�ek�jwug`��Z,h�NbyHnAg_^!wpd4^�� nug�^`KkO�h�dkh�^`hjwp�M|)nudMz]h�^`h�nud8\

θ0 > π/2
wpdMz

t0 ≈ 0
ª

«¬d�^`KMh�\¯\_h�^`e8w�^`h�nud�¢Ht[Z©eM\`h�dM�.� nugvO � wpNPyk��O ± �p³UwudMz©^{KkO)d ± �u�A³�¢
eωΠ ≈ 2 sin(θ)u

wpdMz2^`KMO�dknug{N
nu��^`Kkhj\SO)g{g`nAgxhj\Uh�dkh�^`hjwp����Z©h�dM|�g{OawA\_Ocz©zkekg`h�dk�.^{KkOb\_Oag`�unAh�dk��\_h�dM|)O

sin(θ0) < 1
wpdMz

sin(θ) −→ 1
wu\

θ −→ π/2
¢]tHOa|awpeM\`OU^`KkO,\_Oc|�nud8z�iAe8wuz]g!wpdA^®hj\®dkO)�uOag�\`yHOa|�h �MOcz¤ª�J�Kkhj\®NwcZ��Oawuz.^`nP\_Z]\_^`OaN �¹wuh���ekg{Ouª

«¬d�wuzkzkh¶^{h�nAd/¢A^{Kkhj\�dknudk¡:h�d�oqOa|�^`h�nud�z]n[Oa\mdMnp^�wp����n�� � nAg®w�\q^{g{wuh��AKA^_� nAg`��wpg{zbyMwp^`K�yk�jwpdkdkh�dk�8ª�J�KkOU^!wu\`¥
� ekdM|�^`h�nud ± �u³�wpdMz.^`KkO,|�nAg`g{Oa\`yHnudMz]h�dk� ± Ca�4³mwug`Ovwu��\`n¦dMnud]¡ºh�d�oqOc|�^{h��uO¯wug`nAekdMzP^{KkO¯Oai4ekh���h�tkg{h�ekN yHnuh�dA^
h��

θ = π
tHOa��nAdk�A\®^`nb^{KkO�|�n]zknuNwph�d�np��^{KkOa\`Ov^!wu\`¥� ekdM|�^`h�nudM\aª

� ��� � $-23���� ��(������ ��  � ���)$ ���)$1 (�$-2 �
»Mnugv^{Kkh�\a¢���OPdkO)Ocz�^`n2z]O)g{h��pw�^{O¦^{KkOPykg{nuyHn4\_Ocz�|�nAdA^`g{nu��Oag`g{nugv��h¶^{K²g{Oa\`yHOa|�^v^{n�^`h�NbO.wpdMz�^`KkOad%^`n
nAt]^{wuh�d�^`KMO�|���nA\`Oaz[¡º��n[nAy�Oai4eMwp^`h�nud/°

ė =

[
ėν

ėω

]
= L

[
ν

ω

]
= Lv = LΛe,

± �A�A³

��KkOag`O
Λ = diag(λνI3, λωI3), λν , λω > 0

wudMz
L
z]Oadknp^{Oa\�^`KkO�h�d4^`Oag{wA|�^`h�nud�Nw�^{g`h � ¢p��Kkh�|!Kbhj\�dkO)�uOag

eM\`Oaz�^`nPyHOag_� nAg`N&^{KkO,�4hj\`eMwp�/\`O)g{�unuh�dk�Mª�J�KkO,Nw�^`g{h �
L
h�\�dkOa|)Oa\{\`wug`ZnAdk��Z.� nugxwudMwp��Z]\_hj\®ykekg{yHnA\`Oa\aª
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S � Â/Â a � + Â �u� ���a�a�]� 7 �07 � ¿ 	 
 J�KMO�ykg{n[np�m|�nAdM\_hj\_^{\Uh�d%wudMwp��Z !)h�dk�^{KkObtHO)KMw6�4h�nAgUnu��^{KkOb|)��n4\_Ocz[¡º��n[nAy
\`Z]\q^{O)N ± �u�A³�wug`nAekdMz�^`KkO¦OciAeMh���h�tMg`h�ekN©ª	�xOadM|�OA¢8nudM��Z���n]|)wu��\_^{wutkh���h�^¬Z���h�����tHO¦z]OaNPnudM\_^`g!w�^{Oaz�KkOag`OAª
J�Kkhj\.|awpd÷tHO�wu|!Kkh�O)�uOaz t4ZFeM\`h�dk��^{KkO�g`Oc\_ek��^{\P� g{nuN � O)NPNw C©h�d rUykyHO)dMz]h � r¦ª � O�^.e8\.\_^{wpg`^
��h�^`K

eν

°
ėν = (ṘX ∗ + ṫ)

β

Z∗
.

± �%C6³
·®Z.h�d�oqOc|�^`h�dk�P^{KkO,��O)���¶¡º¥[dkn���d�g{O)�jw�^`h�nAdM\

ṫ = −ν − [ω]×t
± �A�A³

Ṙ = −[ω]×R
± �*14³

h�d ± �%C6³�¢]eM\`h�dk� ± �4�p³m^{nu�uO)^`KkOag���h�^`K�^{KkO,ykg{nuyHO)g`^¬Z

[a]×b = −[b]×a,
± �p�[³

��O,nut]^!wph�d
ėν = − β

Z∗
ν +

[
eν + βm∗

]
×

ω.
± �A�A³

¸ h¶^{K©g`Oc\_yHOc|�^�^`n
eω

¢k��O¯K8wc�uOA°

ėω =
∂ sin(θ)u

∂t
+

1

2
[q∗′]×ṫ.

± �u�4³
·®Z.e8\_h�dk�b^`KMO,g`Oa��wp^`h�nud

∂ sin(θ)u

∂t
= −Lωω

± �4�u³
��h�^`K

Lω = I3 −
sin(θ)

2
[u]× − sin2

(
θ

2

)
(2I3 + [u]2×)

± �*Q4³
wudMz � i[\)ª ± �A�A³�¢ ± �p�[³�¢]��O,nut]^!wph�d/°

ėω = −1

2
[q∗′]×ν −

(
Lω − 1

2
[q∗′]×[t]×

)
ω.

± �*R4³
·�Z%eM\`h�dk� � i[\)ª ± �A�A³�¢ ± � RA³¯wudMz�\`O�^_^{h�dM�

β = 1
��h¶^{Kknuek^¦��n4\`\,np���AO)dkOag{wu��h�^qZu¢/^`KMO.h�d4^`O)g!wu|�^`h�nud

Nw�^{g`h � hj\ �Md8wp����Z��uh��uO)d©wu\

L =




− 1

Z∗
I3 [eν + m∗]×

−1

2
[q∗′]× −Lω +

1

2
[q∗′]×[t]×


 .

± ���4³

J�KkOad/¢k��O¯Nw6Z.ykg{n]|)O)Oaz�^`nb^{KkO,O)�pwp��eMw�^{h�nAd�nu� ± �A�A³®wug`nAekdMz
e =

[
e>ν , e>ω

]>
= 0
°

ė = L
∣∣
e=0

Λe
± � C6³

= −




λν

1

Z∗
I3 −λω[m∗]×

λν

1

2
[q∗′]× λωI3


 e,

± �p�A³

ìíî�ï/ìíÚ
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	0� C8R

��Kkn4\_O¯O)h��uOad4��wu��eMOa\®np�
L
∣∣
e=0

Λ
wug`O¯�uh��uO)d�t4Z




−λω

− λν

Z∗

−λωZ
∗+λν−

√
λ2

ω
Z∗2+λ2

ν
−2λνλωZ∗(1−Z∗q∗′>m∗)

2Z∗

−λωZ∗+λν+
√

λ2
ω

Z∗2+λ2
ν
−2λνλωZ∗(1−Z∗q∗′>m∗)

2Z∗

−λωZ∗+λν−
√

λ2
ω

Z∗2+λ2
ν
−2λνλωZ∗(1−Z∗q∗′>m∗)

2Z∗

−λωZ∗+λν+
√

λ2
ω

Z∗2+λ2
ν
−2λνλωZ∗(1−Z∗q∗′>m∗)

2Z∗




.
± ��14³

J�KkO)g{O�� nug{Ou¢]h¶�
λν > 0

¢
λω > 0

¢kwudMz

λ2

ωZ∗2 + λ2

ν − 2λνλωZ∗
(
1 − Z∗q∗′>m∗

)
< (λωZ∗ + λν)2,

± �6�[³
��Kkn4\_O,\`h�NPyk��h��H|)w�^{h�nAd�np��^{Kkh�\��jw�^`^`Oag�h�dMOai4eMwp��h�^¬Z��uh��uOa\

q∗′>X ∗ < 2
± �p�A³

eM\`h�dk� ± �u�A³®wudMz
Z∗ > 0

¢]^`KkOad2wp���¤Oah��AO)d4�pwp��ekOa\�np�
L
∣∣
e=0

Λ
\`Kkn6��d�h�d ± ��14³�KMw6�uO,\q^{g`hj|�^{��Z�dkO)�4w�^{h��uO

g{Oawu�8yMwug_^cª�rS\�w¦Nw�^`^`Oag®np���¹wu|�^c¢4^{KkO¯|�nAdMz]h�^`h�nud ± �p�A³
O � ykg{Oa\{\_Oc\
^`KkO,z]h�\_^{wudM|�OvtHO�^q��O)Oad.^{KkO¯|!KknA\`O)d
yHnAh�d4^
wpdMz¦^`KkO�g`O)� O)g{O)dM|)O®yk��wudkOuª � h��AO)d�^`KMwp^�^`KMh�\�g`O)� O)g{O)dM|)O®yk��wudkO�g`Oaykg`Oc\_OadA^{\�^{KkO�z]nANPh�dMwudA^�yk�jwpdMO
nu�¤^{KkOSnAt[oqOc|�^®h�d�nAekg�ykg{npoqOa|�^`h��uOx� nAg`N¦ek�jw�^{h�nud/¢A^`KMh�\�|�nAdMz]h�^`h�nud�|)wpd�tHOSOawA\_h���ZP\{w�^{h�\ �MOaz.h¶��^`KkOvyHnuh�dA^
hj\�|!KknA\`O)d�\`eM|!K�^`KMwp^�h�^{\�yMwpg!wp���jw �

ρ∗
h�\x\_e��.|�h�O)d4^`��Z�\_Nwu���:ª�«¬d��¹wA|�^a¢k��O,|)nuek�jz�eM\`O,\_h�NPyk��Z�wbyHnuh�dA^

��Kkhj|!K%KMwu\
ρ∗ = 0

± \`h�dM|)Obh�d�^`KMO�� nAg`N¦ek�jw�^{h�nAd�^`KkOz]nANbh�dMwudA^¯yk�jwpdMOPwp���®wcZ]\v|�g{nA\{\`Oa\x^{KkObnAt[oqOc|�^�³
tke]^c¢��ínAgPg{nutke8\q^{dkOa\{\�g{OawA\_nAdM\a¢�h�^hj\|�nud[�uO)dkh�O)d4^b^{n�|!Kkn[n4\_O©w%yHnuh�dA^.|)��n4\_O�^{n%^{KkO2|�OadA^`Oagnp�U^{KkO
nAt[oqOc|�^aª�f�nAdM\`Oai4ekO)d4^`��Zu¢[^{KkO�|���nA\`Oaz[¡º��n[nuy�\`Z]\q^{O)N ± �u�4³�hj\�wp���®w6Z]\®��nk|)wp����Z.wA\_Z[NPy]^`nu^`hj|)wu����Z.\_^{wutk��Ouª

� � �����������®���

�DC��¦X@ª �Ue]^{|!Kkh�dM\_nAd/¢ � ª �¦ª �Uwu�uO)gc¢AwudMzPl�ª4«�ªXf�nug{¥uOu¢ �_r ^`ek^`nug{hjwp�MnAd�[h�\`eMwp�H\_Oag`�un�|)nudA^{g`nA�>¢ ��� �����

 ������� � ����� �*.�� ���Y+�� �X	'��� ��¢k�unu�:ª Cc�]¢]dkn8ªM�k¢]yky/ªM�4�XC��]�4�6�k¢ C8R Ru�kª

�Ê���gfSª8XkwpN\_nAd/¢M·vª � \`ykhjwpe/¢8wpd8z�T£ªk��O�·®nAg`�AOa\)¢�� �*.���	
	 ����	$����� � 	�!�� 
 �O� � $ �X� ��	$�,������# #Y���8� ��!]ª
& � � nug!z�Rxdkh��uO)g!\`h¶^qZ.l
g{Oa\{\a¢ C8R*RA�kª

� 1���s,ªk·�wA\_g{h:¢ � ªMs�h��[��h�d/¢MwpdMz�«�ªMX[Kkh�N\_KMnudkh:¢ � Ä hj\_e8wp�@KMnuNPh�dM�M°�\`ekg �8dk�bnud�^{KkO¯Oaykh�yHnu��Oa\a¢ ����� 	 ����
����	 ��� #���� �����,���8¢k�unA�>ª%1 1k¢]dkn8ªM�]¢kyky/ª8�A��� 1 R]¢ C8R R*RMª

� ���¦X@ª�·®O)dkKkh�NwpdkOwpd8z � ª�T�wp��h�\a¢ � �xnANbnA�ug!wpykK4Z4¡:t8wp\`Oaz%� � �[hj\`eMwp�
\_Oag`�unAh�dk�8¢ �bh�d�� ��� ����� 	'�
���
�Y��	0�,���Y����	 ��� ��� ����� �*.���	$�,���g���Y+�� �X	 ���(��	$�,���M¢MRSX]r¦¢8�u�u�A�kª
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 ��� ���

�Ê����·vª � \_yMh�wue/¢p»®ª f�KMwpekNPO)^_^`OA¢uwpdMz¦l�ª�s�h��uOc\)¢��`rFdkO)�Fwpykykg{nAwA|{K,^{nS�[hj\_eMwu�[\_Oag`�unAh�dM�xh�d�g`nAtHnp^{h�|a\)¢ �
� � ��� 
 �����%� � ����� �*.g���Y+�� �X	'��� ��¢k�unu�:ª%Qk¢]dMnMª�1k¢]yky/ª 1%C81 � 1A�p�k¢YCR*RA�kª

� ��� � ªpT�wp��h�\�wudMz¦l�ªps�h��uOa\a¢ �_sxnutkeM\_^`dkOc\`\�nu�8h�Nwp�AO�¡ºtMwu\`Oaz,�[hj\`eMwp�]\`O)g`�Anuh�dk�U��h�^`Kbg`Oc\_yHOc|�^�^`n,z]O)y]^{K
z]hj\q^{g`h�tke]^{h�nAd�O)g`g{nug!\)¢ ��h�d � ��� � ����	 ����� ��	$�,��� ���
	 ��� ���
���
�Y���c��� � � .���	0�,���h��� +�� �X	 ���(��	$�,���M¢
�p�A�*1kª

�Ó��� � ª�T�wp��hj\)¢�»�ª f�KMwuekNbO)^_^{Ou¢�wudMz÷X¤ªm·®nueMz]O)^a¢ �{� � C6¨u���4hj\`eMwp�x\`O)g{�unuh�dk�8¢ � � ����� 
 �����%� � ���
� �*.���	$�,���g��� + � �X	 ���(��	$�,���8¢]�unu�:ª Cc�k¢]dknMª8�]¢]yky�ª8��1 Q �]�u�p�k¢YCR*R*RMª

� Q�� ��ª8T2O !)nAeMwpgxwpdMz�»®ªYf�K8wpekNPO�^`^`OA¢ �ql�w�^{K�yk�jwpdMdkh�dM�b� nug�g{nutMeM\q^�h�Nwp�uO)¡:tMwA\_Ocz�|)nudA^{g`nA�>¢ ��� �����

 ������� � ����� �*.�� ���Y+�� �X	'��� ��¢k�unu�:ª C8Qk¢]yky/ªH��1p� �]��� Rk¢]�u�u�A�kª

� R�� � ª�T�wp��hj\�wudMz�»®ª*f�KMwpekNPO�^`^`OA¢��`J�KkO)nug{O�^{hj|)wp�uh�NPykg{n6�uOaNPO)dA^!\�h�d�^`KkO�\q^!wptkh���h�^qZ,wpdMwu��Z]\`hj\/np�8wxdkOa�
|��jwu\{\�np�8NPn]z]O)��¡:� g`OaO��[h�\`eMwp�]\_Oag`�unAh�dM�UNbO)^`Kkn]zM\)¢ � � ����� 
 �����%� � ��� � � .���	0�,��� ���Y+�� �X	 ���(��	$�,���M¢
�unu�:ª C8QM¢[dMnMª8�]¢]yky/ª C6��� �YC8Qu�k¢]�u�u�A�kª

�DCa���,T�ª�«¬g{wudkhmwpd8z²l�ª�rxd8wpdMzkwud/¢ �_rU���®wptHnuek^¦z]h�g{Oa|�^¦NPO�^{Kkn]zk\a¢ �.h�d�� ��� ����!%��# ��� � �����,����� � ��� �
����	�!��g� � 
 !%�������-��� + # ���*�
	0�,����¢^C8R R*Rkª

�DC*C � � ªuT�wp��h�\a¢ �`rxdPO��.|�h�O)d4^
ekdkh��8OazPwpykyMg`n4wu|!K�^`n�z]h�g{Oa|�^��[h�\`eMwu�[^`g!wu|!¥4h�dk�vnp�Hg{h��uhjz�wpd8zbz]O�� nAg`NwptM��O
\`ekg_�¹wA|�Oa\a¢ �.h�d � � ����� � �  ��� 	'�
���Y��	0�,���Y��� 	 ���"�������
�Y���"��������	 �
��� �)����� 	 � � .���	,����� + � �O��	'���g��¢
RSXkr�¢8�u�u�[�[ª

�DCc������ª��uh�d/¢/l�ª�»Mw6��wug`n8¢¤wpdMz²X¤ª�X[nAwp^_^{nM¢ �`r \_OaNbh�¡¬z]h�g{Oa|�^,wpykyMg`n4wu|!K2^{n©\_^`g{eM|�^{ekg`O�� g{nuN�NPnp^{h�nAd/¢ �

 !%� �^����������	 ��� # �X	'�
��¢k�unu�:ªk�M¢]yky/ª�1[�u��� 1*Rp�k¢k�p�A�*1kª

�DC81�� � ª�X[h����uOah�g!wk¢ � ª�T�wp��hj\)¢
wpdMz�l�ª�s�h��uOc\)¢ �`rxd£O �.|�h�O)dA^Pzkh�g{Oa|�^�NPO�^`KMn]z�� nAg�h�NPykg{n��4h�dk���[hj\_e8wp�
X � rST�¢ �¯h�d � � ��� ��� 	'�
���Y��	0�,���Y����	 ��� ���
����� ���K����� �*.���	0�,�������Y+�� �X	'���K��	0�,���M¢k«º^{wp��ZA¢M�p�A�4�[ª

�DC)�$� � ªbX[h����AO)h�g{w wpdMz � ª�T�wu��hj\a¢ �`s�Oawu�¶¡:^`h�NPO �4hj\`eMwp�^{g{wA|{¥[h�dk�µekdMzkO)gFwpg{tkh¶^{g{wug`Zh�����ekNPh�d8w�^`h�nud
|{K8wpdk�AOa\a¢ �vh�d � ��� � 	 ��� # �X	'�
��� �����,���H���Y+��M��	$	 ������� �������*����	$�,���8¢8RSX]r¦¢8�u�u�4�]ª

�DCc��� & ª�»8wpek�AO)g{wA\)¢
	�ª ¡ºJ¯ª � eknudk�8¢pwpd8z¦J¯ª�l�wpyMwAz]nuyHnAek��n8¢ 
 !%�&�������K�
	$���>�� � �X� 	0� # � � � �(�
�����!ª�J�KkO
T2«qJ lmg`Oa\{\a¢M�p�A�%Cuª

�DCa���¯l�ª��¦ªuX@ªpJ�nAg`gc¢�r¦ª��Hhj\`\`O)g{Nwpd/¢pwpd8zbX@ª�8ª�T�wcZ[tMwudk¥@¢��_s�nAtkeM\_^�z]O)^`Oa|�^`h�nudbnp�HzkO)�uOadkO)g!w�^{O®|�nAd �M�p¡
ekg!w�^{h�nAdM\���Kkh���\_^�Oa\_^`h�NPwp^`h�dk�U^`KkO�� ekd8zkwpNPO)d4^{wu�[NPwp^`g{h � ¢ � 	 ��� #�� �^�����,�������Y+ � �K�8� ���^� +*�
����	 ��¢
�unu�:ª8� CA¢[dMnMª�1k¢]yky/ª 1%Cc� � 1*1*1k¢YCR*R*QMª
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